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A continuous-time model of the term structure of
interest rates with fiscal-monetary policy interactions

Bank of Finland Research
Discussion Papers 25/2008

Massimiliano Marzo — Silvia Romagnoli — Paolo Zagaglia
Monetary Policy and Research Department

Abstract

We study the term structure implications of the fiscal theory of price level
determination. We introduce the intertemporal budget constraint of the
government in a general equilibrium model in continuous time. Fiscal policy is set
according to a simple rule whereby taxes react proportionally to real debt. We
show how to solve for the prices of real and nominal zero coupon bonds.

Keywords: bond pricing, fiscal policy, mathematical methods

JEL classification numbers: D9, G12



Hintatason fiskaalinen teoria ja korkojen
aikarakenteen maaraytyminen jatkuva-aikaisessa
mallissa

Suomen Pankin keskustelualoitteita 25/2008

Massimiliano Marzo — Silvia Romagnoli — Paolo Zagaglia
Rahapolitiikka- ja tutkimusosasto

Tuvistelma

Téssé tyossa tarkastellaan tuottokdyréin eli korkojen aikaranteen dynamiikkaa, kun
talouden hintataso midrdytyy osana julkisen sektorin velan rahoitusratkaisua eli
olettaen, ettd hintatason fiskaalinen teoria on voimassa. Tydssi kéytettyd jatkuva-
aikaista yleisen tasapainon mallia tdydennetdédn julkisen sektorin intertemporaali-
sella budjettirajoitteella, joka kuvaa julkisen sektorin kunkin ajankohdan velkaan-
tumispotentiaalia annetulla talouden hintatasolla. Finanssipolitiikka puolestaan
midrdytyy yksinkertaisen verosddnnon mukaan sditeleméilld verotuksen kireytti
suorassa suhteessa julkisen velan reaaliarvon muutoksiin. Tyon tutkimuksellinen
anti on paiasiallisesti metodinen, koska ty0ssd osoitetaan, miten rahassa ja kulu-
tuksessa mitattujen eli nimellisten ja reaalisten nollakuponkilainojen hinnat voi-
daan téssd tapauksessa ratkaista.

Avainsanat: joukkovelkakirjojen hinnoittelu, finanssipolititkka, matemaattiset
menetelmat

JEL-luokittelu: D9, G12
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1 Introduction

The theory of price level determination advocated by Leeper (1991), Sims
(1994), Woodford (1996) and Cochrane (1998) has brought to the attention of
macroeconomists the role of interactions between fiscal and monetary policy. In a
nutshell, the idea is that the price level is determined by the degree of solvency of
the government. If the expected primary surplus is not sufficient to comply with
the intertemporal budget constraint of the government, then part of the public
debt should be inflated away if it is default-free.

Although the fiscal theory of price level determination has generated a
substantial debate on the capability of fiscal and monetary policy to affect the
price level, study has considered its potential implications for asset prices. This
considerations holds both for the finance and macroeconomics literature. For
instance, the continuous-time model of the term structure of interest proposed
by Buraschi (2005) includes lump-sum taxes, but disregards the implications
of the government’s budget constraint. Dai and Philippon (2005) estimates a
no-arbitrage ane term structure model with fiscal variables on US data. They
find significant responses of the term structure of interest rates to the deficit-GDP
ratio. The macroeconomic restrictions they impose to identify the structural
responses are fairly different from those implied by the fiscal theory of the price
level (see Sala, 2004).

The available finance models the term structure of interest rates consider
an explicit role for only two crucial factors, output growth and monetary policy,
which is typically expressed as a diffusion process for the growth of money supply.
In this paper, we consider a general-equilibrium model with money where the ow
budget constraint of the government plays an active role. This provides a link
between monetary and fiscal policy because lump-sum taxes are adjusted as a

function of real debt. We solve the structural model, and derive the law of motion



for the nominal and real interest rates. We also study how the term structure
responds to the fiscal parameters.

This paper is organized as follows. The first two sections introduce the
reader to the framework employed to develop the analysis, together with a brief
discussion on the fiscal and monetary policy rules adopted. Section 4 and 5,
respectively, discuss the optimization process form the representative investor’s
side and the characterization of the equilibrium. Section 6 outlines the continuous
time limit of the equilibrium relationships in discrete time presented in the
previous sections. In section 7, we consider a specialized economy with a more
realistic set of assumptions for the model. In section 8 we present the solution
for the real spot rate. This is extended in section 9 for the pricing of the entire
real term structure. The nominal and real term structure for zero coupon bonds
is derived in section 9. Since the solution does not admit a closed form, we use
numerical simulations in section 10 to generate some qualitative results on the

shape of the term structure. Section 11 reports some concluding remarks.

2 The model economy

We study an economy populated by a representative agent that maximizes over
the composition of her portfolio along the lines of the traditional literature
on consumption and asset pricing. We model the economy at discrete time
intervals of length At. The representative agent chooses its portfolio holdings

by maximizing the following utility function

i e PR, {u (Ct, Aét) } At (1)

where [ is the discount factor. In equation (1), C; indicates the level of
consumption over the interval [¢,t+ At], M is the nominal money stock providing
utility to the representative agent over the interval of length [t — A, ¢], and P; is

the price of the consumption good. Real money balances M;/P; enter the utility



function of the household. The utility function is twice continuously differentiable
and concave in both consumption and real balances: u. > 0 and u,,;, > 0, u.. < 0,
Umm < 0, Uem < 0 and UeelUmm — (ucm)2 > 0, where the subscript to u indicates
the partial derivative. We make the following functional assumption on the utility

function

" <ct, Aﬁ) — 10g Cs + (1 — ¢) log (%) @)

t t

This type of utility function is used in Stulz (1986). In equation (2), the preference

parameter ¢ is chosen so that the nominal and real spot rates determined under

the assumption of absence of arbitrage opportunities are also equilibrium values
(see Corollary 1 in the Appendix).

As a working hypothesis to derive the first order conditions, we consider a

model of pure endowment economy where output growth evolves as

AY;  Yiar—Y%
Yi Y

= ,U/Y,tAt + O'Y’tQYﬂg Vv At. (3)

The terms py; and oy, are, respectively, the conditional expected value and
the standard deviation of output per unit of time and {Qy;t =0,At,...} is a

standard normal process.’

3 Fiscal and monetary policy

The main point of this paper is to examine the impact of the interaction between
monetary and fiscal policy on the the term structure of interest rates. We think
of ‘interactions’ in the sense captured by the “fiscal theory of the price level” of
Leeper (1991), Sims (1994), Woodford (1996), and recently extended by Cochrane
(1998, 1999), which suggests that a tight fiscal policy is a necessary complement

to ensure price stability.

LA more realistic law of motion for output is introduced in section 7.



We define the money supply aggregate (in nominal terms) as
M = H; + F;. (4)

In equation (4) we observe that the total money supply is determined by two
components. Hy is the so called ‘high powered money’ (or monetary base). F}
represents the amount of money needed by the government to budget its balance.
Basically, F} is an additional financing source for the government apart from taxes
and debt?.

We assume that H; and F} follow the processes described by

AH; _ Hipnr — H
H; H;

= pH A (5)

AF; _ A — B

= At Qr: VAL 6
2} iz prtAt +opdlpt (6)

where pp; and pp; are, respectively, the mean of the stochastic process of the
monetary base and of the financing to public debt. In (5), the stochastic process
for Hy does not have a standard error term, implying that the monetary base
possesses only a deterministic component. The process leading F;, instead, has
a standard deviation term op;, where {Qp;t =0, At,...} are standard normal
random variables.

From (4), (5) and (6), we can write the stochastic process for the total money

supply M?*
A]\Z? = ts+?\i[g My = At + UM,tQM,t\/Kt (7)
WMt = pHt + UFE (8)
or 20 = O Ey 9)

At a first glance, these expressions stress that the central bank is assumed to

target money growth.

2F; can be thought of as the demand for money balances expressed by the government.
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The subsequent building block of the model assigns a proper macroeconomic
role to the government. The innovation introduced in this paper with respect
to the existing literature consists in the key role for the government budget
constraint

ADpine + AFne = Aty ne Dy — ATy ag (10)

where Dy indicates the stock of public debt, and Ay A, is the stochastic process of
the nominal spot interest rate, whose endogenous law of motion will be computed
later. Moreover, AT, A; is the stochastic process for taxes. We assume that the
government does not face any form of public spending. Recall that ADyiar =
Diinr — Dy, AFpiny = Froay — Fi. Basically, the government can use taxes,
money and debt to finance its budget.

Following the fiscal theory of price level, we assume that the government sets

taxes according to the simple rule rule
ATyynr = 91 DAt + ¢1Diop Qr VAL (11)

According to (11), the government sets as a function of the outstanding amount
of public debt. This means that if the stock of debt issued rises, taxes must
change accordingly with a marginal elasticity equal to ¢1. A bound on ¢; can be
established from Sims (1994) by setting ¢; at a value lower than or equal to the
discount factor (3.

To close the model, we assume that the process for the nominal spot interest
rate is

Adpynr = At + 0448 1V AL, (12)

for values of the mean and the standard deviations to be determined later. By

11



plugging (12) and (11) into (10), we can recover the flow budget constraint of the

public sector
ADiint + AF A = (i — ¢1) DiAt 4 Doy 10 1V AL — o1 Dyor Qi VAL, (13)

In order to obtain a semi-closed form solution, we assume that the quantity

of newly-issued public debt follows a deterministic process with mean up

ADy _ Diyar — Dy
Dy Dy

= ND,tAt‘ (14.)

Thus, the flow budget constraint becomes

wp At + pp At + opQp VAL = (1 — ¢1) DiAt

+ DtUi,tQi,t vV At + _¢1DtO—T7tQT,tV At. (15)

To get intuition on these relations, we focus on their deterministic part. Assume
that the government aims to maintain a constant ratio of nominal bond to
governmental money, ie, ¢» = D/F. Therefore, by applying Ito’s Lemma to
the definition of 1, we can write the relationship between the mean of the public

debt and money

HD = [iF — O (16)

From the equality between the deterministic and the stochastic terms of F},

Yup +pr = (i — ¢1) (17)

op = Y (oi—dior). (18)

Finally, using the definition of up into (17), we get the semi-closed solution for

the mean of the stochastic process of the governmental money

(i — 1+ 0%) ¥
1+

= (19)

12



Therefore, (18) and (19) represent the full equilibrium relationship in the
economy. By using (19), it is clear that the mean of the stochastic process

leading money is
(i — @1+ %) W
L+ '

pyM = pig + (20)

4 The optimal choice problem

The representative agent’s budget constraint is

N
M+ (P.y + PtcytAt) 2+ PPays +agy + Z P, iais = PECy At + Myyay
=3

C Q1 t+At a2 t+ At
P P E P, (21
+ Frizerne + 1 1—|—rtAt 1+ i,Al ,t Qi t+ At )

The investor can choose among one real and one nominal bond (both risk free),
and N — 2 equities. Each bond is issued at time ¢ and has maturity at time
t+ At. The return on bond are i; for the nominal bond, and 7; for the real bond.
P, is the price (inclusive of dividends) of asset 7 at time t. The representative
agent demands M;, for cash, C; for consumption and z; for equity holdings.
ai¢,agt, . ..any represent the unit of financial asset held from (¢ — At) to .3
The choice problem of the representative investor consists in the maximization
of the utility function (2) subject to the budget constraint (21). The first order

conditions for Cy, a1, az¢, M; and a;; are, respectively,

Ue (Ct, mt) = )\tPtC (22)
Et [eiﬂAt)\HAtPSrm (1 + T’tAt)} = AtPtC (23)
Et |:€7ﬁAt>\t+At (1 + ZtAt)] = >\t (24)
_BAt 1
By e 7% A At + um (Crpat, Mitat) 5e— | = M (25)
Pt+At

3This setup above described is similar to that of Baksi and Chen (1996), who use this model
to study the impact of monetary policy and inflation on financial asset.

13



E, [e_ﬁAt)\tJrAtPi,tJrAt = MNPy (26)

5 Definition of equilibrium

We assume that the economy is populated by identical agents. In a representative
agent economy, optimal consumption, money demand and portfolio holdings must

adjust in order that the following equilibrium conditions are verified in general

equilibrium
Ci=Y (27)
M, = M7 = M? (28)
2z =1 (29)
ai; =0 Yi=1,...N (30)

In a pure endowment economy, (27) states that the total amount of consumption
must equal the total output endowment. The equality between money demand
and supply is stated in equation (28), while equation (29) states that each agent’s
demand for equity shares must equal the supply. In the same way, each agent’s
demand for financial assets should equal supply which is zero, as showed in (30).

Using equations (27)—(30) and the first order conditions (22)-(26), we obtain

ue (Y, me) = e P2 By [ue (Yipar, musar) (14 1:At)] (31)
Ue (}/;57 mt) _ e—ﬁAtEt Ue (Yt-i-Atv mt+At) (1 + ZtAt) (32)
PP P A
_ Dit+A
ue (Yy,my) = e BAtEt {UC (Yitae, mirac) l;_t} (33)
it

- P
ue (Yy,my) = e PALE, {[Uc (Yt ae, miae) + wm (Yerar, mitat)] Pct} (34)
t+AL

where m; = 24

. P} . . .
e the real cash balances and p;; = e 18 the real price (in terms
t t

of the consumption goods) of asset ¢ at time ¢.

14



Equations (31)—(34) are Euler conditions derived from the utility
maximization problem of the representative investor. Equations (31) and (34)
state that the representative investor must be indifferent between investing an
amount of money equal to Ptc in a real risk-free bond and holding the same
amount in cash. This arbitrage condition holds also for nominal bonds (see
equations (32) and (34)). Finally, equations (33) and (34) describe the relation
of indifference between investing one more amount of cash of size PC in asset
i and holding the same amount in a pure cash. Equations (31)-(34) establish
the demand for real money, while (32) and (34) yield the demand for money in
nominal terms. Equation (34) states that, in equilibrium, the agent is indifferent
between holding PX amount of cash and consuming one extra unit of the good,
because both actions produce the same marginal utility. The link between the
price level and monetary policy is established by equation (34). Monetary policy
and the asset market are tied together through equations (34) and (33), which
establish the consistency between the money supply and asset markets. Finally,
the interdependence between monetary policy and the goods market is described

by equations (31) and (34).

Equation (33) must to hold also for the equity Z; when we replace %
with pz’t#ty”“, where p,; = % is the real price of the equity share.
25 t

Additional sufficient conditions for the existence of an interior optimum are the

two transversality conditions

Yr,mr)
lim B, { epartedmmn) 1 35
T {e ue (Y, my) bit (85)
. _ Yr,mr) 1
1 E ﬂAtu‘f(i’i -0 36
TLH}OO t {6 Ue (Y},mt) Ptc ( )

The equality (35) rules out bubbles in the price level of any risky asset. Condition
(36), instead, prevents bubbles in the price level from taking place. The intuition
behind the two TVCs is if (35) is violated the agent is willing to sacrifice

actual consumption in favor of future consumption derived from proceeds from

15



investment in risky assets without bound. Under condition (36), the agent accepts
a reduction in consumption today in exchange for a larger amount of money in
the future without bound.

To conclude the characterization of the equilibrium relations, we need to define
the stochastic process for real asset prices. We follow Baksi and Chen (1996),

Merton (1971) and Grossman and Grossmann and Shiller (1982) by assuming

Api,t
Dit

= pi At + 05 Q5 VAL (37)

where pf, and o7, are, respectively, the conditional expected value and the
standard deviation of real return on asset ¢ per unit of time. Finally, the process

{Qf,tt =0, At,.. } is a standard normal.

6 The equilibrium in the continuous time limit

In this section we characterize the equilibrium for the continuous time limit.
These results are independent from the assumptions made on the role of fiscal
and monetary policies in the determination of the equilibrium. For this reason,

the results from this section are similar to Baksi and Chen (1996) Balduzzi (1998).

Proposition 1 The equilibrium risk premiums for any risky asset over the real

spot interest rate is

e Ciice dp; dY; MtUem dp;s dmy
Pip =Tt = — covy e covg | —=,— | . (38)

)
Ue pit Y3 Ue Dig My

Proof 1 Subtract equation (31) from (33), manipulating the resulting expression

and using the definition of the stochastic process for p;; (37), we obtain

_ﬂAtE Ue (}/t+At7 mt+At) |: e At € Q¢ At:| =0 39
e t { " (}/i) mt) (IU”L,t 7“,5) + O-’L,t l,t\/i . ( )

16



Thus, by taking a Taylor expansion of the equation (39) around steady state, we

get
ePAL, { [(Mg’t — ) At + o—f’tﬂfﬁt\/At}
o |1y Yee (Yerne, merae) Yo AYy  tem (Yipar, migat) my Amt:| } 1 0
uc (Yy, my) Y; uc (Yy, my) At

By letting At — 0 and applying Ito’s multiplication rule, we obtain (38). B

Proposition 2 The real price for the equity share is

o Y5, ms)
P,,=FE *B(S*t)uC( SARCLYA VoW 4
(= s o

Proof 2 Recalling that

P, iiat + YiparAt _ Ap; 144t (41)
P4 pit

use equation (33) to obtain

_gatUe (Yepat, mepa
P B e et Pesa} @2

After iterating forward, the result is

_ (Yitjae, mieyine)
- E § san be Yepjan Migiar) v Ay 43
P, t e (Y, m0) t+jAL (43)

Thus, by taking the limit for At — 0 in (43) we finally get the result under (40).

Proposition 3 In the continuous time limit equilibrium, the commodity price

level is given at time t by

1 > m(Ys,ms) 1
= Et/ e tmYarma) 1, (44)
t

17



The expected inflation rate is

1 dPt
= —_E<{—L 45
" dt t{ Pf } ()
. dPE\  ueY, dY; dpPf
= i - - e 46
it — 1+ vart{ PC } " covy ( e (46)
om dPC d
_ Uemt covy ( é, ) mt) (47)
Ue Pt my

Proof 3 Reuwrite the first order condition (34) as follows

I Bt p ) | e (Yipar, meyar) 1 Um, (Criat, meyat) | At (48)
=5 = t
Pf ue (Ye,me) P ue (Yr, 1) P A
then, iterate equation (48) to get
1 S iianUm (C AL Mt A At
5 = E, Ze B(iAt) m ( t+(yyt t+5At) = (49)
t ) ue (Yi,1m4) t+jAL

Taking the limit of the equation (49) we get the result under (44).

To compute the inflation rate, divide the first order conditions (31) and (32)

Ue (Yirat, Mt at) - pF
E 1 At)y = F Y; 1 At) ——
t { we (Ys, m2) (14 rAt) ¢ | te (Yiear, muyae) (1 +4:At) PSFAt
(50)

After taking the Taylor approzimation of (50) and re-arranging,

(it—T‘t)At: |:1+ ’U,ch;f <AY;€> + ucmmt (Amt>:|

Ue Y: Ue my
APS  [APC\?
PF PF

X +o(AD)Y? (51)

Thus, by taking the limit of equation (51), for At — 0 we have

C C c
i — T = iEt {dPt } — vary {dPt } + ujjytcovt (dYt i )

dt PF PF c Y; ' PF
UMt dPf dmt>
+ covy | —~, — 52
hoon (G ) (62)

18



C
Thus, by using m = éEt {%}, and rearranging we get the equation (47). B
t

7 A specialized economy

In what follows we lay out a specific model used to derive the stochastic processes
for the price level and the other variables. We assume that the stochastic process
for output is

dYy = (py + nyx) dt + oy /T dWa,y. (53)

where the process for the technology factor z; is
dry = a(b—x¢) dt + op/TedWy s, (54)

where (Wy)

; is a unidimensional Q-Brownian motion, uy, 7y, oy, a, b, and o,
are fixed real numbers.

The monetary aggregates H; and F}; follow the exogenous processes
dln Hy = pjpdt + dln (g) (55)

dinFy = Tipdt + dln (q;) (56)

where ¢; is the detrended money supply process. Each type of money supply has
two components, a drift term and a stochastic part. In particular, p7; is assumed
to be constant and positive, while fi is determined by equation (19). From Baksi

and Chen (1996), ¢; evolves according to

d .
% = kq (g — @) dt + 04/@dWiy, i =H, F (57)

where (W; ), is a unidimensional Q-Brownian motion independent upon (W ;),.

t
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Therefore, by using the definition of money supply (4), we find that the stochastic

process leading money supply is

dM;

Wt = HMidt + O'q\/Q?dWM#/. (58)

(Whr), is a unidimensional Q-Brownian motion independent from (W), and
(Wis),, and where

pm = iy + 2kg (g — at) (59)

with py, = py + g, and dQp = dQy e + dQpy.
The set of assumptions presented earlier allows us to compute the equilibrium

price level of the commodity and the inflation process.

Theorem 4 Given the utility function of the representative agent as described

by equation (2), then the equilibrium price level is

pe_ ¢ G (B+pip) (B+ iy +2kqig) M )
T 1= (B4 uyy) + (kg + 302) ai2kqng Yo

The stochastic process of the CPI is

dPf AU — AT
z = ﬂtdt + O'q\/q7 |:1 + (qq)qt] dWMﬂﬁ — ay@dWx,t (61)
P AT
where the inflation rate is
T = Wy — My + (05 — ny) Tt (62)
(AU — AT,) Tad
+%% kq (g — at) + qT (63)
2(Agq¥ — AWyy) — AW + AW, ] 02g)/ (6)
* 2UZA
(ZS * *
Al = 75 (a7 (B+ 1) (B + pias + 2kqpg)] (65)
V(g) = (B+pia)+ (kg +307) ai2ken (66)
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Proof 4 We start by showing how to get (60). From (58) we have that

1 .
M:e iuMqt . (67)

Define G(q) = %. Thus by using Ito’s Lemma, we get

2
%9 W4 (68)

2kqpq 2
d {e ] = = (kg + 307) e*raraldt — ,
qt qt\/qt

@t

The expected value is

1 1
E|l—=| = FE q]:
t[qi] t[qih

3 s e2kqpqz e2kakiqt
t QZ qt

e~ 2kata(s—t) I (kq + 304) (1 — 6—2"7‘1”‘1(5_”) .
Q@ qikqlig

Finally, from the first order conditions of the problem of the representative agent,

we get

1 1-— > 1 «
t s

After solving for the integral, we get equation (61).

To compute the inflation rate, it is enough to apply Ito’s lemma to (61) by

setting V (M, Yz, qt) = @EZ;; %’f so that

dPf = GMthJrGdetJqudqﬁ% Gyy (dY})* + Gyq (dar)* + Gug (dMy) (dgy) | -

(70)
By taking into account (65), (66), and the definitions for Yy, ¢ and My, (53),
(57) and (58) respectively, we obtain equation (64). B
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8 The real spot interest rate

In this section we derive the dynamics of the real spot interest rate implied by
exogenous the dynamics of the technology process. Since this requires solving
the differential equation (54), x; is Markov and satisfies the necessary technical
conditions to apply the Representation Theorem of Feyman-Kac. We can now
follow the partial differential equation — PDE — approach to compute the real

spot rate.

Theorem 5 If the technology process follows (54) , then the real spot rate ry is

a function ¢ (t,x;) that represents the unique solution to the Kolmogorov PDE

2 T T T
sodn 5 o — ) M + G —wo (ba) =0

¢(T7 .’L't) == %il;

where the final condition is the long time spot rate determined in Cox, Ingersoll

and Ross (1985). This gives
re = A(0) €O (72)

where 0 =T —t and

o2(2+4a) (1-e1y)

O = npI et - (1P (3)
—¢
A(0) = ryj_@{QXabe”(@)’yC [a—k'y—og—kew (7—@4—02)} } (74)
a? -2 —202(a+b+ab)+o*(1+b
Y = Y o ( )+ ( ) (75)

(a— 02/ =72

b2 (2 +a—7)

R TP o
bo? (02 —2a — 2
¢ = (a( 0_2)2 — 72 ) (77)

v = Va?+ 202 (78)

“The drift and volatility terms in (54) must be Lipschitz and bounded on $.
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Proof 5 If ¢ (t,x¢) = 14, like in equation (72), then the Kolmogorov PDE is

1022,C% (0) e +a(b—a) C () re + A" () “O2e
—I—Cl (9) TtTy — TTy = 0 (79)

¢(T7xt) = 3%

where A" (0) and C' (0) represent the derivative with respect to time of functions
A(0) and C(0) equations (73) and (74). Given that the Kolmogorov PDE is
verified for all t and xz, we can divide it into two parts. One part is dependent
and the other one is independent from x;. The task boils down to solving the

differential equation — DE — system

15202 () —aC () +C' (0) =1 =0 C(0) =1

A" (0) +abA()C (H) =0 A(0) = 22,

(80)

The first DE is a Riccati equation whose solution is (73). The second equation,

instead, is a regular first order DE with solution given by (74). B

Lemma 6 The dynamics of real spot interest rate is
dry =a" (0) [b* (0) —ri dt + C (0) reop/zedWy s (81)

where (W ¢)

; 18 a unidimensional Q— Brownian motion, and with

@ 0) = —|ab-m)CO)+C (O)z+ %0%@02 ()

b (0) =

Proof 6 By applying Ito’s Lemma to (72), the dynamics of ry = ¢ (t,x¢) is

dry = C(0)ridey + %dt + 1afc:mCQ (0) rdt (82)
, 1

= rila(b—x)C(0)+C (0) 2y + 5032630,502 (0)| dt + (83)

+A'(0) O dt 1+ C (0) o /T:dWi o (84)
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Finally, we can write (83) as a mean reverting process in square root with time

dependent coefficients like in (81). B

9 The term structure of real interest rates

Here we show how to compute the price of zero coupon bonds as a function of
time, technology and the real spot rate. We follow again a PDE approach because
both z; and r; are Markov and satisfy the necessary technical conditions to apply
the Representation Theorem of Feyman-Kac. The solution has no closed form,

and it is necessary to use numerical methods to understand how it works.

Theorem 7 If technology and the real spot rate follow (54) and (83), respectively,
then the zero coupon bond B (t,T) is a function 9 (t,x¢, 1) that represents the

unique solution to the Kolmogorov PDE

1.2 8279(t,xt,rt) 819(t,$t,7’t) 1 2 2 2 2 8219(t,$t,Tt)
50’ .TtT +a [b — xt] oz + §C (9) c* (6) Tt Ul,xtT‘i‘

a* (0) b (6) — 1] PGH 41, C () o, Sgiigere) 4 P

—Ttﬂ (t, Tt, Tt) =0

19 (T, l‘t,’f‘t) =1

Proof 7 Let us assume V (t,z,r¢) = B (t,T) with
B(t,T) = A* () e O, (86)
The Kolmogorov PDE becomes

—2025,C? (0) 1, C*2 (0) B (t,T) [1 — C*2 (6) 4] +

—a[b—x] C* (0) B (t,T) r,C (0) + 202,02 (0) r7C*2 (0) B (,T) +

—a* (0) [b* (0) — re] C* (0) B (t,T) + 022,C2 (0) r2C*2 () B (t,T)+  (87)
+ A (0) e Ore — O™ (0) B (t,T) — B (t,T) = 0

’l9 (T, $t,’l“t) =1.
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Since the PDE (87) is verified for all t, x; and r¢, we can divide it into two
equations, one dependent and one independent from x; and ry. Now the problem

s to solve the DE system

12(0)C*2(0) —T (1) C*(0) —C* () —1=0 C*(0)=0 (58)
A¥(0) — a* () b* () A* () C*(A) = 0 A*(0) =1

where o* (t) and U (t) are

0" (0) = 20,C(0)rize (89)
T(0) = —o22:0%(0) + abC (0) — aC () z¢ — a* (6) . (90)

The first DE is a Riccati equation, and the second is a first order DE. Both
equations have time-varying coefficient. We can then find the solution only by

using numerical methods. M

Lemma 8 The term structure of real interest rates is
1
R(t,T) = —3 [ln A* () — r.C™* (6)]. (91)

where A* (0) and C* (6) are the solutions of system (88).

Proof 8 The term structure of real interest rates can be derived from the relation

between the price of zero coupon bond and the continuous real interest rate

B(t,T) = e 0R®T), (92)
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10 The term structure of nominal interest rates

In this section we derive the equilibrium nominal spot interest rate, the analytical
expression for the nominal zero coupon bond, and for the nominal term structure

of interest rates.

Lemma 9 The nominal spot interest rate is

1—¢ Y,

L C(0)a ¢ a? (B + phy) (B + why + 2kqug) My
ir=A(f)e [( ) (5 1) + (g & 307) au2hgty Vi (93)

where A (0), C (0) are (73) and (74), respectively.
Proof 9 Multiply (72) by (60). B

Lemma 10 The nominal zero coupon bond is

2 * * 9
NtT) = B(tT) ( ¢ ) 4 (ﬁ‘t/‘M)(ﬁ'i':“M;' Kqtig) My (94)
1=¢) (B+nis) + (kg + 307) ar2kquq Vi
where B (t,T) is the solution of (87) .
Proof 10 Multiply the solution of (85) by (60). B
Lemma 11 The nominal term structure of interest rate is
2 * * 2% M.
[(tT)=R(tT) < ¢ > 9 (ﬁtﬂM)(ﬁ‘i',uM;‘ attg) Mi (95)
L—¢) (B+upy)+ (ke + 30q) qi2kqpg Y

where R (t,T) follows from equation (91).

Proof 11 Multiply (91) by (60). B

From the expressions for (93), (94) and (95), we observe that the values
of the rates for the nominal term structure are higher than those for the real

variables
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if (60) is larger than one. This depends on g}, which is a function of ¢;. In

particular, the nominal curve is above the real curve if

pht < paf and iy > ph (96)

where £37 and uﬁ are

va —T + /T2 + 4M;pg2 A
L b + t¢Qt (97)

Mo 2M,;pq?
I' = 2Mpq; (B+ kqpg) — Ye (1 — ¢) (98)
A = Y (1-¢)B—2Yikguqa: (kg + 302) (1 — ¢) (99)
+Mgi B (B + 2kqpyg) -

11 Simulation results

We now calibrate the model and run numerical simulations to get a better
understanding of the relations involved.  The intertemporal substitution
coeflicient 3 has been set equal to 0.998. The values for the other parameters are
from Balduzzi (1998), who proposes a model with similar stochastic processes.
In particular, we have k; = 0.3, ug = 0.1, py = 0.2, 5y =04, 0, = 0.1, ¢ = 0.5,
wy = 0.2. For the other parameters we have chosen values that are consistent
from an economic point of view, that is a = 0.45, b = 0.03, 0, = 1.35. The
solution of the model on the stochastic processes for x, ¢, M and Y. We initialize
these processes at xg = 0.1, gg = 0.1, My = 0.1 and Yy = 1.

Figure 1 plots the nominal and real spot rate curve for different values of

pys- The curve of real rates lays below the nominal curve.’

The parameters
governing the real curve are kept constant. However, we impose the constraint

in (96). Figure 1 shows that the higher the reaction of the tax rate to real debt,

5The case where the nominal curve is above the real curve can be thought as the result of
a very tight fiscal policy that produces a deflationary equilibrium. Such deflationary equilibria
are not to be ruled out within the framework of the fiscal theory of price level determination.
They can be interpreted as arising from the contraction of aggregate demand because of a high
of taxes to real debt.
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the lower 413,, and the lower the position of the nominal curve. This implies that
the average nominal rates are consistent with the notion of equilibrium outlined
earlier. For a very elastic tax rate (ie a very low u},), the curve of nominal spot
rates does not change as a function of fiscal parameters.

In order to simulate a closed form solution for the term structure of
zero-coupon bonds, we assume that the coefficients of the equations in (88) are
constant. We are aware of the limitation of this choice. However, this is only
meant to make the discussion of the results more intuitive.

Figure 2 shows that the position of the term structure depends on the value
assumed for p3, and, consequently, on the value of the tax elasticity ¢;. If the
tax elasticity falls and 3, rises, the curve of the nominal zero coupon bond shifts
downward except for very low values of u},, when the curve loses sensitiveness
to this parameter. This is consistent with the results form the fiscal theory of
the price level. As the tax rate falls, also the price for newly issued debt drops
because the reduced backing of taxes generates inflationary risk in the future,

thus causing a reduction of the nominal value of debt today.

12 Concluding remarks

In this paper we study a simple intertemporal model for the determination of
the nominal and real term structure where the interaction between fiscal and
monetary plays a key role. We investigate the relation between the term structure
of interest rate and the fiscal theory of price level determination. In so doing,
we move beyond the standard finance models where monetary and technological
factors are the sole determinants of the term structure of interest rates.

A number of interesting avenues of future work can be considered. The model
presented in this paper should be taken to the data to study how inflation risk
premia are affected by fiscal determinants. An ongoing work considers the pricing
of interest-rate futures in our model. This is likely to shadow more light on the

role of monetary policy expectations when also fiscal policy matters.

28



References

Bakshi, G S — Chen, Z (1996) Inflation, Asset Prices, and the Term Structure
of Interest Rates in Monetary Economies. The Review of Financial Studies,
Spring, 9, 1, 241-275.

Balduzzi, P (2007) Money and Asset Prices in a Continuous-time Lucas and
Stokey Cash-in-advance Economy. Journal of Economic Dynamics and
Control. 31, 2713-2743.

Breeden, D (1986) Consumption, Production, Inflation and Interest Rates A
Synthesis. Journal of Financial Economics, 16, 3—39.

Cochrane, J (1998) A Frictionless view of US Inflation. NBER Macroeconomic
Annual, edited by Rotemberg, J and Woodford, M. MIT Press, Cambridge,
MA.

Cochrane, J (1999) Money as Stock Price Level Determination with no Money
Demand. Unpublished manuscript, Chicago Business School, August.

Cox, J] C — Ingersoll, ] E — Ross, S A (1985) An Intertemporal General
Equilibrium Model of Asset Prices. Econometrica, 53, 2, 363—384.

Grossmann, S — Shiller, R (1982) Consumption Correlatedness and Risk
Measurement in Economics with Non-Traded Assets and Heterogeneous
Information. Journal of Financial Economics, 10, 195-210.

Leeper, E M (1991) Equilibria under Active and Passive Monetary and Fiscal
Policy. Journal of Monetary Economics, 27, 129-147.

Merton, R (1971) Optimal Consumption and Portfolio Rules in a Continuous
Time Model. Journal of Economic Theory, 3, 373—413.

Sims, C A (1994) A Simple Model to Study the Determination of the Price
Level and the Interaction of Monetary and Fiscal Policy. Economic
Theory, 4, 381-399.

Stulz, R (1986) Asset Pricing and Expected Inflation. Journal of Finance, 41,
209-223.

Woodford, M (1996) Control of the Public Debt: A Requirement for Price
Stability? NBER Working Paper, 5684, July.

29



A Appendix

Proposition 12 In the continuous time limit equilibrium, the real interest rate
has the form

1 1Y? 1
r = ﬂ — Y;ucc 7Et {d)/%} — 7}/; ucc’l)aTt {d}/t} - [t tem %Et {%?]%O)
t

v

U'C dt }/t 2 uc uC
_ 1 m%ucmm var, dmy B Yimiteem covs ﬁ’ dmy ' (101)
2 Uc my Uc Yy oy

Proof 12 A Taylor expansion around the equilibrium of first order condition (31)

yields

ue (Yo, my) (1 + reAt) = Ep {(1 + r¢At) [ue (Ye, me) + tee (Ye, me) AYi+

Ucce (Y;fvmt)
2

Ueem, (Y;g, mt) (Y;fv mt)

Uemm
— ZAYA
+ 5 tAmg + 9

+ucm (Y;ta mt) A"nt + (AYZ)Q
(Amt)ﬂ } +o(AHY?. (102)

After collecting terms and re-arranging
1 ueYy (AY; Uem Amy Ucch;t2 AY; 2
=0f—-—F
= At t{ Ue (Yt +Ucmt my + 2, Y; +

2 2
+Uccmytmt <An> <Amt> + Uemm My <Amt> } —|—O(At)3/2 ) (103)

AT Y; me AT me

Thus, take the limit of (103) and apply Ito’s multiplication rule, we get equation
(101), after having recalled that

lE & ’ = var &

at |\ Y "\

1 > Amy 2 _ Amy

pr ., = varg .
my my

Corollary 13 The real spot interest rate determined in equation (72) is also an
equilibrium rate, for utility function parameter values ¢ such that this equation
and (101) are equal. Consequently, this is true also for the nominal spot interest

rate.
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Figure 1: The nominal and real spot curve

Nominal and Real Spot Rate Curve

0.45 T T T T

Legend: The line (—.) is for pj, = 0.98, the dark line is for pj3; = 0.55, the dashed (——)
is for p3; = 0.01 and the crossed curve (++) is for py, = 0.0001.
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Figure 2: The nominal and real term structure of zero coupon bonds

Term Structure of Nominal and Real Zero Coupon Bond

0.035 T I * T T T T

*

0.025 1

N(t,T), B(t,T)

0.015¢4

0.0051

Legend: The line (—.) is for pj, = 0.98, the dark line is for pj3; = 0.55, the dashed (——)
is for p3; = 0.01 and the crossed curve (++) is for py, = 0.0001.
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