~ A Service of
’. b Leibniz-Informationszentrum

.j B I l I Wirtschaft
) o o o Leibniz Information Centre
Make YOUT PUbllCCltlonS VZSlble. h for Economics ' '

Dertwinkel-Kalt, Markus; Wey, Christian

Working Paper
Third-degree price discrimination in oligopoly when
markets are covered

DICE Discussion Paper, No. 336

Provided in Cooperation with:
Disseldorf Institute for Competition Economics (DICE), Heinrich Heine University Dusseldorf

Suggested Citation: Dertwinkel-Kalt, Markus; Wey, Christian (2020) : Third-degree price
discrimination in oligopoly when markets are covered, DICE Discussion Paper, No. 336, ISBN
978-3-86304-335-3, Heinrich Heine University Disseldorf, Diisseldorf Institute for Competition
Economics (DICE), Dusseldorf

This Version is available at:
https://hdl.handle.net/10419/216730

Standard-Nutzungsbedingungen: Terms of use:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen Documents in EconStor may be saved and copied for your personal
Zwecken und zum Privatgebrauch gespeichert und kopiert werden. and scholarly purposes.

Sie durfen die Dokumente nicht fiir 6ffentliche oder kommerzielle You are not to copy documents for public or commercial purposes, to
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich exhibit the documents publicly, to make them publicly available on the
machen, vertreiben oder anderweitig nutzen. internet, or to distribute or otherwise use the documents in public.
Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen If the documents have been made available under an Open Content
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten, Licence (especially Creative Commons Licences), you may exercise
gelten abweichend von diesen Nutzungsbedingungen die in der dort further usage rights as specified in the indicated licence.

genannten Lizenz gewahrten Nutzungsrechte.

Mitglied der

WWW.ECONSTOR.EU é@“}


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/216730
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

DICE/

DISCUSSION PAPER

Third-Degree Price Discrimination in Oligopoly
When Markets Are Covered

Markus Dertwinkel-Kalt,
Christian Wey

April 2020

Heinrich Heine
Universitat Disseld



IMPRINT

DICE DISCUSSION PAPER

Published by:

Heinrich-Heine-University Dusseldorf,

Disseldorf Institute for Competition Economics (DICE),
UniversitatsstraBe 1, 40225 Diisseldorf, Germany
www.dice.hhu.de

Editor:

Prof. Dr. Hans-Theo Normann

Disseldorf Institute for Competition Economics (DICE)
Tel +49 (0) 211-81-15125, E-Mail normann@dice.hhu.de

All rights reserved. Diisseldorf, Germany 2020.

ISSN 2190-9938 (online) / ISBN 978-3-86304-335-3

The working papers published in the series constitute work in
progress circulated to stimulate discussion and critical comments.

Views expressed represent exclusively the authors’ own opinions
and do not necessarily reflect those of the editor.



Third-Degree Price Discrimination in Oligopoly
When Markets Are Covered*

Markus Dertwinkel-Kalt! Christian Wey*

April 2020

Abstract

We analyze oligopolistic third-degree price discrimination relative to uniform pricing,
when markets are always covered. Pricing equilibria are critically determined by supply-side
features such as the number of firms and their marginal cost differences. It follows that
each firm’s Lerner index under uniform pricing is equal to the weighted harmonic mean of
the firm’s relative margins under discriminatory pricing. Uniform pricing then decreases
average prices and raises consumer surplus. We provide an intriguingly simple approach to
calculate the consumer surplus gain from uniform pricing only based on market data of the
discriminatory equilibrium (prices and quantities).
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1 Introduction

1.1 Motivation and Contribution

Since the works of Pigou (1920) and Robinson (1933), it is a key question for economists to
evaluate how third-degree price discrimination affects social welfare and consumer surplus. While
much is known now about the effects of third-degree price discrimination in a monopoly, our
knowledge about oligopolistic third-degree price discrimination is less clear-cut.

A major contribution to the analysis of oligopolistic third-degree price discrimination is
provided by Holmes (1989). His analysis builds on the assumption that all firms agree on where
to set a relatively high and a relatively low price; following Corts (1998) we refer to this as best-
response symmetry. Holmes starts his analysis with the simple observation that in an oligopoly a
price increase by one firm drives some consumers out of the market and induces others to switch
suppliers. In a monopoly only the first effect can arise, while the second effect is unmistakably
oligopolistic. Our work is greatly inspired by this critical distinction and his conjecture that
“there is a sense in which discrimination increases ‘average’ price; the increase in price in the
strong market above the uniform price is ‘large’ relative to the decrease in the weak-market”
(Holmes, 1989, p. 248). Holmes explores a constant-elasticity demand function with inelastic
market demand to derive a remarkable formula (no. 11, p. 248), which states that a firm’s
relative margin (or, Lerner index) under uniform pricing is equal to the weighted harmonic
mean of the firm’s relative margins under discriminatory pricing and which is reassuring for his
conjecture. This formula is particularly insightful because firms’ equilibrium output levels do
not change with the pricing regime, so that the weights can be calculated from observed market
data under discrimination. Accordingly, uniform pricing reduces market power, so that firms’
prices are less distorted above their marginal costs if uniform prices need to be set. In Footnote
7 (p. 248) he notices that the case of an inelastic market demand function “is not an interesting
example for examining the effect of discrimination on total output. But I am focusing here on
the effects on prices and the lesson learned is of somewhat greater generality.”

Our contribution is to show the “greater generality” of Holmes’ conjecture. In analogy to the

monopoly benchmark, which exclusively highlights the demand-side (“stay home”) determinants



of the welfare effects of price discrimination, we analyze the oligopoly case with inelastic market
demands to focus the analysis on the supply-side determinants of price discrimination and its
welfare effects (which are driven by the “switch suppliers”-aspect of demand). We achieve
this modeling approach with a “covered demand” model, which allows us to expand Holmes’
conjecture to the case of an asymmetric oligopoly, where firms have different marginal production
costs. Our analysis confirms the (weighted) harmonic mean relationship for a firm’s relative
margins under uniform and discriminatory pricing, which Holmes derived only for the symmetric
oligopoly case.

We first show that firms’ (bilateral) price differences in any market are always the same,
independently of the pricing regime. Price differences only depend on supply-side features and
are independent of the parameters of the demands. It then follows that firms’ output levels are
the same under discriminatory and uniform pricing in all markets. As a consequence of this, price
discrimination does not affect social welfare. Nevertheless, firms’ demands and market shares
across markets may differ depending on competitive intensities which in turn depend on demand
parameters. Our second finding is based on this result and it comes in two practically important
formulas: Firstly, we show that each firm’s aggregate price elasticity under uniform pricing is
the weighted arithmetic mean of the firm’s market-specific price elasticities under discriminatory
pricing, where the weights are given by the firm’s output in market j relative to its total output.
Secondly, the relative margin (or, Lerner index) under uniform pricing is given by the weighted
harmonic mean of the firm’s relative margins (or, Lerner indices) under discriminatory pricing,
where the weights are given again by the firm’s output in market j relative to its total output.

The harmonic mean logic implies that the relative margin under uniform pricing is always
strictly lower than the weighted arithmetic mean of the relative margins under discriminatory
pricing; in other words, market power is reduced. This translates into the aggregate Lerner
index being smaller under uniform than under discriminatory pricing. There is, unambiguously,
a consumer surplus loss from price discrimination, which can be easily calculated only based on
observables under discriminatory pricing. Simply from market prices and firms’ outputs we can
recover consumer surplus under uniform pricing.

Due to best-response symmetry—whereby firms agree in which market segment to set the



higher and where the lower prices—firms have clear incentives to collectively achieve the price
discrimination outcome. For instance, firms may want to segment markets and prevent arbi-
trage to make price discrimination possible. From the firms’ perspective, the discriminatory
equilibrium represents a Pareto-improvement vis-a-vis the equilibrium under uniform pricing.

Our demand system is closely related to the one proposed by Somaini and Einav (2013),
who derived it from generalizing the Hotelling duopoly model to the case of m > 2 firms.
Demand is always covered, all firms are directly linked and compete this way symmetrically
with each other. Again, by this we suppress the question how demand characteristics (that
induce a “stay home”) affect the welfare-effects of third-degree price discrimination, which the
literature on monopolistic third-degree price discrimination has focused on. While our approach
is theoretically justified, we also do not regard it as implausible: when for a particular product
the relevant market is considered, all products consumers can substitute to are already included,
so that the assumption that market demand is fully price inelastic is plausible under this practice.
And indeed, antitrust authorities typically define the market to be considered as the relevant
market—as delineated by the SSNIP (“Small but Significant and Non-transitory Increase in
Price”) test—that comprises all substitutes to a particular product up to a certain threshold.
Importantly, even if with covered demand price discrimination has no effect on social welfare,
it affects consumer surplus, which represents the objective of most antitrust authorities (see,
e.g., Davies and Lions, 2007, or Whinston, 2007). Finally, our demand system allows for much
flexibility: demand characteristics affect the size of the different markets, the price levels, and
firm’s market shares that can vary across markets.

In an extension, we show that our insights also hold if price discrimination is constrained
by arbitrage. Practically, unconstrained price discrimination can only become effective if ar-
bitrageurs cannot resell goods sourced in the low-price region to the high-price region (see
Armstrong, 2008). Thus, when policy makers wish to discourage price discrimination, they will
often take the indirect route of ensuring that consumer arbitrage is as easy as possible, for in-
stance by integrating markets (see Armstrong, 2008). In the EU, the creation of a Single Market
is an explicit policy objective. Accordingly, the European Union has passed the geo-blocking

directive (EU Regulation 2018/302), which bans price discrimination of online stores vis-a-vis



final consumers on the grounds of their geographic (i.e., country) location since 2018. This
recent geo-blocking directive is fitting this strategy as it tries to enhance cross-border arbitrage
by consumers. If markets are perfectly integrated in the sense that consumers can buy a certain
good in any other country at the terms posted in that country, then any international price
discrimination is doomed to fail, so that the products of any firm i must be traded at the same
price in the integrated market area. By our analysis, such market integration—which makes ar-
bitrage as easy as possible and effectively yields uniform pricing—is desirable from a consumer

point of view.

1.2 Related Literature

The related literature can be divided into the literature on monopolistic and oligopolistic third-
degree price discrimination. The literature on monopolistic third-degree price discrimination has
focused on the demand conditions which determine the welfare effects of price discrimination.
This welfare effect results from a trade-off between the misallocation effect and the output effect
relative to the uniform pricing rule. While Pigou considered the linear (downward sloping)
demand case, Robinson (1933) and Schmalensee (1981), and more recently Aguirre, Cowan and
Vickers (2010) derived complementary results for convex and concave demands. Varian (1985)
extends Schmalensee (1981) by allowing for imperfect arbitrage when marginal costs are constant
or increasing, and Schwartz (1990) extends Varian (1985) for the case where marginal costs are
decreasing. Cowan (2012, 2016) focuses on the social welfare and consumer surplus effects of
monopolistic third-degree price discrimination depending on market demands. He identifies,
beside other things, “reasonable” demand conditions such that price discrimination increases
consumer surplus. The main insight from this literature is that market demand curvatures are
critical for re-solving the trade-off of the misallocation effect and the output effect associated
with price discrimination.

The literature on oligopolistic third-degree price discrimination is relatively sparse. It has to
be divided into approaches that build on best-response symmetry—where firms agree on where
to set higher prices—and those that build on best-response asymmetry—where firms disagree on

where to set higher prices. This distinction builds on Robinson’s (1933) insight that third-degree



price discrimination leads to a higher price in one market (the “strong” market) and to a lower
price in the other market (the “weak” market) when compared with a uniform price a monopolist
would charge based on the aggregated demand. Under best-response asymmetry, firms disagree
where to set higher and where to set lower prices; in this case, firms find themselves in a
prisoners dilemma as price discrimination intensifies competition (see, e.g., Armstrong 2008).
Firms then have a collective incentive to prevent price discrimination (see, e.g., Stole 2007).
The literature on best-response symmetry started out with Holmes (1989), who mainly showed
that the output effect of third degree price discrimination is the sum of Schmalensee’s (1981)
adjusted concavity condition (which mirrors the market demand effect) and the elasticity-ratio
condition (which picks up the oligopolistic competition effect). Subsequent work on oligopolistic
third-degree price discrimination with symmetric firms has been further studied in Armstrong
and Vickers (2001), Weyl and Fabinger (2013), Adachi and Fabinger (2020) and Miklos-Thal and
Shaffer (forthcoming). Armstrong and Vickers (2001), in particular, show that for sufficiently
competitive markets, price discrimination increases profits and reduces welfare. Building on
earlier work for the monopolistic case (Chen and Schwartz, 2015), Chen et al. (2019) analyze
differential pricing in oligopolies where market-delivery costs differ across markets. With such
market-specific delivery costs, uniform pricing necessarily induces an allocative inefficiency as
cost differences cannot be reflected in prices; our main insights extend to the case of market-
delivery costs (see Appendix B). Adachi and Fabinger (2020) extend Aguirre, Cowan, and Vickers
(2010) to the oligopoly case. They focus on the symmetric firms case, but allow for differential
pricing asymmetries as well as arbitrage asymmetries among firms. They do not analyze the
asymmetric oligopoly problem where firms have different marginal production costs.

We proceed as follows. In Section 2 we analyze the covered market model. Section 3 discusses

our extension on arbitrage costs. Finally, Section 4 concludes.

2 The Covered-Demand Model

We build on the (linear-) covered demand model (in short: LCD-model), which is closely related
to the generalized Hotelling model proposed by Somaini and Einav (2013). Assume i = 1,...,m

(m > 1) firms sell their products in j = 1,...,n (n > 1) markets. Each firm produces a single



product and firm ¢’s marginal production cost is ¢; > 0.

Market demands are independent and completely inelastic. The demand of firm 4 in market
j is a linear function of its own price and all other firms’ prices in that market. We assume
symmetry in all substitutability relations. In addition, all products are directly linked, so that
consumers as a whole can substitute away to all other products. Taken together, we obtain a
(linear-) covered demand model LCD := {D? }f;l;n , where the demand of firm ¢ in market j
is given by

DIpl,..pl,) =a’ + > (pl — pl), with @ > 0 and b/ > 0. (1)
i i

The LCD-model nests the Hotelling duopoly model and the Salop-circle model for two and
three firms. It does not nest the Salop model for four and more firms. To understand the
difference, take m = 4. In the Salop model each firm only competes directly with its two
neighbors and not with the remaining competitor. This kind of asymmetry of the Salop model
is eliminated in our model, where all firms compete directly. In the LCD-model the four firm
case can be thought of represented by six equally long lines such that all firms are bilaterally
connected with each other, that is, by a tetrahedron. We formally derive this model in Appendix
A.

This LCD-model has several convenient properties that we list in the following.

aD! ; . .
(A1) e —(m —1)¥’ for all 4 and j.

(A2) Any firm ’s demand in market j is the same at two different price vectors (p{, - pgn) and
(ﬁ{, s D) ifpz, —p{ = ﬁg, —ﬁg for all ¢ and 7'.
(A3) >, D) (p1y ey pm) = ma’.
(A4) D! — D), =Vm(p), —pl).
As a consequence of these properties, firm ¢’s demand is linear in its price (A1), its demand
in a market is just determined by the differences in prices that the firms charge in that market
(A2), aggregate demand is inelastic (A3), and the demand differences between two firms are

pinned down by the difference in prices these two firms set and therefore independent from

other prices charged (A4).



Throughout the paper we maintain the assumption that the discriminatory pricing equilib-
rium, {pl }] 1’ ' and the uniform pricing equilibrium, {p;}i=1,. m, are unique and interior.
Obviously, there exists a unique interior equilibrium both under discriminatory and under uni-
form pricing if costs are not too heterogenous (see also Somaini and Einav, 2013).

In the following proposition, we compare the Nash equilibrium when firms simultaneously
charge uniform prices across markets and when firms engage in third-degree price discrimination,

thereby charging different prices in the markets.

Proposition 1. Assume an LCD-model and constant marginal production costs ¢; > 0 for all
i =1,...,m. Then, the following properties are fulfilled:

i) All bilateral price differences are the same under discriminatory and uniform pricing, such
that T){, — Taf =Dy —Di = 27”7111(01-/ —¢;) holds for all i, 7" and j.

i1) All firms’ output levels in all markets are the same in the discriminatory and the uniform

pricing equilibrium; i.e., Df(ﬁ]l, ...,ﬁn) = Dg(f)\l, s Pm) = a? + b <2m 1) Zi,#(cﬂ —¢;) for all
i and j.

Proof. Under discriminatory pricing each firm ¢ maximizes

max i = ZD] )(pf—cz)

pl.pl>

The unique and interior Nash equilibrium prices {p; }J 1’ ol fulfill

oD
oy}

Fix some j and take two firms i # i’. The equilibrium price difference ﬁg, — Ty{ follows from

(pl' —¢)+ DJ =0 for all ¢ and all j. (2)

subtracting the first-order conditions g:; =0 and g’r; = 0, which gives
oDl oD/ :
L (pg/ — Ci’) (pz — CZ) + D] DZ = 0

apl,
Using (A1) and (A4) we get

oy,

—(m -1V (@, —B) —Vm@, —p) = —(m—1)b(cy —c;) or
-p = (o) g



Under uniform pricing each firm ¢ maximizes
max 7 = ZDJ (P15 s D) (Pi — ).

The unique and interior Nash equilibrium prices {p;}i=1,..n fulfill

oD j
Z [apl (pz ) +Di

j=1

= 0 for all <. (4)

Take two firms ¢ # /. The equilibrium price difference p;; — p; follows from subtracting the

8;: = 0, which gives

+ En:D{, - ijg = 0.
j=1 j=1

first-order conditions ggf: =0 and
8DJ

pz’ -
= Opi J:1

Using (A1) and (A4) we get

From (3) it follows that the price difference between two firms ¢ and ¢’ is the same in all markets j
under discrimination. Comparison with (5) shows that the price difference under uniform pricing
yields exactly the same difference. Finally, part ii) of the proposition follows from substituting

(3) for all i’ # ¢ into (1). Q.E.D.

Price competition yields the same price differences under discriminatory and uniform pricing
(part i) of Propositionl). Consequently, firms’ output levels in any market j are independent of
the pricing regime (part ii) of Proposition 1).! In addition, when the number of firms increases,

price differences approach marginal cost differences from below.? The underlying demand system

'In the following, we drop the arguments of Dg7 which from now on stands for the equilibrium values

DI, ....7,) or DI (pi,.... pm).

m—1
2m—1"’

2Under both pricing regimes, the price difference is equal to the marginal cost difference times the term
which increases monotonically in m over the interval [1/3,1). In the limiting case of m — oo it approaches one.
Thus, when the number of firms, m, increases, then bilateral price differences increase and approach marginal

cost differences in the limit.



ensures that price differences are fully driven by supply side features; namely, marginal cost
asymmetries and the number of firms m.

Interestingly, even though price differences between the firms are always the same under
discriminatory pricing in every market j, any firm 7’s market shares may differ across different
markets. The market share of firm ¢ in market j is given by

sg::%:i 1+b7.(m_1>2(ci/—ci) ,
Y D]om ol \2m -1 il i
where the last equality follows from (A3) and from part iii) of Proposition 1. Note also that
Dozl — i) = m(c® — ¢), with ¢® :== 37", ¢;/m. Suppose b /al > b'Ja?" holds. Then,

sg > sg/ (Sf < sgl) follows if and only if ¢; < ¢ (¢; > ¢). A firm with below-average marginal
cost, therefore, gets a larger market share in market j than in j’, when the competitive intensity
(as measured by b’ /a’) increases.® This result also mirrors A4, which states that the demand
difference between two firms gets larger when the parameter ¢’ increases.

Proposition 1 implies that the difference of consumer surplus under uniform and discrim-
inatory pricing, CS — CS, which must be equal to the reversed difference of total profits,
> ;T — > T, can be derived directly from comparing the uniform and the discriminatory

prices.

Corollary 1. The difference of consumer surplus and the difference of total profits under
uniform and discriminatory pricing are given by

G55 =" m-3 7= 30 - ).
=1 =1

i=1 j=1

Based on Proposition 1, we can easily calculate the Nash equilibrium prices under both pricing
regimes. In the discriminatory regime, firm ¢’s first-order condition in market j is given by (2).
Solving for ﬁf we get
s Dg a’ 1
pg_ci_aDg—Ci+(m_1)bj+<2m_1)2(01’—6i)' (6)

vy
5 i/ #£i
Op;

3In Appendix A, we show how a’ and b’ can be derived from a generalized Hotelling model. In particular, b’ /a?
increases when the transportation costs parameter decreases (¢7) or the length of the Hotelling line (I7) shortens.
In Appendix A, we also consider a scenario with additional loyal consumers, in which case b’ /a’ decreases when

the share of loyal consumers increases.



Similarly, for the uniform pricing regime, the Nash equilibrium price of firm ¢ can be obtained

from firm ¢’s first-order condition (4). Solving for p; we get

>y D} e 21 [aj +b (272;11) > iri(Cir — ¢i)

~ 7 7
pi =c¢; — =G nopj ) (7)
oD! m—1 )
E ?_1 T ( ) Zj_l

We next examine how the discriminatory and uniform pricing equilibrium are related. Define
firm 4’s equilibrium price elasticity in market j under discriminatory pricing by
oDl 7

B o=E@, . .p)=—""10
’ op! D!

(8)

and firm ¢’s aggregate equilibrium price elasticity under uniform pricing by

n  ODI .
_Zj:1 6p§pi

n 7
Zj:l Dy;

Firm ¢’s Lerner index under discriminatory pricing is equal to the weighted arithmetic mean of

E; := Ei(P1, -, D) = 9)

s =j_ .
it’s market-specific Lerner indices, Lg = pﬁ—jc’, where the weights are given by firm 4’s output

in market 7, Dg, relative to its total output, Z?:l Dg; ie.,

n Dj .
Li=3 [nleg] '
j=1 Zj:l D;
Define the aggregate Lerner index under discriminatory pricing by L= ZZ sifi, where s; :=

J ~ ~
2; D = Pizt and
1 pl

SN stands for firm ¢’s overall market share. In case of uniform pricing, L; :

L=, sifi stand for firm ¢’s Lerner index and for the aggregate Lerner index, respectively.

The following proposition then follows.

Proposition 2. Assume an LCD-model. The comparison of the discriminatory and the uniform
pricing equilibrium gives the following relations:
i) Firm i’s aggregate equilibrium price elasticity under uniform pricing is given by the weighted

Arithmetic Mean Formula:

~ n Dl
Ei=> | =—=Ej| holds for all i.
SpaDl

J=1"4

10



it) Firm i’s Lerner index under uniform pricing is given by the weighted Harmonic Mean
Formula:

L= L holds for all 1.

s Dl 1
=ty DI T

iii) If firms are asymmetric (i.e., ¢; # ¢, with i # ' for all i) and if all firms” marginal costs

are strictly positive, then all firm-level Lerner indices and the aggregate Lerner index are strictly

smaller under uniform pricing than under discriminatory pricing; i.e.,
Ei < L; holds for all i and L<T.

w) If firms are asymmetric (i.e., ¢; # ¢; with i # 7' for all 1) and if all firms” marginal costs
are strictly positive, then firm i’s uniform price is strictly smaller than the weighted arithmetic

mean of its discriminatory prices; i.e.

n J

D’ ,
pi < Z — D, holds for all i.
i) ) S O

Proof. Assume discriminatory pricing. Summing up firm ¢’s first-order conditions over all

markets j gives

+§:Df:0.

j=1

n Vi )
S OD! i
op!

j=1

Under uniform pricing, firm ¢’s first-order condition is given (4). From Proposition 1 it follows
that firm ¢’s equilibrium demand is the same in every market under both pricing regimes, which
implies

> _DIPlPh) = Y Di(Br, . Im).

j=1 Jj=1

It thus follows that

n

8D{A _ n aDZ? iy
> ap; (pi—c@')—Z[apj (pg—cl-)].

j=1 j=1

Simplifying and expanding both sides we get

oDJ o
S (| Cyn[onie
Z?:l qu j=1 ' j=1 op] D] |

11



Using (8) and (9) we get

n n
BEY. D = Y [FED] o
j=1 j=1

N n
B, = )
j=1

The equilibrium aggregate demand elasticity under uniform pricing of firm 4 is equal to the

Dl
—t _FEl. (10)
> =1 D

weighted arithmetic mean of firm 4’s demand elasticities under discriminatory pricing. The
weight of firm i’s demand elasticity in market j is given by the share of firm i’s total output
sold in market j. This gives part i).

Next, we can re-write firm ¢’s first-order condition under uniform pricing (see (4)) as

Likewise, under discriminatory pricing we can re-write each of firm 4’s first-order conditions (see

(2)) as

Taken together and using (10) we get

D; — ¢ 1 1
pzA C; _ . _ . (11)

. Vi = . . —1
pi ZT‘L . |: Dy Ef:| Zn D! Pl —ci
Jj= n J 1l |
Yo i s=tisr ol \ Pl

Using the definitions of L; and Z{, we get the formula stated in part ii) of the proposition. By

Jensen’s inequality,? it must be that

5 [Dfl
S DIT]

J=1

1

> - ,
21 {z;ﬁ_lDZ LZ}

which implies EZ < L; and also L < L, because s; is independent of the pricing regime. This

proves part iii) of the proposition. Thus, part iii) follows from part ii).

1 Jensen’s inequality implies that for any positive random variable X with strictly positive expected value E(X)

the inequality F [%] > ﬁ holds.

12



Next we show that part iv) follows from part iii) (namely, L; < L;) and is, therefore, also a

consequence of the harmonic mean formula. Note first that we can re-write L; as
N A
_ D’ 1
Li=l-a) =
o 2 D

Thus, EZ < L; is equivalent to

pi 7=1 Z_?Zl Di TDZ
1 " D1
= > ) =i (12)
pi j=1 Zj:l D; p;

By Jensen’s Inequality, the right-hand side of (12) is strictly larger than the inverse of the

weighted arithmetic mean of the discriminatory prices, so that

1 1
= >

pi E?:l

J

i =7
3o D

follows, from which we directly get the inequality stated in part iv) of the proposition. Q.E.D.

Proposition 2 generalizes Holmes’ (1989) conjecture that average prices increase under dis-
criminatory prices when compared with uniform pricing to an asymmetric oligopoly. Holmes
assumed symmetric firms and a constant elasticity demand at the firm level with inelastic market
demand to show his conjecture. Proposition 2 shows that his conjecture is also valid when firms
are asymmetric and the underlying demand system ensures that market demands are inelastic.

According to part i) of Proposition 2, each firm’s aggregate equilibrium elasticity under
uniform pricing is the weighted arithmetic mean of a firm’s equilibrium elasticities under dis-
criminatory pricing, which follows from the fact that equilibrium quantities do not change with
the pricing regime (Proposition 1). Part ii) shows that the Lerner index of any firm ¢ under
uniform pricing is the weighted harmonic mean of its market-specific Lerner indices under dis-
criminatory pricing, where the weights are given by firm #’s output in market j, relative to its
total output. Part iii) states that all firms’ Lerner indices and the aggregate Lerner index are
lower under uniform pricing than under discriminatory pricing. This follows directly from part

ii), because the (weighted) harmonic mean is always lower than the (weighted) arithmetic mean

13



(unless all relative margins are equal). This relation gives a clear-cut assessment of the overall
effect of uniform pricing on market power. Uniform pricing unambiguously constraints firms’
market power, so that firms’ ability to raise prices above marginal costs is smaller than under
discriminatory pricing.

The harmonic mean formula implies that all firms’ uniform prices are strictly smaller than
the weighted arithmetic mean of their discriminatory prices (part iv) of Proposition 4). Using
Corollary 1, we then know for sure that consumer surplus must be strictly larger under uniform
pricing than under discriminatory pricing. This follows from noticing that

G505 =33 ~5)Di =3 |1 f:(Dg-zﬂ)—@ >0,
1

i=1 j=1 i=1 | j= j=1 2?21 Dy

where the inequality follows from part iv) of Proposition 2. As all firms realize lower relative
margins under uniform pricing according to the harmonic mean formula, it must be true that
prices decrease on average which must increase consumer surplus and reduce total producer
surplus accordingly. This is intuitive, as all output levels do not change under both pricing
regimes.

We, finally, state our central result that the consumer surplus gain from non-discriminatory
prices can be calculated only based on market data under discriminatory pricing (i.e., prices and

quantities).

Corollary 2. Fach firm’s price under uniform pricing as well as the consumer surplus gain
from uniform pricing can be calculated only based on market data under discriminatory pricing.

The consumer surplus gain is given by

N 2 N 2
o o (@ (D)) (S0
cS — S:ﬁ Z(bj) _( ]Zjlb]> 7

i=1 \ j=1

where b/ can be determined from observables by (A3).

Proof. See Appendix C.

Consumers as a whole are always better off when firms must charge a uniform price across
markets. Correspondingly, every firm realizes a higher profit when all firms engage in price

discrimination. From the firms’ perspective, the discriminatory equilibrium Pareto-dominates
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the uniform pricing equilibrium. It follows that firms jointly have an incentive to coordinate
market segmentation (e.g., by geo-blocking or, more generally, by restricting buyer arbitrage
between markets). Thus, our results appear to be relevant for price discrimination along national

markets (as in the EU).

3 Extension: Arbitrage Costs

We here show that the harmonic mean formula can be extended to take care of arbitrage costs.
Assume that buyers can arbitrage among markets with arbitrage costs of » > 0 per unit. We focus
on the case with n,m = 2. Thus discriminatory prices, {sz(r) }51122 , must fulfill the requirement
Ta} —@2 < r for ¢ = 1,2. Suppose that the constraints bind. The following proposition states the

main features of the arbitrage-constrained third-degree price discrimination equilibrium.

Proposition 3. Assume an LSC-model with n,m = 2. Assume T)} > p; > @2. Suppose the
arbitrage constraint is binding for both firms; i.e., pi —p? < r for i = 1,2. Then, the arbitrage-

constrained Nash equilibrium prices {;T?f (r)}f;l ’22 are given by

]321(7“) = p; +ra and @2(7«) =p;i—r(l—a),

where @ := with @ € (0,1). All price differences pz, — p{ and each firm’s output in any

b2
panep
market remains the same as under unconstrained discrimination or uniform pricing.
Proof. Each firm ¢ = 1,2 maximizes its profit m; = Z?Zl [Df (p{ (r) — cl)] subject to pi(r) —
p2(r) < r for i = 1,2. We obtain two first-order conditions of the constrained maximization

problems:

9 )
D]
E 0 —¢)+ D!

e = 0 with 7; (r) — p2(r) <7 fori = 1,2. (13)
7j=1 pz

Substitute p}(r) = p; + ar and p?(r) = p; — (1 — a)r, with « € [0, 1], so that p; — p? = r holds
for ¢ = 1,2. This gives

oD?

1
%{(pl+ar—cl)+D1+ pi—(1—a)r—¢)+D? =0 fori=1,2. (14)
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or

1 2
)(ﬁi—ci)+D}+D§] +r<%§fa—%§2i (1—a)) =0fori=1,2. (15)

8Di1 n 8DZ-2
8pll Gp?

first term second term

Note that each firm’s equilibrium output levels do not change under the proposed solution,
because p{, (r) — pz (r) = pi — p; for all 4, ' and j. Note that, for each firm i, the first term of

(15) is equal to its first-order condition under uniform pricing (4). Thus, the first term in the

first-order conditions of firms 1 and 2 is zero at {p’ (7“)}3:11 22 . The second term is zero at
oD?
_ p; o
“ T pr oDz T iy
op} Op?

Thus, p}(r) = p; + ar and p?(r) = p; — (1 — @)r solves the system of first-order conditions (13).

Q.E.D.
From Proposition 3 it follows that
Bl _ 5. 52
a:ﬁ E); and 1 —a = ﬁ 1122,
b, — Dby p; —D;

1
so that a lower value of the arbitrage parameter r must decrease the average price ﬁf)} (r)+
) ,
%To?(r) and thus increases consumer surplus. In other words, any policy that makes cross-

market arbitrage more effective is to the benefit of consumers as a whole.

4 Conclusion

In this paper, we analyze the effects of oligopolistic third-degree price discrimination on consumer
surplus. Under the assumption of full market coverage, consumer surplus is always lower if price
discrimination is feasible. We present a simple formula that allows to calculate the consumer
surplus loss of third-degree price discrimination solely based on observable market data under

discriminatory pricing (prices and quantities).
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Appendix A: Derivation of the LCD-Model

The LCD-model can be derived from a horizontal product differentiation model in the spirit of
the Hotelling duopoly model as suggested by Somaini and Einav (2013). There are i = 1,...,m
firms each producing a horizontally differentiated product. The firms sell their goods in j =

W Hotelling lines, such that

1,...,n independent markets. In each market j, there are [,,, :=
all firms are directly linked with each other. The length of each line in market j is L7. As in the
Hotelling duopoly model, two firms 4 and 7', with i # ¢/ are always located at the end points of
a line. Let there be a total mass of consumers of M7 in market j, which is uniformly distributed
over all lines. Thus, consumers are distributed with constant density f7 := M;/(I,,L7) over each
line of length L7. Every consumer is distributed to one of the I,, lines and is identified by its
address = € [0, L/] on this line. All consumer have unit demands. A consumer z, located on a
line connecting firms ¢ and 4’, obtains utility of Ul-j () = v/ — p{ — t/|x; — x| from consuming
product i at price p; and incurring “transportation” costs t/ > 0 per unit of distance, where z;
stands for firm 4’s location on the line. Take the line between the firms i and ', with i # i’

Firm ¢’s demand on the respective line is determined by the location of the indifferent consumer

2’ which follows from

U? () :’Uj—pg —tj:c':Uj—pg, —t (Lj —a') :Ui];(xl),

7

where we assumed that firm 4 is located at = = 0 and firm i’ is located at z = L?. Solving for a2’

we get the indifferent consumer and thus firm 7’s demand on the line connecting firms 4 and 7’:

Dty =21 =3[0+ 5 (k=) e

The total demand of firm ¢ in market j is then given by summing the “line-demands,” Dfi, (pz ) p{,),

over all 7/ # 4, which gives

o A MI e . .
Dty =2 M),
z(plv 7[%) m + m(m _ 1)L]t] %;Z pz pf
Thus, overall demand of firm 4 in market j follows from (1), with a/ = % and b/ = %5

®We assumed that the prices are such that consumers’ are willing to buy at the posted prices; i.e., their utilities

from buying are larger than their reservation utilities.
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We finally note that the LCD-model can take care of loyal consumers, who always buy from
one of the firms, if the price does not exceed their reservation prices. Suppose the mass of
loyal consumers is K7 in market j, so that the total mass of consumers in market j becomes
M7 + KJ. The mass of loyal consumers is equally distributed among the firms, so that every
firm serves a mass of K7 /m of loyal consumers. Assume that a firm never wants to serve only
its loyal consumers and that the loyals’ reservation price is large enough, so that they are willing
to buy at the price the indifferent consumers pay (for instance, it is v7). In this scenario, firm

1’s demand is given by

o . MI + KJ M . 4
J - -
DZ(PJM,P%)— m +m(m—1)thjg(pi/ pz>7
7 1
so that the demand of firm 7 in market j follows from (1), with a/ = W and b = m

Appendix B: Market-Delivery Costs

We can easily consider market delivery costs ¢/ > 0 per unit of good for all j which affect all
firms equally. In this case firm ’s marginal cost of selling products in market j is given by ¢; +¢7.
Clearly, this does not affect the price differences in any market, so that all results of Proposition
1 remain valid. However, all equilibrium prices (6) and (7) as well as the arithmetic mean and
the harmonic mean formulas of Proposition 2 also apply, but then at different marginal cost

levels ¢; + ¢/ instead of ¢;.
Appendix C: Proof of Corollary 2
In this Appendix we prove Corollary 2. Under discriminatory pricing firm ¢’s profit is
n . .
T = ZDZ@Z - ci).
j=1

Using the first-order conditions (2), we can re-write the profit as

N\ 2
n DZJ
T = ;(WEBW (16)
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Under uniform pricing, firm ¢’s profit is

(o pd)’
Sy (m 1

n
Ti=) Di(pi—c)= (17)
j=1
where the second equality follows from (4) and the last inequality follows from (A1l). The
reduction in firms’ profits due to uniform pricing instead of discriminatory pricing is equal to

the consumer surplus gain; i.e.,
o L m m
cs—cs_—<2@—zm>. (18)
i=1 i=1

) J_pJ
Note that (A4) gives b/ = %. Substituting this into (16) and (17) allows us to express
(18) only in terms of prices {TTZ }5;1:1 and output levels {Df }5;1:1, as stated in Corollary 2.
Finally, using (16) and (17) together with

n
T =T = Z@Z —pi) Dy,
=1

we can express the uniform prices only based on market data under price discrimination. Q.E.D.
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