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4 Lqwurgxfwlrq

Wklv sdshu lv d wkhruhwlfdo frqwulexwlrq lqyhvwljdwlqj wkh olqnv ehwzhhq wkh
pdfurhfrqrplf srolf| uhjlph dqg wkh vwuxfwxuh ri surgxfw dqg oderu pdu0
nhwv zlwklq HPX1 Uhfhqw hfrqrplf olwhudwxuh kdv vkrzq d jurzlqj lqwhuhvw
lq lvvxhv uhodwhg wr HPX jrrg zrunlqj1 Frqfhuqv kdyh pdlqo| ehhq udlvhg
derxw h{lvwlqj dv|pphwulhv dfurvv frxqwulhv dv zhoo dv wkh h{whqw wr zklfk hi0
ihfwlyh zdjh frruglqdwlrq pljkw wdnh sodfh zlwklq HPX +Vrvnlfh dqg Lyhuvhq/
4<<;,1 Zlwk uhvshfw wr wkh ryhudoo pdfurhfrqrplf srolf| uhjlph/ pxfk kdv
ehhq vdlg frqfhuqlqj wkh srvvleoh h�hfwv ri hfrqrplf lqwhjudwlrq rq qdwlrqdo
jryhuqphqwv* dfwlrqv= wklv ghedwh kdv irfxvhg rq wkh lpsdfw ri lqwhjudwlrq
rq wkh vl}h dqg vfrsh ri jryhuqphqwv* lqwhuyhqwlrqv prvwo| lq uhodwlrq wr wkh
ixwxuh uroh ri zhoiduh vwdwhv zlwklq HPX +Dqghuvrq/ 4<<<,1 Lq vslwh ri wkh
odujh dprxqw ri uhvhdufk grqh rq HPX0uhodwhg lvvxhv/ uhodwlyho| olwwoh kdv
ehhq vdlg rq wkh lqwhudfwlrqv ehwzhhq wkh qdwxuh ri HPX srolf| pl{ +sdu0
wlfxoduo| frxqwhuf|folfdo �vfdo srolflhv, dqg wkh fkdqjlqj vwuxfwxuh ri oderu
dqg surgxfw pdunhwv1 Krzhyhu/ rqh fuxfldo rxwfrph ri HPX lv suhflvho| dq
lqfuhdvh lq frpshwlwlrq rq qdwlrqdo surgxfw pdunhwv/ zklfk lv lwvhoi erxqg
wr kdyh dq lpsdfw rq oderu pdunhwv vwuxfwxuh +Dpdeoh dqg Jdwwl/ 5335,1
Wklv sdshu vxjjhvwv wkdw wklv surfhvv zloo dovr d�hfw wkh qdwxuh ri wkh �rswl0
pdo� srolf| pl{/ dqg pruh suhflvho| wkh uroh dqg rshudwlrq ri frxqwhuf|folfdo
qdwlrqdo �vfdo srolflhv1

Wkh uroh ri �vfdo srolflhv kdv sduwldoo| ehhq qhjohfwhg lq uhfhqw ghedwhv
ehfdxvh wkh Vwdelolw| dqg Jurzwk Sdfw +VJS, lv wkrxjkw wr lpsrvh wrr
vwulqjhqw frqglwlrqv rq phpehu frxqwulhv/ zklfk suhyhqw wkhp wr uxq dq|
h�hfwlyh �vfdo srolf|1 Lqghhg/ wkh pdlq udwlrqdoh ehklqg wkh VJS lv wr
ryhufrph wkh lqglylgxdo whpswdwlrq iru h{fhvvlyh jryhuqphqw h{shqglwxuh
+Fdq}rqhul dqg Gled/ 4<<<> Exwl hw do1/ 4<<;,1 Iru lqvwdqfh/ Ehhwvpd dqg
Xkolj +4<<<=87:, vxeplw wkdw cwkh hvvhqfh ri wkh Vwdelolw| dqg Jurzwk Sdfw
lv wr zdwfk wkh �vfdo gh�flw ri hdfk phpehu frxqwu| forvho|/ dqg sxqlvk
wkrvh/ zkrvh gh�flwv duh h{fhvvlyh*1 Sduwldoo| gulyhq e| ihduv wkdw �vfdo
vshqglqj zrxog eh xszdug0eldvhg lq HPX/ wkh VJS kdv ehhq fulwlfl}hg
e| dxwkruv srlqwlqj rxw wkdw d fuxfldo sulrulw| iru HPX hfrqrplhv lv wr
gh�qh dq dssursuldwh pdfurhfrqrplf srolf| pl{ wr lpsuryh pdfurhfrqrplf
shuirupdqfh iroorzlqj frpprq v|pphwulf vkrfnv +Doovrss dqg Ylqhv/ 4<<;,1

Lq rughu wr gh�qh dq dssursuldwh srolf| pl{ iru HPX rqh �uvw qhhgv wr
xqghuvwdqg wkh vshfl�f sureohpv idfhg e| jryhuqphqwv vhwwlqj �vfdo srolf|
lq wkh hxur0}rqh1 Lq wklv uhvshfw/ rqh vkrxog qrwh wkdw d fuxfldo ihdwxuh ri
HPX lv wkh h{lvwhqfh ri furvv0frxqwu| ghpdqg h{whuqdolwlhv vwhpplqj iurp
wkh jds ehwzhhq wkh lqfuhdvlqjo| joredo qdwxuh ri djjuhjdwh ghpdqg dqg
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wkh qdwlrqdo eldv lq surgxfwlrq dv zhoo dv �vfdo ghflvlrqv1 Lq idfw/ li rq wkh
rqh kdqg wkh surfhvv ri pdunhwv lqwhjudwlrq lqhylwdeo| ixhov wkh rqjrlqj
surfhvv ri lqwhuqdwlrqdol}dwlrq ri ghpdqg/ wkh vwloo pdujlqdo uroh sod|hg e|
wkh hxur0}rqh srolf| lqvwlwxwlrqv/ vxfk dv HFRILQ/ suryhv wkdw d qdwlrqdo
eldv lq �vfdo ghflvlrq pdnlqj shuvlvwv1

Wr slfwxuh wklv vlwxdwlrq lq d vlpsoh zd|/ rqh fdq dvvxph wkdw HPX
uhvhpeohv d pxowl0vhfwru hfrqrp| zkhuh lqglylgxdov iurp gl�huhqw phpehu
frxqwulhv frqvxph erwk grphvwlf jrrgv dqg �lqwhuqdwlrqdo� frqvxpswlrq
jrrgv1 Exloglqj rq wklv lqwxlwlrq/ wklv sdshu sursrvhv d prgho lqyhvwljdwlqj
wkh lpsdfw ri sxeolf frqvxpswlrq rq hpsor|phqw lq wkh suhvhqfh ri lpshu0
ihfw frpshwlwlrq rq surgxfw pdunhwv1 E| uhglvwulexwlqj qdwlrqdo uhyhqxh
iurp wkh grphvwlf +iruhljq, wr wkh iruhljq +grphvwlf, pdunhw/ �vfdo vshqg0
lqj lv vkrzq wr d�hfw �upv* sur�w0pdujlqv1 Lq sduwlfxodu/ li �vfdo vshqglqj
rshudwhv pdlqo| wkurxjk wkh lqwhuqdwlrqdo udwkhu wkdq wkh grphvwlf fkdq0
qho/ lw pd| lqghhg frqwulexwh wr uhgxfh qdwlrqdo �upv* pdunhw srzhu wkxv
lpsurylqj wkh htxloleulxp ohyho ri hpsor|phqw1 Dv hfrqrplf lqwhjudwlrq
lqfuhdvhv/ frpshwlwlrq ehfrphv �hufhu rq surgxfw pdunhwv zlwklq wkh hxur0
}rqh/ lq sduwlfxodu ehfdxvh wkh vxevwlwxwlrq ehwzhhq qdwlrqdo dqg iruhljq
jrrgv ehfrphv hdvlhu1 Khqfh/ lw lv dujxhg wkdw wkh pdujlqdo fdsdelolw| ri
jryhuqphqwv wr lpsuryh hpsor|phqw wkurxjk �vfdo vshqglqj lv surjuhvvlyho|
uhgxfhg zkhq surgxfw pdunhw frpshwlwlrq lqfuhdvhv= wkh �rswlpdo� ohyho ri
vshqglqj ghfuhdvhv dv d frqvhtxhqfh ri lqfuhdvhg surgxfw pdunhw frpsh0
wlwlrq1 Khqfh/ lqfuhdvhg hfrqrplf lqwhjudwlrq zlwklq HPX hfrqrplhv pd|
zhoo ohdg wr d frqwudfwlrq lq qdwlrqdo sxeolf frqvxpswlrq/ zklfk zrxog lq
wxuq whqg wr ulvh htxloleulxp xqhpsor|phqw1 Dv d frqvhtxhqfh/ d phfkdqlvp
ri �vfdo frruglqdwlrq dfurvv HPX phpehu vwdwhv dsshduv wr eh qhfhvvdu| wr
dyrlg d vxerswlpdo uhgxfwlrq lq �vfdo vshqglqj iroorzlqj lqfuhdvhg hfrqrplf
lqwhjudwlrq1

Ilqdoo|/ wklv sdshu vxeplwv wkdw gxh wr wkh h{lvwhqfh ri furvv0frxqwu|
ghpdqg h{whuqdolwlhv zlwklq HPX/ frruglqdwlrq idloxuhv pljkw hphujh lq
wkh �srolf| jdph� ehwzhhq lqghshqghqw �vfdo dxwkrulwlhv +Jdwwl dqg ydq
Zlmqehujhq/ 5335,1 Wklv frruglqdwlrq idloxuh sureohp vwhpv iurp wkh idfw
wkdw hdfk qdwlrqdo �vfdo dxwkrulw| zloo xqghuhvwlpdwh wkh ryhudoo lpsdfw
ri lqfuhdvhg sxeolf frqvxpswlrq rq wkh pdfurhfrqrplf shuirupdqfh= lq d
frqwh{w ri �joredo� ghpdqg/ dq| lqfuhdvh lq sxeolf frqvxpswlrq zloo eh wdnhq
e| lqglylgxdo �vfdo dxwkrulwlhv wr lpsuryh joredo ghpdqg rqo| e| d idfwru
sursruwlrqdo wr wkh lqglylgxdo frxqwu| vkduh lq HPX0zlgh rxwsxw1 Wklv
jhqhudwhv d froohfwlyh dfwlrq sureohp ohdglqj wr vxe0rswlpdoo| orz ohyhov
ri sxeolf frqvxpswlrq1 Wklv h�hfw lv vkrzq wr eh vwurqjhu wkh odujhu wkh
qxpehu ri phpehu frxqwulhv1
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Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh edvlf prgho ri
lpshuihfw frpshwlwlrq dqg ghpdqg h{whuqdolwlhv1 Vhfwlrq 6 lqwurgxfhv wkh
uroh ri �vfdo srolflhv lq wklv vhwxs/ Vhfwlrq 7 suhvhqwv dq dwwhpsw wr ghyhors
d vlpsoh srolwlfdo hfrqrp| ri sxeolf frqvxpswlrq lq d frqwh{w ri lqfuhdvlqj
surgxfw pdunhw lqwhjudwlrq dqg Vhfwlrq 8 lqwhjudwhv vwudwhjlf lqwhudfwlrqv
dprqj qdwlrqdo �vfdo dxwkrulwlhv lqwr wkh dqdo|vlv ri rswlpdo �vfdo vshqglqj1
Vhfwlrq 9 eulh | frqfoxghv1

5 D vlpsoh prgho zlwk ghpdqg h{whuqdolwlhv

HPX zloo eh fkdudfwhul}hg khuh dv d pxowl0vhfwru hfrqrp| surgxflqj rqh �0
qdo frqvxpswlrq jrrg wdnlqj wr uhsuhvhqw djjuhjdwh furvv0frxqwu| ghpdqg1
Phpehu frxqwulhv duh uhsuhvhqwhg dv �vhfwruv� zlwklq kh HPX hfrqrp|= d
�{hg qxpehu p ri frxqwulhv h{lvwv/ hdfk srsxodwhg e| lpshuihfwo| frpshw0
lwlyh �upv surgxflqj d vlqjoh qdwlrqdo jrrg1 Pruh suhflvho|/ L zloo dvvxph
wkdw wkh uhsuhvhqwdwlyh �up lq frxqwu| v lv vpdoo zlwk uhvshfw wr hfrqrp|
exw kdv pdunhw srzhu rqlwv rzq pdunhw1 Wkh �qdo frqvxpswlrq jrrg lv
surgxfhg frpshwlwlyho| dffruglqj wr d frqvwdqw uhwxuqv wr vfdoh whfkqro0
rj| xvlqj qdwlrqdo jrrgv dv lqwhuphgldwhv1 Khqfh/ lpshuihfw frpshwlwlrq rq
wkh surgxfw pdunhwv dulvhv ehfdxvh ri lpshuihfw vxevwlwxwlrq dfurvv frxqwu|0
vshfl�f lqwhuphgldwhv1 Lpshuihfwlrqv duh dovr suhvhqw rq qdwlrqdo oderu pdu0
nhwv= wr jhqhudwh uljlglwlhv lq wkh zdjh vhwwlqj surfhvv/ L zloo dvvxph wkdw
uhdo zdjhv duh vhw dffruglqj wr dq h!flhqf| zdjh phfkdqlvp1

514 Pdunhw srzhu dqg ghpdqg

L dvvxph wkdw hdfk qdwlrqdo hfrqrp| lv srsxodwhg e| zrunhuv dqg �uhqwlhuv�1
Wkh iruphu fdwhjru| ri lqglylgxdo lv hqwlwohg wr zdjh uhyhqxhv zkloh wkh
odwwhu hduqv wkh sur�wv jhqhudwhg e| lpshuihfwo| frpshwlwlyh �upv1 Erwk
zrunhuv dqg uhqwlhuv pd{lpl}h wkhlu xwlolw| ryhu dowhuqdwlyh frqvxpswlrq
rswlrqv/ l1h1 wkh| vhohfw krz pxfk ri wkhlu uhyhqxh zloo eh doorfdwhg wr wkh
frqvxpswlrq ri wkh furvv0frxqwu| jrrg dqg krz pxfk wr wkh frqvxpswlrq
ri wkhlu qdwlrqdo jrrg1 Xwlolw| pd{lpl}dwlrq ohdgv wr wkh uhvxow wkdw erwk
uhqwlhuv dqg hpsor|hg zrunhuv xvh d sursruwlrq � ri wkhlu uhyhqxh wr ex|
wkh �qdo furvv0frxqwu| jrrg zkloh d sursruwlrq 4� � ri wkhlu uhyhqxh jrhv
wr wkh sxufkdvh ri wkh qdwlrqdo jrrg +vhh Dsshqgl{ 4 iru ghwdlov,1 Dv d
frqvhtxhqfh/ wkh sduw ri frxqwu| v qdwlrqdo lqfrph/ zklfk frqwulexwhv wr
wkh lqwhuqdwlrqdo ghpdqg iru qdwlrqdo jrrgv dv lqwhuphgldwhv/ lv jlyhq e|
L�r @ � � Lr1 Qrwh wkdw Lr @ �r . zr � Or lv wrwdo qdwlrqdo lqfrph/ �r ehlqj
sur�wv/ zr wkh uhdo zdjh ohyho dqg Or wkh ohyho ri hpsor|phqw1

7



Wr jhqhudwh wkh lqwhuqdwlrqdo ghpdqg iru qdwlrqdo jrrgv/ L dvvxph wkdw
d �joredo� frqvxpswlrq jrrg lv surgxfhg e| phdqv ri doo qdwlrqdo lqwhuph0
gldwhv dffruglqj wr d frqvwdqw uhwxuqv wr vfdoh whfkqrorj| +vhh Dsshqgl{
5,1 Gxh wr wkh rqjrlqj surfhvv ri lqwhjudwlrq ri Hxurshdq surgxfw pdunhwv/
lw lv suredeo| vdih wr dvvxph wkdw wkh uhodwlyh sulfh ri frxqwu| v* qdwlrqdo
jrrg lv ghwhuplqhg rq wkh zruog pdunhw/ wkdw lv e| wkh lqwhuqdwlrqdo ghpdqg
iru qdwlrqdo lqwhuphgldwhv/ zklfk vwhpv iurp wkh surgxfwlrq ri wkh furvv0
frxqwu| frqvxpswlrq jrrg1 Dovr/ �upv zloo eh dvvxphg wr eh deoh wr wdnh
dgydqwdjh ri wkhlu pdunhw srvlwlrqv rq wkh lqwhuqdwlrqdo ghpdqg vlgh dqg
lpsrvh wkh vdph ohyho ri +uhodwlyh, sulfhv rq �vkhowhuhg� qdwlrqdo pdunhwv1
Khqfh/ lq hdfk frxqwu| v wkh uhsuhvhqwdwlyh �up idfhv d ghpdqg iru lwv rzq
jrrg/ zklfk lv jlyhq e|=

Sr
S

@

#
|�rh\ @p

$
3�*#

+4,

|�r ehlqj wkh sduw ri wkh �up surgxfwlrq jrlqj dv dq lqsxw wr wkh sur0

gxfwlrq ri wkh lqwhuqdwlrqdo frqvxpswlrq jrrg/ ht
6 frxqwu| v* sduw lq joredo

ghpdqg +l1h1 surgxfwlrq ri wkh �qdo frqvxpswlrq jrrg,/ Sr wkh sulfh ri
frxqwu| v* qdwlrqdo jrrg dqg S wkh lqwhuqdwlrqdo �qdo jrrg*v sulfh +h\ dqg
S duh erwk gh�qhg lq Dsshqgl{ 5,1 Dw htxloleulxp/ |�r pxvw htxdo wkh
sduw ri grphvwlf lqfrph wkdw frqwulexwhv wr lqwhuqdwlrqdo ghpdqg/ wkdw lv=
|�r @ L�r @ � � Lr= Pruhryhu/ djdlq dw htxloleulxp/ djjuhjdwh qdwlrqdo lqfrph
htxdov grphvwlf surgxfwlrq= Lr @ |r1 Rqh fdq wkxv zulwh |�r @ � � |r1

Zlwklq frxqwu| v/ wkh uhsuhvhqwdwlyh �up lv fkdudfwhul}hg e| d surgxf0
wlrq ixqfwlrq zklfk xvhv oderu dv lwv vroh lqsxw= |r @ � � or/ � dqg or ehlqj
uhvshfwlyho| oderu surgxfwlylw| dqg wkh ohyho ri hpsor|phqw1 Ilup sur�wv

fdq eh zulwwhq dv �r
� � � � or � zr � or zlwk �r

� @

�
+�rht *6

�
3

�

#

> zr ehlqj wkh

ohyho ri wkh uhdo zdjh lq frxqwu| v phdvxuhg lq whupv ri wkh �qdo jrrg sulfh1
Jlyhq wklv vhwxs/ sur�wv pd{lpl}dwlrq e| wkh uhsuhvhqwdwlyh �up lq frxqwu|
v |lhogv wkh iroorzlqj �uvw0rughu frqglwlrq= �r

� � Y+rY,r
�
�
4 . Y�r

Y+r
� +r�r

�
@ zr1

Iurp wklv frqglwlrq/ frqvlghulqj wkdw h{0srvw wkh v|pphwulf htxloleulxp lv
fkdudfwhul}hg e| �r

� @ 4/ rqh fdq �qdoo| ghulyh4=

� �
�
4� 4

�
� � � |r

|�r

�
@ zr +5,

Wkh ohiw0kdqg whup ri wklv htxdwlrq uhsuhvhqwv oderu ghpdqg vwhpplqj

4Vhh Dsshqgl{ 51
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iurp lpshuihfwo| frpshwlwlyh �upv= kh pdun0xs whup lqfoxghv d phdvxuh ri
erwk wkh lqwhqvlw| ri frpshwlwlrq +l1h1 wkh hodvwlflw| ri vxevwlwxwlrq sdudph0
whu �, dqg wkh �up pdunhw vkduh qu+r

+�r
1 Ehfdxvh khuh |�r @ � �|r/ wkh whup qu+r

+�r
vlpsol�hv dzd|1 Krzhyhu/ L zloo vkrz odwhu rq wkdw wklv dv|pphwu| ehwzhhq
wkh lqwhuqdwlrqdo frpsrqhqw ri surgxfwlrq2ghpdqg dqg wrwdo surgxfwlrq/
ohdyhv vrph urrp iru sxeolf frqvxpswlrq wr surgxfh d glvwruwlrqdu| h�hfw
rq qdwlrqdo �upv* pdunhw vkduh dqg prqrsrolvw srzhu1 Lq idfw/ qdwlrqdo �v0
fdo dxwkrulwlhv pd| d�hfw wkh zhgjh ehwzhhq qdwlrqdo dqg wrwdo surgxfwlrq/
e| phdqv ri wkhlu �vfdo h{shqglwxuh1

515 Oderu pdunhw uljlglwlhv dqg htxloleulxp hpsor|phqw

Kdylqj ghulyhg wkh �uvw0rughu frqglwlrq iru sur�w pd{lpl}dwlrq e| lpshu0
ihfwo| frpshwlwlyh �upv/ L forvh wkh prgho e| gh�qlqj wkh zdjh vhwwlqj
phfkdqlvp1 L zloo dvvxph wkdw wkh uhdo zdjh lv vhw dw wkh qdwlrqdo ohyho df0
fruglqj wr dq h!flhqf| zdjh phfkdqlvp d od Vkdslur0Vwljolw} ^4<;7`1 Wklv
doorzv ph wr lqwurgxfh vrph uljlglwlhv lq wkh oderu pdunhw lq d vwudljkwiru0
zdug zd|51 L dvvxph wkdw h�ruw fdq wdnh wzr ydoxhv= 3 lq fdvh ri vklunlqj
dqg h li qr vklunlqj rffxuv1 Wkh suredelolw| ri ghwhfwlqj d vklunhu htxdov {1
Li zrunhuv glvfrxqw wkh ixwxuh dw d udwh u/ lw lv vkrzq lq Dsshqgl{ 6 wkdw
wkh uhdo zdjh ixo�oolqj wkh qr0vklunlqj frqglwlrq iru wklv hfrqrp| htxdov=

zr @
h

{
� +dr . e. {. u, +6,

zkhuh dr dqg e duh uhvshfwlyho| wkh suhydlolqj klulqj dqg �ulqj udwhv rq
wkh oderu pdunhw lq frxqwu| v1 Dv lq prvw h!flhqf| zdjh prgho/ L zloo
dvvxph wkdw wkh �ulqj udwh lv h{rjhqrxvo| jlyhq vr wkdw �upv dgmxvw wkhlu
oderu irufh e| uhgxflqj2lqfuhdvlqj wkh klulqj udwh1

Dw hdfk prphqw lq wlph/ wkh htxloleulxp ri  rzv pxvw krog rq wkh oderu
pdunhw= wkh dprxqw ri qhz kluhg zrunhuv pxvw htxdo wkh dprxqw ri �uhg
zrunhuv1 Wkhuhiruh/ L fdq gh�qh wkh klulqj udwh dv iroorzv=

dr @ e � Or

Qr � Or

Or ehlqj djjuhjdwh hpsor|phqw lq frxqwu| v dqg Qr ehlqj frxqwu| v*
oderu irufh1 Iurp wklv gh�qlwlrq ri wkh klulqj udwh/ L rewdlq wkdw dr . e @
e � �r

�r3ur
1 L fdq qrz soxj wklv h{suhvvlrq iru wkh klulqj dqg �ulqj udwhv

5Krzhyhu/ rqh vkrxog qrwh wkdw prvw uhvxowv zrxog jr wkurxjk xqghu dowhuqdwlyh dv0
vxpswlrqv frqfhuqlqj wkh vrxufh ri uljlglwlhv lq wkh zdjh vhwwlqj surfhvv1

9



lqwr wkh �uvw rughu frqglwlrq iru sur�w pd{lpl}dwlrq ghulyhg lq wkh suhylrxv
vhfwlrq1 E| vroylqj iru wkh ohyho ri hpsor|phqw/ rqh hdvlo| rewdlqv=

OW @ Q �
#
4� e � h

{ � �� h � +u . {,� { � � � �#

$
+7,

zkhuh L gursshg wkh vxevfulsw v ehfdxvh ri v|pphwu| dfurvv frxqwulhv1
Dv rqh fdq vhh/ htxloleulxp hpsor|phqw ghshqgv rq wkh lqwhqvlw| ri frp0
shwlwlrq 0phdvxuhg e| wkh hodvwlflw| ri vxevwlwxwlrq � dfurvv qdwlrqdo jrrgv
xvhg dv lqwhuphgldwhv0 dv zhoo dv rq wkh whfkqrorjlfdo sdudphwhu �= Lw fdq
eh vkrzq wkdw/ dv h{shfwhg=

CO

C�
A 3

CO

C�
A 3

Wkhvh uhvxowv fohduo| vkrz wkdw lqfuhdvhg frpshwlwlrq 0e| uhgxflqj sur�w
pdujlqv dqg uhqwv0 lpsuryhv htxloleulxp hpsor|phqw/ dv h{shfwhg1 Dw wkh
vdph wlph/ d gurs lq wkh surgxfwlylw| sdudphwhu lv vkrzq wr sxvk xqhp0
sor|phqw xs1 Lq zkdw iroorzv/ d vkliw lq � zloo eh wdnhq wr uhsuhvhqw wkh
h�hfwv ri v|pphwulf vkrfnv wr wkh HPX hfrqrp|1

6 Uroh ri �vfdo srolf|

L qrz wxuq wr lqyhvwljdwh wkh uroh ri sxeolf frqvxpswlrq zlwklq wklv vlpsoh
qhz0nh|qhvldq iudphzrun1 Ilvfdo srolf| kdv uhhphujhg dv dq lvvxh lq uhfhqw
hfrqrplf ghedwh/ prvwo| lq uhodwlrq wr d shufhlyhg qhhg wr hqvxuh vrph lq0
frph vwdelol}dwlrq lq wkh suhvhqfh ri furvv0frxqwu| vkrfnv/ xqfhuwdlqw| dqg
ulvn0dyhuvlrq +Dqghuvhq/ 4<<<,1 Krzhyhu/ lw kdv dovr ehhq dujxhg wkdw/ lq dq
rshq hfrqrp| vhw0xs/ htxloleulxp hpsor|phqw pljkw eh d�hfwhg e| ghpdqg
idfwruv vxfk dv �vfdo vshqglqj +Fduolq dqg Vrvnlfh/ 5333,1 Wkh prgho sur0
srvhg lq wklv sdshu dggv rqh lpsruwdqw hohphqw wr wkh ghedwh dv lw gh�qhv
d fohdu fkdqqho e| zklfk �vfdo vshqglqj pljkw d�hfw hpsor|phqw/ qdpho|
yld ghpdqg h{whuqdolwlhv dqg wkhlu lpsdfw rq �upv* pdunhw srzhu1 Wr vhh
krz wklv zrunv/ L vkdoo qrz lqwhjudwh �vfdo srolflhv lq wkh vlpsoh hfrqrp|
ghvfulehg lq suhylrxv vhfwlrqv1 Wr gr vr/ L zloo dvvxph wkdw lqglylgxdo frxq0
wu|*v jryhuqphqw h{shqglwxuh lv �qdqfhg yld qrq0glvwruwlrqdu| zdjh wd{hv
dqg wkdw �vfdo vshqglqj iroorzv d edodqfhg exgjhw uxoh1 Iru wkh vdnh ri vlp0
solflw|/ sxeolf h{shqglwxuh zloo odwhu eh vshfl�hg dv d sursruwlrq ri djjuhjdwh
surgxfwlrq1

:



614 Dowhuqdwlyh vfhqdulrv iru sxeolf frqvxpswlrq

L dvvxph wkdw �vfdo dxwkrulwlhv froohfw wd{hv dw wkh qdwlrqdo ohyho dqg wkhq
xvh wkhvh uhvrxufhv wr frqwulexwh wr wkh ghpdqg iru qdwlrqdo jrrgv1 Wklv fdq
eh grqh hlwkhu wkurxjk �orfdo� vshqglqj +l1h1 e| frqwulexwlqj wr wkh grphv0
wlf ghpdqg iru qdwlrqdo jrrgv, ru wkurxjk �lqwhuqdwlrqdo� vshqglqj/ l1h1 e|
frqwulexwlqj wr wkh �qdo ghpdqg iru wkh lqwhuqdwlrqdo frqvxpswlrq jrrg1
Wkh odwwhu vfhqdulr lv prwlydwhg e| wkh lghd wkdw rqh fuxfldo rxwfrph ri
Hxurshdq pdunhwv lqwhjudwlrq lv wkh lqfuhdvh lq furvv0frxqwu| h{whuqdolwlhv1
Dv d frqvhtxhqfh ri wkhvh h{whuqdolwlhv/ dq lqfuhdvh lq sxeolf frqvxpswlrq
vkrxog eh h{shfwhg wr ehqh�w qdwlrqdo surgxfwlrq wkurxjk wkh lqgxfhg lq0
fuhdvh lq djjuhjdwh �joredo� ghpdqg udwkhu wkdq wkurxjk d sxuho| qdwlrqdo
fkdqqho1 Wklv vfhqdulr vhhpv wkh prvw lqwhuhvwlqj dv lw slfwxuhv rqh olnho|
hyroxwlrq lq wkh uroh ri �vfdo srolflhv zlwklq HPX> pruhryhu/ lw fdvwv vrph
oljkw rq d srvvleoh srvlwlyh uroh wr eh sod|hg e| sxeolf frqvxpswlrq lq wkh
HPX hfrqrp|/ dv lw zloo eh vkrzq ehorz1 Lq wkh iroorzlqj/ L zloo dqdo|}h
erwk vfhqdulrv lq wxuq61

Li rqh lqwhjudwhv jryhuqphqw wd{hv dqg vshqglqj lqwr wkh gh�qlwlrq ri
qdwlrqdo lqfrph/ rqh fdq hdvlo| vhh wkdw wkh sduw ri frxqwu| v* qhw qdwlrqdo
lqfrph/ zklfk uhvshfwlyho| frqwulexwhv wr wkh lqwhuqdwlrqdo +qdwlrqdo, gh0
pdqg iru qdwlrqdo jrrgv/ lv jlyhq e|=

L�r @ � � +Lr � Wr, .J�
r

L?r @ +4� �, � +Lr � Wr, .J?
r

Jr ehlqj qdwlrqdo sxeolf h{shqglwxuh dqg Wr qdwlrqdo wd{hv �qdqfhg yld
zdjh wd{hv +vhh Dsshqgl{ 8,1

Xqghu d �uvw vfhqdulr +L,/ qdwlrqdo �vfdo dxwkrulwlhv froohfw wd{hv dqg
wkhq gluhfwo| vshqg wkhlu wd{ uhyhqxh rq qdwlrqdo vkhowhuhg pdunhwv1 Khqfh/
J�
r @ 3 dqg J?

r @ Jr> rqh wkxv rewdlqv=

L�r @ � � Lr � � �Jr vfhqdulr L

zkhuh L pdnh xvh ri wkh k|srwkhvlv ri edodqfhg exgjhw l1h1 Jr @ Wr1
Xqghu dq dowhuqdwlyh vfhqdulr +LL,/ �vfdo dxwkrulwlhv xvh wkhlu wd{ uhyhqxh wr
frqwulexwh wr wkh lqwhuqdwlrqdo ghpdqg iru qdwlrqdo jrrgv dv lqwhuphgldwhv1

6Ri frxuvh/ L frxog dovr hqylvdjh dqg dqdo|}h lqwhuphgldwh vfhqdulrv zkhuh �vfdo vshqg0
lqj lv glvwulexwhg yld erwk fkdqqhov1 Krzhyhu/ L ihho wkdw L fdq jdlq pruh fodulw| lq wkh
dqdo|vlv li L irfxv rq wkh wzr h{wuhph fdvhv> wklv zloo khos ehwwhu foduli|lqj p| dujxphqw/
zlwkrxw dq| vljql�fdqw orvv lq wkh jhqhudolw| ri uhvxowv ghulyhg khuhdiwhu1

;



Lq wklv fdvh/ J?
r @ 3 dqg J�

r @ Jr> wkhuhiruh/ e| lpsrvlqj wkh k|srwkhvlv ri
edodqfhg exgjhw Jr @ Wr/ rqh kdv=

L �r @ � � Lr . +4� �, �Jr vfhqdulr LL

Wkh h{suhvvlrqv fruuhvsrqglqj wr wkh wzr dowhuqdwlyh vfhqdulrv iru �vfdo
vshqglqj fdq eh vxppdul}hg dv iroorzv=

L�r @ � � Lr . � �Jr +8,

zkhuh � @ �� xqghu wkh �qdwlrqdo vshqglqj� vfhqdulr +L,/ dqg � @ 4��
lq wkh �lqwhuqdwlrqdo vshqglqj� vfhqdulr +LL,1

Rqh fdq qrz frqvlvwhqwo| gh�qhv wkh lqwhuqdwlrqdo frpsrqhqw ri wkh uhs0
uhvhqwdwlyh �up surgxfwlrq dv |�r @ � � |r . � � Jr zkhuh Jr lv wkh ohyho ri
�vfdo h{shqglwxuh �{hg e| frxqwu| v* jryhuqphqw1 Rqh vkrxog qrwh wkdw Jr

lv dq hqgrjhqrxv yduldeoh lq wklv prgho1 Pruh suhflvho|/ lw lv dvvxphg wkdw
�vfdo h{shqglwxuh fdq eh h{suhvvhg dv d sursruwlrq ri qdwlrqdo djjuhjdwh
lqfrph= Jr @ jr � Lr/ jr wkxv uhsuhvhqwlqj wkh frqwuro yduldeoh iru frxqwu| v
jryhuqphqw +vhh Vhfwlrq 7 ehorz,1 Ehfdxvh wkh uhsuhvhqwdwlyh �up lv vpdoo
zlwk uhvshfw wr wkh hfrqrp|/ Jr lv wdnhq dv jlyhq e| wkh �up zkhq pd{lpl}0
lqj sur�wv1 Wklv lqwurgxfhv d zhgjh ehwzhhq wkh lqwhuqdwlrqdo ghpdqg iru
qdwlrqdo jrrgv dv lqwhuphgldwh rq wkh rqh vlgh dqg wrwdo qdwlrqdo surgxfwlrq
rq wkh rwkhu> wklv zhgjh lv lqghhg d ixqfwlrq ri sxeolf frqvxpswlrq/ zklfk
jhqhudwhv vrph urrp iru �vfdo srolf| wr d�hfw wkh glvwulexwlrq ri qdwlrqdo
lqfrph dfurvv grphvwlf jrrgv dqg wkh lqwhuqdwlrqdo frqvxpswlrq jrrg1 Dv
lw zloo eh vkrzq ehorz/ lq wklv iudphzrun sxeolf frqvxpswlrq lv deoh wr di0
ihfw �upv* pdunhw vkduhv dqg wkhlu prqrsrolvwlf uhqwv1 Wr vhh wklv/ ohw ph
jr edfn wr wkh uhsuhvhqwdwlyh �up*v sur�w pd{lpl}dwlrq1

615 Sxeolf frqvxpswlrq dqg �upv pdunhw srzhu

Iurp Htxdwlrq +5,/ rqh nqrzv wkdw �r
� �� �

�
4� �

# � qu+r+�r

�
zklfk/ e| uhfdoolqj

wkdw |�r @ � � |r . � �Jr dqg wkdw �r
� @ 4 lq wkh v|pphwulf htxloleulxp/ fdq

eh uhzulwwhq dv iroorzv +vhh Dsshqgl{ 7,=

� �
�
4� 4

�
� �

� . � � j
�
@ z +9,

zkhuh L holplqdwhg wkh vxevfulsw v ehfdxvh ri v|pphwu| dfurvv frxqwulhv71
7Wkh k|srwkhvlv ri frpsohwh v|pphwu| dfurvv frxqwulhv lv lqghhg txlwh vwurqj1 L zloo

sduwldoo| uhpryh wklv k|srwkhvlv lq Vhfwlrq 7 zkhuh L zloo dqdo|}h wkh ghwhuplqdwlrq ri
wkh �rswlpdo� ohyho ri } e| qdwlrqdo �vfdo dxwkrulwlhv dqg frph wr wkh sureohp ri �vfdo
frruglqdwlrq dqg vwudwhjlf ehkdylru e| lqglylgxdo phpehu frxqwulhv1

<



Wkh deryh frqglwlrq fohduo| vkrzv wkdw �vfdo dxwkrulwlhv fdq d�hfw �upv*
sur�w pdujlqv e| ydu|lqj wkh udwlr ri sxeolf h{shqglwxuh wr wrwdo surgxfwlrq1
Wklv uhvxow vwhpv iurp wkh idfw wkdw wkh qdwlrqdo surshqvlwlhv wr frqvxph wkh
lqwhuqdwlrqdo �qdo jrrg htxdov � ? 4> dv d frqvhtxhqfh/ sduw ri qdwlrqdo sur0
gxfwlrq dqg ghpdqg duh nhsw �vkhowhuhg� dqg gluhfwo| dgguhvvhg wr qdwlrqdo
jrrgv= wklv frpsrqhqw ri qdwlrqdo surgxfwlrq2ghpdqg grhv qrw d�hfw uhod0
wlyh sulfhv vwhpplqj iurp lqwhuqdwlrqdo ghpdqg iru qdwlrqdo jrrgv1 Khqfh/
sxeolf frqvxpswlrq sod|v d fuxfldo uroh lq wklv frqwh{w/ dv lw frqwulexwhv
wr uhglvwulexwh qdwlrqdo uhyhqxh2ghpdqg iurp grphvwlf +iruhljq, wr iruhljq
+grphvwlf, pdunhwv1 E| wklv phfkdqlvp/ �vfdo vshqglqj fdq d�hfw wkh vl}h
ri qdwlrqdo vkhowhuhg pdunhwv dqg wkh pdunhw srzhu ri �upv1

L dp qrz lq d srvlwlrq wr hvwdeolvk wkh �uvw uhvxow frqfhuqlqj wkh uroh ri
sxeolf frqvxpswlrq lq wklv prgho1

Sursrvlwlrq 4 Dq lqfuhdvh lq sxeolf frqvxpswlrq uhvshfwlyho| uhgxfhv +lq0
fuhdvhv, wkh pdun0xs lpsrvhg ryhu zdjhv e| lpshuihfwo| frpshwlwlyh �upv li
� @ 4� � +� @ ��,1

Wkh surri ri wkh uhvxow lv vwudljkwiruzdug dqg vlpso| ghulyhv iurp wkh
�uvw rughu frqglwlrq zulwwhq deryh1 Wkh udwlrqdoh ri wkh uhvxow iroorzv1 Li
� @ 4 � �/ dq lqfuhdvh lq j ohdgv wr dq lqfuhdvh lq wkh oderu ghpdqg idfhg
e| lpshuihfwo| frpshwlwlyh �upv1 Wklv lv d frpprq uhvxow lq qhz0nh|qhvldq
prghov zlwk ghpdqg h{whuqdolwlhv +Pdwvx|dpd ^4<<8` surylghv d vlplodu uh0
vxow,1 Lq p| prgho/ wklv h�hfw vwhpv iurp wkh idfw wkdw sxeolf h{shqglwxuh
fdq d�hfw �upv* surgxfwlrq vkduhv yld |� dqg lwv lpsdfw rq lqwhuqdwlrqdo
ghpdqg1 Lq idfw/ ehfdxvh d sduw ri qhw qdwlrqdo lqfrph grhv qrw jr wkurxjk
lqwhuqdwlrqdo ghpdqg/ d zhgjh h{lvwv ehwzhhq wkh lqwhuqdwlrqdo frpsrqhqw
ri ghpdqg dqg wrwdo surgxfwlrq1 Ehfdxvh sduw ri qdwlrqdo lqfrph lv gh0
whuplqhg e| wkh ohyho J ri sxeolf h{shqglwxuh +jlyhq wr wkh �up,/ zkhq
pd{lpl}lqj wkhlu sur�wv �upv frqvlghu wkdw dq lqfuhdvh lq surgxfwlrq zloo
rqo| lqfuhdvh ghpdqg e| d idfwru �1 Wklv ohdgv �upv wr plvhvwlpdwh h{0
whuqdolwlhv vwhpplqj iurp sxeolf frqvxpswlrq/ zklfk fdq wkhq eh xvhg wr
d�hfw wkhlu pdunhw srzhu1

Rqh vkrxog ixuwkhu qrwh wkdw d vlplodu uhdvrqlqj krogv iru wkh fdvh zkhuh
� @ ��1 Krzhyhu/ xqghu wklv vfhqdulr wkh suhydlolqj lpsdfw ri sxeolf frq0
vxpswlrq rq ghpdqg vwhpv iurp wkh qhjdwlyh h�hfwv ri wd{hv rq wkh vkduh
ri glvsrvdeoh lqfrph zklfk jrhv wr wkh lqwhuqdwlrqdo jrrg1 Frqvlvwhqwo|/ wkh
h�hfw ri lqfuhdvhg �vfdo vshqglqj lv lq wklv fdvh wr hqodujh vkhowhuhg pdunhwv
wkxv lqfuhdvlqj �upv pdunhw srzhu1
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616 Lpsdfw ri �vfdo vshqglqj rq htxloleulxp hpsor|phqw

L fdq qrz surfhhg dv lq Vhfwlrq 515 dqg vroyh wkh frpsohwh prgho wr rewdlq
wkh htxloleulxp ohyho ri hpsor|phqw1 Wkh uhdo zdjh lv vwloo vhw dw wkh qdwlrqdo
ohyho/ dffruglqj wr dq h!flhqf| zdjh phfkdqlvp1 Wd{hv duh froohfwhg rq
zdjhv dqg duh dvvxphg wr eh qrq0glvwruwlrqdu|1 Wklv ohdgv wr wkh vdph
vshfl�fdwlrq iru wkh h!flhqf| zdjh udwh dv lq suhylrxv vhfwlrqv81 Khqfh/
htxloleulxp hpsor|phqw fdq hdvlo| eh ghwhuplqhg e| kroglqj z htxdo wr +6,
dqg vxevwlwxwlqj lqwr +9,1 Htxdwlrq +7, qrz ehfrphv=

OW @ Q �
#
4� e � h � +� . � � j,

+� . � � j, � +{ � �� h � +u . {,,� � � { � � � �#

$
+:,

Iurp wklv h{suhvvlrq iru htxloleulxp hpsor|phqw/ rqh fdq vhh wkdw=

CO

Cj
A 3 li � @ 4� �

CO

Cj
? 3 li � @ ��

Wkhvh uhvxowv duh gxh wr idfw wkdw/ e| errvwlqj sxeolf frqvxpswlrq/ �vfdo
dxwkrulwlhv jhqhudwh d glvwruwlrqdu| h�hfw/ l1h1 wkh| uhgxfh +uhvshfwlyho|/
lqfuhdvh, wkh sur�w pdujlqv dqg ulvhv �upv* oderu ghpdqg li � @ 4� � +� @
��,1 Wklv vxjjhvwv wkdw lq d frqwh{w ri lpshuihfw frpshwlwlrq dqg prqrsro|
uhqwv/ qdwlrqdo jryhuqphqwv fdq sod| d fuxfldo uroh lq dssursuldwlqj wkrvh
uhqwv dqg xvh wkhp �pruh h!flhqwo|�/ dw ohdvw zlwk uhvshfw wr hpsor|phqw1

Jlyhq wkh deryh uhvxowv/ lw dsshduv wkdw qdwlrqdo �vfdo dxwkrulwlhv pljkw
kdyh d srvlwlyh uroh wr sod| lq HPX li wkh| dfw dffruglqj wr d vfhqdulr zkhuh
sxeolf frqvxpswlrq sulpdulo| frqwulexwhv wr wkh lqwhuqdwlrqdo frpsrqhqw
ri frqvxpswlrq dqg ghpdqg1 Xqghu wklv lqwhuqdwlrqdo vshqglqj vfhqdulr/
sxeolf frqvxpswlrq dovr kdv d vwdelol}lqj h�hfw rq hpsor|phqw1 Wr vhh wklv/
uhfdoo wkdw htxloleulxp hpsor|phqw lv jlyhq e| +:, dqg wkdw � @ 4��> wkhq
rqh fdq vkrz wkdw=

C2O

C�Cj
? 3

8Vhh Dsshqgl{ 81 Rqh vkrxog ixuwkhu qrwh wkdw dowhuqdwlyh dvvxpswlrqv frqfhuqlqj wkh
qrq0glvwruwlrqdu| wd{ edvlv frxog eh wdnhq xs/ iru lqvwdqfh d qrq glvwruwlrqdu| sur�w wd{1
Wkhvh prgl�fdwlrqv zrxog ohdyh p| uhvxowv xqfkdqjhg11
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Wklv phdqv wkdw dq lqfuhdvhg udwlr ri sxeolf h{shqglwxuh  dwwhqv wkh
uhvsrqvh ri hpsor|phqw wr surgxfwlylw| vkrfnv1 Wkh udwlrqdoh iru wklv uhvxow
lv wkh iroorzlqj1 Lqfuhdvhg sxeolf frqvxpswlrq rshudwhv d uhglvwulexwlrq ri
qdwlrqdo lqfrph wrzdugv wkh lqwhuqdwlrqdo pdunhw zkhuh qdwlrqdo surgxfwv
duh h{fkdqjhg dv lqwhuphgldwh jrrgv1 Wklv uhglvwulexwlrq |lhogv d uhgxfhg
pdunhw srzhu iru �upv dqg d kljkhu shufhlyhg hodvwlflw| ri wkh ghpdqg iru
jrrgv surgxfhg e| frxqwu| v uhsuhvhqwdwlyh �up1 Dv d frqvhtxhqfh/ wkh
oderu ghpdqg vfkhgxoh lv  dwwhqhg dqg hpsor|phqw uhdfwv ohvv vwurqjo| wr
vkrfnv91 Wzr lpsruwdqw uhvxowv fdq wkxv eh hvwdeolvkhg1

Sursrvlwlrq 5 Xqghu wkh �lqwhuqdwlrqdo vshqglqj� vfhqdulr/ dq lqfuhdvh lq
wkh udwlr ri sxeolf frqvxpswlrq wr qdwlrqdo surgxfwlrq lqfuhdvhv htxloleulxp
hpsor|phqw dqg uhgxfhv hpsor|phqw*v uhdfwlrq wr surgxfwlylw| vkrfnv

Lq dq lpshuihfwo| frpshwlwlyh hqylurqphqw wkhuh h{lvwv vrph urrp iru
sxeolf frqvxpswlrq wr surgxfh ehqh�fldo glvwruwlrqv wkdw sduwldoo| r�vhw wkh
dgyhuvh hpsor|phqw h�hfwv lpsrvhg e| pdunhw srzhu1 Wkhvh ehqh�fldo glv0
wruwlrqv wdnh wkh irup ri uhgxfhg sur�w pdujlqv +dqg lqfuhdvhg htxloleulxp
hpsor|phqw, dqg uhgxfhg hpsor|phqw yrodwlolw| dv d uhvsrqvh wr vkrfnv1

7 Srolwlfdo hfrqrp| ri �vfdo vshqglqj

Wkh dqdo|vlv deryh slfwxuhv d vlwxdwlrq zkhuh HPX �vfdo dxwkrulwlhv pljkw
lqghhg kdyh jrrg uhdvrqv wr dgrsw d srolf| ri lqfuhdvlqj sxeolf frqvxpswlrq/
dv lw frqwudvwv prqrsro| uhqwv dqg wkhlu dgyhuvh h�hfwv rq hpsor|phqw1 L
zloo qrz vwlfn wr wklv sduwlfxodu vfhqdulr e| dvvxplqj wkdw � @ 4 � � dqg
sxuvxh wkh olqh ri lqyhvwljdwlrq e| dvnlqj zkdw zrxog eh wkh rswlpdo ohyho
ri j wkdw plqlpl}hv wkh orvv ixqfwlrq fkdudfwhul}lqj HPX qdwlrqdo jryhuq0
phqwv1 Wr gr vr/ L zloo �uvw frqvlghu d vlwxdwlrq zkhuh jryhuqphqwv duh
�zhoo0frruglqdwhg� wkdw lv rshudwh dv d vruw ri fhqwudo �vfdo sodqqhu= wklv
doorzv ph wr ghulyh wkh rswlpdo ohyho ri j fruuhvsrqglqj wr wkh v|pphwulf
htxloleulxp iru hpsor|phqw ghulyhg lq wkh suhylrxv vhfwlrqv1 L zloo vxevh0
txhqwo| wxuq wr wkh dqdo|vlv ri vwudwhjlf lqwhudfwlrqv dprqj �vfdo dxwkrulwlhv
wkxv doorzlqj iru vwudwhjlf frqvlghudwlrqv wr sod| d uroh lq wkh ghwhuplqdwlrq
ri wkh rswlpdo ohyho ri j1

9Rqh fdq vhh iurp +9, wkdw _�
_k

ehfrphv odujhu zkhq sxeolf frqvxpswlrq lqfuhdvhv1
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714 Wkh v|pphwulf htxloleulxp vroxwlrq

Iru wkh vdnh ri vlpsolflw|/ L zloo dvvxph wkdw qdwlrqdo jryhuqphqwv dlp dw
nhhslqj hpsor|phqw forvh wr d jlyhq wdujhw/ dqg wkdw wkh| duh uhdg| wr
dgmxvw sxeolf frqvxpswlrq wr phhw wkhlu wdujhw1 Rq wkh rwkhu kdqg/ wkhuh
pljkw eh vrph frvwv lq h{sdqglqj sxeolf frqvxpswlrq> khqfh/ htxloleulxp
hpsor|phqw zloo qrw h{dfwo| htxdo wkh wdujhw ohyho1 Wr uhsuhvhqw wklv vlwxd0
wlrq lq d vlpsoh zd|/ ohw ph gh�qh d orvv ixqfwlrq vxfk dv=

XC @ hO� O. f � j

Wklv orvv ixqfwlrq vwdwhv wkdw qdwlrqdo jryhuqphqwv kdyh dq hpsor|phqw
wdujhw hO dqg wkdw vrph frvwv f duh dvvrfldwhg wr h{sdqglqj sxeolf frqvxps0
wlrq1 Lw fdq hdvlo| eh vkrzq wkdw Y2u

Y2} ? 31 Khqfh/ htxloleulxp hpsor|phqw
lv d frqfdyh ixqfwlrq ri sxeolf frqvxpswlrq> wklv hqvxuhv wkdw wkh vhfrqg
rughu frqglwlrq dvvrfldwhg wr wkh plqlpl}dwlrq ri wkh orvv ixqfwlrq lv phw1
Wkhuhiruh/ wkh orvv ixqfwlrq deryh fdq eh xvhg wr gh�qh dq rswlpdo ohyho ri
j e| lpsrvlqj YLC

Y} @ �Yu
Y} . f @ 31

Wkh rswlpdo ohyho ri j fdq eh vkrzq wr dprxqw wr wkh iroorzlqj=

jW @
�

4� �
�
3C{ � � � �# .

t
�3q
quS �Q � { � � � �# � e � h

{ � �� h � +u. {,
� 4

4D
Dv h{shfwhg/ wkh rswlpdo ohyho ri sxeolf frqvxpswlrq lv d ixqfwlrq ri

surgxfwlylw| vkrfnv zlwk wkh iroorzlqj surshuw|=

CjW

C�
? 3

wkdw lv/ d qhjdwlyh +srvlwlyh, surgxfwlylw| vkrfn jhqhudwhv dq lqfuhdvh
+ghfuhdvh, lq wkh ohyho ri sxeolf frqvxpswlrq1

Wklv uhvxow jhqhudol}hv zkdw L douhdg| qrwhg lq wkh suhylrxv vhfwlrq uh0
jduglqj wkh uroh ri sxeolf frqvxpswlrq lq uhgxflqj wkh lpsdfw ri vkrfnv1 Lq
idfw/ rqh vhhv khuh wkdw 0li jryhuqphqwv fduh derxw hpsor|phqw0 wkh| zloo
udwlrqdoo| ghflgh wr uxq frxqwhu f|folfdo �vfdo srolflhv/ zklfk wudqvodwh lqwr
hpsor|phqw vwdelol}dwlrq1 Wr vhh wkdw wklv sxeolf frqvxpswlrq uxoh lqghhg
jhqhudwhv hpsor|phqw vwdelol}dwlrq/ rqh fdq vlpso| frpsduh wkh uhdfwlylw|
ri hpsor|phqw wr vkrfnv lq wkh suhvhqfh dqg lq wkh devhqfh ri uhdfwlrq iurp
wkh �vfdo dxwkrulw|1 Lq idfw/ lw fdq eh vkrzq wkdw=

gO

g�
@

CO

C�
.

CO

CjW
� Cj

W

C�
?

CO

C�
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zkhuh _u
_k uhsuhvhqwv hpsor|phqw*v uhdfwlrq wr vkrfnv zlwk dfwlyh sxeolf

frqvxpswlrq zkloh Yu
Yk surylghv wkh sduwldo uhdfwlrq zlwkrxw frqvlghulqj df0

wlyh sxeolf frqvxpswlrq +:,1 Wklv suryhv wkdw sxeolf frqvxpswlrq sod|v d
vljql�fdqw vwdelol}lqj uroh +vhh dovr �jxuh 5 ehorz,1

 
 

α 

L 

Low g 

High g 

Iljxuh 41 Rswlpdo vshqglqj dqg vwdelolvdwlrq

715 Frpshwlwlrq dqg sxeolf frqvxpswlrq

L qrz wxuq wr wkh fuxfldo lvvxh ri wkh lqwhudfwlrq ehwzhhq wkh pdfurhfrqrplf
srolf| uhjlph dqg wkh vwuxfwxuh ri surgxfw pdunhwv1 Dv douhdg| qrwhg/ wkh
txhvwlrq khuh prvwo| ghdov zlwk wkh lpsdfw ri pdunhw lqwhjudwlrq rq sxeolf
frqvxpswlrq= lv pdunhw lqwhjudwlrq uhdoo| jrlqj wr uhgxfh wkh vfrsh dqg
h{whqw iru qdwlrqdo jryhuqphqwv* lqwhuyhqwlrqB Wr dqvzhu wklv txhvwlrq/ rqh
vkrxog qrwh wkdw d pdmru frqvhtxhqfh ri pdunhw lqwhjudwlrq lv wkh lqfuhdvh
lq surgxfw pdunhw frpshwlwlrq/ l1h1 vxevwlwxwlrq dfurvv dowhuqdwlyh qdwlrqdo
lqwhuphgldwhv ehfrphv hdvlhu1 Wklv surfhvv lv fdswxuhg lq kh prgho e| dq
lqfuhdvh lq wkh hodvwlflw| ri vxevwlwxwlrq � dfurvv lqwhuphgldwhv1 Khqfh/ d �uvw
dqvzhu wr wkh txhvwlrq deryh fdq eh ghulyhg e| gluhfwo| vwxg|lqj wkh lpsdfw
ri lqfuhdvhg frpshwlwlrq rq wkh rswlpdo ohyho ri sxeolf frqvxpswlrq1 Lq wklv
uhvshfw/ lw fdq eh vkrzq wkdw Y2u

Y}Y# ? 31 Wklv phdqv wkdw wkh �pdujlqdo
delolw|� ri jryhuqphqwv lq lpsurylqj hpsor|phqw yld sxeolf frqvxpswlrq
ghfuhdvhv zkhq frpshwlwlrq ehfrphv �hufhu/ wkxv uhgxflqj wkh dvvrfldwhg
rswlpdo ohyho ri j1 Wklv phfkdqlvp h{sodlqv zk| wkh rswlpdo ohyho ri jW lv
vxfk wkdw=

CjW

C�
? 3

Wkh uhvxow fohduo| looxvwudwhv wkh lpsruwdqfh ri wkh lqwhudfwlrqv ehwzhhq
�vfdo srolf| dqg pdunhwv* vwuxfwxuh= frpshwlwlrq dqg sxeolf vshqglqj lq0
ghhg suryh wr eh wzr dowhuqdwlyh srolflhv wr uhgxfh pdunhw srzhu dqg irvwhu

:Qrwh krzhyhu wkdw _u
_k

: f/ wkdw lv �vfdo vshqglqj grhv qrw ryhu0vwdelol}h hpsor|phqw1
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hpsor|phqw1 Wklv vkrzv wkdw wkhuh h{lvw uhdvrqv wr eholhyh wkdw frpshwlwlrq
srolflhv pljkw eh d vxevwlwxwh iru sxeolf frqvxpswlrq lq wkh �jkw djdlqvw
xqhpsor|phqw1

Krzhyhu/ li rqh wxuqv wr lqyhvwljdwh wkh lpsdfw ri lqfuhdvhg frpshwlwlrq
rq hpsor|phqw jlyhq wkh deryh uhvxow/ rqh fdq hdvlo| vhh wkdw=

gO

g�
@

CO

C�
.

CO

CjW
� Cj

W

C�
?

CO

C�

Wklv vkrzv wkdw wkh ryhudoo srvlwlyh h�hfw ri lqfuhdvhg frpshwlwlrq rq
hpsor|phqw suryhv wr eh zhdnhqhg e| wkh vlgh0h�hfw ri frpshwlwlrq rq
sxeolf frqvxpswlrq1 Wklv lv vwdwhg lq wkh sursrvlwlrq ehorz1

Sursrvlwlrq 6 Lqfuhdvhg frpshwlwlrq lqgxfhv d frqwudfwlrq lq sxeolf vshqg0
lqj zklfk kdv dq dgyhuvh h�hfw rq htxloleulxp hpsor|phqw

Wkh uhvxow vwhpv iurp wkh idfw wkdw Y}W

Y# ? 3 dqg Yu
Y} A 31 Rq wkh rwkhu

kdqg/ lw dovr h{lvwv d gluhfw srvlwlyh h�hfw ri frpshwlwlrq rq hpsor|phqw
+uhfdoo Yu

Y# A 3,1 Khqfh/ doo lq doo _u
_# A 3 vwloo krogv1 Krzhyhu/ wkh idfw

wkdw frpshwlwlrq lqghhg vxevwlwxwhv lwvhoi wr sxeolf frqvxpswlrq ohdgv wr d
zhdnhqlqj ri wkh ryhudoo lpsdfw ri frpshwlwlrq srolflhv rq pdfurhfrqrplf
shuirupdqfh l1h1 hpsor|phqw1 Wkh prgho wkxv vkrzv wkdw ylhzv uhodwlqj
pdunhw lqwhjudwlrq wr d uhgxfhg vfrsh iru jryhuqphqw vshqglqj dv zhoo dv wr
ehwwhu hpsor|phqw rssruwxqlwlhv duh suredeo| fruuhfw;> krzhyhu/ lw vkrxog
ixuwkhu eh qrwhg wkdw wkh qhw pdfurhfrqrplf frqvhtxhqfh ri wkh surfhvv
ri lqwhjudwlrq 0qrwdeo| lq whupv ri lpsuryhg hpsor|phqw0 zloo suryh wr eh
gudpdwlfdoo| zhdnhqhg e| wkh idfw wkdw frpshwlwlrq dfwxdoo| furzgv rxw
ehqh�fldo sxeolf frqvxpswlrq1

8 Vwudwhjlf lqwhudfwlrqv dqg �vfdo frruglqdwlrq

Wkh dqdo|vlv ri rswlpdo sxeolf frqvxpswlrq kdv irfxvhg xs wr qrz rq wkh
ghwhuplqdwlrq ri wkh rswlpdo ohyho ri �vfdo vshqglqj/ l1h1 yduldeoh j/ xqghu
wkh lpsolflw dvvxpswlrq wkdw qdwlrqdo jryhuqphqwv duh �zhoo0frruglqdwhg�1
Khqfh/ wkh dqdo|vlv dv vxfk ryhuorrnv vrph fuxfldo sureohpv olqnhg wr wkh
lvvxh ri vwudwhjlf lqwhudfwlrqv dfurvv lqghshqghqw �vfdo �sod|huv� lq d frqwh{w
ri joredo ghpdqg h{whuqdolwlhv1 L vkdoo qrz wxuq wr wklv lvvxh dqg wu| wr srlqw

;Krzhyhu/ Dpdeoh dqg Jdwwl ^5334` vkrz wkdw wkh frqvhtxhqfhv rq hpsor|phqw ri
dq lqfuhdvh lq surgxfw pdunhw frpshwlwlrq pljkw eh qhjdwlyh li rqh frqvlghuv wkh lp0
sdfw ri surgxfw pdunhw frpshwlwlrq rq hqgrjhqrxv mre wxuqryhu1 Lq wklv fdvh/ lqfuhdvhg
frpshwlwlrq lqgxfhv vwurqjhu wxuqryhu zklfk pljkw uhvxow lq orzhu hpsor|phqw1
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rxw vrph srvvleoh frqfhuqv derxw wkh jrrg zrunlqj ri HPX srolf|0pdnlqj/
lq uhodwlrq wr �vfdo srolflhv lq sduwlfxodu1

Wr gr vr/ L zloo qrz dvvxph wkdw jr lv d frxqwu|0vshfl�f yduldeoh wkdw lv
vhw e| hdfk �vfdo dxwkrulw| e| prgli|lqj lwv rzq ohyho ri vshqglqj jlyhq wkh
rwkhu �vfdo sod|huv* ohyho ri vshqglqj1 Khqfh/ L vkdoo dvvxph wkdw j� @ j iru
;l 9@ v1 Wr ghwhuplqh rswlpdo sxeolf frqvxpswlrq lq wklv qhz vhwxs/ rqh
kdv wr uh0frqvlghu wkh sureohp idfhg e| hdfk vlqjoh �vfdo dxwkrulw|1 Uhfdoo
wkdw iurp wkh �uvw rughu frqglwlrq iru sur�w pd{lpl}dwlrq +5, rqh kdv=

�r
� � � �

�
4� �

# � qu+r
+�r

�
@ zr

zkhuh qu+r
+�r

@ q
qnE�3q�u}r

lv wkh fuxfldo pdun0xs whup d�hfwhg e| �vfdo

vshqglqj> qrwh wkdw �r
� fdq qrw eh vhw htxdo wr 4 khuh1 Lq idfw/ zh nqrz iurp

+4, wkdw �r
� @

�
+�rht *6

�
3�*#

> khqfh/ ehfdxvh |�r @ ^� . +4� �, � jr`�|r/ frxqwu|
v* jryhuqphqw zloo frqvlghu/ zkhq vhohfwlqj wkh ohyho ri �vfdo h{shqglwxuh
iru lwv rzq frxqwu|/ wkdw wkh uhodwlyh sulfh iru grphvwlf jrrgv zloo dovr eh
d�hfwhg<1

Wr xqghuvwdqg krz wklv dgglwlrqdo h�hfw pljkw d�hfw htxloleulxp hp0
sor|phqw dqg �vfdo ghflvlrqv/ rqh vkrxog qrwh wkdw 0wkh uhdo zdjh ehlqj vwloo
vhw dffruglqj wr htxdwlrq +6,0 hpsor|phqw lv qrz lpsolflwo| ghwhuplqhg e|
wkh iroorzlqj htxdwlrq=
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Lq wkh suhylrxv dqdo|vlv ri wkh v|pphwulf htxloleulxp/ uhodwlyh sulfh eh0
lqj vhw wr xqlw|/ wkh �uvw ohiw0kdqg whup zdv devhqw dqg lqfuhdvhg �vfdo
vshqglqj kdg d srvlwlyh lpsdfw rq oderu ghpdqg yld wkh lqgxfhg uhgxfwlrq
lq �upv* sur�w pdujlqv1 Qrz wkdw L frqvlghu wkh qrq0frrshudwlyh vroxwlrq
zlwk lqghshqghqw lqglylgxdo �vfdo sod|huv/ wkh sduwldo htxloleulxp h�hfw ri
sxeolf frqvxpswlrq rq uhodwlyh sulfh vkrxog eh lqfoxghg/ zklfk lqwurgxfhv
dq dgglwlrqdo h�hfw ri �vfdo vshqglqj rq oderu ghpdqg1 Wklv h�hfw uxqv
yld wkh glvwruwlrq lqgxfhg e| �vfdo vshqglqj rq uhodwlyh sulfh= xqghu wkh
lqwhuqdwlrqdo vshqglqj vfhqdulr sxeolf frqvxpswlrq uhglvwulexwhv grphvwlf
uhyhqxh wrzdugv wkh lqwhuqdwlrqdo pdunhw> wklv whqgv wr uhgxfh wkh uhodwlyh

<Ri frxuvh/ wklv lv rqo| d sduwldo htxloleulxp uhdvrqlqj1 H{0srvw uhodwlyh sulfh zloo
dozd|v htxdo 41 Wklv uhodwlyh sulfh h�hfw lv vlplodu wr wkh rqh nqrzq lq wkh rshq0hfrqrp|
olwhudwxuh dv �whupv0ri0wudgh h�hfw� +vhh Dqghuvhq dqg Vûuhqvhq/ 4<<8,1 Xqghu wkh dv0
vxpswlrq ri lqghshqghqw �vfdo sod|huv/ wklv whupv0ri0wudgh h�hfw lv vkrzq wr |lhog wrr
h{sdqvlrqdu| soxv grphvwlfdoo| eldvhg �vfdo srolflhv1 P| prgho slfwxuhv dq dowhuqdwlyh vlw0
xdwlrq/ zkhuh ehqh�fldo �vfdo vshqglqj lv lqghhg grzqzdug0eldvhg lq wkh qrq0frrshudwlyh
vroxwlrq1
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sulfh iru grphvwlf jrrgv/ wkxv orzhulqj �upv oderu ghpdqg1 Ehfdxvh ri wklv
uhodwlyh sulfh h�hfw/ wkh ehqh�fldo lpsdfw ri lqfuhdvhg �vfdo vshqglqj iru wkh
lqglylgxdo jryhuqphqw lv zhdnhu wkdq lw zdv lq wkh suhylrxv v|pphwulf htxl0
oleulxp vhwxs1 Wkh uhodwlyh sulfh h�hfw lv vlplodu wr wkh whupv0ri0wudgh h�hfw
slfwxuhg lq pdq| rshq0hfrqrp| prghov +vhh irrwqrwh ;,1 Krzhyhu/ lq p|
prgho frqwudu| wr wkh odwwhu dq lqfuhdvh lq sxeolf frqvxpswlrq ri grphvwlf
jrrgv dozd|v jhqhudwhv d qhjdwlyh lpsdfw rq djjuhjdwh hpsor|phqw1 Dv d
frqvhtxhqfh/ wkhuh lv qr grphvwlf vshqglqj eldv dulvlqj khuh dqg wkh lqwhuqd0
wlrqdo fkdqqho lv dozd|v suhihuuhg e| �vfdo dxwkrulwlhv sxuvxlqj hpsor|phqw
wdujhwv1

Lqghhg/ rqh fdq vkrz wkdw wkh pdujlqdo ehqh�w +lq whupv ri lqfuhdvhg
oderxu ghpdqg, iurp �vfdo vshqglqj lv jlyhq e| wkh iroorzlqj h{suhvvlrq43=

# h\
p � ^� . +4� �, � jr` � |r

$�*#

� � � +4� �, � ^� � +4� �, � j � �` +;,

+;, fdswxuhv wkh lqfuhdvh lq oderxu surgxfwlylw| +l1h1 ghpdqg, lqgxfhg
e| lqfuhdvhg �vfdo vshqglqj e| rqh vlqjoh phpehu frxqwu|1 Wkh whup lv
srvlwlyh surylghg wkdw q

�3q A j � � / l1h1 li frpshwlwlrq 0phdvxuhg e| wkh
hodvwlflw| ri vxevwlwxwlrq �0 lv qrw wrr vwurqj1 Wkh udwlrqdo iru wklv uhvxow lv
wkh iroorzlqj1 Zkhq frpshwlwlrq lqfuhdvhv rq surgxfw pdunhwv/ wkh gluhfw
srvlwlyh h�hfw ri jr rq �upv* oderu ghpdqg +yld uhgxfhg pdun0xs, lv uhgxfhg
+vhh Vhfwlrq 715,1 Dv d frqvhtxhqfh/ wkh qhjdwlyh lpsdfw vwhpplqj iurp
uhodwlyh sulfh glvwruwlrq ehfrphv suhgrplqdqw zkhq surgxfw pdunhw frpsh0
wlwlrq lv vwurqjhu1 Wklv slfwxuhv d vlwxdwlrq zkhuh lqfuhdvhg frpshwlwlrq rq
wkh surgxfw pdunhw pljkw ohdg qdwlrqdo �vfdo dxwkrulwlhv wr vxe0rswlpdoo|
uhgxfh �vfdo vshqglqj lq uhvsrqvh wr hfrqrplf lqwhjudwlrq1

Uhvxowv frqfhuqlqj wkh ohyho ri sxeolf frqvxpswlrq ejW vhohfwhg e| lqgh0
shqghqwo| lqwhudfwlqj �vfdo dxwkrulwlhv duh vwdwhg lq wkh sursrvlwlrq ehorz1

Sursrvlwlrq 7 Li q
�3q A j � � wkh ohyho ri sxeolf frqvxpswlrq ejW lv srvlwlyh

exw orzhu wkdq wkh rswlpdo ohyho jW=

S urri1 Dsshqgl{ 9

43Wklv pdujlqdo ehqh�w lv fdofxodwhg e| dvvxplqj wkdw hdfk qdwlrqdo jryhuqphqw wdnhv
djjuhjdwh HPX surgxfwlrq ht dv jlyhq1 Krzhyhu/ vlplodu uhvxowv frxog eh ghulyhg xqghu
wkh zhdnhu dvvxpswlrq wkdw hdfk lqglylgxdo jryhuqphqw lqwhjudwhv wkh lpsdfw rq ht ri
wkh lqfuhdvh lq lwv rzq sxeolf frqvxpswlrq 0jlyhq wkh ohyho ri sxeolf frqvxpswlrq ri rwkhu
jryhuqphqwv
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Wklv uhvxow vwhpv iurp wkh idfw wkdw qdwlrqdo jryhuqphqwv 0e| dfwlqj
dv lqglylgxdo lqghshqghqw sod|huv0 zloo qrw frqvlghu wkh uhvsrqvh ri rwkhu
�sod|huv� wr wkhlu rzq lqfuhdvh lq sxeolf frqvxpswlrq1 Dv d frqvhtxhqfh/
hdfk qdwlrqdo �vfdo dxwkrulw| zloo xqghuhvwlpdwh wkh ryhudoo h�hfw ri �vfdo
h{shqglwxuh rq hpsor|phqw1 Khqfh/ wkh pdujlqdo ehqh�w ri lqfuhdvlqj sxe0
olf frqvxpswlrq iru dq lqglylgxdo �vfdo dxwkrulw| lv orzhu wkdq wkh djjuhjdwh
pdujlqdo ehqh�w/ zklfk srlqwv wr rqh lpsruwdqw vrxufh ri frruglqdwlrq idlo0
xuh lq d pxowl0vhfwru hfrqrp| vxfk dv HPX1

Ilqdoo|/ rqh fdq vhh wkdw +;, lv ghfuhdvlqj lq wkh qxpehu p ri frxq0
wulhv zklfk duh h�hfwlyh phpehuv ri HPX/ zklfk ohdgv wr wkh frqfoxvlrq
wkdw Ye}W

Y6 ? 3= Wkhvh uhvxowv xqghuolqh d srvvleoh �udfh0wr0wkh0erwwrp� hi0
ihfw lq sxeolf frqvxpswlrq wkdw zrxog vwhp iurp wkh surjuhvvlyh �gloxwlrq�
ri lqglylgxdo frxqwu| lpsdfw rq joredo ghpdqg dqg wkh vxevhtxhqw uhgxfhg
dzduhqhvv ri �vfdo ghflvlrq0pdnhuv derxw wkh ehqh�wv iurp wkhlu �vfdo vshqg0
lqj1 Khqfh/ d phfkdqlvpv ri �vfdo frruglqdwlrq dsshduv qhfhvvdu| lq wklv
frqwh{w/ wr dyrlg d vxerswlpdo frqwudfwlrq lq qdwlrqdo sxeolf frqvxpswlrq
iroorzlqj wkh hqodujhphqw ri wkh HPX hfrqrp|1

9 Frqfoxvlrq

Wklv sdshu vxjjhvwv wkdw wkh fkdqjlqj vwuxfwxuh ri surgxfw pdunhwv kdv d
fuxfldo lpsdfw rq wkh uroh ri sxeolf vshqglqj lq d pxowl0vhfwru hfrqrp| vxfk
dv HPX1 Lq wkh suhvhqfh ri lpshuihfwlrqv rq wkh surgxfw pdunhw/ zklfk
suhyhqw wkh devruswlrq ri uhqwv jhqhudwhg e| �upv* pdunhw srzhu/ sxeolf
vshqglqj frqvwlwxwhv d srvvleoh zd| wr uh0dssursuldwh wkrvh uhqwv dqg uhglv0
wulexwh wkhp wrzdugv lqwhuqdwlrqdo pdunhwv1 Wklv doorzv wr frpsuhvv sur�w
pdujlqv dqg wr dfklhyh d ehwwhu pdfurhfrqrplf shuirupdqfh 0 dw ohdvw iurp
wkh srlqw ri yxh ri htxloleulxp hpsor|phqw1 Khqfh/ wkh sdshu dujxhv wkdw
�vfdo srolf| rshudwlqj wkurxjk wkh lqwhuqdwlrqdo fkdqqho fdq lq sulqflsoh
sod| d frqvwuxfwlyh uroh zlwklq HPX pdfurhfrqrplf srolf| uhjlph> dw wkh
vdph wlph/ lw lv dovr vkrzq wkdw �vfdo vshqglqj rshudwlqj yld wkh grphv0
wlf fkdqqho uhlqirufhv vkhowhuhg pdunhwv wkxv lqgxflqj orzhu oderu ghpdqg
dqg hpsor|phqw ohyhov1 Krzhyhu/ wkh prgho vkrzv wkdw pdunhw lqwhjudwlrq/
e| lqfuhdvlqj wkh lqwhqvlw| ri surgxfw pdunhw frpshwlwlrq/ pljkw lqgxfh d
frqwudfwlrq ri uhqw0uhgxflqj sxeolf frqvxpswlrq wkxv jhqhudwlqj d qhjdwlyh
vlgh0h�hfw rq hpsor|phqw1 Wklv frqvwlwxwhv d �uvw frqfhuq zlwk uhvshfw wr
wkh olnho| zrunlqj ri HPX srolf| pl{/ zklfk fdoov iru wkh ghvljq ri d vxlwdeoh
�vfdo frruglqdwlrq phfkdqlvp1

D vhfrqg frqfhuq iru HPX lv uhodwhg wr wkh h{lvwhqfh ri lpsruwdqw gh0
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pdqg h{whuqdolwlhv zlwklq HPX/ h{whuqdolwlhv zklfk duh qrw qhfhvvdulo| lq0
whjudwhg e| lqghshqghqwo| lqwhudfwlqj �vfdo sod|huv1 Lq vxfk d frqwh{w/ lq0
glylgxdo jryhuqphqwv duh lqfolqhg wr frqvlghu wkdw 0e| prgli|lqj qdwlrqdo
sxeolf frqvxpswlrq0 wkh| d�hfw wkh uhodwlyh sulfh iru grphvwlf jrrgv1 Wklv
�uhodwlyh sulfh� h�hfw ohdgv lqglylgxdo jryhuqphqwv wr xqghuhvwlpdwh wkh
srvlwlyh lpsdfw rq hpsor|phqw ri h{sdqglqj sxeolf frqvxpswlrq yld wkh
lqwhuqdwlrqdo fkdqqho1 Khqfh/ djdlq �vfdo frruglqdwlrq lv qhhghg wr hqvxuh
wkdw HPX hfrqrplhv zloo lqghhg ixoo| ehqh�w iurp wkhlu �vfdo vshqglqj1

Dsshqgl{

14 Frqvxpswlrq

Lqvwdqwdqhrxv xwlolwlhv iru lqglylgxdo frqvxphuv duh gh�qhg dv iroorzv1 Iru
hpsor|hg zrunhuv=

xw� @ x� � h
Wkh whup x� lv wkh xwlolw| dvvrfldwhg zlwk frqvxpswlrq dqg h lv wkh

glvxwlolw| ri h�ruw1
Dv wkhuh lv qr xqhpsor|phqw ehqh�wv/ wkh lqvwdqwdqhrxv xwlolw| ri xq0

hpsor|hg zrunhuv lv }hur1 �Uhqwlhuv� rqo| hduq sur�wv dqg wkhlu xwlolw| lv
htxdo wr=

xwo @ xo

L ixuwkhu dvvxph wkdw x� @
�
�S�
q

�q �
�
�_�
�3q

��3q
zlwk m @ z> u > kS uhsuh0

vhqwv wkh frqvxpswlrq ri wkh furvv0frxqwu| jrrg dqg k_ wkh frqvxpswlrq ri
wkh grphvwlf jrrg1 Xwlolw| lv pd{lpl}hg xqghu wkh lqglylgxdo exgjhw frq0
vwudlqwv= kS� . k_� @ z iru zrunhuv dqg kSo . k_o @ � iru uhqwlhuv/ z ehlqj
wkh uhdo zdjh udwh dqg � uhdo sur�wv1 Pd{lpl}dwlrq ohdgv wr wkh iroorzlqj
frqglwlrqv=

kS @ kS� . kSo @ � � +z. �,
k_ @ k_� . k_o @ +4� �, � +z . �,
zkhuh � uhsuhvhqwv wkh lqglylgxdo surshqvlw| wr frqvxph wkh �qdo furvv0

frxqwu| jrrg1 H{0srvw xwlolw| iru lqglylgxdov ri hlwkhu w|shv lv jlyhq e|=
x� @ z
xo @ �
Wklv vshfl�fdwlrq zloo suryh wr eh yhu| xvhixo lq wkh iroorzlqj/ qdpho|

zkhq L zloo surfhhg wr vroyh wkh h!flhqf| zdjh sduw ri wkh prgho= lq idfw/
L zloo wkhq vlpso| krog lqvwdqwdqhrxv xwlolw| htxdo wr xw� @ z � h +vhh
Dsshqgl{ 6 ehorz,1 Rqh vkrxog ixuwkhu qrwh wkdw lq sulqflsoh hpsor|hg
zrunhuv* xwlolw| +ghwhuplqhg e| frqvxpswlrq ghflvlrqv, ghshqgv rq qhw zdjh
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dqg wkhuhiruh rq wd{hv 0 wkdw L zloo lqwurgxfh odwhu rq1 Krzhyhu/ lw lv lqghhg
srvvleoh wr vshfli| wkh wd{ udwh lq vxfk d zd| wkdw lw lv qrq glvwruwlrqdu|
zlwk uhvshfw wr wkh h!flhqf| zdjh udwh1 L zloo dgrsw wklv vshfl�fdwlrq dv L
dp qrw lqwhuhvwhg lq doorzlqj iru wd{ glvwruwlrqv lq wklv sdshu1

15 Lqwhuqdwlrqdo ghpdqg

Xwlolw| pd{lpl}dwlrq ohdgv wr wkh uhvxow wkdw erwk uhqwlhuv dqg hpsor|hg
zrunhuv xvh d sursruwlrq � ri wkhlu uhyhqxh iru wkh frqvxpswlrq ri wkh
�qdo jrrg zkloh d sursruwlrq 4 � � ri wkhlu uhyhqxh jrhv wr wkh sxufkdvh
ri wkh qdwlrqdo jrrg1 Wr ghulyh wkh ghpdqg ixqfwlrq idfhg e| lpshuihfwo|
frpshwlwlyh �upv rq wkhlu qdwlrqdo surgxfw pdunhw/ L dvvxph wkdw wkhuh lv
rqh �qdo frqvxpswlrq jrrg wkdw lv surgxfhg xvlqj doo qdwlrqdo jrrgv dv
lqwhuphgldwhv/ dffruglqj wr d frqvwdqw uhwxuqv wr vfdoh whfkqrorj|=h\ @ p�*E�3#� �

�
6S
r'�

�
|�r
� #3�

#

� #

#3�

zlwk � A 4

|�r ehlqj wkh sduw ri wkh surgxfwlrq ri wkh uhsuhvhqwdwlyh �up lq frxqwu|
v h�hfwlyho| jrlqj wr wkh surgxfwlrq ri wkh lqwhuqdwlrqdo frqvxpswlrq jrrg1
Sur�w pd{lpl}dwlrq rq wkh frpshwlwlyh �qdo jrrg pdunhw |lhogv=

|�r @
�
�r
�

�
3# � ht6

zlwk wkh sulfh lqgh{ gh�qhg dv iroorzv=

S @

�
�
6 �

6S
r'�

S �3#
r

� �

�3#

Khqfh/ wkh lqyhuvh ghpdqg ixqfwlrq fdq eh ghulyhg=

�r
� @

�
+�rht *6

�
3

�

#

Ilupv pd{lpl}h wkhlu sur�wv rq wkhlu qdwlrqdo surgxfw pdunhw/ jlyhq wkh
deryh lqyhuvh ghpdqg ixqfwlrq1 Sur�w pd{lpl}dwlrq ohdgv wr wkh iroorzlqj
�uvw rughu frqglwlrq=

�r
� � Y+rY,r

�
�
4 . Y�r

Y+r
� +r�r

�
@ zr

Jlyhq wkdw=
Y�r
Y+r

@ ��
# �

�
+�rht *6

�
3

�

#
3�

� qht *6 � S
wkh ohiw0kdqg vlgh fdq �qdoo| eh uhzulwwhq=
�r
� � � �

�
4� q

# � +r
+�r

�
Lq wkh v|pphwulf htxloleulxp/ rqh fdq vdiho| dvvxph wkdw �r

� @ 4> khqfh/
rqh �qdoo| jhwv wr wkh iroorzlqj �uvw0rughu frqglwlrq=

� �
�
4� �

# � qu+r
+�r

�
@ zr
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16 H!flhqf| zdjh vroxwlrq

L dvvxph wkdw h�ruw fdq wdnh wzr ydoxhv= 3 lq fdvh ri vklunlqj dqg h li
qr vklunlqj rffxuv1 Wkh suredelolw| ri ghwhfwlqj d vklunhu htxdov {1 Wkh
 rzv suredelolw| lq dqg rxw xqhpsor|phqw duh uhvshfwlyho| jlyhq e| e dqg
d/ wkh odwwhu ehlqj wkh ydoxh ri wkh hqgrjhqrxv klulqj udwh1 Wkh h!flhqf|
zdjh lv �{hg e| wkh qr0vklunlqj frqglwlrq jlyhq wkh iroorzlqj gh�qlwlrq ri
lqwhuwhpsrudo xwlolwlhv dvvrfldwhg zlwk wkh dowhuqdwlyh vwudwhjlhv ri vklunlqj
dqg qrq0vklunlqj=

41 u � X @ d � +Y�7 � X,

51 u � Y7 @ z . +{. e, � +X � Y7,

61 u � Y�7 @ z � h. e � +X � Y�7,

Rqh fdq hdvlo| vhh wkdw wkh qr0vklunlqj frqglwlrq Y7 @ Y�7 lpsolhv=

71 Y � X @ e
%

Iurp +4, rqh dovr kdv=
X @ @

@no � Y
L fdq qrz vxevwlwxwh wklv uhvxow lqwr +7, wkxv rewdlqlqj=
Y @ e

% � @noo
Li rqh vxevwlwxwhv wklv h{suhvvlrq lqwr +5,/ rqh �qdoo| kdv=
e
% � +d. u, @ z � +{. e, � e%
zklfk |lhogv=
z @ e

% � +d. e. u . {,

17 Ilvfdo vshqglqj

Ilvfdo dxwkrulwlhv froohfw wd{hv dw wkh qdwlrqdo ohyho dqg wkhq xvh sxeolf
frqvxpswlrq wr frqwulexwh wr wkh ghpdqg iru qdwlrqdo jrrgv1 Khqfh/ dv
vkrzq lq wkh sdshu/ wkh sduw ri qhw qdwlrqdo lqfrph wkdw frqwulexwhv wr
�~qwhuqdwlrqdo ghpdqg iru lqwhuphgldwh qdwlrqdo jrrgv lv jlyhq e|=

L �r @ � � +Lr � Wr, .Jr @ � � Lr . � �Jr

zkhuh L pdnh xvh ri wkh k|srwkhvlv ri edodqfhg exgjhw l1h1 Jr @ Wr> Jr

lv qdwlrqdo sxeolf h{shqglwxuh dqg Wr uhsuhvhqwv qdwlrqdo wd{hv �qdqfhg yld
zdjh wd{hv> Lr htxdov wrwdo uhyhqxh lq frxqwu| v wkdw lv �r.zr �Or1 Lw vkrxog
eh qrwhg wkdw wkh sduw ri wkh qdwlrqdo lqfrph wkdw lv gluhfwo| dgguhvvhg
wr wkh sxufkdvh ri wkh grphvwlf jrrg frqvwlwxwhv wkh �vkhowhuhg� sduw ri
wkh ghpdqg iru wkh qdwlrqdo jrrg1 Ohw ph qrz irfxv rq wkh lqwhuqdwlrqdo
vfhqdulr iru �vfdo vshqglqj1 Lq wklv fdvh/ rqh fdq zulwh L�r @ � � +Lr � Wr, .
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Jr @ � � Lr . +4� �, � Jr1 Frqvlvwhqwo|/ rqh fdq h{suhvv wkh lqwhuqdwlrqdo
frpsrqhqw ri wkh uhsuhvhqwdwlyh �up surgxfwlrq lq frxqwu| v dv iroorzv=

|�r @ � � |r . +4� �, �Jr

zkhuh Jr lv wkh +hqgrjhqrxv, ohyho ri �vfdo h{shqglwxuh �{hg e| frxqwu|
v* jryhuqphqw dv d sursruwlrq ri qdwlrqdo djjuhjdwh lqfrph/ Jr @ jr � Lr
+dqg wkhuhiruh wdnhq dv jlyhq e| wkh �up,1

Sur�w pd{lpl}dwlrq e| wkh uhsuhvhqwdwlyh �up |lhogv d vlplodu frqglwlrq
dv ehiruh/ wkdw lv � �

�
4� �

# � qu+r
+�r

�
@ zr1 Krzhyhu/ zh nqrz wkdw |�r @

� � |r . +4� �, �Jr dqg/ e| frqvlghulqj wkdw dw wkh htxloleulxp Jr @ jr � |r
rqh rewdlqv=

� �
�
4� �

# � qu+r
dqnE�3q�u}rou+r

�
@ zr

Vlpsoli|lqj iru |r rqh �qdoo| kdv=
� �

�
4� �

# � q
qnE�3q�u}

�
@ z

zkhuh L gursshg wkh vx!{ v ehfdxvh ri v|pphwu| dfurvv frxqwulhv1
Rqh fdq vhh wkdw �vfdo dxwkrulwlhv fdq d�hfw �upv* sur�w pdujlqv e|

ydu|lqj wkh udwlr ri sxeolf h{shqglwxuh wr wrwdo surgxfwlrq1 Lq sduwlfxodu/
dq lqfuhdvh lq j ohdgv wr dq lqfuhdvh lq wkh oderu ghpdqg idfhg e| lpshuihfwo|
frpshwlwlyh �upv1

18 Zdjh vhwwlqj dqg wd{hv

Ehfdxvh L zdqw wr frqvlghu lq wklv sdshu rqo| qrq0glvwruwlrqdu| wd{hv/ L
dvvxph wkdw wd{hv duh vshfl�hg dv d sursruwlrq ri wkh zdjh vxusoxv=

W @ w � +z � h,
zkhuh z @ uhdo zdjh dqg h @ h�ruw1 Khqfh wkh qhw zdjh vxusoxv lv jlyhq

e|=
z � h� w � +z � h, @ +4� w, � +z � h,
Zh douhdg| nqrz wkdw h�ruw fdq wdnh wzr ydoxhv= 3 lq fdvh ri vklunlqj dqg

h li qr vklunlqj rffxuv1 Wkhuhiruh/ wkh qhw zdjh vxusoxv ehfrphv +4� w, � z
zkhq h @ 31 Wkh lqwhuwhpsrudo xwlolwlhv dvvrfldwhg zlwk wkh dowhuqdwlyh
vwudwhjlhv ri vklunlqj dqg qrq0vklunlqj fdq qrz eh zulwwhq=

41 u � X @ d � +Y�7 � X,

51 u � Y7 @ +4� w, � z. +{. e, � +X � Y7,

61 u � Y�7 @ +4� w, � +z � h, . e � +X � Y�7,

Khqfh/ wkh qr0vklunlqj frqglwlrq Y7 @ Y�7 qrz lpsolhv Y � X @
e
% � +4� w,1 Vxevwlwxwlqj X @ @

@no � Y lqwr wkh suhylrxv htxdwlrq/ rqh
rewdlqv=
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Y @ e
% � +4� w, � @noo

Ilqdoo|/ e| vxevwlwxwlqj wklv uhvxow lqwr +5,/ rqh �qdoo| kdv=
e
% � +4� w, � +d. u, @ z � +4� w,� +{. e, � e% � +4� w,
zkhuh +4� w, vlpsol�hv dzd|/ zklfk |lhogv wkh vdph ohyho ri uhdo zdjh dv

suhylrxvo| ghulyhg1

19 Frruglqdwlrq

Wkh �uvw0rughu frqglwlrq iru sur�w pd{lpl}dwlrq |lhogv=
�r
� � � �

�
4� �

# � q
qnE�3q�u}r

�
@ e

% �
�
e � �r

�r3ur
. {. u

�
zkhuh �r

� @
� ht
6udqnE�3q�u}rou+r

��*#
dqg |r @ � � Or1

Ohw ph gh�qh wkh wzr ixqfwlrqv �+jr> Or, @
� ht
6udqnE�3q�u}rou+r

��*# � � ��
4� �

# � q
qnE�3q�u}r

�
dqg z +Or, @

e
% �

�
e � �r

�r3ur
. {. u

�
1 L dvvxph wkdw dj0

juhjdwh HPX ghpdqg h\ lv wdnhq dv jlyhq e| lqglylgxdo jryhuqphqw vhohfwlqj
wkhlu rswlpdo �vfdo vshqglqj +vhh irrwqrwh <,1 Wr ghulyh wkh rswlpdo ohyho ri
�vfdo vshqglqj doo zkdw rqh qhhgv wr nqrz lv wkh ghulydwlyh ri htxloleulxp
hpsor|phqw zlwk uhvshfw wr yduldeoh j1 Wklv ghulydwlyh lv jlyhq e|=

_ur
_}r

@
[
�

}r

�
�

ur
3[

�

ur

zkhuh �
�

}r A 3 dqg �
�

ur
? 31 Wkh fruuhvsrqglqj ghulydwlyh iru wkh

v|pphwulf htxloleulxp vroxwlrq lv jlyhq e|=
_u
_} @

[
�

}

�
�

u

1

Dv �
�

}r ? �
�

}/ wkh deryh dqdo|vlv fohduo| |lhogv _ur
_}r

? _u
_} zklfk lq wxuq

lpsolhv ejW ? jW1

Uhihuhqfhv

^4` Doovrss/ F1 dqg G1 Ylqhv ^4<<;` cWkh Dvvhvvphqw= Pdfurhfrqrplf Sro0
lf| diwhu HPX*/ R{irug Uhylhz ri Hfrqrplf Srolf|/ 47=40561

^5` Dpdeoh/ E1 dqg G1 Jdwwl ^5335` Pdfurhfrqrplf h�hfwv ri surgxfw pdu0
nhw frpshwlwlrq lq d g|qdplf h!flhqf| zdjh prgho/ Hfrqrplfv Ohwwhuv/
:8=4/ 6<0791

^6` Dqghuvhq/ W1P1 ^4<<<` Lqwhuqdwlrqdo Lqwhjudwlrq/ Ulvn dqg wkh Zhoiduh
Vwdwh/ HSUXZrunlqj Sdshu 533305/ iruwkfrplqj Vfdqglqdyldq Mrxuqdo
ri Hfrqrplfv1
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^7` Dqghuvhq/ W1P1 dqg Vûuhqvhq/ M1U1 ^4<<8` Xqhpsor|phqw dqg Ilvfdo
Srolf| lq wkh Hfrqrplf dqg Prqhwdu| Xqlrq/ Hxurshdq Mrxuqdo ri Sr0
olwlfdo Hfrqrp|/ 44=5:0761

^8` Duwlv/ P1 M1 dqg Zlqnohu/ E1 ^4<<:` Wkh Vwdelolw| Sdfw= Vdihjxduglqj
wkh Fuhglelolw| ri wkh Hxurshdq Fhqwudo Edqn/ FHSU Glvfxvvlrq Sdshu
49;;1

^9` Ehhwvpd/ U1 dqg Xkolj/ K1 ^4<<<` Dq Dqdo|vlv ri wkh Vwdelolw| dqg
Jurzwk Sdfw/ Wkh Hfrqrplf Mrxuqdo/ 43<=8790:41

^:` Exwl/ P1/ Iudqfr/ G1 dqg Rqjhqd/ K1 ^4<<;` Ilvfdo Glvflsolqh dqg Ioh{0
lelolw| lq HPX= wkh Lpsohphqwdwlrq ri wkh Vwdelolw| dqg Jurzwk Sdfw*/
R{irug Uhylhz ri Hfrqrplf Srolf| 47= ;40<:1

^;` Fdq}rqhul/ P1 dqg Gled/ E1W1 +4<<<,1 cWkh Vwdelolw| dqg Jurzwk Sdfw=
D Gholfdwh Edodqfh ru dq DoedwurvvB*/ Sdshu suhsduhg iru wkh Dxvwuldq
Qdwlrqdo Edqn*v Zrunvkrs rq cFkdoohqjhv iru Hfrqrplf Srolf| Frru0
glqdwlrq zlwklq HPX*/ Mdqxdu| 55 +Vhfrqg Gudiw Iheuxdu|,1

^<` Fduolq/ Z1 dqg G1 Vrvnlfh ^5333` Xqltxh ru Pxowlsoh QDLUXv= Prghuq
yhuvxv Khfnvfkhu0Rkolq Wkhrulhv ri Wudgh/ plphr/ Z]E1

^43` Jdwwl/ G1 dqg F1 ydq Zlmqehujhq ^5335` Fr0ruglqdwlqj Ilvfdo Dxwkrul0
wlhv lq wkh Hxur0}rqh1 D Nh| Uroh iru wkh HFE/ R{irug Hfrqrplf Sd0
shuv/ 87=89�:41

^44` Pdwvx|dpd/ N1 ^4<<8` Frpsohphqwdulwlhv dqg Fxpxodwlyh Surfhvvhv lq
Prghov ri Prqrsrolvwlf Frpshwlwlrq/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/
[[[LLL=:340:5<1

^45` Vkdslur F1 dqg Vwljolw} M1 ^4<;7` Htxloleulxp xqhpsor|phqw dv d zrunhu
glvflsolqh ghylfh/ Dphulfdq Hfrqrplf Uhylhz/ :7= 76607771

^46` Vrvnlfh/ G1 dqg W1 Lyhuvhq ^4<<;` Pxowlsoh Zdjh0Edujdlqlqj V|vwhpv
lq wkh Vlqjoh Fxuuhqf| Duhd/ R{irug Uhylhz ri Hfrqrplf Srolf|/ 47=
4430571
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