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Adaptive learning and monetary policy design

Bank of Finland Discussion Papers 29/2002

George W. Evans — Seppo Honkapohja
Research Department

Abstract

We review the recent work on interest rate setting, which emphasizes the
desirability of designing policy to ensure stability under private agent learning.
Appropriately designed expectations based rules can yield optimal rational
expectations equilibria that are both determinate and stable under learning. Some
simple instrument rules and approximate targeting rules also have these desirable
properties. We take up various complications in implementing optimal policy,
including the observability of key variables and the required knowledge of
structural parameters. An additional issue that we take up concerns the
implications of expectation shocks not arising from transitional learning effects.

Key words: commitment, interest rate setting, adaptive learning, stability,
determinacy, expectations shocks

JEL classification numbers: E52, E31, D84



Adaptiivinen oppiminen ja rahapolititkan muotoilu

Suomen Pankin keskustelualoitteita 29/2002

George W. Evans — Seppo Honkapohja
Tutkimusosasto

Tivistelma

Tutkimuksessa luodaan aluksi katsaus uusimpaan korkosdéntoja kasitteleviin tut-
kimukseen, jossa korostetaan polititkan muotoilua siten, ettd sen avulla saavute-
taan talouden stabiliteetti yksityisen sektorin oppimiskdyttdytymisen suhteen.
Oikealla tavalla muotoillut, ennusteisiin perustuvat korkosdédnnot voivat johtaa
optimaaliseen tasapainoon, joka on sekd determinoitu ettd oppimisen suhteen sta-
biili. Joillakin instrumenttisdédnno6illd ja likimaardisilla tavoitesddnnoilld on myods
ndmi toivottavat ominaisuudet. Tutkimuksessa tarkastellaan myos optimaalisen
politiikan toteutukseen liittyvid ongelmia. Niitd ovat keskeisten muuttujien ha-
vaittavuus ja tarvittava tietimys talouden rakenneparametrien arvoista. Liséksi
tarkastellaan odotuksissa esiintyvien, muiden kuin oppimisesta aiheutuvien sok-
kien seurauksia.

Avainsanat: sitoutuminen, korkojen asetanta, adaptiivinen oppiminen, stabiilisuus,
determinoituvuus, odotussokit

JEL-luokittelu: E52, E31, D84
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1 Introduction

The conduct of monetary policy in terms of interest rate or other rules has
been extensively studied in recent research, for surveys see eg (Clarida, Gali,
and Gertler 1999), (Woodford 1999b) and (McCallum 1999). This literature
gives a central role for forecasts of future inflation and output. Empirical
evidence on Germany, Japan and the US since 1979 provided by (Clarida, Gali,
and Gertler 1998) suggests that central banks are forward looking in practice.
Bank of England Inflation Reports, see (Bank of England 2002), discuss private
sector forecasts while the June and December Issues of the Monthly Bulletin
of the European Central Bank, see (European Central Bank 2002), present
both internal macroeconomic projections and forecasts by other institutions.
However, the precise role of these forecasts in the decision making of these
central banks is not revealed.

The question of whether monetary policy should be forward looking has
been subject to discussion and debate.! Some formulations of optimal mone-
tary policy specify the interest rate reaction function solely in terms of funda-
mentals. Instrument rules such as variants of the Taylor rule are also widely
considered, and discussions focus in part on whether or not the short-term
nominal interest rate should react to forecasts of inflation and/or the output
gap. Theoretical studies have shown that, because the private economy is in
any case forward looking, there are two potential difficulties that monetary
policy design must confront.

First, the proposed interest rate rules may not perform well when the
expectations of the agents are out of equilibrium, eg as a result of structural
shifts. The consequences of temporary errors in forecasting, and the resulting
correction mechanisms, have been studied in recent research using the adaptive
learning approach.? For monetary policy (Evans and Honkapohja 2002a) and
(Evans and Honkapohja 2002b) show that certain standard forms of optimal
interest rate setting by the Central Bank can lead to instability as economic
agents unsuccessfully try to correct their forecast functions over time, with the
result that the economy may not converge to the desired rational expectations
equilibrium (REE). They also propose a new method of implementing optimal
policy that always leads to stability under learning. (Bullard and Mitra 2002)
consider the stability of equilibria when monetary policy is conducted using

I General discussions sometimes pose the question of whether central banks should focus
attention on economic fundamentals or “follow the markets”, which “sometimes stray far
from fundamentals”, see eg 60-61 of (Blinder 1998). (Hall 1984), p. 146, suggested some
time ago that the “Fed’s internal procedure” should place some weight on “reliable outside
forecasts.”

2(Evans and Honkapohja 2001) is an extensive treatise on the analysis of adaptive learn-
ing and its implications in macroeconomics. (Evans and Honkapohja 1999), (Evans and
Honkapohja 1995), (Marimon 1997), (Sargent 1993) and (Sargent 1999) provide surveys of
the field.



variants of the Taylor interest rate rule. Bullard and Mitra argue that mone-
tary policy making should take into account the learnability constraints, which
imply constraints on the parameters of policy behavior.?

Second, monetary policy rules, including some formulations for optimal
setting of the instrument and some Taylor rules based on forecasts of inflation
and/or output gap, can lead to indeterminacy of equilibria, as discussed further
below. Under indeterminacy there are multiple, even continua of REE and
the economy need not settle in the desired REE. The possible rest points
can be studied using stability under learning as a selection criterion, see eg
(Honkapohja and Mitra 2001a) and (Carlstrom and Fuerst 2001). We note
that indeterminacy is not a critical problem if the fundamental REE is the
only stable equilibrium under learning. Moreover, indeterminacy need not
arise if the forward-looking interest rate rule is carefully designed, see (Bullard
and Mitra 2002), (Evans and Honkapohja 2002a) and (Evans and Honkapohja
2002b).

In this paper we review recent results on the performance of interest rate
rules using stability under learning as the key criterion (though we also provide
some discussion of determinacy of equilibria). We consider both target rules
that are optimal either under commitment or discretion and also instrument
rules that do not explicitly aim for optimality. The latter include extensions or
variants of the rule proposed by (Taylor 1993) as well as approximate targeting
rules suggested recently by (McCallum and Nelson 2000).

After reviewing the theoretical results we take up a number of practical
concerns that can arise when forecast based rules for interest rate setting are
employed. The first issue is observability of relevant variables. Issues of non-
observability can arise in connection with private forecasts that are needed
for the desired implementation of optimal policy suggested by (Evans and
Honkapohja 2002a) and (Evans and Honkapohja 2002b), as well as with current
data as noted in (Bullard and Mitra 2002) and (McCallum and Nelson 2000).
Second, we introduce expectation shocks and study whether they affect the
conclusions derived when these shocks are absent. The third concern is knowl-
edge of the structure of the economy that is required for implementation of
optimal interest rate policies. We extend the analysis of optimal commitment
policy under private agent learning to a situation in which the central bank
estimates the structural parameters of the economy and uses these estimates
in their rule for setting interest rates.

3Other papers on monetary policy using the learning approach include (Bullard and
Mitra 2001), (Mitra 2001), (Honkapohja and Mitra 2001a), (Honkapohja and Mitra 2002),
(Carlstrom and Fuerst 2001), (Orphanides and Williams 2002), (Ferrero 2002), (Preston
2002) and (Evans and Ramey 2001). An important predecessor to this work is (Howitt 1992),
though he did not use the New Keynesian framework.

8



2 The model

We use a linearized model that is standard in the literature, see (Clarida, Gali,
and Gertler 1999) for the particular formulation used here. The original non-
linear framework is based on a representative consumer, and a continuum of
firms producing differentiated goods under monopolistic competition. Firms
are subject to constraints on the frequency of price changes, as originally sug-
gested by (Calvo 1983).*

The behavior of the private sector is summarized by the two equations

= —(iy — Efmy1) + Ef 21 + g, (1)

which is the “IS” curve derived from the Euler equation for consumer opti-
mization, and

T = A\xy + BE{ o1 + uy, (2)

which is the price setting rule for the monopolistically competitive firms.

Here z; and 7; denote the output gap and inflation rate for period ¢, re-
spectively. i; is the nominal interest rate, expressed as the deviation from the
steady state real interest rate. The determination of ¢; will be discussed below.
Efz1 and Efm, denote private sector expectations of the output gap and
inflation next period. Since our focus is on learning behavior, these expecta-
tions need not be rational (£, without * denotes rational expectations). The
parameters ¢ and A are positive and [ is the discount factor with 0 < g < 1.

For brevity we do not discuss details of the derivation of equations (1) and
(2). Tt should be pointed out that the derivation is based on individual Euler
equations under (identical) subjective expectations, together with aggregation
and definitions of the variables, see (Evans and Honkapohja 2002b) for a further
discussion. The Fuler equations for the current period give the decisions as
functions of the expected state next period. Rules for forecasting the next
period’s values of the state variables are the other ingredient in the description
of individual behavior. Given forecasts, agents make decisions according to the
Euler equations.’

The shocks ¢; and u; are assumed to be observable and follow

<9t):F(gt—1)+<€lt>7 (3
U Ut—1 Uy
where

_(n 0

F_<0 ﬂ)’

0<|ul <1,0<|p] <1and g ~ iid(0,02), 4 ~ iid(0,0%) are independent
white noise. g; represents shocks to government purchases and/or potential

~—

4See eg (Woodford 1996) for the nonlinear model and its linearization.

°This kind of behavior is boundedly rational but in our view reasonable since agents
attempt to meet the margin of optimality between the current and the next period. Other
models of bounded rationality are possible. Recently, (Preston 2002) has proposed a for-
mulation in which long horizons matter in individual behavior. For further discussion see
(Honkapohja, Mitra, and Evans 2002).



output. u; represents any cost push shocks to marginal costs other than those
entering through z;. For simplicity, we assume throughout the paper that
and p are known (if not, they could be estimated).

The recent literature on monetary policy has focused on interest rate setting
by the Central Bank.® One approach examines “instrument rules” that specify
1y in terms of key macroeconomic variables without explicit consideration of
policy optimization. A prominent example of this type is the standard (Taylor
1993) rule, ie,

7;1; = Tt + 0.5(7Tt — 77') + 0.537,5,

where 7 is the target levels of inflation and the target level of the output gap
is zero. (Recall that 4; is specified net of the real interest rate, which in the
standard Taylor rule is usually set at 2%). More generally Taylor-type rules
are of the form i, = x, + X7t + X,%:. For convenience (and without loss of
generality) we will take the inflation target to be 7 = 0 so that this class of
rules takes the form

it = XxTt + XLt Where Xrs Xz > 0. (4)

Variations of the Taylor rule replace 7; and x; by lagged values or by forecasts
of current or future values, eg in the former case by

It = X,Tt—1 + X, Tt—1 Where x ., x, > 0. (5)

Alternatively, interest rate policy can be derived explicitly to maximize a policy
objective function. This is frequently taken to be of the quadratic loss form,
ie

S8 [(mevs— 7+ aall] Q
s=0

where 7 is the inflation gap. This type of optimal policy is often called “flex-
ible inflation targeting” in the current literature, see eg (Svensson 1999) and
(Svensson 2001). « is the relative weight on the output target and strict infla-
tion targeting would be the case o = 0. The policy maker is assumed to have
the same discount factor (3 as the private sector.

The literature on optimal policy distinguishes between optimal discre-
tionary policy, in which the policy maker is unable to commit to policies for fu-
ture periods, and optimal policy in which such commitment is possible. With-
out commitment policy is reoptimized each period and reduces to a sequence
of static problems in which the Central Bank aims to minimize (7, — 7)* + ax?
subject to (2). This leads to the first-order condition A(m; — 7) + azy = 0.
Again, for convenience and without loss of generality we set 7 = 0 so that the
optimality condition is

)\7Tt + ATy = 0. (7)

6We follow the common practice of leaving hidden the government budget constraint and
the equation for the evolution of government debt. This is acceptable provided fiscal policy
appropriately accommodates the consequences of monetary policy for the government budget
constraint. The interaction of monetary and fiscal policy can be important for the stability
of equilibria under learning, see (Evans and Honkapohja 2002¢) and (McCallum 2002).

10



Under commitment the policy maker can do better because of the effect on
private expectations. Solving the problem of minimizing (6) subject to (2)
holding in every period, and assuming RE, leads to a series of first order con-
ditions for the optimal dynamic policy. This policy exhibits time inconsistency,
in the sense that policy makers would have an incentive to deviate from the
policy in the future, but performs better than discretionary policy. Assuming
that the policy has been initiated at some point in the past, and again setting
7 = 0, the first-order condition specifies

Mty + oz —x-1) =0 (8)

in every period.”

Neither condition (7) for optimal discretionary policy nor condition (8) for
optimal policy with commitment is a complete specification of monetary pol-
icy, since one must still look for an ¢, rule (also called a “reaction function”)
that implements the policy. It turns out that a number of interest rate rules
are consistent with the model (1)—(2), the optimality condition (7) or (8), and
rational expectations. However, and this point is fundamental, some of the
ways of implementing “optimal” monetary policy lead the economy vulnera-
ble to either indeterminacy or instability under learning or both, while other
implementations are robust to these difficulties.

The implementations of optimal policy that we will consider can be divided
into “fundamentals based” and “expectations based” rules. The fundamentals
based rule depends only on the observable exogenous shocks ¢g; and u; in the
case of discretionary policy, ie

it =Y, + V¥, us. 9)

Under policy with commitment the fundamentals based rule must also depend
on z;_; so that

it = ¢mxt71 + ¢ggt + ¢uuta (10)

where the optimal coefficients are determined by the structural parameters
and the policy objective function. The coefficients i), are chosen so that the
effects of aggregate demand shocks g; are neutralized and so that for inflation
shocks u; the optimal balance is struck between output and inflation effects. In
(10) the dependence of i; on x;_; is optimally chosen to take advantage of the
effects on expectations of commitment to a rule. Calculation of the coefficients
Y, requires first calculating the optimal REE and then inserting the solution
into the IS curve (1) to obtain the ¢, rule of the desired form. These steps are
summarized in Appendix 1.

Expectations based optimal rules are advocated in (Evans and Honkapohja
2002a) and (Evans and Honkapohja 2002b). They argue that fundamentals
based optimal rules will often be unstable under learning, as discussed below.
However, if private expectations are observable then they can be incorporated
into the interest rate policy rule. If this is done appropriately the REE will be

"Treating the policy as having been initiated in the past correspond to the “timeless
perspective” described by (Woodford 1999a) and (Woodford 1999b).

11



stable under learning and thus optimal policy can be successfully implemented.
Optimal expectations based rules take the form

it = 671—E:7Tt+1 + 6xEt*'CEt+l + 6ggt + 5uut, (11)
under discretion or
it =002 1+ 0x By 1 + 6B i1 + 649: + Ouus (12)

under commitment. The specific coefficients will be derived below. The essence
of these rules is that they do not assume rational expectations on the part of
private agents, but are designed to feed back on private expectations in such
a way that they generate convergence to the optimal REE under learning. (If
expectations are rational, these rules deliver the optimal REE.)

Finally, we will also examine the types of rule introduced by (McCallum
and Nelson 2000), which aim to approximate optimal policy using an interest
rate rule based on z; and 7. (McCallum and Nelson 2000) consider instrument
rules of the form

i =+ O0[me + (/) (2 — 21)], (13)

where # > 0. From now on we will call this rule simply the approximate tar-
geting rule. For reasons discussed below, they also examine a forward looking
version of this rule.

Given an interest rate rule we can obtain the reduced from of the model
and study its properties under rational expectations. The particular properties
in which we are interested are determinacy (uniqueness) of the RE solution
and the stability under learning of the REE of interest. We now turn to these
issues.

3 Determinacy and stability under learning

Consider the system given by (1), (2), (3) and one of the i; policy rules (4),
(5), (9), (10), (11), (12) or (13). Defining

_ Tt _ gt
yt—<7rt) andvt—(Ut)

the reduced form can be written as
Y = ME[y; 1 + Ny—1 + Py (14)

for appropriate matrices M, N and P. In the case of rules (4), (9), and (11)
we have NV = 0 and thus the simpler system

Yo = ME{yi1 + Poy. (15)

The first issue of concern is whether under rational expectations the system
possesses a unique stationary REE, in which case the model is said to be “de-
terminate.” If instead the model is “indeterminate,” so that multiple stationary

12



solutions exist, these will include undesirable “sunspot solutions”, i.e. REE
depending on extraneous random variables that influence the economy solely
through the expectations of the agents. The possibility of interest rate rules
leading to indeterminacy was demonstrated in (Bernanke and Woodford 1997),
(Woodford 1999b) and (Svensson and Woodford 1999) and this issue was fur-
ther investigated in (Bullard and Mitra 2002), (Evans and Honkapohja 2002a)
and (Evans and Honkapohja 2002b).

The second issue concerns stability under adaptive learning. If private
agents follow an adaptive learning rule, such as least squares, will the RE so-
lution of interest be stable, ie reached asymptotically by the learning process?
If not, the REE is unlikely to be reached because the specified policy is
potentially destabilizing. This is the focus of the papers by (Bullard and
Mitra 2002), (Bullard and Mitra 2001), (Evans and Honkapohja 2002a), (Evans
and Honkapohja 2002b) and others.

3.1 General methodology

Consider first the reduced form (15) under RE. It is well known that the
condition for determinacy is that both eigenvalues of the 2 x 2 matrix M lie
outside the unit circle. In the determinate case the unique stationary solution
will be of the “minimal state variable” (or MSV) form

Yg = CUy,

where ¢ is a 2 X 2 matrix that is easily computed. If instead one or both roots
lie inside the unit circle then the model is indeterminate. There will still be a
solution of the MSV form, but there will also be other stationary solutions.

Next consider the system under learning. Suppose that agents believe that
the solution is of the form

Y =a+cu, (16)

but that the 2 x 1 vector a and the 2 x 2 matrix ¢ are not known but instead
are estimated by the private agents. (16) is called the “Perceived Law of
Motion” or PLM of the agents. Note that we now include an intercept vector
because, although for theoretical simplicity we have translated all variables to
have zero means, in practice agents will need to estimate intercept as well as
slope parameters.

With this PLM and parameter estimates (a, ¢) agents would form expecta-
tions as

Efyip1 = a+ cFuy,

where either F'is known or is also estimated. Inserting these expectations into
(15) and solving for y; we get the implied “Actual Law of Motion” or ALM, ie
the law that y; would follow for a fixed PLM (a, ¢). This is given by

y = Ma+ (P + McF)v;.

13



We have thus obtained an associated mapping from PLM to ALM given by
T(a,c) = (Ma, P+ McF),

and (0, ¢) is a fixed point of this map.

Under real time learning private agents have estimates (ay, ¢;) at time t,
which they use to form expectations Efy; 11 = a; + ¢, F'v; (assuming for con-
venience that F is known), and y; is generated according to (15). Then at
the beginning of ¢ 4+ 1 agents use the last data point to update their parame-
ter estimates to (a1, c11), g using least squares, and the process continues.
(Section 6 gives details on the form of the least squares algorithms.) The
question is whether over time (a, ¢;) — (0, ¢).

It turns out that the answer to this question is given by the E-stability
principle, which advises us to look at the differential equation

d

E(a, c)=T(a,c) — (a,c),
where 7 denotes notional time. If the REE (0,¢) is locally asymptotically
stable under this differential equation then the REE is stable under real time
learning. Conditions for local stability of this differential equation are known
as expectational stability or “E-stability” conditions. We will also refer to these
stability conditions as the “conditions for stability under adaptive learning”
or just the “conditions for stability under learning”.®

For the reduced form (15) it can be shown that the E-stability conditions
are that (i) the eigenvalues of M have real parts less than one and (ii) all
products of eigenvalues of M times eigenvalues of F' have real parts less than
one. It follows that for this reduced form the conditions for stability under
adaptive learning are implied by determinacy but not vice versa. This is not,
however, a general result. For some reduced forms E-stability is a stricter
requirement than determinacy and in other reduced forms neither condition
implies the other.”

Consider next the reduced form (14). Standard techniques are available
to determine whether the model is determinate. The procedure is to rewrite
the model in first-order form and compare the number of non-predetermined
variables with the number of roots of the forward looking matrix that lie inside
the unit circle. In the determinate case the unique stationary solution takes
the MSV form

Yy = a+ by,_1 + cuy, (17)

for appropriate values (a,b,c) = (0,b,¢). (In the indeterminate case there are
multiple solutions of this form, as well as non-MSV REE).

¥(Evans and Honkapohja 2001) describes the concepts and methods for the study of
adaptive learning. The eductive approach to learning, in which agents use mental reasoning,
is also sometimes used, see (Guesnerie 2002) for a review. The connections between stability
under adaptive and eductive learning are discussed in (Evans 2001).

9If the model is indeterminate, so that sunspot solutions exist, then one can also ask
whether the sunspot solutions are stable under learning. For a general discussion see (Evans
and Honkapohja 2001) and for an analysis of the model at hand see (Honkapohja and
Mitra 2001a) and (Carlstrom and Fuerst 2001).

14



To examine stability under learning we treat (17) as the PLM of the agents.
Under real time learning agents estimate the coefficients a, b, ¢ of (17). This
is a vector autoregression (VAR) with exogenous variables v;. The estimates
(ag, by, ¢;) are updated at each point in time by recursive least squares. Once
again it can be shown that the E-stability principle gives the conditions for
local convergence of real time learning.

For E-stability we compute the mapping from the PLM to the ALM as
follows. The expectations corresponding to (17) are given by

Ey1 = a+bla+ by, 1 + cvp) + cFuy, (18)

where we are treating the information set available to the agents, when forming
expectations, as including v; and ;1 but not y;. (Alternative information
assumptions are straightforward to consider). This leads to the mapping from
PLM to ALM given by

T(a,b,c) = (M(I + b)a, Mb* + N, M(bc + cF) + P), (19)

E-stability is again determined by the differential equation

i(au b7 C) = T(CL, b7 C) - (CL, b7 C)u (20)
dr
and the E-stability conditions govern stability under least squares learning. For
further details see Chapter 10 of (Evans and Honkapohja 2001) and (Bullard
and Mitra 2002), (Bullard and Mitra 2001), (Evans and Honkapohja 2002a)
and (Evans and Honkapohja 2002b).

3.2 Results for monetary policy

We now describe the determinacy and stability results for the interest rate
rules described in Section 2. (Bullard and Mitra 2002) consider Taylor type
rules and find that the results are sensitive to whether the ¢; rule conditions
on current, lagged or expected future output and inflation. In addition to
assuming that ., x, > 0, they assume that the serial correlation parameters in
F are nonnegative. For the rule (4) the results are particularly straightforward
and natural. (Bullard and Mitra 2002) show that the model is determinate
and stable under learning if and only if'" (using our notation)

Az =1+ (1= B)x, > 0.

In particular, if policy obeys the “Taylor principle” that x,. > 1, so that nomi-
nal interest rates respond at least one for one with inflation, then determinacy
and stability are guaranteed.

If lagged or forward looking Taylor rules are used the situation is more
complicated. Full analytical results are not available, but (Bullard and Mitra
2002) investigate the issues numerically using a calibrated version of the model.

W Throughout we will assume that we are not exactly on the border of the regions of
determinacy or stability.
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Under (5) they find that for x, > 1 and x, > 0 sufficiently small the policy
leads to an REE that is determinate and stable under learning. For y, > 1
but x, too large the system is explosive. For x. < 1 the possibilities include
regions of x., x, space that are determinate but unstable.

(Bullard and Mitra 2002) also look at forward looking versions of the Taylor
rule, taking the form

Z.t = XWE:WH-l + XIE:‘/EHJ where Xr> Xa = 07 (21)

where we can interpret Ejm.q and Efz,;.1 as identical one step ahead fore-
casts, based on least squares updating, used by both private agents and policy
makers. Again we find that for y, > 1 and y, > 0 sufficiently small the
policy leads to an REE that is determinate and stable under learning. Now
for x, > 1 and x, large the system is indeterminate, yet the MSV solution is
stable under learning (while for y, < 1 there are regions in which the system
is indeterminate but the MSV solution is not stable).!!

The (Bullard and Mitra 2002) results emphasize the importance of the Tay-
lor principle in obtaining stable and determinate interest rate rules. At the
same time their results show that stability under learning must not be taken
for granted, even when the system is determinate so that a unique stationary
solution exists. The parameters of the policy rule ., x, must be appropri-
ately selected by the policy maker when an instrument rule describes policy.
Stability under learning provides a constraint for this choice.

As outlined above, in (Evans and Honkapohja 2002a) and (Evans and
Honkapohja 2002b) we focus on optimal monetary policy and obtain striking
negative results for fundamentals based policy rules (9), (10). Under optimal
discretionary policy, with i; rule (9), the system is invariably unstable under
private agent learning (the system is also invariably indeterminate in this case).
The basic intuition for this result is that, say, upward mistakes in E;m;; lead
to higher m;, both directly and indirectly through lower ex ante real interest
rates, which under learning sets off a cumulative movement away from REE.
One might hope that the feedback from x;_; under (10), the fundamentals
based #; rule with commitment, would stabilize the economy. However, we
show that with this policy rule, as well, the economy is invariably unstable
under learning. This is the case even though with this rule there are regions
in which the optimal REE is determinate.'?

The instability of the fundamentals based rules, designed after all to obtain
optimal policy, is deeply worrying and serves as a strong warning to policy
makers not to automatically assume that rational expectations will be attained.
It is necessary to examine explicitly the robustness of contemplated policy rules
to private agent learning. In (Evans and Honkapohja 2002a) and (Evans and
Honkapohja 2002b) we show how the problems of instability and indeterminacy

UFor interest rate rule (21) there exist E-stable sunspot equilibria if A(x, —1)+(1—8)x, >
0and A(x, — 1)+ (1—8)x, > 2¢ 1(1+ ), see (Honkapohja and Mitra 2001a). Thus policy
under (21) should not be “too aggressive”.

12Tn the case of policy with commitment the learning stability results are sensitive to the
detailed information assumptions. With PLM (17) if agents can make forecasts conditional
also on y; then under the fundamentals based rule there are both regions of stability and
instability, depending on the structural parameters.
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can be overcome if private agents’ expectations are observable, so that interest
rate rules can be in part conditioned on these expectations. We now look for
appropriate rules of the form (11), (12). We focus here on the case in which
policy makers can operate under commitment.

The desired rule is obtained by combining the IS curve (1), the price setting
equation (2) and the first-order optimality condition (8), treating the private
expectations as given. Eliminating z; and 7; from these equations, but not im-
posing the rational expectations assumption, leads to an interest rate equation
of the form (12) with coefficients

o = _—aga
ola+ X%)
AB
b = I+ ————7, by = 717
plat ) 7
A
§, = ol 6=
¢ oo + A%

Under optimal discretionary policy (7) is used instead and the coefficients are
identical except that 6, = 0.

Under this expectations based optimal rule we obtain equally striking posi-
tive results. For all possible structural parameter values the system is determi-
nate and the optimal REE is stable under private agent learning. The key to
the stability results is the feedback from expectations to interest rates, so that
deviations from rational expectations are offset by policy and in such a way
that under learning private agents are guided over time to form expectations
consistent with the optimal REE. Note that our expectations based rule obeys
a form of the Taylor principle since 6, > 1. Note also that our optimal policy
rule conditions on both private expectations and observable exogenous shocks,
as well as lagged output.'?

Finally, we consider the approximate targeting rules of (McCallum and
Nelson 2000). In (Evans and Honkapohja 2002b) we numerically investigate
the rule (13) and find that it is also invariably determinate and stable un-
der learning. Since it can be shown that for large 6 > 0 the resulting REE
will be close to the optimal REE, this also provides an attractive policy rule.
As (McCallum and Nelson 2000) point out, a potential difficulty with this
rule is that it requires contemporaneous observations of aggregate output and
inflation when setting the interest rate. They therefore consider alternative
versions of their approximate targeting rule and in particular recommend a
forward looking version, which is discussed below.

13Tn the context of optimal discretionary policy (Ferrero 2002) takes up the additional
issue of the speed of convergence under least squares learning. There is a continuum of
expectations based rules of the form (11) that are consistent with the optimal discretionary
REE but these can have different speeds of convergence.
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4 Operationality

Many of the 4; rules discussed above have the potential difficulty that they may
not be operational, as discussed in (McCallum 1999). For example, (McCallum
and Nelson 2000) note that it may be unrealistic to assume that policy mak-
ers can condition policy on current z; and ;. Similarly, one could question
whether accurate observations on private expectations are available. We con-
sider these points in the reverse order.

4.1 Observability of private expectations

Our recommended expectations based rule requires observations of current pri-
vate expectations of future variables. Survey data on private forecasts of future
inflation and various measures of future output do exist but there are concerns
about the accuracy of this data. If observations of expectations are subject
to a white noise measurement error then our stability and determinacy results
are unaffected. Furthermore, if measurement errors are small then the policy
will be close to optimal. However, if measurement errors are large then this
will lead to a substantial deterioration in performance. In this case one might
consider substituting a proxy for such observations. Since we are assuming
that agents forecast by running VARs, the most natural proxy is for the Cen-
tral Bank to estimate corresponding VARs and use these in (12). Clearly, if
this precisely describes agents forecasts then it is equivalent to observing these
expectations. However, we can consider less extreme cases in which agents and
the Central Bank begin with different initial estimates and/or use data sets
with different initial dates.

For the case of optimal discretionary policy and forward based instrument
rules this issue was analyzed in (Honkapohja and Mitra 2002). We here show
that using VAR proxies can also achieve convergence to the optimal REE with
commitment. Before proceeding with this analysis we note that in the case in
which private expectations are observed and incorporated into our expectations
based rule (12), the reduced form is given by (14) with

0 —25 2z 0 0 ——2,
M = o |, N={ R and P = abA® ) (22)
0 2 2 0 0 2
a+A a+A a+A
and that (Evans and Honkapohja 2002b) show that this reduced form leads to
stability and determinacy.

When the private agents and the Central Bank are separately estimating
and forecasting using VARs, we must distinguish between their expectations.
An extended E-stability analysis can give the conditions for convergence of
learning, as shown in (Honkapohja and Mitra 2001b). In the current context
this is done as follows. The equations (1)—(2) depend on private forecasts

EFrm .y and EF ., while the interest rate rule (12) depends on Central Bank
forecasts ECPm, 1 and ECPx,,.,. Combining these equations leads to the re-
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duced form

(=)

1 % Elz n
A B+ Efmia
. [— - A8 ( ECBy )
(X+A t t+1 + 23
( —A =Me+255) ECBrm, 4 (23)

a A
(2F o) (o )+ (g o ) (%)
at)2 0 -1 01— a+ A2 Uy

Y = MPEthtJrl + MCBEfotH + Ny, + Puy,

or in matrix form

where y; = (x4, m;) and v, = (g¢, ur). The PLMs and forecasts of private agents
and the Central Bank take the form

Yy = a;+bjy;—1 + cjvy, and
Elyn = (I+0bj)a; + b?ytq + (bjc; + ¢jF)v, where j = P,CB.

It is easily verified that the implied ALM is of the form
ye =a" + by 1+ Ty,

with the associated map from the PLMs to the ALM

a *
a(; } — a* = Mp(I +bp)ap + Mcp(I + bog)ack

bbP } — b = Mpbs + Mcpbip + N
CB

Cp

con } — ¢ = Mp(bpcp + cpF) + Mcep(bepeos + copF) + P.

Because the P and C'B parameters are mapped into the same ALM parameters,
it can be shown that the E-stability conditions are identical to those that obtain
if forecasts are identical in the model, ie in which the coefficient matrix on the
expectations E;y;.1 is Mp+ Mep. This is identical to the earlier reduced form
under the interest rate rule (12). Hence we have stability here as well.!*

14The corresponding real-time learning stability result is somewhat sensitive to the de-
tailed assumptions, eg additional restrictions are required for stability if private agents
estimate parameters using stochastic gradient techniques while the Central Bank uses least
squares.
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4.2 Non-observability of current data

As pointed out by (McCallum and Nelson 2000), a difficulty with the ap-
proximate targeting rule (13) is that it presupposes that the policy maker
can observe current output gap and inflation when setting the interest rate.
(McCallum and Nelson 2000) recommend use of forward looking versions of
approximate targeting rules. In this case the policy maker adjusts the current
interest rate in response to the discrepancy from the optimality condition (8)
anticipated for the next period, ie

i = By Pmey + 01B Py + (o N (B Pwey — B Pay)). (24)

This requires specification of E¢P(.) and we consider the case where both the
Central Bank and private agents use forecasts based on identical estimated
VARs, ie ECP(.) = EF(.) = Ef(.). The reduced form is then

Xy —apd\t —ph Efziiq
= 25
( Ty ) ( —apl B — A Eimia + (25)

04900)\_1 0 B}, n 10 Gt
apld 0 Eimy Al up )

It turns out that determinacy and stability under learning are no longer guar-
anteed if the rule (24) is employed. Numerical results indicate that sufficiently
large values of the policy parameter 6 induce both instability under learning
and indeterminacy. We focus here on the upper bound on 6 required to avoid
instability and compare the performance of (24) in terms of welfare loss against
the welfare loss under optimal policy.

We consider the performance of the rule (24) for different numerical cali-
brations of the model,

Calibration W: B =0.99, ¢ = (0.157)"! and X\ = 0.024;
Calibration CGG: [3=0.99, p =1 and A =0.3;
Calibration MN: £ =0.99, ¢ =0.164 and A = 0.3;

due to (Woodford 1999b), (Clarida, Gali, and Gertler 2000) and (McCallum
and Nelson 1999), respectively. We also set a = 0.3, p = 0.4, u = 04,
oy, =1 and o, = 0.5. Here z; and 7; are expressed in percentage units. The
values for o, and p are broadly consistent with those obtained in (McCallum
and Nelson 1999). The value for o, is close to that used by (McCallum and
Nelson 2000). The latter paper uses a wide range of values for p and our choice
is in the middle of this range. Seriously calibrating these parameters to the
data would require their values to be contingent on both ¢ and A as well the
policy rule. Because we want to compare the performance of different policy
rules for given structural parameters, we must in any case fix the underlying
structure of the model and therefore we simply adopt the above values as a
benchmark for numerical computations.

20



For the different calibrations the value of the welfare loss from the rule (24),
with 6 set optimally under the E-stability constraint!®, and for the optimal
REE are as follows:

| Calibration H War | Wep ‘

\)\% 7.190 | 0.755
CGG 0.331 | 0.296
MN 0.332 | 0.296

where “AT” and “EB” refer to approximate targeting and optimal expectations
based rules, respectively. (Technical details for computing the welfare loss are
given in Appendix 2.) These results show that there are sometimes substantial
welfare losses from using the E-stable forward looking AT rule that can be
avoided if the EB rule is feasible.

5 Expectation shocks

In this section we introduce another type of observability problem in private
expectations. It is assumed that, though private agents are learning as be-
fore, their actual expectations are affected by additional shocks of optimism
or pessimism. We initially assume that the policy maker does not see these
shocks and bases its interest rate policy only on the component of expecta-
tions that comes from learning behavior. For example, the Central Bank could
be running its own version of least squares learning to generate the required
forecasts. We consider both the expectations based rule (12) and the forward
looking approximate targeting rule (24). We then contrast these results with
those from the EB rule when private expectations are fully observable.

We must derive the modifications to the reduced form. PLMs of private
agents and the Central Bank take the familiar form

Yy = a+by;_1 + cvy

leading to E’tytH = (I +b)a+b*y; 1 + (bc+ cF)v; and E’tyt =a+ by 1+ cvy.
However, the actual forecasts of private agents are now assumed to be

Efy = EtytJrl + &4,

where ¢} = (44,6r) is a shock to private expectations that is for simplicity
assumed to be iid. The forecasts of the Central Bank are

EtCBytH = EtytJrl + Kég,

15For the AT rule the “optimal” choice of 6 is on the edge of the E-stability constraint.
However, we remark that this choice is somewhat risky since a small error in the model
parameter values could lead to instability. Moreover, this choice of 6 could lead to slow
convergence of real time learning.
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where k = 0 or 1, depending on whether the Central Bank is able to obtain
precise information on the expectation shocks.
For the case of the expectations based rule (12) the modified reduced form

Tt - 0 _aiiQ Etwt—‘,—l
o 28 E "
T PRy t7t+1
a A
-t 0 Ti-1 ) 0 -5 gt (26)
aif_)\Z O 7Tt—1 0 afAZ ut
N 1—k @(1—%)—%2 (6907,5)‘
Ml —=k) B+ Ap(l—k)— Zj\rfg Emt
For the approximate targeting rule (24) the reduced form (25) changes to
Ty _ —ozgp@)\_l — b E’txtH n
Tt —aupl B — A Eymi
A"t 0 By, 10 9t
( OégOG 0 Etﬂ't + Al Ut (27)
1 2 5z,t
*(A ﬁ+w> (a)
We note that E-stability and determinacy properties of the models are not
affected by the expectation shocks.
From the reduced forms (26) and (27) we next calculate welfare losses due to
unobserved expectations shocks. We assume that the standard deviation of the

expectation shocks in output gap and inflation are 0.1 and 0.05, respectively.
The welfare losses for (12) and (24) with the different calibrations are

1S

| Calibration H War | Wep ‘

\)\% 7.231 | 1.524
CGG 0.335 | 0.310
MN 0.337 | 0.308

Comparing these results to the preceding section it is seen that expectation
shocks result in an increase in the losses under either rule. The computed losses
suggest that the expectations based optimal rule seems to perform better than
the forward looking approximate targeting rule.

However, the comparison could go the other way if there are big shocks to
inflation expectations. We now increase the standard deviation for inflation
expectation shocks first to 0.1 and then to 0.2. In these cases the welfare losses
are
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[ Calibration | War | Wip |

\)\% 7.292 | 3.628
CGG 0.339 | 0.331
MN 0.339 | 0.321

when the standard deviation for the inflation shock is 0.1, and

[ Calibration | War Wgp |

\%\% 7.537 | 12.044
CGG 0.353 | 0.413
MN 0.351 | 0.374

when the standard deviation for the inflation shock is 0.2. It is seen that (24)
delivers a smaller loss than (12) if the shocks to inflation expectations are
sufficiently high.

Finally, we note that if the Central Bank has accurate information on
the expectation shocks the welfare loss from the expectations based rule (12)
is dramatically improved. We illustrate this for the last case in which the
standard deviation of the output expectation shock is 0.1 and the standard
deviation of the inflation expectation shock is 0.2. Formally, setting x = 1 we
obtain

| Calibration || W}y |

\)\% 0.793
CGG 0.319
MN 0.319

These welfare losses remain somewhat higher than the minimum losses without
the expectation shocks, which were, respectively, 0.755, 0.296 and 0.296 for the
three calibrations. Though the rule with x = 1 can neutralize fully the shocks
to output gap expectations (see (26)), this is not the case for the shocks to
inflation expectations. These results nonetheless illustrate the value of policy
being able to condition on accurate observations of private expectations.
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6 Estimation of structural parameters

Implementation of our expectations based optimal rule, as well as the approx-
imate targeting rule, requires knowledge of structural parameters. A question
of considerable interest is whether policy makers can obtain consistent esti-
mates of A and ¢ if private agents are learning. We take up this issue in the
context of the expectations based rule. In (Evans and Honkapohja 2002a) we
showed that consistent estimation of the structural parameters was possible in
the case of optimal discretionary policy. Here we show how to carry out this
procedure in the context of policy with commitment and we do so in a setting
that requires instrumental variable estimation.

First, we extend the model to allow for unobserved shocks. The IS and
Phillips curves now take the form

vy = —p(iy — Efm1) + Ef x4 g0+ eay (28)

Ty = Axy + ﬁE:ﬂ't+1 + U + eny, (29)

where now x¢, 7, €, and e, ; are not observable at time t. g;, u; are observable
at t and x;, m; are observed with a lag. It is assumed that the unobserved shocks
(€z4,€rs) are bivariate white noise but we will allow for the possibility that
the components are contemporaneously correlated. (g, u¢) and (ey ¢, ex¢) are
exogenous and are assumed to be mutually independent. Private expectations
are assumed to be observable and to be governed by least squares learning as
above. We assume that § and « are known, but the key structural parameters
¢ and A\ must be estimated by the policy maker. The optimal REE now takes
the form

Yy = Byt_l + vy + dey,

where €}, = (ez ¢, €xt).

Private agent learning is as before, with agents using least squares to esti-
mate the parameters a,b and c of the PLM (17). Thus, at time ¢ agents use
the PLM

Y = ag + byi—1 + covg + 1y

to forecast y;.; using the forecast function (18) with (a,b,c) replaced by
(ag, by, ¢t). To study the system under real time learning we express the least
squares estimation in recursive form as follows. Define the matrix of para-
meters £ = (a,b,c) and the vector of state variables z; = (1,4,_,,v;). The
recursive least squares algorithm is'®

& = &+t R n (e —&yze)
Rt = Rt—l + t_l(Zt_12£_1 — Rt—l)-

16The recursive formulations for the parameter estimates vary slightly from least squares
since we have introduced an additional lag in the equations for the second moments. This
is analytically convenient. The same results apply if R;_; is replaced by R; in the first
equation, see Chapter 10 of (Evans and Honkapohja 2001).
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The R; equation updates estimates of the matrix of second moments of the
regressors z;. The parameters &, are updated using this matrix and the regres-
sion errors y;_1 — &,_,2_1. Note that &, is estimated using data through time
t — 1, which is the standard assumption in the literature.

To estimate the structural parameters the Central Bank constructs the
variables

E3
Wyt = Ty — Bz — g
%
Wryt = T — ﬁEt 41 — U
. *
e = 1 — Et T41-

Under the expectations based rule (12), in the REE i, depends on g, us, ; 1,
Efziy and Ejmyyq. Since Ejx,q and Ejm4q in turn depend on ¢, u;, and
xy_1, it follows that r; depends only on gy, us, and z; 1. From (1) it also follows
that x; depends only on g;, u;, ¥;—1 and e,;. If e,; and er; were known to
be uncorrelated, consistent estimates of ¢ and A could be obtained by least
squares regressions of w,; on 7, and w,; on x;, respectively. Thus the policy
maker would estimate

Wy = —@ri+ ey and (30)
Wry = ATy+e€ny (31)

using recursive least squares. However, we can allow for the possibility that the
components e;; and ey ; are contemporaneously correlated. We thus proceed
as follows.

The first equation (30) can be estimated through least squares, since in the
REE r; and e, are uncorrelated.!” Formally, we can write

Oy = Pt t_lR;,tlfth—l(wm,t—l — (=Pr_1)re-1) (32)
Rr,t - R'r,t—l + t_l(TtQ_l - Rr,t—l)-

The second equation (31) must be estimated by recursive instrumental vari-
ables, since x; and e, ¢ are correlated in the REE. The natural instrument here
is ;1. The recursive algorithm takes the form

~IV ~IV IV
A = Nt til(RgIc};fl)ilxth(wmtfl — A 1T 1) (33)

The Central Bank is assumed to conduct monetary policy using the optimal ex-
pectations based rule (12) with estimated values for the structural parameters,
le

it = 01411 + On t B Ty + 03t By Tor + Og 4Gt + Ou (34)

17Note that this holds only if agents do not use contemporaneous values of x; and m; in
forming expectations E;y.+1. If instead these contemporaneous values are used by private
agents, then ¢ as well as A would also have to be estimated using instrumental variables.
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where

—Q
by = %
Pla+ (A )?)

~IV

A B L
67r,t = 1+ ! ~1V ) 5w,t:(70t17

Pla+ (A )
IV
5g,t = @;17 5u,t == L ~IV .
Grlar+ (A )?)

The key result is that the economy converges to the optimal REE when the
Central Bank uses the optimal expectations based rule (34) and both private
agents and policy maker learn using the specified algorithms. We remark
that convergence to equilibrium is local in the sense that the initial parameter
estimates can be chosen freely only within a neighborhood of the RE parameter
values. Appendix 3 outlines the proof of this result.

As noted above, this result is robust to the assumption that agents use con-
temporaneous values of endogenous variables in the forecasts. In this case the
equation (30) also must be estimated using recursive instrumental variables.
Again x;_; can be used as the instrument.

7 Conclusions

The design of monetary policy needs to take into account the possibility that
the economy may not always be in a full intertemporal, ie rational expectations,
equilibrium. If economic agents update their forecasting procedures, the re-
sulting process of learning may or may not lead the economy towards an REE.
Convergence or non-convergence of the learning process depends critically on
the policy rule followed by the Central Bank. We have reviewed recent research
demonstrating that stability under learning is a serious concern. In particular,
some recently proposed policy rules that depend solely on fundamentals are
not conducive to convergence to equilibrium. We recommend instead expec-
tations based optimal rules, ie interest rate rules depending appropriately on
private expectations as well as fundamentals, which have been shown to lead
to both stability under learning and determinacy of equilibria. We have also
noted that, if non-optimal instrument rules are used instead, stability under
learning imposes additional constraints on monetary policy rules, and policy
design should take account of these constraints.

Implementation of interest rate rules raises several practical concerns.
First, questions of observability can arise. These problems can relate to avail-
ability of current data and to forecasts of private agents. We have discussed
ways for dealing with these concerns. Second, the economy may in practice
be subject to expectation shocks, in addition to transitory shocks associated
with learning. These will not usually alter the conditions for stability under
learning, but if the shocks are sufficiently large the ranking of different policy
rules can be affected. However, if private expectations are fully observable, this
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provides an additional motivation for following our recommended expectations
based optimal rule.

Finally, implementation of expectations based or approximate targeting
policy rules requires knowledge of key structural parameters. If the Central
Bank does not have this knowledge, the problem can be overcome by appro-
priately estimating these parameters and using the estimated parameters in
the interest rate rule. In particular, we have shown that this procedure is vi-
able for the expectations based rule, which is locally stable under simultaneous
learning by private agents and policy makers.

We hope that these rules provide useful guidelines for the design of mone-
tary policy. However, we recognize that much further research on these issues
remains to be done.
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Appendix 1.

Derivation of optimal REE and the fundamentals based
i, rule

Consider the model under rational expectations. It can be shown that the
aggregate supply curve (2), the equation for u; given by (3), and the optimal-
ity condition (7) or (8) specify a unique nonexplosive solution. Consider the
system under commitment, ie (8). The unique stationary solution takes the
form

Ty = b;cxtfl"i_cccuta (35)
T = brXi_q + Ccruy, (36)

where b, is the solution |b,] < 1 to 302 — (14 3+ %Q)bz + 1 = 0 and where
br, s, cx depend on the structural parameters. To obtain the fundamentals
based i; rule, the corresponding rational expectations Fix,,; and Em,. ., are
computed as linear functions of x; ; and u;. Using the RE assumption, these
expectation functions and the above expression for x; are substituted into the

aggregate demand equation (1) and solved for 4;. This gives the fundamentals
based rule (10), where

Yy = byl by — 1)+ b, b, =¢", and
v, = [bx+ <,zfl(l)m +p— Dlez + crp.

Details are given in (Evans and Honkapohja 2002b). In the case of discretion
similar steps lead to these coefficients with ¢, = b, = b, = 0. Details are given
in (Evans and Honkapohja 2002a).
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Appendix 2.
Welfare calculation

We calculate the expected welfare loss of the stationary REE, whichis 1/(1—/)
times

E(ax? + 7).

The REE solution 3, = by,_; + év; can be written as

v\ _ (b cF Yt—1 c \ -
()= (o %) (hn) ()

where ¥; = (§s, %;)" and b and ¢ are the REE values under the specified interest
rate rule, or

¢ =G( 1+ Hy,

where ¢, = (y;,v;). Letting ¥ = Var(?,) denote the covariance matrix of the
shocks 7, the stationary covariance matrix for £, satisfies

Var((,) = GVar((,)G' + HLH'
or in vectorized form
vec(Var(¢,)) = [I — G @ G] tvec(HLH'). (37)

The variance of output gap and inflation can be read off from (37).

29



Appendix 3.
Convergence under structural estimation

To demonstrate stability under the expectations based rule (34) when the pri-
vate agents and the policy makers are simultaneously learning we apply the
stochastic approximation tools described in Chapters 6 and 7 of (Evans and
Honkapohja 2001). The key results in stochastic approximation state that con-
ditions for local convergence of the recursive stochastic algorithms are given by
the local asymptotic stability conditions for a system of associated differential
equations. The steps required for deriving the associated differential equations
for the stochastic recursive system are given in (Evans and Honkapohja 2001).

It can be shown that for the parameters of the private agents the associated
differential equations are

d _ LIV
d—f_ = R'M.(D)G(E PN 59,)),
dR,
= M,(Y¥) — R..
dr

~

Here ¥, denotes the vector of all parameters a;, b;, ¢;, ¢;, A, and the second
moment estimates. The function G(.) has the property

G(& @, A0, A) =T(6) =&, (38)

ie G(.) reduces to T'(¢) — £ when the estimates @, 3" take their true values.
Here T'(§) = T'(a, b, ¢) is the mapping from the PLM to the ALM given by (19)
with matrix coeflicients (22).

The associated differential equations for the algorithms (32) and (33) are

d¢ 2
W REn )R- ).
dR,

d7_ = Ertfl (79)2 - R’f‘?

since Er,_1(9)ey 1 =0, and

~IV

dA ~IV
= (RL) " Elz o (9)a, 1 (D)](A = X)),
dRIV

= Blw o (0)r(9)] - RY,

since Ex;_9(¥)er,—1 = 0. It should be noted that all the parameter estimates
%
£,o,\ ,R,, R, and RV in the differential equations are functions of 7, which

is a virtual time concept.

To study convergence under real time learning, one considers local asymp-
totic stability of the entire differential equation system at the REE ¢#*. To
analyze stability of the system we first note that differential equations for all of

the second moments are stable. It then follows that ¢ — ¢ and 3\1 — \. Us-
ing (38) it follows that stability of the system reduces to the earlier E-stability
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differential equation (20) for the model with commitment. Thus we have the
local stability results that the policy maker learns the structural parameters,
private agents learn RE and the economy converges the optimal REE.!®

¥ Details of the stochastic approximation convergence argument are given for the discre-
tionary policy case in (Evans and Honkapohja 2002a).
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