A Service of

ECOMNZTOR pr

Make Your Publications Visible.

Leibniz-Informationszentrum
Wirtschaft

Leibniz Information Centre
for Economics

Pfliger, Michael

Working Paper

A Simple, Analytically Solvable Chamberlinian

Agglomeration Model

IZA Discussion Papers, No. 359

Provided in Cooperation with:
IZA - Institute of Labor Economics

Suggested Citation: Pflliger, Michael (2001) : A Simple, Analytically Solvable Chamberlinian
Agglomeration Model, IZA Discussion Papers, No. 359, Institute for the Study of Labor (IZA), Bonn

This Version is available at:
https://hdl.handle.net/10419/21219

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/21219
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

IZA DP No. 359

A Simple, Analytically Solvable Chamberlinian
Agglomeration Model

Michael Pfluger

DISCUSSION PAPER SERIES

September 2001




A Simple, Analytically Solvable
Chamberlinian Agglomeration Model

Michael Pfliger

University of Freiburg and I1ZA, Bonn

Discussion Paper No. 359
September 2001

IZA

P.O. Box 7240
D-53072 Bonn
Germany

Tel.: +49-228-3894-0
Fax: +49-228-3894-210
Email: iza@iza.org

This Discussion Paper is issued within the framework of 1ZA’s research area Internationa-
lization of Labor Markets and European Integration. Any opinions expressed here are those
of the author(s) and not those of the institute. Research disseminated by IZA may include
views on policy, but the institute itself takes no institutional policy positions.

The Institute for the Study of Labor (IZA) in Bonn is a local and virtual international research
center and a place of communication between science, politics and business. IZA is an
independent, nonprofit limited liability company (Gesellschaft mit beschrankter Haftung)
supported by the Deutsche Post AG. The center is associated with the University of Bonn
and offers a stimulating research environment through its research networks, research
support, and visitors and doctoral programs. IZA engages in (i) original and internationally
competitive research in all fields of labor economics, (ii) development of policy concepts, and
(iii) dissemination of research results and concepts to the interested public. The current
research program deals with (1) mobility and flexibilty of labor markets, (2)
internationalization of labor markets and European integration, (3) the welfare state and labor
markets, (4) labor markets in transition, (5) the future of work, (6) project evaluation and (7)
general labor economics.

IZA Discussion Papers often represent preliminary work and are circulated to encourage
discussion. Citation of such a paper should account for its provisional character.



IZA Discussion Paper No. 359
September 2001

ABSTRACT

A Simple, Analytically Solvable Chamberlinian
Agglomeration Model ~

This paper presents a simple, analytically solvable Chamberlinian agglomeration model. As
in the canonical core-periphery (CP) model, two agglomerative forces are at work. However,
the present model exhibits a 'pitchfork bifurcation' rather than the ‘tomahawk bifurcation' of
the CP model.
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1. Introduction

The spatia aspects of the economy are at the heart of the ‘new economic geography’ which was
launched with the semind works by Krugman (1991), Krugman and Venables (1995) and Venables
(1996). The analytica essence of the new economic geography is contained in the ‘ core- periphery
(CP) modd’.1 This shows how the interactions among transport codts, increasing returns at the firm
level, and supply and demand linkages shape and change the location of economic activity. In order
to bring these interactions out clearly, this mode is built around a set of smplifying assumptions
which have become canonical (eg. Chamberlinian monopolistic competition with Dixit-Stiglitz
preferences, Cobb-Douglas upper-tier utility and iceberg transport costs). It has been percelved asa
weekness that, these smplifications notwithstanding, only certain aspects of the CP mode are
andyticaly tractable. The moded generdly has to be solved by numerical smulation. This may be part
of the reason why the andlyss of the policy implications of the new economic geography, which
would necesstate further complications of the modd, is yet not fully developped. An andyticdly
solvable case of the CP modd has been worked out by Fordid (1999), however.2 Due to its
solvability, thismodd has proven useful for analysesin the field of capita and income tax competition
(Andersson and Fordlid, 1999; Baldwin and Krugman, 2000).

This paper presents an dternative modd that can be solved andyticdly and is even smpler than the
model of Fordid (1999). The gain in amplicity derives from the subgtitution of the Cobb-Douglas
upper-tier utility with a ques-linear function. With this modification, the two agglomerative forces
contained in his mode are il at work but the quas-linear utility removes al income effects from the
manufacturing sector, in which agglomerative forces gppear. Moreover, the modified mode has the
surprising implication that, when transport costs are lowered, a different type of bifurcation arises.
The CP modd exhibits a ‘tomahawk bifurcation’ .3 When trangport costs are at a certain leve (the
sudan point), two sable fully agglomerative equilibria gopear in addition to the initid symmetric
equilibrium. At a dill lower levd d trangport cogts (the bresk point), the symmetric equilibrium
becomes unstable. The model presented here exhibits a smooth ‘pitchfork bifurcation’. At a certain
level of trangport cods, the initid symmetric equilibrium becomes ungtable and two stable asymmetric

1The core-periphery model is conveniently laid out in Fujitaet. al (1999, Ch. 4 and Ch. 5) and elaborated on and
critically assessed in Neary (2000) and Baldwin et.a. (2001).

2 splvable models departing from the CP model have also been provided by Baldwin (1999), who stresses factor
accumulation and by Ottaviano and Thisse (1998), who work out a non-Chamberlinian setting.

3A simpleintroduction to bifurcationsis provided in Fujitaet. al. (1999, appx. to Ch. 3).



equilibria emerge which are increasingly asymmetric as transport codts are reduced further.4 This
feature may be a better description for some of the agglomerative processes that are initiated by
economic integration (decreasing transport costs) thian the 'catastrophic’ emergence of complete

agglomeration predicted by the CP modd.

2. The Model

The modd builds on Fordids adaptation of the CP mode which achieves its solvability by assuming
that the fixed cost in the manufacturing sector conssts of a separate internationaly mobile factor asin
Ham and Hdpman (1987). Here we combine this model with the assumption that the upper-tier
utility is quas-linear rather than Cobb-Douglas drawing on a widdy used specification (e.g. Dixit,
1990, Ch.3).

The world is composed of two countries, home and foreign (denoted by an asterisk (*)), two factors
of production, labor (L) and human capitd (K), and two sectors, manufacturing ( X ) and
agriculture ( A). Labor isintersectoraly mobile. Countries are assumed to have identical preferences,
technology and trade cods. In the long-run, human capitd is assumed to be mobile internationaly,
while labor is not. The agriculturd good is homogeneous, traded without costs and produced

perfectly competitively under congtant returns with labor as the only input. This good isthe numéraire
and assumed to be produced in both countries after trade. The monopolisticaly competitive X

sector employs both factors to produce differentiated goods with a linear cost function. Labor isthe
only variable input. Human capita enters only the fixed cost. One unit of it is needed (for R&D or
headquarter services) to produce at dl. Tradein X isinhibited by iceberg costs.

Thereare L +K households, L laborersand K human capita owners each of whom supplies one
unit of labor and human capital, respectively. Their wages are denoted by W and R, respectively.
Each household's preferences are characterised by:>

s
N* _1CF
ﬂ

U=alnC,+C,, C, ég(,s + 0% s

N

,a>0,s >1 D

4\When production in the perfectly competitive outside sector takes place under decreasing rather than constant
returns, a smooth pitchfork bifurcationsis observed in the CP model, too (Fujitaet. al., 1999, Ch. 14).

5 Martin and Rogers (1995) and Pfliiger (2001) use this preference specification in non-agglomeration contexts. A
similar specification is used in Helpman and Krugman (1989, Ch. 7).



where C, is the manufacturing aggregate, C, is the consumption of the agricultura good, x (X; )
is the quantity consumed of a domegtic variety i (foragnvariety j), N and N* arethe number of

varieties produced in home and foreign and s isthe dadticity of subgtitution between manufacturing
vaieties. The budget condraint is given by

1

PC,+C,=Y,  P=(NR +N* (P} fs,  t>1 @

where Y denotes the household'sincome, P is the perfect CES-priceindex, B (P, ) isthe price

st by a domestic (foreign) firm. Iceberg transport costs are formalised by the congtant t . These
imply that only 1/t of aunit of aforeign variety arrives for consumption and that the consumer price

of an imported variety is t P, . Utility maximisation yields the demand functions and indirect utility, V :

C,=aP!, C,=Y-a, x=aR'P"!,  x =afR) P ®

V=-alnP+Y +[a(lna - 1. (4)

Choosing units and letting L, denote [abour input, the production function of the agricultural good is
X, =L, . Perfect competition ensures that this good is priced & margind (which is dso average)
cogt. Since this good is the numéraire, the wage rate is unity, W =1.

Market clearing for domestic variety i isexpressed by X, =(L+K)x +(L* +K* XX , where X,

is production and x; is the demand of the foreign representative household. Part of demand is
indirect, caused by trangport losses. Each product type is supplied by a single firm. With W =1 and
thetechnology L =cX, (c>0, acondant), the margina cost is givenby c. Thefixed cost dueto

the requirement of one unit of human capita is given by R. Let the producer prices charged to
domestic (foreign) households be denoted P (P"). Profits of the representative firm in the home

region, P ,, are then given by:

P, =(P-c)L+K)x +(P*-c)(L* +K*¥x - R ®)

With the Chamberlinian large group assumption, profit maximising prices are constant markups on

margnda cods



P=P*=cs /(s -1) (6)

The compensation of human capitd adjusts so as to ensure zero profit equilibrium. Using the market
clearing condition, arelaionship between firm scale X, and fixed costs R obtains:

X, =R(s - 1)/c. ()

3. Short-Run Equilibrium

In the short-run, human capitd is immobile between countries so that N =K and N* = K* . With
free trade in goods, and using (2), (3), (5), (6) and their foreign counterparts, the zero profit
conditionsin home and foreign are given by:

_a(L+K) fa(L* +K*), SR(:fa(L+K)+a(L*+K*)
K+fK* fK+K* ' K+fK*  fK+K*

(8)

where 0<f °t*° <1. Human capitd's compensaion in home and foreign in the short-run
equilibrium, R and R* , can directly be read of (8). This is the smplification obtained by the quas-
linear upper tier utility which diminates al income effects from the manufacturing sector. With a
Cobb-Douglas, domestic and foreign incomes enter in the numerators of (8) which then have to be
solved smultaneoudy. Once R is derived, the firm scale X, follows directly from (7) and al other
endogenous variables can be derived straightforwardly. The X sector employs NcX, = KR(s - 1)
units of labor (from (7) and N =K') which is assumed to be less than L in order to fulfill the
assumption that both sectors are active after trade.

4, L ong-Run Equilibrium

In the long run, human capital owners are internationaly mobile and will move to the region where
their indirect utility is higher. The utility differential, V - V* =a (InP/ P*)+(R- R*), can easily be
derived anayticaly for generd trade cogsin this mode!:

6 L L*
Vo =2 g +|nS +( )/f ud a(l f)e|<++<*+I KK 1),
1-s 7 -I)f % gl +{@- 1) If+(1-1)

©)
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where | © K/ K+ K* . A long-run equilibrium in which both regions produce manufacturesis given
when V - V* =0. It is eadly verified tha | =1/2 is dways such an equilibrium with identicd

countries. However, this equilibrium is not necessarily stable because the modd contains two
agglomerative forces. There is a supply linkage in (9) as the region with the higher share of human
capita has a larger manufacturing sector and therefore a lower price index. This is captured in the
fird termin (9) whichisrigngin | for dl transport cogts. Thereis aso ademand linkage in (9) since
increasing the share of human capita in one region implies alarger market. This raises the profitability
of firms as expressed by the differential (R- R*) and thus attracts more human capital. The demand
linkage is captured in the second term in (9). Around | =1/2 thistemisrigngin | when
trangport codts are low. However, when they are high enough, this term is faling in | (the cut-off
being a t =(1/2)"**) for L =L* = 2;K =K* =1). This demonstrates that transport costs
gabilise the symmetric equilibrium, i.e. tend to disperse production. With quas-linear preferences,
the utility differentid (9) isthe additive result of these two terms.

Fig. 1 about here

Fig. 1 depicts (9) for different levels of trade costs (L =L* =2;K = K* =1;s =6;a =0.3). For
high trade cogts, (9) is monotonicdly faling and the symmetric equilibrium is stable. It becomes
ungable for lower trade costs and two stable asymmetric equilibria emerge which become
increasingly asymmetric when trade costs are continuoudy reduced. For il lower trade codts, the
utility differentid dopes up monotonicdly implying that these asymmeric equilibria involve full
gpecidisation in one of the countries. When trade cogts are nil, difference doesn't matter in the model
and human capita owners are indifferent where to locate. The modd exhibits a 'pitchfork
bifurcation’. Taking the derivative of (9) withrespectto | at | =1/2 yiddsthe parameter criterion
a which the symmetric equilibrium becomes ungable and the two ams of the fork gppear:
fotts =(s-2)/(s - 4)for L=L* =2;K =K* =1.

The bifurcation type encountered in geography models is determined by the curvature of the utility
differentia of the mobile factor (Fujita et.d., 1999, Ch.3). As exemplified by the dashed and thick
linesin Fig. 1, this curve goes from convex to concave with quasi-linear preferences, leading to the
smooth pitchfork bifurcation. Plotting the two terms separately clarifies that the demand linkage
captured in R- R* is regpongble for the convexity-concavity behaviour d (9). With the Cobb-



Douglas, two quditaivey identicd linkages are a work. However, the utility differentia goes from
concave to convex, implying a tomahawk bifurcation. Arguably, the smooth pitchfork is a more
convincing description of some of the @ncentration processes triggered by faling transport costs
than the 'catastrophe’ implied by the tomahawk bifurcation.

5. Conclusons

This paper presents a smple, andyticdly solvable Chamberlinian agglomeration model. The
amplicity of the modd derives from two assumptions which depart from the canonicad CP modd.
Fird, the fixed cogt in the manufacturing sector is assumed to condst of a separate internationdly
mobile factor (human capital). Second, and novel, preferences of households are characterised by a
quas-linear upper tier utility rather than a Cobb-Douglas. Like the CP mode, the present model
contains two agglomerative forces, a supply and a demand linkage. However, due to the dternative
gpecification of preferences, the modd exhibits a smooth ‘pitchfork bifurcation' rather than the
‘tomahawk bifurcation' of the CP modd.
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Figure1: International utility differential, human capital
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