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Fixed rate tenders and the overnight money market
equilibrium

Bank of Finland Discussion Papers 8/2001

Tuomas Vaimaki
Research Department

Abstract

This paper presents a genera equilibrium model of the determination of
equilibrium in the interbank market for overnight liquidity when the central bank
uses fixed rate tenders in its liquidity provision. We consider three alternative
liquidity policy rules. First, the central bank may provide the bid amounts in full.
Alternatively, the central bank can scale back the bid amounts pro rata with the
individual bids. For the latter case, we consider two target options for the central
bank: liquidity or an interest rate. We show that the expected overnight rate
remains more tightly in the hands of the centra bank if the full allotment
procedure or a pure interest rate targeting rule is used than if liquidity targeting is
used. We will also demonstrate how optimal bidding in tender operations varies
considerably according to which procedure is chosen by the central bank.

Key words: money market tenders, overnight rate of interest, averaging, centra
bank operational framework



Kiintedkorkoiset huutokaupat jayon yli
-rahamarkkinoiden tasapaino

Suomen Pankin keskustel ual oitteita 8/2001

Tuomas Vaimaki
Tutkimusosasto

Tiivistelma

Tutkimuksessa mallinnetaan pankkien vélisten yon yli -likviditeettimarkkinoiden
tasapainon madraytyminen, kun keskuspankki kayttéa kiintedkorkoisia huuto-
kauppoja jakaessaan likviditeettid néille markkinoille. Markkinoiden toimintaa
tarkastellaan kolmen vaihtoehtoisen politiikkasdannon vallitessa. Ensimmai sessa
tapauksessa keskuspankki hyvéksyy kaikki pankkien tekemét tarjoukset téaysimaé
réisesti. Muissa kahdessa tapauksessa keskuspankki rgjoittaa likviditeetin tarjon-
taa tahdéaten joko likviditeetti- tai korkotavoitteeseen, mutta jakaa likviditeettia
pankeille suhteessa niilta saamiensa tarjousten kokoon. Tutkimus osoittaa, ettéa ko-
ron ohjaus on tehokkainta, jos huutokauppamenettely perustuu tarjousten téysi-
maaraiseen hyvaksymiseen tai jos sovelletaan korkotavoitetta. Likviditeettisdan-
toa sovellettaessa koron kontrolli on tét& [6yhempi. Liséks osoitetaan, miten
pankkien tarjouskayttaytyminen riippuu merkittavasti keskuspankin kayttamasta
politiikkasd8nnosta

Asiasanat: rahamarkkinahuutokaupat, korot, vahimmaisvarantojen keskiarvoista-
minen, keskuspankin toimintakehikko
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1 Introduction

The overnight rate of interest is probably not the most important rate in mon-
etary policy transmission. However, the importance of the interbank overnight
market should not be understated, as it is where the central bank operates in
order to implement monetary policy, and also because overnight is normally
the shortest maturity for which there are well organized markets. (Hence, the
yield curve can be seen reflecting the expected future values of the overnight
rate.) Therefore, understanding the functioning of the monetary policy oper-
ational framework (ie the instruments and procedures of the central bank) is
essential in order to be able to evaluate the monetary policy stance, and to in-
terpret the reasons for and consequences of variations in the conditions on the
overnight market. For example, in one framework a change in the overnight
rate of interest can be seen indicating a change in the tightness of monetary
policy, whereas in another framework changes in the overnight rate may always
originate from stochastic liquidity shocks, thus bearing no information value
at all.

The literature on the overnight markets is heavily concentrated on describ-
ing and explaining the stylized facts of the Fed Funds market, ie the market
for interbank overnight reserves in United States. For example, according to
Hamilton (1996) the observed cyclical behaviour of the Fed Funds rate may
result from line limits, transaction costs and weekend accounting conventions.
Also Furfine (1998) shows that the intra-maintenance period variations in Fed
Funds rate are a consequence of volatility in daily interbank payment volumes.
However, an exception from this (US-style) line is Perez-Quiros and Rodriguez
(2000), who model the behaviour of overnight funds in the Euroarea, by using
a framework, that includes standing facilities.! They claim that the introduc-
tion of a deposit facility stabilizes the overnight rate of interest. That paper,
like most papers analyzing the Fed Funds market, abstracts from monetary
policy. This means, that in the standard literature the analysis is only partial;
liquidity is exogenous and there is no role for active liquidity management by
the central bank. A notable exception is Bartolini, Bertola & Prati (1999),
who model the interbank money markets by giving explicit role for central
bank intervention. Their model is, however, not very suitable for studying the
behaviour of overnight markets in Europe, where the operational framework in
most countries during resent years has included standing facilities. Especially
as the open market operations have been conducted in the form of fized rate
tenders. When using fixed rate tenders, the central bank not only provides the

"While finalizing this discussion paper, the author became aware of other studies on the
operating framework of the European Central Bank and the euro money market, including
Ayuso & Repullo (2000) and Ehrhart (2000). The paper by Ehrhart presents an experimental
investigation into the bidding behaviour of the banks under a fixed rate tender procedure
and exogenous (tight) supply of liquidity. Ehrhart claims that fixed rate tenders lead to
continuously increasing overbidding in the operations. The model used in Ehrhart’s paper,
however, abstarcts from the interbank overnight market as the place where the value of
liquidity is determined. The paper by Repullo & Ayuso shows that if a central bank has an
asymmetric loss function that depends on the quadratic difference between the interbank
rate and a target rate of the central bank, fixed rate tenders have a unique equilibrium
characterized by extreme overbidding.



markets with liquidity, but it also signals the stance of monetary policy with
the interest rate set in the operations. Thus, it is important to understand
how the allotment procedure used by the central bank affects both the demand
for liquidity in tenders and the amount of liquidity prevailing in the overnight
markets.

In this paper we present a general equilibrium model of the behaviour of
overnight markets, where the central bank manages liquidity by fixed rate
tenders. First, we model the determination of the overnight rate of interest as
a function of the money market liquidity. Then, we will analyze how the money
market liquidity itself is determined under various allotment rules used by the
central bank. The central weight in the analysis is put on comparing the money
market equilibrium when the central bank accepts all the bids it receives in the
tender in full (full allotment procedure) with the equilibrium when the central
bank scales back the bids it receives (proportional allotment procedure). The
operational framework according to which the central bank is here assumed to
implement its monetary policy largely resembles that of the one used by the
ECB between January 1999 and June 2000. However, for simplicity we have
assumed here that the central bank conducts one operation each day whose
maturity is overnight. The consequences of these simplifications are discussed
briefly in the conclusions of the paper.

The paper is organized as follows. In section 2 we describe the functioning
of the money markets, and the role of the central bank in liquidity manage-
ment. Section 3 analyses the determination of the overnight rate, when the
operational framework does not include averaged reserve requirement scheme.
In section 4 we will introduce the dynamics that comes with averaging provi-
sion. Finally, section 5 concludes and gives a summary on the main findings
of the paper.

2 Money markets and the central bank

By money markets we refer to the market where institutions enter into transac-
tions with each other by trading unsecured debt, negotiable debt instruments
or collateralized loans. For simplicity, we abstract from the fact that the inter-
est rates of different instruments carry varying premia over the risk free yield
curve. Thus, when referring to a market rate of interest for a specific matu-
rity, we assume that this kind of unique risk free interest rate for all relevant
maturities exist.

The notions of money market liquidity and bank reserves are used inter-
changeably throughout this paper. They both refer to the balances banks have
on their settlement accounts with the central bank. By interbank trading we
refer to money market deals between credit institutions that have access to
the central bank operations. It is worth emphasizing that even though inter-
bank trades redistribute the money market liquidity between the banks, they
do not affect the total amount of liquidity prevailing in the market. Only
transactions, that also involve the central bank, change the (aggregate) money
market liquidity.



It is assumed here that one day (overnight) is the shortest maturity in the
organized interbank market.? Thus, it is also the starting point of the yield
curve. In overnight trading the value date of the transaction is the trading
day (same day settlement) and the maturity date is the following banking day
(ie normally the maturity of an overnight loan is three days on Fridays). We
assume that normal interbank trading with instruments of longer maturities
are settled with a lag of at least one banking day. Hence, the only way a
bank can offset the liquidity shocks it faces is through trading in the overnight
market. These shocks may stem from unexpected deposit withdrawals, new
deposits or from any other unanticipated transaction with same day settlement.

Central bank objectives and its operational framework

We ignore whether the central bank uses monetary targeting, direct inflation
targeting or any other procedure as an indicator or intermediate target in
achieving price stability (or any other primary goal it might have). We merely
assume that the central bank uses a short-term interest rate as a policy rate
or as an operating target.> However, the maturity of this rate does not need
to be overnight.

In this study, we want to model the determination of the overnight rate and
especially how the determination of its expected value is affected by the opera-
tional target of the central bank. The formation of the expected overnight rate
is of special interest, as it is the expected values of the rate that are the basis
for the determination of the yield curve, and it is the rates considerably longer
than overnight, that normally are assumed to be important for the transmis-
sion of monetary policy. Therefore, as we expect the operational framework
to affect the expected values of the overnight rate, we also expect these op-
erational issues to affect the transmission mechanism of the monetary policy.
For example, it is obvious that transmission of the overnight rate’s volatility
along the yield curve to longer maturities depends crucially on whether the
variations in the overnight rate affect the expected values of future overnight
rates.t

We assume here, that the operational framework of the central bank con-
tains three different (ECB style®) instruments, that can be used to meet the
operational target. These are: i) open market operations by which the central
bank actively manages the money market liquidity, ii) the interest rate corridor

2There may also be interbank markets for intraday liquidity. However, we are not inter-
ested on such markets for the purposes of this study, as intraday trades do not affect the
end-of-day balances on the banks’ settlement accounts.

3This is currently the case at least in the Euroarea, USA and Japan. See for example
European Central Bank (2000), Federal Reserve Bank of new York (2000) and Bank of Japan
(1999) respectively.

4See for example Ayuso, Haldane and Restoy (1994) who claim that the differences in
the transmission of volatility from the overnight market to longer money markets in Spain,
France, UK and Germany resulted primarily from differences in the operational frameworks
of these countries.

®The operational framework of the ECB is described in detail in ECB publication ” The
Single Monetary Policy in Stage Three; General Documentation on ESCB Monetary Policy
Instruments and Procedures”, September 1998. From now on we refer to this document
simply as GD.



set by the standing facilities (ie the marginal lending facility and the deposit
facility). The use of the standing facilities can be initiated by banks. Further-
more, the central bank can affect the demand for money market liquidity by
iii) imposing reserve requirements.

Throughout this paper, we assume that the active liquidity management
(open market operations) is conducted solely by fixed rate money market ten-
ders. The ECB conducted its open market operations in this style between
January 1999 and June 2000. Omne purpose of these tender operations is to
provide the banks with refinancing. However, an at least equally important
function of these operations is their role in signalling the monetary policy
stance of the central bank.5

Besides the open market operations, the liquidity conditions in the inter-
bank trading are affected by the standing facilities. The marginal lending rate
sets an upper limit (ie the ceiling) for the secured interbank overnight rate.
The central bank is always willing to provide additional liquidity at this pre-
specified interest rate against eligible collateral. Thus, no bank is willing to
pay more than the marginal lending rate for reserves on the interbank market.
The lower limit (ie the floor) for the overnight rate is set by the rate of the
deposit facility. The banks are allowed to place overnight deposits with the
central bank at this pre-specified interest rate. Hence, the interest rates of the
standing facilities effectively create a corridor in which the interbank overnight
rate of interest may fluctuate (the interest rate corridor). The central bank
can affect the volatility of the overnight rate eg by the width of the corridor.
The central bank may also use the rates of the standing facilities in signalling
the expected future stance of the monetary policy.

When the open market operations are conducted in such a fashion that they
do not affect the trading day’s interbank overnight liquidity (eg if transactions
are settled at T+1), the supply of overnight liquidity on a specific day is fixed
as long as the overnight rate stays within the corridor (ie as long as the price of
borrowing liquidity from the market is cheaper than the marginal lending rate
and the revenue from an interbank loan is above the deposit rate).” However,
the supply of liquidity is affected by stochastic shocks that can be anticipated
by neither the banks nor the central bank. The size of the liquidity shock for
the central bank may be different from the sum of the net shocks the banks
face. The shock for an individual bank is the net sum of unexpected flows into
and out off its reserve account (or actually the difference between this amount
and its forecast value). The liquidity shock from the central bank’s viewpoint
is the deviation of the net changes in the autonomous liquidity factors from
their expected value. This shock might include (depending on the institutional
set up of the currency area of the central bank) eg unexpected variations in the
government balances with the central bank, changes in the amount of currency
in circulation etc.

The third instrument at the disposal of the central bank is the reserve
requirement (in case of ECB the so called minimum reserve requirement). The
central bank can require the credit institutions to hold a share of their liabilities

6See eg the GD page 4 or European Central Bank (2000) page 49.
"A procedure of same day settlement could be allowed in our model without qualitatively
changing the results.
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as minimum reserves with the central bank. These reserves are assumed to be
held in the settlement accounts of the banks. Averaging provisions may be
allowed in the maintenance of the minimum reserves. If averaging is used, the
compliance with the reserve requirement is judged by the average of the end-
of-day balances an institution has on its reserve (settlement) account during
the maintenance period.

In addition to these three instruments, the operational framework contains
a crucial additional feature; overdrafts are forbidden. This means that, if a
bank would otherwise be ending the day with a debit balance on its settlement
account, it must cover the negative balance by borrowing from the marginal
lending facility. Thus, both the aggregate end-of-day liquidity of the banking
sector as a whole and the end-of-day liquidity of a single bank must always be
at least zero.

The evolution of money market liquidity during a banking day

Trading in the overnight market is conducted throughout the day. Thus, in the
real world there is no single overnight rate for any specific day. However, we
assume here, that the overnight trading is conducted by a Walrasian auctioneer
at a certain point of time during the trading day. The clearing rate used by the
auctioneer is assumed to equal the weighted (by volume) average of interest
rates used in the interbank overnight trading during that day. Normally such
a rate is calculated by the central bank or some other institution as a reference
rate for the markets.®

Furthermore, we will assume that there will be two distinct and indepen-
dently distributed liquidity shocks for the banks during a banking day.” The
first shock (1) is realized before the overnight markets are cleared, and the sec-
ond one () realizes after the settlement. The expected value for both of these
shocks is zero (E[p]=E[e]=0). The construction of two separate shocks follows
from the fact, that the aggregate net shock a bank faces consists of a contin-
uum of small independent shocks occurring throughout the day. Now, when
we model the overnight market as being cleared at a single point in the day, p
is the net effect of all shocks before that moment, and ¢ is the net effect of the
shocks occurring after the clearance of the markets. If the overnight markets
were modelled as being settled at the end of the day, ie there would be only
one shock per day, there would not be any uncertainty about the end-of-day
reserve balances of the banks in the overnight trading. Thus, the overnight
rate would equal either the marginal lending rate or the deposit rate (depend-
ing on whether there is a shortage or a surplus in the overnight market) on
the last day of the reserves maintenance period (on every day, if an averaging
scheme was not applied). By the construction with two separate shocks, we
will ensure that the uncertainty about each bank’s reserve position will make
the bank’s demand schedule for reserves smoothly downward sloping.

8In case of the the Eurosystem, ECB calculates EONIA, which is a volume weighted
average interest rate of interbank overnight deposits reported by certain panel banks. In the
USA the Fed Funds Rate is the counterpart of EONIA in Europe.

9A similar division of the liquidity shock into two parts can also be found in Bartolini et
al (1998).
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Figure 1: The evolution of money market liquidity during the day

At the beginning of a banking day ¢ the money market liquidity equals the
previous banking day’s aggregate reserve balances (RB;_1 = >, RB;;1). Each
bank knows its own balance, and the total amount is known to the central bank.
The new and maturing monetary policy transactions, whose value day is ¢, are
also known with certainty by the central bank.

Figure 1 shows the timing of the evolution of the money market liquid-
ity on a single banking day. a; is the sum of expected net changes in au-
tonomous liquidity factors (including maturing central bank operations), T'L,
is the amount of liquidity provided to the markets in the open market oper-
ation (tendered liquidity), and p, is the first liquidity shock of the day. OB;
is the amount of liquidity on the markets when the overnight markets clear
(OB;=RB; 1 + a; + TL; + p,). We will denote its expected value by eOB;
(ie eOBy = RBy_1 + a; + T'L;). b;; is the net amount bank i borrows from
interbank markets. Lending reserves to the markets is treated as negative
borrowing. The banks’ aggregate net borrowing from the markets must equal
zero, as in every deal there is a borrower and a lender for the same amount of
reserves (ie by = > b, = 0). ¢, is the second liquidity shock of the day.

Let RR; denote the bank i’s reserve requirement per day, and RR its ag-
gregate counterpart. Now, we can define the minimum required daily balances
for the remaining period (RDB):

t—1
T« RR; — 3. RBi
k=1

RDB;; = (1)

T—(t—-1)
Where T is the number of days in the maintenance period in question. Equa-
tion 1 gives us the average amount of reserves bank i should have daily (from
day t to the end of the on-going maintenance period) on its reserve balances in
order to hit the reserve requirement exactly. We will denote the banking sec-
tor wide counterpart of RDB;; by RDB,(= > RDB;,). In a system without
reserve averaging scheme RDB;; and RDB; will always equal RR; and RR
respectively.

Now, SF; denotes the banks’ net use of the standing facilities (ie liquidity
credits - use of the deposit facility). Apart from the fact that a bank can use
the standing facilities whenever it wants to, a bank should always acquire lig-
uidity credits (LC') from the marginal lending facility, if its end-of-day reserve
balances would otherwise be negative or if at the last day of the maintenance
period its reserve balances would not be large enough to meet the reserve re-
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quirement (ie LC;; = max (0,— (OB;; +¢;4)) for t < T and LC;r = max
(0,— (OBir +¢ir),— (OB;r+¢ci7 — RDB; 7)))." Similarly, a rational bank
will always deposit all reserves exceeding the reserve requirement into the
deposit facility (ie DF;; = max(0,0B;; +¢;x — (T'— (t —1)) * RDB,4)) as
otherwise these reserves will earn zero interest.

Finally, the reserve balances (ie the aggregate end-of-day balances) are
denoted by RB;, which is the sum of all factors included in OB;, the second
liquidity shock and the net use of the standing facilities (RB; = OB, + &; +
LC;r — DF;r). Now, based on the optimal use of the standing facilities, we
know that RB, € [0, (T — (t — 1) RDB,)], and consequently the required daily
balances for the remaining period can never be negative (ie RDB; > 0).!!

Let us add one more definition into the liquidity terminology. The excess
reserves of bank ¢ (FR;;) is the amount of reserves it has over the required
daily balances at the moment of overnight market clearance (ER;; = OB;; —
RDB,;), and its expected value will be denoted by eER (eER;; = eOB;; —
RDB;,).

There are two different factors behind the demand for bank reserves. First,
as long as overdrafts are forbidden, the banks can not have debit balances on
their settlement accounts with the central bank at the end of the day. The
uncertainty introduced by the assumption of a liquidity shock occurring after
the overnight markets have cleared will ensure that the demand for reserves
depends negatively on the interest rate (otherwise the demand for reserves
could be a step function, in which case the overnight rate would equal either the
marginal lending rate or the deposit rate depending on whether the liquidity
is below or above zero or the reserve requirement).

Another factor behind the demand for reserves is the minimum reserve re-
quirement (if imposed by the central bank). If the requirement is not averaged,
the only thing it will add is that the cost minimizing end-of-day liquidity for a
bank is the required amount instead of zero. However, if the requirement is av-
eraged the story changes completely. In this case the demand for reserves will
be similar to the case without reserve requirements only on the last day of the
reserves maintenance period. Before the last banking day, an optimizing bank
can have reserves in excess to the requirement or less than the requirement
is. Only the average amount of reserves held with the central bank counts.
Using averaging provision a bank can optimize on the cost of holding reserves
by maintaining them whenever it assumes the cost of it to be the lowest during

10Tf a bank fails to get its reserve account balances to zero (or on the last day of the
reserves maintenance period to the required level), the bank will face penalties that are
considerably heavier than the cost of using the marginal lending facility. Thus, a rational
bank will always acquire liquidity credits when facing either of these situations.

HRBt = OBt + & + LCT - .DFT = OBt + & + max (0,—(0Bt+€t)) -
max (0,0B; +&— (T'—(t— 1))« RDB;). Thus, if OBy + &¢ < 0, then RB; = 0,
and if OBy + ¢ > 0, the maximum value for RB, is (T'—(t—1)) * RDB;. Now,
RDBy;41 is minimized with the maximum value for RB;. Therefore, RDBt"_ﬁIl1 =
T*me:z:;]1 RBy—(T—(t—1))RDB, T*RRf:;‘,i RBj— (T*B’/B’f:g1 RBj

T (t—1)-1 = — T ) = 0. So, RDB;4is always

at least zero, and we know that RDB; = RR > 0, hence, RDB; can not be negative.

13



that averaging period.'? A bank will demand less (more) reserves on a single
day, if the overnight rate on that day is high (low) relative to the rate it
assumes to prevail on the following days during the same period.'® Thus, an
averaging provision will enhance the interest rate elasticity of the demand for
bank reserves, or to put it the other way around, the changes in the interest
rate due to temporary liquidity shocks are smaller because of the averaging,
ceteris paribus.

Next we set out a simple model on the determination of overnight rate
of interest as a function of money market liquidity. After that we model the
supply of liquidity as a function of banks’ interest rate expectations and the
central bank’s operational target. To simplify the calculations that follow, we
assume the banks to be homogeneous and their mass to sum up to unity. The
central bank is assumed to operate only by fixed rate liquidity tenders. This
is how many European central banks used to operate in the 1990’s, and also
how the ECB conducted its main refinancing operations during the first 18
months.

3 No (averaged) reserve requirements

3.1 Overnight rate as a function of liquidity

Let us first consider the demand for bank reserves in a system without re-
serve requirements. This is also the starting point for analysis of the demand
for money market liquidity in an operational framework that includes an av-
eraged reserve requirement. When modelling the demand for reserves in the
overnight market, we follow the classical model introduced by Poole (1968),
and frequently used by others (eg Bartolini, Bertola & Prati (1999)). The
main difference of our model from that of Poole’s is the introduction of the
rates of the standing facilities.

Bank 4’s demand for overnight reserves in the interbank market can be
achieved as the first order condition of the bank’s profit maximizing problem.
The cost of borrowing reserves (the income from lending) that bank i faces,
is simply the overnight rate of interest at day T (r9"). The income from
the borrowing (the cost of lending) is the interest rate of the two standing
facilities (r7 and r%) weighted by their usage.!* The maximization problem
becomes:

12This is some times referred to as intertemporal arbitrage. However, the word arbitrage
may be slightly misleading, as the gain from this kind of behaviour is uncertain.

131f a bank holds more reserves at the beginning of a maintenance period than at the
end of it, it is said to be frontloading reserves. In the opposite case the bank is backloading
reserves.

HFor the rest of this section we will drop the time subscripts (7') from the interest rates.
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—ER; 7—b; T

max E(IT) = »™ / (ER;r +bir+er)f(er)der

b,
Ll / (ERir + bip + ex) f (er)der
7ERZ"T*bi,T
—Tonbz',T (2)

Where f(er) is the distribution function of the stochastic error term, whose
cumulative counterpart we denote by F'(er). The first order condition with
respect to interbank borrowing can be derived by using Leibniz’s formula:

(rm —rHF (—ERLT — bZT) +(r* =" =0 (3)
or
. ron _ T’d
F (_ERZ',T - bi,T) - m, (4)

where F' (—ER@T — b;?‘,T) represents the probability of bank ¢ being overdrawn
with the optimal borrowing. We will see immediately that the optimizing bank
chooses its net borrowing in order to balance the probability of ending the day
with a debit balance with the relative cost of using the standing facilities.

The right hand side of equation (4) shows us the location of the overnight
market rate within the interest rate corridor set by the standing facilities. The
lower the market rate is within the corridor, the larger is the equilibrium bor-
rowing for bank ¢ Intuitively this can be interpreted so that when the relative
cost of acquiring liquidity credits (r™ — r°) decreases compared with the (op-
portunity) cost from using the deposit facility (r°® — r?) | the optimal policy
for the bank is to increase its probability of being overdrawn (simultaneously
the bank decreases its probability of having to rely on the deposit facility).

If the cumulative distribution function has an inverse function (F~!(-)),
we can derive explicit form for bank 7’s borrowing function:

b* on -1 rot — e

i, T (—ERLT,T ) = _ERZ',T - F m (5)
Equation (5) shows us clearly that the optimal net borrowing equals the excess
reserves (ie the gap between existing reserves and required reserves; —ER; 1)
and the inverse of the probability of a liquidity shock leaving the bank with
negative end-of-day balances, given the location of the market rate within
the official corridor. The optimal borrowing naturally decreases with both
the excess reserves prevailing before the clearing of overnight markets and the
interbank overnight rate (the rates of the two standing facilities are taken as
given).
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Bank 7 can act as a borrower or lender in the market. However, as long as
the overnight market rate stays strictly inside the corridor, the money market
liquidity is constant, as there will not be any transactions with the central
bank. As a consequence the aggregate borrowing must be zero. We can get
the market-clearing overnight rate of interest from equation (4) by aggregating
over the unitary mass of banks (b;, = b7 = 0 and —ER; v = —ERy):

r =" F(—ERy) +r%(1 — F(—ER7)). (6)

Thus, the equilibrium interbank overnight rate of interest is simply the average
of the two rates of the standing facilities weighted by the probabilities of the
money markets being short of or in excess liquidity. There are three factors
determining the overnight rate of interest: i) the interest rate corridor, ie the
rates of the standing facilities set by the central bank, ii) the distribution of
liquidity shocks after the last open market operation affecting day 1”s liquidity,
and iii) the supply of liquidity with respect to the liquidity need. In our model
the rates of the standing facilities are given prior to the overnight trading.!® If
we assume the distribution of the liquidity shocks to be stable, the only varying
parameter determining the overnight rate in our model is the supply of (excess)
liquidity. Hence, the key questions facing the central bank are, how accurately
the daily supply of liquidity is in its control, and what the effects of volatility
are in money market liquidity. The answer to the first question depends i) on
the central banks ability to forecast both the developments in the autonomous
liquidity factors and the banks’ aggregate demand for liquidity, and ii) on
the central bank’s ability to provide the markets with the estimated liquidity
need. The effect the overnight volatility has in general depends crucially on
how the counterparties interpret movements in the overnight rate as reflecting
the monetary policy stance. This depends largely on the procedure the central
bank uses in choosing the supplied amount.

To address the question of how the supply of money market liquidity is
determined we will model the demand for bank reserves in money market
tenders under different set of liquidity policy rules used by the central bank.
The bidding behaviour of the banks varies with the approach the central bank
has in liquidity allotment.

3.2 Determination of money market liquidity

In case of a framework without averaged reserve requirements, we assume that
the central bank conducts one liquidity operation for each day. We will also
assume that the structural deficit in the money market is large enough, so that

15In case of ECB’s framework, a change in the rates of the standing facilities can be
effective on the following banking day at the earliest.
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the tender operations will always be liquidity providing.'® In these liquidity
increasing fixed rate tenders the central bank announces the rate of interest
at which it stands ready to provide the counterparties with liquidity. After an
announcement each bank may submit a bid to the central bank specifying the
amount of liquidity the bank is willing to borrow at the announced rate. The
central bank can accept all the bids it receives in full (full allotment) or it can
scale the bids back proportionally to the amount bid (proportional allotment).
Here we assume that the counterparties know in advance whether the central
bank is using a full or proportional allotment strategy. If the aggregate bids
the central bank receives do not exceed the amount of liquidity the central
bank targets to lend, it will provide the markets with all the liquidity bid for
even under the proportional allotment procedure; ie 100% acceptance of bids
is not always an indication of the full allotment approach. Let us next consider
these two methods separately.

3.2.1 Full allotment

Let us start by defining some terminology for the bidding strategies of the
banks. First, we define the private value of a certain amount of expected
excess reserves for a bank as a weighted average of the rates of the standing
facilities, where weights are determined by the bank’s probability of having to
use the standing facilities with this amount of expected excess reserves. A bank
has neutral liquidity, if its probability weighted cost of relying on the standing
facilities equals the tender rate (ie the private value of neutral liquidity equals
the tender rate). In neutral bidding a bank bids for such an amount that
(when accepted in full) will leave the bank with neutral liquidity. The size of
a neutral bid (TLP$) is implicitly given by:

r’™ ok G(RDB%T — RBi,T—l —Q;T7 — TLZ%utral) (7)
+r'(1 — G(RDBi — RBiy_y — a;p — TLI™™)) =7,

where G(-) is the cumulative distribution function of the sum of the two sto-
chastic error terms pp and er, ie G(RDByr — RBir—1 — aip — TLI$™) is
the probability of bank ¢ being overdrawn after acquiring TLZ%““"“Z from the
liquidity tender. The expected excess reserves before the realization of u is
eER;’ﬁe“”“l = RDB;7+—RB;r—1—a;1— TLZBT“”‘”. Now, we can write equation
(7) as:

"G (—eERG™) + 141 — G(e ER}$"™)) = r". (8)

Equation (8) just states the fact that the private value of neutral expected
excess reserves equals the tender rate. We also know that this is the exact

16By large enough we mean here, that the probability of the whole banking sector ending
the day with debit balances would be close to one, if no liquidity were provided through
tender operation. If this weren’t the case, the central bank might sometimes have to use
liquidity draining operations instead of liquidity providing ones. This assumption does not
otherwise limit the analysis.

17



amount a bank would bid for in a fixed rate tender with full allotment liquidity
provision, if there were no secondary market for liquidity.'”

Strategic overbidding occurs, if a bank bids for more than the neutral bid-
ding strategy would suggest, in order to profit from the (positive) difference
between the tender rate and the banks estimate of the market overnight rate
(rT <E[r°"]). Accordingly, strategic underbidding occurs when a bank bids
for less liquidity than the neutral strategy would require, to profit from the
bank’s estimation of a negative difference between the tender rate and market
overnight rate (r” >E[r°"]).

By equation (6) we know that the overnight rate of interest is a func-
tion of the (excess) money market liquidity. Thus, in addition to the central
bank’s allotment tactics, the bidding behaviour of a single bank depends on
the bidding strategies of other banks. In equilibrium the bidding strategy of
the representative bank must be such that with the equilibrium liquidity the
expected overnight rate of interest (ie the price of liquidity at the clearance of
the market) will equal the price of liquidity at the tender. This is derived from
the fact that, if E[ro"] > rT, every (atomistic) bank would make maximum
profits by increasing its bid up to the maximum level (or placing an infinitely
large bid if there were no maximum bid), and selling the extra liquidity in
the overnight market. However, in such a case the total liquidity would be
infinitely large or at least large enough to bring the overnight rate down to its
minimum value (ie E[r°"] = r?), which would contradict the assumption of the
expected overnight rate exceeding the tender rate. Also, if E[r°"] < rT, every
bank would maximize their profits by placing a zero bid (ie not participating
the tender at all), and buying the missing liquidity from the overnight market.
However, in such a case the total liquidity on the interbank market would be
sufficiently low, that the expected value for the overnight rate would rise to
the ceiling (ie E[r°"] = r™ > rT). Therefore, the only possible sustainable equi-
librium is such that the difference between the expected overnight rate and the
tender rate is zero, E[r°"] = r’. In such a case, no bank can make positive
expected profits by changing its bid. We also know by equation (6) that the
overnight rate is a decreasing function of the money market liquidity, which
includes the tendered reserves. Thus, there can be only one level of expected
liquidity that can be sustained as an equilibrium.

When all banks are bidding according to the neutral strategy, the overnight
rate will become:

r" = r™F(RDBr — RBr_y — ap — TL}™"™ — ur)
+r%(1 — F(RDBy — RBr_y — ap — TL3™™ — 1)), (10)

I7Tf there were no interbank market for central bank reserves, the profit maximization
problem of bank i at the liqudity auction would be very similar to that of decribed in
equation (2). In this case the maximization would be taken w.r.t TL; p instead of b; 4,
(ER; T + er) should be replaced by (eER; v+ vr) and f(er)der by g(vr)dvr. Thus, the
FOC would become:

"G (—eERZT) + rd (1 e (—eER;"T)) =T, 9)

Now, the optimal expected excess reserves, —eER} 1, (defined implicitly in equation (9))
just equals the neutral expected excess reserves in equation (8).
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Now, it can be shown, that (at the time of the tender operation) the expecta-
tion of the cumulative distribution function of the second shock (expectation
taken over the distribution of x) will equal the cumulative distribution function
of the sum of the two independent shocks (ie Ez, [F' (-)] =G(-); in the following
we will denote Ey, [F (-)] simply by E[F (-)] to shorten the notation).'® Thus,
with neutral bidding, the expected value of the overnight rate is given by:

E[r*"] = +"™E [F(RDBy — RBr_y — ag — TLI — )]
+r*{1 — E [F(RDBy — RBy_1 — ap — TLF™" — pup)| }
— MR [F(—ER%eu”al)] + T’d {1 - |:F( RneutTal)] } (11)
— TmG(—eER%BUtTal) + T’d [1 . G( ERneut'ral)] T’%:
Equation (11) tells us, that the expected value of the overnight rate, when the

banks use neutral bidding, equals the tender rate. Thus, in the only sustainable

equiltbrium the total bids must equal the neutral bidding strategy for the banks
(TL%eutral — TL;)IQ
Furthermore, from equation (11) we have:

: N
E[F(-FR})] = G(—eFRy) = L1, (12)
T T

which defines the equilibrium borrowing implicitly as a function of the interest
rates used by the central bank. We can see that equilibrium bidding will
leave the money market with liquidity that equates the probability of it being
overdrawn with the relative location of the tender rate within the interest rate
corridor.

Now, if the cumulative distribution function G (-) has the inverse function
G~'(-), we can derive the explicit form for the equilibrium bidding:

S oo
eER*T = —G_l (—) = TLT = LGp — G_l (ﬁ) , (13)

rp =g rr —7Tr
8Let v = p+e. It can be shown, that G(v) = [ F. (v fu (p)dp. Where fe, fu,

F., and F), refer to distributions and cumulatlve dlstrlbutlons of the error terms e and
I respectively. By the definition of expectation, we have G (v) =Ey, [F. (v — )], where
the expectation is taken over the distribution of u. The proof of this is given in technical
appendix A.

Y9Note, that the unique equilibrium we have derived here does not contain any information
on how the liquidity is distributed among the banks in the tender. From the point of view
of a single atomistic bank (which takes the total money market liquidity as given), every
bid size will lead to zero expected profits, as long as the expected overnight rate equals
the tender rate. If one would like to restrict the number of possible distributions of the
tendered liquidity, one possibility would be to impose an extra assumption, according to
which there is positive probability (that could be infinitesimal) that a bank can’t enter the
interbank market on that day. In such a case there would be a unique equilibrium for each
individual bank, in which each bank will bid its neutral liquidity. The reason is that as
long as the bank can enter the interbank market any bid is equally good for the bank, but
in the infinitesimally probable case that it is not able to enter into transactions with other
banks, it is optimal to bid according to the neutral strategy (as with neutral bidding the
private value for the liquidity the bank bid for, equals the tender rate). Similar result (the
uniqueness in a single bank’s bidding) could also be derived by introducing a fixed cost that
banks will face when they enter the interbank market.
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where LGy is the (estimated) liquidity gap between required daily balances
and the sum of morning balances and the autonomous liquidity factors (LG =
RDBr— RBr_1—ar). In this model the amount of bank reserves demanded at
the tender will depend on the liquidity gap, expected overnight rate (ie tender
rate), the rates of the two standing facilities and the distribution of liquidity
shocks. The central bank sets the expectation over the market overnight rate of
interest indirectly by the tender rate, and the rates of the standing facilities are
also announced directly by the central bank. Thus, if the shock distribution is
taken as given, the central bank is able to determine the demand for reserves
(thus the expected money market liquidity) by choosing the location of the
tender rate within the interest rate corridor.

Note that, if the shock distribution is symmetric and the central bank

. . . . . ’I‘Tf’l“d .. .
applies a symmetric interest rate corridor (ie a— = %), the equilibrium
T 'T

expected amount of excess reserves will be zero (as G (0) = % for symmetric
shock distribution). If the shock distribution is skewed to the left (right),
the banks will (on average) have positive (negative) excess reserves when the
interest rate corridor is symmetric.

The actual overnight rate on a particular day will deviate from its ex-
pected value (the tender rate) because of the (net) liquidity shocks occurring
between the allotment of the tender operation and the clearing of the interbank
overnight markets (u). However, the variation in the actual overnight rate does
not contain any information on the stance of the monetary policy. It is merely
a consequence of the sum of net errors made by the banks in estimating their
need for liquidity in tender operations. Hence, the volatility should not be
transmitted to longer-term interest rates (interest rates that are more relevant
in the monetary policy transmission).

We further clarify the determination of the overnight rate and the relevance
of the two liquidity shocks by figure 2. In drawing this figure, we have assumed
for clarity that both shocks are normally distributed, and the interest rate
corridor is symmetric around the tender rate.?’

In figure 2, ST is the perfectly elastic supply of tender reserves, and DT
denotes the demand for reserves during the operation (given by equation (13),
or if G71(-) does not exist, implicitly given by equation (12)). The equilib-
rium amount of reserves expected to prevail at the clearance of the overnight
market (eOBr) is given by the equality of the demand and supply (point a).
The expected (equilibrium) value of the overnight rate is 7, and in case of
symmetric corridor, the equilibrium (ie the expected level of) excess reserves
is 0.

The equilibrium liquidity gives us the location of the inelastic part of
E[S°/™], the expected supply of liquidity at the overnight market.?! The true
supply of liquidity after two alternative realizations of the first shock (u*, and
w1~ ) is given by the two dashed lines. The demand for liquidity at the clearance
of the overnight market is denoted by D°™. With liquidity close to the ex-

20Demand functions in all figures in this paper are based on the assumption of normally
distributed liquidity shocks.

2IThe perfectly elastic parts of overnight supplies are naturally at the level of the rates
of the standing facilities, as the banks can get all the liquidity they want at the marginal
lending rate, and they can deposit liquidity in the central bank at the deposit rate.
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Figure 2: Determination of overnight rate; symmetric corridor

pected its value, the interest rate elasticity of D°/™ (based on F (-)) is smaller
than that of D” (based on G (+)), as the variance of the remaining shock (¢) is
smaller than the variance of the total shock (u+ ¢) (the stochastic error terms
p and ¢ are independently distributed).?? This means, that the variations in
the overnight rate of interest due to a shock of given size is larger after some
of the liquidity uncertainty has disappeared. If the first shock of the day is
positive (u7), the realized value of the overnight rate will be lower than its
expected value (point b). Similarly, the overnight rate increases up to point ¢
due to a negative liquidity shock.

The volatility of the overnight rate in this setting depends on the timing
of the clearance of the interbank market, as p and e reflect the share of the
aggregate shock occurring before and after the clearance of the market respec-
tively.?? The earlier the markets clear, the smaller the share of the flow of
the daily shocks occurring before the clearance (smaller o, and larger o), and
the closer D™ is to DT. Intuitively, early clearing of the interbank market
increases the uncertainty of a bank’s end-of-day balance at the clearance of the
market, which increases the interest rate elasticity of the demand for reserves.
Thus, the volatility of the overnight interest rate is lower on markets that are
active already in the mornings, compared with the markets that use interbank
trading merely to settle the foreseen liquidity needs of the banks.

Finally, let us consider the case in which the interest rate corridor is asym-
metric. Figure 3 shows the determination of the overnight rate when the tender
rate is in the lower part of the corridor.

Here, again the equilibrium at the tender operation gives the expected value
for both the liquidity and the overnight rate (point a). The expected value of

22Note that we can get distribution g,4. ~ N(0,0,4.) from distribution f. ~ N(0,0.)
through a mean preserving spread.
23The aggregate shock consists of a continuum of small independent shocks.
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Figure 3: Determination of overnight rate; asymmetric corridor

the overnight rate still equals the tender rate. However, the expected liquidity
is now larger than zero, as the relative cost of having to use the deposit facility
is lower than the cost of acquiring credit from the marginal lending facility,
and thus, the banks are willing to increase the probability of using the deposit
facility.

Note, that even though the expected value of overnight rate interest equals
the tender rate (E [T"/ "} = rT), the overnight rate at the expected liquidity is
lower than the tender rate (r°/® |,—o< r’, see point b in figure 3). This result
is obvious, as we know that, having assumed the normally distributed error
terms, the demand for reserves is convex (concave) at liquidity levels above
(below) zero, and that the relative curvature of D™ is higher than that of
DT. This means, that we expect to see the overnight rate realized below the
tender rate more frequently than above it, if the tender rate is in the lower part
of the interest rate corridor. Also the interest rate variations due to liquidity
shocks are not symmetric around the expected value. This again results from
the convexity of demand at rates below the middle of the corridor.

Similar, but opposite effects can be shown for the case where the tender
rate is in the upper part of the corridor.

The central bank can affect the amount of excess reserves demanded, and
the volatility of the interbank overnight rate by choosing both the width of the
interest rate corridor and the location of the tender rate within the corridor.
These effects should be taken into account, if the central bank wants to use
the rates of the standing facilities as an independent signalling device.
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3.2.2 Proportional allotment

In the case of proportional allotment, the banks know, that the central bank
has a target for liquidity, and that it will try to allot liquidity according to
this target regardless of the total amount bid by the banks. Let us define
the targeted amount as T'L*. Now, the actual tendered liquidity (7'L) will not
(always) be the total amount of bids (T'L?). The amount of liquidity the central
bank actually provides to the markets is either the amount targeted by it or
the aggregate amount of bids, whichever is the smaller (T'L = min(T'L?, T'L®)).
Thus, the banks must take into account the behaviour of the central bank as
well as the behaviour of the other banks when preparing their bids.

When can the central bank control also the supply of liquidity provided to
the market in fized rate tenders? Let us first assume, that the banks expect
the central bank to have a target for liquidity, such that it will (on average)
leave the markets with neutral liquidity (ie liquidity by which the expected
overnight rate of interest would equal the tender rate, TL® = T Lnewral) 24
We also assume, that the central bank’s estimate of the banks’ demand for
reserves in order to have neutral liquidity is unbiased. If the banks now used
the neutral bidding strategy (like they did under full allotment), the liquidity
supplied to the markets would be the smaller of the two variables that have the
same mean: i) the central bank’s estimate of tendered reserves needed for neu-
tral liquidity (which is based on the central bank’s forecast of the autonomous
liquidity factors a“P), and ii) the sum of banks’ estimates on their reserve
needs for neutral liquidity (ie the aggregate bid (7'L*), which is based on the
banks’ forecast of the autonomous liquidity factors a = ). a;). The banks’
aggregate estimate of the autonomous liquidity factors does not need to (and
normally does not) coincide daily with that of the central bank, even though
they both are unbiased estimators of the same stochastic variable. There-
fore, the overnight rate with liquidity based on the neutral demand would
normally differ from that of based on the neutral supply, even though they
share the same expected value (ie p(r°"|TL* # r°*|TL°P) > 0, even though
E[r*|TL*] =E[r*|TL?] = rT). Consequently, the expected value of the
overnight rate with the liquidity actually tendered (T'L = min (TL*, TLCE ))
would be above its expected value with either of these single liquidity vari-
ables (E[r"|TL] =E[r°"| min(TL*,TLY?)] >E[r*|T L*] =E[r"|T L°8] = rT),
as the overnight rate of interest is a decreasing function of liquidity. In such
a case, the representative bank is evidently able to make profitable deviation
from the neutral bidding strategy. By increasing its bid, a bank is going to
have excess liquidity at the tender rate, and the income from selling this extra
liquidity in the money market is expected to be higher than the tender rate.
Similarly, underbidding is ruled out as a sustainable equilibrium strategy in

24Tn section 4.2 (where the reserve requirement is based on averaging), we divide the
proportional allotment procedure into liquidity targeting and interest rate targeting. In
liquidity targeting the central bank has set liquidity directly as the target, whereas in interest
rate targeting the amount the central bank is willing to lend will be derived indirectly from
the banks demand function. Here, both of these two approaches would produce similar
results, as the reserve holding is not based on averaging. Thus, the neutral liquidity target
we have here can be thought of as a direct liquidity target or to be derived from a neutral
interest rate target (where the target rate equals the tender rate).
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this setting, as the expected liquidity would then be smaller than with neu-
tral bidding, and so the incentive to deviate from the overbidding strategy
would be even stronger than from neutral bidding. Therefore, all sustainable
equilibria with this kind of proportional allotment procedure must result in
overbidding. If the aggregate amount of bids exceeds the estimated neutral
level sufficiently (T'L? >> TL*), the tendered liquidity will always equal the
central bank’s target amount (T'L = min(TL¢, TLP) = TLCP).?> Hence,
the supply of daily liquidity would be determined solely by the target of the
central bank. Consequently, the expected value for interbank overnight rate
would equal the tender rate.

The amount of overbidding can’t always be determined uniquely in this
setting. BEg if 2T'L* > TLP|,c5_,max, the total bids amounting to twice the
real liquidity need would lead to the same result as total bids amounting to
three times the real need. Therefore, any such amount of total bids that is
large enough to maintain TL¢ > TLYP|,c5_gma would be an equilibrium.
Now, from a single bank’s point of view any bid would lead to zero profit as
long as it can be sure that the central bank can control the liquidity according
to its target (ie as long as p(T L > TLYB|,05_gmax) = 1). However, if there is
even the slightest probability that the aggregate bids might be lower than the
central bank’s target amount, it would be optimal to bid the maximum value
that one can bid for.26

What if the central bank has some other policy than to provide the markets
with neutral liquidity? Let us first assume, that the central bank wants to
squeeze the markets (ie provide the markets with liquidity below its neutral
level) in order to keep the overnight rate of interest (or its expected value
to be exact) above the tender rate. This approach, when expected by the
counterparties, raises the incentive for overbidding, as the income from selling
the extra liquidity is increased compared with the neutral situation. Thus, the

2>How much the aggregate bids need to exceed the expected neutral level depends on
the maximum size the central bank’s estimate of the autonomous liquidity factors can be
(@m2). If TL? > TLYB| c5_gms, the aggregate bids will allways exceed the amount the
central bank is willing to provide the markets with, and consequently there will never be
full allotment.

20Tf the central bank did not limit the bid size in any way, the optimal bid would in
principle be infinite, however, in practice the size of a bid would still be limited at least to
be a numerical value. Furthermore, the bid size could also be limited by the central bank
(eg the ECB requires the banks to be able to cover the amount of reserves they are allotted
for by adequate collateral) or by market imperfections (eg the banks usually have limited
credit lines that are needed to distribute the liquidity in the overnight market). In case
there were such collateral requirements or credit lines, the maximum bid would be limited
by the probability of being allotted for more reserves than would be optimal taking these
limitations into account. Thus, the optimal bid of a single bank would depend (partly) on
its expectation of the allotment ratio (ie allotted liquidity/aggregate bids) in the tender - the
lower the expected allotment ratio is, the lower is the probability of reaching these limits,
and consequently, the more one may bid in the tender. As in this set up there is no natural
focal point for expectations on the allotment ratio, the bank could use the allotment ratio of
the previous tender (or average of such ratios in the past few tenders) as such a point while
preparing its bid. If this was the case, the bank’s optimal bid would increase from tender
to tender (as the focal point diminishes continuously), until the allotment ratio would reach
such a low level that the bank could be sure of the central bank having the control of the
allotted liquidity (ie p (aggregate bids > central bank’s target liquidity) = 1).
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Figure 4: Determination of overnight rate; symmetric corridor

central bank would be able to steer both the overnight rate and the money
market liquidity with this kind of policy. However, the rationale for using fixed
rate tenders in this vein could very well be questioned. If the central bank
behaves like this, it actually uses the supply of liquidity as its policy variable
instead of the tender rate. Then, the whole process of implementing monetary
policy would be more transparent to the public, if variable rate tenders were
chosen. Furthermore, it is hard to find a rationale for the transfer of profit
to the successful bidders caused by the use of fixed rate tenders with liquidity
supply rationed below the neutral demand. This procedure would benefit those
who can make the largest bids (above their neutral liquidity demand). Hence,
this procedure would eventually lead to infinitely large bids, if the bid size is
not somehow rationed.

In the opposite case, the central bank’s strategy would be to maintain the
overnight rate below the tender rate. This could be achieved by flooding the
market with excess reserves. However, the central bank would not be able to
do this, as the banks would not be willing to provide it with large enough
bids (ie TL* < TL®), if the price of liquidity is expected to be lower in the
markets than in the tender operation. In this case, the central bank would not
be able to control the quantity of money market liquidity, and this strategy
would produce outcome similar to the full allotment case.

Figures 4 and 5 clarify the determination of overnight rate under propor-
tional allotment procedure with neutral liquidity target, both for symmetric
interest rate corridor and asymmetric corridor.?” The only differences between
these two figures and those of under the full allotment procedure (figures 2 and
3) are in the demand for and supply of liquidity at the tender operation. Now,
D7 is an arbitrary point at the level of the tender rate and at huge liquidity
(relative to the real need). The supply is again perfectly elastic, but only up

TIn figure 4, like in the rest of the figures in the paper, we assume the liquidity shocks ¢
be distributed normally.
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Figure 5: Determination of overnight rate; asymmetric corridor

to the amount targeted by the central bank. This target amount is given by
the central bank’s expectation of the demand for liquidity at the tender rate
(ie E[S°/"] at r™). Thus, E[D°/"] is similar to D”. The difference between
them is that D7 is based on G (-), which is the banks’ expectations over F'(-),
and E[D°"] is based on the central banks expectation of F (-).

3.3 Comparing the two approaches

We next summarize the findings from the two previous sections, and try to an-
swer the question: how do these two equilibria with different allotment mech-
anism used (full allotment and proportional allotment with neutral liquidity
target) differ from each other?
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e The demand for and supply of liquidity

The demand for liquidity at the clearance of the overnight market does
not depend on the allotment procedure, as it is merely a function of the
prevailing money market liquidity, the interest rates of the standing facil-
ities and the distribution of liquidity shocks. Also the shape of liquidity
supply at the overnight market is independent of the approach used in
allotting the liquidity. The supply is perfectly inelastic at the level of
overnight balances from deposit rate to the marginal lending rate, and
the supply is perfectly elastic at the rates of the standing facilities.

However, the demand and supply at the tender operation differ according
to the allotment procedure. If the proportional allotment method is
used, the supply is perfectly elastic only up to the liquidity target of the
central bank, while it is perfectly elastic without limits in case of full



allotment. The demand for liquidity is arbitrarily large relative to the
real need under proportional allotment with neutral liquidity target. In
case of full allotment (or proportional allotment with the tender rate in
the upper part of the corridor) the equilibrium demand is determined by
the probability-weighted cost of using the standing facilities.

Due to the differences in the demand for and supply of liquidity at the
tender, the location of the inelastic part of the supply of overnight liquid-
ity at the clearance of the market may differ according to the allotment
procedure.

The level and volatility of the overnight rate

With both procedures the expected value of the overnight rate will equal
the tender rate. If the interest rate corridor is symmetric, the relative
volatility of these approaches depends on the size of the first liquidity
shock of the day. If the central bank can estimate the evolution of the
total liquidity better than the corresponding aggregated estimates of the
banks are (ie if u“% < 3" p;), the volatility of the overnight rate of
interest is smaller under proportional allotment method. However, this
is not necessarily the case, particularly, if the central bank publishes its
estimate before the tender operation.

In case of an asymmetric interest rate corridor, the volatility depends
again on the relative accuracy of the liquidity estimates. However, now
it depends also on the relative accuracy of the estimates of the cumu-
lative distributions. It is not however obvious, that ECB [F (-)] will be
a more accurate estimate of F'(-), than G (-) is. Hence, without further
assumptions we can’t say whether the volatility of the overnight rate is
larger under full allotment or not.

Signalling monetary policy and transmission of volatility

In the case of full allotment, the expected value of the overnight rate for
a specific day is always the value expected to be used in the tender oper-
ation affecting that day’s liquidity. Thus, the yield curve (that is based
on future values of the overnight rate) should reflect only the expecta-
tions on the evolution of the tender rate. These expectations should
not have anything to do with the overnight rate realized on a specific
day, as its deviation from the tender rate is merely produced by forecast
errors by the banks. Thus, the signals given by the tender operations
are unambiguous, and the volatility of the overnight rate should not be
transmitted to longer periods.

The same reasoning applies also for the case with proportional allotment,
as long as the strategy used in choosing the level targeted by the central
bank is known to the public (or at least to the counterparties). If the
target must be read from the past behaviour of the central bank (ie
past allotment decisions), variations in realizations overnight might be
interpreted as changes in the monetary policy stance. Thus, in such
a case it would not be certain that the volatility is not transmitted to
longer maturities. This, harmful, transmission could be avoided either
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explicitly by the central bank announcing the allotment policy or by
it making the liquidity policy implicitly public through publishing the
liquidity forecast, on which it bases its liquidity allotment decision.

Using interest rate corridor as an independent signalling device

From the previous analysis, it is clear, that a symmetric interest rate
corridor is simplest for the central bank to operate with as long as we
can expect the liquidity shocks to be symmetrically distributed. This
results from the fact that if the corridor is symmetric, the demand for
liquidity at the tender will equal the demand for liquidity at the clearance
of the market. Also the variation of the overnight rate round the tender
rate is symmetric with a symmetric corridor. However, the central bank
might like to give monetary policy signals independent from the tender
rate via the rates of the standing facilities. Eg having a tender rate in
the lower part of the corridor could indicate, that the central bank sees
the probability of its next change in the tender rate to be upwards.

Using the corridor independently is rather complicated with the propor-
tional allotment method. If the tender rate lies in the upper part of the
corridor, the central is not able to meet its target liquidity, and conse-
quently the procedure will in fact be similar to full allotment. Also, if
the tender rate is in the lower part of the corridor, the central bank must
adjust its liquidity target up from 0 (or the level of the reserve require-
ment), to keep the target amount neutral.?® Estimating the new target
liquidity (after a change in the tender rate’s location within the corridor)
can be difficult especially if the shock distributions are not constant over
time.

The use of the rates of the standing facilities as independent policy
instruments is perhaps not so difficult with the full allotment proce-
dure. However, in this case the central bank must remember that the
asymmetry of the corridor affects the demand for excess reserves, and
consequently it also affects the cost of the framework to the banks.

28The target amount of the central bank will differ from zero, if the shock distribution is
asymmetric. The amount would be positive (negative), if the distribution were skewed to
the left (right).
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4 The model with averaged reserve requirements

If compliance with the reserve requirement is judged by the average value
of reserve holdings during a reserves maintenance period instead of a daily
requirement, the demand for daily reserves changes dramatically. As in the
previous chapter, we assume here that the central bank conducts liquidity
operations daily. We also assume, that a liquidity operation will mature on
the day when the following operation is settled. Thus, the maturity of the
liquidity provided is overnight unless we relax the assumption of the frequency
of the operations. Furthermore, we will continue to assume that the central
bank tenders are liquidity providing and that the structural liquidity deficit
of the money market enlarged by the reserve requirement is ”large enough”, if
the banks do not bid for liquidity in a tender operation.?’

The determination of the overnight rate on the last day of the maintenance
period is similar to the case described in the previous chapter. Thus, the
E[r9"] will equal the probability weighted average of the expected value of the
marginal lending rate and the deposit rate at the end of the period.

E[r}"l = E[r]'] G(—eERy) + E [r]] (1 — G(—eERy)), (14)

Where the expected excess reserves (eE£'Rr) equals the money market liquid-
ity at the time of overnight markets clearing subtracted with the minimum
required daily balances (eOBr — RDBr). As in the case without averaged re-
serve requirements, we divide the following analysis of the demand for liquidity
according to which approach the central bank uses in its allotment decisions.

4.1 Full allotment
4.1.1 Penultimate day (7-1)

As we saw in the previous chapter, banks are willing to bid for neutral liquidity
in the last operation of the maintenance period (affecting day 7T’s reserves),
when a full allotment procedure is used by the central bank. Thus, the expected
value (at the last tender) of the last day’s overnight rate will equal the tender
rate (Ez [r9] = r}). At the interbank market clearance on T-1, the banks
know that their liquidity holdings on that day do not affect the last days
overnight rate, as the situation in the overnight market will be neutralized in
the last tender operation. Thus, the expected value of the last day’s overnight
rate equals the expected value of the last tender rate, if the expectations are
taken at 7-1 (or before) (Ep_1 [r§"] =Er_1 [r1]). Consequently, in the case of
pure averaging™, the cost of borrowing (income from lending) an extra unit
of liquidity from the interbank markets on day 7-1 would be r",, and the

297 Large enough” here means, that the probability of ending the day with debit balances
is close to one, if no liquidity is provided through tender operation. If this were not the case,
the central bank should use liquidty draining operations instead of liquidity providing ones
under some circumstances. This assumption does not otherwise limit the analysis.

30By pure averaging we refer to a system, where the end-of-day balances of a credit
institution is not limited by any regulations, other than the reserve requirement.
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expected income from (cost of) that extra liquidity would derive from being
able to avoid borrowing next day at E[rﬂ So, for every level of reserves the
market-clearing overnight rate on 7-1 would be the interest rate expected to
be used in the last operation affecting this maintenance period’s liquidity (ie
g, =Er_; [r}].]). Hence, no bank would be willing to borrow (lend) at rates
above (below) the tender rate. However, central banks do not normally allow
for pure averaging. Averaging provisions do not normally allow overdrafts.

Here, we will maintain the assumption, that overdrafts are forbidden. Ie if
a bank would otherwise be ending a day with a debit balance, it has to cover
the deficit by liquidity credit taken from the marginal lending facility. In this
case, the cost of borrowing liquidity from interbank markets at 7-1 is still 73",
times the borrowed amount. However, the expected income from it consists of
three parts: i) the amount of marginal credits expected to be avoided through
the interbank borrowing times the marginal lending rate®', 77) the amount of
liquidity expected to be deposited into the deposit facility (ie the amount of
reserves exceeding the requirement for the whole maintenance period) times
the deposit rate, and 4ii) the avoidance of having to borrow tomorrow at E [Tﬂ
in order to fulfil the reserve requirement times the amount of reserve deposits
the bank is expected to have by the end of the day.

The profit maximization problem of a bank operating in the overnight
market at the penultimate day of the maintenance period is given in appendix
B, which also shows how equation (15), that describes the determination of the
overnight rate, is derived from the first order condition (w.r.t. the interbank
borrowing) of the profit maximization problem:

rf* =Er_1 [r}] {1 = F(—=OBy_1) — [l = F(2RDBy_1 — OBr_4)]}
4 \F(=OBp_1) +7r%_,[1 — F(2RDBy_, — OBr_1)]. (15)

We can also write equation (15) as the expected change in the overnight rate
of interest (ie the difference between today’s overnight rate and the expected
rate to be used in the final tender operation):

T'%Til — ET,1 [T%] = [(T;nfl — ET,1 [T%]) F(—OBTfl)} (16)
+(r§_y —Er_1 [r]]) 1 = F(2RDBr_, — OBr_1)]

Equation (16) says that in equilibrium the expected change in the overnight
rate between the two final days of the maintenance period, equals the proba-
bility weighted spreads between the expected tender rate and the current rates
of the standing facilities.

If the interest rate corridor is symmetric®? and the banks do not anticipate a
change in the tender rate, the overnight rate at 7-1 will be below that expected
for the last day, only if the probability of being overdrawn at 7-1 is smaller
than the probability of fulfilling the reserve requirement for the whole period

31 F(—=OBr_1) is the probability of the liquidity shock er_; being less than —OBrp_;.
32By symmetric interest rate corridor we refer to the situation, where the tender rate is
m d
the mid-point of the interest rate corridor (i.e. r{ = "¢,
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at T-1.% If we assume the liquidity shocks to be distributed symmetrically,
we will see that the overnight rate is expected to decrease between T-1 and
T, as long as the amount of liquidity traded at the overnight market at 7-1
is less than the minimum required daily balances to be held at T-1 and T
(if OBr_1 < RDBr_q, then r§™ | > Er_; [r]| =Ep_; [r§"]). Similarly, with
a symmetric corridor and symmetric shock distributions, the overnight rate is
expected to increase during the two last days, if the liquidity at the overnight
clearance at 7T-1 is over the minimum required daily balances.

From equation (16) we know, that the overnight rate of interest on the
penultimate day of the maintenance period is an increasing function in all

central bank rates (expected value of the last tender rate, current deposit rate
org™ | orgt , org

and current marginal lending rate ; > 0), and a decreasing

76ET71[7'%:] P orip_y org
function in both current reserve holdings (money market liquidity at the time

oL, o, 0)
90Br 1’ ORDBr :
The RDB itself is increasing in the reserve requirement and decreasing in the

. ORDBr_; ORDBr_,
past reserve holdings 0, = < 0).
& ( ORR " 0% "RB; )

of clearing) and the minimum required daily balances (

The bidding behaviour and the determination of equilibrium liquidity

The demand for liquidity in the penultimate tender (affecting the liquidity
on T-1) will depend on the expected value for the overnight rate for that
day. Now, we know that the price of overnight liquidity at 7-1 is a decreasing
function of the overnight balances on that day. Thus, with reasoning similar to
the case with no averaging (see section 3.2.1), the banks will in equilibrium be
bidding for liquidity until the expected value of today’s overnight rate equals
today’s tender rate (Ep_y [r§” ] =r]_).** Let us denote the expected change
in the tender rate between the last two days of the period by Ar” (ie Ar? =
Er_y [r¥] —rT_)). Based on equation (16), and the facts that in equilibrium

Er_i [r¢",] =rT_, and E[F (-OBj_,)] = G (—eOB;._,) we will have:

ET,1 [T’%n;l] — ETfl [T’%:} = T%fl — ET,1 [T%] = —AT’T =
(rf_y — Er_1 [r7]) G(—eOBj;_)) (17)

+(rf = Er_1[r}]) [1 = GRRDBy_1 — OB} )],

where eOB7._,denotes the expected overnight balances at the clearance of the
overnight market with equilibrium bidding (ie eOB}_; = RBp_o + a;—1 +
TL}_,). Equation (17) implicitly defines the optimal bidding behaviour of the
banks; equilibrium bidding is such that it balances the expected change in the
price of liquidity with the probability weighted difference between the current
rates of the standing facilities and the expected tender rate for tomorrow.

3With a symmetric corridor and constant tender rate }TQZI —Er 1 [r]] } =
|r%_1 —Er_; [r%] ’ Thus, we must have F(—OBr_1) < 1 — F(2* RDBr_1 — OBr_1),
as otherwise the RHS of the equation 16 would not be negative.

341f this were not the case, the banks could be making profit from increasing their bids,
if Ep_q [r%ﬁl] > 7T, or by lowering their bids, if Ep_; [r%’il] < rT. Hence, in equilibrium
the overnight rate is expected to remain constant at the level of the tender rate during the
two last days of the reserves maintenance periods.
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Let us divide the analysis of the equilibrium liquidity according to the
interest rate expectations of the banks:

Neutral interest rate expectations

By neutral interest rate expectations we refer to the situation, where the banks
do not anticipate a change in the tender rate, ie Er_y [r]] = r7_,. Let us
denote this rate simply by r’. Equation 17 can, under neutral interest rate

expectations, be reduced into:

(rr—1— rT) G(-eOBj_,) = (18)
(r" =1} 1) [l = G2RDByr_1 — eOBj )] .

Equation (18) implicitly defines the optimal bidding to be such that it balances
the probability weighted difference between the rates of the standing facilities
and the tender rate. The LHS of equation (18) is positive, and monotonically
decreasing in liquidity. Also the RHS of it is positive, however, it monoton-
ically increases with liquidity. Thus, there always exists a level of liquidity,
that satisfies the equilibrium condition. We can conclude, that at T-1 the
optimal bidding is a function of the tender rate’s location within the interest
rate corridor, and the probability of having to rely on the standing facilities.

Let us assume for a moment, that the interest rate corridor is symmet-
ric, and the liquidity shocks are distributed symmetrically. In this case, we
know by equation (11) that the equilibrium liquidity of tomorrow (at T') is
RDB7.** By the symmetry assumptions, equation (18) reduces further to
G(—eOB;_|) = G(=2RDBr_; + eOBj_),* from which we easily see, that
eOB}_; = RDBy_;. Ie the banks are expected to hold reserves according to
their minimum required daily balances at 7T-1. Thus, with RByr_1 = eOB}
the RD Br would equal RDByp_1, however, the expected value for RD Br will
be higher than RDByp_y, at least if eOB}._; is very low (ie if F'(—=OBy_1) is
significantly above zero).3” This means that the mean value of the money mar-
ket liquidity is slightly larger on the last day of the maintenance period than
the equilibrium liquidity for the previous day is, if the required daily balances
at T-1is relatively low (GOBT,I = RDBT,1 SE[RDBT] :E[OBT])

If the tender rate was in the upper part of the corridor ((Tm — rT) <
(r™ —r)), the equilibrium liquidity must leave the probability of being over-
drawn larger than the probability of being forced to use the deposit facility (ie
G(—eOBj; ) > 1 —G2RDBr 1 — eOBj ) ). In this case, the overnight
liquidity is expected to increase more during the last two days than with

35Under these symmetry assumptions equation 11  reduces to (r™
1) [G(—eERS) — 1+ G(—eER})] = 0 = G(—eER}) = L = eER; = 0 = ¢OB} =
RDBr.

36Remembering, that for symmetric shock distribution G (=) =1 — G ().

37This holds, as for the last day:

B 2RDByp_1—OByp_1 —ep_q, ifep_1 > —OBp_4 .

RDBr = { 9RDBy_,. if ep_1 < —OBp_1 , thus E[RDBr] =
(QRDBT,1 — GOBTfl) [1 —F (eOBT,l)]+2RDBT,1 * F (—GOBTfl), which reduces in this
symmetric case to E[RDBr| = RDBr_1[1 + F (—RDBr_1)]. More generally

E[RDB,] = L-HDREDE OBt [ — p(—0By)] + L EPE=L p (~0By).
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a symmetric corridor, as G(—eOBj_;) > 1 — G(2RDBy_, — eOB}_;) =
G(QOBT 1) < G(2RDBT 1 — BOBT 1) = 603:}71 < RDBT_l, and thIlS,
E[OB3] =E[RDBy] > RDBy_, > eOBs_

Similarly, if (r™—r") > (- rd), then (G(—eOBj ) < (1 —
G(2RDBr_; — eOBj_;)), and the direction of the evolution of liquidity on
the last two days depends on the magnitude of the asymmetry, as well as on
the size of RDBp_;.

Expectations of increased interest rates

If the banks anticipate an increase in the tender rate during the remainder
of the period (rf_; <Er_1 [r]] ie Ar” > 0) the demand for liquidity in the
penultimate tender will increase considerably, as the banks perceive the price
of today’s central bank liquidity cheap compared with that of tomorrow’s. To
get an equilibrium in the tender at T-1, the banks place bids again in order to
equate the expected value of today’s overnight rate with today’s tender rate
(Ep_y [r9",] = r}_,). However, at the moment of the overnight trading r{",
is a function of rl instead of rX_| (see equation (16)). Thus, the expected
overnight liquidity must now be larger than in case of neutral expectations, as
the RHS of (17) has to be negative.

Equation (17) tells us, that the banks will bid for liquidity until the differ-
ence between the rates of the two standing facilities and the expected tender
rate weighted by the probabilities with which they are expected to be used,
equals the negative of the expected difference in the rates of the two remaining
tenders. With expectations of increased interest rates the expected differ-
ence between the two tender rates is positive (Ar" = Ep_y [rf] =l >
0). Thus, in order to get a negative value on the RHS of equation (17)
the probability of using the marginal lending facility must be lower than
in case of neutral interest rate expectations (ie G(—eQBJ™ 8 ™) <
G(eOBR""™ “P)) " This means, that the equilibrium liquidity at T-1 will
be larger with expectations of increases, than in the case with neutral ex-

pectations (eQBJ™ ™Me P~ cOBR" “P““M P, As the liquidity at 7-1 is

tral
larger with expectations of increases, the RDBRerexsme - - ppphevtral oxp.

and consequently eQB"" " P < OB nentral exp. So, the expectation of
an increase in the tender rate between the two last days of the maintenance
period does not carry over to the market overnight interest rate, but it is
transmitted to the equilibrium overnight liquidity.

9

Expectations of decreased interest rates

Following the approach above, with expectations of decreases in interest
rates during the remainder of the maintenance period (r7._, >Ep_; [r]]) the
RHS of equation (17) must be positive in equilibrium. To have this, the
banks should bid for less liquidity than in the case with neutral expectations
(eQOBlcressme b o B &Py - Ag in the case with expectations of in-
creases, the overnight rate does not react to the expected fall in the tender rate.
The expectations are reflected merely in the amount of overnight liquidity in
the money market.
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Figure 6: Determination of overnight rate at 7T-1; symmetric corridor and
neutral interest rate expectations

To sum up, if the central bank uses full allotment, the overnight rate at 7-1
will equal the tender rate affecting the liquidity at 7-1, whatever expecta-
tions the banks have on the tender rate for the last day. However, the equilib-
rium liquidity depends on the interest rate expectations, ie eO B3™™ "8 “P* >
eOB;,Eelutral exp. > eOB;,iei(:reasing exp. )

Figure 6 shows us the determination of the overnight rate on the penul-
timate day of the maintenance period, and the effect the averaging provision
has. Once again ST and D? denote the demand and supply in the tender. The
vertical part of the expected overnight supply is at RD Bp_, which is the level
of liquidity demanded at 7. The demand for reserves at the clearance of the
overnight market is now very elastic at liquidity levels close to the equilibrium.
Thus, stochastic liquidity shocks do not affect the overnight rate of interest as
much as in the case without the averaging provision.

However, even though the interest rate elasticity of the demand for liquid-
ity increases with the averaging provision, we are not able to state, that the
volatility of the overnight rate of interest decreases with it. Figure 7 shows
us the case where banks are expecting a rise in the tender rate (rf ; < ).
The part of demand curve D" that seems to be most elastic is still around
the minimum required daily balances for the rest of the period (RDBp_y).
However, the equilibrium liquidity provided to the market is now well above
this level. Thus, we are not able to say unambiguously, whether the demand
for liquidity is now more or less elastic than under the case without averaging
provision. We may conclude, that depending on the expectations of the banks,
the averaging provision may lower the interest rate variability. However, the
interest rate expectations the banks have under the averaging provision will lead
to variations in the equilibrium liquidity, and consequently also to variations
in the volatility of the overnight rate.
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Figure 7: Determination of overnight rate at T-1; increasing interest rate ex-
pectations

4.1.2 Earlier days (1,2,...,T7-3,T-2)

Let us now move on to analyzing the situation on the days prior to the last
two days of the reserves maintenance period. In the penultimate day, the
banks already had the luxury of averaging; as long as RD By _; was positive,
the probability of having to rely on either of the standing facilities was below
one. The amount of liquidity the banks held on that day did not affect the
liquidity conditions on the following day, as the situation was neutralized in
the last tender operation. The analysis of the situation prior to the last two
days becomes a bit more complicated, as the liquidity held at ¢t (¢=1,2,...,T-
2) affects the cost of holding reserves (ie the probability of having to use the
standing facilities) and consequently the demand for liquidity in the tenders
held at t+41,...,T-1. The channel of this effect is through RDBs of the following
days.

The cost of borrowing (income from lending) reserves from overnight mar-
kets at ¢t (t =1,2,...,T —2) is r{" * b;;. The income from the liquidity bought
(cost of liquidity sold) is again a mixture of several components: ¢) the mar-
ginal lending rate times the expected avoidance of being overdrawn today ,
i) the deposit rate times the expected amount to be placed into the deposit
facility today, and iii) the expected avoidance of having to borrow either from
the central bank or from the markets later during the same maintenance pe-
riod. With full allotment the banks know, that the equilibrium ex ante price of
overnight liquidity at t,...T equals the tender rate for that day.*® For simplicity
we assume here that the central bank will not change the tender rate more that
once during the remainder of the maintenance period. This assumption should
not be too restrictive as eg in case of the ECB the maximum number of main

38Otherwise, a bank could be making profit by changing its bid in the tender as we have
seen before.
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refinancing operations during one maintenance period is five (so, at the first
operation there are only three or four operations where the tender rate could
be changed). We also assume, that the banks are unaware of the timing of
the possible change. Thus, in case a rate change is expected the banks expect
it to be effective already in the next operation.? The expected value for the
future tender rate will be denoted by E; [rf] .4

Besides these three factors that were used also in the determination of
overnight rate at T'—1, we have now a fourth component affecting the overnight
rate at 1,2,...,7— 3,7 — 2. iv) An increase in reserve balances held at t lowers
the minimum required daily balances for the remaining period of the following
days (%RR—DB% <0;j=t+1,..,T —1). The cost of liquidity uncertainty the
banks face during the rest of the period is a decreasing function of RDB;, as
the probability of having to rely on the standing facilities on a particular day is
a decreasing function of the required daily balances for that day, and a liquidity
shock can be neutralized in the following tender operation only if it does not

force the banks to use standing facilities on that day (Z<estoluncortainty atj

ORDB;
0 cost of uncertainty 0 prob. of using s.f. 41 :
5 prob. of nsing 5.1 SRDE, < 0).*' The cost of uncertainty on the last

day of the maintenance period depends, as we saw earlier, on the rates of the
standing facilities and on the distribution of liquidity shocks. However, on
day j the same is true only, if eRDB; = 0 (ie if the reserve requirement has
already been fulfilled for the whole period, the banks do not have the averaging
possibility anymore). Otherwise, we have to take into account that borrowing
reserves has an extra effect on the maximization problem by affecting the
probability of being forced to use the standing facilities (through the RDB;’s).
From now on we will call this fourth determinant in the profit maximization
problem the dynamic cost factor (dcf).

The profit maximization problem of a bank operating at the interbank
overnight market is explicitly given in appendix C. The first order condition for
the profit maximization problem with respect to b; gives us (after aggregation
over the unitary mass of banks) the overnight rate of interest at t as a function
of liquidity:

39Tf the banks could be certain, that the expected change will not occur in the next
operation, but it could be effective in the following one, the front- or backloading of reserves
(resulting from the expectations) that this model suggest would be divided between this
operation in hand and the next one.

R [Tﬂ does not need to be a single value that is expected to occur with probability one.

It can be derived as a probability weighted average of the whole range of possible realizations

T, max

for r?, ie. E[rﬂ = f:fo,mm r?h (r?) dr?, where h (r?) is the probability density function

T,min T,max

of the expected future tender rate, r ¢ and are the lowest and highest expected
realizations for the rate.

41The  probability =~ of wusing the deposit facility on day ¢t s
(1-F[(T—-j+1)RDB; — OB;-‘] ). Thus, the probability decreases when RDB; in-
creases, ceteris paribus. If the probability of using the deposit facility decreased, and the
probability of using the marginal lending facility were unchanged, the overnight rate for
that day would decrease. Then, the banks would be lowering their demand for liquidity to
restore the equilibrium between the overnight rate and the tender rate. Thus, OB} would
increase, which lowers the probability of being overdrawn and increases the probability of
having to use the deposit facility. When the markets are in balance again, the probability
of using either of the standing facilities is smaller than it was before the increase in RDB;.
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ri" =B [ry] + (" — Ee [r}]) F(=OB) (19)
+ (=B [rf]) {1 - F(T —t+1)RDB, — OB]}

S
-

m anB* .
+ E [r] — rf] o, LG (- eOBj)
J=t+1

0eRDB; 0eOB?
d . T1 | _ (1 _ J J
+E[r] —r}] [ (T—j+1) o T an

x {1 =G [(T—j+1)eRDB; - cOB;l}),

where G(—eOB}) and (1-G((T'—j+1)RDB;—eOBy)) are the probabilities of
having to use the two standing facilities at j. These probabilities are affected

by interbank lending today, as lending today lowers both eRDB; and eOB;.

OeOB* BeOB;.‘ OeRDB.

Noting, that ——+ = 5754 T and taking the partial derivative
deRDB; !

a5, > We can open equation (19) a little bit further to see explicitly the
dcf as a function of the probability of not having to rely on the standing
facilities today:*?

=B [rf] + (" — B¢ [rf]) F(-0By) (20)
+ (r{ =E [r}]) {1 - F[(T —t+ 1)RDB; — OB}
+ {F (T —t+1)RDB, — OB,] — F(—OB,)}

0eOB; . -1
8 Z ( =1 SerpE O eOBj)(T—jH)
Jj=t+1
1 0eOB*
d T o J
+ B[ -] {1 (T—j+1> 8eRDBj1
x {1-G[(T—j+1)eRDB; — cOB|}) A,

Equations (19) and (20) tell us, that the overnight rate is the tender rate
expected to prevail over the rest of the maintenance period, increased by the
probability weighted cost of having to rely on marginal lending today, and
decreased both by the probability weighted cost of cost of having to rely on
deposit facility today (at ¢) and by the growth of the cost of future uncertainty
that comes with the extra borrowing.

We know, that in equilibrium (under full allotment) the banks are bidding

for liquidity until E; [r"] = r!.** Thus, the equilibrium condition for the
money market at ¢ (¢t =1,2,....,T — 1) is
#21n equation (20) we will use definition aeRﬁD” = —EUB)- J+(1 OBl A, where A, =
0eO B}, — 0eO B/ —
1+ Zk t+1 PeRDB, T hil k1+1 (1 + ZI —i+1 DeRDE, T— 11+1

xeoox {14 grpat =i [1+ smmes (725)] )

See appendix C for its calculation.

43 Again, if this were not the case, banks could make positive profit by changing their
bidding behaviour.
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E [r{"] —E¢ [r}] = v —E¢[r]] = (r]* = E¢ [r}]) G(—eOB;) (21)
+ (r{ =E [r}]) {1 = G(T —t+1)RDB; — eOB;]}

T-1

- 0eOB} 0eRDB; .

+ (Et [rj —rﬂ (%RDIJ?]- o, J (—eOB;j)
i=t+1

0eO B 0eRDB;
E[rd =t ==L - (T—j+1) )| ———
+ t 7”] rf} (86RDB] ( J + )) abt

x {1—=G[(T —j+1)eRDB; — eOB;]})

E[r{"| =E¢ [r}] =r{ —E[r}] = (" = B¢ [r}]) G(—eOBy) (22)
+ (r{ —=E [r{]) {1 = G[(T =t +1)RDB, — eOB;]}
+{G[(T —t+1)RDB, — cOB;] — G(—0B;})}
— 4 0eOB: . —1
X Z (E [ =yl WDB],G(_QOBJ') (m)

j=t+1

1 0eOB*
d__ T _ j
+ B[ -] (1 (T—j+1> aeRDBj>

x{1-G[(T—j+1)eRDB; - eOBﬂ P A

which both implicitly define the optimal bidding of the banks at t (given
TL; = eOB; — RB;_1 — a;). From equations (21) and (22) we see, that in
equilibrium the banks bid for liquidity that equates the expected change in the
tender rate with the probability weighted costs of using the standing facilities
today and the dynamic cost factor. As the optimal bidding at ¢ is a function
of future optimal bidding (implicitly given by eOB5), the equilibrium liquidity
eOB; must be calculated recursively using backward induction. This means,
that we must first solve OB as a function of RD By (which is known at T'),
and use this to solve for eOB}._; as a function of RDBy_; and so on. Thus,
while deciding on its bid at ¢, a bank must calculate the optimal path of reserve
holdings for all days remaining in the current maintenance period.

If the banks have fulfilled their reserve requirement for the whole mainte-
nance period already before t (RDB; = RDB;y1 = ... = RDBy = 0), the extra
borrowing does not affect the future uncertainty anymore, as the dynamic cost
factor becomes zero. Thus, the rest of the period will be similar to the case
without averaging, and the equilibrium bidding is defined simply by:

rl —E; [rﬂ = (r;” - E [rﬂ) G(—eOB;) + (Tf - E; [rﬂ) [1 — G(—eOB)]
or G(—eOB}) = 7.

To see the effect the averaging provision has, we are interested in cases
where RDB; is strictly positive. If RDB; > 0, the dynamic cost factor is

: : 9eOB* :
negative (we know, that a;z}gB? < 0 and ﬁ > (). Therefore, the dynamic
J

cost factor always encourages the banks to postpone the holding of reserves.
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3-day maintenance period as an example

To get some intuition of the optimal borrowing determined by (21), let us
consider the very simplest case in which the dcf is present. Assume 7T=3 (or
equivalently ¢ = T — 2) and the liquidity shocks are normally distributed (g,
~N(0,02)and &, ~N(0,0%) = v, ~N(0,02)). Now, the equilibrium equation
at t=1 becomes:

r{ —E [Tg} =(r"—E [rﬂ)N(—eOBi") (23)
+ (r{ —E[r}])[1 = N(3RDB; — eOB;))
+ [N(BRDB; — eOB;}) — N(—eOB})]

m 1\ 0eOBj .
x {E [ — o] (—5) Serp i N(=e0B))

1 0eOB;
+E[(r;—r7)] (1 - 5#1352) [1 — N(2¢eRDB; — eOB;)]}

Where N(-) is the cumulative distribution function of the normally distributed
aggregate shock. The dynamic cost factor (ie the third term on the RHS) is
always negative. Under neutral or decreasing interest rate expectations the
LHS of the equation is non-negative (ie rf —E,; [TQT} > 0). Hence, with such
expectations the banks should aim at liquidity that will leave the probability
weighted cost of using the marginal lending facility lower than the probability
weighted cost of using the deposit facility today.

In case of neutral interest rate expectations (E[rf] = rT, which we denote
as rT), and symmetric interest rate corridor, we know, that eOB; = eRD B
(thus aaeizozfgz) =1). We also know, that G(—OB) =1 — G(OB) for symmetric
shock distributions. Thus, 1 — N(2¢e RDBy —eOBj) = N(—eOBj), and we can

write equation (23) as:

0= (r{" —r")N(—=eOB;) + (r{ —r") (1 = N(3RDB; — eOBy)) (24)

1
+ [N(3RDB; — eOB;) — N(—eOBj)] (—§)E (r5" — r3) N(—eRDB5)
This can be further reduced under the symmetric interest rate corridor (ie
rm— T = —(rd —¢T) = 0.5(r™ — r?)) to:
N(—eOB]) = N(—=3RDB; + eOBy) = (25)
3RDB;, — eOBf
N(— L 1) IN(BRDB, — eOB?) — N(—eOB?)] .

2

Equation (25) says, that with equilibrium bidding the difference between the
probabilities of overdrawing and being forced to use the deposit facility today,
will equal the probability of overdrawing tomorrow after not being forced to
use the standing facilities today. We could easily solve equation (25) for the
equilibrium liquidity (hence also for the equilibrium bidding), if we knew the
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variances of the shock distributions. In table 1, we have calculated the equi-
librium overnight balances for different variances in the shock distribution as
well as for three different interest rate expectations. Here we have assumed
that the reserve requirement is 100 units. We also assume that when the
banks expect the central bank to change its tender rate, they expect it to do
so by 0.25 %-points between the first and the second tenders (3% — 3,25%
or 3% — 2,75%). Furthermore,we assume, that the corridor is expected to be
symmetric during the remaining period (the assumed width 4%):

Table 1. Equilibrium liquidity at different levels of uncertainty

0.t \ €OBY neutral expect. incr. expect. decr. expect.

10 94 276 12
20 100 252 24
50 101 181 60

Table 1 illustrates us the fact, that the equilibrium liquidity is a function of
both interest rate expectations and the distribution of the liquidity shocks
(when the standard deviation of the shocks is normally distributed). If banks
are expecting the central bank rates to be constant, the equilibrium bidding
will leave the market with less reserves the smaller is their volatility. Intuitively
this means that the more certain they can be on their end of day balances, the
more they can postpone adjusting the reserves maintenance, and thus lower
the cost of future uncertainty (ie probability of having to rely on the standing
facilities in the future).

The equilibrium liquidity is, however, much more affected by interest rate
expectations than by the volatility. If the banks expect a rate rise (rate cut)
they will try to front- (back-) load the reserves. The lower is the volatility of
the liquidity, the more front- or backloading will occur. This again is natural,
as the more certain you the evolution of reserves, the greater the incentive
to take advantage on the expected difference between today’s and expected
future values of the overnight rate.

Figures 8, 9 and 10 demonstrate the determination of the overnight rate on
the first day of a three-day maintenance period. When drawing these figures,
we have assumed, that the reserve requirement is 100/day (ie also RDB; =
100), and that the two daily liquidity shocks are both normally distributed
with zero mean, the standard deviation of the first shock is 10 and that of the
second is 20. In figures 9 and 10 the tender rate is expected to be changed by
25 basis points (bps) from the starting value of 3%. The thicker and lighter
curves illustrate the demand for liquidity at the tenders, whereas the demand
during the overnight market clearance is given by the thinner darker curves.

From figure 8 we see, that the first shock of the day must be very large
compared with the total liquidity to make the overnight rate deviate signifi-
cantly from the tender rate. The equilibrium liquidity is at the level of the
required daily balances for the remaining maintenance period. The interest
rate elasticity of the demand for liquidity seems to be large at liquidity levels
from around 0.5RDB up to 2RDB.

Figure 9 shows us the case, where the banks expect the central bank rates to
be decreased by 25 bps. The expectations will affect the demand for reserves
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Figure 8: Determination of overnight rate on the first day of a 3-day mainte-
nance period; neutral interest rate expectations

heavily. The banks will try to postpone the reserve holding to the second
day, when it will be cheaper to hold them. The interest rate elasticity of the
demand is much less at the equilibrium liquidity than it was in case of neutral
expectations. Now, the value of the overnight rate expected at the tender (ie
the tender rate) is higher than the overnight rate would be, if the first shock
equals its expected value (ie if 4 = 0). This again results from the combination
of the convexity of the demand at these low levels of liquidity, and the fact
that some of the uncertainty has faded away between the tender operation and
clearance of the overnight market.

Figure 10 illustrates the opposite case, where the banks expect the central
bank to increase its rates. In this case the banks will frontload liquidity, as
its price on tomorrow is expected to be higher. We will see from the figure,
that the difference between the expected overnight rate and the overnight rate
at expected liquidity is smaller in this case than if a rate cut were expected.
This result comes from the fact, that the dynamic cost factor is larger at high
levels of liquidity. Hence, the demand functions are not symmetric around
their inflection points. Due to the dcf the demand function is more convex at
low liquidity than it is concave at high levels of liquidity.

The effect the liquidity volatility has on the equilibrium liquidity is illus-
trated by figure 11. It shows us how the equilibrium liquidity decreases from
eOB’ = 266 to eOB = 232, as the standard deviation of the liquidity shock
is doubled from 20 to 40 (the darker demand curve is based on the higher
standard deviation).** Thus, the magnitude of frontloading (with increasing
expectations) clearly depends on the liquidity volatility. Similar effects could
be illustrated for neutral and decreasing interest rate expectations.

The reserve requirement defines directly the minimum daily balances for
the remaining period at the first day of the reserves maintenance period (ie

44The demand curves here are based on normally distributed liquidity shocks, the amount
of reserve requirement is 100, and the tender rate is expected to be raised from 3% to 3.5%.
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Figure 9: Determination of overnight rate on the first day of a 3-day mainte-
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Figure 10: Determination of overnight rate on the first day of a 3-day mainte-
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Figure 11: The effect of an increase in the volatility of liquidity shocks on the
equilibrium liquidity

RBD; = RR). As the equilibrium liquidity eOB7 is a function of the lig-
uidity uncertainty, we notice that eOBj/RBD; is decreasing in RR (at least
as long as the shock distribution is independent of the reserve requirement).
Thus, whether the banks with neutral interest rate expectations will be front-
or backloading reserves at the beginning of the maintenance period depends
on the size of the reserve requirement compared to the liquidity volatility.
Now, if the equilibrium liquidity at ¢ = 1 is larger than the reserve require-
ment (eOBY/RBD; > 1, ie the banks are frontloading reserves at the begin-
ning of the period), we expect RDBj to be smaller than RDB;. Therefore,
eOB; /eRB D, will be larger than eOBj5/RR. Thus, if eOBf/RBD; > 1 we ex-
pect the overnight balances to decrease on the following days (as % > 0),
however, we do not expect the frontloading of the reserves to disappear (as
8(eOB}/eRBD; )
deRBD;
eOB;/RBD; < 1), we expect the equilibrium liquidity to increase as time

passes, but we do not expect the backloading of reserves to disappear (if the
interest rate expectations do not change).

Figure 12 illustrates the effect the size of the reserve requirement has on
the equilibrium liquidity. The darker demand curve is based on reserve re-
quirements of 100, whereas the lighter is based on that of 200. Both demand
curves assume the standard deviation of liquidity shocks to be 25, and the
tender rate to be raised from 3% to 3.5%. Here, the eOB = 2.6RDDB while
eOB’ = 2.8RDB’, which illustrates us the fact that eOB;/RDB; is increasing
in RR.

To sum up the findings of this section we may conclude that, if the monetary
policy framework includes averaging provision in the reserve holding, and if the

central bank uses a full allotment procedure in liquidity provision, the following
will hold:

< 0). Similarly, if the initial reserve requirement is low (s.t.
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Figure 12: The effect of the size of reserve requirement on the equilibrium
liquidity
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. The expected value of the overnight rate of interest will equal the tender

rate expected for that day.

. The timing of the reserve holdings within the maintenance period de-

pends firstly, on interest rate expectations of the banks, but also on the
distribution of liquidity shocks and on the size of the reserve require-
ment. The central bank can affect the timing of the reserve holding
and the banks’ possibility of doing intraperiod arbitrage by choosing the
width of the interest rate corridor and the position of the tender rate
within the corridor.

. The volatility of the overnight rate depends on interest rate expectations.

If the banks have neutral expectations the interest rate elasticity of the
demand for liquidity is expected to be very large, ie the stochastic lig-
uidity shocks are not expected to swing the overnight rate far from the
tender rate. However, the demand will become less elastic as the equi-
librium liquidity moves (due to expected changes in central bank rates)
towards zero or fulfillment of the whole requirement.

. The value of the overnight rate at the expected overnight liquidity might

be geared towards the expected new tender rate, as some of the liquidity
uncertainty vanishes between the tender operation and the clearance of
the overnight market. The size of this effect depends on the amount
of uncertainty resolved before the clearance (ie how large the difference
between demand for reserves at the tender and at the interbank market
clearance is). The earlier the market clears the smaller this effect will be.
Thus, if the interbank market is active throughout the day, the volatility
of the overnight rate is expected to be smaller. Also this effect will be
more evident, if a rate cut is expected.



5. The variations in the demand for liquidity and in the volatility of the
interbank overnight rate of interest are largely the result of changes in
the demand for reserves due to expected movements in the central bank
rates. This volatility could be avoided by timing the changes in official
interest rates. If the central bank chose to adjust its rates only at the first
tender operation of each maintenance period, the speculative demand for
reserves would vanish, and the overnight rate would be very stable around
the tender rate (at least before the last day of the maintenance period).

Some qualifications on the model Expectations of changes in the
central bank rates will produce heavy variations in the equilibrium liquidity in
the model presented above. The effect of the rate changes is likely to be much
more moderate, if we introduce market imperfection into the model. Eg if the
banks faced collateral requirements in the central bank lending and line limits
in interbank dealing, the banks’ incentive to deviate from a path of steady
reserve holdings could be diminished substantially. A similar effect would rise,
if the banks were risk averse in the sense that they are not interested only
in maximizing the expected profits, and the volatility of profits also entered
into the utility function. This kind of risk aversion could lower the banks’
willingness to speculate on the (uncertain) future rate changes by front- or
backloading reserves.

4.2 Proportional allotment

Besides the full allotment procedure, there are several alternative rules, that
the central bank can use for liquidity allotment in fixed rate tenders. Here,
we will concentrate on two simple policy rules, to keep the analysis of this
section manageable. According to the first rule, the central bank tries to
minimize the variations in the money market liquidity (liquidity targeting). In
this approach the central bank could provide the markets at t with liquidity,
that would either bring the expected required daily balances for the remaining
period to the reserve requirement (ie with the targeted liquidity (eOBFP) we
would have RDBy ;1 = RR) or it could provide the markets simply with RD B,
(with targeted liquidity we would have RDB;,; = RDB;). le the amount
of liquidity allotted by the central bank aims at minimizing the variations in
liquidity either for the whole period or for the rest of the period. The difference
between these two policies is very small. Here, we will assume, that in liquidity
targeting the central bank aims at always providing the markets with liquidity
s.t. eOBEP = RDB;.*

The alternative policy rule studied here is that the central bank tries to
provide the market with liquidity that will keep the (expected) overnight rate
as close to a target value (set by the central bank itself) as possible (interest

45Thus, we assume, that the central bank minimizes the liquidity variations for the rest of
the period (by this procedure eOB; = eOB;11 = ... = eOBr), and does not try to counter
the effect of previous liquidity shocks in new operations.
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rate targeting). This target value (r;""5"“!) may or may not equal the tender

rate.

The demand for overnight balances at the clearance of the market is a
function of the money market liquidity, shock distribution and both current
and expected future central bank rates. Hence, it does not depend on the
approach that was used in the allotment of liquidity in tender operation. Thus,
if we substitute the expected value of the future overnight rate for the expected
value of the future tender rate in equations (6), (15) and (20), we will have
the equations determining the overnight rate at T, T — 2 and T — j (j =
2,...,T—1) respectively. The substitution is needed, as the expected overnight
rate of a given date does not need to equal the expected tender rate with the
proportional allotment procedure. We saw already in chapter 3, proportional
allotment reduces to full allotment, if the demand for liquidity at the (fixed
rate) tender does not exceed the amount the central bank is willing to provide
the markets with. Thus, we are now mainly interested in cases where the
expected value for the overnight rate equals or exceeds the tender rate. In
such a case the banks will be increasing their bids from the optimal level
under full allotment (ie they will be overbidding) in order to profit from the
expected difference in the price of liquidity in the tender operation and in the
interbank market.

4.2.1 Liquidity targeting

The expected value of the overnight rate of interest on the last day of the
maintenance period is given by E[re?] = rG (—eERy) + 1% [1 — G (—eER7)].
With liquidity targeting we know (by definition), that eER; = eOBSP —
RDBr = 0 as long as the central bank is able to allot liquidity according to
its target. To limit the number of cases we have to study, we assume from now
on that the shock distributions are symmetric (unless otherwise mentioned).
Hence, G (0) = 0.5 and the expected value for the last day’s overnight rate will

equal the mid-point of the interest rate corridor (TTTn—;TdT), if the banks place
enough bids in the tender.

In section 3.2.2 we saw that the banks are overbidding®®, if the expected
value of the last day’s overnight rate is not below the tender rate. Thus, the
central bank will receive enough bids and consequently is able to control the
supply of the daily liquidity, if the last day’s tender rate is not in the upper
part of the corridor (ie rh < @) If the rate was in the upper part (ie
rh > TTTn;rT% ), the banks could be able to make positive profit by lowering their
bids below the liquidity targeted by the central bank. In this case, the central
bank would not receive enough bids relative to its target, and the equilibrium
would be determined as in the case of full allotment. Therefore, the expected

46Te the actual bid amount is greater than the optimal bid under full allotment procedure.
The optimal bid under the full allotment procedure is referred to also as the real liquidity
demand of the bank.
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value for the last day’s overnight rate is the higher of the tender rate and the
mid-point of the corridor:

m d
E[rf"] = max (#, rT) . (26)

From now on, we assume , that the central bank uses a symmetric interest
rate corridor (ie r] = W) while operating with liquidity targeting policy.
Hence, the expected overnight rate on the last day of the maintenance period
will naturally equal the tender rate.!” The reason for assuming a symmetric
corridor being used with liquidity targeting is based on the following facts.
First, the central bank would not be able to meet its target, if the tender rate
were in the upper part of the corridor (as we saw above). Secondly, if the tender
rate were in the lower part of the corridor, i) the stance of current monetary
policy would be determined by the mid-point of the corridor instead of the
fixed tender rate, and ii) as we will later see, this kind of situation would lead
to infinite bidding by the banks, and into windfall gains to successful bidders.

Penultimate day (T-1)

With liquidity targeting, the expected amount of overnight balances of the
banks at T-1 is RDByp_1, as long as the central bank has control over daily
money market liquidity (ie as long as the demand for liquidity in the ten-
der exceeds the amount of reserves the central bank is willing to provide the
markets with). Otherwise, the expected overnight balances will equal the op-
timal balances under the full allotment procedure (eOB}. ;). Let us define
z = min(eOB], RDBy), where z; is the expected overnight balances at the
clearance of the market under proportional allotment with liquidity targeting.
Now, the following will hold for the overnight rate at the penultimate day of
the maintenance period:*®

ey = Erg [T:ﬂ [F(2RDBT—1 —zp_1+ pp_y) — F(=2r_1 + :uT—l)] (27)
1 F(=zr1 + pp_y) + 74 [ = FQRDBr_y — 201 + pip_,)] -

Note, that we can use E;_; [rﬂ as the price of borrowing tomorrow, as
Er_1[r§"] = Ep_1 [r}] both with liquidity targeting and in case of full al-
lotment. The overnight rate on the penultimate day will again equal the prob-
ability weighted average of the central bank rates (expected tender rate, and
current rates of the standing facilities). The expected value for the overnight
rate at T'— 1 is now given by:

E[rf | =E[rf] + (F , —E[r}]) G(—2r_1)
+(rf —E[r7]) [l = G@RDBr_y — z71)] (28)

By subsection 4.1 we know, that the relation between eOB}._; and RDBp_;
depends on the interest rate expectations of the banks and the symmetry of

47If the shock distribution was not symmetric, the interest rate corridor should also be
asymmetric for %G (0) +r%[1 — G (0)] =77 to hold.

48 For the determination of equation (27), see from appendix B how equation (15) is derived
from the profit maximization problem of a single bank.
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the corridor around the tender rate. Here, we have assumed the interest rate
corridor to be symmetric. Thus, according to subsection 4.1 we expect to see:
i) eOB}._; > RDBr_,, if the overnight rate is expected to increase during the
last two days of the maintenance period, ii) eOB}. | = RDBr 4, if the rate is
expected to remain constant, and iii) eOB5._; < RDByp_1, if the banks expect
the overnight rate to decrease.’ So, we expect the central bank to be in a
position to allot the targeted amount as long as the banks do not expect the
overnight rate to decrease between T-1 and 7.

Let us assume for a moment, that the central bank does have the control
over the daily liquidity supply (ie eOB}_; > RDBr 1 = zr 1 = RDBr ).
The expected overnight rate at T-1 will be given by:

E[ri",] = E[r;] + (F —E[rz]) G(~RDBy_;) (29)
+(r§ —E[r7]) [l = G(RDBy_1)],

which can also be written as the difference of the expected overnight rate for
today and that of the following banking day:

m d
L R e

E[ry,] —E[r]] = (f — E[r7])2G(—~RDB7r_,). (30)

The expected value for the overnight rate at 7' — 1 will equal the tender
rate expected to be used in the last tender (which we have assumed to
be in the middle of the interest rate corridor for the last day) only, if the
banks have neutral expectations on the central bank rates (in that case

m d m d
k| = % = T =E[r]]). This results from the fact that, if

the banks are expecting the central bank to increase its rates, the term
%—E[T%} will become negative (RHS<0), and consequently the
expected overnight rate has to be smaller than the expected tender rate to be
used in the last operation.’ Similarly, if the central bank is expected to cut
its rates, the overnight rate is expected to decrease during the last two days
of the period. This means, that our assumption of the central bank being in
control of the daily liquidity would be correct, and that the overnight rate
indeed given by equation (29), if the central bank rates are expected to remain
constant or to be raised.’® However, if a rate cut is expected, the liquid-
ity allotment is not determined by the central bank’s target. In such a case, the

491f the interest rate corridor were not symmetric, with neutral interest rate expectations
we would expect eOB}._; > RDBr_;, if the tender rate were in the upper part of the
corridor, and eOBY}_; < RDBy_q, if it were in the lower part of the corridor.

50The expected value for overnight rate would equal today’s tender rate, if RDBy_; = 0.
However, it is extremely unlikely, that the liquidity shocks could bring RDBp_ 1 down to
zero, if the central bank uses liquidity targeting.

51 We have just shown, that Ep_y [r9" ] <Ep_q [r9"], if the banks expect the central bank
either to keep its rates constant or to increase them. With reasoning similar to section 3.2.2,
we know, that in this case the banks will be overbidding (i.e. eOB%_, < eOBg<tual). This
will further enhance the fact that the central bank has control over the expected liquidity,
if the expectations are either neutral or increasing.
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equilibrium liquidity and the expected overnight rate would be (similarly to
the case with full allotment) zp_; = eOBj_; and E[r§" ] = E[r]_].7

If we modify equation (30) slightly, we easily see that when the central bank
can control the liquidity, the expected overnight rate will be between today’s
tender rate and that of expected for tomorrow (rf_; <E[r§",] < r]).”* We
also see, that this rate approaches asymptotically the expected tender rate for
T, as RDBp_; increases (ie as the probability of going overdrawn diminishes).
We know, that under liquidity targeting, the expected value for RDBp ; is
the average reserve requirement (RR). If the aim of averaging the reserve
requirement is to increase the interest rate elasticity of the demand for reserves,
we might expect, that the central bank sets RR well above the average size
of a stochastic liquidity shock. Thus, we expect most of the interest rate
expectations to be absorbed by the overnight rate already at 7' — 1. For
example, if the standard deviation of normally distributed liquidity shocks is
25% of the average liquidity (ie the reserve requirement), the expected value
of overnight rate at 7" — 1 will absorb more than 99% of the expected change
in the tender rate.

Now, we may conclude, that with interest rate targeting the expected value
for overnight rate at the second last day equals the current tender rate, if the
banks have neutral or decreasing interest rate expectations, and is very close
to the expected tender rate of the last operation, if a rate rise is expected.

Figure 13 illustrates us the determination of overnight rate, when the cen-
tral bank uses a proportional allotment procedure with liquidity targeting,
and when the banks expect a rate rise. The figure shows us, that the expected
overnight rate at 7" — 1 will be very close to the expected tender rate for to-
morrow. We also see, that the money market equilibrium is expected to be
found from the highly elastic part of the demand curve. Thus, the variations
in the overnight rate reflect changes in interest rate expectations rather than
the effect of stochastic liquidity shocks.

Earlier days (1, ... ,T-3, T-2)

In case of full allotment, there was a considerable difference in the deter-
mination of money market equilibrium between the penultimate day of the
maintenance period and the days before that. This difference occurs because

2If the interest rate corridor was asymmetric, the central bank would be able to control
the supply of daily liquidity as long as i) the probability weighted average of the mid-point
of the corridor is not less than the current tender rate (i.e. E[r77] [1 — 2G (~RDBr_1)] +
rid2G (~RDBr_y) > rX_,) when the tender rate is kept in the lower part of the corridor,
or ii) the probability weighted average of the expected future tender rate and the cur-
rent mid-point is not less than the current tender rate (ie. E[rT][1 —2G (~RDBr_1)] +
r42G (—~RDBr_1) > rk_ ) when the tender rate is kept in the lower part of the corridor.

E . . .. . P 4rd
3By using the fact, that with symmetric interest rate corridor r%_, = —=5—"=, we can

write equation (30) as:
E[rf ] —ri_y = (Br—1 [rp] —r7_1) 1 — 2G(—RDB7_,)] (31)

For expectations of increased interest rate, the RHS of equation (31) must be non-negative,
as 2G (—RDBr_1) < 1 (assuming symmetric shock distribution we have G (0) = 0.5 and
RDBy_y > 0).
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Figure 13: Determination of overnight rate at 1" — 1; proportional allotment
with liquidity targeting and increasing interest rate expectations

in the early part of the period, the banks have to take into account the effect
their liquidity holdings have on the required daily balances for the remaining
period on the following days, where as on the penultimate day this dynamic
cost factor is absent. Also here the dcf affects the demand for reserves on the
earlier days. However, this effect will affect the amount of liquidity provided
to the markets only if the central bank is not able to control the (daily)
amount of reserves to be allotted to the markets. As on the penultimate day
of the maintenance period, the banks will be overbidding (eO B! > eOB;)
at ¢, if the expected overnight rate is not lower with the required minimum
daily balances than with the equilibrium liquidity under full allotment (ie
overbidding occurs if E[r{"|.0B,=rDB,] ZE[T§”|QOBFBOB;«} = rl). Thus, the
control over the daily liquidity supply is in the hands of the central bank, as
long as the demand for reserves in a tender under full allotment would be at
least equal to the RDB, (as the overnight rate is a monotonically increasing
function of the liquidity). Now, if the control over the supply of reserves is in
the hands of the central bank, the overnight rate at t (obtained once again as
the first order condition of the banks’ profit maximizing problem) will be:*!

% For the derivation of equation 32 see from appendix C how equation 19 was derived as
first order condition of the profit maximization problem of a bank. Note, that here we have
to substitute eOB; for eRDB; as the equilibrium liquidity is determined by the central

bank target instead of the optimal demand of the banks. Thus, we also replace %Lby

deRDB;
b,
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" =Eq [r{"] + (r]" — E¢ [r"]) F(=OBy) (32)
+ (rf =B [r{"]) {1 = F[(T =t +1)RDB, — OB]}
+ g (E [r;” — r;”} G(—eRDB;)+ E [r —ry } (=T +7)
< (1= GI(T = jerpBly T

where B [r;”] is the expected overnight rate for the remaining days within the
same period. The expected value for the overnight rate will be given by (note
that eOBt = RDBt)

E[r{"] = max [r{ B [r}"] + (r]" — E¢ [r}"]) G(~RDB) (33)
+ (rf —E [r{"])[1 = G(T — t)RDB,)]

i Z " — 19" G(~eRDB;) + E [rd — r9"] (=T + j)

deRDB;

< {1—G((T - j)eRDBY) =5

That is, the expected value of the overnight rate is given by taking the ex-
pected value of equation (32) as long as this produces a rate that is not
lower than the tender rate. Otherwise the expected overnight will equal
the tender rate as in the case of full allotment. Equation (32) shows, that
if the central bank can allot liquidity according to its target, the expected
overnight rate at ¢ will equal the expected future overnight rate, current
marginal lending rate and the deposit rate all weighted by the probabili-
ties of their occurrence,” and the dynamic cost factor. If the central bank
has the control over the expected liquidity, the liquidity targeting rule in-
dicates, that eRDBy; = eRDByyy = ... = eRDBr_;. Thus, %200 —
—7{G (T =t +1)RDB; — OB;] — G(—OB,)}, and equation (33) can be
further modified into:

E [r"] = max [r{,E [r}"] + (r{" — E¢ [r}"]) G(~RDB) (34)
+ (! = E [r"]) {1 = G[(T — t)RDBy]}
+{G[(T—t+1)RDB, — OB — G(—OB,)} (-%)

x Z [r™ — 9] G(=RDByy1) + E [r¢ — r9"] (=T + j)

X {1=G[(T —j)RDB]})] -

9Te the lowest expected overnight rate weighted by the probability of not using the stand-
ing facilities, marginal lending rate weighted by the probability of being overdrawn, and the
deposit rate weighted by the probability of fulfilling the whole reserve requirement.
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For example, at T' — 2 the expected overnight rate will be determined as:

E [T%’n;ﬂ = nax {T?J ET—2 [T%n—l] + (r’}n_Q - ET—2 [T%n_l}) G(_RDBT_Q)

+ (% — Er_o [r9"1]) G(~2RDBy_,) (35)
—0.5E [y — 1§ 1] G(—eRDBr_1)[G (2RDBr_»)
~G (=RDBr_y)|}

which defines E[r¢™ ,] to be the higher of the current tender rate and the
probability weighted average of the rates of the standing facilities and the
expected future overnight rate, decreased by the dynamic cost factor. In this
case the dcf is half of the width of the interest rate corridor weighted by the
probability of being overdrawn tomorrow, if one did not have to rely on the
standing facilities today.

The key motive for having an averaged reserve requirement is probably the
effect it has on the interest rate elasticity of the demand for reserves. Thus,
we may assume that the size of the requirement is set to be large compared
with the standard deviation of liquidity. If this were the case, the probability
of having to rely on either of the two standing facilities would be relatively low
with liquidity being at the level of the required daily balances for the remaining
period. Also, the effect the dcf has would be minimal in this case. Therefore, in
case of increasing interest rate expectations, the expected value of the overnight
rate for today (at the liquidity targeted by the central bank) would be very
close to the value of the overnight rate expected to prevail in the remaining days
of the maintenance period (E[r¢",| ~E[rf_,| =E[r§",] ~E[rg",] ~E[r]_,]
etc.). Consequently, the expected value of today’s overnight rate would exceed
the current tender rate, and the central bank would indeed be able to control
the supply of overnight liquidity. Similarly, if the current tender rate were
higher than the expected mid-point on the last day of the period (ie a rate cut
is expected), the expected overnight rate with liquidity at the level targeted
by the central bank would fall below the current tender rate. Hence, the
demand for reserves in the tender operation would not be high enough for the
central bank to be able to allot liquidity according to its target, and again
determination of the money market equilibrium would follow the case of full
allotment.

However, when the banks have neutral interest rate expectations, the op-
timal amount of liquidity the banks will bid for under the full allotment pro-
cedure is an increasing function of the liquidity volatility as we saw in section
4.1.2. If the volatility of liquidity is high compared to the equilibrium liquid-
ity, the central bank will get enough bids to be in control of the daily supply
of reserves, and the expected overnight rate could increase slightly over the
tender rate. However, if the central bank has chosen the reserve requirement
to be high compared with the volatility, we might expect the banks to be will-
ing to backload the reserve holdings, and consequently the equilibrium would
be determined as in the case of full allotment. Therefore, while choosing the
size of the reserve requirement the central bank must take into account that
a higher requirement will increase the interest rate elasticity of the demand
for reserves, but it might also lower the central bank’s ability to control the
daily supply of liquidity. Thus, we expect that there is an upper limit for the
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reserve requirement the central bank can apply with liquidity targeting. The
central bank might like to increase the interest rate elasticity of the demand
for liquidity by increasing its reserve requirement, but only up to the point
where it will still be in control of the daily supply of liquidity under neutral
interest rate expectations.

We have seen that the expected value of the overnight rate will be at level
close to that of the expected mid-point of the interest rate corridor throughout
the maintenance period, if the central bank can control the expected supply of
money market liquidity. The central bank has control over the expected supply
of money market liquidity, if the interest rates are expected to be raised or with
neutral interest rate and high enough liquidity uncertainty. If a rate cut is
expected the expected overnight rate will be at the level of the current tender
rate. Furthermore, as long as a rate cut is not anticipated by the banks,
the equilibrium overnight rate is expected to be realized near the required
daily balances for the remaining period, where the demand for reserves has
a relatively high interest rate elasticity. Consequently, the variations in the
overnight rate will largely reflect changes in expectations of the central bank
rates in the near future. However, if a rate cut is expected, the banks will
be backloading their reserve holdings, and the equilibrium overnight rate is to
be found on the less elastic part of the demand curve (as in the case of full
allotment). Thus, with decreasing interest rate expectations the volatility of
the overnight rate is reflecting the stochastic variations in the money market
liquidity.

4.2.2 Interest rate targeting

The determination of the money market equilibrium under proportional allot-
ment with interest rate targeting has a lot of similar features not only to those
of under liquidity targeting, but also to those of full allotment. The main dif-
ference between interest rate targeting and liquidity targeting is, that under
interest rate targeting policy the amount of liquidity the central bank aims
at providing the market with (eOBF®) is implicitly derived from the central
bank’s interest rate target. Ie the central bank is willing to provide the mar-
ket with reserve balances that will bring the expected value of the overnight

rate to the level of the target E [rf”]eo Bi—eO Btcg} = pieeted The central bank

would not have control over the daily supply of liquidity, if the expected value
of the target were smaller than the expected overnight under full allotment

(ie if E[r;‘argmd] < rl). If this were the case, the banks could make positive

expected profits by lowering their bids from eOBS? down to eOB;.’S Thus,
the expected money market liquidity will be at the level chosen by the central

50The gain from a lower bid would be the price of liquidity at the tender (r}), and the
expected cost of it would be the price of liquidity at the interbank market (E [r;‘"‘rgmed} ).

Thus, the expected gain from making a lower bid is positive as long as the representative
bank bids according to its neutral strategy as in the case with full allotment procedure.
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bank (eOBf”) only, if r,"*"*! =E [Tfn\eOBtzeOBtcB] >E[r{"|coB=con;| = 1177
Otherwise, the expected equilibrium liquidity under interest rate targeting will
equal the equilibrium liquidity under full allotment (eOBy).

To distinguish the properties typical for proportional allotment with inter-
est rate target, we are from now on interested in cases where the target of the
central bank is set (and is expected to be set) at least to the level of the tender
rate 75! > T Now, in this case we know, that eOB’E < eOB¥. If the
target rate equalled the tender rate, and the banks bid according to the neutral
strategy, the money market liquidity at the clearance of the market would be
the minimum of the two variables with the same mean, ie min(OBFZ, O By)®.
Thus, the overnight rate at t would be 7¢" (min (OBF®, OBFP)), which is
above r{" (eOBtCB) = r" (eOBtCB) = rl. Ie the expected value for the
overnight rate would be above the tender rate, if the banks bid according
to neutral strategy. Therefore, the banks have an incentive to bid for more
liquidity than their demand for it under the full allotment would be. In fact
the equilibrium bidding strategy would be such that the bid amount should
exceed the maximum value the central bank with neutral strategy can be ex-
pected to provide to the markets (7" LPid amount > [, CBmax) 59 With this kind
of overbidding the central bank will always get bids for more reserves than it
is willing to provide the markets with, and consequently the expected value
for the overnight rate at ¢ will equal the expected value of the central bank’s
target.

On the last day of the maintenance period, the overnight rate is again given
by rf" = ! F(—=ERr) + 74 [l — F(—ERy)]. Thus, the amount of liquidity to
be allotted by the central bank at 7" will be implicitly given by:

E[r§"] = v H(—eOBFP+RDBr)+rf [1 — H(—eOBFP + RDBr)| = rf™*,

where H =E§” [F(—eERE")].% If the inverse of the expected cumulative
distribution function H ! () exists, the money market liquidity the central
bank aims at when making its decision over the allotment will be given by:

m __ a.d
rp —Tp

Tturgctcd _ T’d
eOBS? = RDBy —H ' | L— T |,

57717téargctcd > rl E [7’?"|eoB[:eOB§'B} ZE[TfnleoBFEOB:] = OBSP < eOBy, as " is
monotonically decreasing with eOB,. Based on our earlier argument we know, that if the
liquidity the central bank wants to allot to the market is not smaller than the liquidity bid
for under full allotment, the banks will be strategically overbidding (i.e. OBF® < eOB;} =
TLS < TL* < TLactual).

¥ Even though eOBFE and eOB; share the same value on average they can differ from
each other on daily basis, as the expectation over the development in autonomous liquidity
factors may differ between the central bank and the banks (a¢Z may be different from a;).

59Tn case of the 76 ECB main refinancing operations that were conducted as fixed rate
tenders, the allotment ratios were less than 10% of the total bid amount in 62 operations
and below 5% in 29 operations. The ratios for tenders conducted in 2000 shows us even
more dramatic overbidding; the allotment ratio was below 10% in every single tender and
below 5% in all but three out of the 24 tenders.

60Tn E}C;HB [-)] the central bank’s expectations are taken over the shock distribution f,.
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Now, the difference between the target rate and the actually realizing overnight
rate results mainly from the stochastic liquidity shock emerging between the
tender operation and the clearance of the market. However, part of the differ-
ence might come from the central bank’s inability to estimate the real cumula-
tive distribution of shocks (ie H (-) # F'(+)). Also, the symmetry of the corridor
around the central bank’s target affects the distribution of the overnight rate
realizations (ie H (-) (like G (+)) has wider distribution than F'(-)).

Penultimate day (T-1)

On the penultimate day of the maintenance period, the overnight rate expected
to prevail on the last day again enters into the equation determining the current
rate. Thus, the central bank’s allotment decision, eOB$5,, is implicitly given
by:

et = BOF (B [ppe | | [H(2RDBroy — cOB§2) — H(~cOBSA,)]
+ (rf,) H(—eOBZ5) + v, [1 — H2RDBr_1 — eOBS5)] , (36)

where E¢? [Eb‘mks [ré‘,ﬁ‘rgcm‘l” is the central bank’s expectation for the last

day’s target rate anticipated by the banks at 7-1. Equation (36) tells us,
that the central bank should provide the markets with liquidity by which the
probability weighted sum of the target rate the central bank anticipates the
banks to expect for the last day and the rates of the standing facilities will
equal today’s target rate. The effect an expected change of the interest rate
target has on the amount of liquidity to be allotted can be clearly seen, if we
modify equation (36) slightly:

targeted CB banks targeted -
ry—  —E [E [T‘T =

{ (T%n_l . ECB [Ebanks [T;?rgeted] i| ) H(—eOng_Bl)} (37)
+ (T(ji“—l o ECB [Ebanks |:T;‘:u‘gctcd:|i|) [1 _ H(QRDBT,I . GOquigl)]

From (37) we see, that the central bank allots liquidity in order to balance the
expected change in the target rate with the probability weighted cost of using
the standing facilities. The planned allotment is a decreasing function of the
expected target (as long as the RDBp_ is strictly positive, ie the probability
of using the standing facilities is not one®), and a decreasing function of the
location of the target rate within the interest rate corridor (ie the lower the
target rate is within the corridor, the higher is the relative cost of going over-
drawn, which is to be compensated with lower probability of going overdrawn
associated with the larger liquidity).

With neutral interest rate expectations and a symmetric interest rate
corridor, equation (37) tells us, that the liquidity provided by the cen-
tral bank will equal the required daily balances for the remaining period

61Tf the probability of using the standing facilities were 1, we would have RDBy_; =0 =
H(—eOBS$P)) = H2RDBr_, — eOBSB)) = rif8"! = pm  H(—eOBSB)) + rd (1 —
H(—eOB&5))), and the expected overnight rate for today would be independent of the
expected target rate for tomorrow.
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(eOB$B, = RDByp_1).5% If the target rate were in the upper part of the
corridor (ie if the cost of acquiring liquidity credit were lower than the (op-
portunity) cost of having to use the deposit facility), the liquidity provided by
the central bank should leave the markets with a larger probability of over-
drawing than in overfilling the reserve requirement (ie eOBSY5, > RDByp_, =
H(—eOBES?P)) < 1-H(2RDBy_1—eOBS$B))). Similarly, if the target rate were
in the lower part of the corridor, the markets should be provided with liquidity
that will make going overdrawn less probable than overfilling the requirement
(eOBSP, < RDBr 1).

If the banks were anticipated to expect the central bank to increase the tar-
get rate, the central bank would aim at providing enough liquidity to equate
the negative of the expected rate increase with the probability weighted differ-
ence between the rates of the standing facilities and the expected target rate,
ie the central bank should provide the market with extra liquidity in order to
make the RHS negative enough. Similarly, under decreasing anticipated expec-
tations the central bank would offer the banks so little liquidity that it would
bring the probability of overdrawing larger than the probability of overfilling
the reserve requirement.

Earlier days (1, ... ,T-3, T-2)

In the earlier days of the maintenance period, the overnight liquidity targeted
by the central bank is implicitly given by:%3

T;argeted o ECB [Eganks [T}al-geted]} _ (T‘Zn . ECB [Eganks [T}argeted} :|> H(—eOBtCB)

+ (rf _ OB [Ef;“"’“ [r}“g“““} ]) {1— H([T —t+1)RDB, — cOBE?]}

T-1 B
. 0eOB;'" 9eRDB,
ECB [Ebanks |: m talgeted” J J . OBCB
j;l( Tl deRDB; O (ZeOB;™)

argetec . 0eRDB; anBCB
1 ECB [E?anks [r;_i_r} &,m,lH (T —j+1) e i ]
b, Ob,

x {1—H[(T'—j+1)eRDB; — eOB;"]}) (38)

This equation determining the expected overnight rate at ¢ under the propor-
tional allotment procedure with interest rate targeting resembles very much
the one determining the expected rate under full allotment. The more so, if
the central bank always equates the target rate with the tender rate. Thus, any

i . . targeted targeted
02Under neutral interest rate expectations rp 5" “ —ECB [Eé’?ffs [TTM“ 9‘” =0and a
. . targeted targeted
symmetric corridor ri#_, —ECB [Eb‘mks [rTné’e o H =— (r‘%_l — EC¢B {Eba"ks {rjl““e “ H)),

equation (37) can be written as H(—eOB$P,) = 1 — H2RDBr_1 — eOB§B)). Thus,
eOB$E, = RDBr_;.

03For the derivation of equation (38) see appendix C. For how the overnight rate at t
is determined from the bank’s profit maximization problem see equation see (19). Recall

above, that with interest rate targeting the central bank tries to equate the overnight rate

o targeted
with its target value (E [rf”|eoBt:eOB[pB} =y, .
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differences between the amount of liquidity the central bank plans to provide
the markets with and the equilibrium liquidity under full allotment must come

from differences between either E¢B [Ei"m’” [r}mgmd” and B, [r]] or H(-)

and G (-). Consequently, the actual overnight rate realized under proportional
allotment with interest rate targeting will differ from the overnight target rate
because of the stochastic liquidity shock or due to the central bank’s inability
to estimate the expectations of the banks or the shock distributions correctly.
Also, the path of reserve holdings with this approach resembles that of under
full allotment. When interest rate cut (rise) is expected, the central should
backload (frontload) the reserve holding considerably to keep the expected
overnight rate at its target. In addition to the interest rate expectations, the
current and future probabilities of being forced to use the standing facilities
will affect the planned allotment.

Now, with rational expectations and symmetric information the central
bank should be able to work out the banks’ expectations of the central bank

: : targeted : targeted
interest rates (ie EP [Ef‘mks [rf“g‘ “” reduces into E[?ﬂf“g’L “} ). In such a

case, the only difference between equations (21) and (38) is in the cumulative
distribution functions G (-) and F (-) (assuming r*78°**d = »7) " Still the cen-
tral bank’s task of determining the amount of liquidity to be allotted can be
very troublesome when there are expectations of interest rate changes. The
difficulties might arise from the fact that it could be very hard to estimate the
tail probabilities of F'(-) (ie H (—RDB) could be a much better estimator of
F (=RDB) than H (—3RDB) is of ' (—3RDB)). However, the central bank’s
estimate of the liquidity needed in the interbank market should not be a sys-
tematically biased estimator of the true liquidity needed even at these high or
low levels of reserves.

We will demonstrate the effect of the central bank having biased estimates
of the banks’ expectations of the interest rate development by figures 14 and 15.
To avoid insisting on the central bank being able to reproduce the expectations
of the private banks, one can consider these figures as examples of the effects
of the problems in estimating the tail probabilities of the cumulative shock
distribution. Figure 14 illustrates the determination of the expected supply
of overnight liquidity when the central bank’s estimate is lower than the true
value of the banks’ expectations of the increase in the tender rate will be. We
see, that because of the erroneous estimate of the interest rate expectations,
the estimated demand for liquidity will fall below the banks’ true demand at
the current tender rate. Consequently, the overnight rate is very likely to be
realized above the tender rate. Similarly, if the central bank’s estimate was
overstating the true expected increase in the target rate, the expected supply
would be too large relative to the demand for liquidity at the overnight market.
Hence, in this case the overnight rate would most likely be realized below the
tender rate. Note, that the central bank is able to allot "too much” liquidity
here, as the banks are overbidding at equilibrium (ie bidding for more than
their true demand is).

Figure 15 illustrates the similar effects (of a biased estimate of interest rate
expectations), when a rate cut is expected. In figure 15 the central bank un-
derestimates the rate cut expected by the banks. Thus, the supply of liquidity
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Figure 14: The effect of a too small estimate (by the central bank) over the
rate rise expected by the banks’

is too high relative to the real demand. Consequently, the overnight rate is
expected to fall below the tender rate due to this incorrect estimate. Similarly,
an inadequately high estimate would lead to lack of overnight liquidity, and
the overnight rate would most likely rise over the tender rate.
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Figure 15: The effect of a too small estimate (by the central bank) over rate
cut expected by the banks’
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5 Summary and conclusions

In this paper we have built up a model of the determination of equilibrium
in the overnight money market, when the central bank steers the market with
an interest rate corridor and open market operations that are conducted in
the form of fixed rate tender operations. The demand for overnight reserves
at a given price is shown to be a function of expected future rate to be used
in the tenders, current and expected rates of the standing facilities and the
distribution of liquidity shocks. The supply of reserves is not exogenous in this
model. It depends both on the liquidity policy on which the central bank bases
its allotment decisions and on the banks’ aggregate demand for reserves in the
tender operation (with the given policy). Three alternative liquidity policies
are considered in the paper. First, in a full allotment procedure, the central
bank provides the markets with all the reserves the banks bid for in the tender.
Secondly, in proportional allotment procedure the central bank scales the bids
back in proportion to the individual bids. In case of the proportional allotment
procedure, we study two different policy rules; in liquidity targeting, the central
bank aims at holding the money market liquidity constant throughout the
remainder of the maintenance period, whereas in interest rate targeting it
intends to provide the market with liquidity that would bring the overnight
rate to the targeted level.

The determination of the money market equilibrium when the central bank
does not provide the banks with averaging possibility was studied in chapter
3. We saw that with both full allotment procedure and proportional allotment
under interest targeting the expected value for the overnight rate will equal the
tender rate.%* The volatility of the rate was seen to depend on the distribution
of shocks. Thus, the relative volatility of the overnight rate between these
two approaches depends on the relative accuracy of estimates of the shock
distributions made by the banking sector as a whole vs the one made by the
central bank.

In case of full allotment, the variations in the overnight rate entirely reflect
the stochastic and temporary liquidity shocks (ie the forecasting errors of the
banks). Thus, these variations do not affect the expected values of the future
overnight rates, and consequently they are not transmitted along the yield
curve to longer maturities. Therefore, the signals given by the central bank
rates should be unambiguous. The same is true with the proportional allotment
procedure, as long as the policy is known to the public. However, if the targeted
policy must be read from the past behaviour of the central bank, variations
in the realized overnight rate of interest could be (mis)interpreted as changes
in the monetary policy stance. In such a case, one can’t be certain that the
overnight volatility is not transmitted to longer maturities.

The symmetric interest rate corridor is the simplest one for the central bank
to operate with (at least as long as the shock distribution can be expected
to be symmetric). However, the rates of the standing facilities can be used
as independent policy rates, if full allotment is used. The asymmetry of the

G4If the averaging scheme is not used, proportional allotment with interest rate targeting
is similar to the case with liquidity targeting.
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corridor would certainly affect the demand for excess reserves, but it would not
affect the expected tender rate. With the proportional allotment procedure,
independent signalling with the corridor is very complicated, as, if the tender
rate were in the upper part of the corridor, the central bank would not receive
bids for as much liquidity as it wants to provide the market, and consequently,
the determination of the overnight rate would be similar to the case of full
allotment.%

The central bank can affect the volatility of the interbank overnight rate
by choosing the width of the interest rate corridor. It was also shown that the
stochastic overnight volatility depends on the timing of the interbank market.
We saw that the volatility is lower in a market that is already active in the
morning, compared to one that use interbank trading merely to settle the
foreseen liquidity needs of the banks.

The analysis of the money market equilibrium under averaged reserve re-
quirement is conducted in chapter 4. The demand for reserves is not similar on
different days of the reserves maintenance period. On the last day of the period
the demand is similar to that of the case without averaging, ie the demand for
bank reserves at a given overnight rate depends on the current central bank
rates and the distribution of liquidity shocks. However, already on the penulti-
mate day the interest rate expectations enter the demand function. The higher
the expected tender rate for the following day, the more reserves the banks will
demand today at a given overnight rate. On days prior to the penultimate day,
the demand for reserves is also affected by the dynamic cost factor, ie hold-
ing more reserves today will increase the future cost of liquidity uncertainty
associated with the probability of having to rely on the standing facilities.

The main characteristics of the money market equilibrium can be summa-
rized under the three different liquidity policy rules.

1. Ezxpected level of the overnight rate

In case of full allotment the expected overnight rate equals the tender rate for
that day. Thus, the expected overnight rate for a given day in the future will
equal the tender rate expected to prevail on that day.

Under the proportional allotment procedure with interest rate targeting,
the expected value for the overnight rate will (by definition) equal the target
rate of the central bank, as long as the policy is known to the counterparties
and the

05 This effect is also part of the reason why we stuck to neutral interest rate targeting (ie the
target rate equals the tender rate) in analyzing proportional liquidity allotment procedures
when the central bank does not allow for averaging. If the target rate were below the
tender rate the banks would not bid enough in the tender, and this procedure would not be
proportional allotment procedure anymore. If the target rate were above the tender rate,
there would be enormous excess bidding and the monetary policy would be implemented
by choosing the liquidity instead of setting the interest rate (which we implicitly assume
while applying fixed rate tenders). Also this procedure would lead into unjustified transfer
of expected profits to successful bidders.
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target is not set below the tender rate.®® Therefore, in this case the expected
overnight rate for a given future day will equal the expected target rate for
that day.

The determination of the expected overnight rate under liquidity targeting
policy will depend on the central bank’s ability to control the daily supply of
liquidity. If the banks expect the central bank to increase the tender rate during
the following days, the expected overnight rate will immediately respond to
these expectations, by rising to the new higher level expected (or to level very
close to the expected one). However, if the central bank is expected to cut the
tender rate within the remainder of the ongoing reserves maintenance period,
the expected overnight will not react to these expectations. It will stay at
the level of the current tender rate, as under full allotment procedure. In
case where the banks have neutral interest rate expectations, the overnight is
expected to realize at the level of the (constant) tender rate.

The fact that under liquidity targeting the expected overnight rate will
differ from the tender rate, if a rate hike is expected, means that the central
bank does not have total control over the (expected) price of bank reserves.
Thus, it might well be the case that the monetary policy signals given through
the tender rate are not as unambiguous as with either full allotment or with
interest rate targeting. Also, the fact that the overnight rate will react only to
expectations of a rate increase, while an expected rate cut would be reflected
in the equilibrium liquidity, may well lead the counterparties and the public
to (falsely) assume that the central bank has asymmetric preferences over the
deviations of the overnight rate from the tender (or target) rate, even though
the asymmetry lies in the structure of the operational framework rather than
in the preferences.%”

2. FExpected overnight liquidity

The expected equilibrium liquidity under the full allotment procedure will
depend on the required daily balances for the remaining period, the interest
rate expectations of the banks and on the distribution of liquidity shocks. The
higher the tender rate is expected to be during the rest of the maintenance
period, the more banks are willing to hold liquidity today at the given tender
rate. Hence, we expect the banks to frontload reserve holdings, if a rate hike
is expected, and to backload them, if they anticipate a rate cut. The lower
the liquidity volatility is, the more the banks are willing to substitute their
interest rate view for steady reserve keeping. Ie the larger the probability of
being forced to use the standing facilities with a given level of liquidity at

O6Tf the target were below the tender rate, this approach would be similar to the case of
full allotment, and consequently the expected rate would equal the tender rate instead of
the target. Thus, we expect the central bank to set the target rate at least to equal the
tender rate.

67This becomes more evident, if we think about the case where the money markets operate
on liquidity surplus rather than on deficit. In such a case the tenders would be liquidity
draining instead of liquidity providing operations. Therefore, the central bank would be
not be in control of the daily liquidity supply, if a rate increase were expected. Thus,
the expected overnight rate would equal the current tender rate with increasing interest rate
expectations, but it would fall down to the expected future level, if a rate cut were expected.
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the overnight interbank trading, the less the banks would seek ”intertemporal
arbitrage” (to front- or backload the reserve holdings).

Under liquidity targeting, the central bank is able to control the daily sup-
ply of liquidity as long as the expected future overnight rate with the target
liquidity is not lower than the expected future tender rate. Thus, with increas-
ing expectations or with neutral expectations (and high enough volatility), the
expected overnight liquidity will be at the target level of the central bank, ie
at the required daily balances for the remaining period. However, if a rate
cut is expected (and possibly with neutral liquidity and very low stochastic
liquidity shocks), the expected supply of overnight liquidity will equal that of
under full allotment (ie the banks would backload reserve holdings).

With interest rate targeting the equilibrium liquidity depends on the differ-
ence between the target rate and the tender rate. In (the very unlikely) case,
where the target is set below the tender, this whole approach melts down to
full allotment. If the target is set at the level of the tender rate or above it,
the expected liquidity will also be determined as in the case of full allotment.
However, in this case the equilibrium liquidity will be a decreasing function
of the central bank’s expectations over the rate the banks anticipate prevailing
during the remainder of the period, and on the central bank’s expectation of
the distribution of the second liquidity shock for each day. Consequently, there
will be frontloading of reserve holdings, if rate increase expectations are antici-
pated by the central bank, and backloading will occur, if rate cut expectations
are anticipated.

3. Volatility of the overnight rate

With full allotment the spread between the overnight rate and the tender rate
will depend entirely on the liquidity shock that is realized between the ten-
der operation and the clearance of the overnight market. The interest rate
elasticity of the demand for overnight reserves will increase as the liquidity
approaches either zero or the amount of reserves that would fulfill the require-
ment for the whole period. Thus, the volatility of the overnight rate grows
when the banks want to front- or backload the reserves due to interest rate
expectations. We also expect the variations to be asymmetric when the banks
expect a change in the rate. The reason for the asymmetry lies in the shape
of the demand curve at the equilibrium liquidity; it is expected to be convex,
if a rate cut is expected (due to the backloading of reserves), and concave, if a
rate rise is expected (as there will be frontloading of reserves).

The interest rate expectation also affects the interest rate volatility during
the remainder of the maintenance period (however, not on the two last days
of the maintenance period), as the reserve holdings at ¢ affect the required
daily balances for the remaining period (RDB) on the following days. For
example, if the banks expect the tender rate to be increased, they will hold
more reserves today, which will decrease the RDB for the following days. Thus,
the probability of a bank having to use either of the standing facilities on
the following days increases, which will consequently lower the interest rate
elasticity of these days. Similarly, if a rate cut is expected, the volatility today
will increase, but the volatility on the following days will diminish.
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When the central bank has a target for liquidity and it is expected to be
in control of the daily supply of the liquidity, the expected overnight liquidity
at ¢ will naturally be the target liquidity and the expected overnight rate for
that day will be close to the tender rate expected to prevail in the future. In
this case the interest rate elasticity of the demand for liquidity should be high,
as the probability of being forced to use the standing facilities at the targeted
liquidity is low. Hence, the variations in the realized overnight rate should
more reflect variations in the interest rate expectations than the stochastic
variations in autonomous liquidity factors. However, if the banks expect a
rate cut in the near future, the daily supply of liquidity is no longer in the
hands of the central bank. Thus, the overnight rate will be determined as in
case of full allotment, and its volatility is related to the stochastic liquidity
shocks.

In the proportional allotment procedure with interest rate target, the vari-
ations in the spread between the target rate and the overnight rate reflect the
stochastic errors the central bank makes in estimating both the banks’ demand
for liquidity and the development in the autonomous liquidity factors. As in
case of full allotment, the volatility of the overnight rate under interest rate
targeting depends on the interest rate expectations, as they affect the part of
the demand curve at which the equilibrium will be realized. Thus, the volatil-
ity is expected to be higher, if a rate change is expected than with neutral
expectations.

We have seen, that the stochastic volatility of the overnight rate should be
lower with liquidity targeting than with the other procedures, if an interest
rate change is expected to occur in the near future. However, this need not be
the case for total volatility of the rate, at least, if the rate expectations vary
a lot over time. Furthermore, the stochastic volatility should not be harmful
for the conduct of monetary policy, as long as it is totally understood by
the counterparties and the public that these variations originate solely from
prediction errors of the development of the liquidity (and also by errors in
estimating the effect of interest rate expectations on the demand for liquidity
in case of interest rate targeting). This should not produce any difficulties
in the full allotment case, as the counterparties are always aware that the
liquidity errors are due to errors made by themselves. However, the central
bank must pay great attention to making its goals understood and believed by
the counterparties, if it uses interest rate targeting. One possible method to
do this could be to announce the target of the central bank explicitly.

The relative size of volatility under full allotment and under the interest
rate targeting depends on the relative size of the aggregate estimate error
(in forecasting the autonomous liquidity factors) made by the banks and the
central banks error both in estimating the development of liquidity and in
anticipating the effect interest rate expectations have on the demand for lig-
uidity. The central bank might have superior knowledge of the development of
the autonomous liquidity factors compared to the banks. However, this need
not to be the case, at least, if the central bank publishes its liquidity forecast
prior to each tender operation. Furthermore, the estimation of the effect of
interest rate expectation on the demand for reserves will be a tough task for
the central bank.
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4. Bidding behavior of the banks

Under the full allotment procedure, the banking sector as a whole will bid
according to the neutral strategy, ie overbidding can never be sustained as
an equilibrium strategy in full allotment. Assuming either an infinitesimal
probability for a bank not being able to participate in the interbank market
on any particular day or by introducing a fixed cost of entering the market
this result can be extended to the level of single banks. In such a case every
bank will bid according to its real liquidity need, and the allocation of liquidity
in the tender will follow the expected true liquidity demand by the banks.

The bidding behaviour under liquidity targeting will depend on the interest
rate expectations of the banks. If the banks expect the tender rate to be
increased, the banks will be overbidding to profit from the expected difference
between the tender rate and the overnight rate. In such a case the profits of
a bank will depend directly on the amount of liquidity it is allotted. Thus,
a bank’s optimal bid would eventually be infinitely large, if the size of a bid
is not somehow limited. The case where the banks have neutral expectations
(and the true demand for liquidity (ie demand under full allotment) is not
less than the RDB) will also produce overbidding equilibria. If the banks bid
according to a neutral strategy, the expected value of the overnight rate would
in this case rise above the tender rate. Thus, by overbidding the banks ensure,
that the supply of liquidity will be determined by the central bank. However,
when the real demand is close to the RDB, the overbidding will not lead to
positive expected profits, it will merely close the opportunity for such profits.
If a rate cut is expected (or with neutral expectations and equilibrium bidding
below the RDB), the banks will be bidding according to their real demand, as
in the case of full allotment.

Under interest rate targeting, the banks will place bids in excess of their
real demand for liquidity either to profit from the expected difference between
the overnight rate and the target (if the target is above the tender rate) or to
close the window for such an opportunity to exist (if the target rate equals the
tender rate).

The bidding behaviour of the banks is very different under each of these
procedures, as we have seen. There is no overbidding under full allotment
(at least at the aggregate level), ie all banks will be bidding according to
their real demand for reserves. In interest rate targeting, multiple overbidding
equilibria exist. These equilibria are characterized only by the fact that the
aggregate bids should amount to more than the central bank can be expected
to be willing to provide. The problem here is that the allocation of liquidity is
somehow arbitrary, unless the number of equilibria can be reduced.®® One way
for the central bank to limit this number could be to signal the most probable
allotment ratio to the banks (ie the expected percentage of the bids to be
accepted). For example, if the central bank told the counterparties, that the

1

most probable allotment ratio is , and that it will deviate from the announced

ratio only to make use of the superior knowledge it has of the evolution of the

68 However, even if the allocation of reserves does not meet the real demand for them,
it should not be a problem as long as the overnight market is efficient and the banks are
interested only on the expected profits they make.
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autonomous liquidity factors, there would be a unique equilibrium where each
bank bids k times its real demand. With liquidity targeting the overbidding
would be similar to that of under the interest rate targeting, if the overnight
rate were expected to be realized at the level of the tender rate. However,
if the expected overnight rate were above the tender rate, there would not
be equilibrium bidding at all (as the optimal bid of a single bank would be
infinite, if the size of it were not limited) or when the bid size was limited the
equilibrium bidding would consist of every bank placing the maximum bid.

We would like to conclude by stating that in light of our model the full
allotment procedure seems to be a very market oriented liquidity policy rule,
where the monetary policy stance is uniquely determined by the tender rate,
and the banks are bidding according to their real liquidity demand. The sto-
chastic volatility of the liquidity and the overnight rate of interest is lowest
with the liquidity targeting policy rule. However, the uniqueness of monetary
policy is somehow questionable with this procedure. The interest rate targeting
procedure shares many of the good qualities of the full allotment procedure,
at least if the policy is made explicit and is believed by the counterparties.
Also, the stochastic liquidity volatility (of the full allotment) could perhaps
be limited with this procedure in some cases (eg if the central bank has supe-
rior knowledge over the evolution of the autonomous liquidity factors and it
can properly estimate the effect of interest rate expectations on the liquidity
demand). However, the drawback of this policy seems to be the multiplicity
of the bidding equilibria. Furthermore, the estimation of the real demand for
liquidity might be extremely hard task, if a rate change were expected.

Finally, one should notice that most of the differences in the formation
of the expected overnight rate and in its volatility arise from the expected
changes in the central bank rates during the remainder of the ongoing reserves
maintenance period. Thus, the equilibria under all these procedures would be
very similar to each other, if the central bank changed the tender rate (or the
target rate) only in the first operation of each maintenance period. In such a
case there would never be speculative front- or backloading of reserves in order
to profit from the intraperiod arbitrage opportunity:.
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A Proof of equation (11)

The proof of equation (11) and the relationship between G (-) and E[F (-)].%

Let F), (-), F. (-)and G (-) be the cumulative distribution functions of indepen-
dent stochastic variables u, ¢ and v (v = p + €) respectively.
From the very definition of a distribution function we have:

G(s) = P{v < s}. (39)

Now, it can be shown that the distribution function of the sum v has the
representation

G(s) = [ Fuls— b, (40)

or, assuming continuous distributions with density functions f; and f, respec-
tively

G(s) = [ 15 = ) ulin. (41)

But note that by the definition of an expectation, we have

G(s) = Ep,[F(s — p)] (42)

ie the distribution function of the sum can be obtained as an expected value,
where expectation is taken over the distribution of p.

This result can be proved by the use of the convolution theorem in as-
sociation with characteristic functions: the characteristic function (chf) of a
distribution (with density f), ¥ ;(t), say, is defined by

U (f) = B (67 = / ¢ £ (2) da. (43)
For independent random variables x and y, the characteristic function of the

distribution of their sum, v = p + ¢, is the product of the individual charac-
teristic functions:

Uy (t) =E (") = E (") E (e™) = by, () (). (44)

On the other hand, we know that the chf of the convolution

(f + 1) (v) =/f<v—x>h<x>dx (45)

99T am indebted to Jouko Vilmunen for the derivation of this appendix .
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equals the product of the chf:s of the distributions with densities f and h
respectively, ie

Vpan(t) = U ()05 (t). (46)
Since the chf determines the distribution uniquely, we must consequently have
Vg, (£) = Py (£) (47)

so that the density function of the distribution of the sum v, g must be the
convolution of the densities

gmwa/@m—xnuwmn (48)

Integrating on both sides and changing the order of integration on the RHS
we obtain:

G(s):/[/sfy(u—x)du} fm(x)dx:/Fy(s—m)fz(m)dx. (49)

Now apply all this to equation (8):

T = r"G(—eERIF) +r? [ — G(eERIF™™)] (50)
1By, [P (—eBRE = up)] + {1~ By, [F (BRI + ur)]}
= Ry, [F (CERET)] {1 - By, [F (BRET)] )
= By, ["Ey, [F (~ERS™)] + 0" {1~ By, [F. (BR“™)])]
= Ej, [r"].

That is, the expected overnight rate, where the expectation is taken w.r.t. the
distribution of the shock p (ie Ey, [-]) equals the tender rate.
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B Profit maximization problem at T-1

The overnight rate of interest at T-1 as a function of liquidity is determined
by the first order condition to the banks’ profit maximization problem:

—OB;r_1-bj 71

max B ] =7, / (OBir—1+bir—1+er_1)f(er—1)der—

— 00
e}

+Er4 [7“:5} / (OBir—1 4 bip—1 +er—1) f(er—1)der—

—OB;r_1-biT 1

[e.°]

+(7“%,1 —Er [r?ﬂ) / (=IBir—1+bir1+er_1)f(er—1)der
IB;7_1-bjT_1

—T'%n_l % bi,T—h (51)

where the difference between the amount of reserves needed to fulfill the re-
serve requirement for the whole remainder of the maintenance period and the
overnight balances before the interbank lending at 7" — 1 is denoted by I B; r_;
(ie ]Bz',T,1 = QRDBZ"Tfl - OBi,Tfl)-

By using the Leibniz’s rule, we get the FOC:

OE [[r_1]

abz’,T = T?rl_lF (_OBi,T—l - bz’,T—l)

+T%71 (1 — F (QRDBi,Tfl — OBi,Tfl — bi,Tfl))
+Er_1 [7”%} {1-F(-0OB;7r-1 —bir_1)
—[1—F(2RDB;r-1—OB;r_1 — bjr_1)]}

on
— 1y =0,

which, by aggregating over unitary mass gives us the result:

T%Til - ET,1 [T%] {1 - F(—OBT,I) — [1 - F(QRDBT,1 - OBTfl)]}
+r F(=OBr_1) +14_, [1 — F(2RDBr_1 — OBr_1))
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C Profit maximization problem at t

The profit maximization problem of a bank at the interbank overnight market
at t is:

—OB; ¢—b; ¢
H[jlaX E [Ht] = T‘Zn / (OBiyt + bz’,t + Et)f(Et)dét
+E [T?} / (OBiyt + bz’,t + €t)f(€t)d€t
—OBj t—bj ¢
+ (T’? — E [T?}) / (_IBi,t + bz’,t + Et)f(é't)d&'t
IB;1—b; ¢
—eOB
T-1 5J
+ Z E, [r;” — rﬂ / (eOB;; +vj)g(v;)dv;
j=t+1 e
7eOB’-”-
- / (OB}, +v;)g(v;)d (v5)
+E [r;'i _Tﬂ / (_JB;j +vj)g(v;)dv; — / B*/ +vy)g(vy)dv;
5, i,
_r%n_lbz',be
where
vi=p;+e

IB;;= (T —t+1)RBD;; — OBy,
JBiy = (I —j+1)eRBD;; — eOB;;
JBf, = (T — j+ 1)eRBD, ; — eOB},

and the equilibrium liquidity at j (eOB;;) is a function of the expected required
daily balances for the remaining period at j (eRBD; ;), and eRBD;; itself

depends on the expected equilibrium reserve holdings up to j — 1:
oo

(52)

f (OBz',t + bi,t + 8t)f(8t)d8t
(T—t+1)RDB;— *OBi’t;f“ —eOB}|,—...—eOB}_,
— [ (UBig+big+e0) fle)de
1B +—b;¢
€RBDZ'7]' = (T—j+1)

eOB;"; is the expected equilibrium overnight balances, if the bank did not
participate the interbank overnight market at ¢. Thus, eOB}’; is a function of
eRBD; ; (the expected required daily balances for the remaining period at j,
without participation into the overnight market at t);
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o9}

f (OBt +biy + 1) f(er)dey
—OB; t—b; ¢

— [ (UBig+big+ &) f(e)dey

IB; 1 —bi¢

—eOB

(T—t4+1)RDB;— Hy—..—eOB}’

eRBD,; =

(T—j+1)

Consequently, eOB;; and eRBD;; are functions of b;,, while eOB;; and

eRBD; ; are not.
Now once again applying the Leibniz rule and aggregating over the unitary
mass, we will get the FOC stating:

B [rf] + (7" = B [/4]) F(-OBy)
+ (r{ =B [rf]) {1 = F(T =t + 1)RDB, — OBy]}

— . 0e0ODB;} i
+ E[rf" —r}] o, LG (—eOB;)
1

, 0eRDB; 0eOB:
+E[r§—rﬂ<—(T—g+1) % 2+ 8bt]>

x {1-G[(T —j+1)eRDB; —eOB;|}) —r{" =0

(53)

The equilibrium condition for the money market (E;[r¢"] = r!) will conse-
BeOB 0eOB} BeRDB)

BeRDBJ b

quently be (note that

E; [r{"] — Eq [rﬂ =rl —E, [rﬂ = (rl” — E; [rﬂ) G(—eOB;y) (54)
+ (rf = E [rf]) {1 = G[(T —t+ 1)RDB; — eOB{]}

— 0eOB! deRDB;

m T *

* j;l (Et 5 =i 0eRDB; b, *G(=e0B;)

9eOB; , deRDB;
] (aeRDBj —(T=gt 1)> b,
x {1-G[(T—j+1)eRDB; — ecOB|}) .

FE o]

We can open equations (54) and (53) a little bit further by taking the partial

derivative 86};7533
9eRBD; ~1 I~ 0eOB; 0eRDB;,
= F(IB —OB,)]
ob, T—j+1{[ (1B:) = 2 kEt;l(%RDBk ob,
Taking it one step further we will have:
=~ ([F(IB,) — F(—OB
- 1 (1FuB) - F-om) (55)
’i 8eOB: -1
57, 0eRDB,T — k +1
k—1
deOB; 8eRDB,
F(IB ~OBy)] L
% {[ (I5:) = 2 Z 9cRDB, b, })
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And repeating the partial derivatives in succession, equation 55 will become:

0eRBD; _ ~[F(B) -~ F(-0B)] [, ji 0e0B: -1
ob, T—j5+1 o 0eRDBy T — k +1
k—1 -1
0eO B} —1 0eOB: —1
1 l 1 m
X{ +l§166RDBlT—l+1X +mzt;rl@eRDBmT—m—|—1

ARy 0eOB; , -1 <14 0eOB} -1
0eRDBy 2T —t—1 0eRDB; 4 \T —t
We easily see that the equilibrium bidding at ¢ depends on the optimal path
of reserve holding during the rest of the maintenance period. Thus, one has
to solve the optimal bidding recursively by first deriving OB;}._; as a function

of RDBy_;, and using that information to calculate OB}_, as a function of
RDB7_5 and so forth.

72



BANK OF FINLAND DISCUSSION PAPERS

ISSN 0785-3572, print; ISSN 1456-6184, online

1/2001

2/2001

3/2001

4/2001

5/2001

6/2001

7/2001

8/2001

Risto Herrala An assessment of alternative lender of last resort schemes.
2001. 28 p. ISBN 951-686-701-4, print; ISBN 951-686-702-2, online. (TU)

Esa Jokivuolle —Karlo Kauko The new basel accord: some potential
implications of the new standards for credit risk. 2001. 23 p.
ISBN 951-686-703-0, print; ISBN 951-686-704-9, online. (RM)

MikaKortelainen Actual and perceived monetary policy rules in a dynamic
general equilibrium model of the euro area. 2001. 76 p.
ISBN 951-686-705-7, print; ISBN 951-686-706-5, online. (TU)

Martin Ellison Stabilisation bias in monetary policy under endogenous
price stickiness. 2001. 20 p. ISBN 951-686-707-3, print; ISBN 951-686-708-1,
online. (TU)

Erkki Koskela— Rune Stenbacka Equilibrium unemployment with credit
and labour market imperfections. 2001. 35 p. ISBN 951-686-709-X, print;
ISBN 951-686-710-3, online. (TU)

Jarmo Pesola The role of macroeconomic shocks in banking crises. 2001.
61 p. ISBN 951-686.713-8, print; ISBN 951-686-714-6, online. (TU)

Anssi Rantala Does monetary union reduce employment? 2001. 36 p.
ISBN 951-686-715-4, print; ISBN 951-686-716-2, online. (TU)

Tuomas VaAiméaki Fixed rate tenders and the overnight money market
equilibrium. 2001. 72 p. ISBN 951-682-717-0, print; ISBN 951-686-718-9,
online (TU)



	Fixed rate tenders and the overnight money market equilibrium
	Abstract
	Tiivistelmä
	Contents
	1 Introduction
	2 Money markets and the central bank
	3 No (averaged) reserve requirements
	3.1 Overnight rate as a function of liquidity
	3.2 Determination of money market liquidity
	3.2.1 Full allotment
	3.2.2 Proportional allotment

	3.3 Comparing the two approaches

	4 The model with averaged reserve requirements
	4.1 Full allotment
	4.1.1 Penultimate day (T-1)
	4.1.2 Earlier days (1,2,...,T-3,T-2)

	4.2 Proportional allotment
	4.2.1 Liquidity targeting
	4.2.2 Interest rate targeting


	5 Summary and conclusions
	References
	Appendices A-C
	Bank of Finland Discussion Papers

