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This Online Appendix accompanies the paper “Inference for VARs Identified with
Sign Restrictions” by E. Granziera, H. R. Moon, and E Schorfheide. In Appendix A, we
provide proofs for the theoretical results in Section 4 of the main paper. Additional
technical lemmas are stated and proved in Appendix B. Appendix C provides analyti-
cal derivations for the Monte Carlo experiment presented in Section 6 of the main text.
Appendix D contains additional information about the empirical analysis.

APPENDIX A: PROOFS OF MAIN RESULTS

To simplify the notation in some of the proofs, we eliminate p from the formulas and
index the probability distribution by ¢ € P instead of p € R. Thus we write

inf inf Py{oeCS?d
beP 9eFo (o) d){ (d))}

instead of

inf  inf P,{0ecCS%d)).
PER 6cFO((p)) A gl

Reduced-form parameter sequences pr and ¢ (pr) are simply abbreviated by ¢ 7.

A.1 Proofof Lemma 1

To simplify the notation, we omit tildes and write Sg(g), and S(g) instead of S’g(q) and
S(q)-
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Convexity: Suppose 0; € F%(¢g, dg), i = 1,2, and 0; < 6,. Then there exist ¢; with
llgill =1 and w; > 0 such that

So(qi)p —0; =0, S(gi) — i =0. (A.1)

We distinguish two cases: g1 # —¢, and g1 = —¢q».
Case (i): Suppose that ¢; # —g,. We now verify that for any A € [0, 1] 6 = A6; + (1 —
N)(62) € FO(.). For 7 € [0, 1], define
1+ (1 —-7)q
lrq1 + (1= 7)q>

q(1) = . H(m)=S84(q(m) — 6.

The linearity of Sy(g) with respect to g and (A.1) implies that

78¢(q1) P (1 =7)Se(q2)0
Hr) — A6 — (1= )6
D= Trata-—na]  Tratd-ng] -1V
701 d-70 A0y — (1= \)6s.

“Trara-nal  Jra+d-na]
Using ||¢;|l =1, we obtain

H0)=0,—2101 —(1—-A)0,=A(62—61) =0,

H(1)=601 -6 —(1-21)0,=—(1—-21)(62—61) <0.

Since H(7) is continuous we deduce that there exists a 7* such that H(7*) = 0. Now
consider

T S(q1)d (1—7)8(q2)¢
S(g(7*)) ¢ = +
N = i -al TP+ (- )a]
_ ™ w1 (1 — T*)/J,z
I7*q1+ (1 =gz [7*q1+(1—7")q|
> 0.

The first equality follows from the linearity of S(g), the second equality is implied
by (A.1), and the inequality follows from w; > 0. Thus, 6 € F 0(¢q, bo).

Case (ii): Suppose that g1 = —¢». The linearity of S¢(g) implies that 6; = —#6,. By as-
sumption, there exists a g3 # g1, —q1 with the property that S(g3)¢ > 0. Let 63 = Sg(gq3) ¢.
By construction, 65 € FO(-). If 63 = 01 (63 = 6;), we simply replace q; (q2) by g3 and fol-
low the steps outlined for Case (i). If 61 < 63 < 6;, then the Case (i) argument implies that
any 6 in the intervals [0, 03] and [63, 6,] and thereby any 6 = 161 + (1 — A) 6, is included
in the identified set. Finally, if 03 < 61 (6, < 63), we deduce from Case (i) that the interval
[03, 621 ([0, 63]) is included in the identified set.

Boundedness: We shall prove a slightly more general result. Suppose that 6 €
F a(cl)q, ¢g). Since F '9(¢q, ¢p) is a multivalued set, we assume without loss of general-
ity that 6 > 0. So, the sign restriction 0 > 0 is satisfied if it exists. Define

GY(0: bg, bo)= min  |Se(q)do — 0| + [S(@) by —
q=|11l,u>0
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such that G?(6; g, p9) =0ifand only if 6 € F9(¢q, ¢g). We now show by contradiction
that F"(qbq, ¢¢) has an upper bound.

Suppose, to the contrary, that no such upper bound exists. This guarantees the exis-
tence of a series a,, > 0 with a, 1 co such that 4,6, € F"(qbq, ¢¢) for each n. Consider the
bound

GY(an0; dg, do) > qrilﬁrf” |S6(q)bo — an6)’.

Since ||Sg(g) o] is a continuous function of g for fixed ¢4 and the set of g is a compact
unit sphere, there exists a finite constant M such that ||S¢(g) el < M. From this, we
deduce that
. 2
[nin |1So(q) o — anb|” —> oo,

which contradicts the requirement G?(6; ¢4, $o) = 0. The existence of a lower bound
can be established by considering a sequence —a,,. Moreover, 6 < 0 can be handled by a
straightforward modification of the argument. O

A.2 Proof of Theorem 1

Recall the definition F9(®,) = {g € S" | @;q > 0}. Thus, {g € S" | ¢>qu > 0} C F9(¢). The
statement of the theorem follows once we have shown that there exists a nonempty,
nonsingleton, n-dimensional subset Q of §”, such that @,9 > 0if g € Q.

Existence: Suppose @, is an r x n matrix. According to Gordan’s alternative
theorem—see, for instance, Border (2007)—exactly one of the two alternatives holds:
(a) there exists an x € R" satisfying @, x* > 0, or (b) there exists an r x 1 vector z > 0 sat-
isfying &,z = 0. Assumption 1(i) rules out alternative (b). Thus, there exists an x* such
that

cp’q)c* > 0. (A.2)

Notice that x* in (A.2) is not zero. Then, g* := ﬁ satisfies the requirement g* € Q and
PLq* > 0.

Nonsingleton: We show that F9(®,) contains multiple elements using proof by con-
tradiction. For this, we define a function fp : §" — R" as fo(q) := @, q for g € S". Then,
fo(-) is continuous on a compact set S”.

Suppose that g* defined in the existence proof is the only element of Fi(®,),
that is, F9(®,) = {g*}. This implies that f¢(q) ¢ R/, for all g € S* with g # ¢g*, where
R, ={xeR":x>0}. Let & := ||€D;q*||mm, where the norm || x||pin := min{|x1], ..., |x/|}
for x € R". Notice that @} ¢* > 0 implies & > 0. Consider an arbitrary g € S" such that
q # q*. Then, because fo(q) ¢ R, but f(g*) > 0, we have | fo(q) — fo(q")|l > . Be-
cause g was arbitrary, given our choice of ¢ > 0 it is not possible to find a > 0 such that
Ifo(q) — fo(g*)| < e for ||g — g*| < &. This contradicts the fact that fg(g) is continuous
at g*. Therefore, we can deduce the that F4(®,) is not a singleton and contains multiple
elements. [J
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A.3 Proof of Theorem 2, part (i)

Recall the definition of the Hausdorff distance: d(A, B) = max {d(A | B), d(B | A)},
where d(A | B) = sup,. 4 d(a,B) and d(a, B) = infpcp lla — b|. We set d(A,B) = oo
if either 4 or B is empty. For any ¢ > 0, define an open ball around set 4 C R” as
B(A,e)={beR":d(b| A) < &).

The proof of the theorem exploits the continuity of F4(¢) with respect to ¢. The
statement of the theorem is a consequence of Lemma 2, Lemma 3, and the continuous
mapping theorem. O

LEMMA 2. Suppose that F(¢) is a nonempty compact-valued continuous correspon-
dence. Then ¢ —> ¢™* implies that d(F(¢p), F(¢p*)) — 0.

Proor or LEmMA 2. Follows directly from Theorem 17.15 of Aliprantis and Border
(2006). O

LEMMA 3. Suppose that Assumption 1(i) is satisfied. Then:

(i) F9(Py) is compact for all y;

(ii) Fi(Dy) is continuous at all D,.

Proor or LEMMA 3. For notational simplicity, we omit the subscript notation g and
write @, as @. LetS" = {g e R" : | q|| = 1} be the unit sphere in R”. Recall from Theorem 1
that F4(®) is nonempty.

Part (i): We show that F7(®) is bounded and closed.

Boundedness: 1t is straightforward since F4(®) C S".

Closedness: Consider any sequence g; € F9(®) such that g; — g, where |g;|| =1
and |||l = 1. Then 0 < &'q; — @'q, so that it should be @’g > 0. This implies that g €
F4(®), as required for closedness.

Part (ii): We show F49(®) is upper hemi-continuous (UHC) and lower hemi-conti-
nuous (LHC) at &.

UHC: Since F1(®) is nonempty and compact-valued, the UHC of F4(®) at @ follows
if we show that for every sequence ®; — @ and q; € F9(®,), there exists a subsequence
gj; of g; such that g;, — q € F9(®). (See Border (2010), Proposition 20.) Since {g;} C
S" and S" is compact, we can choose a convergent subsequence g;, such that g;, —
g. Then, 0 < d)}l_qj,. —> @'q, and it follows that @’q > 0. This implies that g € F1(®), as
required.

LHC: Fi(®) is LHC at @ if and only if for any sequence {®;} with ®; — ® and q €
Fi(®), there exists a sequence g; € F9(®;) with g; — q. We reorder and partition the
matrix @) to ® = [Py, P,], where ¢ g =0 and P,q > 0.

For a matrix 4, we denote the /th column of A4 as (A);. By Gordan’s alternative theo-
rem (see Border (2007)), Assumption 1(i) implies that there exists a £* € R™ such that

D& > 0.
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Let
1
min (D)€
such that for all /
(P1);é>1.
Set g ; = [|[(®; — )|l and &; = max;{¢; ;}, and define
q+ejé
qj=——""".
g+ €€l

Notice that g; is well-defined when ¢; is small enough because g € S* and as a result,
q # ;¢ when g; is small and £ is fixed.
Case (i): Suppose (@;)'q = 0. Then, when j is large so that (®);¢ — 1 > ¢;| ||, we have

(@)))qj = (Prj — Dr)jq; + (P))q;

- ||q+—1aj§||{(d)f —D)q+gj(Pj — P)E+ (D))q + £j(P)) €}

z ||q+—g,-§||{_”(‘pf — ®)i]ligll - & (@; = Py 1 €1l + en (D)€}
= gt e e I (@)

= ma(@)éf— 1—&l£l)

> 0.

Case (ii): Suppose (d))}q > (. Then, since ||(®),;|| < M (compact parameter set), we
have

(@))1qj = (P — P)jq; + (P)q;

1 , / / /
B m{@f —D)jq+&j(Pj — P)jE+ (D)jq + £j(P) €]
= m{—n(@j —®)i|ligll — & (®; — DY 1€l + (Djq — & | (@] 1 €11}
- R S P )
= llg+e5él (P — &) — &M — & M)

>0,

when j is large. The last inequality holds since (®);g > 0.
From these, we can deduce that

(p}qj > 0.
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Also, since g; —> 0, we have

q4j —> 9.

Then we have all the required results for the LHC. O

A.4 Proof of Theorem 2, part (ii)

We closely follow the proofs of Theorem 1 and Lemma 2 of Andrews and Soares (2010).
The main modification is to accommodate the reduced rank possibility of 3(g) and
D(g). The proof makes use of various lemmas that are stated and proved in Section B
below. To simplify the notation, we eliminate p from the formulas and index the prob-
ability distribution by ¢ € P instead of p € R. We also skip the subscription notation ¢
and write, for example, ¢, (jAbq, Agq, Dg as ¢, <Z>, A, D, respectively. Thus, we write

inf inf Py{geCSI(d)} insteadof inf inf P,{geCSI(d,)).
beP geFi(d) sla ()} peR geFi((p)) At (@0}

Reduced-form parameter sequences pr and ¢ (p7) are simply abbreviated by ¢ 7.
We need to show

liminf inf inf Py{qgeCS?}>1-a. (A.3)
T ¢$eP qeFi(¢p)

Let

AsyCP =liminf inf inf P e CS1}.
y finf inf sla }

Then there exists sequences {¢ 7, g7} such that g7 € F4(¢ 1) and

AsyCP =liminf Py, {q7 € CS7).

Furthermore, there exists a subsequence of {T'}, {T'} c {T'}, such that

AsyCP = liTIPszT/{qT’ € CSq}.

In what follows, we show that there exists a sub-subsequence, say {7} C {T'}, such that

liTI,I,IPd’T// {qT// S CSQ} >1—a. (A.4)

Then the desired result (A.3) follows and the proof of the theorem is complete.
Define

wigq, ) =S(q)d

and decompose
3(q) =S(q9)AS(q) = S(q)LL'S(q) = DY*(q)(q)D"/?.

Moreover, let

A(q)=L'S' (@)D~ (qg).
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To simplify the notation, we suppress the dependence of matrices on ¢. The matrix
0(q) = A'(q)A(q) is a correlation matrix and D'/?(q) is a diagonal matrix of standard
deviations. Also, recall that W (q) = D'/2(q)B(q)D'/?(q), where either B(q) = 2~'(q) or
B(q) =I. The proofis completed in three steps.

Step 1: Choosing the subsequence T”. We choose a subsequence 7” from 7’ along
which the subsequent conditions are satisfied. This is done sequentially by choosing a
subsequence that satisfies criterion (i), and then, step-by-step choosing subsequences
of the subsequences to satisfy the next criterion until all five conditions are satisfied:

W) ¢ — ¢.
() r(gr)=r,V(gr)=V forall T".

(iii) For j=1,...,r, the slackness (recall that u; = [S(q) 41 Z{[S(q) d4]; = 0}) in in-
equality j converges to

. VT wj(qrr, 17) —> hj,
kD3 2 qrNT (g, dr0) — )

such that one of the following is true: (a) 4; < oo and 7; = 0; (b) h; = 0o and 7; < oo;
(c) hj=oc and 7 = oo.

(iv) The sequence A(gr~) has a full rank limit, denoted by A.

We can satisfy condition (i) because the reduced-form parameter set R is assumed
to be compact (Assumption 1(i)) and the function ¢ (p) is continuously differentiable
(Assumption 1(ii)). As remarked in the main text, this implies that the parameter set for
¢ is also compact. If condition (i) holds, then we obtain:

(v) The convergence ¢7» —> ¢ implies that A(¢p77) — A(¢) since A(¢) is continu-
ous by Assumption 1(v). Also, /i(quTm) Ay by Assumption 1(v).

Condition (ii) is satisfied since r(gq7/) and V' (q7+) are sequences that take only a finite
number of discrete values. Condition (iii) is satisfied because the range of the sequences
of interest is [0, co] and by a similar argument used in the proof of Theorem 1 of An-
drews and Soares (2010). Roughly speaking, in Case (iii) (a) the slackness is small and the
selection criterion regards the inequality asymptotically as binding. In Case (iii)(c), the
slackness is large and the selection criterion regards the inequality as nonbinding and
(iii) (b) is an intermediate case. Condition (iv) is satisfied according to Lemma B2. If Con-
dition (iv) is satisfied, then the following conditions also hold ((vii) is a consequence of
Lemma B2):

i) 2(gr») — A’A > 0and B(gr») — B >0, where B= (A4'A)~1 if B(q) = 07 (¢)
and B=1if B(q)=1.

(vii) (q7r) 2> 4’4 > 0and B(gr) -2 B > 0, where B = (A'A)~! if B(g) = 0~ 1(q)
and B=1ifB(q)=1.
We now reorder the rows of S(gr~) such that 7; =0 forrows j=1,...,r and 7; > 0

for rows j =r; +1,...,r. Along the sequence 7", the last r, = r — r; restrictions corre-
spond to nonbinding moment inequalities. In the subsequent steps, we show that the
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inequality selection procedure used in the critical-value computation in (28) asymptot-
ically underestimates r, (and thereby overestimates r|), which makes the critical value
asymptotically conservative to achieve the uniform coverage requirement.

Step 2: Constructing an upper bound for the critical value c®(q) in (28). For notational
simplicity, we use sequence notation {7} for the sub-subsequence {T”} in Step 1. Recall
the definitions

&jr(qr) = D;/z(é]T)ﬁMj(CIT, é) and & 7(qr) ZD;I/Z(QT)ﬁMj(QT, ).
Let ¢7(g7) and &7 be vectors with elements

oo, iféjr(qr) = K7,
0, otherwise,

oo, iféjr(qr) > KT,

and ¢;7(qr) =
0, otherwise »1id {

®;,7(qT) ={

respectively. Moreover, define ¢7.(¢7) and ¢7.(¢7) with elements

¢jr(qr), ifm=0,
0, otherwise,

ejr(qr), ifm=0,

and ¢7;(qr)=
otherwise 1t {

¢7,T(QT) ={

where, according to Case (iii) in Step 1,
. 112
7 =lim KTlejl/ (qr)VTuj(qr, $1)-
Finally, define the vector , with elements

0, ifm=0,

oo, otherwise.

*
7T]'—

To characterize the critical values, define the objective function
Glgr: AC), BO.o0) = min | Agr) Zn — v}, -
v=—e(qr) Blar)

Note that the notation in the proof is slightly different from the notation in the main
text. In (27) of the main text, we defined G(q; B(q),Mg(q)), which corresponds to

G(qr; A()), B(), ¢(-)) in this proof. We let
¢F(AC), B(), (1)) =(1—a) quantile of G(g7; A(), B(), ¢(-)). (A.5)

To cover the special case r =r, > 0, that is, all the inequality conditions are nonbinding,
we adopt the convention that

¢ (AC), B(), @) =0 (A.6)

if ¢(q7) = ¢%}(qr) or ¢(qr) = w*. The critical value c*(¢) in (28) in the main text can be
expressed as

c“(qr) = ¢¢(Alqr), B(qr), $7(q1)).



Supplementary Material Inference for VARs identified with sign restrictions 9

Notice by definition that
@7(qr) = ¢1(qr).
This implies that

& (Aqr), Bar), $5(qr)) < 4 (A(qr), B(gr), é71(q1))- A.7)

Step 3: Establish the asymptotic coverage probability. Along the sequence defined in
Step 1 we will show the desired result

AsyCP = li;nPtz,T{(qT) €eCSl>1-oa.

We consider two different cases: (i) some inequalities are “binding,” that is, r; > 0; (ii) all
inequalities are “nonbinding,” that is, r; = 0.
Step 3(i). Suppose that r; > 0. By Lemma B1 and (A.7), we have

AsyCP = 11mP¢T gr € CS9}

{
=1im Py, {G(gr: &, W () < ¢f(Alqr), Bar), r(qr))}

=lim Py, {G(qr: . W () + 0, (1) < cf (A(qr), Blgr), ¢1(q1))}
>11mP¢T{G(qT,q,’> W) +o0p(1) < c3(Alqr), Blar), 5(qr))}-

By using an argument similar to that used in showing (A.10) of Andrews and Guggen-
berger (2009), it can be shown that

G(qr: &, W) +0,(1)

— I 2
= min | AGrYLVT($ = b1) = 0[5, + 05 (D)
v>—Dp Y2(qr)NTuiar.ér)

= min | A'Zy —v]
< min [ A'Z =] 5.

The last inequality holds because & > 7*. (This is true because 7; = 0 implies that 4; <

oo and 77';.‘ =0, while 7; > 0 implies that #; = 77;5‘ = 00.) According to Lemma B3,

¢t (Algr), Blar), $7(ar)) > ¢§(4, B, 7).

Since r > ry, ¢§(A, B, w*) > 0. Also, the distribution function of miny> 5+ || A’ Z,, —v||p is
continuous near the (1 — a@)th quantile (see p. 6 of Andrews and Soares (2010)). Then we
have the required result:

AsyCP = li%angT{qT € CS7})
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> lim Py, {G (g7 b, W) < &(Alqr), Bqr), ¢5(q1) + 0,(1)}

> P| min [ A'Zy—v] 5= c§(4, B, 7)}
v>—T7*
=1-a.

Step 3(ii). Suppose that r; = 0. In this case, hj =oco and 7; >0 forall j=1,...,r
Then we have ¢%.(qr) = m = oo for all 7. Recall the definitions that ¢§(A(qr), B(qT),
¢7(qr)) = c7(A, B, m*) = 0. Then, by Lemma B1 and (A.7), we have

AsyCP =lim Py, {qr € CS7)
=lim Py, (G(g7: &, W) = ¢§(Aqr), Blar), é1(ar))
:li7IpP¢T{G(QT b, W () +0,(1) < ¢§(A(qr), B(gr), $1(q1)))
> lim Py, {G(qr: &, W) + 0p(1) = (4, B, 7) = 0},

By using the same argument used in (51.23) on page 7 of Andrews and Soares (2010), we
can deduce that

lim Py, {G(qr: ¢, W) +o0,(1)<0}>1-a O

A.5 Proof of Theorem 3, part (i)

The proof of the theorem exploits the continuity of F7(¢,) with respect to ¢,. The state-
ment of the theorem is a consequence of Lemma 2, Lemma 4, and the continuous map-
ping theorem. O

LEMMA 4. Suppose that Assumptions 1(i) and 2(ii) are satisfied. Then:

(i) FO(®4, @g) is compact for all (®4, Py);
(i) FY(@y, Do) is continuous at all (®4, D).

ProoF orF LEMMA 4, ParT (1). Since Fe(d)q, Dy) C R, for the required result, we show
that F% (@4, ®y) is closed and bounded.

Boundedness: The set {6 = f(Dg, q) : |lq]l = 1} is compact because f(-) is continuous
in both of its arguments by Assumption 2(i) and the domain of ¢, S”, is compact. Since
F9(<1§q, Dy) C{0=f(Py, q) : llqll =1}, we deduce that F"((Pq, @y) is bounded.

Closedness: Consider any sequence 6; € F"((I)q, by), j=1,2,..., such that §; — 6.
We show that 6 € F"(ch, ®y), thatis, weneed to finda g € F1(®,) such that = f(Py, q).
Then the desired result follows.

For 0; Fg(qu, ®y), by definition we can choose a g; € F4(®,) such that 6; =
f(®y, g;). Since {g;} € S" and S" is compact, we can choose a convergent subsequence
gj; such that g;, — ¢. Then it follows from the continuity of f(-) that f(®s, q;) —
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f(@s, q). Since the subsequence 6, also converges to 6, we have f(Pg, q) = 0. By defini-
tion of F"(d’)q, ®y), then we have 0 ¢ F"(d)q, ®y), as required for closedness.

Part (ii). According to Assumption 2(i), the function f(®y, q) is continuous. Then the
product correspondence

Fl(®g, Dg) = FI(Dg) x Dy
is continuous by Proposition 34 of Border (2010). Notice that the correspondence

FO(®,, @) is a composite of f(-) and FI(-):

Fl(dg,d9)= f(@o, q).
gxDyeF1(dy,dg)

Since both f(-) and F4(.) are continuous, by Theorem 12.23 of Aliprantis and Border
Aliprantis and Border (2006), F 0(454, @y) is continuous. O

A.6 Proofof Theorem 3, part (ii)
Let F%4(¢y, pg) =10€0,qeS" : ge Fi(dgq), 0 = f(Py, q)}. Notice that

liminf inf inf P10 CS' (g, do)
T peR 6cF!(dy(p),do(p)) a o b0}

> liminf inf inf P{qge CS9(d,), 6 CS(do)
T peR (0,9)eF%1($q(p),bo(p)) 4 1 a0}

>liminf inf  inf  P,{qge CS% ()
T peR qeFi(dq(p) pla b))

+ liminf inf inf P60 CS%(do)) —
T peR (0,g)eF*9(dg(p).bo(p)) A a0}

Recall that 6 = f(®y, q). According to Theorem 2(ii)

limipf inf quqi&fq(p))Pp{q e CSU(dg)) 21— ay (A.8)
and
liminf inf inf P,{0eCSido)} =1—ar (A.9)
PER (0,9)eF%1(¢p4(p),Po(p))
holds according to Assumption 2. O

APPENDIX B: ADDITIONAL TECHNICAL LEMMAS

Throughout this section, we use the following notation. When A is a matrix, Amax(A4) and
Amin (A4) are the largest and the smallest eigenvalues of A4, respectively. We denote A4y as
the kth column vector of 4; A’ as the jth row vector of 4; and 4 jk asthe (j, k)th element
of A. Throughout the proofs, we sometimes omit the ¢ argument f from the asymptotic
covariance matrix A = LL’ and use the notation A7, AT, L7, and LT for simplicity. We
also often omit the g7 argument for some of the matrices that depend on gr and simply
write, say, St, DT, 157, Ar, /AlT, 7, and f)T for short.
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Lemma Bl. Suppose that Assumption 1 is satisfied. Consider the sequence {(¢1, q1))}
with qr € Fi($1) that satisfies conditions (i) and (iv) in the proof of Theorem 2(ii). Then

G(qr; . W) — G(qr; &, W()) = 0,(1).

Proor oF LEMMA B1. According to condition (ii) in the proof of Theorem 2(ii) V' (g7) =
Viorall T.If V =0, that is, S(q7) =0 for all T, it is trivial to deduce the required result
because by definition

G(qr; . W) = G(qr; ¢, W(-)) =0.

172 12

Now suppose that I # 0. Notice that St¢7 > 0 and D, '~ and ﬁ; are well-defined

since St is a full (row) rank matrix and Arp, /fT > (0. We now consider the two cases (i)
Br = Br =1 and (ii) By = _(2;1 and By = (2}1 separately.
Case (i) By = By = 1. Write

Ggr: 6. W () =min T|D7' S — DT *vru|”
u=

= ‘min | D7 2SVT (¢ — br) — v
v=—vTD;uqr.or)

and
2

>

Glg; d, W () = min |D7'*SrvVT(d — pr) —v
v=—vTD;"*u(q.¢)

where n(gr, ¢7) = STd7. Define

p . Al - 2
vr(Ar) = argmin ||DT1/ZSTﬁ(¢ —¢7r)—v|,
v=—vTD; " uiqr,ér)

. - - 2
v (A7) = argmin ||DT1/ZST«/7(¢> —¢7r)—v|".
v=—vTD; " u(q,b)

Recall that A’ = D~'/2SL and, therefore, D~1/2S = A'L~!. Then
G(qr: &, W) — G(qr: &, W ("))
< ||b;1/25Tﬁ(<13 —ér1) — UT(AT)||2 - ||D}1/25T\/7(<IA5 —ér) — UT(AT)HZ
<|D7'2$7VT( — b1) — D7 2SeVT (- 1)
<|Ar — AV LEVT(@G = )| + [ A7 (L7 = LT WT( — b1
=0,(1).

The last equality holds because Ar — Ay = op(1), At = O(1), ﬁ}l - L}l = o0,(),
L;l =0, VT($ — ¢7) = Op(1), and Br-%B>0 according to Lemma B2 and As-
sumption 1(v)—(vi).
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Case (ii): By = Q}l and BT = f);l. In this case, we can write
G(qr; 6, W())=minT |Srd — Vrul_,
u=0 Som

=  min SeVT(d — br) — |3
Uz—ﬁ#(w,(br)” ! ! HZTI

and

G(8,q; d, W()) = min IS7VT(d — b7) - v||§71,
v>—vTulqr.é1) !

where w(gr, ¢1) = STdT. Define

. . A 2
vr(Ar) = argmin  |S7vVT(p — ¢7) — v||$,1,
v>—vTu(qr, 1) !

. - 2
vr(A7) =  argmin ||Srﬁ(d> — 1) — v||271.
v>—vTur(qr,é7) !

Then
G(07.qr: 6, W) — G(07, q1: , W ()
< [S7vT(é = b1) = vr(AD) 31 = |STVT( = b1) = vr(Ap) | 5
=[S1VT(b — br) —vr(Ap)] 37 P [32371 557 — 1]
x 372 [S1VT(§ — dr) —vr(A7)]
< |SrVTd — ) —vrAn) 3 |52357 512 - 1|
=IxII, say.
For term /I, notice that since u(qr, ¢7) > 0, we have

I= i SIVT (D — d) — o> < |AFLINT (S — o) |2 = 0,(1).
vzfﬁ&m)” TVT($ =) =v|s1 < [Ar' Ly VT (d = d1) |1 = Op(1)

The last equality holds since AT’L;K/T(& — ¢7) =0p(1) and .(2}1 = (A’TAT)—1 —
(A’ A) > 0 by condition (vi) in the proof of Theorem 2(ii). Since 27 = S7L7L’.S’, term II
can be bounded as follows:

= |33 - 37377
=372 - 3037257125
= |372sr(Ar — Ap)Sp 37123725
= (=7 2srLr) (Lo Ly = L' Lr) (Lrsy37%) 372572
< |27 2SrLr||Lp L - Ly L) | LoSy 37 2] 271257
=0(1)o,(1)0,(1)0p(1).
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The last line holds because
|37 287 Ly | = te(Ly Sy (ST LrLySy) ™ SrLr) =1,
| L7873, | = (Lo Sp(SrLrLyST) ' SrLr) =1,

HL/T]:’T_1 - L;II:T” =0,(1) under Assumption 1(vi).

Moreover,
1372227 = | 372 SrLr) [Ly Sy (SrLrLrSy) T 32
= |3 2L (L L) (LS 37 )|
< |37 2srLr || L7 L || LSy 37 )P
=0,(1)0,(1)01) =0,(1).
This completes the proof for Case (ii). O

LEMmMA B2. Suppose that a converging sequence {¢, qr} satisfies the rank condition
r(qr) =r > 0andV (qr) is a nonzero constant selection matrix for all T. Then there exists
a subsequence {T'} C {T'} such that along the subsequence, we have

@)
D™'2(qr)S(qr)L($1) — A,
where A is a full rank matrix, and
(ii)
D2(qr)S(gr)L(dr) =D (qr)S(arL(¢r) + 0p(1).
PROOF OF LEMMA B2. Part (i): Recall that S7 = V7-S7. The rank reduction of Sy is caused
only by zero rows (see Section 2.3). Moreover, according to condition (ii) in the proof

of Theorem 2(ii) the nonzero row selection matrix is V7 constant over 7. Thus, we can
construct an index set 7 of nonzero rows of S7. By construction, the size of 7 is / and

I
St=[87);cs-
In turn, we obtain

-1/2 -1/2r&j
Dy '"SrLy =Dy [SpLr] -

Recall from the definition of L and D that (omitting the T subscripts)

SLL'S' =D'2QD"Y? and D~ '2SLL'S'D™'?=0,
where (2 is a correlation matrix with ones on its diagonal. Thus, D;l/ 2
length of the i'th row of the matrix (SL) to one. Therefore,

G <
DT}/ZSTrLT/z[ SrLt } =[ St } Ly
ISzLr|djes  L|SpLr|djes

normalizes the
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By construction, S"T #0forall T and j € J. Since Lt > 0, it follows that S’%LT # 0 for
allT and j € J.In turn, ||§§LT|| > 0forall T and j € J and §§Lr/||§§LT|| is well-defined
forall T and j € 7. Notice that {S’;LT / ||S’jTLT [I}7 is a sequence on a unit sphere, which is
compact. We can then choose a subsequence {7”} such that s/ L/ ||S’j L] converges
for all j € 7. Thus, we can write

_ s
DT}/ZST/LT/ = |:~7Ti| Ly — A.
IS L] dea

To obtain the desired result, it remains to be shown that A4 is full rank. Since L}/l —
L~1 > 0, it suffices to show that the limit

AL ' = lim [i} (A.10)
T'—s 00 “S]/LT’\ jeg

has full rank. Recall that § ()=UIRq)S ¢ 4. By construction, the nonzero rows of S/ , are
orthogonal to each other because {S‘]%, }je7 is composed of rows (+/-) ' ® q)quq that
are orthogonal to each other. This implies that each row of the limit AL~! is nonzero
and orthogonal, which delivers the required result.

Part (ii): Consider the subsequence {7’} in the proof of Part (i). Since f,T/ > 0 and
S"%, #0forall T,

|S5 L] >0
for all 7’. We will now show that
N QJ ’
Sehr _ Splr |, o)
IS Lo |SpLr

for all j € J. Since it could be the case that ||§j ,L7/|| — 0, we provide a detailed argu-
ment. Write

Sphe SpLp
|S7. Lo 1S3 L

|
_ S”%,LT/ <||§§LT|
|S7 L | N Sp L

~ 1) . §0 (L — Ly
|S7.Lr]

=1+1I, say.
We begin with the following bound:

$perl . _ 18hirl - 8hir|
IS Lr ISpEr
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_|8pLr - S’;,(IZTf —Lp)| - |8 L
|87 L

|

- ||§§/(£T' — L)
|7 L7

_ I3pInir — Lo
|S7Lr

_ Ly —Ly|
ISz Lar[/157:]

The last equality holds because ||S‘j I >0forall 7.

According to Assumption 1(vi) f,T/ L. Moreover, we deduce from (A.10) and
AJL=1 0 that

ISpLr] _ I8hLrl + Sy - L)

O<=a ™ = <
|57 |57
SLLp| .

S ) S
|57
b1

R — 0-
AL

Therefore,

ILy — Ly

< ——F77—=<0,(1) AL =0 D).
ER7 I e

Similarly, we obtain the bound

[ki22%
1S5 L

_18hdrd - [$pLr
BN

”Sj/LT/ +s§]7.~/(1:7"’ _LT/)H - ’|Sj/LT/ ”
Shir
Wbl
IShir]

Since S”},LT/ / ||Sj L7|| = O(1), we have established that term / vanishes asymptotically:

I=0,(1).
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Term II can be bounded as follows:

g < 180 = L)
|S7.Lr|
- ||§j/||||1:T/ — L

ISEr ]

B 1 2
S
IS5 L2/

and so
II'=o0,(1).

Combining the two 0, (1) results completes the proof of Part (ii). O

LEMMA B3. Suppose Assumption 1 is satisfied. Consider Case (i) in Step 3 of the proof of
Theorem 2(ii). Along the {T} sequence defined in Step 1 of the proof of Theorem 2(ii),

C%(IZI(QT), E(QT), (ﬁ?(C]T)) —>p C%(A, B, 77.*)’

where the critical value function c5.(-) is defined in (A.5) and (A.6).

Proofr or LEMMA B3. The proof is very similar to that of Lemma 2(a) in Andrews and
Soares (2010) and we provide a sketch. The proof proceeds in three steps. First, show

(¢7, A(qr), B(qr)) 2> (m, A,B) and  ¢%(qr) 2> 7.
Second, show

. ~ 2 p . 2
Pl i, A Zn =l = e} =5 B min (|4 20 o]} < <}

Third, deduce c%(fl(qr),f%(qT), &%(qr)) LN c‘TV(/Al(qT), B(qT), 7*), as required for the
lemma.

Proor oF STEP 1. By the choice of the sequence {7} and the limit result in Step 1 of the
proof of Theorem 2(ii)

(&7, A(qr), Bqr)) 2> (, A, B).

Notice that if 7; = 0, then é7(g7) < k7 as T — oo and by an argument similar to the
one used in the proof of Lemma B2(ii), we have £7(gqr) < k7 in probability as T — oo.
Therefore, plim ga;% r(qr) =plim ¢ 7(q7) =0 = Tr;!‘ with probability one. On the other

hand, if 7; > 0, then @;,T(C]T) =00 = 7r]’5‘. Therefore, ¢7.(q7) Ly O

ProoF oF STEP 2. The desired result can be obtained by the same argument used in the
proof of (§1.17) of Andrews and Soares (2010). O
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ProoF oF STEP 3. Itis immediate from Step 2 and the fact that the distribution of

AZy —

min | ol

is continuous if k¥ > 1, and continuous near the (1 — @)’s quantile, where « < 1/2, if k = 0.
O

APPENDIX C: DESCRIPTION OF MONTE CARLO EXPERIMENTS
C.1 Experiment 1: Bivariate VAR(0)

This section presents the computations for the Monte Carlo experiment with the
VAR (0) model, for example, Design 1 in Table 1 of the main article: y, = u;, u; ~ N (0, 3).
3
$3+d3
& =[d1, P2, P31 = 11, 221, 51" and Ztr are the elements of 3, the lower triangular

matrix from the Cholesky decomposmon of 3.

It is convenient to reparameterize g in spherical coordinates: ¢ = g(¢) =
[cos(¢)sin(¢)]. However, for brevity we typically write ¢, omitting the ¢ argument. We
generate a grid Q for g by dividing the domain of ¢, [ 7, 7], into equally sized partitions
of length 8. As discussed in the main text, since ¢; = 37| > 0 the inequality restriction
0 = q1¢$1 > 0 implies that g; > 0. Thus, it suffices to conduct the grid search with respect
to ¢ over the interval [-7, 7].

The following steps are repeated ngj, times. The results reported in the main text
are averages across these repetitions. We report the average length of the confidence
intervals and compute the coverage probability as the fraction of times for which the
upper bound of F?(¢) is contained in the confidence interval. The upper bound of the
identified set determines the lower bound of the coverage probability.

Generating Data: Generate a sample of length T of data from the VAR(0) using the
parameters reported in Table 1.

Estimating the reduced-form parameters

The population identified set is given by F%(¢) = [0, max{Z{¢, > 0}, ./ —2-}] where

. Cornpute the sample covariance 3= T ZIT 1 =¥ (yr — y) where y = 1 Zt 1 Ve
Denote by Etr the lower triangular matrix from the Cholesky decomposition of 3. Then
b =1[b1, b2, d31' =2, 22],2 1', where 2“ are the elements of 3.

e Estimate A, the asymptotic variance covariance matrix of qb, using a parametric
bootstrap:

- Generate bootstrap samples b =1, ..., B of length T from yt(b) = ugb) where ugb)
N(0,3).

— For each bootstrap sample, estimate 3 and compute ¢ = [q@ib), &)éb), q?)gb)]/.

~ LetA= % Zle[ﬁ(<f>(b) — &))][ﬁ((@(b) - g@)]’ with factorization A = L.1.".

~

Computing the confidence intervals
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e Step 1: Construct a (1 — ay) confidence set for q. The following computations are ex-
ecuted for each g € Q. As before, it is convenient to express ¢ in terms of the angle ¢ and
generate Q by equally spaced grid points on the interval [—r, 7r]. Recall the definition of
é1,7(q) and &, 7(q) in (24).

- If ¢ € {—7, 7}, the objective function is given by

PN ) T n n
Gi(q; ¢, W) =min ———(q12 + q2b3 — ).
#z0 357(q)

* If &2, 7(q) < k1, the inequality condition is considered binding and the critical value
c“(q) is the (1 — a) quantile of a squared truncated normal Z?Z{Z > 0}.

* If & 1(q) = kT, the inequality condition is considered nonbinding and ¢*1(q) = 0.

- If ¢ ¢ {—7, 7}, the objective function is given by

131/2(q)|: A41€?>1 ! ]

2

GUq: ¢, W)= min T

212020 Q12+ g3 — w2

B(g)

* If &1,7(q) < kr and &2, 7(q) < kr, both inequality conditions are considered binding.
Forj=1,...,nz draw Z;’) from N (0, I3). The critical value is the (1 — 1) quantile of

SN (. B _ s DH-1/2 F o) 2
Q’(q,B(q))—IglzlgHD @S@LZ" = v,

The minimization can be executed with a numerical routine that solves quadratic pro-
gramming problems.

*1If €1,7(q) < kr and & 7(q) = 7 orif &1, 7(q) > kr and & 7(q) < k7, i.e., only one
inequality condition is considered binding, then c*(g) is the (1 — a1)th quantile of a
squared truncated normal Z>Z{Z > 0}.

* if &1, 7(q) = k7 and &, 7(q) > kT, then no inequality condition is considered binding
and c¢* (q) =0.

~ LetCSY={qe Q| (Gi(q; b, W) —c™(q)) <0}

e Step 2: Construct a (1 — «y) confidence set for 6 conditional on q:

CS)= [maxio, g1 — zaz/z,/q%fin/T}, Q11 + Zay 2y Q%/in/T]a

where z,,,; is the (1 — ay/2) quantile of a N (0, 1) distribution and /in is the (1, 1) ele-
ment of the matrix A.

o Step 3: Construct the 1 — a Bonferroni set for 6: Compute the minimum of the lower
bounds of CSg and the maximum of the upper bounds of CSg for g e CS4.
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C.2 Experiment 2: Bivariate VAR(1)

The computations are very similar to the computations for the VAR(0) experiment.
Thus, we focus on highlighting the differences. The model takes the form (Designs 2
to 4 in Table 1 of the main article): y, = Ay,_1 + u,, where u; ~ N(0, 3). Let 3y, denote the
lower-triangular Cholesky factor of 3. The reduced-form parameters are given by

b= Vec((AEtr)/)
=[¢1, P2, P3, P4l
= [An 3 + A3, A3, A3 + A3, A3,

where 2}; are the elements of 3. Under our three Monte Carlo designs, the identified
set F9(¢) has a geometry similar to that of the identified set for the VAR(0) design,
depicted in Figure 1 of the main article. Roughly speaking, it is an arc located in the
northeast section of the unit circle. Under the parameterization of the data-generating
processes (DGPs), the top-left endpoint of F4(¢) is given by the solution of

R —
MU (/¢
whereas the bottom-right endpoint of F4(¢) is given by the solution of
1
2
q,=——>-
Y4 (¢’

The structural parameter of interest is 6 = g1 ¢1 + g2 ¢. For our Monte Carlo designs, the
lower bound of the identified set F?(¢) is determined by 6, = q1,191 + q2,1$2. The upper
boundis 6, = q1 ,$1+ q2 P2 if g2, > 0;itis 6, = q1,,$1 + q2,,$2 otherwise.

As for the VAR (0) experiment, the minimization with respect to ¢ is carried out using
agrid g € Q, where g = [cos(¢) sin(¢)]’ and ¢ takes values on an equally spaced grid over
[—r, 7] with spacing &,.

Generating data: The DGP is now given by y; = Ay;_1 + u;.

Estimating the reduced-form parameters: Follow the same steps as in the VAR(0)
experiment.

Bonferroni approach

e Step 1: Construct a 1 — a1 confidence set for q.

— The objective function is

2

Gi(gq; (Z), W)= min T
#120,u2>0

D12(q) ann + th%z — M
q1b2 + Qa3 — w2

B(g)
- If é1,7(9) < kr and &2, 7(q) < kT, both inequality conditions are considered binding.

Forj=1,...,nz draw Zflj) from N (0, I4). The critical value is the (1 — @1) quantile of

G (¢: B(g)) =min T| DX @S(LZ ~v[,.
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- If §1,7(q) < kr and &,7(q) > kr orif §1,7(q) > k7 and &, 7(q) < k7, that is, only
one inequality condition is considered binding, then c*1(g) is the (1 — @1) quantile of a
squared truncated normal Z2Z{Z > 0}.

- Ifé1,7(q9) = kr and & 7(q) > k7, then no inequality condition is considered binding
and c¢* (q) =0.

o Step 2: Construct the (1 — ay) confidence set for 6 conditional on q. Follow the same
steps as in Experiment 1.

e Step 3: Construct the 1 — o Bonferroni set for 0. Follow the same steps as in the Ex-
periment 1.

C.3 Experiment 3: Four-variable VAR (2)

Design. The coefficient matrices for the DGP are given by

[ 1.001 —0.100 0.302 —0.085
A — 0.065 0.585 0.089 —0.055
= 0.126  0.284 1.072 -0.073 |’
| 0233 0.141 0.056 1.522
[—0.080 0.119 —0.269 0.078
A — —0.056 0.262 0.065  0.013
271 -0223 —0222 —-0.178 0.070 |’
| —0.230 —0.097 —0.069 —0.538
[0.626 0542 -0.124 0.199  0.095
o 0.175 s —-0.124 1.164 0.129 —0.369
0.064 |’ 0.199 0.129 0912 —-0.263
| 0.204 0.095 —-0.369 —-0.263 0.549

APPENDIX D: FURTHER DETAILS ON THE EMPIRICAL ANALYSIS

The construction of the data set follows Aruoba and Schorfheide (2011). Unless other-
wise noted, the data are obtained from the FRED2 database maintained by the Federal
Reserve Bank of St. Louis. Per capita output is defined as real GDP (GDPC96) divided by
the civilian noninstitutionalized population (CNP160V). The population series is pro-
vided at a monthly frequency and converted to quarterly frequency by simple averag-
ing. We take the natural log of per capita output and extract a deterministic trend by
OLS regression over the period 1959:1 to 2006:IV. The deviations from the linear trend are
scaled by 100 to convert them into percentages. Inflation is defined as the log difference
of the GDP deflator (GDPDEF), scaled by 400 to obtain annualized percentage rates. Our
measure of nominal interest rates corresponds to the federal funds rate (FEDFUNDS),
which is provided at monthly frequency and converted to quarterly frequency by sim-
ple averaging. We use the sweep-adjusted M2S series provided by Cynamon, Dutkowsky,
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and Jones (2006). This series is recorded at monthly frequency without seasonal adjust-
ments. The EVIEWS default version of the X12 filter is applied to remove seasonal varia-
tion. The M2S series is divided by quarterly nominal GDP to obtain inverse velocity. We
then remove a linear trend from log inverse velocity and scale the deviations from trend
by 100. Since our VAR is expressed in terms of real money balances, we take the sum of
log inverse velocity and real GDP. Finally, we restrict our quarterly observations to the
period from 1965:1 to 2005:1.
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