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INFERENCE FOR HETEROGENEOUS EFFECTS USING
LOW-RANK ESTIMATIONS

VICTOR CHERNOZHUKOV, CHRISTIAN HANSEN, YUAN LIAO, AND YINCHU ZHU

ABSTRACT. We study a panel data model with general heterogeneous effects,
where slopes are allowed to be varying across both individuals and times. The
key assumption for dimension reduction is that the heterogeneous slopes can be
expressed as a factor structure so that the high-dimensional slope matrix is of
low-rank, so can be estimated using low-rank regularized regression. Our paper
makes an important theoretical contribution on the “post-SVT (singular value
thresholding) inference”. Formally, we show that the post-SVT inference can
be conducted via three steps: (1) apply the nuclear-norm penalized estimation;
(2) extract eigenvectors from the estimated low-rank matrices, and (3) run least
squares to iteratively estimate the individual and time effect components in
the slope matrix. To properly control for the effect of the penalized low-rank
estimation, we argue that this procedure should be embedded with “partial
out the mean structure” and “sample splitting”. The resulting estimators are
asymptotically normal and admit valid inferences. Empirically, we apply the
proposed methods to estimate the county-level minimum wage effects on the
employment.

Key words: nuclear norm penalization, post-SV'T, sample splitting, interactive
effects
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1. INTRODUCTION

This paper studies the estimation and inference about the following panel data

model:
Yie = x;teit+a;gt+uit7 1= 17"'7N7 tzla"'aTa

where x;; is a d-dimensional vector of observed covariates; «; and g; are unobserved
fixed effects. Importantly, the model permits general heterogeneities, in the sense
that not only the fixed effects appear in the model interactively, but also the
slope 6;; is allowed to vary across both ¢ and ¢. The main dimension reduction

assumption employed in this paper is that 6;; can be expressed as:
eit = )\;‘fta

that is, it can be represented by a factor structure, where \; is a matrix of loadings
and f; is a vector of factors. Here we allow f; and ¢; to have overlapping compo-
nents. In particular, we allow either f; or \; or both to be constant across ¢ < N
or t < T, so allow homogeneous slopes as special cases.

Let ©, and X, be the N x T" matrices of the r th component (0;,) and z;;,; let
M,Y,U be the N x T matrices of /g, yi and u;. Also let ® denote the matrix

element-wise product. We have the following matrix form:

d
Y= X,00,+M+U

r=1
With the factor structure in ©,. and M, both the slope and fixed effect matrices are
of low-rank, whose ranks are at most equal to their associated numbers of factors.

This motivates employing the low-rank estimation:

d
i Y- X, 00, —M||%+ Py(O,....04 M
o I z; © 17+ Po(©1 d: M)
d
where  Py(01,...,04, M) =Y 1,[|0,ln + o[| M|, (1.1)
r=1

for some tuning parameters vy, vy, ...,vg > 0, where ||.||r and |||, respectively

denote the matrix Frobenius norm and nuclear norm. In particular, let ¢ (0) >
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<o 2 Ymingr,N}(O) be the sorted singular values of an N x 7" matrix O, then

min{T,N}

1Ol = Y (o),

i=1
which is a convex-relaxation of the rank of ©, and can be casted using efficient
algorithms such as the singular value decomposition.

While the penalized low-rank estimation (ILI]) produces consistent estimators
for the low-rank matrices, however, it is subjected to shrinkage biases. As such,
this paper makes an important theoretical contribution on the inference for low-
rank matrices, after employing the singular value thresholding (SVT) type regu-
larization, so-called “post-SVT inference”. Formally, we show that the post-SVT
inference can be conducted via three steps:

(1) apply the low-rank regularized estimation via SVT-based algorithms;

(2) extract eigenvectors from the estimated low-rank matrices, and

(3) run iterative least squares.

More specifically, we extract the eigenvectors of the estimated ©, obtained in ([L.T]),
which form as preliminary estimators for A\;. We then apply least squares to obtain
ﬁ as the estimated f;, and re-estimate \;, still using least squares to obtain /)\\Z

This leads to our final estimator for 6,; as, for each i,t,
92‘25 — )\;ft

We shall show that the shrinkage bias can be offset from this iterative least squares
procedure. The final estimator is asymptotically normally distributed and admits
an asymptotically valid inference for 6;; at each fixed (i,1).

In addition, we assume that the covariates are generated from the following
model:

Tit = it T Cit,

where e;; is a zero-mean process that is serially independent and cross-sectionally
weakly dependent. Here pu;; is the mean structure of ;. We study two cases. The
first case is: p; = p;, which assumes that x;; follows from a simple many-mean
model. The second case is pu;; = lw; which also allows a factor-structure that
captures the cross-sectional and serial dependences in x;;, with [;, w; respectively
denoting the loading and factors in z;;. On the other hand, to properly control

for the effect of the penalized low-rank estimation (L), the iterative least squares
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procedure should be embedded with “partial out the mean structure” and “sample
splitting”, so that in effect, we are using e;; as the regressors to apply the iterative
least squares. Section explains this in details.

Employing the nuclear norm penalization has been a popular technique in the
statistical literature to achieve low-rank estimations, e.g., Negahban and Wainwright
(2011)); Recht et al! (2010);Sun_and Zhang (2012);/Candes and Taa (2010); Koltchinskii et al.
(2011). However, there is little study on the element-wise inference for the com-
ponents. The only work that we are aware of on the related issue is |Cai et al.
(2016), who proposed a debiased estimator to make inference about the low-rank
matrix after applying the nuclear-norm penalization. We note that their debiased
procedure does not apply in the model we are considering. The main issue is that
under proper conditions, low-rank matrices deduced from a high-dimensional fac-
tor structure have “very spiked” eigenvalues, possessing leading eigenvalues that
grow at rate O(NT)'/2. The presence of these fast-growing eigenvalues calls for dis-
tinguished asymptotic behaviors in covariance estimations, eigen-spectral analysis,
as well as matrix completions. The related literature can be found in [Fan et al.
(2013); Wang and Fan (2017).

The nuclear-norm penalized estimation has also been applied in the recent econo-
metric literature for panel data models. Bai and Ng (2017) studied its property
in the pure factor model setting. |Athey et al. (2018) applied matrix completion
to estimate the causal effects. Moon and Weidner (2018) studied the inference for
the homogeneous models (i.e., 8; = 6 as a common coefficient for all (i,¢)) in
panel data with interactive effects. They applied the nulcear-norm penalization
to estimate the low-rank matrix of the interactive fixed effects. In addition, the
literature on models with interactive fixed effects also includes, e.g., Bai (2009);
Moon and Weidner (2015), but has been predominated by homogeneous models
where 6;; = 6 for some 6 and all (i,¢). In addition, [Pesaran (2006); |Ahn et al.
(2013) studied time-invariant homogeneous models in which the slopes are allowed
to vary across 4. ISu et all (2015) considered nonlinear homogeneous effects where
the effect of x;; is characterized by a nonparametric function that is time-invariant
and common to all individuals. The homogeneity assumption, while simplifies the
inference procedure and gains statistical efficiency if correctly specified, would lead
to inconsistency and misleading inferences if fails to hold. Our standing point and

recommended inference procedure is to start with a general heterogeneous model
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as we are proposing, and formally conduct homogeneous tests as formalized in this
paper. Then conduct inference and estimations using the homogeneous method
only if the homogeneous hypothesis is accepted.

The rest of the paper is organized as follows. Section 2 introduces the post-SV'T
algorithms that define our estimators. It also explains the rationale of using partial-
out and sample splitting techniques. Section 3 provides asymptotic inferential
theory. Section 4 presents simulated results, and finally, Section 5 applies the
proposed method to studying the county-level minimum wage effects. All proofs

are presented in the appendix.

2. THE MODEL
We consider the following model

Vi = w0y +algi+uy, i=1,..N, t=1,..,T.
eit = )‘;ft-

Here we observe (y;;,z;). The goal is to make inference about 6;;, which has a
latent factor structure. The model also allows a general form of fixed effect. As
explained in Bai (2009), ofg; can allow fixed effects that are either additive, or
interactive, or both. We assume dim();) = K;, dim(e;) = K, both fixed. For
ease of presentation, we focus on the case that x; is a univariate regressor, that
is, dim(x;;) = 1. It is straightforward to extend to the multivariate case, which is
presented in Appendix A.

We allow arbitrary dependences among {\;, f; : @ < N,t < T}, and impose
nearly no restrictions on the sequence for \; and f;. In particular, this allows
homogeneous models as special cases. For instance, by setting A\; = X and f; = f
for all (i,t) and dimension dim(\;) = dim(f;) = 1, we can allow 6, = 6 for all (i, t)
and a common parameter #. This then reduces to the homogeneous interactive
effect model, studied by Bai (2009); Moon and Weidner (2015). In addition, f;
can also be thought of as a serially independent process, which leads to pure

heterogeneities.

2.1. Nuclear norm penalized estimation and an iterative algorithm. Let
A, A respectively be N x K; and N x K, matrices of (\;) and (a;); let (F,G) be
T x K; matrices of (fi, g;); let (Y, X,U) be N x T matrices of (v, T, ui). Then
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the matrix form is:
Y = AG'+ X O (AF)+U.

where ® represents the element-wise product. Further let © := AF’ and M :=
AG'. Note that both of them are N x T matrices, whose ranks are respectively
(K1, K3). We let N,T — oo but Ky, Ky be fixed constants. Thus both are low-
rank matrices. Motivated by this, we shall estimate (M, ©) using the following

penalized nuclear-norm optimization:
(O,M) = gl’}\lle(@,M),
FO,M) = [Y =M =X ©0O|% + val|M|[, + v1]|O]|., (2.1)

for some tuning parameters vy, v; > 0.

The computation of (2I) can be carried out iteratively using singular value
thresholding estimations. For a fixed matrix H, let UDV' = H be its singular value
decomposition. Define the singular value thresholding operator Sy(H) = UD,\V",
where D), is defined by replacing the diagonal entry D;; of D by max{D; — A, 0}.
Given ©, solving for M in (1)) leads to the following closed form solution: let
Zo=Y -X©®0O,

Suaj2(Ze) = argmin || Ze — M |5 + va|| M|,
which applies the singular value thresholding operator on Zg, with tuning v, /2.
On the other hand, given M, let Zy; =Y — M. Then the solution of © to (21 is

given by:
@M = argm@in HZM - X0 @H% + VlH@Hnu

which satisfies the following KKT condition, for any 7 > 0, (Ma_ et all, [2011)
@M == STyl/Q(@M — TX ® (X ® @M - ZM))

As such, we employ the following algorithm to iteratively solve for M and © as
the global solution to (21J).

Algorithm 2.1. Compute the nuclear-norm penalized regression as follows.
Step 1: Fix the “step size” 7 € (0,1/ max; x%). Initialize O, My and set k = 0.
Step 2: Let

@k-i-l = ST,,I/Q(@k—TXQ(X@@k—Y+Mk)),
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Myi1 = Sp, (Y =X ©Opq).

Set k to k+ 1.
Step 3: Repeat step 2 until convergence.

As for the convergence property of the algorithm, note that given M, updating
Oy is a standard gradient descent procedure (e.g., Beck and Teboulld (2009)),
and therefore standard convergence analysis for the objective function F(©, M)
applies. As we shall show below, the evaluated objective function F(©y;1, Myi1)

is monotonically decreasing, whose rate of convergence is O(k™1).

Proposition 2.1. Let ((:),M) be a global minimum for F(©,M). Then for any

7 € (0,1/ maxy x2), and any initial ©g, My, we have:
F(Opt1, Mis1) < F(Opr, My) < F(Oy, My),
for each k > 0. In addition, for all k > 1,
o 1 ~
F(Ouar M) — F(®.31) < - [€, ~ 2. (22)

Proposition .11 shows that the algorithm converges from an arbitrary initial
value. The upper bound in (2.2)) depends on the initial values through the accuracy
of the first iteration ©; — O. Not surprisingly, the upper bound does not depend
on M; — M , because given ©1, minimizing with respect to M has a one-step closed
form solution, whose accuracy is completely determined by ©;. In addition, the
largest possible value for 7 to ensure the convergence is 1/ max; x%. In practice,

we set 7 = (1 — €)/ max; x5 for some small € > 0.

2.2. Post-SVT inference. The estimated © from the nuclear-norm penalized
regression, however, cannot be used directly for inference because they are sub-
jected to shrinkage biases. Our debiased method is based on iterative least squares,
which iteratively estimates f; and \; to control for the effect of shrinkage biases.
We proceed in the following stages to obtain the final estimator of 6.

Stage 1: obtain estimated (M, ©) from the nuclear norm optimization.

Stage 2: extract estimated loadings (&i,xi)’s from the singular vectors of the
estimated (M, ©).

Stage 3: iteratively estimate f; and \; using least squares. More specifically:

(i) obtain unbiased estimators ﬁ for f; using the estimated loadings.

(ii) obtain unbiased estimators \; for \; using f;.
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(iii) obtain the final estimator O = X;ﬁ

As Stage 1 employs a singular value thresholding method, we call our procedure
as the “post-SVT inference”. We shall show that é\it is Cyr-consistent, where
Cnr = \/W , and is asymptotically normally distributed, centered around
0;, for each fixed (i,t). Also note that due to the rotation discrepancy, A; and
f+ are not separately identified, so they can be estimated without biases subject
to a rotation transformation. On the other hand, the effect coefficient #;; can be
estimated well without rotation discrepancy.

To investigate the role of the dependence structure in x;, we separately study
two cases. In the first case, we assume z;; is serially independent, generated from
the following mean process:

Tip = i + €,
where e;; is a zero-mean process that is serially independent and cross-sectionally

weakly dependent. In the second case, we relax this assumption and consider:
T = Lw; + e,

where w; is a vector of (fixed dimensional) latent factors, with [; as the loadings.
Hence z; also admits a factor structure, and wy, or some of its components, are
allowed to overlap with (f;, g;).

In both cases, Stage 3 is the essential stage to obtain well-behaved unbiased esti-

mators. In this stage, (a;, \;) are treated as the estimators for nuisance parameter,

whose estimation error involves, among others, a term taking the form:

N
1
A= — Ni(q; — Hoy)'wyy,
>
where H is a square rotation matrix. It is however challenging to argue that A

is negligible, due to two reasons. First, it can be shown that the nuclear-norm

penalized estimator has a rate of convergence:

N
1 ~ -
¥ 2 16 = Hoil* = 0p(C3).
i=1

But this rate alone does not ensure A = op(1) in the case N > T. Secondly,
when z;; admits a factor structure, correlations in both cross-sectional and serial

directions introduce additional technical difficulties.
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We resolve the above technical difficulties through two procedures: (i) partialling
out the mean of x;; (or the factor structures in z;;) and (ii) sample splitting. When

x;; admits a factor structure, note that the decomposition x;; = liw; + e;; yields
Uit = 4G + eaNify + uy,  where gy = yip — Liwibyy. (2.3)

We regress the estimated ¢;; onto (a4, e;\;) to estimate f;. As such, the effect of

estimating «; becomes
| X
A/ = — )\z<52z — Hozl-)’el-t,

and now e;; is a zero-mean process and independent across t. Therefore, by sub-
tracting the estimated ljw,;0;; from y;;, we have partialled out the strong dependent
components in x;, and essentially work with the following moment conditions for
estimating f;:

Eei (Ui — —exNif;) =0, Vi=1,.., N. (2.4)

Importantly, this moment condition enjoys the Neyman’s orthogonality:
0 .
a—Eeit(yit - a;gt - 6it)‘;ft) = Eeirgr = 0.
Qg

This ensures that the effect of estimating «; is indeed negligible. In the absence
of factor structures in x;;, we shall simply partial out the sample mean %Zt Tt
from x;; to obtain a zero-mean process.

Next, we use the sample splitting technique to continue arguing that A" = op(1).
For the fixed ¢, let {1,...,7} = I U I°U {t} be a random disjoint partition. The
cardinality of I is [(T"— 1)/2] (the nearest integer to (T'—1)/2). Let

D[: {(yz'swris> ’lg N,SE[}.

We explain the rationale of the this splitting in more detail in Remark 2. 1l1ater. We
run the nuclear-norm optimization (2.I)) using data D; and estimate Xl Because
e; is serially independent, and t ¢ I, XZ is independent of e;;. For example, in the
case of cross-sectional independence, and dim()\;) = 1, conditional on Dy, we have

E(A'|D;) = 0, whose variance is given by

Var(A'|Dy) = Z Var(ey)(q; — Hay)(a; — Hoy)' N2
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This allows us to argue that A’ = op(1) so that the effect of estimating the nuisance

parameters in Stage 3 is negligible.

2.3. Formal Estimation Algorithm. Let
Ty = pir + e, Eey =0,

We present the estimation algorithm below, which works for both the cases of (i)
many mean model, in which p;; = p;, and (ii) factor model for the process of z; in
which gz = lw,. When z;; admits a factor structure, we first apply the standard
principal components method (PC) (e.g., Stock and Watson (2002)) to estimate
l}w; and obtain (E.w\t, €;t). In both cases, we partial out the “common components”

by subtracting the estimated p;; from x;, and essentially work with the model
Uit = o gp + by + g,  where Gy = yir — fireir. (2.5)

Suppose we are interested in 6;; for some fixed (7,t). We propose the following

steps to estimate ;.

Algorithm 2.2. Estimate 6;; as follows.

Step 1. Estimate the number of factors. Run nuclear-norm penalized regression:
(M,8) = argmin||Y = M = X © O + o[ M|l +11|Ol]. (26)
Estimate K, Ky by
Ky =3 1{ui(0) 2 (m]8N?}, Ko=) Huu(M) = (ml|M])"?}

where 9;(.) denotes the ith largest singular-value.

Step 2. Estimate the structure x;; = i + €.

In the many mean model, let €;; = x;; — % Zle 2. In the factor model, use the
PC estimator to obtain (l/gu\)t,a-t) foralli=1,..,N,t=1,.,T.

Step 3: Sample splitting. Randomly split the sample into {1, ..., T} /{t} = TUI",
so that |I|o = [(T"— 1)/2]. Denote by Y, X as the N x |I|p matrices of (yis, Zis)
for observations at s € I. Estimate the low-rank matrices © and M as in (2.6]),
with (Y, X) replaced with (Y7, X;), and obtain (MI, Or).

Let K; = (Xl, ...,XN)’ be the N x l?l matrix, whose columns are defined as
V/N times the first l?l eigenvectors of é[é’j Let ZI = (ay,...,an) be the N x l?g

matrix, whose columns are defined as v/ N times the first K o eigenvectors of ]\Z]\Ai}
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Step 4. FEstimate the “partial-out” components.

Substitute in (ay, A;), and define

N
(j’:;a’gs) ‘= arg minZ(yis - &;gs - xisngs)Qa ERS I° U {t}

5,9s i—1

and
(i dy) =argmin > (yis — 4G — 2N fo)?, i=1,..,N.

Aot o
Step 5. Estimate (fy, \;) for inferences.

Motivated by (2.0), for all s € I°U {t}, let

N
(f[,sa /g\l,s) = arg mign Z(/y\ls - a;gs - /e\zs)\;fs)z
S$yYs 2:1
Fix i+ < N,
(Ari; @p;) = argmin > (Gis — AGra — GNif1s)”
VT sereu{t}

where Ui, = yis — @)\;ﬁ and €;, = x;; — Z; in the many mean model , and 7;, =
Yis — l?ujs)\;f;, Cis = Tjs — l;/w\s in the factor model.

Step 6. Estimate 0. Repeat steps 3-5 with [ and I¢ exchanged, and obtain
(/)\\[c’i, ‘]?[gs :s € IU{t},i < N). Define

~

1~ ~ ~ ~
O = 5[ 1af1e + Aeifred:

Remark 2.1. We split the sample to {1,...,T} = T U I°U {t}. As the partialled-
out regressor e is serially independent, this ensures that at the fixed ¢, e; is
independent of both splitted sample I and I°. In steps 3-5 we estimate 6;, for
s € {t}UI°. In step 6 we switch the roles of I and I¢ to estimate 65 for s € {t}UI.
As such, the parameter has been estimated twice at s = t. The final estimator is
taken as the average of the two, X’”]?“ and X}Zﬁct This gains the asymptotic
efficiency that would otherwise be lost due to the sample splitting. Finally, we

have an expansion:
. 1 & 1 —
0 — Oy = )\;Mlﬁ ; A€ e + f;le ; fs€istiis + negligible,

for My, M, to be defined later.
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Note that step 4 is needed to obtain a consistent estimate for ¢, = y;— it AL fi, in
order to apply the “partialled out equation ” (2.3). In particular, the consistency is
required to hold for each fixed (i, ¢), but (\;, &) obtained in the low-rank estimation
from step 1 does not satisfy this condition. This motives the need for the estimators
(}\i, ¢;). On the other hand, the estimators in step 4, however, are not suitable for
inference, because at this step we use the regressor x;;, which is however, not a

zero-mean or serially independent process. This gives rise to the need for step 5.

2.4. Choosing the tuning parameters. The “scores” of the nuclear-norm pe-
nalized regression are given by 2||U|| and 2||.X ® U||, where ||.|| denotes the matrix
operator norm, and U = {uy}, and X ® U = (x;u;). The tuning parameters

(v2,14) are taken so that
20U < (X =cpra, 2[XOU[ < (1=

for some ¢ > 0.

To quantify the operator norm of these quantities, we shall assume that the
columns of U and X ®U, respectively {u,} and {z;®u,}, are sub-Gaussian vectors.
In the absence of serial correlations, by the eigenvalue-concentration inequality for

independent sub-Gaussian random vectors (Theorem 5.39 of [Vershynin (2010)):
|(XeoU)XoU) -EXoU)(XoU)| =0p(VNT+ N),

which provides a sharp bound for || X ® U||, and a similar upper bound holds for
|UU"—EUU’||. Hence v, and v, can be chosen to satisfy 15 < vy < max{v/N,VT}.

In the presence of serial correlations, we assume the following representation:
XoU= QNTZIT/2

where () yr is an N xT matrix with independent, zero-mean, sub-Gaussian columns.
Then still by the eigenvalue-concentration inequality for sub-Gaussian random vec-
tors,

Q8T Qyr — EQnrQyrll = Op(VNT + N).

In addition, X7 is a T' x T' deterministic matrix, possibly non-diagonal, whose
eigenvalues are bounded from both below and above by constants. Allowing >
to be a non-diagonal matrix captures the serial-correlations in {x; ® u;}. This also
implies | X ® U|| < Op(max{V/N,vT}). Therefore, the tuning parameters in
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general can be chosen to satisfy
vy = vy =< max{VN,VT}.

In the Gaussian case, they can be computed via simulations. Suppose wu; is
independent across both (i,¢) and u; ~ N(0,02,). Let Z be an N x T matrix
whose element z;; is generated from N(0,c2), independent across (i,¢). Then
| XoU|| = || X ®Z| and ||U|| =2 || Z|| where =¢ means “identically distributed”.
For a fixed dy7 = o(1), let

ve =2(1+c)QUIZIl; 1 = dnr), 11 =2(1+c)Q(IX © Z|; 1~ dnr)

respectively denote (14¢;) multiplied by the 1—Jdy7 quantiles of || Z]| and || X ©Z]|.

Then
&1

21U < (1 —
101l < (1= =

&1
1+Cl

holds with probability 1 — dyp. In practice, we replace o2,

e, 2| XOU| < (1—

2

with a consistent

estimator, and take ¢; = 0.1, dy7 = 0.05.

3. AsympTOTIC RESULTS

3.1. The effect of low-rank estimations on inference. We first heuristically
discuss the main technical arguments.

Note that one of the key ingredients is to establish the asymptotic normality of ﬁ
for a fixed t. By definition, the estimation of ﬁ depends on the SVT estimators (the
nuclear-norm penalized regression), (d;,\;), obtained as the eigenvectors of the
estimated low-rank matrices. The main asymptotic effect of the SVT estimators

give rise to the following two components: \/—% Z@]L Ni(a; — Hya;) ey, and

N
1 ~
Vi > Ni(hi — HiA)' e, (3.1)
=1

where H,, H, are rotation matrices. As we have previously explained, the effect of
a; — Hla; can be argued to be negligible using sample splitting. However, the effect
of \; — H 1A in (BJ)) is not necessarily op(1), because the Neyman’s orthogonality
does not hold in the moment conditions:

0 .
a—)\iEeit(yit - Oé;gt - eit)‘;ft) 7é 0.



14  VICTOR CHERNOZHUKOV, CHRISTIAN HANSEN, YUAN LIAO, AND YINCHU ZHU

Indeed, it can be proved that, there is a matrix Byr # op(1), the following expan-

sion holds:

\/N(J?t lft) Z Ni€itie + By fr + op(1),

W,l

where the presence of By is due to (B.1)).

We shall argue that such an effect, however, does not affect our asymptotic
inferential theory, by properly recentering ﬁ An important observation is that
Byt is time-invariant and is associated with f;, so the bias also belongs to the
space of f;. As such, we can define H; := H; ' + Byp N~%/2 and establish that

\/N(f Hyfy) = Z)\ eirtis + op(1).

Therefore, the effect of N — Hi{\; is “absorbed” by the adjusted rotation matrix.
This is sufficient for the inferential theory of 8;;. Once f; can be estimated with-
out biases (up to rotation transformations), the least squares iteration using f;

continues to producing unbiased estimators for A;.

3.2. Estimating low rank matrices. We first introduce a key assumption about
the nuclear-norm SVT procedure. We require some “invertibility” condition for
the operator:

(A, Ag) > A1+ A0 X
when (Aq, Ay) is restricted on a “cone”, consisting of low-rank matrices, which
we call restricted low-rank set, and was previously introduced and studied by
Negahban and Wainwright/ (2011). To describe this cone, we first introduce some

notation. Define
OV =(\Nfi:i<Nitel), M =(dg:i<N,tel).

Define U;DV] = ©Y and Uy D,Vy = M} as the singular values decompositions
of M? and ©9, where the superscript 0 represents the “true” parameter values.

Further decompose, for j =1, 2,
Uj = (Uir, Uie)y  Vi= (Vir, Vie)

Here (U;,,Vj,) corresponds to the nonzero singular values, while (Uj.,V;.) cor-

responds to the zero singular values. In addition, for any N x 7'/2 matrix A,
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let
Pi(A) =U; U’ AV V!

J,¢?

M;(A) =A—=P;(A).

Here U; U} . and V; V] . respectively are the projection matrices onto the columns
of U;. and Vj .. Therefore, M;(-) and Ms(-) can be considered as the projection
matrices onto the “low-rank spaces” of ©% and M? respectively, and P;(-) and

Ps(+) ar projections onto their orthogonal spaces.

Assumption 3.1 (Restricted strong convexity). Define restricted low-rank set to

be: for some ¢ > 0,
Cle) = {(A1, Ag) : [Pr(A1)[l + [[P2(A2) [ < el Ma(Ar)l[x + ¢l Ma(Ag)[[1}-
If (A1, Ag) € C(c) for some ¢ > 0, then there is a constant k. > 0,
1AL+ 82 © X[ > kel Adllf + kel Aol

The same condition holds when (M?,0Y) are replaced with (MY.,09%.), or the full-
sample (M°,0°).

Our next assumption allows non-stationary or arbitrary dependence in the time-
series for (f;, g¢). In particular, they hold for serially weakly dependent sequences,
and even allow for perfect dependent sequence: (f;, g:) = (f,g) for some time-

invariant (f,g) by setting dim(f;) = dim(g;) = 1.
Assumption 3.2. As T — oo, the sub-samples (I,1¢) satisfy:

thft_ thft/‘i‘OP 1/2 |Ic thfta

tel tele
s > = Z gugs + Op(T™?) =
tel tEIC

In addition, there is ¢ > 0, all the eigenvalues of % E; fifl and % Zthl g1, are

bounded from below by ¢ almost surely.

Assumption 3.3 (Valid factor structures with strong factors). There are con-
stants ¢, > ... > cg, > 0, and ¢ > ... > cf, > 0, so that, up to a term op(1),

(i) ¢; equals the j th largest eigenvalue of (3 Y, 990" % ?;1 o) (F >, geg))
forall j =1,..., Ky, and

(it) ¢; equals the j th largest eigenvalue of (%>, fif))'/*~ 1111 NN S fo Y2
forall j =1,..., Ks.
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The above assumption requires that the factors be strong. In addition, we
require distinct eigenvalues in order to identify their corresponding eigenvectors,
and therefore, (\;, «;).

Recall that M. s and ég respectively are the estimated low-rank matrices ob-
tained by the nuclear-norm penalized estimations on sample S € {I,[°}. Given
the above assumption, we have the consistency-in-frobenius-norm for the estimated

low-rank matrices,

Proposition 3.1. Suppose 2| X 0 U|| < (1 —c)vy, 2||U|| < (1 — ¢)va and vy < vy.
Then under Assumption 31, for S € {I,1¢,1U I}, (i)

2 2
vy vy 15 2

(ii) Additionally with Assumption[3.3, there are square matrices Hg1, Hgo, so that

1 —
WHMS — Msl|7 = Op(

1/224—1/%
NT

V22—|-V12)
NT 7~

1, ~ 1 -
s = Allsi [} = Op(Z ), IAs = Al = Op(

(#ii) Furthermore,
P(I?lzKl, [?QIKQ)—)l

3.3. Asymptotic analysis when z;; admits a many mean model. We now

focus on the case x;; = p; + €.

Assumption 3.4. Let wy = (T1Uiy, .y TNEUNE, Utg, - Ung) - Suppose {wi<r are

independent sub-gaussian random vectors: there is C' > 0,

max sup Eexp(swir) < exp(s’C), Vs €R.
=T =1

The sub-Gaussian condition allows us to apply the eigenvalue-concentration
inequality for independent random vectors (Theorem 5.39 of [Vershynin (2010))
to bound the scores || X ® U|l and ||U||. Under Assumption B4, we can take
vy, 1 = Op(v/N + T). Therefore

S5 — AHg |13 = Op( + 7) = 1Ks — Al
The assumptions below are also needed to achieve the inferential theory for the

estimated treatment effect.

Assumption 3.5 (Dependence). (i) {e;} is serially stationary, and

E(eit|uit>gt> ft) =0, E(uit|eit>gt> ft) =0.



INFERENCE FOR HETEROGENEOUS EFFECTS USING LOW-RANK ESTIMATIONS 17

(ii) {ei,uy} are independent across t; {e;} are also conditionally independent

across t, given { fi, gi,us}; {ui} are also conditionally independent across t, given

{ft7 Gt, et};
(#ii) Weak conditional cross-sectional dependence: Let W = (F,G) and (E,U) be

the N X T matrices of (e, uy). Let wy = uyey, and let ¢; be a bounded nonrandom

sequence. Almost surely,

1
meX m Z |COV(6it€jt, ektelt|W7 U)| <C
ijkl

nﬁxz |Cov(ey, el W, U)| < C, m,re{1,2}
m?XHJE(utuHW, E)| <C

max E(\\/Lﬁgciwnﬁw\/) <C

max E(|%;cieit|d‘|w, U)

max E(\% ;Ciuitww’ E)<C

In addition, for each fized i < N,
1

max - kz [E(erseisesW,U)| < C
j

1
m?X N kz |C0V<Witwjt7 wz‘twkt‘w)‘ <C
J

mfxxz |Cov(wir, wje) |[W)| < C.
J
Let diag(Xs) be a diagonal matrix of x;s for a fixed s < T. Let M, = Iy —
A(AA)TA, M, = Iy — G(G'G)*G, and
Dys = %A’diag(Xs)Madiag(Xs)A, Dy; = %F’diag(Xi)Mgdiag(Xi)F
D, - %A’E(diag(Xs)Madiag(Xs))A, Dy = %F’E(diag(Xi)Mgdiag(Xi))F.

Assumption 3.6 (Moment bounds). (i) max;(||\:|| + ||| + max; |p]) < C.

(ii) max;; €2 maxy e, = Op(min{N,T}) , max; |&;| = Op(1),

Cyrmaxy e |* + max, || Y, excu || + max, |+ 3, AiNeeq | s = op(1),

(i1i) There is ¢ > 0, so that almost surely, for alls < T andi < N, minj<g, ¢;(Dy;) >
¢, Minj<f, ¥;(Dys) > ¢, minj<g, ¥;(Dy;) > ¢ and minj<g, ¥;(D;) > c.
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(iv) max;s E(ef,|U, F) < C, and max;, E||gs||*[| fu[|Pes, < oo, Bug, [l fs]*efe5, < C.
Ellgs||* + Ell fo||* < oo.

Theorem 3.1. Under assumptions [3.1- 3.6, for any fited v < N and t < T, as
N, T — oo,
Oit — Oit
(FAVAA: + 5/ Vi fi)/2

where Vi = qulvfzvfgl and Vy = V{'VioVy,', and the related quantities are
defined as:

‘/f1 = %Zs fsfs/Eezzm Vf2 = %Zs fsfs/E< €isU ZS|F) VAl N Z )\ )\/ Ee]t? and

V)\Q = Var(\/—lﬁ Zj )\jejtujt).

While factors and loadings are estimated up to a rotation matrix, both 6;; and

=4 N(0,1),

its asymptotic variance are rotation free. On the other hand, the rotation matrices
are different on the two splitted sample. Therefore, to preserve the rotation-free
property of the asymptotic variance, the above quantities should be separately
estimated on the two splitted sample, and the final asymptotic variance estimator
should be taken as the average.

In addition, to estimate Vo we shall assume u;; to be cross-sectionally in-
dependent given {ej;;} for simplicity. More specifically, given a splitted sam-
ple S € {I,I°}, we respectively estimate the above quantities on S by ‘A/f*?l =
ﬁzsesfs s//\zzsv Vf2 = \5| ZSES-fS ;AgsA?sa V,\l = NZ )\j j ]ta and ‘7>\S,2 =
¥ Z )\])\]é\]tiF We have

o = 2N(thf1 WLVIT N+ N VI VLV N )
b = oV TRV T BV VS e

and the estimated asymptotic variance of é\it is Uy + vy.

Corollary 3.1. In addition to the assumptions of Theorem [, assume u; to be

cross-sectionally independent given {e;}. For any firedi < N andt < T,

é\it - ez‘t d
[GEEAE —“N(0,1).

3.4. Asymptotic analysis when z;; admits a factor model. In the presence

of cross-sectional and serial dependence in z;, we assume x;; = lfw; + €.
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Assumption 3.7 (Dependence). (ii) {e;,us} are independent across t; {e;} are
also conditionally independent across t, given { fi, gi, we, w}; {ui} are also condi-
tionally independent across t, given { fi, gi, wy, € };
(ii)
E(eie|uie, we, ge, fr) = 0,  E(ug|ew, we, gi, fr) = 0.
(iii) The N x T matriz X ® U := (uyxy) has the following decomposition:

XoU= QNTle/2

where : (a) Qnp = (w1, ...,wr) is an N x T matriz, whose columns {w;}i<r are
independent sub-gaussian random vectors, with Ew, = 0, more specifically, there is
C >0,

max sup Eexp(sw)r) < exp(s’C), Vs €R.
<T jlafj=1

(b) Xp is a T x T deterministic matriz, whose eigenvalues are bounded from
both below and above by constants.

(iv) Cross-sectional weak dependence: Assumption [3H(ii1) holds with W =
(F,G,W).

Condition (iii) allows z; to be serially weakly dependent, where the serial cor-
relations are captured by Xp. The required conditions allow us to apply the
eigenvalue-concentration inequality for independent sub-Gaussian random vectors
on y7. In addition, we allow arbitrary dependence among rows of )y, and thus
the strong cross-sectional dependence among x;; are allowed, which is desirable
given the factor structure.

Next, define

byri = max|| % Z ws(eseq — Eeise ||
bNT,z = (m?X % ;(% ; €isCit — Eeiseit>2)1/2
byt = max ||% Z Liei|

nra = max]l S e

] s
bNT,S = ml,aX || W Z lj (ejseis — Eejseis) ||

js
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In addition,
Dss = %A’(diag(Xs)Madiag(Xs)A
Dy = %A’E((diag(es)Madiag(es))/\ - %A'(diag([]ws)Madiag(st)A
Dy = %F’(diag(Xi)Mgdiag(Xi))F

_ 1 1
Dy, = TF’E(diag(El-)Mgdiag(El-))F+TF’(diag(Wli)Mgdiag(Wll-))F.

Assumption 3.8 (Moment bounds). (i) max;(||\;|| + ||| + |Ils]]) < C.

(ii) Let 67 = (Cyh4byra+byrs) max, ||wel|+byr1+byrs+Crbbyra+Crl .
Then Sy maxy |e;| = op(1), max; H% Y€ ||p = op(1),

(111) There is ¢ > 0, so that almost surely, for alls <T andi < N, min;<g, ¥;(Dy;) >
¢, minj<x, ¥;(Dys) > ¢, minj<x, ¥;(Dyi) > ¢ and minj<g, ¥;(Dys) > c. In addi-

tion,

. 1 / 1 /
c< mmwj(ﬁ ;lili) < mjaxz/;j(ﬁ ;lili) <C

j
c<min¢)»(lwa/)<maxw~(lwa')<C
g A Y = A £ T

(iv) max;s E(e5 |U, F) < C, and E||ws||* + ||gs]|* + E|| fs]|* < C, and
Ellgsl*1fo1* + Eug I foll* + EeGelL£ell® + Eedull fell lgell* + Ellwel*llgell* < C-

Theorem 3.2. For any fivzed i < N and t < T, Under Assumptions [ZIHZ.3, [3.7]
and[38, as N,T — oo,

-~ -~

eit - ez‘t d eit - ez‘t d
V1/2 — N<O7 1)7 W — N<O7 1)7
where, for some invertible matriz Hy.
1 , 1
V= NA;erlfo—l Nt = JIHVAH  f,.

In addition, the conclusion of Corollary[3.1 continues to hold.

4. MONTE CARLO SIMULATIONS

4.1. Static models. We use simulations to assess the adequacy of the asymptotic
distributions. We set

Yit = QG + Tig 10 + Tig 2 Bit + Ui
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where 0;; = )\;’1 fia, and B = )\;72 ft2. In addition, we have two processes for the

regressors: either a many mean model
Tigr = Hir + Citr, T = ]-7 27

or a factor model:

Tity = ligWey + €ity, T=1,2.
Here e;; , are generated independently from the standard normal distribution across
(7,t). In addition, all the number of factors are set as one, and all the means,
loadings and factors are independently generated from the standard normal dis-
tribution.

We define standardized estimates as:

-~

i — O
(‘7)\ + ‘//\})1/2 .

So the standardization is based on the theoretical mean and theoretical variance
rather than the sample mean and sample variance from Monte Carlo repetitions.
We next compute the sample mean and sample standard deviation (std) from
1,000 Monte Carlo repetitions of standardized estimates. If the asymptotic theory
is adequate, the standardized estimates should be approximately N (0, 1) and the
std should be approximately one.

We only report the result for ¢ = ¢ = r = 1; other values of (¢,7,r) give sim-
ilar results. In both processes that generated z;;, the sample means and sample
standard deviations are close to zero and one, as is shown in Table L1l Figure
[4.1] also plots the histogram of the standardized estimates, superimposed with the
standard normal density. The histogram is scaled to be a density function. It
appears that asymptotic theory provides a very good approximation to the finite

sample distributions.

TABLE 4.1. Sample mean and standard deviations of the standard-
ized estimate.

N=T mean standard deviation
many-mean factor model | many-mean factor model

50 0.110 -0.004 1.065 1.273

100 -0.010 0.002 0.944 1.329

200 0.002 -0.017 1.056 1.041
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T=50, N=50, factor model
T=50, N=50

T=100, N=100, factor model

T=100, N=100

T=200, N=200, factor model

T=200, N=200

0.4
03~
0.2+

0.1}

FIGURE 4.1. Histograms of standardized estimates in static models (61, — 61
divided by the estimated asymptotic standard deviation). The left three plots
are from the many-mean model; the right three plots are from the factor model.
The standard normal density function is superimposed on the histograms.

4.2. Dynamic models. Next we add lagged variables to allow for dynamics. We

consider a model

! ! !
Yit = Q9 + Tig A 1S + Yig1 N fr2 + Wit

where z;; = lw; + e;;. Strictly speaking, our asymptotic theory does not allow the
lagged variable y;,_; because it does not analytically admit a static factor model
structure. But it can be approximated by using a static factor model so long as
|\ 2ft2| is bounded away from the unit root. So we investigate the finite sample
performance of our method in this case.

We calibrate the parameters of the data generating process from an empirical

application of the democracy-income model as in (|ZD_Q§) Here y;;

is the democracy score of country ¢ in period ¢, and x;; is the GDP per capita
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over the same period. We estimate their model and obtain the parameters for
the simulated design. We assume all the factors and loadings are generated from
normal distributions, whose mean vectors and covariance matrices are respectively
calculated as the sample means and sample covariances of the estimators using the
real democracy-income data. The number of factors in o/ g, is estimated to be one,
while all the other numbers of factors are estimated to be two. The following
tables show the calibrated sample means and covariances. The error term wu; is
generated independently from N(0,0?) with o = 0.1287 calibrated from the real
data.

TABLE 4.2. Calibrated means for the dynamic model

A1 A2 S fo l w a g
-0.893 -0.863 -0.054 -0.056 -0.893 -0.054 0.298 0.005
0.075 0.045 -0.001 -0.001 0.075 -0.001

TABLE 4.3. Calibrated covariances for the dynamic model

A1 A2 fl f2 l w (0%

0.20 0.06|0.25 0.04| 0.33 -0.21| 0.45 -0.22|0.20 0.06 | 0.33 -0.21 | 0.92
0.06 1.01]0.04 1.01|-0.21 0.21 |-0.22 0.22 |0.06 1.01|-0.21 0.21

0.01

We generate y;; independently from 0.3A/(0,1) 4+ 0.497, whose parameters are
calibrated from the real data at time ¢ = 1, and then generate y;; iteratively. Let
Zit = Yir—1. Figure plots the first twenty eigenvalues of the N x N sample
covariance of z; when N = T = 100, and demonstrates one very spiked eigenvalue.

Therefore we estimate a one-factor model on z;; in our estimation procedure.

50 Eigenvalues of the lagged dependent variable

40

30

20

10

0

0 5 10 15 20

FIGURE 4.2. Sorted eigenvalues of the sample covariance of the lagged de-
pendent variable
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We calculate the t-statistic of the estimated X, f;1 and X, fip for t =i =1,
defined as

~

it — Ou
(Va+Vp)r2
Table [4.4] reports the sample means and standard deviations of the t-statistics,
over 1,000 repetitions. Figure plots their histograms. Above all, the results
are satisfactory. The estimated effect for x;; is basically unbiased and distributed
as standard normality. On the other hand, the estimated lagged effect for v;;_; is

noticeably biased. As T, N become larger, the bias slowly decreases.

TABLE 4.4. Sample mean and standard deviations of the standard-
ized estimated coefficients.

N=T mean standard deviation
Tit Yit—1 Tt Yit—1
50 0.019 -0.345 | 1.342 1.140
100 |-0.096 -0.267 | 1.178 1.015
150 |-0.010 -0.238 | 1.117 1.045

5. AN EMPIRICAL APPLICATION

5.1. The background. We illustrate our method in the application of studying
the effect on employment of the minimum wage. Previous studies in the literature
reach mixed conclusions. For instance, |Card and Kruegen (1994) find that the
minimum wage has a positive effect on the employment using data of restaurants
in New Jersey and Eastern Pennsylvania. Dube et all (2010) concluded negative
effects when county-level populations are controlled but also found no adverse em-
ployment effects from minimum wage increases when contiguous county-pairs are
used for identifications. More recently, Wang et al. (2018) consider slope hetero-

geneity at the county level:
Yit = Tig10; + Tig 2B + 0 + g + Ui (5.1)

where y;; is the log employment of county ¢ at period ¢; z;; is the log minimum
wage, and z;; 2 is the log population; o; and g, are respectively the additive county
and time fixed effects. They consider a grouping structure by assuming that #; and
B; are clustered by a small number of unknown groups, and reach mixed effects of

the minimum wage across different groups.
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T=50, N=50, x, T=50,N=50, y,, ,

T=100, N=100, x,,

T=100,N=100,y, |

-5 0 5 -4 -3 -2 -1 0 1 2 3 4

T=150, N=150, x,, T=150, N=150,y, ,

FIGURE 4.3. Histograms of standardized estimates in dynamic models (6;; —
611 divided by the estimated asymptotic standard deviation). The left three
plots are the effect of x;+; the right three plots are for the effect of y; +—1. The
standard normal density function is superimposed on the histograms.

While these results allow heterogeneity slopes across counties, the minimum
wage effects have been treated as time invariant. However, these effects are decided
by the equilibrium of both the supply and demand sides, which should vary over
time. To illustrate this, we take the Baker County in Oregon for example, which
has the highest average minimum wage during 1990-2006. Figure 5.l plots the log
minimum wage and the employment during this period. It is clear that while the
minimum wage increases throughout years, the employment rate is very volatile,
indicating a possible time-varying effect. In addition, using additive fixed effects
in (B.J) may fail to control for complex unobserved heterogeneity correlated with
minimum wages. To control for unobservable factors and heterogeneity that may

change over time and counties interactively, we allow the interactive effect and
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estimate the following model:

/
Yie = Tit10ix + Tir2Bit + QG + Ui,
/ /
O = )\i,1ft,1a Biw = )\i,th,z-

We use the same county-level data as in [Dube et all (2010) and Wang et al.
(2018). El The balanced panel contains data of 1378 counties in the US that
ranges from the first quarter of 1990 to the second quarter of 2006, so T" = 66
and N = 1378. The preliminary analysis on the eigenvalues of the regressors x;; 1
and z; 9 clearly demonstrates the presence of a single very spiked eigenvalue for
each regressor, so we apply the “partial-out” approach by extracting one estimated
factor from each regressor. The tuning parameters for the nuclear-norm regular-
ization are chosen as in Section 2.4] where we estimate the noise variance Var(u;;)
by first setting it to Var(y;;) and updating and iterating it in the tuning parame-
ters. In addition, the numbers of factors in 6;; and (;; are both selected as one by

the algorithm.

log minimum wage

21 6.1 log employment

55
1992 1994 1996 1998 2000 2002 2004 2006 1992 1994 1996 1998 2000 2002 2004 2006
year year

FIGURE 5.1. The minimum wage and employment in Baker County, Oregon.
The left panel plots the log minimum wage, and the right panel lots the log
employment, starting from the first quarter of 1990 and ending at the second
quarter of 2006. Baker County in Oregon is one of the counties with the highest
average minimum wage in this period.

5.2. The results. For each county, we estimate the minimum wage effect at each
period. To present the results, we group the counties according to their averaged
minimum wage throughout the time, and obtain three groups: high, medium and
low minimum wage. Figure plots the averaged effects within each group across

time. The estimated effects of counties of either high or medium minimum wages

'We are grateful to Wuyi Wang for sharing the data with us.
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are much more stable over time than counties of low minimum wages; the latter’s
effects are mostly negative, between -0.67 and -0.26 during 1992 through 1998, but
then jump to between 0.64 and 1.78 during 2000 through 2004. In contrast, the
estimated effects for counties of high minimum wages are between -0.05 and -0.02
during 1992 through 1998, and between 0.03 and 0.14 during 2000 through 2004.
Table L. Il summarizes the averaged effects (by counties) of the three groups during

these two periods.

Minimum wage effects over time

=——high min wage
----- medium min wage
——low min wage

---------
5

1992 1994 1996 1998 2000 2002 2004 2006
year

FIGURE 5.2. Averaged (by counties) minimum wage effects in each group

TABLE 5.1. Averaged (by counties) minimum wage effects of three groups

1992 through 1998 2000 through 2004
mean  min max |mean min max
high min wage |-0.026 -0.049 -0.018| 0.065 0.037 0.139
medium min wage | -0.069 -0.092 -0.045]0.182 0.121 0.404
low min wage -0.403 -0.677 -0.256 | 0.918 0.645 1.782

Our method also allows to study the dynamics of the county specific minimum
wage effects. To illustrate this, we now focus on the Baker County in Oregon,
which has the highest averaged (over time) minimum wage, and Uinta County in
Wyoming, which has the lowest averaged (over time) minimum wage. Figure
plots the scatter plot and the least squares regression line between the estimated
effects and the minimum wages for each county. In both counties, the effect is

generally increasing with respect to the level of the minimum wage. This means,
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during periods when the minimum wage is higher, the effect is also expected to
become larger. We interpret the positive relationship between the minimum wage
and its effect as the consequence of the increasing trend of the two throughout the

sampling period in both counties.

025 Baker County, Oregon 3. Uinta County, Wyoming

o
)
N

o
[
a

estimated effects
o
'o o
(621 =
estimated effects
o
[y

o

g '
-0.05 -3 °

14 15 16 17 18 19 2 1.2 13 14 1.5 1.6 1.7
minimum wage minimum wage

FIGURE 5.3. Scatter plots of estimated effects with respect to the minimum
wage. Here dots represents different times. The left panel is for the Baker
County (the highest averaged minimum wage), and the right panel is for the
Uinta County (the lowest averaged minimum wage). Each plot is fitted using a
least squares line.

6. CONCLUSION

We study a panel data model with general heterogeneous effects, in the sense
that the slopes are allowed to be varying across both individuals and times, and the
interactive fixed effects are allowed. The key assumption for dimension reduction
is that the heterogeneous slopes can be expressed as a factor structure so that the
high-dimensional slope matrix is of low-rank, so can be estimated using nuclear-
norm based SVT regression. We show that the inference can be conducted via
three steps:

(1) apply the low-rank SVT estimation;

(2) extract eigenvectors from the estimated low-rank matrices, and

(3) run least squares to iteratively estimate the individual and time effect com-
ponents in the slope matrix.

To properly control for the effect of the penalized low-rank estimation, we argue
that this procedure should be embedded with “partial out the mean structure”
and “sample splitting”. The resulting estimators are asymptotically normal and

admit valid asymptotic inferences.
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APPENDIX A. ESTIMATION ALGORITHM FOR THE MULTIVARIATE CASE

Consider
R
Yir = int,reit,r+aggt+uita 1= ]-7"'7N7 = ]-7"'7T'

r=1
/
eit,r = Ai,rft,w

where (%1, ...,24r)" is an R-dimensional vector of covariate. Each coefficient
0;t» admits a factor structure with A;, and f;, as the “loadings” and “factors”;
the factors and loadings are 0, specific, but are allowed to have overlap. Here
(R,dim(A\; 1), ...,dim(\; g)) are all assumed fixed.

Suppose T, = i, + €i,. For instance, p;;, = l;rwm also admits a factor

structure. Then after partialing out si;,, the model can also written as:

R R
. / / .
Yit = E eit,r)\i,rft,r + ;g + Ui, Yir = Yir — g Lt Oit

r=1 r=1
As such, it is straightforward to extend the estimation algorithm to the multi-
variate case. Let X, be the N x T matrix of x;,, Let ©, be the N x T matrix
of 0;,. We first estimate these low rank matrices using penalized nuclear-norm
regression. We then apply sample splitting, and employ steps 2-4 to iteratively
estimate (f;,, Air). The formal algorithm is stated as follows.

Algorithm A.1. Estimate 0;;, as follows.
Step 1. Estimate the number of factors. Run nuclear-norm penalized regression:

R R
(M,6,) = arg min |V — M ~ Y X 063+ vl M+ D wlO].

r=1 r=1
Estimate K, = dim(\;,), K¢ = dim(«;) by
K, =Y Hui(6,) > (116,12}, Ko =Y 1{i(M) > (w]|M]))"/?}.

Step 2. Estimate the structure T, = i, + €itr-

In the many mean model, let e, = x;, — %ZL Zitr. In the factor model,
use the PC estimator to obtain (m,é}t,r) forall i =1,...N,t = 1,..,T and
r=1,.., R.

Step 3: Sample splitting. Randomly split the sample into {1, ..., T} /{t} = TUI®,
so that |I|g = [(T'—1)/2]. Denote by Y7, X, as the N x |I]o matrices of (s, Tisr)
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for observations at s € I. Estimate the low-rank matrices © and M as in step 1,
with (Y, X,) replaced with (Y7, X1,), and obtain (]\Z, ém).

Let /~X” = (Xl,r, ...,XN,T)’ be the N x IA(T matrix, whose columns are defined
as VN times the first IA(T eigenvectors of é[,rélm- Let A; = (avq,...,an)" be the
N x I/(\'O matrix, whose columns are defined as v/N times the first I/(\'o eigenvectors
of M;M 7.

Step 4. FEstimate the “partial-out” components.

Substitute in (&'i,}:iﬂn), and define

N

(fsr,gs).—argmmZyzs— algs — mer fsr , sel°U{t}.

s,m9s ©

and

(}\i,r,di):argmin Z (yis — Qgs — szsr fsr, i=1,...,N.

Ayt

seleu{t}
Step 5. Estimate (fi,, \ir) for inferences.
Motivated by (Z3), for all s € I°U {t}, let
N R
(from Grs) = arg min Y (G — igs — Y Cise o o for) .

s,7:9s

i=1 r=1

Fixi: < N,

R
(Al,i,ru a[,i) = arg min Z (@\ls - agg],s - Zas,r)\;7rfl,s,r)2-
r=1

iy
DT sereufty
where g//\w = Yis - x”)\ fs and €5, = T, — Z;, in the many mean model, and
—_—
Yis = l Ws 7”)\1 Tfs vy Cisy = Tisy — Ui Ws, in the factor model.

Step 6. Estzmate 0irr. Repeat steps 3-5 with I and /¢ exchanged, and obtain
(Meims frewe =5 € [U{t},i < N,r < R). Define
~ 1~ - -
Oirr = 5[ /I,i,rfl,t,r + )\Ic,i,rflc,t,r]-
The asymptotic variance can be estimated by v, + ¥y, where

~ 11 I-17 N Ie—1771¢{ -1y
Uxr = _2N< Izrv)\l V)\ZV)\l )‘Izr+)‘c V,\l V)\ZV)\l Areir)

~ 1 I-1{7I {7I- 17 16
Ufr = ﬁ(f},t,rvf,llvfzvf, lfl,t,r+f10tr lv lflctr)
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Sh 1SS L 71 og2 1 1 52702 ooV 2
Wlthvfl ISTo Zsesfsr s, zsr?vf2 |S\0 Zsesfsr s,r €is ZST? V)\l NZJ’)\]T‘)\]T‘ Jt,r
and V)\Q— NZ by u?

JT ]r ]tr gt

It is also straightforward to extend the univariate asymptotic analysis to the
multivariate case, and establish the asymptotic normality for 6;,. The proof
techniques are the same, subjected to more complicated notation. Therefore our

proofs below focus on the univariate case.

APPENDIX B. PROOF OF PROPOSITION [2.]]
Recall that Oy = S;,,/2(0r — TAL), where
A, =X 0 (X OO, —Y + My).
By Lemma [B.2] set © = © and M = M and replace k with subscript m,
F(®,3) ~ F(Os1, Mnir) 2 + (€01~ BII% — 0,0~ B3
Let m = 1, ..., k, and sum these inequalities up, since F' (0,11, Myy1) > F(Opr1, Mii1)

by Lemma [B.1],

k
kF(©,M) — kF(Op41, Myi1) > EF( @ M Z Om+t1, Myt1)

m=1

1 ~ ~ Iy
> L (18k1—Bl} ~ 61— BJ2) > 26, — 8.
Q.E.D.

The above proof depends on the following lemmas.

Lemma B.1. We have: (i)

Oy = argmgnp(@, Ok, M) + v1||©]|n,
p(0,04, M) = 710 — 0|7 —2tr (6 — ©)' A).

(ii) For any 7 € (0,1/ maxx?%),
F(©, My) < p(©, O, My) + v1[O]ln + val[ Ml + Y — My — X © O[3

(iii) F(Opy1, Mpy1) < F(Opy1, My) < F(Oy, My).
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Proof. (i) We have ||©) —TA; — 0|3 = ||©r — O|% + 72|| Ak ||% — 2tr[(Of — ©) AL T
So

arg mén |19 — TAL — @||fF + 711||O||n
= arg mén |19k — @||fm —2tr[(O — ©) Ap]T + 71119
= argrrgnT-p(@,@k,Mk) + 711]|O]| .-

On the other hand, it is well known that O = S;,, /2(©; — TAy) is the solution
to the first problem in the above equalities (Ma et all, [2011). This proves (i).
(ii) Note that for O = (0y.) and © = (6;), and any 77 > max; 2%, we have

1X ® (8, —-0)|F= szt Orit — 0i)” < 7|0 — O[3

So

F(O,My) = [Y = M, — X ©O|% + vol| M|l + 11|
— Y = My = X @02+ | X © (0r — O)||2 — 2tr[A}(O), — O)]
+vo|| Myl + 11O
< Y = M, — X ©Ok|E+ 7710k — 017 — 2tr[ A} (O — ©)]
vl M|l + 11(|©]]
= p(©,04, My) + ||Y — My — X © O[3 + vl My ||n + 11]|©)]]-

(iii) By definition, p(©g, O, M) = 0. So

F(Op1, Myy1) = ||V = X © 61 — Mel|F + 11Okl + vl Misa ||
<@ Y = X ©Opp1 — Myl + 11]|Oks1ln + ol M|l
= F(Orq1, My)

<®) p(Opsr, Oy My) + v1||Opstlln + val|Milln + ||Y — My — X ® O4]%
<©  p(O, O, My.) + 11]|Ok|n + ol | Mi|ln + ||Y — My — X © Ol
=  F(O, My).

(a) is due to the definition of My 1; (b) is due to (ii); (c) is due to (i). Q.E.D.
Lemma B.2. For any 7 € (0, 1/max:plt) any (©, M) and any k > 1,
F(©,M) = F(Or+1, Men1) 2 — (”@k+1 — Ol —l6r - ©l%) -

Proof. The proof is similar to that of Lemma 2.3 of Beck and Teboulld (2009),
with the extension that My, is updated after ©,;. The key difference here is
that, while an update to My, is added to the iteration, we show that the lower
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bound does not depend on My, or My. Therefore, the convergence property of
the algorithm depends mainly on the step of updating ©.

Let 0||A||,, be an element that belongs to the subgradient of ||A]|,. Note that
I||A|l,, is convex in A. Also, |V — X ®© — M||% is convex in (0, M), so for any

O, M, we have the following three inequalities:

Y = X00-M|% > [Y =X 06, — Ml —2tr[(0—6,) (X0 (Y — X 06, — M,))]
“2te[(M — M) (Y — X © O — My)]

V1[©k1lln + 11tr[(© — Ok 41) 0Okl

Vo || Mgl + votr[(M — My)'0|| Mi||].

Vi[Ol

>
vol|Mlln =

In addition,

—F(Op41, Mi11) —F(Op41, My)

—p(O11, Ok, My) — 11Ol — vol| M|l — IV — My — X © O3

(AVARVS

where the two inequalities are due to Lemma [B.Il Sum up the above inequalities,

F(©,M) = F(Op41, My41) = (A)
(A) = —2r[(O—0,)(X O (Y = X ©Op — My))] — 2tr[(M — M) (Y — X © Oy — My)]
+1tr[(© — Opt1)'0]|Oka [|n] + votr[(M — My)' 0| Mi|ln] — p(Or1, Ok, My).

We now simplify (A). Since k& > 1, both M}, and O, should satisfy the KKT
condition. By Lemma [B.1l they are:

0 = Vla”@qul”n — 7'712(@k — @k+1) —+ 2Ak
0 = l/QaHMan - 2(Y - X ® @k - Mk)

Plug in, we have

(4) = 77'2trl(6 = 01} (O = Opn)] = 7 1Ok — Owcally
=~ (I8ks1 = Ol — 6 = Ol%) -

Q.E.D.

APPENDIX C. PROOF OF PROPOSITION B.1]

C.1. Level of the Score.
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Lemma C.1. In the presence of serial correlations in x;; (Assumption[3.7), || X ®
Ull = Op(VN+T) = ||U||. In addition, the chosen vy,1y in Section are
Op(VN +T).

Proof. The assumption that {)yr contains independent sub-Gaussian columns en-
sures that, by the eigenvalue-concentration inequality for sub-Gaussian random
vectors (Theorem 5.39 of [Vershynin (2010)):

Q87 Qyr — EQnrQy 7|l = Op(VNT + N).

In addition, let w; be the T x 1 vector of {x;uy : t < T}. We have, for each

(i7 ja t7 8)7

Exiu?, i=jt=s

E<wiw;‘)s,t = Exitxjsuitujs = it =t '
0, otherwise

due to the conditional cross-sectional and serial independence in u;;. Then for the
(1,7)’th entry of EQnrQyp,

(EQnrQyr)i; = (E(XOU)SHHX 0 U)),
> (St uEehud, =
0, 1 7.
Hence ||[EQn7Qr|| < O(T). This implies ||QnrQyr|| < O(T + N). Hence | X ©
Ull < |9 r|[1Z32]] < Op(max{v/N,VT}). The rate for |U]| follows from the

same argument. The second claim that 1,14 satisfy the same rate constraint

= Ew/Y ' w; = tr(3: Ewjw)) =

follows from the same argument, by replacing U with Z, and Assumption B.7] is
still satisfied by Z and X ® Z. Q.E.D.

C.2. Useful Claims. The proof of Proposition B.1] uses some claims that are
proved in the following lemma. Let us first recall the notations. Define Uy DyVy =
0% and U; D,V = M? as the singular value decompositions of the true values ©%
and M?. Further decompose, for j = 1,2,
Uj = Ujr, Uje), Vi= Vi, Vi)

Here (U;,,V;,) corresponds to the nonzero singular values, while (U; ., V;.) cor-
responds to the zero singular values. In addition, for any N x 7'/2 matrix A,
let

Pi(A) = U, U; AV V]

]767

M;(A) = A —=P;(A).
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Here U; U} . and V; V] . respectively are the projection matrices onto the columns
of U;. and Vj .. Therefore, M;(-) and Ms(-) can be considered as the projection
matrices onto the “low-rank” spaces of ©% and M? respectively, and P;(-) and

Pa(+) ar projections onto their orthogonal spaces.

Lemma C.2 (claims). Same results below also apply to Py 0%, and samples on
I¢. For any matriz A,

(i) P1(A) + M7 |ln = [[PLA) | + ([ M7]]n.

(ii) |AlF = [Mu(D)IF + [P (A)]F

(iii) rank(M;(A)) < 2K, where K| = rank(M?).

(iv) |Allz = 32507 and [|A]]Z < [[Al%rank(A), with oj as the singular values
of A.

(v) For any Ay, Ao, [tr(A1A2)] < ||A1]la]|Az2]|, Here ||.|| denotes the operator

norm.

Proof. (i) Note that M} = Uy, D, ,V{, where D;, are the subdiagonal matrix of
nonzero singular values. The claim follows from Lemma 2.3 of Recht et all (2010).

(il) Write

A B A B 0 0
U{A‘/l = = + = H2+H1.
c U AV, ¢ 0 0 U AV,

Then P;(A) = U1 H V] and M;(A) = U, HsV]. So
IPL( Q)7 = tr(UHWVIVIH{UY) = tr(H HY) = | H [
Similarly, [|M1(A)[|% = [ H|[%- So
[ Ho|[7 + 1ol = 1UT AV = A

(iii) This is Lemma 1 of [Negahban and Wainwright! (2011).
(iv) The first is a basic equality, and the second follows from the Cauchy-Schwarz
inequality.

(v) Let UDV’" = A; be the singuar value decomposition of Ay, then
[tr(A1A)[ = | Da(V' AU )| < max [(V' AU > Dy < [ Al Al

C.3. Proof of Proposition 3.1k convergence of O, Ms. In the proof below,
we set S = I, that is, on the splitted sample ¢ € I, and set Ty = |I]o. The proof
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carries over to S = [¢or S = [ U I¢. We surpass the subscript S for notational
simplicity. Let Ay = M — M and A, = © — ©. Then

|Y =M =X 0% =181+ X © Aaf[f + U]l — 26r[U" (A1 + X © Ao)].
Note that tr(U'(X ® Ag)) = tr(AL(X ® U)). Thus by claim (v),

2tr[U" (A1 + X © Ag)]| < 2T A]ln + 21X © Ul Al
< (= weflAfln + (1 = )| Asfln.

Thus ||Y — M-X0 é||% <||Y = M — X ®06|% (evalued at the true parameters)
implies

181+ X © A+ ol Ml + [l < (1= )ual|Adlln + (1 = )] Al
+va|[Mlfn + 1|

Now
M|l = [|A1+ Ml = M +Pi(A) + M (A)]n
> ||M + Pi(A1)][n = [[Mi(A1)]||n
= M|+ [PLAD [0 — IM(AD ]y

where the last equality follows from claim (i). Similar lower bound applies to ||©]],..
Therefore,

1A 4+ X © Ao||F + cn||Pr(A) |l + || Pa(A2)
< (2= )| Mi(A1)|n + (2 = c)rn | Ma(A2) |- (C.1)

In the case U is Gaussian, ||U|| and || X ® U|| < max{v/N,+/T}, while in the more
general case, set 1, <X 1] < max{\/ﬁ T }. Thus the above inequality implies
(A1, As) € C(a) for some a > 0. Thus apply Assumption Bl and claims to (C.IJ)
, for a generic C' > 0,

1A% + [| A% < Cra|| My (A1)n + Cral[Ma(As) |l
<laim () Oy || My (Ar)]| 1/ rank(My(Ay))
+Cv1 | Ma(Ag)|| p/rank(Ma(Ay))
<elaim () Cun[| My (A1) |7/ 2K + Coy [ Ma(2s)|| /2K
<daim (@) Cuol| Ay || + Crn || Asll
< Cmax{r /803 + | Aal2.

Thus [|A]|F + |27 < C(v3 +v7).
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C.4. Proof of Proposition 3.1k convergence of KS, ZS. We proceed the proof
in the following steps.

step 1: bound the eigenvalues

Replace v3 + v with Op(N + T'), then

|85 — Os||% = Op(N +T).

Let Sy = &3 fufl, Sp = %zf  fefiand Sy = LA’A. Let w;l > .. > g, be
the K nonzero eigenvalues of 170,07 = ~ASpA. Let {b? > .. > {/;%( be the first
K3 nonzero singular values of = @ 1@’ Also let @Z)2 be the j th largest eigenvalue
of ~AX;A’. Note that z/zl...le are the same as the eigenvalues of E}/QS E}/Q.

Hence by Assumption [3.3] there are constants cq, ..., cx, > 0, so that

?/)ZZC]‘, jzl,...,Kl.

J
Then by Weyl’s theorem, for j = 1,...,min{7,, N}, with the assumption that
1Sy =24l = Op(7z), W7, — 7| < N”A<Sf SN < OISy =24l = Op(7)-
This also implies H@I” = Y11V NTy = /(c1 + 0p(1))TpN.
Still by Weyl’s theorem, for j = 1, ..., min{7j, N},

92—l < NTOH@z@’ 0,64
~ 1
< N—%H@IHH@I @1||+ ||@I—@I|| (T T)
implying
~ 1 1
2} = Op(— + —).
|1/}] 1/}]| P(\/N \/T>

Then for all 7 < K, with probability approaching one,

Wi =43 = 1 = = ) = ] = (e — ¢)/2
[0F = wial = [ =gl = 197 =4l = (¢ — ¢n)/2 (C.2)

with ¢% ,; = ¢k, 11 = 0 because ©;0] has at most K; nonzero eigenvalues.

step 2: characterize the eigenvectors

Next, we show that there is a K7 x K7 matrix H7, so that the columns of \/—%AHl
are the first K eigenvectors of AX A, Let L = S}\/ZZfS}\/Z. Let R be a K1 x K3
matrix whose columns are the eigenvectors of L. Then D = R'LR is a diagonal

matrix of the eigenvalues of L that are distinct nonzeros according to Assumption
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~1/2
B3l Let H; =S, '“R. Then

1 _ .
FASNAH, = ASM?8) %8 %8V Hy = AS,'*RR'LR
— AHD

Now +(AH,)YAH, = H{SyH, = R'R = I. So the columns of AH;/V/N are the
eigenvectors of AX A’ corresponding to the eigenvalues in D.

Importantly, the rotation matrix H,;, by definition, depends only on Sy, Xy,
which is time-invariant, and does not depend on the splitted sample.

step 3: prove the convergence

We first assume K 1 = K. The proof of the consistency is given in step 4 below.
Once this is true, then the following argument can be carried out conditional on
the event K 1 = K7. Apply Davis-Kahan sin-theta inequality, and by (C.2)),

LA A — 16,684
||—A1 — —AH1||F < — N. 5 TP“Q ~12 2
VN VN min;< g, mln{W’j—l - ¢j|’ W)J - J+1|}
< op(1)ﬁ||AzfA'—T0@f®9ll

1 1 _ 1
< OP(UNHA(Ef — SN + N—T()H@I@/I — 0,07 = Op( ).

1
R _'_ -
vT VN
step 4: prove P(K1 Kl) =1.
Note that ’(/}j( ) = @Z)j\/ T. By step 1, for all j < K7, {/;]2 >c¢;—op(l) >¢;/2
with probability approaching one. Also, QZ%(IH < Op(T~Y2 + N='/2), implying
that

min @Z)j( ) > cx, VNT/2, mz}x{x@/)j(é) < Op(T7Y2 4+ N~V3HVNT.
>

I<K1

In addition, (VQHG)H)I/2 (VN + Ty (O ))1/2 (VN +Tv/NT)Y2. Thus
min ¢;(6) > (12]6])"/?, g%%(é)SOP(l)(WHC:)H)l/z-

I<Ki

This proves the consistency of K 1.
Finally, the proof of the convergence for A; and the consistency of K, follows

from the same argument. Q.E.D.
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APPENDIX D. PROOF OF THEOREMS [3.1] AND

In the many mean model
Tit = [ + €it,

we write € = xy — T, li = T; and py = ;. In the factor model
_ l/
Tt = LWy + €4,

we write €;; = z;; — ZZ@E, Wit = Z@E and p;; = llw,. The proof in this section works
for both models.

Let

Cnr = min{\/ﬁ, \/T}

First recall that (f;, )\Z) are computed as the preliminary estimators in step 3.
The main technical requirement of these estimators is that their estimation effects
are negligible, specifically, there is a rotation matrix H; that is independent of the
sample splitting, for each fixed s € I° U {t}, and fixed i < N,

1 : _
N Y (HN = Ness = Op(Cy7),
j

LS e P = 04GR

seleu{t}

These are given in Lemmas [E.2] and [E.4] below for the many mean model, and
Lemmas [F.4] and [E.6] for the factor model.

D.1. Behavior of f,. Recall that for each ¢ ¢ 1,

N
(ﬁ,ta/g\l,t) = arg I]'{tllgltl Z(?//\zt — Qg — /e\itngt)Q-
i=1

For notational simplicity, we simply write ﬁ = j/j}vt and g; = gr., but keep in
mind that & and X are estimated through the low rank estimations on data /. Note
that Xl consistently estimates \; up to a rotation matrix H/, so ﬁ is consistent
for H;'f,. However, as we shall explain below, it is difficult to establish the
asymptotic normality for ﬁ centered at H; 'f,. Instead, we obtain a new centering
quantity, and obtain an expansion for

VN(f, — H¢ f)
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with a new rotation matrix H; that is also independent of t. For the purpose of
inference for 6;;, this is sufficient.
Let w;; = ()\ ‘eit, ), and Bt Z Wywl,. Define wy = (Ney, o), and

~

1 N e,
=N Z Wit (it N; fr — L As fr + wit).

We have
ﬁ H—1 1 ~ ~ \1F
= B —E it (Uit — it
<§t t N : wt(yt it th)
Hfl t H-14 Hl_l t H-1A-
= + B S + B D.1
<H2_1gt> t t H2_1gt t Qt ( )
where

B E:A%AH@tA@>X@wm—a>
B a;(NiHyiey — Ney) a;(alHy —a) |

Note that the “upper block” of Bt_ St is not first-order negligible. Essentially

this is due to the fact that the moment condition

0
O Eezt(yzt ezt>\ ft) 7é 0,

so is not “Neyman orthogonal” with respect to A;. On the other hand, we can
get around such difficulty. In Lemma [E.5] below, we show that Et and §t both
converge in probability to block diagonal matrices that are independent of ¢. So
g: and f; are “orthogonal”, and

(i 0
Bﬂ&z(f m)+®wq%'

Define Hy := H; ' + H3H;*. Then (D) implies that
ﬁ = H; f, + upper block of B\t’l@t.

Therefore jA} converges to f; up to a new rotation matrix Hy, which equals H; Lup
to an op(1) term H3H; . While the effect of Hj is not negligible, it is “absorbed”
into the new rotation matrix. As such, we are able to establish the asymptotic

normality for v N (ﬁ — H¢fy).
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Proposition D.1. For each fized t ¢ I, for both the (i) many mean model and
(i) factor model, we have

-~

1 1
fo—Hyfo = Hy( > AiNEen) !+ > Nieiui + Op(Cr).

Proof. Define

1 H\ N H, Ee? 0 1 HIN(NHy — X,)Ee? 0
B =—_ 1M\ it ’ S _ 17\ \"N i it
N ; < 0 Hﬁaioz;H2> N Z <

Both B, S are independent of ¢ due to the stationarity of e%. But S depends on
the sample splitting through (\;, &;).

From (D.I)),
ﬁ —1 Hfl t -1 1 H{Aieit
</g\t ( ) Hy'g, N ZZ: Hia '

5
+ Z Ag, where

d=1

L HL
Ay = <B#St—318)< %ft)
HQ gt

~ 1 H! \e.
Ay = (B7'—BYH)— LA 7P
AT g

&i — Héozl
~ )
Ai€it — Hl)\ieit

&i — Héozl

= 1 H')\Z-ei P
Ass = (B;'=B H)= L (Wi fe — i fe)
N

) (X fy — TN f2)

Héozi

i

1 H’)\iei T
Ag = Blﬁz( o ) (Wit Aife — T, fr). (D.2)
20

i

Note that B~1S is a block-diagonal matrix, with the upper block being
_ 1 1 ~
Hy 1= Hi' (5 Y ANEeR) ™ = ) Mi(NiHy — N)Ee},.

Define
H; = (H3+ 1)H; "

0 & Hy — &)

) |
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Fixed t € I¢, in the many mean model, in Lemma we show that 22=1 Ay =
Op(Cy%) and for the “upper block” of Ag:, + >, Niewr (N, fi — TN f)) = Op(CR2).

On the other hand, in the factor model, in Lemma [F.9 we show that Zz o Ag =
Op(Cy7), the “upper block” of Ag, = > )\ieit(lgwt)\;ft—ljt;t}\;ﬁ) = Op(Cy3) and
the upper block of Ay, is OP(C*2 ). Therefore, in both models,

fo=Hif,+H;" Z NN Ee2)™ Z Aieity + Op(CR2).

Given that Hs = Op(Cyy) we have H; ' = Hy + Op(Cyr). By + ¥ i NiCitlli =
OP(N_l/Q),

- 1 1
fo=Hypfo+ Hy(5 D ANEE) ' 2 D Mewuiy + Op(Ci7). (D.3)
Q.E.D.

D.2. Behavior of \;. Recall that fix i < N,

<)\I Iz 051 z) = arg min Z yzs - Oé;/g\l,s - /e\is)\;fl,s)Q-

i,

seleu{t}

For notational simplicity, we simply write /)\\, = XM and ; = &y, but keep in mind

that & and A are estimated through the low rank estimations on data I. Write

TO = ‘[C|0.

—1
sy (T ) o (0
0 H 0 m,

S Fo I [ 1 Hifof(HiEel, 0
b ¥ (LEE ) o s (MEETEE N

Ty Jsfi€is  Gs9, 1o 99s9sH,
(D.4)

seleU{t} seleu{t}

Proposition D.2. For both the (i) many mean model and (i1) factor model,

/)\\i = H}il)\i —|— H}il Z fsf Eezs Z fsezsuls + OP(CNT)

0 sereuft) Ty seleuft}

Proof. By definition and (D.2)),

/):Z gt 1 J/C;/e\zs ~ NS
(z\') = Dz 1? Z ( ~ ) (yis - Mzs)‘;fs)
@i 0 sereu{t} s
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H,_l)\i - 1 H s€is 0
= <Hf_1a-> + D; 1? Z ( 11, ) Ugs + ZRdi’ where,
o d=1

0 sereufty Hy9s
AN 1 H stis
Rli = (D DZ )? Z ( ffe )uis
0 sereufs} Hy9s
~ .1 Hyfs(€is — eis)u;
Ri — D 14 fJs\Cis is ) Wis
selcu{t}

~ 1 e -
o —1 —1 §+18 Y/ R
R3i — (DZ - Di )T Z < ~ ) (st)‘ifs ,le)\ifS)

0 sereoqey \ 9Is

_ 1 fs/e\is ~ N7
R4i = Dz L Z -~ )(Mls)\;fs_uls)\;f8>

scIeu{t} 9s

R5i _ ﬁfli Z /e\zsl 0 fs_Hffs Ui
" T 0 | @\S—Hggs

selcu{t}
o 1 sCis — A@sl 0 As - H s
Ro = 50k S (B oumay (5 0) (2 s
0 seIeuft} gs 0 gs — Hggs

In addition, 13@ — D; = op(1) and the upper blocks of Ry are all Op(Cy3) for
d=1,...,6. This is proved by Lemmas [E.9 [E.I0lin the many mean model, and by
Lemma [E.13] [F.15 in the factor model. Hence

No=H+ H}—l ST RFE) T Y fewi+ Op(CR).

selcu{t} Ty seleu{t}

Q.E.D.

D.3. Proof of normality of ;. Suppose T is odd and [Ilo=|I¢o=(T—-1)/2.
By Propositions [D.11D.2] for fixed ¢ ¢ I,

Neifis = Nfy = ﬁ }j fofiEe2)™

> feeistiig

seleu{t} sEICU{t}
Z NN Ee2)™ Z i€ty
+0p(Cy2 ).

Exchanging [ with ¢, we have, for ¢ Qﬁ I

)\IIC,ifIC,t_)\;ft = ft ‘]—| Zfsf ezs |[‘ Zfselsuzs

sel
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l 1 'Eo2\—1 1
_'_)‘i(N Z AixiEes) N Z Ai€itUit
i i
—2
+0p(Cy7)-

Note that the fixed ¢ ¢ I U I€, so take the average:

ezt_)‘;‘ft - ft |I| Zfs 13 2|I| Zfsezsuzs

X(N Z NN Ee2) ! N Z Aieiuis + Op(CN7)-

> fflEel)” |%

SEICU{t}

Let Vi = %251 fsf.E€2,. By the assumption that

i E:ﬂfEe = Vj1 + op(1) > fflEeL,

sel selcu{t}
the first term in the above expansion is then op(7~'/?) plus
1 1 1
T Z fseisuis + T Z fseisuis = ftIVf_llf Z fseisuis + OP(T_l)'
sel seleu{t} s=1

In addition, let {np = XVMl\/l—Z e and (e = fiV, 11\/1— Zs 1 fs€istis.
Then

é\it — 0 = CNT/\/T + fNT/\/N + OP(C;,?F) + OP(T_l/Q)-
Next, write E}@ = (5 fIV; fi + =XVa\) 2. Then regardless of T//N € [0, 00],

2
OplCit) + 0T\ _ !
211@ g TfiVyifi+ TWQ)\Z‘VA)\@'

1
+0 +op(1) = op(1
g N—thlvfft +N)\z‘VA)\i> #{1) =oe(l)
Next COV(SNT, gNT) \/ﬁ Z E)\/ )\11>\ ft fsejteitE(ujtuit|E, F) — 0. So

(Cnrs En) =2 (¢, €), where (€.€) is a bivariate Gaussian random vector, with mean

zero, and covariance diag{ f/V; fi, \;\VAA;}. We now use the same argument as the
proof of Theorem 3 in Bai (2003). There exist ((ir,Enr) and (¢F, &) with the
same distribution as ((nr,&nr) and (¢, ) such that (Chp, Exvy) — (CF,€F) almost
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surely (almost sure representation). Then

(e /VT + Ene/VN _d Chr/ VT + &/ VN

/2 T1/2
NT NT
_ g*/\/T+§*/\/N+ (Chr —¢7) (Enr — &)
2%; \(ftlvfft + %AiVAAi) /24 \(%ftlvfft + AiVaAi) /21
N(0,1) a1 ay

=4 N(0,1) + o(1),

where a; — 0 and ay — 0 almost surely regardless of T/N € [0, oo]. Therefore,

0 — Oi

1/2
N7

—4 N(0,1).

Q.E.D.

APPENDIX E. TECHNICAL LEMMAS IN THE MANY MEAN MODEL

E.1. Behavior of the preliminary in the many mean model. Recall that

N

(ﬁa§s> ‘= arg ?Ilin (yis - &ggs - xz‘sj‘;fs)zv sel°U {t}
R

and
N ) = i = LT, — T N )2 =
(N, &) arg min Z (Yis — 0l,gs — TisAi fs)?, i=1,...,N.
seleu{t}
The goal of this section is to show that the effect of the preliminary estimation

is negligible. Specifically, we aim to show, for each fixed t € I¢, fixed : < N,

1 . .
I D (HN = Men = Op(VNCRY),
j
1

VT

Throughout the proof below, we treat || = T instead of T'/2 to avoid keeping

Y KET = F)es = Op(VTCR).

selcu{t}

the constant “2”. In addition, for notational simplicity, we write A = A; and
A=A by suppressing the subscripts, but we should keep in mind that A and
A are estimated on data Dy as defined in step 2. In addition, let E; and Var; be
the conditional expectation and variance, given D;. Recall that X be the vector
of x;, fixing s < T, and Mz = Iy — Z(Z/Z)*lg’; X; be the vector of x;, fixing
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i <N,and My = I — G(G'G)"'@, for G as the |I°|y x K matrix of §,. Define F
similarly.

Also,

Dy, = %K’diag(Xs)Madiag(Xs)K
Dy, = %A’(diag(Xs)Madiag(Xs)A
D, = %A’E((diag(Xs)Madiag(Xs))A
Dy = %ﬁ’diag(xi)Mgdiag(Xi)ﬁ
Dy = o F(diog(X,)M,diag(X,))F

_ 1
Dy, = TF’E(diag(Xi)Mgdiag(Xi))F

By the stationarity, Dy does not depend on s.

Lemma E.1. Suppose max;, v2, = op(Cnr). Also, there is ¢ > 0, so that
ming min; ¢;(Dys) > c¢. Then

(i) max, || D7} = Op(1).

(i1) 3 X eren |1 D5 = (HIDsH) T2 = Op(Cy).

Proof. (i) The eigenvalues of Dy, are bounded from zero uniformly in s < 7T". Also,
st — H|DyH, = Zél, where
!

T _
b = (A~ AH,)diag(X,)Madiag(X.)A,

1 ~
by = NH{A’diag(Xs)Madiag(Xs)(A — AH,)
1
d3 = NH{A'diag(Xs)(Ma — M,)diag(X,)AH;. (E.1)
We now bound each term uniformly in s < 7. The first term is

%(7\ — AH, ) diag(X,) Madiag(X,)A < Op(1)—=||A — AH, || p max a2 = op(1)

1
v
provided that max;, #2, = op(Cyr). The second term is bounded similarly. The
third term is bounded by

1 ~
Op(1) masr | M — M| = Op(1) | A = Ayl mas, = op(1).
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This implies max; Hﬁfs — H{D¢sHq|| = op(1). In addition, because of the con-
vergence of Hﬁ(]\ — AHy)||F, we have min; ¢;(H{H;) > C min; ¢;(+ H{A'AH,),
bounded away from zero. Thus min, min;¢;(H{DssHy) > ming min;¢;(Dys)C,
bounded away from zero. This together with max; Hﬁfs — H{ D¢ Hy|| = op(1)
imply min, [|D}}]| = Op(1).
(i) By (ELT),
T By (D) P
seleu{t}

1 ~ _ ~
= 21D = (Hy D Hy)||[(H] Dy Hy) = maxc || Dy
S 1 _
—Z 1D s — (H{ Dy Hy)|J?
= Z > lal? +0p(1) Z”Dfs Dylf*.

We bound each term below.

1
f Z ||51||2 < NQZH)‘ H,)‘ || ||)‘ ||2 Z xzs ]s

selcu{t} SEICU{t}

IN

Note that {e;,} is serially independent, so 7,23, is independent of IAi—H] )\ |2 H)\ -
Hi\j||? for s € I°U{¢}. Take the conditional expectation E;. Then E;zix

the unconditional expectation, and is bounded uniformly over (s, 1, j).

1
? Z ”51”2 < O NQZ”)\ H/)\ ” H)\ H2 Z Elxzs js

seleU{t} selcu{t}

s Js equals

< Op(1) WZ I = HXP )17 = Op(Cy7)-
ij
Term of 7 D sereuft) |62]|% is bounded similarly.

1 _
T > l5s)* < 0p(1)[[Ma — M| = Op(Cy3).

selcu{t}

Finally, let M, ;; and P,;; be the (i,7) th component of M, and A(A’A)~'A’"
Then P ;; = ~ai(LA'A) " ay. Let p; = (£ A’A)~1/2q;. We have,

1 1 1
7 > IDyss = Dy|f* < T > I+ D AN Maij (w355 — Exierys) |17
s s ij
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1 1
= ? Z HN Z )\IA;MQ,ZZ<xl2$ - ZS Z Ai )‘]pzpj Lisljs — E'I’EZSJ:‘JS)”%1

]
As for the first term, it equals O N > AN M, i (€3, Eew)+ S AN M ipieis|| 3 =
Op(N™1) provided that szj |Cov(ef,, €2,)] < oo and ||Eese}|| < oo. As for the
second term, we can consider each element of \; and p;, as the dimensions of both

vectors are finite. So without loss of generality we assume dim();) = dim(p;) = 1.
Then,

E- Z |N2 Z Ai )‘Jplp] ('rZS'T_]S ESL’ZSSL’]SH
Z#J

2— Z E| Z NAjpip; (TisTis — Exisxis) | + O(N7?)

IN

1 1
8Var(— Z)\jp]ejs NZ)\ipi,ui)Q+Var((NZ)\ip,~eis)2)+O(N_2)
= O(N—l).

provided that [|Eesel|| < oo and w5 > ijnt Coveisess, exsers) < C. So 23 IDys —
Dy||* = Op(N~1). Put together, 7 3= ¢ reqy | Dy — (H{DHy) ™M = Op(Cy7).

Lemma E.2. (i) For each fived t € I°, H{ ' f, — fi= Op(CyT).
(ii) For each fized i < N, % Eselcu{t} Fs(H fs = fo)eis = OP(\/TCJ;%)-

Proof. Without loss of generality, we assume dim(gs) = dim(f;) = 1, as we can
always work with their elements given that the number of factors is fixed. Then
for ys = Ags + diag(Xs)Afs + us,

Jo = Dyl Ndiag(X,) My,
= Hy o+ Dyl Neliog(X.) Ma(AH, — A)Hy g,
+D7, 1NA’dlag(Xs)ZMadiag(X )(AH, — A)H{ ',
+D7, 1N/\’dlag(Xs)Z\/[aus. (E.2)
Part (i) that H; 'f, — f; = Op(Cyk) follows from a straightforward calculation.

So we omit the details. We now prove the much harder part (i) by plugging in
each term in the above expansion to % Eselcu{t} f(H o — fo)ess.
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First term: note that <= > g fo€is|| 2| N diag(X,) |2 < C provided that Eg2 f2e% 22, <
00. So for a fixed ¢ < N, by Lemma [E.l

1 ~ 1~ . o
77 Z feeis(Dy) — (H{DmHl)*l)NA’dmg(Xs)Ma(AHQ — AYH; g,

< Op \/_CNT ZH—A’dlag (X lgslI* | faess P AHy — A2
< Op(VTCy7) = Op(l)- X
— Z fseis(H{DJCHl)_l—K’diag(XS)Ma(AHg — A)H; g,
S ( NT ||\/—Zfsgsezs HD Hl) 1K,d|ag(XS)||
<

P(VTCyp)l Z S Sy ARRING
To bound the last line, note that e;, is conditionally serially independent, given

EIi Z )\2 Z fsgsezsx]s - Z )\QEI Z fsgseisxjs)2
_Z (A — H’ —|—OP ZEI Zfsgsezsxjs

= OP(CNT + OP Z EI Z fsgsezsejs) + OP EI Z fsgsezs

IA

1

< OP<CNT>+OP< Z ZEIfsgs 6156]3|D1,fs,gs))
J

+0p(1)Var; (= Z fogs€isejs) + Op(1)Vary(= Z fogseis)

<* OP(CNT)+OP Z|_ZEIfsgs 6286]8|D17f87gs)|+0P( )

IA

OP(CNT) +OP ZEI|fsgs max Z|E 6286j8|f87.gs)| +OP( )
< Op(Cy7),
where <* is due to |E;f;gseisejs| < oco. Put together,

— > feeiD;, 1—A’d|ag( OMz(AHy — A)Hy 'g, = Op(VTCR2).
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Second term: recall that Mgz ;; and Ps;; are the (¢, 7) th component of Mz and
Z(ﬁ'ﬁ)*lg’ and Ps;; = %p;pj.

Zfsew — (H{D.H)) ™) K’diag(Xs>Madiag<Xs><AH1—K>H;1fs
< op<\/_ Oy ZH—A’duag o) Madiag(X)|IP[| £l | foeis 1) 2
< Op(VINC)( Z NQZAJ 1o M2 F2 ) faeis] )
+Op(VTNCRE) (= Z m Z L S Nty o Pl foeis 2012
J ksﬁj
< Op(VTCR7)( Z ZVsz 1120 feis]2) 2

+0p \/_CNT Z N2 chks Pib;) ?s”f3|’2”fsei5”2)1/2
s k#j
= Op(VTCy7).
It is also straightforward to prove that

LT > fseiS(H{DJCHl)’1i/~\’diag(Xs)(Ma — M,)diag(X,)(AH, — A)H ' f,)?

IN

1 1~ ..
T)7 > ||f526isNA/d|ag ||2 Z |diag(X,)(AH, — A) ||| Mz — M, |*
< Op(TCx).
Next, let zj, = >, XkMa,ijks,

%Zfseis(H;Dle)%K’diag(xs)Madiag(x)(AH1 NH; Y,

1 1 ~, . .
op(\/Tq;lT)n— Z ffeiS(H{Dgng)‘l\/—_A’d|ag(XS)Mad|ag(Xs)||

(\/_CNT) Z Zf €isZjsTjs) 212

IA

IN

To bound the last line, note that

% Z EI(% Z fszeiszjs$js)2 = % Z(% Z Effszzjseisxjs)2 + % Z Val’](% Z fgeiszjsxjs)
i s s 7 s

J
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< NZ ZEIf €52, (\jMa jj)? + Op(1 Z Z ZEszxkseisxjs)Q

J k#j s
+N Zj: Var( T zs: fleiszjstys)

< S S B By — HAY 4 Op(0 Z P2 e’
7 s
—|—OP<1)%Z%Z(lZElfgxksezsx]s) _'_OP( 7)
J k#j s
S ZE]f Z|E[ 6286]S|f5)|+01—" ZEIf Z|EI ezse]s|fs

Z |_ Z Elf 6k86Z86]8| + OP( NT) OP(C )

given that Y. [Er(eised | fo) + 22, [Er(eisejsl fo)| + 5 Dopry [Er(enseisess| fo)] < oo
Put together,

= 3 fueu Dy N ding(X,) Mydiag (X, (A — K)Hi ', = On(VTC5).

Third term: note that Ej(usul| X, fs) < C.

1~
—H/DHfl—A" XMz
\/—se;{t}fsezs ( 1~z 1) )N dlag( s) als
1
< OpVTOR) s S oy Neliag(X.) My, )
seleu{t}
1 ~
= Op(VTCyp)(% D EI|fseis—A'diag<Xs>Maus|2>”2
SEICU{t}
= Op(VTCRY) (= Z Erf fefsmA’dlag(Xs)MaEl(usu’s|XS, fo) Mdiag(X,)A)'/2
selcu{t}
1 1
< (\/_CNT Z Erf2e;, || Adiag(X.)|*)/?
selcu{t}
< OP<\/TC]?[%“>N<T Z EI 32 1252)\] ]s 1/2 OP<\/TC]?/§“)
seTeu{t}

Next, due to E(us|fs, Dy, e5) = 0, and e is conditionally serially independent given

(fss us),

1 1 ~
77 > fueia(H} Dy Hy) ™' S N'diag(X.)(Ma — Ma)u,

sel°U{t}
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<

<

<

<

<

Next,
1

Wi
<
<
<
<

Finally,

IN A

IN

Put together, we have % Zselcu{t} fseis

1~
tl’— Z usfseis<H{D:le)71NA/diag<Xs)<Ma - Ma)

\/_SEICU{t}
1
OP<\/TCJTI%“)”_ Z UsteiS<H{D:vH1)il

SEICU{t}

1~ .
NA’dlag(Xs)HF

\/_CNT ZH_ Z stew\/ﬁijHF)\Z)l/Q

sGICU{t}

OP(\/TC]:TT)(m]aX EIHT Z usfseis

selcU{t}

_ 1
OP(CN%“)(H;%vaarI( Z uksfseisij))l/Q

seleU{t}

OP<CJ?7%“)(ml?xVar1<uk5fseisxj3))1/2 = OP<C]?/1T
jks

1
\/—ijSHF

2 )1/2

) = Op(VTCyY).

> fseis(H{Dxﬂl)*li(T\ — AH, ) diag(X,) M, u,

selcU{t}

1 N /
OP(l)N Z()\J \/— Z fsesta,jusxjs

selcu{t}

Or(Crb) (5 Z f S feaMl jur )

sel°U{t}

Z Z Var; fsest&jusxjs))l/Q

sGICU{t}

Z Do Eufiad el M Nary (usfe, f)Mo,)'?

SEICU{t}

Z Z E fijs 225||M047j||2)1/2

SEICU{t}

= Op(Cyy) = Op(VTCRZ).

f > feei(H{ D Hy)™ NH’A’dmg( ) Myug

SEICU{t}

(ELS, zsA’d'ag(Xs)MaEf(usu;\es,fs)Madiag(Xs)A)1/2

Op(N~
Op(N~ )(Ezf HA’dlag( SIP)?
Op(

N~1/2 ZE )2 = Op(N7Y?) = Op(VTCRE).

Cis jS

L \'diag(X.

fSN

) Maus = OP(\/TCKT%“)'
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Thus % ZsEICU{t} fS(HflfS - fs)eis = OP(\/TC&%)

QED.
Lemma E.3. Suppose max;; ey = Op(min{N,T}). (i) L|F—FH"||% = Op(Cy%) =
%HG - Gngl/H%’ and %Zte[ﬂ ||ft Hy ftH2 ltult = OP(C )
(i1) max; | D] = Op(1).
(iii) 3 |ID5' = (Hy ' DxHi V)7 = Op(C37).
Proof. (i) The proof is straightforward given the expansion of (E.2]) and max, ||D ' =
Op(1). So we omit the details for brevity. (ii) Note that

5)@ — H;lDMHfll = Zél’ where

l
5 = (F — FH; " )diag(X,) Mydiag(X,)F.
5 = %H{lF’diag(Xi)Mgdiag(Xi)(]5 — FHY)
by = %Hle’diag(X ) (M5 — M,)diag(X;)FH; Y. (E.3)
The proof is very similar to that of Lemma [E.Tl

(iii)
1 ~_ 1= TN
= S UDR = (D )P

1 ~ :
NZIIDM—( Doy V)P max | (Hy ' DaHy ) DR

IN

1 ~ /
—ZHDM (Hy 'DyHH)|P?

= OHDY & I+ Orti Y1 - Dl

We now bound each term. With the assumption that max; z}, = Op(min{N, T}),

1 1, ~ Y 1, =51 .
¥ 10 < FIF = PHC MG - M P 7P 3 g

IN

1, ~ a1 _
+5llF — FH, II%—Z diag ()"

ZH—F FHy )dlag(Xi)Mgdiag(Xi)FHfllH2

OP(C;[;{) ITlZEth xzt Z Z Lt Z tsxzsfs OP( )

IA
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< OP(CNT)

57 1162/ is bounded similarly. + 3 1|03]> < Op(1)||Mz — My||* = Op(Cy7)-
Finally,

1 — 1 1 _
N Z ||D)\i - DMHQ < N Z ||? Z fsft,Mg,st(xisxit - Exisxit)HQF = OP(CN%)-
7 7 st

The proof of above is essentially the same as that of £ || Dys — Dy[|* in Lemma
[E.1] (ii), provided that e; is conditionally serially independent given f;, so we omit
the details for brevity.

Lemma E.4. Suppose Var(u8|et, s) < C.
(i) For each fixed t € I¢, \ﬁ STHIN — M)ei = Op(VNCR2).
(ii) For eachi < N, \; — \; = Op(CyL).
(iii) For each fized j < N, = T D iere 6jtft||2||% > )\z‘eitﬂio\i_H{Ai),HQ = OP(CXIZLT)'

Part (iii) is used for deriving the expansion of \: later.

Proof. Given that the |I¢| x 1 vector y; = Goy + diag(X;)F\; + u; where u; is a

|1¢| x 1 vector and G is an |I¢| x K; matrix, we have
. ~ 1~ .
A = DMI—F’dlag(X-)ngi
= H\ "‘DMITF diag(X,)M;(GH; Y — G)Hja,
. 1=
+D;ilTF’diag(Xi)Mgdiag(Xi)(FHfl — F)H\ + D;ilfF’diag(Xi)]@zAi)

Part (i) that A\; — A; = Op(Cxh). follows from a straightforward calculation. So
we omit the details. We now prove the much harder part (i) by plugging in each
term in the above expansion to \} SO HIN — N)eq

First term: \FZ eztDMljl,F’dlag( M (GHy Y — G)Hbo.
Zelt (D' — (H;'DyHY)~ )TFdlag( OM(GHyY — G)Hboy

OP \/_CNT Z thZ s zs 1/2
OH(VNCR) + Op(VNCIL Zoi — H{' )% max [z

IN

IN

IN

Op(VNCy}) + Op(VNCy}) max a1l = Op(VNC52).
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Given F, G, Dy;' is nonrandom. So

IN

IN

1 _ /
fzeﬁwflmﬂm | Fdiag(X) My (GH; ™ — G) o

OP \/_CNT Z]d ZaieitD/(ilxis)Q)l/Q
Op(\/_C'f )(a 12 bl/Q) where

T Z fs H fs ZazeztD)\z xzs
a Z A N Z ey D3 i)

We now bound each term. As for b, note that for each fixed t,

IA

IA

IN

<

1 _
E<(N Z oziel-tD;ilxis)2|F, G, us)

1 _ 1 _
E(N Z aieitDMleis|F, G, us)2 + E(N Z ozieitD/\iluAF, G, u5)2

1 _
Var(ﬁ Z OzieiteisD;il ‘F’ G, US) +

+Var(

1 _
<EN Z Oéieitez'sD;ﬂFa G, u,)?

1 _
AT Z OéieitD)TZ'l,ui‘Fa G7 us)

57

1
Nmax||D/\22||—Z|Cov ejtejs, eireis| F, G, us)| + (E— Za,eztew Ml|F G, ug)?

+

C
N

Z]

1
~ max||D/\22|| Z |Cov(es, 4| F, G, us)]

]

1 _
-+ (EN Z aieitez‘sD,\i1|Fa G, Us)2

with the assumption Zij |Cov(ejiejs, eneis| F, G, us)| < C. So
1

— Z Ef Z OzzeltDM xzs

- Z Efs = Z Ef2(E Z aieieis D3 F, G)?

Eb

<

<

IN

C
N

_Zf A’d|ag s)Mzdiag(Xs)(AH; —

TEft ZazeztDAzl‘F G)? O(C]:/QT)

E Q; eztD)\Z xzs
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+= Z —A’dlag (X)) Mzdiag(X,)(AH, — AN H[ ' f)( ZaleltDM Tis)?
T Z D 1—A’dlag o) Mzu,)? Za i Dy s )?
The first line of a is bounded by, using the upper bound of Eb, and max ||131?81|| =
OP(]-)7

Op(Cy max xzs? Z A~ Z OzzeztDM 755)? < Op(1) Z Ef2(— Z aleltDM Tis)?
= OP<CNT)
The second line of a is bounded similarly. The third line is bounded by:
op(1)% Z(%K’diag( ) Mau,)? Z azen Dy ags)?
Op(l)% Z E(%A’diag( YMyug)? Z ey Dy, wis)?

S

S

IN

+OP(C maX:L‘zsﬁZE||us|| E N;O‘ieitD;i xis) |u5)

= Op(1)(a.l1+a.2).

We now respectively bound a.1 and a.2. As for a.1, note that Var(us|es, es) < C
almost surely, thus

1 11
E(NA’diag(Xs)Maus\et, es)? = NNA’diag(Xs)MaVar(us\et, es) M,diag(X,)A
11
< O A 20
< CNNA diag(X;)“A
As for a.2, we use ([E.5). Thus,
1 1 _ 1 )
a.l S ? ; E(N Z &ieitD)\ilxis)QE<NA/dlag<Xs)Maus‘eta 63)2
< 91 Z E(i > aieqDylai)? iA'diag(X )2A =O(N7Y)
= NT N i Gt )\ s N S .

a.2

IA

1 2 1 n—1 2
Cyy max x“TN Z Ellus|"E(( Z e Dy wis)|us)

IA

||2

Cyr max x“TN Z Eljus

E”us” Z Q;€44€4g )Til‘Fa US)Q

1
Cy
+ TmaxwaN
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< O(Cry)-

Put together, a'/24-b'/2 = O(Cx+). So the first term in the expansion of — Zi(H{)\i—
)\i)eit is

\/_ 2 el 'L Fldiog(X,)My(GH; " — G)Hyo, = Op(VNC).

Second term: \/—% > ey Dy F’dlag(Xi)Mgdiag(Xi)(FHl_ll — F)H/\,.

IA

IA

Also,

IN

IA

IN

IN

AT
LN > eu(Dy)! - (HllDMHlll)1)%ﬁ’diag(Xi)M5diag(Xi)(FHl1/ — F)H! )
: 1 i |
Op(VNCT) (5 D il F'diag(X,) M,diag(X:)|1%)/*
1 (]

) (= 21|di V2(| M, — M5 F F— FH{!

+0P(\/_CNT)(NZ eiy | diag (X)) [l ||\f|| ||+f|| ]
<\/_CNT NT Zzezt s zs 1/2

+OP(\/_CNT NT Z Z r3e595 (= Z frgpain)?)'/?
+OP<\/_CNT) max 5% = OP<\/_CNT)

plug in (E.2)) for fs—Hl_lfs, and note = Z ( PIPY eltDM e2)? = OP(CX,QT),

1 e 1~ o _ =
i Z%(H1 'DyHY) 1T(F — FH;YYdiag(X,) M;diag(X;)(FH;Y — F)H|\;

Op(\/NC;,?:’F) max 3,
1 R T , o
+ﬁ ZQt(HfIDMHfl )71f(F —FH! )/diag(Xi)Mgdiag(Xi)(FH{I — FYH{\;

1
OP(\/NC]:[%) + \/N_ Z( H fS Z Ai eltD)\z is
<\/_CNT> + maX xstP<\/_CNT NT Z gs Z Ai eztD i €is
+maxx  Op(VNC2) = Z Z)\] T3, SNZ)\eZtD/\Z o

A Z L Ndiag(X,) M,u,)? ZA%DM €3
OP<WO&T>-
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Next,

1 _ b1 .~
N Z eq(H ' Dy H? )_1—F’diag(Xi)(M§ — M,)diag(X;)(FH; " — FYH|\;

< OnVNCL AL YA S A
= OP(\/NC]:/T)a

where the last equality is due to ﬁ > Zselcu{t}(ﬁ 1fs) €is = P<CJ?/2T)7
proved as below. Use (E.2)) for jz — Hflfa

NTZZ lfs Cis
= Y A lNdisg(X) Pl + lulP10p(Cx3)

i sel°U{t}

1 /
+0p(1 )N g (Hi\; — max— E E Ere? f2— ||A diag(X,)|? ?S
i sel°U{t}

ZZ ZS A/dlag )Maus)
_Tzzeis—ﬂdlag o) Mou|?0p(CN7)

= OP(C];i).
Next,
L > eit(HleAinll)’llF’diag(Xi)Mgdiag(Xi)(FHfll — F)H!\;
VN = T
< Op(VNCRp)ll E Z )\-eitl_);il%F’diag(Xi)Mgdiag(Xi)||
< \/_CNT Z 4 Z Nirteqn DY) 2)1/2

+OP \/_CNT Z gs Z xzs)\ eztD Z kaikgk)2)1/2
k
= Op(VNCyp)(a'? + 51/2)
We aim to show a = Op(Cy%) = b.

= 7 Z Eff(ﬁ Z NiwgeaDy;' )
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S T Z N2 Z Ef2)\ D)\zl)\ D ( €is ]3|F)Cov<elt7€jt‘p>
T Z Ef82 N2 Z il D)\zl)‘JM]DA;COV(ezta €]t|F)

+— ZEsz]\m Z)‘Z“Z MlD 1)\Z,u] (ejseis|F)Cov(ejreq| F)
- o
Eb = T Z Eg?(— Z l'z‘s)\ieitD;il_ Z frxingr)?
= O(TH+o( Z Eg>— 7 Z |E(z;524s| F)Cov(es, e;¢ )|
= Op(Cy7).
Therefore the second term is

1 ~ 1~ . _ o= _
i Z eitD/\ilTF’dlag(Xi)Mgdlag(Xi)(FHl V' FYH|\ = Op(VNCR2).
The third term: \/— > eZtDMljl,F’dlag(Xl-)Mgui. First,

~_ 1= IRV B
\/—N geit(D)\il - (H1 1D)\iH1 ! ) 1)TF,dlag(XZ)M§ul

IA

— 1 ~_ 1 = A ]_ T
Op(VNCRJ2) + Op(l)T Z eq(Dyt — (H Dy HY) 1)TF diag(X;) M,u;
<\/_CNT) + OP \/_CNT Z |€th Z fsxzsuzs
+OP \/_CNT Z |ezt|| Z fsxzsgs|| nguzk|
= Op(VNCR2).

Second,

\/_Ze,tDM T (F — FH; VY diag(X;) Myu;

IA

IN

\/_ZenDM = (F — FH; Y)Y diag(X;) Myu;

+OR(VNCR (7 3 e?tnuin%”?(% S I(F = P faiog ) )

IN

(\/_CNT) +Op \/_CNT Z dlag i) Myuiea D' |
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/N /N / A—112Y1/2
< Op(VNOyT) + Op(VNCyr)( Z ZxZSMg,suieitD)\i )%) /

= OP(\/NCJ:TT)a

where the last equality is due to 4 > (% >, zis M, sueqDy;')? = Op(Cy7), proved
as follows:

% Z E(i Z zis M, uieq DY)
% ; Z Tisuiseit D)’ Z NT Z Z TisgrgsuimenDy;')?

B 1
O(T 1) + ? Z —2 Z E|E ejteit|F) (uisujsxjsxi8|F)|

s;ﬁt ij

= Z Ern Z > 0i o 33005 lesgrriaguginal Coute el )

< O(T~ )+O( 1

IN

IN

where the last equality is due to max; Y . |Cov(ey, ;| F)| < C.
Next,

\/_ Z e D} TF diag(X;)(Mz — M,)u;

- tr\/—_ Z uieitDMl%F’diag(Xi)(Mg — M,)

Or(VRC) il X wseuDy Fdiag (X

Op(VRCh) (g 3 Bl S a5 firi))? = Op(VNCRE)

sk i
where the last equality is due to % Yook E(i > wiseir Dy frain)? = Op(Cy).
i Z E(= Z uwemDAZ fexir)?
= Z E— Z DM N Z D)\] ka]kuwxmujseﬂezt

T2 > m Z ED,.' Dy, fRE(xjkuisminus| F)Cov(ej, e F)
i

IN

IN

AN

IS
e

=
|

IA

S
=
=]
b
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Finally, since u;; is conditionally serially independent given E, F,

1 _ 1
E(T Z eitD;il—F’diag(Xi)Mgui)Z

1
- E— Z Z DAleMlT (F'diag(X;) My o) ejeein st

= T2N ZZ Eujuss E((F'diag(Xi) My o) e e |U)

< TQNZDCovu]s,uw\— O(T™Y) = Op(Cy}).

Together, <= 37, (H{A; — M)ew = Op(VTCR3). QED.
The proof of part (iii) follows from the same arguments as in part (i). While
a rigorous proof still follows from substituting in the expansion of \; — H 1Ai, the

details would be mostly very similar. So we omit it for brevity.
E.2. Technical lemmas for ﬁ

Lemma E.5. Suppose max; |&;| = Op(1). For each fized t, (i) B,— B = Op(CyT).
(i) S; — S = Op(Cy%).

Proof. Throughout the proof, we assume dim(q;) = dim();) = 1 without loss of
generality.
(i) B\t — B = by + by, where

po— - Z NN@E — HINNH €3, Ndien — Hida Hyeq
ozz)\ €it — H’a-)\iH{eit ;o — Hioyal Hy

b . Z H hy )\,Hl Ee?t) H{)\ZozzHéelt

2 H’al)\ H e 0 '

To prove the convergence of bl, first note that

1 s
N Z )\Z)\; (/e\ft Zt Z )\ )\ ezt ezt Z )\ )\ elt elt €it

1 ~ a 1

N > = Hix) (i — HIN) (@ — en)” + N Z(Ai — H{\)NH; (€ — ear)?

i

1 N 2 ~ ~ ~
+OP<1)N Z(eit — el't)z —+ N Z()\Z — Hi)\z)<)\z — H{)\i)/(eit — eit)eit

i

VAN

+—= Z(Xz - H{Az))\;H{ (ezt ezt)ezt + OP Z >\ )\/ ezt ezt €it
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_ ~ 1 -
< Op(Cy7) mgx|€z‘t €zt\max\€zt| +O0p(Cyr) (= Z(eit_eit)4>1/2

N %
1 % 1 1 ~
+0A)NEX%—@¥+OAQ&XNZ]%—@#%YD
+OP Z)\ )\/ elt ezt €it- (E6)

In addition,

1 ~ 1 ~ ~ ~
N Z )\ia;(eit — eit) = N Z()\Z — H{)\Z)(Oél — Hﬁai)’(eit — 62‘15)

i

+—= Z a HQ(ezt ezt + OP Z >\ a ezt ezt
_ 1
< Op(Cy7) max €t — €| + OP(CNT)<N Z(ez‘t —ei)?)'?
+0p(1 Z Nl (€ — €it). (E.7)
When € —ey = p1;—; = —&;, we assume that C'y1max;; |&] maxy |e;| = Op(1).

Also,

LS @)t = 5,0 = 0p(T) and & 55,0 —e)? = & 5,2 = Op(T),
Also, & ;€ — )¢, = Op( 1) and + 30, M@ — en)ew = Op(Cy7), and
%Z‘Aia‘(@-t —ey) = Op(Cy>). Thus

ZA MN(@ —e) = 0p(CR%), and —Z)\ (@i — eir) = Op(CHL). (E.8)

So the first term of by is, due to the serial independence of €2,

Z NNES — HINN.Hyel

zzt

IN

1 -~
—Z)\)\ (@& —e2) NZ(A'X-—H’A'X-HQZ

Op(CR2) + Op(1 Z NN — HINNH || #E €2,

IA

IN

Op(Cy7) +0p(1 Z INX, = HINNH, || = Op(Cyh).
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The second term is,

- szalé\n H )\ O[ZHlezt
< Op(Cyr) +Op(1 Z I\, = HiXioi Hy || rEsle| < Op(CE).

The third term of b; is bounded similarly. The last term of b; is easy to show
to be Op(Cyy). As for by, by the assumption that 5 >, |Cov(ej, e3,)] < C, thus
by = Op(N~Y/2). Hence ét — B =0p(Cyy).

(i) S, — S = ¢, + dy,

G = Z )\ Al Hlelt(elt - elt) + )\ )\,< zt o ezt) Xl(e\lt - eit)<05;H2 - 62;)
' N AN H (e — €3) + @ (NHy — X)) (@ — exr) 0

. Z ( NN, — MN)e — HINNH, — N)Ee2 New(olHy — 52;))
t — N .

Oéz<)\;H1 — Ai)eit 0
As for ¢, note that when e;; — e;; = —¢;, we have
1 ~
Z NN Hyey (€ — ey) < N Z()\ — Hi\i)New(éy —ey) + Op(1 Z Aidieit (€ — €ir)
_ 1
< OP(CNlT)(N Z 63t62)1/2 Z Aidieaei = Op(Crt).

i

Also, by (E.8), % > szi (€2 — e2) = Op(Cy%). For the second term of c,
]' N o/~ ~
N 2 i@ = ea) (i Hz = &)
1~ ~ y 3
= N ZO‘Z — H1\) (€ — ex) (01> — &) + Op(1 Z Ai(€i — eir) (a;Hy — @j)

1
< op<cN2T>max|ez|+op<cN%p><NZ V2 = 0p(Cy3)

given that max; ‘é@| = Op(1). For the third term of ¢;, similarly,
% > (N Hy — )‘/)<€zt —ei1) = Op(Cy7). Also,
N Z ai)\;Hl(eit - a‘t)

1 A
OP(C&;)(N Z(eit —ei))? + Op( Z i (€ — eq)

Op(Cy7).

IN

IN
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So ¢; = OP(C]fT).
As for dy, we first prove that + >, Ni(NHy — X)) (e — Ee2) = Op(CypN~13).
Note that E;+ >, Mi(NH; — N)(e% —Ee%) = 0. Let T, be an N x 1 vector of €2,

and diag(A) be diagonal matrix consisting of elements of A. Then

[Var(Yy)|| < max ) [Cov(e, e3,)] < C,
J

and £ 30, \(NHy — X)) = L (H, A — A)'diag(A) Y. So
1 Y, 1 AN A ; A
Var[(ﬁ Z N(NHy — N)e2) = m(HIA — A)'diag(A)Var(T;)diag(A)(H1A — A)

1 o
< CmHHlA—AH%:OP(CNZTN h).

This implies % >, Ni(NH; — X;)(e?t — Ee2) = Op(CyhN~12),
Thus the first term of d; is

— Z NN H; — NA)ed — HIN(NHy — N)Ee2,

IA

= Z DN H — Xe2 + — ZH’ (N.Hy — X)) (€2 — Ee2)

- op<1>i S0 = HA) O H: = N)Ere + Op(CRhN2) = Op(Ci).
As for the second term of d;, — ¥ i X\ €it(aHy — @), note that
—Z — Hi\)ey(olHy — ) = ZeltaHQ 1)2)1/2

Z(%‘H2 — a))%Ere},)'? = Op(Cy7).

i

< Op(Cyr

And, E;L S Nea(alHy — @) = 0.

1 . 1 o
Vari(; > Ne(aHy — ) = 3 Vari((AH — A)'diag(A)er)

1 ~ ~
< m(AHQ — A)'diag(A)Var(e;)diag(A)(AH, — A) = Op(CryaN 1),
implying + >, New(o Hy—al) = Op(Cy%). Finally, the third term of dy, + 3", Niea (o Hy—
), is bounded similarly. So d; = Op(Cy7).
Q.E.D.
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Lemma E.6. Suppose Cyrmax;; |e;|> + max; H% Y i AiNeei|lr = op(1).
(i) max; || B, || = Op(1).
(1) 4 Tcreog | B — B2 = 0n(C33).
(iti) 7 > ere 1S = S| = Op(Cy7).-

Proof. Define
1 HINNHye? 0
B, = — 177 it )
"N Z ( 0 Hgaia;fb)

Then ét — Bt = blt + bgt,

by = iz ANEL — HINNH e, Ndien — Hidioi Hyex
' N = \@Ney — HyahiHieyw  a:a, — Hyoua Ho
1 0 H’)\iaiH’ei
by = —Z , , ! 27
N p HQ()éi)\iHleit 0

(1) We now show max; |by;| = op(1). In addition, by assumption max; |bs| = op(1).
Thus max; |§t—Bt| = op(1), and thus max; ||§t_1|| = op(1)+max, | B; || = Op(1),
by the assumption that || B; || = Op(1) uniformly in ¢. To show max; |bi;| = op(1),
note that:

First term:
max | SORA(E — )
< Op()(5 IR = HAID) x-S — ex)! + (B — )]
+% Z X — HIN|P[2 max |(€ir — er)en| + mgxx(’e\it —ey)?]
+0p (1) max | S0 AN = ealealls
+0p(1) max |- 3" AN (@ — ea (E9)
When e;; — e;; = —¢;, we have

1 ~ 4, (=~ 2 211/2 1 _411/2 1 _211/2
max{a: 7B — eu)! + (B — e < [ 02 + [ 30 2 max e
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and 2max; |(€;; — e;)eq| + maxy (€ — e;)? < 2|e;| max; |ey| + €2,
maxlle SoAK @l < I SNl = Op(T
max H% S AN (@ — endeallr < max H% > el
Thus, with the assumption Oy max;; |ey]? + max, H% Yo ANiMeei]lr = op(1),
max | 37 RA(EE )] = 0p(1)+Op(C) max e+ | - Y- Akevell = op(1),

In addition, max; ||& S7,(0N, — HINNH) L] < Op(Cyt) maxy e = op(1). So
the first term of max; |by| is op(1).

Second term,

maXH—Z)\ ezt €it HF

< max |éis — eit|— Z II( >\i — H\\)(q; — Hyaw)'|| e
+0s(1 Z 1% = HOMP + (5 3218 = Hiaul) 2 max(5 Y2 — )
+Op(1) max | Z Nl (€ — e[ p- (E.10)
When €;; — e; = —¢;, the above is op(1) given that Cy7max; |€;] = op(1). Next,

1 ~
|| > (A, — HihaiHy)eallr = Op(Cyy) max feu] = op(1).
So the second term of max; |by;| is op(1). Similarly, the third term is also op(1).
Finally, the last term ||+ Y, &;d — HyaalHs | p = op(1).
(ii) Because we have proved max; ||§t_1|| = Op(1), it suffices to prove
LY i | B BIE = Op(C52), 00 3y Il = Op(Cx2) = £ 5 peogsy i3
First term of by;: by (E.0), the first term is bounded by
= Z ||— Z NN, — HIMNH el 3

tEIC

—ZH—ZA N(E — e lE + ZH—Z (N = HINXHY e [

telc telc
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< OP(CNT)maX|ezt e |? max\elt| + Op(C Z Z i — i)
telc
1 1 =
‘|“OP(1)T Z(N Z(eit —ex)?)? + Op(C Z Z (€ — ex)’e},
1teIC teIC
+OP Z Z)\ )\/ elt €it ezt)
te[c

+0p(Dtr(— Z(A N — HIGNHL) (OGN — HIGNH ZE]eﬁelt

i telc

< 0p(Cx) + Op() (e S IAN ~ BN r)? = Op(Ci3). (B11)

Second term of byy:

— Z |y— Z Ny — Hi Ny Hbey||%

tEIC
< —ZH—ZA (@ — ea) [+ ZH—Z (N} — HiasHp)eu3
tGIC te[(‘

IN

1 N 1
Op(Cyr )maxf Z(e“ —eu)? + OP(CNT)NT Z(eit —ey)?

+= ZH—ZA@ e — e ||

telc
1 ~ 1
+OP( )trm Z()\Zaz — H{)\ZOZZHQ)(A]O[; — H{)\]OZJHQ)? Z E]@itejt
ij telc
= Op(Cy>). (E.12)

The third term of by; is bounded similarly. Finally, it is straightforward to see that
fourth term of by is ||+ Y-, & —Hyeijoi Ha||% = Op(Cy5). Thus # D sereuft) 161¢]|% =
Op(Cy7)-

As for by, it suffices to prove

_ZH_ZQZAIGZI?HF_OP ZEII—Za Neillr = Op(N7H).

telc teIC

Thus 7 T ZsEICU{t} ||b2t||%? = OP( ]TIT) Q E.D.
() Note that £ Xer. 18 — 81 < 2 Syere el + 2 Sep I, where

Z NN Hen (€ — ei) + MMN(E2 — €2) i@ — ex)(a}Hy — @)
@ = N Oéz)\ H1 ezt el-t) + Oél()\;Hl — A;)(é\zt — el-t) 0



70 VICTOR CHERNOZHUKOV, CHRISTIAN HANSEN, YUAN LIAO, AND YINCHU ZHU

S (NN Hy = NN, — HIN(NHy — M)Eed Neq (o Hy — @)
B i()\/Hl )\ )eit 0 :

ct||%, we have

1
As for ), e

_ZH—Z)\AHﬁzt €it — ezt)HF

telc
! 2
< zw AR Y
+0p(1 Z H—Z)\ Nt (€ — ex)||%
tEIC
_ 1
< onCE T T e oLy I S el
i tel¢ tGIC
= OP(C_ )
—ZII—ZM’ Al
telc
< Z IR = HIAP)? max((@ — ex)’]
= Z ~ Z 1A — HiX )P eqe])? max [e;; — el
telc
N Z ||>‘ — Hi\; ||2NT Z Z €it — ezt (eir — eit)ZezZt]
telc 1
= Z H— Z)\ Xo(@ir — exr)ein|| + Z H— Z)\ Ni(@ir — eq)?||%.
tGIC te[(‘
Note that
1 1 ~
72 (5 Do I = HixPlea)?
tele ) ) 1
= Or()75 > X = HixPN - HQ\;‘HZT > Eilesenl
ij telc
1 ~ _
= Or()( D A = HiM1P)? = Op(Cyp).-
So when €;; — e;; = —é;, with the assumption that max; |e;| = Op(1), we have

_ZH_Z)\)\, €it — zt ”F OP(C]:é“)

tele
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Also,

_ZH—Z)\ €ir — i) (atHy — N,)HF

tEIC

~ Z o} Hy — ~<H2— Z X = Hidl* max(@ — ex)?
+0p(1 Z o Hy — ||2N Z Z & — eir)? = Op(CH1).

7 tEIC

IN

Similarly, >, . |+ >, (N Hy — )\;)(é}t —ei)||% = OP(C'_4 ). Finally,

—ZH—Z%XHl ei — )7 = Op(Cyp) +Op(1 ZH—Z% eit — ut) 7

telc te[c

= Op(Cyp).

0 7 Ysere lleellE = Op(Cr7).

Asfor £ 37, e l|de||%, its first term depends on £ >, e [+ Do, X (NoHy =N (e —

Ee?)||%. Let T; be an N x 1 vector of €2, and diag(A) be diagonal matrix consisting

of elements of A. Suppose dim()\;) = 1 (focus on each element), then the first term

of £ 3 s HdtHfm is bounded by

= Z H— Z (NNH, — NN)el — HI\(NH, — N)Ee2||%

tGIC
< —ZH—Z HIA)(NH, = N)ex %
tEIC
23 Iy ZH’ (NHy — N)(el — Ee2)|2
tGIC
< Op( NQZIIA — HNPIR, — B S Erdhe
Y telc
1 N IAH . ~
+OP(1)T ; m(A — AHl) dlag(A)VarI(Tt)dmg(A)(A — AHl)
= Op(Cyr).

In addition, using the same technique, it is easy to show

TZII—ZA%&HQ @)% = Op(Cy4) TZII—ZOMPA Xeal

telc telc

Put together, %Zte[c HSt - 5”2 < %Etelc ”CtH2 T Etelc ”dt”2 = OP(CNT)'
Q.E.D.
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Lemma E.7. For terms defined in (D.2), and for each fized t € I°, Zfl:l Ay =
Op(Cy%) and for the “upper block” of Ag, = >0 )\ieit(ﬂi)\gft—ii)'\;ﬁ) = O0p(Cr3).

Proof. (i) Term Ay It suffices to show Et_lgt — B7'S = Op(Cx%). By Lemma
[E5
B'S,—B7'S = (B{'=B7")(S,—S)+ (B; *1)S+B*1(§t—5)
OP(CNT) + OP(CNT)S OP(C )
where the last equality is due to S Op(CNlT)
(ii) Term Ay. Given B; ' — = Op(Cy

7) and the cross-sectional weak
correlations in ug, it is easy to see Agt = Op(Cy7)-

(iii) Term Ag. It suffices to prove:
1 ~ . _
N Z()\zeit - H{)\ieit>uit = OP(CNzT)
1, .
~ > (@ — Hyoi)uy = Op(Cy3). (E.13)

First, let Ty be an N x 1 vector of e;;u;;. Due to the serial independence of (ug, €;),

we have
1 ~
EIN Z()\z - H{)\i)eituit =0,

1 ~
Val’[(ﬁ Z<)\Z — H{AZ)eltult) N2

< Op(Cy3NTY m?XZ |Cov(esui, ejiuje)| = Op(Cy-N7Y).
J

Slmﬂarly, Er+ Y. (q—Hbai)uy = 0 and Varp (£ (6, — Hyai)uy) = Op(CyaN71).

LR AH)Var (T)(R — AHY)

— Z — Hi\)ewuy = Op(CyhN~Y2)

N Z &; — Hyay)uy = Op(CRLNV?)

LS R HA 4 = Op(1)-- 3 %~ HA P = 0p(CiE 10
Thus, the first term of (E.13)) is

1«
—Z (A€ — HiNiew)ui < Z I\ — Hi\ 2w 2)1/2(NZ(% — eir)?)?

i
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1 = 1 ~
H{N ; i(€ir — eit)ui + N Z()\z — Hi\)equy
1 ~
< OP(C]}})(— Z(eit - ez‘t)Q)l/Q + OP(CNT) +Op(1 Z Ai(€i — i) (-15)

When €;; — e; = —¢&; in the many mean model, the above is Op(Cya).
(iv) Term As,. Given B;' — B! = Op(Cy7), it suffices to prove the following
terms are Op(Cy7).

1 . -
By = — Z )\iezt( ,uz)()\i - H{)\i),ft
1
By = _Z)\iezt( — [1i) N Hlft
1 ~
B3t = N Z )\ieit,ul()\ HI)\ ) f
By = — Z )\‘eitﬂi)\,'Hl(f — H{'fy)
By, = Zaz Zi — ) — HIN)' s (E.16)
and that the following terms are Op(Cy1):
BGt = Zaz T ,uz )\/Hlft
B = N Z aiﬂz‘ i — 1)\z‘)lﬁ
1 < —_—
By = = Z N Hy (f, — H U f). (E.17)

In fact, we have,

By < Zeftez 1/2 (CJ:/QT>
Bgt == O NT Z )\ )\ i€itCis

= N2T2 Z Z ‘Eelte]telse]k‘ = Op(Cy3).

ij sk
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By LemmalE4] note that ¢ € I°, By, = Op(1)+ >, Nieapi(Ni—HIN) = Op(CRE).
Finally, still by Lemma [E4 that for each fixed ¢, f, — H{'f, = Op(Cyt). Thus

B4t = OP( Z Ai eztﬂz)‘ - OP(CNT)

The proofs for Bs; ~ Bg; from the similar argument, using the Cauchy-Schwarz

inequality. In addition, it is also straightforward to prove, for each fixed 7,

Z ZHBdtH (1+¢€5) =Op Z ZHBdtH +€j,) = Op(Cyr)-

d=1 telc tele
(E.18)
(v) “upper block” of Ag;. From the proof of (iv), we have By = Op(Cy3), for
d=1,...,4. Tt follows immediately that & >, Niex (N, fr — TN J) = Op(CR2).
(vi) Term Ay. Note that z; — pu; = ey — €. It suffices to prove each of the
following terms is Op(Cya): note that g = ;.

Cy = —Z Dea@n — en) (N — HIN)' S
Cor = NZ i — HIN) @ — en)?(h — HIN)'
Cy = iZH{Axat—eit>2<A,~—H1Ai>’ﬁ

Cy = N Z e (@ — ex)NHy f

Csy = NZ i 1 Ai) (€ — eit)Q)‘;‘Hlﬁ

Cor = %ZH{Ai(at—eitm;Hlﬁ

Cn = %Z(Xz — Hi\)eapti (A — HIN)' fo

Cst = % Z(Xi — HN) @ — en)pin(h — HIN)' [,
Co = izwi@t—eitmt@i—H{M)'ﬁ

Chot = —Z — HIN)eapa N Hy (i — H'f,)

Cllt = N Z ezt elt)/*lflt)\;H1<ﬁ - Hflft)
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1 ~ ~ _
Cioe = — Z H{)\i(eit - eit)/iit)\;H1<ft - H1 lft)
Cl3t = N Z QG — H; az)(ezt ezt)()‘ H/)‘ ) f
Cie = — Z o — Hgai)(eit - €it))\iH1ﬁ
Cise = N Z — Hjoi)pa(Ai — HIN)' [,
Ciet = N Z (@ — Hyou)pa\iH(fy — Hi' fo). (E.19)

The proof follows from repeatedly applying the Cauchy-Schwarz inequality and is
straightforward. In addition, it is also straightforward to apply Cauchy-Schwarz
to prove that

—ZHCdtH? Z|]Cdt| ¢, d=1,..,16. and fixed i. (E.20)

tele tEIC

We omit the details for brevity. Q.E.D.

Lemma E.8. (i) %Zsefcu{t} 1 fs = Hy fs]|* = Op(Cyr).
(1) For each fived i, 3 37 ey (fs — Hyfs)eisf! = Op(Cy7).

This lemma is needed to prove the performance for Xi, which controls the effect
of fs — Hyfs on the estimation of A;.

Proof. (i) Given (D.2), the proof is very similar to that of Lemma [E.7 We omit
the details for brevity. We now turn to the much harder part (ii).

(i) Use (D.2), %Eselcu{t}(ﬁ — Hyfs)eisf: equals, up to a multiplier of order
Op(1),

ZZ t“ztft+z Zadteztft

teIC i - teIC
where aq is the upper block of Ay. Given that E(u.ujle,, f;) < C and that u,
is conditionally serially independent, we have =", ;. > e2u; f] = Op(Cy7).

Next, up to a multiplier of order Op(1), by Lemma [E.6]

1 1 S
?Zalteitft/ < 72!\315 1Sy = BTESI(fell + geDILf el

tele telc



76  VICTOR CHERNOZHUKOV, CHRISTIAN HANSEN, YUAN LIAO, AND YINCHU ZHU

< ZHBt BI)Y?|IS] + ( ZHS S|I%)H?
tGIC tEIC
1 = ?P(CET)
fzameztﬂ < —Zﬂeztf{HHBfl B~ H—Z)\ ejeuel + |+ Z%%t”
tele telc
< ZHB B|*)"*(= Z”eltftH Z)\ eytuatHJrH Z%%t” )2
telc telc
_ 1
< OP(CN%)(TZEH%EH EH—Z)\ e]tu]tH2+|! Z%%t” lev, fi])'?
tele
) = Op(Cy7)
?Zafiteitft/ < maXHB IH—ZH%EHH > (N — Hidjej)ugll
tele telc g
+maXHB 1H_ZH€tht”” > (@ — Hyog)uge
telc 7
< ZEIH_Z — HiAp)ejeul 22
telc
+Op(1 ZEIH—Z (G — Hyayyug|*)/?
telc
+0p(1 ZHetht”” Z( — H1A;) (€5¢ — eje)use|
telc
+0p(1 ZHetht”” Z)\ €jt — €je)uje|
telc
1 = OP(CET) 1
p ol < mpx B S leasilCall. =116

where Cy’s are defined in the proof of Lemma By (E20), £ >,/ [1Call* =
Op(Cyz) for d < 16. Thus %Etelc agenf, = Op(Cya), still following from
Cauchy-Schwarz.

Next, for By defined in the proof of Lemma [E.7],

8
1 1 =~
?Zafiteitft/ < ZTZ”Bt_B””Bdteitft/H-

tele d=1 telc
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Repeatedly using Cauchy-Schwarz, it can be shown that £ Y, ;. asien f; = Op(Cy7).
Finally, using Cauchy-Schwarz,

4
1 1 , _
T ZCLGteitft/ < OP(l) Z HT Z Bdteitft” = OP<CN§“)'
d=1

tele tele

Therefore, %Zselcu{t}(fs — Hifs)eisfe = OP(CK/QT) :
Q.E.D.

E.3. Technical lemmas for XZ
Lemma E.9. For each fized i, 152 —D,; = Op(CX,lT).

Proof. Bl — D; is a two-by-two block matrix. The first block is

1 SN
? Z fsf;/e?s - Hffsf;H}EezQS
0 selcU{t}
1 ~ ~ ~ ~
- T, Z (fs — Hpfo)(fs — Hffs),[(eis - 6,3)2 + (€is — €is)eis + 6223]
0 selcU{t}
1 ~ N ~
f 30 (o= Hif) fH (= ) + @ — )i + €2
0 seleu{t}
1 ~ N ~
T > Hefulfo = Hef) [@is — €3s)” + (Bis — €is)eis + €],]
0 sereu{e)
1 . . 1
T > Hpf S HY[(Bis — €0)* + (@1 — eis)eis] + = > Hyf.fiHj(e}, — Ee}).
seleuft) 0 sereuft)

The second block is

1 ~ 1 ~ = - 1 ~ -
?O Z fs/g\;eis e — Z (fS_HffS)(gS_HggS)leis+T Z (fs_Hffs)g;H;Gis

(& TO c 0 c
selcu{t} seleu{t} seTeu{t}
1 N " 1 ~
"—T Z Hffs(gs — Hggs)/el's + T Z Hffsg;H;<eis — el-s)
O sereu{t) O sereufty
1 / !
"—TO Z Hffsgngeis
seleu{t}
The third block is similar. The fourth block is Tio Zselcu{t} 9595 — Hyg.9.H,. Given
€;s — €;s = —e; and Lemma [EL9] it is straightforward to see each term in the above

expansions is Op(Cyr). Q.E.D.
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Lemma E.10. For each fixed i < N,
1 ~ . o _ 1 ~ 7T _
T > FlswXifs—2:N fs) = Op(Cyp), T > Gu(wN f—ziN f)) = Op(CRY).

seleU{t} seIeu{t}

Note that the first term is Op(Cyna) while the second term is Op(Cyr.).

Proof. 1t suffices to prove that the following statements.

1 ~ - _
Rs;q = T Z (fs — Hffs)(eis - eis)ﬂz')\;fs = OP(CNzT)
selcU{t}
1 ~_ —~ T _
Rs; 9 = T Z (fs€is — HffseiS)(Nit)‘;fs - ,uit)‘;fs) = OP(CN%)
selcU{t}
1 - G _
Rs; 3 = T Z fseis(€is — eis))\;‘fs = OP(CN?F)
selcu{t}
1 . ~
Rs; 4 = T Z Jueiapi(Ai = HyAo)'fo = OP(CJGZT)
selcu{t}
1 ~ _ _
R3i,5 = T Z fseiSMiA;(fs - Hl lfS) = OP(CN%)
selcu{t}
1 -~ _
Rsi6 = T Z (fs - Hffs)eis,ui)‘éfs = OP<CN2T)
seleU{t}
1 - L _
Ryiz = T Z 9s(iXifs — TN fs) = Op(Cyr)
selcU{t}

(E.21)

where €;, — e;s = €; and py = 4, fy = T; in the above.

Note that all terms but the last one in the above are Op(Cy=). For the prelim-
inary estimators, we have \; — H/\; = Op(Cy}) and %Zselcu{t} Ifs— H VL)1 =
Op(Cy%), by Lemmas[E:3 and [EX4l Then using the Cauchy-Schwarz inequality, it
is easy to show that Rs;; through Rg; 4 are Op(Cy7) and Rsi7 = Op(Cyy). Next,
By Lemmas [E.2] [E.9]

= Y RHT - Rew= 0O = 1 S (R Hifeufl
selcu{t} seTeu{t}

So Rsis = OP(C];%) = Rz 6. (Note that the above two equalities involve in
two factor estimators: the preliminary fs and the final ﬁ) This concludes that
Rsiq = Op(Cy3) for all d < 7 defined above, and completes the proof. Q.E.D.
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Lemma E.11. For By defined in the proof of Lemmal[E.7, and a fized j < N,
ford=1..4, &3, fie;;Ba = Op(Cy7), r=0,1,2.
fOT d = 58, TL() Ete[c ftethdt = OP(CK/%—‘)

Proof. For r =0,1,2,

1 , 1 s 1 _ s ~
T Z ftethlt = To Z ftejtﬁ Z Aiewei(Ni — HIN)' fi

tele tele ) i
< = r— A )\ Hi\;
- T, ; fteJtN Z Zeltez( ) f
NI S S el
0 tere
< OP(C 7)
p— Z ftethQt = — Z fte]t Z A €Zt61)\ Hlft
0 tere telc
= Z ZA €itCi t jt 1/2 + OP(C T) = OP(CKT%“)
0 tere
e Z fte]tBBt = Z fte]tN Z i ezt,uz i )\ ) f
0 tere 0 tere
< Z Z Aieit,ui i — Hi\i) + Op(Cy3)
0 tere
< OP(C Z Z ]tezt _'_ OP<C]:/§’>
0 tere
< Z 73 D EFLE( el FIEE, 0l )+ Op(Ci)
s#t
< 0p(CH} Z Cov(e] €7 eis F)))'/? + Op(C3) = Op(CR3)
— Z fieh By = — Z fichig Z Neapa N Hy (f, — H{Uf) = Op(CR2).
0 ere 0 tere

Next, for d =5 ~ §,

Ti Z frejtBse = Z fteth Z ;€A ) f

telc tEIC

= OP(CJ;T), (sumlar to — Z ftethu)

te]c

1
i Z fiejBot = — Z fte]tft Z @& \iHy) = Op(Cy7)

tele telc
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1 _ 1 :
T Z fiej By = Z fteyt H, 1ft)_ Z aifti( N — HiA;)
0 tere telc
Z frej) Z it (A — HiA)) = Op(Cy3)
, 0 tere
= fenBy = — Z frei(fi flft)ﬁ > X H,y
0 sere 0 tere i

= Op(C'NQT), by lemma [E.2]

Q.E.D.

Lemma E.12. For Ry; defined in (D), and for each fited j < N, Ry = Op(Cy5)
ford=1,...,3. The upper blocks of Ry; ~ Rg; are Op(Cy7).

Proof. (i) Tt is easy to see that Ry; = Op(Cy3) = Ry;. Also, it follows from
Lemmas [£.9] [E10 that both R3; and the upper block of Ry; are Op(Cy3.). Next,

by (D.2),

1 e 0\ (fi—H
Ry = D' (eﬂt )(ft fft) wje
TO tele O I gt - Hggt

~ 41 eyl 0 1 Hi)e;
— D-_l— Jt B_l_ 17\t U
T ( 0 |> N Z Hya; )

tele
5 ~
~ .1 el 0
-1 Jt
+z@ﬁz(oj%w
d=1 1 tele
S OP(CJ:T%“)HT Z ejt Z Ai eztuztuth + OP(CNT Z Z Q; uztu]tH
0 tele te[C
Ai€it€
+D; 1p-1 Z Z < t jt> Uijy + ZTd, (E.22)
0 tere

where, for Ay defined in (D.2)),

1 el 0
T, = D] ITO ( 6 I> Agptje.
tele

The first two terms of Rs; are Op(Cy7); the upper block of the third term is
bounded by

Op( Z Zkeneﬁuztuﬁ Op(Cy7)

te]c
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granted by the assumption that Var(\/—lﬁ > wipwjy) < Cand Y, |Cov(wy, wi)| < C
for w; = ue;. To finish the proof for Rs;, we show Ty = Op(C’X,QT) ford =1...5.
Term T is bounded by (Lemma [E.0),

Z IB; 1S, — B7LS|1)Y2 = Op(CR2).

tere
Term Y5 is bounded by

Op(Cx1) + Op(C ZH—ZAWH“ H—Zoz uie| )" = Op(Cy7)

0 tere
with the assumption that max; E|| -+ T% i \iw;]|* < €, and max;, E|| -+ % i aug||* <
C.
Term Tg is bounded by Op(Cy3) plus

T ly > (e el Hlyp S @ Hyonual)? = Op(C)
telc 7

Term Y, is bounded by Op(Cy3.) plus

XZ@ —H,)\iei =\ F
ZH—Z< i — Hio ) (oo = 7N T

telc

Z ZHCdH 12 = Op(Cy7)

0 tere
where Cy; are defined in the proof of Lemma [E.7
Term Y5 is bounded by, (B is defined in the proof of Lemma [E.7])

Op(Cy7) + Op(1 Z ZHBt B[l Ball[wsel(ejel + 1),

te]c

which is Op(Cy3), using Lemma[E3 that £ Y, ;. I fo— Hy  fil]2e2u2 = Op(CR2).
Finally, the upper block of Tg is bounded by

1D = D;H[0p(1 Z ZHBt Bill[| Batlwjel (Ieje] + 1)

0 tere
+0p(1 Z ”_ Z €jrujtBarl| = Op(ONT)-
tere

Therefore, the upper block of Rs; is Op(Cy5).
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(ii) We now show the upper block of Rg; is Op(Cy3). Let

L Fs€is\ (v gy el 0\ (fs— Hyf,
b= g 2 <g3>(“[f oty )<o |> (ﬁs—Hggs>

selcU{t}
— F0+F1+...—|—F6,

where, by (D.2)),

1 ftejt ) orr— aﬂl 0 1 1 H{)\Z‘eit

PQ = ()\ H s H ) B — Uit
To;(gt> £ 0 I Nzi: Hyo
6 n ~

. 1 tejt ’ 1 / ejtl 0

I, = Z—Oz<g )(AHf, o H ) 0 Ay, d=1,..,6.

d=1 """ tere t

Then Rg; = Dj’ll“. We aim to show that ['y...['s are each Op(Cy7). In addition,
the upper block of T'g is Op(Cy5), while its lower block is OP(CNT) Once this is
done, we then have: lA)j_l(To + ... +T5) = Op(Cx2). Also, due to Dj r_ Dy =
Op(Cyt) and Dj is block diagonal (defined in (D.4])), the upper block of ﬁ;lfﬁ
is also Op(Cy3%). Tt then implies that the upper block of Rg; is Op(Cy>).

The upper block of I'y is

€j¢l Hiieq
L5 ().

sGICU{t}
= th Z)\ exttit + Op(1 the]t Za Uit
tGIC tEIC
- OP(CNT +Op(1 Z ft(f]t Z Aieirui + Op(1 Z ftejt Z QUi
0 tere O tere
= Op(Cy7).

Similarly, the lower block of 'y is

TO Z 9t =7 Z )\ 1€t Ut + OP Z 9t~ Z QU = OP NT)

tele teIC

1 ftejt / 1 7 /e\jtl 0
r, = — NH Y o H ! A

1 Je€it N o1 el 0) =15 Hi'fy
_ L NH o\ H B'S, - B'S
TO;<gt>( o ) (U (B8 = ) Hy'g,
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< OP(CNQT)(Ti > @il + Gl @, + DS+ llgell)*)?

0 tere
= Op(Cy7).
Now let
1/2
( SR - Hefil* + (3 - ggtn?) = Op(Cyb).
tEIC
Then
1 fies, 2. 0
Ty, = — NH o HY | A
2 T0;</g\t>( f ] )(0 I) 2t
1 fies, e 0\ =~ 1 H! \e;
= = NH o H Y | B;'- B~ R TP
] () T Ca [ T G I
o\ 1/2
< 0p(1)D ! > (e +1)? Z(A e”)a
= P jt it
TO tele N
f 2 2 1/2
_ 1 té\'t Ai€it
+0p(Cyyp) TZ ( J) (|€Jt‘+1) NZ< )uit
0 tere gt i @i
= 0p(Cy7)
Next, let
Ni€ir — HiNieq
At‘ﬁZ( &, — Hla, ) "
Then

1 fe€it\ v a1 el 0) 5.4
o= =5 NoHFY o H> BlA
’ Ty tele ( 9t ) Wt ) 0 | C

1/2
< 0pU)D (Tiz<|aﬁ|2+1>2||ftt||2> FOp(1)=

0 tere 0 tere

(f> H (18l + 1) AL

Cauchy Schwarz implies Tio S iere (€t +1)2JAd|? = Op(Cx7). Therefore, the first
term in (IEﬂ) is Op(Cy3). As for the second term in (E23),

T Z [freell + llgel DX+ fejel)l 52 Z(Xz@t — HyXieit)uar|

tEIC %

(E.23)
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= To Z |_ Z H )\ )eztuzt| )1/2

telc

+OP Z |_ Z)\ elt — €t uzt| ) 1/2 + OP( NT) OP(C )

tEIC

where the last equality is due to:

1

T [|—Z( — HiNi)eyuu || E, 1]

10 telc i
=7 m(/\ — AHy) diag(e;)Var(us|E, Idiag(e;) (A — AH,)

tele
1 /
< Op(l) 73 Z(A Hix ZEzezt = Op(Cyyp)-
0 tere

Also similarly, TLO >ere (1% X0.(0 — Hyoy)uy*lI) = Op(Cyz). Therefore, the
second term in (£.23) is Op(Cy3). Thus T's = Op(Cy3).
Next, for Cy defined in the proof of Lemma

fie H el 0\ ~_
F4 = Z Z(t]t )\ f : ]H ) E]t I Btlcvdt

teIC
< OP(l)ZD[TOZ‘%‘ ICal*)"? + Op(1 Z ZHC )12
d=1 telc tEIC

= Op(Cy7), by (E20).

For By defined in the proof of Lemma [E.7]

fieji 1 eytl -1
Iy = ZTOZ< . (NH ' aH ™) — BBy

telc

~ 1
< Op(lmax|[B - 1”2@ =D (el + 1201 Bal 1
tEIC
8
1 1/2 1/2
+0p ()= S 1B, - BP) TOZann
tEIC =1 tele

= OP(C&%), by (E.IS).

Finally, the upper block of I's is

H)\elt _
_thejt e]t>\ B 1NZ ( Hé o ) )‘;ft_xi)‘;ft)

tEIC
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= Z Z ftethdt + OP Z Z ftethdt

telc telc
< Z Z fte]tht + Op(1 Z Z fi(€r —ej) )? B
tGIC tEIC
+0p(1 Z Z Ji(€j¢ — €jt)ejiBa
0 ere
8
1
+0p(1 Z Z fi(€eje — ejt) By + Op(1 Z T frejtBa
telc a=5 "0 e Ie
FOUCTIY o 3 Bl + 0u(C Z ILILARE
d=1 "9 tere 0 tere

= O0p(Cy7), by (EIS) and Lemma [EI1.

The lower block of T'g is, by repeatedly using Cauchy-Schwarz,

Q.E.D.

APPENDIX F. TECHNICAL LEMMAS IN THE FACTOR MODEL

Here we present the intermediate results when x;; admits a factor structure:
_ l/
Tt = LWy + €.

The proof is similar to that of the many mean model, while the main difference

lies on dealing with the effect of €;; — e;.

F.1. The effect of ¢;; — ¢; in the factor model. Let w; be the PC estimator
of w;. Then ZZ = % S, wiswl and € — ey = U H, (W, — Hy 'wy) + (E — U/ H,)wW;.

Lemma F.1. (i) maxy |e; — ey| = Op(énr), where

1
¢nr = (Cy7(max T >, ¢i) 2 +bnratbve,s) (Lmax [[wel|) + (Ot + Crpbyra+bnrs)-

So max;: \@t — eit‘ max;; \eit\ = OP<1)

(ii) All terms below are Op( Cyp), fora fized t: L3 (€n—en)t, 5, (En—ein)?,
and % EZ'(/e\it - eit) €it v N E Ai )\,<ezt eit)eit; % ZZ )\i</e\it - eit)uit-

(iii) % S hiak(@y — ei) = Op(Cyy) for a fived t.
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(iv) All terms below are Op(Cyn>), for a fized j < N:
7 2w 2 cadileie — E) IPILFNP (LAl + llgel)?lesel ), r € {0, 1},
T% D rere LfellPEe — el % Zt¢1 feeji(€e — eju) i, % > Je(€je — eje)uge
Proof. Below we first simplify the expansion of €; — ;. Let K3 = dim(l;). Let

@ be a diagonal matrix consisting of the reciprocal of the first K3 eigenvalues of
XX'/(NT). Let

Cst = N Z(eiseit - Eeiseit)7 = N Z lieit,
o? = %Z Ee?.

For the PC estimator, there is a rotation matrix H,, by (A.1) of Bai (2003), (which
can be simplified due to the serial independence in e;;)

2 2

~ Ha:wt = Q—( H wt) + Q[ TN Zwsllew
—|—Q? zﬁ:’&}scst + QT zs: wswsﬁt-

Move Q"2 (W; — H,wy) to the left hand side (LHS); then LHS becomes
(I— Q" )(W; — Hywy). Note that ||Q]| = Op(1) so Q; == (I — Q%)*l exists whose

eigenvalues all converge to one. Then multiply Q; on both sides, we reach
Wy — Hmwt = QlQ m + = Zwsllezs
+Q1 QT Z wsCst + Ql QT Z wsw;nt~

Next, move Q;Q[% “H, + TN > Wslleislwy to LHS, combined with —H,w;, then
LHS becomes w; — H_ 'w;, where H; ' = (I + QlQ(;)Hw + QlQTN D i Wslies,
where

oN Qﬁ S Wslie;s = op(1). So the eigenvalues of H; ' converge to those of H,,
which are well known to be bounded away from both zero and infinity (Bai, 2003).
Finally, let Ry = @1 Q and Ry, = Q; Q% >, Wswl, we reach

1 _
— Hx_lwt = le Zwsgst + RQT]t. (Fl)

with || R]| + | Rll = Op(1).
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Also, l’ T LS, s, for Q3 = —Hx(Rl% Zm,ng CmsWp W 4 RQ% Do NsWh) =
OP(CNT)v

~

€t —er = lgHm@ﬁt - H;lwt) (l: l H,)w,

. _ 1 VAR
= UH, (0, — H 'wy) + T Z eis (W, — wl H V)i,

1
+o Zeww H, Y@+ [Hom Y (H s — )40

S

. 1 N 1 .
= 7 Z eiswiH Yo, + 72 Z €isCms W, R W, + 7 Z €51 Ry,

s,;m<T
+1/ Qs + l;Hle% > " @,Cut + UH, Rom. (F.2)
(i) We first show that max; ||117t — H'wy|| = Op(1). Define
byt = max || Z ws(eseq — Eeise ||
byr2 = (mfux % Z N Zeiseit — Eeiseit)2)1/2
bty = max ||% Z Liei|
nra = max]l S e

1
bnrs = max [ NT %: lj(ejseis — Eejsess) ||
Then
1 N 1 _ 1
m?X H ? Z wsCst” S OP<1> mtaX ”T Z wsCstH + OP<CN%“)<mtaX T Z <32t)1/2
= Op(bnra + C;,%prT,Q)-
Then by assumption, max; ||@; — H, "wil| = Op(byr,1 +Crrbrra+bnrs) = Op(1).

As such max; ||@;]| = Op(1) + max ||w;]|.
In addition,

_ 1 1
max | 7 S eyl < oP<CN1T><max—Ze?s>l/2<ﬁZci)l/z

m<T s<T s<T s,t<T

1
(max — E 1/2 E . e —
+OP aX ezs - ” TN m (e.]tejs

Eejiejs)we]|*)!/
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1
_ -2 4 2\1/2
= OP<CNT)<mZaX T Z €is) "
S
So maxy |6, — ey| = Op(¢dnr), where
_ 1 _
ONT = (CNQT(mZTdX T Z 6?5)1/2+bNT,4+bNT,5)<1+m?X [we][)+ by +Cyrbnr2+bnTs).
S

(i) Let a € {1,2,4}, and b € {0, 1,2}, and a bounded constant sequence ¢;,
consider, up to a Op(1) multiplier that is independent of (t,1),

FOBCCICEEES SIET ZewwS o
Z — Z ek Pl
*% Zcz'ei’t(% > ent) W+~ Z%t” 301
+%ic,enlf sgwscst NZczenl? ;- (F.3)

Note that

IA

% Z ﬁ}\s Cst

OP N E ws €is€it — Eezsezt>

I, 1 . )
T Zw Z(eiseu — Eeien))?)20p(C1) = Op(CR2

s 7

1 1
NZe?t(TZeisws)“ = O(T™?), a=24, b=0,2

Y X cnst)! < (5 3 c,ig?(izw;f%;(%;ei)?

s,m<T m,s<T

+ Z Z LS ) 20p(CE) = Op(Ci)

m<T 8<T
5 Z C Z i) >
+— Z Z Z eiscm8)20P<C&§“) = OP<C]?7§“)
7 m<T ng

N 2 DA D) = 0r(Cib
i ‘ s !
YA el = 0p(CiR)

IN

IN

%Z(% Z ez‘sgms{ﬁm)2

) s,m<T

[

Tl

-1
o
IA

)
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TR 06 < Z GBS )’ + 0p(Ci) = Op(Ci3)
LSS < oncs
t s
% Z cieit(% Z eisWs) = Op(l)(ﬁ Z Z cichwsle(eitejteiseﬂ\W))l/Q

ij<N sI<T
' X = Op(Cy7) X
N Z Cieit(ﬁ Z eisCms'&?m) S OP(C]:I%) + — Zczezt Z Z ezsCmswm
) s,m<T s<T m<T
< OP<CNT) + OP( Z Z Cmswm 1/2
s<T m<T
Op(Cy7)-
where the last equality follows from the following;:
1 1 9 L 1 1
- > E(- D lmewm)’ = O(T?) + - > - > EwawCov(Cas, Gus| W)
s<T m<T s<T t#£s

b 3 S B Cou(Gne, Gl V)

s<T m;ﬁs t<T

Z Z —Ewi 5 Z E(eisejs|W)E(eiej|W) = O(Cyp)-

s<T t#£s i

With the above results ready, we can proceed proving (ii)(iii) as follows.
Now for a =4,b =10, ¢; = 1, up to a Op(1) multiplier

% Z(@'t —eu)! = % Z(l Z eisws)* + % Z(% Z CisCms W)

s,m<T
1 .
S Z Zewns )1 Q5 () Bila)t i
< OP(C T)-

Fora=2b6=0,¢ =1,

% Z</€\Zt N eit)Q S % Z<l Z 62‘3’(1]8)2 + % Z(% Z ‘eisCms@m)2

s,m<T

AT Z Z 6@5773 + Q% + (% Z @sCst)Q + 77t2

Op(C2).

IA
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Fora=2,b=2¢ =1,

% Z e?t(é\it - eit)2 = % Z ezzt(% Z eisws)Q + % Z e?t(% Z eisCms@m)Q

s,m<T

1 1
+N Z e?t(f Z eistly)” + Q3 + Z WsCt)® + 117
< Op(Cyr).

Next, let a = b =1 and ¢; be any element of \;\,

% zl: ciea(Cit —en) = % Z; Cieit(% Zs: €isWs) + % Z czew(;2 > €isCnstim)

s,m<T
—l—% ; Cz‘eit(% ; €isTl) N Z cieirli Qs
+% ; Cieitli(% ; WsCot) + N Z Ci€itlim
< Op(Cy7).

Next, ignoring an Op(1) multiplier

% Z Az(é\zt — eit)uit S N Z )\ Z EisWsUit
+— Z )\ T2 Z eisCmsﬁ}\muit + % Z )\z% ; €isTsUst

s;m<T
1 1 . 1
—l—N ; Ail; Qi + N ; )\iliUit? ; WeCst + N ; Al
< Op(Cy7).

(iii) Let a = 1,0 = 0 and ¢; be any element of \;o,

%;CZ(TQ\” B eit) = %;Ci(%geist) +%Zcz(% Z eisCmsﬁ}\m)

s,;m<T
1 1 , 1 N
+N Z Cz(f ; eisn,) + Qs + (T ; WsCst) + M
< OP(CNT)

where the dominating term is 7, = Op(Cxp).
(iv) Up to an Op(1) multiplier, for r € {0, 1},

1 1 ~ r
=3l S e — B PIAIZAAI + g Ples PO+
t %
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S ”_Zaz)\szezswsH OP _'_ ”_Zaz)\@TZelsnsH OP
+OP Z CmtTZ||_Zaz>\ 6zs| OP )

mit<T

+|I—Zws@t|l Op(1 Zm||ft|| (Fell =+ [lgell)?lege >+
= Op(Cy5) + ?Zm 1/2013 1) = Op(Cy7),
¢

with the assumptions that Eej,|| fi[|® + Eef, || fill Yllg:ll* + Ee3 |l fell*||we]|* < C and
Eedi [l fell*llwel*llgell? < €, Bz 32, liearl|* < C

Similarly, T% D iere NfillP1€5e — eJt| = Op(Cy7)-
Next, for a fixed i < N,

1 = 1 ~ _
T Z frew@ify = Op(Cyyp), T Z frua®y = Op(Cyry)
t t

1 ~ 1 ~
T Z frewlr = Op(Cyp), T Z frewnifr = Op(CNT)
11 11

Also, h; == % D s CisWs + 1 Z e;sNs + Qs + % ZS m<T eisgmsfu\m = Op(C'_1 ). So

1 =R ~ -
T Z frew(Ew —en)fv < = Z fteztwtfth + = Z fteztft Z WsCst + = Z frein: fr
11 t¢1 t¢1 t¢[
' = Op(C_ )
T Z fileir —e)uy < = Z frugwih; + = Z frua= Z WeCst + = Z fruan,
t
— 040

Lemma F.2. Assume max;; |e;|Cyr = Op(1) and Eef, < C.
Let ¢; be a non-random bounded sequence.
(i) max; % > i€ — ezt) = Op(1+max; [Jw]|* + bNT 2)Cyr + OP(b§1VT1 + bNT3)
max; >, (€ — eir)’e < OP(l + maxy [|w]* + 0yyp,) maxi |eq|*Cy7
JrOP(b?\f:m + bNT 5) Max; 1 v 2 e
max; |N YoicilEw —ei)eir] < Op(1 4 maxy ||we| + byr2) max; leit| Cnr
+ max; || % > cieit| FOp(bnry + byr3).
max, [ 437, (6 — ex)?| < Op(L+max, [urll? + W) 2 + Op (B, + i)
max; 3 (6 — €ir)” < Op(1+ max; [well* + br,2) Ox7 + Op(Wir, + Uivrs)
max; |%Z ci(@i—eir)| < Op(14+maxy [|we]])Cym+Op(byri+byrs+Cnrbyrs)-
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max; % PG eir)? < OP<b?VT4 + bNT5 + C&%)-

(u) All terms below are Op(Cy3): ~z dou (@ — €ir)*

NT Zn(ezt ezt) ; NT Zzt zt(ezt eit)Q’ %Zt |% Zz Ci(eit - /e\it)|2’ and

T D rere Do ftftejtcle,t(en eit) for r ={0,1,2}, for a fized j.

ﬁ Y osere 2 Jifejci(€w — ei) for a fized j.

(iii) All terms below are Op(Cyp): =3 |+ > i@ — ein)eul?,

7 oo |x s i@ — )P, 7 200 | 220 ci@ie — eauarl,

For a fited j < N, and r < 2,

7 2o | 2o cieanely (@i — ean) fil* + 7 Dosere (lejel + 1)%ul] 5y 2o, ciear (€ — ear)|?

Proof. (i) First, in the proof of Lemma [E.1{(i), we showed max, ||@;]| < Op(1 +
max; ||w;||). By the proof of Lemma [F.1[(ii),

1 = 1 1 N 1 1 ~ .
mAX Z<e“ —en)t < N : <T g eisws)* max y + N Z(ﬁ S;T €isCmsm)* max wy
. m<
~4 4 ~4 ~ - N4 4
N Z Z €isTs) max w, + Qs max wy + mgmx(? Z WsCst)” + maxj,
< Op(1 + max ||wt|| + bNT,Q)(C]:fLII“) + OP(b?VT,l + bleT,?;)'

Next,

1 1
2~ 2 _ Y ~2 42 ~2
max E e (e —ei)” = max E e ( E €isWs) Max w; + max v E el Q3 max g

7 7

1 2 ] ~ \2 ~2
+mtaXNZeit(ﬁ Z €isCmsWim,) max w;

s,m<T

1 2 1 /\2 ~2
+m?X—§ %(—E CisT],)” MaX W
N 1
+max— E 6th2 g wsgst)2+m?XN§ exlin;

i

IN

S
Op(1 + mas [uy][? + ) max [ea POy

1
+OP(b?VT,1 + b?VT,?)) hax 7 Z &

i

1 N 1 1 ~
N Z Cieit(eit - eit) mftX N Z Cieit(f Z eisws)wt

i 1 1 S
+m?X—Zcieit ﬁ Z eisCmswm>wt

s,m<T

A 1 A
+ max — E ciei(= E €ists) Wy + max N E cieil; Qs max w

i

IA
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1 1 R 1
+ max Z cieitli(? Z WsCst) + MAX Z cieil; max

Op(1 + i ] + byr) ma eul O

IN

1
+ mbe I N Z cieitlil| FOp(bnra + bnT3).

1 2 1 1 2 o 1 N2 2
MAax ch(e,t ei): < — cl(f Zeisws) max g + mgmx(f Zwsg;t) + max iy,

1 1 A IR
_'_NZCZ(ﬁ Z eisg“mswm)z maxwf

i s,m<T
2
N E ci(= E €isTs) maxwt +max Q3wt

Op(1+max||wt|| ‘|‘bNT2)CNT+OP(b?VT1 +bNT3)
1 ~
mfxx N Z ci(€ir —eir) < N ; ci( T ; CisWs) mﬁxwt
1 1 ~ ~
+—= Z Cz(ﬁ Z €isCmsWm) max wy

s,m<T

IN

N Z ci(= Z CisTs) max Wy + Qs max Wy

+ ml?dX Z wsgst + maX Ur

< Op(1+ m?X Jwi)CnF + Op(bnra + by + Crpbyra).
Finally,
1 1 1 o, 1 ~
max Z(@-t —ey)? < max Z Z eiswiHM)? + max 7 Z wf(ﬁ Z €isCmsiln, R))?
‘ t ‘ t s,m<T

+max 2 Z Z A TS o)

1
+max ;(z H,Ri— Zwsgst —i—maX—Znt (I'H,Ry)*
< Op(bipa+bips+ CNT)

(i) Note that max; ||@:]|* = Op(1) + Op(1) maxy ||we||* < Op(1) + 0p(Cnr),
where the last inequality follows from the assumption that max; |w;||* = op(C NT).

1 -~ 4 1 112 P 1
ﬁzt(en—eit) < ?;Hwtﬂ max [ *[= > (= D eisws) + Op(1 T2 POREN

7 s s,m<T
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7 ZHth?maxuth Z Zewns )+ Qff
TZ ZCSt OP NT Znt TZ Zujsgst4

< (0Op(1 )+0P(CNT))CNT+OP(C )
+0p(1 Z Z Ewjw,wirwsE(CseCre e |W)

s,k l,m<T

= OP(CNT)'
Similarly, ﬁ > —en)? = Op(Cy7)-

1 . 1 o, 1 1 1
~NT Z e (€ —en)? < NT Z G?twg(f Z €ists)” + NT Z G?tw?(? Z eisWs )
it

it s s
1 2 ~o, 1 2 1 2 ~2 07
+W g €Wy (ﬁ S;T €isCmsW )~ + NT Z 2w (1,Qs5)?
1 1
tNT %: ezzt(l;? ES: Wer)? Z ei(lime)* = Op(CNT)-

Next,

1 1 . 1 o1 1
T t(ﬁzcz(ezt ezt))2 < ? w?(ﬁzcifzeiswé,')z

) t ) s

% s,m<T
b S H D e S ean
+T;A§ : ;Xt:(%;@scﬁ) _'_T;ntz
= Op(Cy7).

Finally, forr=20,1,2, and p=10,1,

TN Z Z ]tcz zt ezt eit)

telc 14
1 L
— ; Z Ci€ ztthQ S;T ezsCmswm + p— ; Z cieftli— Z wSCst
;wtft Jtzczezt Qs + —— TN tez[:cftwt ]thz Cup Zezs Wy + 1)

Z Z ciepling

tEIC
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= % > fes, Zcz Citrr Z eis (s +115) + 7 Z fer Zcieftlmt + Op(CR2),

tEIC te[c

where the last equality is due to: 2> (>, wis)®> = Op(Cyp) and Q3 =
Op(Cy%). Now for p =1,

1 ~ = 1 , =
TN Z Z ftftegtciezt(ez‘t —ey) = OP(CNT) + TN Z Z ftzejtcieit<eit — €it)

telc 1 telc 1

1 O 1 .
= TN Z ftwf Jt Z CiCit Z ezs ws + 773 TN Z ftzejt Z clenlmt + OP(C )
tele tele i
= Op(Cy7)

where the last equality is due to 2 >, (2 3, (ws + ns)eisenc;)? = Op(Cyr); and

%Zt(% Z eltcz) = Op(Cy )
Forp—()andr—l,

prm— Z Z f;ejtci(/e\it - eit)
teIC i
= Z Ci= Z ezs Ws + ns + OP Z ft €jtT =+ OP<CNT>
telc
= OP(CNT)'
(iii)
—Z Zc@ G — ein)en)”

< max W, — HmthZ% Z Z Cim Z CisWseit)> + — Z Z Cilit— S<ZT €isCms)’]
l Z w?[(i Z Ci_ Z eiswseit) = Z Z CiCit— Z ew(’ms

s<T

+5 Z 7 Z i Z €istlsci)” Z Z cliea) Qs
? ; Z Cll ezt ? ; C52t Z ?7t ; Cilieit = OP<C]?/'f11")
Similarly, % Zt(% Zj ci(€ir — eit)uit)2> % Zt616(|€jt| + 1?“?1&(% Zz cieir (€ — eit))2

and
T e [ 2o ciea(@i — e))? are all Op(Cyy) (for fixed j and r < 2).
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Next, to bound £ 3°,(% > i€ — €:)?)?, we first bound £ >, @}. By (EI),
1 N 1 ~ _
a Y @ < 0p(1)+ T > |l — Hy
t t
1 1 1 1 1 _
< Op) + = Il S IR S il + £ S S G on(csh)
t t s t s

= Op(1)
Thus
1 1 ~ 2
7 25y 2 el —e)’)
telc i
S DTS VLD >2>2+12@4<izc-<12e 1))
— TtEIC t N Z (3 T - 18 S TtEIC t N : (2 T - 18'[|s
1 N 1 1 _
+? Z wag + ? Z N + 7 Z Z wsCst T Z(? Z <52t)20P<CN§“)
. tele . te{c . telc tele s
+T @?(NZCZT Z(Tzezsgns) )2 = OP(CJ:T;{)
tele % m<T s<T

F.2. Behavior of the preliminary in the factor model. Recall that

(fs,Gs) := arg mlnz (Yis — g5 — xisngs)Q, s e I°U{t}.

fs,gs —

and
()\Z,a,) = argmln Z (Yis — igs — x%kéﬁ){ 1=1,...,N.
Ane ' seleu{t}
The goal of this section is still to show that the effect of the preliminary es-
timation is negligible. Specifically, we aim to show, for each fixed t € I¢, fixed
1< N,

\/_Z Hl ) e]t = OP<\/NC]:[§“)7
\/— Z fs 1fs_fs)eis = OP<\/TC]:/§’>

selcu{t}
Let L denote N x K3 matrix of [;, so X, = Lw,+e,. Also let W be T' x K3 matrix
Of Wg.
Define

- 1~ -
Dss = NA’diag(Xs)Madiag(Xs)A
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Dy = %A’(diag(Xs)Madiag(Xs)A
Dy = %A’E((diag(es)Madiag(es))A+%A’(diag(st)Madiag(LwS)A
Dy = %ﬁ’diag(Xi)Mgdiag(Xi)ﬁ
Dy = P (diag(X,)M,diag(X,))F

_ 1 1
D, = TF’E(diag(Ei)Mgdiag(Ei))F+fF'(diag(Wli)Mgdiag(Wli))F

Lemma F.3. Suppose max;; e + max; ||wi||* = op(Cyr). Also, there is ¢ > 0, so
that
min, min; QZJJ(Dfs) > c. Then

(i) max, | Dy, || = Op(1).

(i1) 7 X erensy |1 D7 = (Hi Dy Hi)7H? = Op(Cy7)-

Proof. The proof is mostly the same as that of Lemma [E. 1l The only difference is
in the proof of (ii), where we need to show £ > ||Dss — Dysl|> = Op(Cy5)-

= Z 1Ds. — Dyl < Z I DA Moty = By~ ) I
= Z I+ D AN Mo el
s Z ”_ Z Ai X Mo siliwse;s| 5
We assume dim(\;) = dim(pi) = 1. As for the first term, it is less than
- Z Var(= Z AN Mo ijeisejs)
< — Z Z |Cov €is€js, €ksels)| = O(N™ o)

ijkl

IA

provided that % Zijkl Cov(e;sejs, exsers) < C. As for the second term, it is less
than

Z Ews NE Z |C0V €is, els|ws)‘ - ( )

provided that %Z” |Cov(es, €j5|ws)| < oo and ||Eesel|| < oo. So + >, ||Dss —
Dyl = Op(N7Y).
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Lemma F.4. (i) For each fized t € I¢, H{ ' f, — fi= Op(Cyy)-
(ii) For each fized i < N, % ngcu{t} fo(H s — fS)e,Zj = Op(VTCR2).
(i11) For each fized i < N, % D sereuis) ws fs(Hy ' fs = fs)eis = Op(VTCORS).

Proof. We highlight the similarity and main differences from the proof of Lemma
E2

We have the same expansion.

~ .1~
f, = D}?;NA’diag(Xs)Mays
~ .1~ ~
= Hilfs + DilNA/diag<Xs>M&<AH2 - A>Hglgs
+D7, 1NA’d|ag(Xs)Madiag(X )(AH, — A)H{ ',

+D7, 1N/\’dlag(Xs)ZMaus. (F.4)
Step 1, the same proof yields
Z foeis(D7} — (HiD,Hy) ™ )= /N\’diag(Xs)Ma(AHg — A)H; g,
S OP \/_CNT ZAQ Zfsgseisxjs)Q]l/Q
S \/_CNT Z >‘2 Z fsgseisejs)2]1/2
+0p(VTCRL)| Z)\ZZQ Zfsgseisws)Q]l/Q
< Op(VTCRZ) + Op( \F TCONE) Z E/(= Zfsgsewejs )2

_'_OP \/_CNT ZEI Zfsgsezsws ]1/2
- OP(\/_CNT)-
Put together,

1 ~ 1~ . ~ _
T 2 Dy 5N diag(X )M (A, — A)Hyg, = Op(VTCi).
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Step 2: recall that Mz,;; and Ps;; are the (i,7) th component of Mz and
A(A'A)* A" and write Psii = ~pip;.

% Z feeis(DF, — (H{Dle)1)%K’diag(Xs)Madiag(Xs)(AH1 — N H; L,
OPWT_NC&%XEZ%ZVEW D2 P s )2
+Op(VINCR)( ZNQZW‘ WL ] fess )2
FORVTOR) (7 3 03 0 By P | P el )

s k#j
= Op(VTCR2).

Step 3: the same proof yields:
1 1~, .. .
<ﬁ > fsel-s(H{DmHl)*lﬁA’dmg(Xs)(Ma — M,)diag(X,)(AH, — A)Hy ' f,)?

< Op(TCx7).

IN

Step 4: let z;s = >, XkMa,ijks,

% Z fseis(H{Dle)_1iT\’diag(Xs)Madiag(Xs)(AH1 — NH ',
< OP<\/_CNT) Z Z 12 €is%jsTjs) ]1/2
J

To bound the last line, note that

N Z Z fleiszjstss)?

~ Z Z Er(f2eisa,) 2 (N Mo ) + Op(l)% Z % ;(% > Erfirgeis)’
+N Z Var; (= Z fleiszjats) -

% Z Z Er(f2eisa,)? (N — Hi\j)? + Op(1 Z Z E/f2eisel,)?

+o;< )% Z Z Erfleidjwsej)’ + Op(1 Z Z LS B eenses)?
+0p(1 Z Z LSTE Pependu,)? T

J k#j s

IA

IA



100 VICTOR CHERNOZHUKOV, CHRISTIAN HANSEN, YUAN LIAO, AND YINCHU ZHU

+0p(1 Z Z L SCE flansenes)? + Op(TY) = Op(Ci2)

J k#j s

given that E |Er(eisejs| fss ws)|+ % Zk# |Er(exs€isejs| fs, ws)| < co. Put together,

%Z fsest 1—A’d.ag,-()(s)Madiag(x)(AH1 NH f, = Op(VTCRE).

N
Step 5:
1~
\/_ > feeis(D 7o = (H1D,Hy) ™) - N'diag (X,) Mz,
selcu{t}
1~
< Op(VICEH (5 S |fseisn Neiag(X,) Mzaw )
SEICU{t}
S OP(\/TCNT Z EI s ZSNZ)\] js 1/2
SEICU{t}
S OP<ﬁCNT Z Z)\2 S zs ]s 1/2
SEICU{t}
1
+Op(\/TC;,T)(T > Eiflewd) (= sz? W2 = 0p(VTCR2).
seleu{t}
Step 6:
\F > feew(H{DHy) ™ K’diag(Xs)(Ma—Ma)us
selcu{t}
1 ~
< \/_CNT Z”_ Z UsteiS\/—NxﬁH%)‘?)l/Q

selcu{t}

_ 1 1
< 0P<\/TCNT)<mJaX B/ se;{t} g fseis\/—ﬁxjsH%\ X, E, F))4?
< Op(Cyp)(maxVary(ugs fyeist;:))V* = Op(Cyp) = Op(VTCyy).
JKSs
Step 7:

1 ~
ﬁ > fsezs(H{Dle)’lﬁ(A—AHl)’diag(Xs)Maus
SEICU{t}

IA

Z Z Effsz jS st/ Var[<us|€s7w37-f5) a])1/2

sGICU{t}

Op(Cyr)( Z > Erflalel | Ma|*)? = Op(Cry) = Op(VTCRY).

J sGICU{t}

IN
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Finally,
> feei(H{ D Hy) ™ H{A’diag(XS)Maus
\/_ sGICU{t} N
< OP(N D (E;f2 [} ZSA’dlag(X )M E;(ustl|es, fo) Modiag(X,)A)Y?
S 1/2 Z EI zs jS 1/2 OP(N_l/z) = OP(\/TC]:T%“)

Put together, we have \F Zselcu{t} fsewaslji,A'dlag( Xs)Mzus = Op(\/TC’;,ZT).
Thus —= 37 jeyqy fs(H U — fei = Op(WTCR2). Q.ED.
(iii) The proof is the same as that of (ii).
Lemma F.5. Suppose max;; ¢4, = Op(min{N,T}). (i) &||F—FH "% = Op(Cy%) =
%HG_ Gngl/H%’ and %Zte[ﬂ ||ft Hy ftH2 ltult OP(C )
(ii) max; || Dy;'[| = Op(1).
(iii) & 3 |IDy' — (Hy ' DxH ) 7Y = Op(C37).
Proof. (i) The proof is very similar to that of Lemma [E.I], hence we omit the
details for (i)(ii). As for (iii), the same proof as in Lemma [E.3] shows

1 ~_ /
¥ 2 I3 = (B Dt )

OP<CNT> + OP Z H T Z fsft g,st xzsxzt Eezsezt l; wsl/wt)”p

IN

IA

OP(CNT + OP Z || m Z fsft g,st ezsezt Eezsezt) ||F

+0p(1 Z H—Zfsft My sutwseelli

< Op(Cy7) +0p(1 ZH_thwtethFJFOP ZH_thgt@thF
= Op(Cy7).
Q.E.D.

Lemma F.6. Suppose Var(u,le;, es,ws) < C and Cyh max;, |4|> = Op(1).

(i) For each fized t € I€, \/1_ STHIN — Neiw = Op(VNCORR).

(ii) For each i < N, \; — Ay = Op(CL).

(iti) For each fized j < N, 73, lweejif/|P]l% >o; Meali(hi — HIN)||? =
Op(Cy7).
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Proof. We have the same expansion
A= 5_.1%]5’diag(X,~)M§y,~
= Hi\+ DMllF diag(X;)M;(GH, " — G)Hbov,
+DM1?F diag(X;) Mzdiag(X,)(FH; Y — F)H\\; + ﬁMl%ﬁ’diag(Xi)Mgui.

We highlight the similarity and differences from the proof of Lemma [E.4l
Step 1: given Ee}, f2 + e fiw? < C,

—Zeit(ﬁ;—(Hle,\in) )TFdlag( DM;(GHyY — G)Hboy

IN

Op(VRC) + Op(VRC) (5 ST — Hy ) max |

IN

Op(VNC2) + Op(VNC3) max |z;5| = Op(VNCRZ).
Step 2: Dy; is nonrandom given W, G, F,

1~ .~
Zelt (H{'DyHTY)™ I?F’diag(Xi)Mg(GHgl — G)Hya

IN

Op(\/_CNT)( 1/2 61/2) where

a = —Z fs H fs ZazeztD)\z xzs
b = T;fs N;aieitD)\ixis

We now bound each term. As for b, note that for each fixed t,

1 _
E((— Z ozieitD;ilxis)2|F, G, W, ug)

< Za eZtDM eis|F, G, W, uy) 24 E(— Za eztDMll ws|F, G, VV,us)2
C C w,l|? _
< N + ”N | + (EN ;aieiteisDM1|F, G, W, uy)? (F.5)

with the assumption % Zij |Cov(ejiejs, eeis|F, G, W, us)| < C. So
1 1 _
Eb S — Z f2 - Z()éieitD;il.’EiS)z S O(C&%)

a = — Zf A’dlag s) Mzdiag(X,)(AH; — Za i Dy s )?
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- 1
+= Z —A’dlag (X,)Madiag(X,)(AH, — A ZaleltDM Tis)?

T Z D 1—A’dlag o) Mzu,)? Za i Dy s )?

S OP<C]Y/T> max xst ; Ef2 Z OéieitD)Til'ris)z
1 -
+Op(1)f Z(NA diag(X;) Mz us Za ewD/\Z x,s
< Op(Cy7)

where reaching the last inequality is similar to the proof in Lemma [E.4] based on
F3).
Put together, a'/? + b2 = O(Cyy). So the first term in the expansion of

1 ~ 1~ L~
\/—N;e@'tDMI?F’dlag(Xi)Mg(GHQ U — Q)Ha; = OP(\/_CNT)
Step 3: the same proof as in Lemma [E.4] yields

1 ~_ _1 = 1/ 1 -~ . . _1/ -~
i > ea(Dy! = (Hy'DyHY) 1)fF’d.ag(Xi)Mgd.ag()(i)(FH1 UV FYH! N

Step 4: similar to the proof in Lemma [E.4]
1 = g 1= TN i =
i ;eit(Hl "Dy Hy )T S (F = FH;Y) diag(X;) Mydiag(X0) (FHy ¥ — F)H{ A,

Op(VNCH2) +\/N% > (fo— Hi'f.)? ZAeZtDM a2,

IA

VAN

172
Ai lz

+ maxxz?sOP(\/_CNT Z Wi~ N Z )\J jss N Z Aiea D3I}

+\/_ Z w3 A’dlag( YMyug)? Z Niei D2
op(\/ﬁc];T).

Op(VNC2) + max 22.0p(VNCRE) ﬁ Z gsw Z ey Dy,

IA
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Step 5: the same proof as in Lemma [E.4] yields
1 _1 = AN 1 . . _1/ =~
N Z ea( HT Dy HY) 1?F’d|ag(Xi)(M§ — M,)diag(X,)(FH Y — F)H\

< Op(VNCHD),
Step 6:

1 PP R _ =
T Zeit(Hl 'DyHY) 1TF’dlag(Xi)Mgdlag(Xi)(FHl V' FYH )\
< OP \/_CNT Z f2 Z Ai xzseltD)\z 1/2
+O0p(VNCRE)( ng szs)\ e Dy Z fexiege)®)?
k

= Op(VNCyp)(a'? +bl/2)

We aim to show a = OP(CN?F) b.

Ea = — Z Ef2( Z Nageqi Dy

< = Z e ZEfQ)\ D'\ Dy E (e e3, |[F)Cov(ew, eji|F, G, W)
+a Z E f§m Z Nl2w?D3 A\ jp2 Dy M Cov(eir, €5t F, G, W)
+= Z EffN2 ZA Liws Dy} Dy Al jw,E(ejseis| F)Cov(eje, ex|F, G, W)
= ?P( b, . ’ o
Eb = — > ng(ﬁ Z :L‘is)\ieitD;ilf > fewings)’
= OP(SC&ZT)- Z k

Therefore the second term is

1 ~ 1~ ;o o~
i Z eitD;ilTF’diag(Xi)Mgdiag(Xi)(FHl_l — F)H|); = Op(V'NCR2).
Step 7: \/— S eztDM %F’dlag(Xi)Mgui. The same proof yields

~ e~ -
ﬁ Z ei(Dy} — (H{'DyHY) 1)TF diag(X;) Mzu; < Op(VNCORE).
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\/_ ZeztDM = (F — FH;"Ydiag(X,) Msu; < Op(VNCR2)

a1

1 _
ﬁZeitD/\i — F'diag(X,) (M — My)u; < Op(VNCRZ).

Step 8:
1 _ 1 )
E(\/—N ; eitDleF dlag(Xi)]Wgui)2 = OP(CNZT)-

Together, <= 37, (H{A; — Mi)ey = Op(VTCR3). QED.
The proof of part (iii) follows from the same arguments as in part (i). While
a rigorous proof still follows from substituting in the expansion of \; — H 1Ai, the

details would be mostly very similar. So we omit it for brevity.

F.3. Technical lemmas for ﬁ in the factor model.

Lemma F.7. For each fized t, (i) B,— B= Op(Cyy).
(ii) The upper two blocks of B;'S, — B7S are both Op(Cy%).

Proof. Throughout the proof, we assume dim(q;) = dim();) = 1 without loss of
generality. We highlight the similarity and differences from the proofs of Lemma

(i) B, — B = by + by, where

o L Z i )\;Aft HINNH e Ndley — Hiha; Hyes
N - ai)»eit - H/Oz')\iH{Git 62,62; — HéOéiOé;HQ

by = Z H{NN.H(e Ee?t) Hi)\ijo;Hley .
N Hou N\ H 1€ 0
To prove the convergence of by, the same proof as in Lemma [E.5 yields (by Lemma

[E.1),
1 -
N Z (€, — )

N 1 N
Op(Cyy) max|&y — exr| max |ex| + Op(Crp) (5 D@ — ei))'?

IN

1 N 1 ~ i
N Z(eit — i)’ + OP<CNT)<N Z(eit ei)’ely) !

i

+0p(1)

+Op Z Yy X Gn ezt)ezt = OP(CNT)
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In addition,

N Z )\ ezt ezt

1 .
Op(CJQQT) max |€ir — eq] + OP(CFT)(N Z(eit — ey))V/?

IA

i

"—OP Z i 04 ezt elt OP(C]:/%>

So the same proof as in Lemma yields b = Op(Cyr). In addition, by =
Op(N~1/2). Hence B, — B = Op(Cy1).
(ii) We first bound the four blocks of §t — S. We have S\t — S =c¢+d,

G = — Z ( )\ A; H162t<€zt - €zt) + )\ )\,< — ?t) S\/l(/e\zt _ eit)<05gH2 . ag))

a;NiHy (e — €y) + a;(N.Hy — )\')(elt eit) 0
s 1 Z (WNHy — N\)ed — HINNHy — NDEe2 New(alHy — &)
b Ozi()\/Hl )\ )eit 0 .

Call each block of ¢; to be ¢;;...c;4 in the clockwise order. Note that ¢;4 = 0.

As for ¢; 1, it follows from Lemma [F.] that
1 ~ - 1 - _
N Z NXiHnea(@r — en) < (5 Y en(@a — ei)’)*Op(Ciy)

+0p(1 Z Aidieir(€r — eir) < Op(Cyr).

We have also shown = >, NN — €2) = Op(CR2). Thus ;1 = Op(CR2).
For ¢; 2, from Lemma [F11]

1 ~ _
N Z )\i(eit - Gz‘t)(Oé;Hz - 04;)

~ 1y, L ~ _
< Op(Cy3) max|eq — 8l + Op(Cib) (5 D (@ — e)*) 2 = Op(Ci3).

For the third term of ¢, similarly, + >, & (XN, H; — X;)(é\zt —ey) = Op(Cy3). Also,
by Lemma [F.1],
I ¢~ .
N Z ;N (ei — €it)
i ] ~
< OP(C&%F)(N Z(@it —en))V2 4+ 0p(1 Z ot (Ey — eir)

i



INFERENCE FOR HETEROGENEOUS EFFECTS USING LOW-RANK ESTIMATIONS 107
< OP<CNT)
So ¢;3 = Op(Cyt). As for d;, the same proof of Lemma [E.5] shows that d; =
Or(Cy7). ~
Put together, we have: S; — S = ¢; + d; = Op(Cy1). On the other hand, the

upper two blocks of §t — S are Op(Cy>), determined by ¢4 1, ¢ and the upper
blocks of d;. In addition, note that both B, S are block diagonal matrices, and the
diagonal blocks of S are Op(Cyy). Due to

Bi'S,—B'S = (B/'=B Y8, —S)+(B' =B 1)S+B(5 - 9),

hence the upper blocks of B; 'S, — B~1S are both Op(Cx%)-
Q.E.D.

Lemma F.8. Suppose Cy 1 max;; |e;|* + max, ||% Yo ANideieq]lr = op(1).
(i) max; || B '[| = Op(1).
(1) 7 2 ogr | B = B7H? = Op(Cy7),

(1ii) Write
~ A
G _s= (1)
Ap

whose partition matches with that of (f/,g;). Then = ;. |Aull*> = Op(Cy7)
and 7 3 ere [[1Ae]* = Op(Cy7).

Proof. Define

1 H{NN.Hé 0
B, = — 177 it )
t N Z ( 0 Héai()ng2>

Then ét — Bt = blt + bgt,
o Z )\;Aft HINNH €% Ndley — Hi o Hes
TN aiNey — Hyou\Hley  da, — Hyouol Hy

Hi\,a;Hle;
b _ 17N\ L1 9Cq¢ )
2 N Z <H’az>\ Hley 0 )

The proof is similar to that of Lemma [E.0] with the main difference from dealing

with terms involving €;; — e;. Those are bounded by Lemma [F.2
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(i) By assumption max; |by| = op(1). It suffices to show max, |by| = op(1).
First term: it follows from Lemma that

1 NN (22 2
max HN Z i€ — el

1 ~ 1 - .
Or(W)(5 D A = Hix )2 max| > (@ —en)' + (B — en)’el)?

IA

i

1 ~ ~ ~
+N Z 1A — H{N %2 max |(€ir — eir)ei| + mgxx(eit —ey)?]
1 ~
+0p(1) max HN Z AN (€ir — eir)ei||

1 ~
+OP(1) m?X || N Z )\Z)\;(elt — eit)2||p

IN

Op(1 + max [lw[|* + by72)Cn7 + Op(byr, + byrs)

_ 1 _
+0p(1+max |wi| + byr) max[eu|Crp + Op(bxr + byrs) (max Y ) PON:

_ _ 1
+O0p($xrCyr) + dnr max|eq|Cyp + max ||+ > cieulil|FOp(bar, + byrs)

= 0P<1>7
given assumptions C’;,lT(bNTQ + max, ||w||) max |e; | = op(1), ¢nrmaxy |ey] =
OP(]_), maxy || % Zz eitai)\;HF = Op(]_), and (bNT,l +bNT73)[(maXt % Zz G?t)1/20&r}+
1] = Op(].).

In addition, max; ||+ 3", (M — HIAN Hy)el|| < Op(Cyp) maxy €4 = op(1). So
the first term of max; [by| is op(1).

Second term,

maXH—Z)\ ezt €it HF

IA

max|elt—elt| ZH >\ — H\\)(q; — Hyaw)'|| e

1 ~
+0p(1 Z ”)\ HiN |+ Z la; — Hayou| )1/2 maX(N Z(eit - eit>2)1/2

i

+0p(1 )max||—Z)\ o (€ — er)||
< Op(pnr + 1+ HIELX ||wt||)CNT + Op(byra + byrs + C&%prT,Q) = op(1).

The rest of the proof is the same as that of Lemma [E.6l



INFERENCE FOR HETEROGENEOUS EFFECTS USING LOW-RANK ESTIMATIONS 109

(ii) It suffices to prove %Zselcu{t} 161:]|% = Op(Cy>) = 2

First term of by;: by Lemma [F.2]

—ZWX)V%HM%%@

tele

1 1 .
< OP(CNT)maX|en—en| max|e,t| + Op(Cy2) = ZN (€ — ei)?

T

+0p(1) 1 Y (5 Y@ — eu? + On(CR) 1 3 - D6 -

tele % tele %

1 1 o )
~|>OP(1)T Z(_ Z )\z)\l(ezt - eit)eit)2 + OP(CN%)

tele

< Op( NT¢NT)maX|€zt| +0p(Cy7) = Op(Cy7)-

Second term of by;: still by Lemma [F.2]

— Z ||— Z Ney — Hidoy Hbe||

te]c

1 ~
Op(Cyr )maxf Z(eit — )’ + OP<CNT>N

+ ZII—ZMI (@it — ein) |l + Op(Cy7)

te]c

IA

o (@

it

< OP<b?VT4 + bar 75+ CN#)Cxr + Op(Cr7) = Op(Cy7).

The rest of the proof for 7 > sereuft) |b1e]|2 = Op(Cya) = %Zselcu{t} || b2 ||% is

the same as that of Lemma [E.Gl
(iii) Note that §t — S = ¢ + d;, where

. Z < NXHiei(B — eir) + AN(E — €3)
N AN Hy (e — €) + ai(NoHy — X)) (8 — exr)
(WNHy — N\)ed — HIN(NHy — X)Ee2
N Z &N Hy — e
As for the upper blocks of ¢;, by Lemma 2
(11) All terms below are Op(Cy7): ~= Ezt(e,t eir)?

N7 i€ =€), w7 2o (@i — ezt) and 732, |3 32
(111) All terms below are Op(Cy7): =5, ||+ E AN (€3 —

F 2l D0 A€ — ean)? |13

dt:

i@ — en)(alHy — &)

Xieit (Oé;HQ —

0

iké(eit -

€z‘t)€z’tHfm

T Zselcu{t} Hb2tH%-

eit)2

0

az;)) |

&)l

)
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IA

IA

Also,

Similarly, 2 Y. |2 32, @& (MH; — M@ — ea) |2 = 0P<cf4

_ZH—ZAAHﬁn €it — ezt)HF

telc
ZIIA HiA, ||2NT§;; 5 (@ — en)”
+OP Z”—Z)\)\ezt €it — elt)”F
OP(C ) tGI
_ZH_ZAX —ei)ll%
tGIC

(& Z A = HiN ) max((@: — ea)']
1 1 ~ R
725 Z X = HXP el max @ — el

telc

+— ZH)\ H’>\ ||2NTZZ ezt_ezt + (€t —

telc 1

eit)QezZt]

+= Z”_Z)\ )\/ ezt €it ezt”F Z H_Z)\ )\/ ezt ezt HF

tGIC te[(‘

Op(C4).

_ZH_Z)\ € — ex)(aHy — af) || 7

telc

IN

~ Z o Ha — -||2— Z I = Hihi|* max(@; — eq)?

+0p(1 Zua H2—~’H2NZ 2 (B = ea)? = Op(Cy).

% telc

). Finally,

_Z||_Za)‘H1 (e —@)l7 = OP(CNT )+ Op(1 Z||_Za)‘ (eir — @)%

tele

tEIC

= Op(Cy}).

So if we let the two upper blocks of ¢; be ¢ 1, ¢ 2, and the third block of ¢; be

ces, then 737 e fleea |l

Op(Cyr)-

+ %Ete[c ||Ct,2||% = OP(C]:[ZY{) while %Etelc ||Ct73||% =
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As for the blocks of d;, let d; 1, ..., d; 3 denote the nonzero blocks, then the same
proof as in Lemma shows &>, [|di||3 = Op(Cyp) for k=1,2,3.
Together, we have

1 1 1
7 Al < =Y e +dial® + 5 D llewe + diall® = Op(Cit)

tele tele te1

and 7 3o [ Dl = 7 X llcrs + digll> = Op(CR7).
Q.ED.

Lemma F.9. For terms defined in (D.2), and for each fized t € I¢,
(i) Sy Au = Op(Ci2) -
(it) For the “upper block” of Agr, % >, M€ (LN fy — LwNi fy) = Op(Cyr).
(i4i) The upper block of Ay is Op(Cy>).
Proof. Term Ay is the same as that of Lemma [E.7]
Term As;: based on the proof of Lemma [E.7] the only difference is to bound the

following term, which involves €;; — e;;:
1 T~
N Z()\iez‘t - H{)\ieit)uit

< OP(CKrlT)( Z(é\it — eit)2)1/2 + OP(CNT + Op(1 Z i€t — €it) Uit

i

N
= Op(Cy7)
where the last equality follows from Lemma [E.1l
Term Ay. It suffices to prove each of the terms defined in (E.I9), with p; = lawy,
is Op(Cy=). Given Lemma [l the proof follows from repeatedly applying the
Cauchy-Schwarz inequality and is straightforward.

Term As;. Given B; ' — B™! = Op(Cy1), it suffices to prove the following terms
are Op(Cy3).

By = Z)\ ei(@i — i) (i — HIN)' fo
By = N Z Aieit (i — eit))\iHlﬁ

1 . ~
By = 2 deuliwi(hi = H)'fi

1 ~
B4t = N Z )\Z‘eitl;th;Hl(ft - Hl_lft)
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5t = N Z Oéz ezt ezt H/)\ ) f <F6)
and that the following terms are Op(Cyy):
1 N ~
Bg = N Z ;@i — eu) N Hu fi
1 . -
By = N Z ail;wt()\i - H{)\i),ft
1 o
By = Z o llw N Hy (f, — HTf). (F.7)

In fact, By, Bs; ~ Bg; follow immediately from the Cauchy-Schwarz inequality.
By, = OP(CX/%) due to Lemma [F.1l Term Bs; follows from Lemma Finally,
By = Op(Cyr) % Do M\, = Op(Cy5).

(ii) “upper block” of Ag. Note that lw, — l?u\}t =€y — €.

From the proof of (i), we have By = Op(Cy7), for d = 1,...,4. Tt follows
immediately that < >, Nieg (Lw A, f; — @A;ﬁ) = O0p(Cy3).

(iii) Lastly, note that the upper block of Ay, is determined by the upper blocks
of B7'5, — B71S, and are both Op(Cy2) by Lemma [F77

Q.E.D.

Lemma F.10. For terms By defined in (E.6) (F.7), and Cy defined in (E.19),
with i = Lw,, we have for a fived j < N,

(i) T Xere ||Bch:||2 = Op(Cyr) ford=1,3,4,5.

7 Liere | Ball” = Op(Cyvr) ford 2,6,7,8.

(i) Zd 1T Zte[c HBdtejtft” Op( NT) Jorr=0,1

Y1 7 2overe | Balllugel (Jeel +1) + o |75 iere Bdtejtft” = Op(Cy7)

(it)) s + Srere | Barll?e2 | fil|* + zi 1 ; >rere Bdtu%‘z = Or(Cy7),

ZS 1 :}“ Ztelc ||Bdt||2U?t(|€jt|+1)2 ( ) Zd 1 T tele ||Cdt||2€?t = OP(CXI%);
and Y.L, T 2rere [|Carl* = Op(Cyy).

Proof. (i) Note that %>, . [|Bul®> = Op(Cyy) for d = 1,4,5, following from
Cauchy Schwarz. Also, Cauchy-Schwarz and Lemmal[E.@imply that 4 >, . || Ba||* =
OP(CNT)'
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Next, max; |e;(€;; — €;r)] = Op(1l) by the assumption that ¢yrmaxy |ey| =
Op(1).
1 1 ~ _ N
T S IBul® < Op(1)7 SO = BRI max |e;; (€ — eir)|?
tele te]c
+0p(1 Z £l H—Zk eir(€ir — eir) \i||?
telc
- OP(CNT)'

Also, S5 & S ,cse || Bael|? = Op(Cy%) following from Cauchy-Schwarz.

(1) By (i), 7 Xese | Baehufill + 7 Yiere | Barlllwgel (Jejel + 1) = Op(Cy7) for
d=1,3,4,5, using Cauchy Schwarz. In addition, it follows from Lemma [[.2] that

1 _
T Z ||B2t€§tft/|| < Z ||— Z AiNie] ]tezt €t — 6it)ft||2)1/2 = OP(CN?P)

tele tGIC

1 1 ~
T D IBalllugel (leel +1) < Or(1)( > el +1)7 ujt”N > ANea(@n — e)lP)'V

tele tele

= Op(Cy7).
For d =6 ~ 8§,
1
— ftethﬁt = = ftejt az ezt ezt))‘ Hlft OP( NT)
Ty
tele 0 tere
( by Lemma IEI)
1 1 .
?0 Z ftethH = = Z ftejt ft flft)— Z O‘il;wt<)‘i - H{)\i)/
tele telc
th ejiwy)( Zal Ai)) = Op(CxT)
. 0 tere
T Z ftethBt = 7 Z ftejt — Hy ft W~ Z a;l; )\/Hl
O tere 0 tere

= OP(CNT) by lemma [F.4l

(iii) follows from applying the Cauchy-Schwarz inequality.
Q.ED.

Lemma F.11. (i) %Eselcu{t} Hﬁ_Hfsz2<1+€?t) = Op(Cy%) for a fized j < N.
(“) For each ﬁxed 2 %EsGI%J{t}(fS - HffS)eiSf; = OP(C]?/%»
Proof. We only prove the harder part (ii). The proof is similar to that of Lemma

[E.9 By the proof of Lemma [E.9] it suffices to prove 23:1 % Y iere Qatlitfi =
Op(Cy%) , where ag is the upper block of Ay.
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By Lemma[FL8, 73 jcuq |B;t — B2 = Op(Cy2). So the proof of
% Y oiere @i fi <O p(Cy>) follows from the same argument as that of Lemma
[E.9 Next, for By defined in the proof of Lemma [E.7, by Lemma [F.10]

1 0
?Zameztf{ < Z ZHB B[ Baein S

tele — teIC
< m?XHB\;l B Z Z [ Barei 1|
ere
Ho S IB = B S (0 S I Baea I
= OP(C&%)- o

Next, 37, 15 225 X (@5 — ejt)uj‘t||2 = OP(C'J;‘}) by Lemma [F.2]

1
?Zasteitft/ ZEIH Z H Aj )eJtthH )1/2

tele tGIC
+0p(1 ZEIH—Z (a; — Hyay)uz|*)'/?
tGIC
+0p(1 Z leafilll~ Z( — HiXj)(€e — eje)ugell
tGIC
+0p(1 Z ”_ Z (@5 — ejeuze*)?
= Op(Cy7)
1
7 > agenf] < max 1B, 1||— > lleasi] Z [Call,
tele tEIC

where Cy’s are defined in the proof of LemmalE7l By LemmalELI0, £ 3, . [|Cae||* =
OP(CK/}) for d < 16. Thus % Y oiere Gateinfi = OP(CK,QT), still following from
Cauchy-Schwarz.

Below we present the proof for %Ete Je 1€ fi, which is different from that of
Lemma [E.9] Note that

51 Hi'f, Hi'f,
Ay = (B_lst S) ! = (Aita + A1y + Arre) 1_ )
' H2 1gt H2 1gt

where

Apa = (B7' =B (5, —9)



INFERENCE FOR HETEROGENEOUS EFFECTS USING LOW-RANK ESTIMATIONS 115

Ayy = (Bi'—B™HS
Alt,c — Bil<§t—5).

Let (a1t,q, @11, 11,c) respectively be the upper blocks of (A, A1rp, Aite). Then

1 1
7 > aveaf, < a Y (areall + llaesll + laselD lewfell(LFl + llgel)-

telc telc

By the Cauchy-Schwarz and Lemma [F.8] and B is a block diagonal matrix,

1 1
7 2 lasesllleafell 1Fll + llgel) < Op(1)(= Y 1 Awsl®)™

tele tilc
< Op(ISIN( D IB: = BIF)* = 0p(Cy7)
tele
1 1
7 2 Naseellleaf IS+ llgel) < Op(L)( D llaseel)
tele tele

< 0p()(7 S 18ulP)? = 0p(C53),

tele

where A is defined in Lemma [E.8| the upper block of S, — S. The treatment of
L3 ere laweallllea fell (L fell + lgell) is slightly different. Note that max; ||B; || +
|B7!| = Op(1), shown in Lemma [F.8 Partition

~ A
S 5= 1
(Ap21 + A2, 0)

where the notation Ay is defined in the proof of Lemma[E.8 The proof of Lemma
.8 also gives

Ap1 = % Z ai(NHy — Xey + % Z (N Hy — X)) (@ — e)
+% Z@ — Hyo )N Hy (e — @)
Apy = H;% Z N (ey — € Hy.
Therefore,

I(B; =BG - 9) A
(max | By + IBI) (180l + 18l + 1B = B Al

l@s,all

INIA
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Note that the above bound treats A;; and Ay differently because by the proof
of Lemma [F8 13", . |Aul* = Op(Cyp) = %Etelc | A1 ||* but the rate of

convergence for £ 3", ;. [[Asp]|? is slower (= Op(Cy7)). Hence

= Z larealllle fell Ll =+ lgel) < Op(1 Z 1A + A al?)

teIC teIC
+(?ZHB{1 (5 ZHAmH s follP (LA + [lgel)?)
tele telc
<@ Op(Cy7) +Op(C ZHAmH Hlea fllP LA+ lgell)?)' 2
teIC

< Op(Cy7)-

where (a) follows from the proof of Lemma [E.8] while (b) follows from Lemma [E.1]
Thus

1 / -
T Z areirf; < OP(CN%)-

telc

Therefore, %Zselcu{t}u? Hffs)ezsf OP<C ) .
Q.E.D.

Lemma F.12. TLO > tere ft@?tht = Op(Cy2), ford=1..4,
TLO Ztgc fi€jiBar = OP(C]Q?F) ford=5...8.

Proof. By Lemmas [F. 10 and [E211] for r = 1,2 and d < 8,
1 N
Tthé?tht < max e — e (7 Z Ife = H i) (% Z 1 Barl[*)"?

0 tele tGIC telc
TSR = el o Y 1Bl
0 tere O tere
+ thethdt+—Zl!ftht!H@]t jt|
telc teIC
< thethdt‘i‘_ZHftht”‘
0 tere 0 tere

Hence by Lemmas [F.10) the above is further bounded by

ZH—theﬂBdtn < Op(Cy7) +max|e] AZ anthtn—op( Cyr)

1teIC teIC
8 8
1 ~ 1
ZTZﬁeﬁBdt < +Z ZHBd 1) (= ZHftH €50 — exl®)"?
d=5 "9 tere d=5 ~ 0 ere 0 tere
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< Op(Cyp).
Q.E.D.
F.4. Technical lemmas for /):Z
Lemma F.13. For each fized i, D; — D; = Op(Cyh).

Proof. The proof is very similar to that of Lemma [E.9 The only difference arises
from bounding €;, — ;s in the factor model. Examining the proof of Lemma [E.9]

in the current context, the proof still carries over by applying Cauchy Schwarz.

Q.E.D.
Lemma F.14. For each fixed i < N,

S FeawN f—Tw i ) = Op(CR2),

selcU{t} seleu{t}
Proof. Tt suffices to show (E.21]) as in the proof of Lemma [E. 10, with p;s = lw,
and ;s = lg/lzg Using the Cauchy-Schwarz inequality, it is easy to show that
Rsi1, Rsio and Ry q are Op(Cy>) and Rzi; = Op(Cyk). Next, by Lemma [FT]
Rsiz = Op(Cy3). In addition, by Lemmas [F.4 and [E.11} Ry 5 = Op(Cya) and
Ry 6 = Op(Cy7)-

This concludes that Rz; 4 = Op(Cy>) for all d < 7 defined in Lemma [E-T0, and
completes the proof. Q.E.D.

1

Lemma F.15. For Ry; defined in (D.3), and for each fized j < N, Ry = Op(Cy3)
for d=1,...,3. The upper blocks of Ry; ~ Rg; are Op(Cy7).
Proof. (i) It is easy to see that Ry; = Op(Cy%). Lemma [ implies Ry, =
Op(Cx7). Also, it follows from Lemmas [F.13] [F.14] that both Rs; and the upper
block of Ry; are Op(Cy3).

(ii) We now show the upper blocks of Rs; are Op(Cy3). Similar to the proof of
Lemma [E.12]

el fe—Hyf :
R R 1_2(]15 ) (t f t) ujtSZTd—FOp(C&%),
P 9t — Hyg: d=1
where, for Ay defined in (D.2)), with p; = ljw; and iy = @’

= _1— Z <6Jt| ) Adtujt.

tEIC

(Car)-
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We now show Ty = Op(Cy7) for d = 1...5.
The proof for terms T; and T, is the same as in Lemma [E.12] Next,

T?’ < OP Z ||_ Z)\ ezt — €t uzt” )1/2

telc

where the last equality follows from Lemma [.2] and the Cauchy Schwarz.

T, < Op(Cyz) +Op(l Z ZHO I)"/2 = Op(Cy7)

tEIC

where the last equality is due to Lemma [F.10l

Ts < Op(Cy7)+0p(1 Z ZHBt Bill[| Batl|wjel ([eje] +1)

telc
< O0p(Cy7) +0p(1 Z Z||Bdt|||ujt| (lejel +1)
telc
8
+0p(Cyr) D (= ZHBdtH W (Jeje] +1)%)V2 = 0p(C2),
d=6 teIc

where the last equality follows from Lemma .10l
Finally, the upper block of Y is bounded by, still by Lemma [F.10,

Z = Z €jtujtBat|| + Op(CNT)-

tEIC

Therefore, the upper block of Rs; is Op(Cy3).
(iii) We now show the upper block of Rg; is Op(Cy7). Let

P = P0+P1+ +P6,

. ftejt g é\jtl 0 _11 H{Aieit
Iy = _Z< >‘ f ) jH ) 0 1 B N A Hﬁai Uit

tel¢

fie eyl 0
T, = Z Z(”t (NH ' o H ) g | Ay, d=1,..,6.

te]c

Then Rg; = ﬁ;lf. Similar to the proof of Lemma [E12] we aim to show that
[y, Ty..T5 are each Op(Cy3). In addition, the upper blocks of I'; and T'g are
Op(Cy3), while their lower blocks are Op(C'y1).

First, [y + T'y = Op(Cy3) follows from the same proof as in Lemma [E.12]
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Next, the upper block of I'y is

1 ) el 0\ s in H'f
TOtheﬁ(A Ht o Hy )(5 I)(Bt 15, — B7'9) (Hll t)

tere o
< al +a2+ 0p(CR2)
'l ! r7—1\/ D—1 -1\/Q Hl_lft
al = _thejt N H ejt,oz»Hg R IC ) H!
0 & 2 Ot

g Hi'f,
a2 = — Y fieg(NH7te, ol HHYB(S, —S) | 1 .
TO; I t Hy gy

By the proof of lemma [F.11], we have

a Atl / 1 / ~
Sp— 8 = <<At2 4 A, 0)> A HQN Z ;i (e — ey) H

As for al, by the proof of LemmalFL8, 2 >, .. |Au > = Op(Cxt) = 23 cre 1A |12

- 1
al < Op(D)(max | B[ + [ B7)(= Z 1Al + | Az [*)'

+0p(1 ZHB - BT (= ZHAMH LEP(LFell+ el esel )2
= OP(C&ZT)

where the last equality uses Lemma [F8 that max, | B; || = Op(1) , Lemma [F1]

that £ 37, [ Awal P AP Fll+ e eselt = Op(CR3) and 23 | By =B~Y|? =
OP<CNT)'

As for a2, still by >, [[Aal? = Op(Cy7) = 73 cre 1Ara]l?, and by
Lemma [F.2]
a2 < Op( Z||Aﬂ||2+||Am|| )2+ 0p(1 the]tAmft
tEIC

< Op(Cy3) + Op(1) ﬁ Zt feejifraiXi(en — €) = Op(Cy7).

Together, the upper block of I'; is Op(C’X,QT).
The lower block of I'y is

'l ! el 0\ 5ag Hilft
L saon e (3 %) s (455)

tEIC
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< Op(C Z\gtH st DO+ NlgeD®) 2 = Op(Cyp)-

tGIC

Next, I's = Op(Cy3) follows from the same proof as in Lemma [E-12l The only
difference is to bound % >, |+ 37, \i(€¢ — €i¢)uqt|* = Op(Cyr) by Lemma [F2

Next, ['y+T's = Op(Cy7) follows from the same proof as in Lemma [E.12] whose
proof in the current context uses Lemma [F10 that >15° T =3 ere lei 1 Cael? =

Or(Cy7); Zd 1T, Zte]c Carl*> = Op(Cyr), and Zd:l[Tg > rere(l€jel*+1)% (| Bael|”
OP(CNT)'

Finally, the upper block of I's is

H, 0 "B
p— Z ftejt e]t)\ H ,Oé H )Bil ! Eg:1 dt
Now Lemmalmphes T Y oiere | te By = Op(Cy3) for d =1~ 4, and
T_o Y iere tethdt = Op(Cy3) for d = 5 ~ 8. So the above is Op(Cy7).
The lower block of T'g is, by repeatedly using Cauchy-Schwarz,

Z Z GiejtBar + Z Z GBay = (C T)-

tGIC tGIC

Q.E.D.
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