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Using the fixed-point theorem, sovereign default models are solved by numerical value function iteration
and calibration methods, which due to their computational constraints, greatly limits the models'
quantitative performance and foregoes its country-specific quantitative projection ability. By applying
the Hotz-Miller estimation technique (Hotz and Miller, 1993)- often used in applied microeconometrics
literature- to dynamic general equilibrium models of sovereign default, one can estimate the ex-ante
default probability of economies, given the structural parameter values obtained from country-specific
business-cycle statistics and relevant literature. Thus, with this technique we offer an alternative solu-
tion method to dynamic general equilibrium models of sovereign default to improve upon their quan-
titative inference ability.
© 2016 Central Bank of The Republic of Turkey. Production and hosting by Elsevier B.V. This is an open

access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

In developing countries, economic crises are often followed by
sovereign debt crises, which results in sudden drop or halt in
foreign credit to real sector, a surge in cost of borrowing in the
international financial markets, a sharp decline in foreign trade, a
slowdown in economic growth, and as a consequence a decline in
consumption and investment.1 To avoid the aforementioned large
negative impacts of sovereign debt crises, it is crucial for policy-
makers to identify the optimal external borrowing need, assess
debt sustainability, and understand the (speculative) pricing stra-
tegies of foreign investors. In addition, considering the high stakes,
it also becomes crucial for foreign investors to identify default
tendencies of countries during high global/local economic volatil-
ities. With this motivation, in order to make the aforementioned
quantitative inferences and to estimate the ex-ante default proba-
bilities of countries, we develop the framework to apply the Hotz-
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Miller estimation technique on dynamic general equilibrium
models of sovereign default.

The Hotz-Miller estimation technique (Hotz and Miller, 1993) is
popularly used in microeconomics literature as an alternative to
Nested Fixed Point (NFXP) estimation technique. This technique
estimates the structural parameter values of a recursive competi-
tive partial equilibrium (general equilibrium under some condi-
tions) model with discrete choice, given the actual probability of
the (discrete) endogenous choice extracted from real-time data. By
applying this technique to the dynamic general equilibriummodels
of sovereign default, one can estimate the ex-ante default proba-
bility of economies for a given set of structural parameter values
that are obtained from real business-cycle statistics and relevant
literature. Thus, with this techniquewe offer an alternative solution
method to dynamic general equilibrium models of sovereign
default to improve upon their quantitative inference ability.

Macroeconomic studies on sovereign default literature became
popular in the 1980s, with the seminal work of Eaton and Gersovitz,
(1981) which studies sovereign default through an exchange econ-
omy general equilibrium model. However, during the period of
1990e2000 during which the financial problems of developing
countries seemed to be predominantly concerned with privately
issued debt and liquidity crises, this area of research lost attention.
However, after Argentina's default in 2001, the macroeconomic
literature on sovereign default revived with (Arellano, 2008) that
reused the general equilibrium model of sovereign default intro-
duced by the seminal paper of Eaton and Gersovitz, (1981).
Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://

http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:mehmet.soytas@ozyegin.edu.tr
mailto:engin.volkan@gmail.com
mailto:engin.volkan@gmail.com
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cbrev.2016.11.002&domain=pdf
www.sciencedirect.com/science/journal/13030701
http://www.journals.elsevier.com/central-bank-review/
http://dx.doi.org/10.1016/j.cbrev.2016.11.002
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://dx.doi.org/10.1016/j.cbrev.2016.11.002
http://dx.doi.org/10.1016/j.cbrev.2016.11.002
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Following Arellano (2008), there is a still growing literature that
focuses on identifying the factors that induce emerging economies
to default despite the sanctions and economic costs2 that followed3.
The most common feature of the this literature is that they are all
basedonEaton-Gersovitzmodelwhich endogenizes default. Almost
all of these studies incorporate new features into the Eaton-
Gersovitz model to refine its ability in matching the two most
important empirical stylized facts of default: high debt-to-income
ratio observed in developing countries, accompanied with high
spread. Even though these studies achieve some improvements,
theirmodels' ability topredict default probabilities andoptimal debt
strategies is highly limited given their solution technique that is
numerical value function iteration with calibration. For example, we
often observe that the numerical value function iteration generates
discontinuous policy functions.Moreover, calibratio4 does not allow
us to use the model to quantitatively study those countries that did
not default in their past and binds the model to a fixed set of
parameter values that sometimes are not economically intuitive.

By applying Hotz-Miller estimation technique to general equi-
librium sovereign default models, this paper contributes to the
literature in two aspects. First, by using this technique and avoiding
calibration, we can quantify the debt-default strategies and most
importantly estimate the ex-ante default probabilities of all coun-
tries, even those that have never defaulted. Second, through this
technique, we avoid using the fixed-point theoremwhich together
with calibration bind the model to a fixed set of parameter values
that sometimes are not economically intuitive. As opposed to the
numerical iteration function and calibration, this will give us room
to study countries' debt-default strategies at any given set of
parameter values that are economically intuitive and representa-
tive of their real business cycle facts.

The paper is organized as follows. In section 2, we define the
sovereigndefaultproblemandcharacterize its recursive formulation.
In section 3, we show the application of the Hotz-Miller estimation
technique toour sovereigndefault problem. Section4will outline the
econometric estimation. Finally, in section 5 we conclude.
2. The sovereign default model

The sovereign default model we introduce is adopted from
Hatchondo and Martinez (2009). It is a dynamic general equilib-
rium (endowment) model, specifically with long-term debt and
endogenous default5. The economy we characterize below is an
2 Default costs are identified as financial sanctions imposed by international
creditors, decline in international trade, temporary output loss, and decline in
output growth rate. Some of the papers that study default costs are Arteta and Hale
(2008), Borensztein and Panizza (2008), Fuentes and Saravia (2010), Rose (2005)
and Yeyati and Panizza (2011).

3 For example, Aguiar and Gopinath (2006) proposes that it is more the per-
manent income shocks that induces emerging economies to accumulate debt.
Additionally, Yue (2010) highlights the enforcing role of debt renegotiation and its
recovery in an emerging economy's ex-ante incentive to default. More differently,
Cuadra and Sapriza (2008) shows the direct effect of political uncertainty on the
frequency of default by emerging economies (Lizarazo, 2013). characterizes foreign
investors as risk averse agents (Chatterjee and Eyigungor, 2012; Hatchondo and
Martinez, 2009; Volkan, 2008). contribute mainly by increasing the term-
structure of sovereign bonds. Finally, Bai and Zhang (2012), Mendoza and Yue,
(2012), Park (2012) study impacts of sovereign default on production and
investment.

4 This is an estimation technique often used by macroeconomists to calibrate the
values of the structural parameters of a general equilibrium model so that the
model's simulated data statistics match to the target statistics obtained from the
actual data.

5 For another dynamic general equilibrium (endowment) model, specifically with
long-term debt and endogenous default please see (Chatterjee and Eyigungor,
2012).
emerging economy inhabited by a representative agent, in other
words a sovereign.
2.1. The setup

The sovereign derives utility from consumption ct . The sover-
eign's expected life-time utility is given by

UðcÞ ¼ E
X∞
t¼0

bt
c1�g
t

1� g
(1)

where the discount factor b2ð0;1Þ, the relative risk aversion
parameter g � 1.6

At period t � 0, the representative agent receives a stochastic
endowment stream of a single tradable good, yt , drawn from a
compact set Y ¼ ½y; y�3Rþþ with probability pðyt jyt�1Þ conditional
on previous period realization of yt�1. In this model, we can assume
the income to follow an AR (1) process given as

log yt ¼ ð1� rÞmþ r log yt�1 þ εt εt � N
�
0; s2

�
(2)

After the income realization, the sovereign is then required to
repay its debt obligations. Given that the sovereign's debt stock is
lt , its debt obligations is ½dþ kð1� dÞ�bt where the first term is the
portion of the debt that matures and the second term is the coupon
payments of those that are still outstanding. However, the sover-
eign may opt to default, that is repudiate on its debt obligations,
which in turn would incur an output loss of fðytÞ7 and face autarky
at the period of default. After, the sovereign does not incur a
contraction8 and with probability ð1� mÞ regains access to the
capital markets. These assumptions are supported by empirical
evidence.9 On the other hand, if the sovereign opts to repay its debt,
it maintains its access to the international capital markets to issue
new debt in the form of long-term bonds, denoted by ltþ1.

With the new bond issuance the economy's outstanding debt
stock becomes

btþ1 ¼ ð1� dÞbt þ ltþ1 (3)

We assume d2ð0;1Þ which implies that on average the bonds
mature in 1=d periods. Note that if d ¼ 1 the debt would become a
one-period discount bond or if d ¼ 0 and k>0 the debt would
become a consol bond promising to pay k units infinitely. In the
above equation, btþ1 < ð1� dÞbt means that the sovereign is
borrowing from the international financial markets by selling
bonds, i.e. ltþ1 <0 at a price of qðbtþ1; ytÞ set by risk-neutral in-
vestors. Additionally, btþ1 > ð1� dÞbt means that the sovereign is
saving by purchasing bonds from the international financial mar-
kets amounting ltþ1 >0 at the risk-free interest rate r. Finally,
6 When g ¼ 1 the period utility becomes logarithmic, i.e. lnðctÞ.
7 Empirical evidence shows that there are several mechanisms through which

default affects output. Firstly, sovereign defaults are associated with direct output
loss. It is evident that the direct loss increases when the economy suffers a banking
crisis in addition to default. Second, sovereign defaults cause output loss through its
restrains on trade, foreign direct investments and foreign as well as domestic credit
to the private sector.

8 Using quarterly data on defaults that occurred during 1970e2005 period
(Yeyati and Panizza, 2011), finds that growth rates in post-default period are never
significantly lower than in normal times. On the contrary, output reaches its min-
imum at the time of default and starts recovering after. Using yearly data on de-
faults that occurred during 1980e2000 period (Sandleris, 2012), finds similar
results.

9 Gelos et al. (2011) and Alessandro (2011) show that the duration of the
exclusion is short-lived. Accordingly, in the aftermath of defaults, average period of
autarky was 4.5 years during 1980e2000 and 2.9 years during 1990e2000.
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btþ1 ¼ ð1� dÞbt means that the sovereign is neither borrowing nor
saving.

The risk-neutral investors price the bond, i.e. qðbtþ1; ytÞ, so that
they make zero-profit in expectations. Note that the investors can
borrow at the risk-free interest rate and have perfect information
regarding the emerging economy's endowment. Let dðbtþ1; ytÞ be
an indicator function that represents the default decision of the
sovereign at its outstanding debt stock and income. Accordingly,
the function takes on value 1 for default and 0 for no default.
qðbtþ1; ytÞ ¼
X

ytþ12Y

� ½dþ ð1� dÞ½kþ qðbðdðbtþ1; ytþ1Þ; btþ1; ytþ1Þ; ytþ1Þ��
½1� dðbtþ1; ytþ1Þ�pðytþ1jytÞ

�
1

1þ r
; (4)
where bðdðbtþ1; ytþ1Þ;btþ1; ytþ1Þ is the optimal debt policy of the
sovereign at its outstanding debt stock and income given its default
decision. As can be seen in the above equation, the price in-
ternalizes the information that in the event of default, they will not
receive any repayment, otherwise, they will receive redemption of
the debt that matures and the coupon payment due from the rest of
the outstanding debt. Finally, this price is both the bid price of the
new issues as well as the repurchase price of the outstanding
bonds.
2.2. Recursive formulation

Let Vðb; yÞ be the value function of the sovereign at the begin-
ning of period t after the default or no default decision is made.

Vðb; yÞ ¼ max
dðb;yÞ2f0;1g

fdV0ðb; yÞ þ ð1� dðb; yÞÞV1ðyÞg (5)

where d represents the optimal default policy of the sovereign for
all pairs of outstanding debt and income. Thus, the state space
ðb; yÞ2B� Y � f0;1g consists of the outstanding debt stock, in-
come and default decision at period t. We assume the debt stock
level is from a compact set of B ¼ ½b;0�3ℝ�.

In the above equation, V0ðb; yÞ is the value of no default defined
as

V0ðb; yÞ ¼ max
b0

8<: c1�g

1� g
þ b

X
y02Y

Vðb0; y0Þpðy0jyÞdy0
9=;; (6)

with c ¼ y� ½dþ ð1� dÞk�b� qðb0; yÞ½b0 � ð1� dÞb� � 0 and
l0 ¼ b0 � ð1� dÞb � 0.

On the other hand, V1ðyÞ is the value of default defined as
uðs; jÞ ¼

8>>>>>><>>>>>>:

ðy� fyÞ1�g

1� g
þ εj j ¼

�
yþ �dþ ð1� dÞk�b� q

�
y; bj

	�
bj � ð1� dÞb�	1�g

1� g
þ εj j ¼
V1ðyÞ ¼
8<:ðy� fyÞ1�g

1� g
þ b

X
y02Y

½mV1ðy0Þ

þ ð1� mÞVð0; y0Þ�pðy0jyÞdy0
9=;: (7)

As introduced before with probability m, the economy will stay
in the default state, while with probability ð1� mÞ it regains access
to the capital markets.

2.3. Definition of equilibrium

The equilibrium of the above recursive problem is a Markov
Perfect Equilibrium which is characterized by a set of value func-
tions fV0ðb; yÞ;V1ðyÞ;Vðb; yÞg, a set of decision rules
fdðb; yÞ;bðd; b; yÞg, and a bond price

qðb0; yÞ ¼
X
y02Y

� ½dþ ð1� dÞ½kþ qðbðdðb0; y0Þ;b0; y0Þ; y0Þ��
½1� dðb0; y0Þ�pðy0jyÞ

�
1

1þ r
;

such that given the bond price qðb0; yÞ, the set of decision rules
fdðb; yÞ;bðd; b; yÞg solve the recursive problem defined by Equa-
tions (5)e(7).

3. Applying Hotz-Miller estimation technique

The application of the Hotz-Miller estimation technique will be
illustrated using a stationary environment. Suppose the income in
any period can take one of the values from
Y ¼ fy1; y2; y3;…:; yn;…yNg . Then transition of income can be given
by a transition matrix Pðy0jyÞ. Note that AR (1) income process
mentioned in Section 2 can be transformed into a Markov Process
using the methodology introduced by Hussey and Tauchen (1991).
Additionally, assume that in a given period, the country can choose
among the following debt alternatives
b02ðb�1; b0; b1; b2; b3;…;bj;…bJÞ where b�1 or j ¼ �1, represents
the default decision and the following choices are the ascending debt
level choices of the sovereign, respectively. Note also that b0 or j ¼ 0
represents the country's 0 debt level choice in the current period.

Let the state variable relevant for period utility be s ¼ ðy;b; εÞ,
such that s2S ¼ Y �B � F . First two state variables are already
introduced. Then, following the functional form given in Section 2
the period utility can be written as
�1

0;1;2;3;…J

;
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where the additive unobserved components in the utility function
(εj) have a continuous joint distribution function GðεÞ where
ε ¼ ðε�1; ε0; ::; εJÞ.

Given the characterization above, the recursive formulation of
the sovereign default model then becomes

VðsÞ ¼ max
j2J

"
uðs; jÞ þ b

X
s02s

pðs0js; jÞVðs0Þ�; (8)

where

pðs0js; jÞ ¼ pðy0;b0jy;b; jÞgðε0jy0; b0Þ: (9)

In the state transition in Equation (9), we assume that condi-
tional on the state ðy; bÞ,10 the unobserved component is condi-
tionally independent over periods. This is a founding assumption in
most microeconometric applications using the Hotz-Miller or
Nested Fixed point environment. Violation of this assumption
would bring more computational complexity, since then one
should include all the relevant past states in the state transition
equation for ε. Moreover presumably some of those past states will
include the unobserved ε0 s, we will need to integrate out those
components from the value functions. Therefore conditional inde-
pendence assumption will be assumed throughout the represen-
tation of the estimation. However it should be clear that the
technique can still be applied in a more general dependency
structure in the transition of ε in the expense of computational
flexibility.

For now, we will assume no autarky period, in other words, an
instant access to the international capital markets after default. This
assumption can be removed. However, for now, assuming no
autarky provides us an applicative ease and removing this
assumption presumably can only improve the quantitative perfor-
mance of the estimation technique.

Given the setup presented above, the value equation (8) can be
rewritten as the integrated valuation function

Vðy; bÞ ¼
Z 0@max

j2J

24ujðy; bÞ þ εðjÞ þ b
X
y02Y

pðy0jy; jÞVðy0; b0Þ
35

�
1Agðdεjy; bÞ:

(10)

Now let the conditional choice probability (CCP) be defined as

Pðb0jy; bÞ ¼
Z

I
�
j ¼ argmax

j2J

�
Vjðy; bÞ þ εðjÞ��gðdεjy; bÞ; (11)

where Vjðy; bÞ ¼ ujðy; bÞ þ b
P

y02Y
pðy0jy; jÞVðy0; b0Þ.

The right hand side of Equations (6), (7), and the bond price
equation can be expressed in closed form given the distributional
assumption about GðεÞ. If ε are distributed extreme value type I, we
have the following form for the conditional valuation functions.
10 Transition from b to b0 is determined entirely by the choice j, therefore, in the
following representations we will denote the function pðy0; b0jy; b; jÞ by pðy0jy; jÞ.
V�1ðy; bÞ ¼

8>><>>:
y� fyþ bm

P
y02Y

pðy0jyÞV�1ðy0;0Þ

þbð1� mÞ P
y02Y

pðy0jyÞ
 
lþ PJ

k¼�1
eVkðy0;0Þ

!
9>>=>>; j

¼ �1

(12)

Vjðy;bÞ ¼

8><>:
yþ ½dþ ð1� dÞk�b� q

�
y; bj

	�
bj � ð1� dÞb�

þb
P

y02Y
pðy0jyÞ

 
lþ PJ

k¼�1
eVkðy0;bjÞ

! 9>=>; j

¼ 0;1; ::; J

(13)

where l ¼ 0:577215665 is the Euler's constant.
In Hotz andMiller (1993) representation, we know there is a one

to one mapping between the conditional choice probabilities
(CCPs) and the normalized valuation functions.

ln
�
pjðy; bÞ � p�1ðy; bÞ

�
¼ Vjðy; bÞ � V�1ðy; bÞ where j

¼ 0;1; ::; J

It remains how one can obtain the value of qðy; b0Þ as a function
of model parameters and fundamentals. It is given in the bond price
equation that the value of qðy;b0Þ depends on the solution to a fixed
point. The natural way to accommodate this object in the Hotz-
Miller framework is to make use of the CCPs. One can write the
value of qðy; b0Þ at a particular choice of debt level as:

qðy; b0Þ ¼ Eððd00;b00Þ;y0 jy;b0Þ



½1� d00� ½dþ ð1� dÞ½kþ qðy0; b00Þ��

1þ r

�
;

where d00 ¼ dðy0; b0Þ and b00 ¼ bðy0; b0Þ denotes the default and the
debt level choices in the next period. The choice on the next period
depends on the valuation function comparisons, therefore we can
characterize the above equation in terms of CCPs and the finite
number of qðy; bÞ’s given the discrete nature of the state space.
Obviously existence of the unobserved shock in the utility function
requires integrating this component.

qðy; b0Þ ¼
X
y02Y

8><>:
XJ

j2J�f0g

264 P
�
Vjðy0; b0Þ þ εj � Vkðy0; b0Þ þ εk

	
�
dþ ð1� dÞ�kþ q

�
y0; bj

	��
1þ r

375

�

9>=>;pðy0jyÞ

The first term in the square brackets is the CCP of choosing ac-
tion j, therefore we can write the simplified version of the above
equation for q as

qðy; b0Þ ¼
X
y02Y

8<:X
J

j¼0

pjðy0; b0Þ
�
dþ ð1� dÞ�kþ q

�
y0;bj

	��
1þ r

9=;pðy0jyÞ;

and

qðy; b0Þ ¼
X
y02Y

8<:X
J

j¼0

pjðy0; b0Þ
dþ ð1� dÞ�kþ q

�
y0; bj

	�
1þ r

9=;pðy0jyÞ
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for the possible values of y02ðy1; y2;…; yn;…yNÞ and
b002fb0; b1;…; bj;…; bJg, qðy; b0Þ ¼ H½ðqðy1; b0Þ; qðy1;b1Þ; qðy1; b2Þ
; qðy1; b3Þ;…:; qðy3; b3Þ;…; qðyN ; bJÞÞ00�.

Given the solutions to these functions, we may obtain the
following representation of the problem using the stationarity of
the problem. Let uj ¼ E½εj

��y; b0 ¼ bj�. In the case of Extreme Value
Type I,

uj ¼ l� ln
�
pjðy; bÞ

�
Using the conditional valuation functions, the valuation func-

tion can be expressed as

Vðy; bÞ ¼
XJ
j¼�1

pjðy;bÞ
n
ujðy; bÞ þ E

h
εj

���y; b0
¼ bj

i
þ b

X
y02Y

pðy0jyÞV�y0; bj	
9=;: (14)

Let us substitute the conditional expectation of the errors and
stack the M equations for each possible value of the state vector
ðy; bÞ2M≡ðY �B Þ. In compact matrix notation we get

V ¼
X
j2J

Pj�
�
uj þ uj þ bFjV

�
; (15)

where � is the Hadaramad (element by element) product, V is the
M � 1 vector of value functions; Pj, uj, and uj areM � 1 vectors that
stack the corresponding elements at all states for alternative j; and
Fj is the M �M matrix of conditional transition probabilities

Fj ¼ Fðs0jsÞ ¼ pðy0jyÞPðb0��bjÞ. This system of fixed point equations
can be solved for the value function V as a function of P where P is
the MðJ þ 1Þ � 111 vector of CCPs

V ¼
�
IM � bFUðPÞ

��1

8<:X
j2J

Pj�
�
uj þ uj

�9=;; (16)

where FUðPÞ is the M �M matrix of unconditional transition
probabilities induced by P. Now, we can define and calculate the
vector of expected utilities.

4. Estimation strategy

Standard estimates of dynamic discrete choice models involve
forming the likelihood functions from the CCPs derived in Equation
(11). This involves solving the value function for each iteration of
the likelihood function. The method used to solve the value func-
tion depends on the nature of the optimization problems and falls
into one of two cases; finite-horizon problems: in that case the
solution will involve a backward induction starting from the last
period of the model T ðt ¼ 0;1;…; TÞ; stationary infinite-horizon
problem: the valuation is obtained by a contraction mapping as
described in the model section. We will describe the estimation
relying on the stationary infinite horizon environment, however
model can be generalized to a finite life-cycle settingwithout loss of
generality.

The estimation can be done in two ways, the first is a PML (as
11 J þ 2 is the number of choice alternative including the default
ðb�1; b0; b1; b2; ::; bJÞ. Knowing J þ 1 probabilities automatically gives the last one.
used in Aguirregabiria & Mira (2002) and the second is a GMM (as
used in the original Hotz and Miller (1993). With M possible state

variables, the PML needs to estimate the fPjgJj¼�1 probabilities

which can be constructed as parametric or non-parametric func-
tions of state variables. Assuming a parametric functional form for
the Pj and denoting its dependence on the parameter vector q as
pjðym;bm; qÞ, the PML function can be obtained via maximizing

bqPML ¼ argmax
q

0@XM
m¼1

XJ
j¼�1

ln
�
pjðym;bm; qÞ

�1A; (17)

Or a GMM estimator can be constructed using the inversion
found in Hotz & Miller (1993). As already introduced, under the
assumption that ε is distributed independently and identically as
type I extreme values, then the Hotz and Miller inversion implies
that

ln
�
pjðym; bm; qÞ=p�1ðym; bm; qÞ

�
¼ Vjðym; bm; qÞ � V�1ðym; bm; qÞ

(18)

for any normalized choice, but we set this choice to the default
alternative conveniently. We can use the set of structural parameter
values obtained from real business-cycle statistics and relevant
literature to construct the valuation functions (specifically let
G ¼ ðb;g; r;m; s2; l; d; k;fÞ denote those parameters used in the
model introduced) up to the parameters q of the CCPs. Thenwe can
proceed to form empirical counterparts of equation (18) and esti-
mate the parameters of the model. The moment conditions can be
obtained from the difference in the conditional valuation functions
calculated for choice j and the base choice �1. The following
moment conditions are produced for a particular state variable
ðym; bmÞ:

xjmðqÞ≡Vjðym; bm; qÞ � V�1ðym; bm; qÞ � ln
�
pjðym; bm; qÞ

� =p�1ðym; bm; qÞ
�
: (19)

Therefore, there are J þ 1 orthogonality conditions and thus
j ¼ 0;…; J. Letting xmðqÞ be the vector of moment conditions at state
m, these vectors are defined as xmðqÞ ¼ ðx0mðqÞ; x1mðqÞ;…xJmðqÞÞ0.
Therefore, E½xmðqoÞ

��ym; bm;G� converges to 0 for every consistent

estimator of true CCPs, pjðym;bm; qÞ, form2f1;…;Mg; andwhere qo

is the true parameter of the model. Then the GMM estimate of q is
obtained via

bqGMM ¼ arg min
q

"
1=M

XM
m¼1

xmðqÞ
#
0
"
1=M

XM
m¼1

xmðqÞ
#
: (20)

4.1. Model moment functions and GMM estimator

Returning back to the model introduced. in Section 2, the
moment conditions can be obtained by the differences in the
choices considering the default and debt level choice. We have the
following value function differences and moment conditions ob-
tained from a particular state ðym;bmÞ:



Vjðym; bmÞ � V�1ðym; bmÞ ¼

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

�
ym þ �dþ ð1� dÞk�bm � q

�
ym;bj

	�
bj � ð1� dÞbm

�	1�g

1� g

�ðym � fymÞ1�g

1� g

þ�f �y0; b0��ym; b0 ¼ bj
	0 � ðy0; b0jym; b0 ¼ b�1Þ0

�
�
�
IM � bFUðPÞ

��1

8<:X
k2J

Pk�½uk þ uk�g

9>>>>>>>>>>>>>=>>>>>>>>>>>>>;
(21)

M.A. Soytaş, E. Volkan / Central Bank Review 16 (2016) 119e125124
For j ¼ 0;1;2; ::; J and m ¼ 1; ::M. xmðqÞ is the vector of moment
conditions at statem as introduced before. This vector is defined as
before:

xmðqÞ ¼

0BBBBBBBBBBBBBB@

V0ðym; bmÞ � V�1ðym; bmÞ � ln


p0ðym; bm; qÞ
p�1ðym; bm; qÞ

�
«

Vjðym; bmÞ � V�1ðym; bmÞ � ln


pjðym; bm; qÞ
p�1ðym; bm; qÞ

�
«

VJðym; bmÞ � V�1ðym; bmÞ � ln


p0ðym; bm; qÞ
p�1ðym; bm; qÞ

�

1CCCCCCCCCCCCCCA
(22)

The optimal GMM estimator for, q satisfies equation (20).
4.2. Estimation of the conditional choice probabilities

Let's denote the probability at themth row of P corresponding to
the jth choice as:

pmj ¼ fjðym; bmÞ;

and also let pm collect the choice alternatives for the state ðym; bmÞ.

pm ¼
�
pm;�1; pm0;…; pmJ

�
¼ ðf�1ðym;bmÞ; f0ðym; bmÞ; ::; f3ðym; bmÞÞ

The estimation methodology proposes a functional form for
fjðym; bmÞ and then the PML or the GMM estimates the function f ð:Þ.
For instance if we use logistic function for the probabilities and
linear dependency to ðy; bÞ12 and using the fact that:

f�1ðym; bmÞ þ f0ðym;bmÞ þ ::þ fJðym; bmÞ ¼ 1

we obtain the following equations:
12 The pmj functions can be constructed parametrically as the logit example
introduced or non-parametrically. Only requirement for consistently estimating
those functions would be that

PJ
j¼�1pmj ¼ 1, and each probability pmj � 0 for

j ¼ �1;0; ::; J and m ¼ 1; ::;M.
f�1ðym; bmÞ ¼
1

1þ
XJ

j¼0
eajþbjymþcjbm

f0ðym;bmÞ ¼
ea0þb0ymþc0bm

1þ
XJ

j¼0
eajþbjymþcjbm

«

fkðym; bmÞ ¼
eakþbkymþckbm

1þ
XJ

j¼0
eajþbjymþcjbm

«

fJðym;bmÞ ¼
eaJþbJymþcJbm

1þ
XJ

j¼0
eajþbjymþcjbm

Replacing the above functions to form the FUðPÞ and Pk terms in
the value function differences in equation (21), and similarly
obtaining pjðym;bm; qÞ terms in equation (22) in terms of the
functions defined for the CCPs, we obtain a natural framework for
estimating the coefficients (a0b0,c0a1b1c1,…,aj,bj,cj,…,aJ ,bJ ,cJ). The
estimation can be done either by GMM or ML as introduced in
Section 4. Once the coefficients are estimated, we can construct the
CCPs associated with each state pair ðy;bÞ using the logistic
functions.13
4.3. Beyond the solution of the original model

The estimation technique we introduced for the sovereign
default model in fact provides a solution to the model valuation
functions by optimally estimating the CCPs consistent with those
valuation functions. Therefore any policy simulation including
generation of future paths from the equilibrium follows as usual as
when the model is estimated traditionally. However, one should
observe that other than finding the optimal solution to the model
(which is essential and important for further analysis), the esti-
mated CCP functions can serve for other purposes outside the
model. For instance assuming a logistic form for the choice prob-
abilities, once the coefficients are estimated, the flexible logit
functional form gives us a tool for predicting default probabilities
for a variety of possible states. Of those states, we are not restricted
to the ones that are actually visited in the solution of the model in
ðym; bmÞ. This actually let the researcher to predict the default
13 Logistic functions can be generalized to include interactions and higher order
terms of the state variables ðym; bmÞ. In this case the approximation will be uni-
formly better to the true CCPs.
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probability associated with a particular scenario. We can further
generalize this idea to the estimation of the sovereign default
model itself. To estimate the probabilities consistent with a
particular model (with the other model parameters are either
calibrated, observed, estimated elsewhere as the current sovereign
default models generally do), theoretically we are not required to
have the country defaulted. Most of the literature use Argentina or
countries with at least one default in their histories. However given
the parametrization of the model with the relevant parameters
from the literature, there exists a set of CCPs consistent with those
parameters that solve the model.14 In this association between the
model and the CCPs, there is no reference to the default probability
other than its influence on the calibrated, estimated, observed
parameters used from the literature. This particular propertymakes
the CCP framework a potential tool for further exploring the sov-
ereign default models.

5. Conclusion

In this paper we present a new estimation technique, namely
Hotz-Miller estimation technique (Hotz and Miller, 1993), to solve
dynamic general equilibrium models of sovereign default. By
applying Hotz-Miller estimation technique to general equilibrium
sovereign default models, this paper contributes to the literature in
two aspects. First, by using this technique and avoiding calibration,
we can quantify the debt-default strategies and most importantly
estimate the ex-ante default probabilities, even those that have
never defaulted. Second, through this technique, we avoid using the
fixed-point theorem which together with calibration bind the
model to a fixed set of parameter values that sometimes are not
economically intuitive. As opposed to the numerical iteration
function and calibration, this gives us room to study countries'
debt-default strategies at any given set of parameter values that are
economically intuitive and representative of their real business
cycle facts. Therefore the methodology is promising a substantial
improvement in quantitative performance of dynamic general
equilibrium models of sovereign default. Using the proposed
technique, howwell the results can replicate the main behaviors of
the emerging economies is an empirical question, and is a topic of
another paper currently in progress.
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