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1 Introduction

In efficient financial markets, the relative prices and risk premia of assets with closely re-
lated payoffs are tightly linked. By adhering to no-arbitrage restrictions and forecasting
returns, relative prices and risk premia can provide evidence that markets are integrated by
a common stochastic discount factor (Gromb and Vayanos 2010). In contrast, deviations
of relative prices from no-arbitrage relationships and differences in return predictability for
similar assets can indicate market inefficiencies and segmentation (Merton 1987, Shleifer
and Vishny 1997). Documenting the behavior of closely related assets is thus important for
understanding how financial markets function and for testing different asset pricing theories.

Equity volatility markets provide an ideal setting to study the relative pricing and return
predictability of closely related assets. Since the financial crisis, rapid growth in the trading
of S&P 500 index options and VIX futures has led to the development of separate derivatives
markets where investors and firms can manage their volatility and stock market risk. As of
2016, the average open interest in VIX futures was over 414 thousand contracts per day, a
more than 10-fold increase over the past decade equal to approximately $414 million of gains
and losses for each one-point change in the VIX. In comparison, the 2016 average daily open
interest for S&P 500 index options was $2.38 billion of Black-Scholes vega, more than five
times the VIX futures open interest.

When managing volatility risk, investors can now trade in either of these large and liquid
exchange-traded-markets. In practice, volatility traders often use separate models for valuing
and hedging different derivatives. This risk management approach can make it difficult to
determine whether relative valuations and risk exposures are accurate, as different models
may not be consistent with each other (Longstaff et al. 2001). In theory, however, arbitrage
pricing places restrictions on the relative valuation of different derivatives. For example,
within equity volatility markets, variance swaps can be valued from a portfolio of options
by using a model-free formula that holds under certain assumptions (Carr and Wu 2009).
This relationship forms the basis for the VIX index. Similarly, VIX futures can be valued
from variance swaps and VIX options, as well as bounded by variance and volatility swaps
(Carr and Wu 2005). How accurate are these no-arbitrage relationships in practice? When
investors buy a volatility hedge or sell volatility to earn the variance risk premium, should
they trade in the index options, variance swap, or VIX futures market?

This paper examines these questions from the perspective of a dynamic term-structure
model that provides closed form prices for variance swaps and VIX futures. The model is
estimated with synthetic variance swap rates that are computed from index option prices

and realized variance data. As such, the model prices for VIX futures can be interpreted as



the fair value or no-arbitrage price implied by variance swaps. In addition to relative pricing,
the model decomposes variance swap rates into distinct measures of financial stability that
are of direct interest to investors and policymakers: realized variance forecasts and variance
term premia. The realized variance forecasts measure the expected quantity of stock market
volatility over different horizons. The variance term premia measure the expected holding
period return from receiving fixed in variance swaps over different horizons.! In addition to
tracking investor risk aversion, these measures can be used for risk management and portfolio
choice decisions.

The paper tests the hypothesis that equity volatility markets are integrated by examining
the model’s accuracy in pricing VIX futures and the model’s ability to predict the returns
from selling volatility across different markets and products, despite being estimated with
only realized variance and variance swap rate data. The paper finds mixed empirical results.
On one hand, there is significant evidence of market efficiency and integration across volatility
markets. Synthetic variance swap rates constructed from index option prices closely track
over-the-counter variance swap quotes. VIX futures prices implied by variance swaps and the
no-arbitrage model closely track observed futures prices. Model expected returns significantly
forecast the returns from selling volatility through variance swaps, index option straddles,
and VIX futures. On the other hand, there is also evidence of inefficiency and segmentation.
While the VIX futures pricing errors are small on average, their size varies significantly over
time and tends to increase during periods of financial distress. The pricing errors also predict
VIX futures returns, which suggests that VIX futures are mispriced at times relative to the
fair value implied by variance swaps and the model. A pseudo out-of-sample trading strategy
in VIX futures based on the model expected returns and pricing errors earns an annualized
Sharpe ratio of 1.80 from 2005 to 2016 with minimal stock market exposure.

In comparison to the literature, the model in this paper obtains a closed form relationship
between the prices of variance swaps and VIX futures by modeling the logarithm of realized
variance. Existing affine and quadratic models deliver closed form solutions for the prices
of variance swaps but not VIX futures (Egloff et al. 2010, Filipovi¢ et al. 2016, Eraker and
Wu 2017). Beyond pricing VIX futures, modeling the logarithm of realized variance is also
advantageous because it guarantees non-negative variance swap rates and realized variance
forecasts, unlike affine models. This restriction is important in low volatility environments
because negative variance swap rates are arbitrage opportunities, similar to zero lower bound

violations in fixed income settings. More broadly, this approach builds on Andersen et al.

IThis paper uses the terms realized variance forecasts and variance risk premia interchangeably with the
terms volatility forecasts and volatility risk premia. The former terms are technically what the no-arbitrage
model estimates. Similarly, the paper uses the terms risk premia and term premia to refer to expected
holding period returns.



(2003) and Andersen et al. (2007) who forecast volatility using the logarithm of realized
variance.

The model prices realized variance exactly by including the logarithm of realized variance
in the state vector as the observable payoff to the floating leg of a variance swap. This
approach makes estimation fast and tractable as it avoids the need to filter latent stochastic
volatility factors. A detailed investigation of the model’s in-sample and out-of-sample pricing
errors finds that a three-factor logarithmic model performs well relative to competing models
of different sizes and to linear models. The three factors are the logarithm of realized variance
and the first two principal components from the logarithm of variance swap rates. This setup
is similar to fixed income models that use the short rate, level, and slope of the yield curve
as pricing factors, with the difference that the variance swap factors are in logs, not levels.

In comparison to existing variance swap models, this paper is similar to Ait-Sahalia
et al. (2015) and Dew-Becker et al. (2017), who estimate three-factor affine models with
two cross-sectional factors from variance swap rates and one time-series factor that is either
realized variance or the stock market index. In contrast, Egloff et al. (2010) and Giglio
and Kelly (2017) estimate two-factor affine models by assuming that realized variance is
spanned by variance swap rates. Empirically, realized variance is only partially spanned by
variance swap rates.? This observation can motivate including realized variance directly in
the model, as in this paper. Beyond model size and setup, the analysis also highlights the
outperformance of the logarithmic model to affine models at out-of-sample return prediction.
For nearly all combinations of forecast horizons and model sizes, the preferred logarithmic
model outperforms reduced form linear return forecasts, often by as much as 10% to 20%.

Similar to previous studies of the variance risk premium, the estimated variance term
premia tend to increase during periods of financial distress and decrease during expansions
(Bollerslev et al. 2009, Drechsler 2013). This business cycle variation drives the return
predictability of the model. Across the variance swap curve, the paper finds that long-end
variance swap rates are primarily driven by risk premia whereas short-end variance swap rates
are driven by both the quantity and price of volatility risk. Decomposing the variance term
premia further, the paper finds that each of the pricing factors contributes significantly to
the time-variation in the estimated risk premia with differential effects that change over time.

These results reflect the nonlinear nature of the model, providing an alternative perspective

2The spanning assumption is common in fixed income settings where short rates are well explained by
yield curve principal components. For example, the first three principal components of standardized 1, 2, 3,
5, 7, and 10-year zero-coupon yields from Giirkaynak et al. (2007) span three-month UST bill rates with an

Ridj = 99.1% from 1980 to 2016. In comparison, the first two principal components of standardized variance
swap rates in annualized variance (volatility) units only span realized variance with an R ,; = 79.1% (65.5%)

from 1996 to 2016 using the synthetic variance swap rates and realized variance estimates from this paper.



to the linear return predictability regressions analyzed in the literature (Van Tassel and Vogt
2016, Johnson 2017).

Beyond forecasting returns, the variance term premia also reflects how investors’ pricing of
risk has changed over time. Prior to the financial crisis, the term-structure of risk premia was
relatively flat on average and the slope sometimes switched signs. After the crisis, long-dated
risk premia increased relative to short-dated risk premia and have remained persistently high.
These results build on the prior literature which has documented a downward sloping term-
structure of unconditional Sharpe ratios for variance swap and straddle returns (Andries
et al. 2015, Dew-Becker et al. 2017). Going beyond these unconditional results, the analysis
in this paper illustrates how the price of risk for realized variance varies over time and over
horizon. According to the model estimates, the price of risk for bearing realized variance
shocks over longer horizons has differentially increased in the post-crisis period.

The remainder of the paper proceeds as follows. Section 2 describes the data and presents
a model for pricing variance swaps and VIX futures. Section 3 discusses model estimation
and presents the variance risk premia estimates. Section 4 reports the return predictability
results and examines the relative pricing of variance swaps and VIX futures. Section 5

concludes. The Appendix includes additional details and robustness checks.

2 The Time-Varying Price of Volatility Risk

2.1 Variance Swaps

Variance swaps are over-the-counter derivatives that allow investors to hedge and speculate
on volatility over different horizons. The only cashflow occurs at maturity and is equal to the
difference between the fixed variance swap rate and the floating amount of realized variance
that the underlying asset exhibits over the life of the swap. The fixed rate is priced to make
the swap costless to enter at the time of trade. Variance swaps can be interpreted as a form
of volatility insurance, with the fixed rate and maturity representing the insurance premium
and length of coverage. By trading variance swaps, investors give rise to a term structure
of market implied volatility that embeds information about volatility expectations and risk
premia over different horizons.

This paper constructs a detailed variance swap dataset that includes daily data for vari-
ance swaps written on the S&P 500 Index from 1996 to 2016 on a monthly grid from one-
month to two years. The sample is obtained by combining synthetic variance swap rates from
2000 to 2016 with over-the-counter variance swap quotes from 1996 to 2000. The synthetic

rates are computed from index option prices using OptionMetrics data. This exploits the



well known no-arbitrage relationship between option prices and variance swap rates (Carr
and Wu 2009), leveraging the long time series and rich quantity of available index option
data. The over-the-counter quotes are obtained from a hedge fund for the early years in the
sample when long maturity index options are less liquid. The Appendix contains a detailed
description of the synthetic variance swap rate construction. Overall, the synthetic rates
closely align with the hedge fund quotes both in their time series variation and levels. In ad-
dition, the synthetic rates closely match over-the-counter variance swap quotes from Markit

Totem as well as the volatility indexes from the CBOE.

2.2 Realized Variance

The floating leg of a variance swap pays the realized variance of the underlying asset from
the trade date until the maturity of the swap. To make this feasible in practice, variance
swaps need to specify a definition for computing realized variance. Contracts can differ on
this dimension. For example, variance swaps must specify whether to use log or simple
returns, whether to demean returns or not, how to annualize estimates using different day
count conventions, etc. From a theoretical perspective, it is desirable to choose a defini-
tion that produces an accurate estimate of the quadratic variation of the underlying asset.
This follows from the no-arbitrage replication argument for pricing variance swaps, which
relies on computing the risk-neutral expectation of an asset’s quadratic variation through an
application of Itd’s lemma.

Based on these observations, I define the realized variance payoft for my empirical appli-
cation using the two-scale realized variance estimator from Zhang et al. (2005). I compute
the two-scale estimator using one-minute high frequency data for the S&P 500 Index from
Thomson Reuters Tick History (TRTH). This choice reflects the trade-offs in using high
frequency data to estimate realized variance. On one hand, sampling more finely allows for
more accurate volatility estimation (Merton 1980). On the other hand, sampling too finely
can magnify microstructure noise such as bid-ask spread and price discreteness which can
severely bias estimation. The two-scale estimator balances these trade-offs by averaging re-
alized variance estimates from a sparse sampling frequency across subsamples on a finer grid.
For the application in this paper, I compute first stage realized variance estimates that are
equal to the sum of squared five-minute intraday log returns plus the squared overnight log
return for each day in the sample. The choice of a five-minute intraday sampling frequency
is common in the empirical literature and motivated by Liu et al. (2015). I then average the
first stage realized variance estimates across one-minute subsamples to reduce sampling vari-

ability, resulting in a second stage daily estimate of realized variance. The monthly payoff



to a variance swap is defined as the sum of the second stage daily realized variance estimates
every 21 business days. For a more detailed description of the estimation approach and an

outline of the steps used for cleaning the high frequency data, see the Appendix.

2.3 Pricing Variance Swaps and VIX Futures

Variance swaps are modeled as the expected value of future realized variance under the
risk-neutral measure QQ from the trade date until the maturity of the swap,

> RVis
i=1

VSt,n = El(f@ (1>

Time is discrete with each period representing one month.? To model variance swap dynam-
ics, I assume the systematic risk in the economy can be summarized by a K x 1 vector of

state variables X that follows a stationary vector autoregression under the physical measure
P,

Xip1 = p+ PXy + v, (2)

with shocks v;41 that are conditionally Normal v, 1|F; XN (0,32,). This specification can
be motivated by the intertemporal capital asset pricing model (ICAPM) of Merton (1973)
or the arbitrage pricing theory (APT) of Ross (1976). I set the state vector equal to,

X; =RV, Y]] (3)

The first element is the logarithm of realized variance In RV; which spans variance payoffs.
The subsequent variables Y; can be any financial or macroeconomic variables that help to
price the cross section of variance swap rates or explain the time series variation of variance
swap returns.

To model risk premia and derive variance swap rates, I assume the stochastic discount
factor is equal to,

1y yy—1/2
My =€ A A Ay v (4)

with an affine price of risk,

A=20Y2(Ag 4+ AL X). (5)

3The Appendix presents an analogous model in continuous time. While variance swap pricing remains
tractable in continuous time, closed form solutions for VIX futures are only available in discrete time. This
distinction and the ease of estimation for the discrete time model are advantages for the approach adopted
in the paper.



This links the physical and risk-neutral dynamics through the relationships @ = p— Ag and

dQ = & — A, with the state vector under the risk-neutral measure Q following,

X1 = p@ 4+ 09X, + 02 |, (6)

with shocks that are conditionally normal v, |F; N (0,%,).
In deriving variance swap rates, it is convenient to first obtain prices for variance swap

forwards. Variance swap forwards are defined as,
Fyn = B [RVis] (7)

where the zero-month forward rate is equal to the current value of realized variance. Variance
swap forwards decompose the variance swap curve into one-month swap rates with forward

starting dates,
VSin=> F. (8)
i=1

similar to the relationship between forward rates and yields in fixed income.

The excess return from receiving fixed in variance swap forwards is equal to,

thJrl,n = Ft,n - Ft+1,n71- (9)

This trade corresponds to receiving fixed in an n month variance swap forward at time ¢ and
paying fixed in an n — 1 month variance swap forward at time ¢ + 1. Since this trade costs

zero dollars, it is equivalent to the risk-neutral pricing equation,

EP[Fyn— Fri1n-1) = 0. (10)

Put differently, the risk-neutral expected value from trading variance swaps is zero. Variance
swap forwards are a martingale under the risk-neutral measure.*

To derive variance swap rates, I guess and verify that variance swap forwards are expo-
nential affine in the state vector,

F,, = eAntBnXe, (11)

)

I set the initial condition to Ay = 0 and By = [1 6] so that the model prices realized variance
exactly. This restriction reduces the number of parameters to estimate resulting in a more

parsimonious model. The risk-neutral pricing equation for the one-month variance swap rate

4This follows from the common assumption in the variance swap literature that interest rates are deter-
ministic or independent from realized variance. For example, see Carr and Wu (2009), Egloff et al. (2010),
Ait-Sahalia et al. (2015), Filipovi¢ et al. (2016), and Dew-Becker et al. (2017) .



is thus equal to,

ER [Rriy11] = E2 [Fi1 — Fit10]
= E} VS, — RV

GATHBIXe _ Aot By (WO BOX, )+ By, Bo (12)

= 0.

Since this equation must hold state by state, matching coefficients determines A; and B;.
For longer maturities, plugging the guess into the risk-neutral pricing equation produces the

following system of well-known recursive equations,

B, = B._ 3% (13)

These recursions coupled with the initial condition determine variance swap forward rates.

Variance swap rates are equal to the sum of variance swap forward rates,
n
. /
VSin = 5 eAitBiXe, (14)
i=1

The adjustment /12/n - V'S, ,, expresses variance swap rates in annualized volatility units.

To compute realized variance forecasts and the variance term premia in the model, variance

> RV + (EP > RV > RVii ) .
i=1 . i—1 P (15)

Vv Vv
RV Fy n=Realized Variance Forecast VT P; n=Variance Term Premium
The variance term premia are equal to the expected holding period return from receiving fixed

swap rates can be decomposed as,

VS, = EY — EF

in variance swaps over an n-month horizon. I compute variance term premia by subtracting
the realized variance forecasts form variance swap rates,

VTP, = Y., eAitBiXe _ 5 ) AP +(BPY X, (16)

1=

The realized variance forecasts are obtained by replacing u? and ®@ with p and ® in the
recursions above to compute the coefficients A2 and BY. This shuts down the prices of risk,
allowing for forecasts under the physical as opposed to the risk-neutral measure.

Beyond pricing variance swaps, the model also admits closed form prices for VIX futures.



This is an advantage of modeling the logarithm of realized variance. The exponential affine

price for variance swap forwards naturally absorbs the convexity adjustment. To see this,
define the VIX as,

VIX, = \/EZ[RVi] = /VSi.. (17)

It follows that the price of the n-month VIX futures contract is,

Fut,, = E2[VIX,.)
= E;@ \/ Eg-n [Rw+n+1]}
— E;@ A /6A1+BiXt+n (18)

_ E;@ e%A1+%BiXt+n

— 6A5+(Bg)/Xt'

The coefficients AZ and B for pricing VIX futures follow the same recursions as A, and
B,, for pricing variance swaps with an adjusted initial condition Af = $A; and B’ = 1B;.
To express VIX futures prices in annualized volatility units, simply multiply the formula
above by £ = 100-1/12.% Finally, in addition to pricing VIX futures, the model also provides
volatility swap rates, option prices for VIX futures, and bounds on VIX futures prices which

are included in the Appendix.

3 Variance Term Premia Estimation

3.1 Model Estimation

I estimate the model using daily observations of variance swap rates from 1996 to 2016 for
T ={1,3,6,9,12, 18,24} month maturities. Adjusting the notation slightly to allow for daily

data, the model can be summarized by the following system of equations,

Xivn = p+ Xy + v, Vpen|Fr ~ N(0,%,)

19
}/;f,n — gn(Xt7 /'I’Q7 ®Q7 Ev) + et,nv E[et,n|Xt] — 0 ( )

The state vector X; follows a monthly vector autoregression with overlapping observations
and a horizon of h = 21 trading days. Variance swap rates Y;, are observed with mea-
surement errors e;,, that are mean zero conditioned on the state vector. The model prices

expressed in annualized volatility units are,

5In practice the VIX is defined as VIX, =100 - 1/12 - E2 [RV;;,].




12 < ,
gn(Xe, 1%, 09, 8) = | == ) et B (20)
=1

The parameters to be estimated are © = (u, ®, u@, ®°, L,)) where L, is the Cholesky decom-
position of ¥, = L, L.

Estimating the model with overlapping daily data has several advantages relative to
month-end data. Daily data increases the sample size to allow for increased precision when
estimating the parameter values. Daily data is also more demanding of the model, as some of
the most extreme observations of variance swap rates occur within the month, not at month-
end.% Finally, estimating the model with daily data allows me to compute model prices and
expected returns at a daily frequency, which is useful for analyzing trading strategies and
for performing high frequency event studies.

I estimate the model in two steps. First, I estimate the physical parameters (i, ,,)

from a monthly vector autoregression with overlapping observations,

Xt+h — I[AL ‘l— @Xt + 7,A)t+h. (21)

Second, I estimate the risk-neutral parameters (42, (f@) by minimizing the model’s variance

swap pricing errors by nonlinear least squares,

T
A 1 A 2
HQ HQy — ; _ Q pQ
(=, @ )—arg(ﬁg%)T'NT ;_1 Ee <Yt7n Ggn (X, =, @ ,Ev)> : (22)

This two-step approach easily accommodates daily data and is robust to assumptions about
the distribution of the variance swap measurement errors. The Appendix considers alter-
native estimation approaches as a robustness check. Maximum likelihood and Bayesian
methods with latent factors deliver similar results.

The state variables in the empirical implementation include log realized variance and
the first Kpc principal components of log variance swap rates. For numerical stability, I
standardize log realized variance and log variance swap rates before computing the principal
components. This changes the initial condition for pricing variance swaps to Ay = Ry
and By = [0 Ry 6] I omit the standardization going forward for notational simplicity.” In

addition to estimating the parameters ©, the number of principal components Kpc must

6For example, during the financial crisis in the fall of 2008, the five highest closing values of the VIX were
80.86, 80.06, 79.13, 74.26, and 72.67 on 11,/20, 10/27, 10/24, 11/19, and 11/21, none of which are month-end
dates. The month-end observations were 59.89 on 10/31 and 55.28 on 11/28.

"The state vector is X; = [(In RV} — pinrv)/0m rv PCiy ... PCkp +] where the principal components
are constructed from the standardized logarithm of variance swap rates.

10



also be selected. 1 discuss model selection along with the estimation results below.

3.2 Estimation Data

Table 1 reports summary statistics for the realized variance and variance swap rate data
that are used to estimate the model. Figure 1 illustrates the data by plotting realized
variance and one-month variance swap rates against the market return. The term structure
of volatility is upward sloping on average with realized variance equal to 15.2% and one-
month variance swap rates equal to 20.8% in annualized volatility units. This gap reflects
the significant unconditional variance risk premium that investors earn by receiving fixed
in variance swaps. The average one-year and two-year variance swap rates are even higher
at 22.6% and 23.4%. Long dated variance swap rates also have higher one-month and six-
month autocorrelations relative to short dated variance swap rates and realized variance.
This larger autocorrelations further out on the curve reflect the mean reversion of realized
variance. During periods of high stock market volatility, the variance swap curve tends to
invert with volatile short-dated rates increasing more than persistent long-dated rates.
Table 1 also reports summary statistics for monthly variance swap returns in percentage
units. Variance swap returns are defined by receiving fixed in an n month swap at time ¢

and paying fixed in an n — 1 month swap at time t + 1,
Rt—i—l,n = VSt,n - RV;H—l - VSt+l,n—l- (23)

This payoff is an excess return as it costs zero dollars at time ¢. Table 1 shows that the mean
and standard deviation of variance swap returns are increasing in maturity, while the Sharpe
ratio and t-statistic are decreasing. These results are consistent with the prior literature on
the unconditional term structure of variance swap returns, which highlights how investors
demand a larger premium for being exposed to realized variance shocks rather than implied
volatility shocks over short horizons (Dew-Becker et al. 2017, Andries et al. 2015). The
annualized Sharpe ratio from receiving fixed in one-month variance swaps is 1.82 and the
t-statistic for the CAPM alpha is 8.19.%

Beyond the significant returns from receiving fixed in short dated variance swaps, the

results highlight how variance swap returns are negatively skewed and positively correlated

8The high Sharpe ratio and t-statistic in part reflect the use of high frequency data to estimate realized
variance RV;. Using squared daily log returns to define the floating leg payoff lowers the Sharpe ratio to .93
and t-statistic to 4.21. As discussed before, I use high frequency data to estimate realized variance RV; as
this more accurately estimates the quadratic variation that variance swaps are designed to price. Whether
investors can capture these returns depends on the setting. By frequently delta-hedging, an option trader
may better approximate the theoretical returns with continuous hedging (Bertsimas et al. 2000).

11



with the market. The CAPM betas are significant and increasing in maturity. The market
factor explains about 40% of the variation in variance swap returns for maturities longer
than one-month. The positive and significant betas reflect how increases in volatility are
negatively correlated with stock market returns, the so-called leverage effect (Black 1976).
The bottom plot in Figure 1 illustrates this result by plotting the variance swap returns
against CRSP value-weighted market returns. One-month and twelve-month variance swap
returns are 51% and 66% correlated with the market at a monthly frequency. As a final
observation, the percentage of negative variance swap returns is only 10% at the one-month
maturity and 20% at the three-month maturity. The low frequency of negative returns at the
short end of the curve supports the interpretation of variance swaps as a form of volatility
insurance. In most periods, volatility is low and a premium is collected. However, occasional

spikes in volatility can result in large losses and negatively skewed returns.

3.3 Model Selection

Table 2 reports variance swap pricing errors and return forecast errors for alternative speci-
fications that vary the number of principal components in the state vector Kpc. The results
are averaged across maturities from 1998 to 2016 using 1996 to 1998 as an initial estimation

period for the expanding window out-of-sample analysis. A three factor model,
Xt = [ln RV;? PClevel,t Pcslope,t]a (24)

with two principal components Kpe = 2 computed from the logarithm of variance swap
rates performs well relative to the competing models. The principal components can be
interpreted as level PCj.,e and slope PCype factors that explain over 99% of the variation
in log variance swap rates.

To see the outperformance of the three-factor logarithmic model, Panels A.I and B.I
show that adding the slope factor significantly reduces the in-sample and out-of-sample
variance swap pricing errors as measured by either the root-mean-squared-error (RMSE)
or the mean-absolute-error (MAE). The decrease in pricing errors from adding the slope
factor is approximately .50% to .75% in annualized volatility units, roughly the same size as
the average bid-ask spread in the variance swap market according to Markit data. Adding
further principal components continues to lower the pricing errors, but with smaller gains.
In contrast to the pricing errors, Panels A.Il and B.IT show that adding additional factors
beyond slope actually leads to similar in-sample return predictability and lower out-of-sample
return predictability. This suggests that most of the return predictability is being driven by

realized variance and the level of variance swap rates. Overall, the results motivate selecting
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the three-factor model for its low variance swap pricing errors and significant return forecasts
both in-sample and out-of-sample. That said, one could argue for a four-factor model on the
grounds of its marginally lower variance swap pricing errors and similar return predictability
results. In the interest of parsimony, I select the smaller three-factor model as the baseline
specification for the subsequent analysis.

To provide further competition for the three-factor logarithmic model, Table 2 also com-
pares the model’s return predictability to reduced form linear forecasts that use realized
variance and up to five principal components from the level of variance swap rates as in
Van Tassel and Vogt (2016). Panel A.III shows that the unrestricted linear forecasts provide
good in-sample fit that improves with the number of factors. At a one-month horizon, Panel
A.IV shows that the linear models outperform by as much as 5% to 10% as measured by
the in-sample mean squared forecast error. However, Panels A.IV and A.V show that the
linear model does not outperform for longer horizons or for a mean-absolute-error criterion.

Moreover, the performance of the linear model deteriorates significantly out-of-sample. Panel

2

-5 Of the linear model is close to zero

B.III shows that the out-of-sample explanatory power R,
or negative at a one-month horizon. For longer forecast horizons, the linear model’s out-of-
sample performance decreases as the number of factors increases. These results suggest that
the linear model is unstable and that the larger linear models are overfitting in-sample. In
contrast, Panel B.II shows that the three-factor logarithmic model has positive out-of-sample
explanatory power R? . at all horizons. In addition, Panels B.IV and B.V show that the
three-factor logarithmic model outperforms the linear models at out-of-sample return pre-
diction for nearly all combinations of forecast horizons and model sizes according to either a
mean-squared-error or mean-absolute-error criterion, sometimes by as much as 10% to 20%.
The relative stability of the three-factor logarithmic model and its superior out-of-sample
performance provide empirical support for the decision to model the logarithm as opposed

to the level of realized variance.

3.4 Variance Term Premia Estimates

Figure 2 plots the time-varying price of volatility risk as measured by the one-month and
twelve-month variance term premia estimates VI'P, ,, in the three factor model with Kpc =
2 principal components. Variance term premia represent the term-structure of expected
holding period returns from receiving fixed in variance swaps. The plot reveals several
interesting features of variance term premia. First, variance term premia can be as high
as 5% to 10% during periods of financial distress such as the Asian financial crisis, LTCM

crisis, financial crisis, and European sovereign debt crisis. This contrasts the unconditional
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one-month and twelve-month variance term premia of 2.20% and 2.70% over the 1996 to
2016 sample period. Second, the plot indicates that the twelve-month term premium is more
persistent than the one-month term premium. After a negative shock, long dated variance
term premia tend to remain elevated while short dated variance term premia mean revert
more quickly. Finally, the term structure of variance term premia has changed since the
financial crisis. Prior to the crisis, the one-month and twelve-month term premia had a
similar magnitude, sometimes below or above each other. After the crisis, it appears that
investors repriced the variance term premia, with long-dated term premia now consistently
higher than short-dated term premia.’

Variance term premia exhibit significant time variation that is driven by each of the state
variables.!® Table 3 reports the estimated model parameters. To measure significance, the
table reports Newey-West t-statistics for the physical parameters using 50 lags to account
for the overlapping monthly observations and block bootstrapped t-statistics for the prices of
risk that take into account both the overlapping observations and the sampling uncertainty
from the first step estimation of the physical parameters. The results indicate that each
of the state variables contributes significantly to the time variation in the realized variance
forecasts and variance term premia estimates. The mean of the physical parameters /i is close
to zero reflecting how the state variables are standardized. The first row of ® shows that
higher levels of the state variables forecast higher levels of log realized variance. The second
and third rows show that the level and slope factors are relatively uncorrelated with the
other variables, which effectively leaves them following their own first order autoregressions.
Meanwhile, the prices of risk in the first row of Ay are all significant, indicating that each of
the state variables contributes to the time variation in the variance term premia. Interpreting
the price of risk estimates Ag and A; beyond these observations is somewhat challenging
because the model is nonlinear. Instead, I present a decomposition below that shows how
changes in realized variance and the first two principal components of variance swap rates
are related to changes in variance term premia.

Before discussing the variance term premia estimates further, it is also important to
inspect the model fit. Table 4 reports the model fitting errors for variance swap rates and
returns. Figure 3 plots the model variance swap rates against the observed rates. The

mean and standard deviation of the variance swap fitting errors are -.003% and .36% in

9From 1996 to 2006 the average one-month and twelve-month term premia were 2.07% and 2.12%, with
the one-month term premia above the twelve-month term premia on 50% of days. From 2010 to 2016 the
average one-month and twelve-month term premia were 1.65% and 2.94%, with the one-month term premia
above the twelve-month term premia on only 5% of days.

10Tn the Appendix, Figure A.4 adds 95% pointwise confidence intervals to the term premia estimates. The
movement in variance term premia is significantly larger than the confidence bands.
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annualized volatility units averaged across maturities. This magnitude is small relative to
the average bid-ask spread of .77% reported by Markit from September 2006 to December
2015 on month-end dates, but somewhat high relative to the .05% tick size for highly liquid
VIX futures contracts. To interpret these results in different units, the model also exhibits
small pricing errors for variance swap returns.!! For example, the standard deviations of the
one-month and twelve-month return pricing errors are 3.1 and 19.3 basis points in contrast
to an unconditional standard deviation of 33 and 161 basis points. Beyond the size of the
pricing errors, the results also indicate that the pricing errors are persistent and fat-tailed

as measured by the one-month and six-month autocorrelations and excess kurtosis.

3.5 Variance Swap Return Predictability

Table 5 investigates whether the model expected variance swap returns predict realized

returns by running the regressions,

Riihn = Bo+ 51Et [Rishn) + €thn- (25)

The dependent variable R, is the excess return from receiving fixed in an n-month vari-
ance swap over an h-month horizon. The independent variable is the estimated expected

return from the model EA't[Rt+h7n]. For example, one-month expected returns are equal to

Et[Rt-H,n] = Et [VSt,n — R‘/t-i-l —_ VSt+1,n—1]
= VSin—E [Z:’L;Ol eAit+ Bl X +1] (26)
= VSi.— E;:Ol oA+ Bl(u+®X,)+ 3 BISB;

I also compute three-month and six-month expected returns. It is not immediate that
these expected return estimates will be significant at forecasting realized returns. Recall
that the model is estimated by minimizing variance swap pricing errors, not by minimizing
return forecast errors. Despite this, the results indicate that the model’s expected returns
are significant at forecasting realized returns over all horizons h and maturities n with an
average explanatory power of 17%, 21%, and 30% for one-, three-, and six-month horizons
as measured by the in-sample Rgdj. Relating this back to the model selection analysis, these
numbers closely match the results from Panel A.Il in Table 2. As Panel A.III indicates, the

model also provides significant explanatory power out-of-sample R equal to 5%, 14%, and

"Variance swap return errors are defined as w4 1., = Rit1.0— (V.St.n— RV 41—V Sii1.m1) Where Ryy1p
is the observed return for the n-month swap rate and (V.S ,,, RV 41,V Si+1,n—1) are the estimated model
prices. Note that RV ;1 = RV;41 as the model prices realized variance exactly.
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24% averaged across maturities.
Figure 4 illustrates the return predictability by plotting the one-month and six-month

expected returns alongside realized returns over the subsequent horizons.'? The explanatory

2

aq;- As the plot makes

power of the estimates are 23% and 35% as measured by in-sample R
clear, variance swap return predictability is driven in part by the periods of financial distress.
On one hand, the onset of distress tends to result in large forecast errors, decreasing the
explanatory power of the model expected returns. On the other hand, distress tends to be
followed by periods with persistently high realized returns that match the model’s variance
term premia estimates. In addition to periods of distress, the term premia also match the
relatively low but positive returns during the mid-2000s as well as the low but positive
returns in recent years.

Figure 4 also illustrates how the model’s variance term premia and realized variance
forecasts have evolved over time using area plots. The bottom area in blue represents the
realized variance forecast while the remaining area in red represents the variance term premia.
The area plots indicate that the long horizon realized variance forecasts are more persistent
than short dated realized variance forecasts, reflecting the mean-reversion of realized variance
under the physical measure. An implication of this result is that movements in long dated
variance swap rates primarily reflect changes in term premia rather than volatility forecasts,
whereas movements in short dated variance swap rates reflect both changes in term premia
and volatility forecasts. Table 6 quantifies this observation by decomposing the variance of
variance swap rates into percentage contributions from variance term premia and realized
variance forecasts over different horizons. Panel A shows that the contribution from the
realized variance forecasts decreases from 58% at the one-month maturity to 20% at the
two-year maturity, while the contribution from variance term premia increases from 42% at
the one-month maturity to 80% at the two-year maturity. While the volatility term structure
only extends out to two years in calendar time, these results suggest that two years may be a
long amount of economic time from the perspective of stock market volatility. For example,
because realized variance mean reverts much faster than interest rates, it is not immediate
that a two-year volatility term structure is shorter than a thirty-year fixed income term
structure.

Reverting back to the price of risk estimates, one challenge the nonlinear model poses is
interpreting the point estimates Ay and A; in Table 3. To understand the importance of the
different pricing factors in driving changes in the variance term premia, Panel B of Table 6

provides perspective from a linear model by regressing the monthly change in the variance

I2Note that the one-month and six-month variance term premia are equal to one-month expected returns
for a one-month variance swap and six-month expected returns for a six-month variance swap.
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term premia estimate from the nonlinear model onto z-scored changes in realized variance
and the first two principal components from the level of variance swap rates. The results
indicate that each variable is significant in explaining the changes in variance term premia
on average, consistent with the interpretation of the significant price of risk estimates.

Of course, the partial derivatives of the variance term premia with respect to the state

variables will change depending on the level of the state vector,

12 - U = P Py
= (Z e Bl 27)

i=1

Figure 5 investigates this observation by plotting the partial derivatives of the variance term
premia for one standard deviation moves in the state variables at different points in time.!?
Similar to the regressions, the top left subplot reports the average partial derivative over
the sample period by maturity. The results are similar to the regressions. An increase in
realized variance decreases the variance term premia with a magnitude that is larger at the
short end of the curve. An increase in the level of variance swap rates increases variance
term premia in a roughly parallel manner. An increase in the slope of variance swap rates
increases term premia at the short end and decreases term premia at the long end.

The other subplots illustrate how the partial derivatives can change across dates. The
top right plot shows the partial derivatives in October 2007 when the state vector X; =
[—.02 — .05 — .07] was close to its mean fi under the physical measure. The shape of these
derivatives is similar to the average derivatives, but with magnitudes that are somewhat
lower. The bottom right plot shows the partial derivatives during the financial crisis in
November 2008, a period with high realized and implied volatility and an inverted variance
swap curve X; = [4.07 7.83 .71]. The magnitude of the partial derivatives during the crisis
was much larger than average, with an inverted partial derivative for the level factor. The
gray box in this subplot highlights the scale of the other subplots, illustrating the increase in
magnitude during the financial crisis. Finally, the bottom right subplot reports the partial
derivatives in December 2016, a period of low volatility with an upward sloping variance
swap curve. In that plot, the level factor partial derivatives are upward sloping and the
realized variance partial derivatives are roughly parallel. Overall the analysis highlights how
the linear model provides a good approximation to the average partial derivatives, capturing
94% to 98% of the variation in variance term premia. The exact partial derivatives highlight

how the sensitivity of the variance term premia to the state variables can change over time.

13The sample standard deviation of the state variables are o((In RV — 1o rv)/0m rv) = 1, 0(PCleyer) =
2.58, and o(PCjjepe) = .55.

17



4 Applications and Discussion

4.1 Straddle Return Predictability

The returns from selling delta-hedged straddles are closely related to variance swap returns.
A short straddle refers to a position that is short a call option and a put option with the
same strike and maturity. A delta-hedge removes the directional exposure to the underlying.
The combination of selling a straddle and delta-hedging produces a return that is largely
determined by the relationship of implied to realized volatility. In Black-Scholes parlance,
delta-hedged short straddle positions have positive theta ©, negative gamma I', and negative

vega v,

dF ~ FsdS + %FSSdSQ + Fidt + Fodo

28
= 30dS? + Odt + vdo. 28)

When realized volatility dS? is low and implied volatility do does not increase, short straddle
positions are profitable as option writers earn the theta ©dt or carry. When realized volatility
dS? is high or implied volatility do increases, short straddle positions can suffer losses. One

can draw an analogy to variance swap returns where,

Rt+1,n = VSt,n - VSt+1,n71 - R‘/t+1

= \(VSt,n — VSt,n—l)l + \(VSt,n—l - VSt+1,n—1)J+£—RVt+1Z. (29)
odt vdo %FIS‘Q

Beyond this informal connection there is also a close theoretical relationship between straddle
returns and the variance risk premium. Andries et al. (2015) show that delta-hedged straddle
returns provide a non-parametric estimate of the variance risk premium in the absence of
jumps in the underlying asset. This suggests a natural application for the model: testing
whether expected variance swap returns are significant in predicting delta-hedged straddle
returns.

To perform this test, I compute delta-hedged straddle returns at a daily frequency from
the straddle mid-price Sy, index value P;, strike price K, and straddle delta A, for all strike-
maturity pairs whose delta A; is less than 25% in absolute value. The daily returns are

defined as,

straddle __ St - St-i-l - At(Pt-‘rl - Pt)
t+1 - K

I then average these returns for all strike-maturity pairs in different maturity buckets to

| (30)
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obtain a term structure of daily returns.!* For example, the (1,3] month maturity bucket
has an average of 14.5 straddle return observations per day across 2 expirations while the
(9, 15] month maturity bucket has an average of 8.8 straddle return observations per day
across 1.6 expirations. As a final step, [ aggregate the daily returns for each maturity bucket
over one, three, and six-month horizons which can be compared to the model’s expected
variance swap returns.

Table 7 provides a summary comparison of these delta-hedged straddle returns to the syn-
thetic variance swap returns from 1996 to 2016. Panel A begins by reporting the correlation
between the straddle returns and variance swap returns at a monthly frequency by maturity.
The returns are highly correlated overall with an average pairwise correlation of 80%. This
confirms the motivating discussion that straddle returns are closely related to variance swap
returns. Moreover, the returns are most highly correlated for similar maturities. Straddle
returns for maturity buckets (1,3] and (3, 6] months are more highly correlated with 3 to 6
month variance swap returns rather than 12 to 24 month variance swap returns. Similarly,
straddle returns for maturity buckets (9, 15] and (15, 24] months are more highly correlated
with 12 to 24 month variance swap returns rather than 1 to 6 month variance swap returns.

Panels B builds on this analysis by reporting summary statistics for the one-month strad-
dle returns. Selling straddles in the (1, 3] month maturity bucket delivers an average return
of 31 basis points per month with a monthly volatility of 1.39 percent. This corresponds
to a Sharpe ratio of .22 per month which is comparable to the Sharpe ratio of .25 and .19
for three-month and six-month variance swap returns in Table 1. As with variance swap
returns, Panel B indicates that the Sharpe ratios decline with maturity and that straddle
returns are negatively skewed and positively autocorrelated at a one-month frequency.

Panel C then reports factor regressions that explain straddle returns with maturity-
matched variance swap returns over different horizons. The explanatory power as measured
by the RZ; is around 76% across maturities and horizons, consistent with the high correla-

tion of straddle and variance swap returns in Panel A. This contrasts the CAPM which only

2

aq; of 16% across maturities (unre-

explains one-month straddle returns with an average R
ported). In addition to explanatory power, the intercepts reveal that average straddle and
variance swap returns are similar after adjusting for risk. While the straddle intercepts are
sometimes negative and significant, the magnitude is usually less than 10 basis per month.
The intercepts are also insignificant after averaging across maturities at a one-month and

three-month horizon.

17 filter the data to only include option prices for standard expiration dates that have a positive bid, offer,
implied volatility, and open interest amount. Straddle deltas are computed from OptionMetrics put and call
deltas. As a robustness check, Table A.4 in the Appendix reports the return predictability regressions using
alternative definitions for straddle returns.
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Overall, Table 7 demonstrates that the straddle returns and variance swap returns are
closely related. Given the model’s ability to forecast variance swap returns, a natural next
step is to explore whether the model can also forecast straddle returns. Table 8 reports

return predictability regressions to examine this question,

Rytrasdle = By + BBy Rivnn) + €rinp- (31)

The delta-hedged straddle return R;¥9%¢ for maturity bucket b over horizon h is regressed
onto the estimated variance swap expected return Et [Ritnn| for maturity n. The results
indicate that the variance swap expected returns are significant in predicting the delta-
hedged straddle returns across all maturity buckets and horizons. Despite estimating the
expected returns in the model from variance swap and realized variance data, not straddle
returns, the model still provides significant predictive power that can be as high as 10% to
15% for the straddle returns.

4.2 Relative Pricing of Variance Swaps and VIX Futures

The model also provides relative prices for variance swaps and VIX futures. As before, the
model prices for VIX futures can be interpreted as the fair value implied by variance swaps.
Comparing the model prices to observed prices thus provides a quantitative measures of
volatility market integration.

Table 9 and Figure 6 summarize the model’s pricing errors for the front six VIX futures
contracts from 2007 to 2016.'> The top left subplot in Figure 6 shows that the model closely
tracks the front month futures price with a RMSE (MAE) of .90% (.57%). Pricing errors for
the other contracts are similar in magnitude, with an average RMSE of .99% as reported in
Table 9. The magnitude of the pricing errors is small in comparison to the 8.81% standard
deviation of the front month VIX futures contract, but large in comparison to the bid-ask
spreads of VIX futures which have a minimum tick size of .05%.

The bottom left plot in Figure 6 provides further analysis by plotting the unconditional
term structure of VIX futures prices against the model prices. On average, VIX futures are
about .20% cheap relative to the model and within the model bounds.'® While the model

performs well on average, the averages mask substantial variation in the pricing errors over

15Model prices are interpolated to match the maturity of the VIX futures contract. The zero-month
maturity is the estimate of the VIX in the model. To gain some insight into the magnitude of the interpolation
errors, when I compute interpolated prices for the 2, 4, and 6-month maturities using observed prices at the
other months, the RMSE for the interpolated prices is .04%, .004%, and .005%. This is small compared to
the average RMSE of .99% in Table 9, indicating that interpolation is not driving the pricing errors.

16VIX futures are bounded by volatility swap rates and variance swap forward rates, Fvol ;11 < Futy , <
v/ Fi nt1. See the Appendix for a derivation of this result.
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time. Table 9 reveals that the lower (upper) bounds are violated on about 30% (16%) of
days. The plots on the right in Figure 6 further illustrate this result by plotting the pricing
errors and absolute pricing errors over time. According to the model, VIX futures have been
as cheap as .50% to 1% in recent years relative to variance swaps. Historically, there have
also been prolonged periods with large pricing errors as large as 5% for the front-month
contract and as large as 2% to 3% for the other contracts. The magnitude of the futures
pricing errors is also large relative to the corresponding variance swap pricing errors (MAE
of .73% versus .29% for absolute errors in the bottom right plot).

Finally, the results indicate that the absolute pricing errors for VIX futures are positively
correlated with the VIX Index. This observation suggests that a component of the time
variation is related to financial distress and a lack of arbitrage capital to trade against the
pricing errors. At the same time, financial distress as proxied by the VIX only explains part
of the time variation in the pricing errors. The next section examines these results further by
exploring how much of the variation in VIX futures prices is explained by the model relative

to other reduced form variables.

4.3 Explaining Changes in VIX Futures Prices

Table 10 reports regressions of daily changes in VIX futures prices onto changes in model
futures prices and other reduced form explanatory variables. If the model performs well,
the explanatory power will be high and the coefficient on the change in the model price
will be close to one. If the model fails to capture important variation in futures prices,
other variables may enter significantly and increase the explanatory power as measured by
the R:,. Panel A includes the full sample period from March 2003 to 2016. Panel B is a
post-financial crisis subsample from 2010 to 2016. The regressions include all contracts with
between three days and one-year to maturity to avoid the roll and longer dated contracts
that may be less liquid.

The first specification (1) begins by regressing changes in futures prices onto changes
in model futures prices. The model is highly significant and explains around 75% of the
variation in futures prices across the two sample periods. At the same time, the coefficient is
significantly different from one and about 25% of the variation in prices remains unexplained.
This leaves open the possibility that other variables may drive the model out of the regression
and increase the explanatory power.

The second specification (2) adds the change in the VIX index between 4pm and 4:15pm

on the current and previous day to account for the non-synchronous observation of futures
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and option prices.!” While the high frequency changes in the VIX index enter the regressions
significantly with the expected sign, the explanatory power and coefficient on the model are
largely unchanged. This result suggests that asynchronicity is not driving the unexplained
variation in futures prices.

The third specification (3) adds the change in the VIX index and the CRSP value-
weighted excess return. While both of these variables enter significantly with the expected
sign, the explanatory power only increases by about 3%. The coefficient magnitudes on the
VIX and market return are also relatively small. For example, in Panel A, a 1% increase in
the model price is associated with a .57% increase in the observed price in specification (3),
down from a .71% increase in specification (1). In contrast, a 1% increase in the VIX and
market return are associated with only .03% and -.07% increases in the model price.

The fourth specification (4) adds measures of signed volume to contrast the other vari-
ables which are constructed from prices. The signed volume is defined as the daily volume
traded multiplied by an indicator for whether the VIX increased (buy) or decreased (sell).
This variable is then normalized by a one-month moving average of VIX futures open in-
terest across contracts, standardized, and winsorized at five z-scores to mitigate the impact
of outliers. The signed buy and sell variables enter the regressions significantly with the
expected sign, but the increase in explanatory power is relatively limited. In contrast to
the findings in Dong (2016), this result suggests that demand-based explanations for VIX
futures mispricings may have limited scope.!®

The final specification (5) replaces the VIX and market return variables with time and
contract fixed effects. This change increases the explanatory power by around 12%, indicating
that a significant part of the variation in futures prices remains unexplained by both the
model and reduced form variables. That said, the coefficient on the change in the model price
still remains highly significant in specification (5), with only a limited decline in magnitude

relative to specification (4).

4.4 VIX Futures Return Predictability

Table 11 reports return predictability regressions for VIX futures. The dependent variable is

the excess return from selling futures contracts Fut?, — Fut?,, . over a one-week h = 5/21

17OptionMetrics reports the best bid and ask at 15:59 EST to be synchronous with the close of equity
markets as of March 5th, 2008. VIX futures settlement prices are the average of the best bid and ask at the
close of regular trading hours which occurs at 16:15 EST.

18Tn unreported results I compute alternative measures of demand pressure including signed volume from
high frequency data for the VXX ETP and short-term VIX ETP demand from equation 2 in Dong (2016).
By themselves, daily changes in the high frequency and short-term demand variables explain about 20% and
10% of the variation in futures prices respectively. As in Table 10, these measures remain significant but
have limited ability to increase explanatory power when included alongside the change in the model price.
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horizon where Fut?, is the daily settlement price for the n-month futures contract on day ¢.
If less than five trading days are left before expiration, the holding period return is computed
from the final settlement value for the contract.!® All of the variables are standardized except
for the contemporaneous market return for which the coefficient can be interpreted as a beta
or factor loading. As before, Panel A is the full sample and Panel B is a subsample including
observations for contracts with between three days and one-year to maturity.

The first specification (1) regresses one-week realized returns from ¢ to ¢ 4+ h onto the
model’s one-month expected return at time ¢. Similar to the model price, the model expected
return is computed by interpolating over maturities to match the futures contract expiration
date. The results indicate that the model expected return delivers a significant forecast with
an R2,; of 3% to 4% over a one-week horizon during both the full sample and post-financial
crisis subsample. The magnitude of the coefficient is also large. A one-standard deviation
increase in the model expected return predicts a .31% increase in weekly returns. This
contrasts the standard deviation of weekly returns which is only 1.50%.

The second specification (2) adds the model pricing error e;,, = F' uty,, — Fut,, as an
additional predictor. The model expected return and pricing error are roughly uncorrelated
with a 5% (-4%) Pearson (Spearman) correlation over the full sample. As such, the model
expected return remains significant and has a similar coefficient across specifications (1) and
(2). In addition, the model pricing error is found to deliver significant return forecasts with a
coefficient of .23 over the full sample that is comparable in magnitude to the .30 coefficient on
the model expected return. This result lends weight to the interpretation that VIX futures
are mispriced relative to the model.

The subsequent specifications test the robustness of these findings. The third specifi-
cation (3) adds the VIX, realized variance over the past month, and the slope of the VIX
futures curve as additional predictors. The model expected return and pricing error remain
significant in the presence of these variables with the explanatory power increasing to 9%.
The fourth specification (4) adds the contemporaneous market return which reflects a beta of
about .40. The continued significance indicates that the model expected return and pricing
error predict VIX futures returns after adjusting for market risk.

Finally, the fifth (5) and sixth (6) specifications add time and contract fixed effects.

While the model expected return remains significant throughout, the coefficient on the model

19Tn contrast to the synthetic variance swap returns, the settlement dates for VIX futures are fixed in
calendar time. As a result, the time until settlement for VIX futures varies over time. The final settlement
date for the n-month VX serial contract is on the Wednesday that is 30 days prior to the third Friday of the
following calendar month. For example, the December 2016 contract (VX Z16) settled on December 21, 2016
using the special opening quotation (SOQ) of the January 2017 SPX options that expired thirty days later.
In computing excess returns for the front month contract, if the settlement date comes before the one-week
or one-month horizon, I use the holding period return from trade date ¢ until the settlement of the contract.
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pricing error remains positive but loses some of its significance. One explanation for this
result is the correlation of the model pricing errors across contracts. From 2007 to 2016 the
average pairwise correlation of the pricing errors for the front six contracts is 68%. This high
degree of comovement can be seen visually in the top right plot in Figure 6. The daily fixed
effect absorbs some of this variation, decreasing the significance of the model pricing errors

in the final specification.

4.5 VIX Futures Trading Strategy

Figure 7 examines the economic significance the predictability from the perspective of a VIX
futures trading strategy based on the return predictability regressions. The trading strategy
is constructed as follows. Each day in the sample a hedge ratio is obtained by regressing
weekly VIX futures excess returns onto weekly CRSP value-weighted excess returns in rolling
one-year pooled OLS regressions. Hedged returns are then defined as,

hed
Ry, = Futf, — Futfy,, — By - BYY (32)

where (; is the hedge ratio and Rﬁk,f is the one-week CRSP value-weighted excess return.
Return forecasts are then obtained from rolling one-year regressions of hedged returns onto
expanding window estimates of the model expected returns and pricing errors. This delivers
a pseudo-out-of-sample forecast ¥, for each futures contract that is available in real-time.

The portfolio weight for each contract is then set to,

gnt

wt7:2-N< A’)—l, (33)
: o (9r)

where () is the standard deviation of the return forecasts across contracts over the previous

year. The portfolio weight w;, € (—1,1) approaches one for significantly positive return

forecasts and negative one for significantly negative return forecasts. The weekly return

h =5 for the strategy is then computed each day as,

N
w 1 hedge
RQZ - N E :Wt,n ’ Rt+hg,n‘ (34)
n=1

fut
t+h

market returns Rg,, both normalized to have 10% annualized volatility. In addition, the

Figure 7 plots the cumulative sum of these excess returns R;,; against the corresponding

; .. 1 N
figure plots the strategy’s average position i anl wy, across futures contracts as a one-

month moving average to provide a sense for when VIX futures are expensive and cheap, and
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to indicate what the turnover of the strategy is like. Finally, the figure plots the hedge ratio
B¢ over time whose average of about .40 is similar to the point estimate on contemporaneous
market returns in Table 11.

The returns from the trading strategy are significantly higher than the corresponding
market returns. The VIX futures trading strategy earns an annualized Sharpe ratio of
1.80 versus .50 for the market. The weekly CAPM alpha is .35% with a Newey-West t-
statistic of 5.21 using 15 lags. The CAPM beta is close to zero and insignificant, which
reflects the hedged nature of the strategy. Overall, the performance suggests that the return
predictability results and size of the pricing errors are economically significant. Of course, it is
important to caveat this interpretation. Implementing this trading strategy in practice would
entail additional transaction, price impact, and funding costs that are not included in this
analysis. Nonetheless, the returns from the paper-strategy indicate that the pricing errors
and positioning across the different contracts are providing a useful measure of mispricing
in the VIX futures market.

5 Conclusion

By modeling the logarithm of realized variance, this paper develops a dynamic term-structure
model that provides a closed form relationship between the prices of variance swaps and VIX
futures. The paper estimates the model using a detailed dataset that includes realized vari-
ance estimates from high frequency data and synthetic variance swap rates constructed from
index option prices. Return predictability results support the hypothesis that equity volatil-
ity markets are integrated by a common stochastic discount factor, as the model’s estimated
expected returns significantly forecast the returns from selling volatility through variance
swaps, index option straddles, and VIX futures across forecast horizons and maturities.
Exploring the integration hypothesis further, the paper also provides a detailed empirical
investigation of the relative pricing of variance swaps and VIX futures. While tightly linked
to variance swap rates, VIX futures prices exhibit deviations of varying significance from the
no-arbitrage prices and bounds implied by the no-arbitrage model. An initial attempt to
understand the source of the pricing errors does not identify additional variables that can
explain why VIX futures appear mispriced. This finding coupled with the observation that
the pricing errors predict VIX futures returns lends weight to the interpretation that VIX
futures are mispriced at times relative to variance swaps, pushing back on the integration

hypothesis.

25



References

Ait-Sahalia, Y., M. Karaman, and L. Mancini (2015). The term structure of variance swaps and
risk premia. Working Paper.
Andersen, T. G., T. Bollerslev, and F. X. Diebold (2007). Roughing it up: Including jump

components in the measurement, modeling, and forecasting of return volatility. The Review of
Economics and Statistics 89(4), 701-720.

Andersen, T. G., T. Bollerslev, F. X. Diebold, and P. Labys (2003). Modeling and forecasting
realized volatility. Econometrica 71(2), 579-625.

Andries, M., T. Eisenbach, M. Schmalz, and Y. Wang (2015). The term structure of the price of
variance risk. Working Paper.

Bertsimas, D., L. Kogan, and A. W. Lo (2000). When is time continuous? Journal of Financial
Economics 55, 173-204.

Black, F. (1976). Studies of stock price volatility changes. Proceedings of the 1976 Meetings of the
American Statistical Association, 171-181.

Black, F. and M. Scholes (1973). The pricing of options and corporate liabilities. The Journal of
Political Economy, 637-654.

Bollerslev, T., G. Tauchen, and H. Zhou (2009). Expected stock returns and variance risk premia.
Review of Financial Studies 22(11), 4463-4492.

Carr, P. and L. Wu (2006). A tale of two indices. The Journal of Derivatives 13(3), 13-29.

Carr, P. and L. Wu (2009). Variance risk premiums. Review of Financial Studies 22(3),
1311-1341.

Dew-Becker, 1., S. Giglio, A. Le, and M. Rodriguez (2017). The price of variance risk. Journal of
Financial Economics 123(2), 225-250.

Dong, X. S. (2016). Price impact of ETP demand on underliers. Working Paper.

Drechsler, I. (2013). Uncertainty, time-varying fear, and asset prices. The Journal of
Finance 68(5), 1843-1889.

Egloff, D., M. Leippold, and L. Wu (2010). The term structure of variance swap rates and optimal
variance swap investments. Journal of Financial and Quantitative Analysis 45(5), 1279-1310.

Eraker, B. and Y. Wu (2017). Explaining the negative returns to volatility claims: An equilibrium
approach. Journal of Financial Economics 125(1), 72-98.

Filipovi¢, D., E. Gourier, and L. Mancini (2016). Quadratic variance swap models. Journal of
Financial Economics 119, 44—68.

Giglio, S. and B. Kelly (2017). Excess volatility: Beyond discount rates. The Quarterly Journal of
Economics 133(1), 7T1-127.

Gromb, D. and D. Vayanos (2010). Limits of arbitrage. Annu. Rev. Financ. Econ. 2(1), 251-275.

Giirkaynak, R. S., B. Sack, and J. H. Wright (2007). The U.S. Treasury yield curve: 1961 to the
present. Journal of Monetary Economics 54(8), 2291-2304.

Jacquier, E., N. G. Polson, and P. E. Rossi (1994). Bayesian analysis of stochastic volatility
models. Journal of Business & Economic Statistics 12(4), 69-87.

Johnson, T. L. (2017). Risk premia and the vix term structure. Journal of Financial and
Quantitative Analysis 52(6), 2461-2490.

Joslin, S., K. J. Singleton, and H. Zhu (2011). A new perspective on gaussian dynamic term

26



structure models. Review of Financial Studies 24 (3), 926-970.

Liu, L. Y., A. J. Patton, and K. Sheppard (2015). Does anything beat 5-minute RV? A comparison
of realized measures across multiple asset classes. Journal of Econometrics 187(1), 293-311.

Longstaff, F. A., P. Santa-Clara, and E. S. Schwartz (2001). The relative valuation of caps and
swaptions: Theory and empirical evidence. The Journal of Finance 56(6), 2067-2109.

Martin, I. (2017). What is the expected return on the market? The Quarterly Journal of
Economics 132(1), 367-433.

Merton, R. C. (1973). An intertemporal capital asset pricing model. Econometrica, 867—-887.

Merton, R. C. (1980). On estimating the expected return on the market: An exploratory
investigation. Journal of Financial Economics 8(4), 323-361.

Merton, R. C. (1987). A simple model of capital market equilibrium with incomplete information.
The journal of finance 42(3), 483-510.

Newey, W. and K. West (1987). A simple, positive semi-definite, heteroskedasticity and
autocorrelation consistent covariance matrix. Econometrica 55(3), 703-708.

Ross, S. A. (1976). The arbitrage theory of capital asset pricing. Journal of Economic
Theory 13(3), 341-360.

Shleifer, A. and R. W. Vishny (1997). The limits of arbitrage. The Journal of Finance 52(1),
35-55.

Van Tassel, P. and E. Vogt (2016). Global variance term premia and intermediary risk appetite.
Working Paper.

Zhang, L., P. A. Mykland, and Y. Ait-Sahalia (2005). A tale of two time scales: Determining
integrated volatility with noisy high-frequency data. Journal of the American Statistical
Association 100(472), 1394-1411.

27



Table 1: Summary Statistics for Variance Swap Rates and Returns

Panel A reports summary statistics for the variance swap and realized variance data from 1996 to
2016. Variance swaps are higher in level and more autocorrelated than realized variance. The term-
structure is upward sloping on average, exhibiting higher volatility and more positive skewness at the
short-end of the curve. Panel B reports summary statistics for monthly variance swap excess returns
in percentage units. From 1996 to 2016, one-month variance swaps have earned .17% with a Sharpe
ratio of .52 per month. The mean and standard deviation of variance swap returns are increasing in
maturity, while the Sharpe ratio and ¢-statistics are decreasing. Selling volatility by receiving fixed
at the short-end of the curve has earned significant abnormal returns relative to the CAPM. The
table reports Newey and West (1987) t-statistics with 50 lags to adjust for the overlapping monthly
returns that are observed at a daily frequency. Similar results hold for non-overlapping data at
month-end dates.

Panel A: Variance Swap Rates (annualized volatility units)

Maturity in months RV 1 3 6 9 12 18 24

Mean 15.19 20.82 2147 22.06 2237 22.62 23.04 23.38
Standard Deviation 8.16 8.21 7.18 6.42 6.02 5.76 5.48 5.35
Skewness 2.87 2.14 1.79 1.52 1.36 1.23 1.05 0.96
Kurtosis 16.23 10.70  8.43 7.01 6.23 5.67 4.88 4.54
Minimum 573 10.06 11.07 12.22 1292 13.20 13.28 13.32
Median 13.18  19.25 20.31 21.17 21.63 21.88 2232 22.61
Maximum 77.52 8185 70.94 62.01 57.77 54.18 50.66 48.96

Autocorrelation 1-month | 0.77 0.81 0.86 0.89 0.91 0.92 0.93 0.93
Autocorrelation 6-month | 0.30 0.37 0.44 0.50 0.53 0.56 0.60 0.62

Panel B: Variance Swap Returns (one-month returns, percent)

Maturity in months 1 3 6 9 12 18 24
Mean 0.17 0.19 0.21 0.21 0.23 0.24 0.26
Standard Deviation 0.33 0.76 1.11 1.38 1.61 2.09 2.57
Sharpe ratio 0.52 0.25 0.19 0.16 0.14 0.12 0.10
t-statistic 8.12 3.85 2.90 2.40 2.27 1.85 1.67
Skewness -3.15 -441 -364 -320 -275 -220 -1.87
Kurtosis 56.60 58.67 43.14 35.59 30.38 23.52  20.58
Minimum -3.95 -10.25 -13.56 -15.31 -17.09 -20.09 -23.39
Median 0.15 0.20 0.25 0.27 0.29 0.33 0.36
Maximum 3.54 7.13 8.56 10.07 11.44 1470 19.25

Autocorrelation 1-month | 0.23 0.23 0.22 0.20 0.18 0.14 0.12
Autocorrelation 6-month | -0.03  -0.10 -0.12 -0.14 -0.16 -0.16 -0.16

Negative Percent 0.08 0.19 0.27 0.30 0.33 0.36 0.38
CAPM « 0.15 0.12 0.11 0.09 0.09 0.06 0.05
to-statistic 7.84 2.98 1.91 1.32 1.16 0.61 0.41
CAPM g 0.03 0.10 0.15 0.19 0.22 0.28 0.33
tg-statistic 3.98 5.27 6.25 6.77 7.43 7.7 7.91
Ridj 0.27 0.44 0.46 0.45 0.44 0.43 0.39
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Table 2: Model Performance Varying the Number of Principal Components

This table compares alternative specifications that vary the number of principal components in the
state vector. A three factor model with two principal components Kpc = 2 performs well relative
to competing models and to reduced form linear forecasts. While the unrestricted linear models
provide good in-sample fit, their performance deteriorates out-of-sample leading to overfitting and
instability concerns. The three-factor no arbitrage model is relatively stable by way of comparison,
outperforming the linear models by as much as 10% to 20% in out-of-sample return prediction over
one to six month horizons. The reported results are averaged across maturities from 1998 to 2016.
The out-of-sample analysis is performed by estimating the models with an expanding window using
1996 to 1998 as the initial estimation period. Panel I reports variance swap pricing errors measured
by the root mean squared error RM SE, mean absolute error M AE, and median absolute deviation
MAD. Panels II-V report variance swap return forecast errors measured by explanatory power
R?Ldj, mean squared error M SE, and mean absolute error M AFE.

Panel A: In-sample Panel B: Out-of-sample

Panel A.I: Model pricing errors Panel B.I: Model pricing errors

Kpc 1 2 3 4 5 Kpc 1 2 3 4 5
RMSE 1.13 037 033 021 0.16 RMSE 1.23 039 024 020 0.19
MAE 084 027 024 014 0.10 MAE 092 029 016 0.14 0.13
MAD 0.67 021 0.19 0.10 0.08 MAD 0.73 0.22 0.12 0.10 0.09
Panel A.Il: Model return forecast R3, ;.. Panel B.II: Model return forecast R?\/[Od’ws
Kpc 1 2 3 4 5 Kpc 1 2 3 4 5
1mn 0.13 016 0.18 0.18 0.18 1mn 0.02 0.056 0.05 0.04 0.03
3mn 020 021 021 022 021 3mn 0.13 0.14 0.12 0.11 0.12
6mn 030 030 031 030 0.30 6mn 022 024 023 022 021
Panel A.III: Linear return forecast R%in,is Panel B.III: Linear return forecast R%in,oos
Kpc 1 2 3 4 5 Kpc 1 2 3 4 5
1mn 020 020 023 024 024 Imn 0.01 -0.00 0.01 0.01 0.01
3mn 020 020 021 021 0.22 3mn 0.15 0.12 0.09 0.09 0.08
6mn 028 028 029 029 0.29 6mn 022 020 016 0.14 0.13
Panel A.IV: In(MSE[PS /[MSEEST?) Panel B.IV: In(MSE[rC | /MSEyEGT2)
Kpc 1 2 3 4 5 Kpc 1 2 3 4 5
1mn -0.04 -0.05 -0.08 -0.09 -0.09 Imn 0.04 0.06 0.05 0.04 0.04
3mn 0.02 0.01 -0.00 -0.01 -0.01 3mn -0.01  0.03 0.06 0.06 0.07
6mn 0.04 0.03 0.02 0.02 0.02 6mn 0.02 0.05 0.10 0.13 0.14
Panel A.V: In(MAE[FS /MAEGEST?) Panel B.V: In(MAE[RS  /MAERST2)
Kpc 1 2 3 4 5 Kpc 1 2 3 4 5
Imn 0.01 -0.00 0.02 0.01 0.01 Imn 0.00 0.01 0.07 0.07 0.08
3mn 0.04 0.03 0.04 0.04 0.03 3mn 0.05 0.10 0.18 0.17 0.18
6mn 0.06 0.04 0.04 0.04 0.03 6mn 0.10 0.12 0.17 0.19 0.20
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Table 3: Model Estimate

This table reports the estimated model parameters using the realized variance and variance swap
rate data from 1996 to 2016. The physical parameters p and ® are estimated by a monthly vector
autoregression equation by equation from overlapping daily data. The risk-neutral parameters p@
and ®Q are estimated by nonlinear least squares to minimize daily variance swap pricing errors.
The table reports the associated prices of risk Ag = p — p@ and Ay = & — 2. The significant
estimates indicate that each state variable contributes to the time-varying price of volatility risk
and volatility forecasts. The table reports Newey-West t-statistics for the VAR using 50 lags and

block bootstrapped t-statistics for the prices of risk where *, ** and *** denote significance at the
10%, 5%, and 1% levels.

Panel A: Physical Parameters Panel B: Prices of Risk

Jz Dy Dy D3 Ag A A1 Az
In(RV) 0.00 0.23***  0.21***  0.40*** In(RV) -0.68*** 0.21** -0.07*** -0.12**
001] [2.95] [843]  [5.76] [13.62]  [3.58]  [-3.23]  [-1.97]
PClever 0.01 0.07 0.88*** -0.07 PClever -0.06 0.11 -0.08* 0.37***
0.15]  [0.55]  [23.73]  [-0.69] F0.79]  [L01]  [-1.89]  [3.38]

PCgope -0.01 0.02 -0.04***  0.78*** PCgope -0.04 0.05 -0.03 0.02
[0.33]  [0.58]  [-341]  [23.89] 0.80]  [0.48]  [-0.76]  [0.23]

Table 4: Variance Swap Pricing Errors

This table summarizes the model fitting errors for variance swap rates and monthly returns from
1996 to 2016 using daily data. The errors are small and unbiased overall. For example, the standard
deviation of the pricing errors in Panel A are below the average bid-ask spreads reported by Markit.

Panel A: Variance swap rate pricing errors (annualized volatility units)

Maturity in months 1 3 6 9 12 18 24

Mean 0.01 -0.05 0.02 0.00 0.00 0.00 -0.01
Standard Deviation 0.57 036 039 034 029 023 034
Skewness 1.15 -0.64 -0.98 -1.34 -2.22 -1.29 -0.03
Kurtosis 9.65 10.76 9.51 10.33 20.34 12.73 3.76
Autocorrelation 1-month | 0.37  0.33 0.52 0.59 0.50 0.52 0.63
Autocorrelation 6-month | 0.18 0.12 0.24 0.22 0.20 0.06 0.36
Bid-ask spread* 1.39 082 074 067 0.60 062 0.61

*Markit month-end data 2006:09 to 2015

Panel B: Variance swap return pricing errors (monthly returns in basis points*)

Maturity in months 1 3 6 9 12 18 24

Mean 0.13 003 028 -0.35 046 -0.36 0.46
Standard Deviation 3.17 583 11.96 14.68 19.32 20.63 33.37
Skewness 532 -4.60 -1.57 -1.36 295 0.63 0.18
Kurtosis 75.04 80.28 41.99 50.44 89.19 45.18 16.87
Autocorrelation 1-month | 0.23 0.05 -0.18 -0.13 -0.16 -0.10 -0.17
Autocorrelation 6-month | 0.04 0.01 -0.056 -0.07 -0.05 -0.02 0.03

*Monthly return from overlapping daily data
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Table 5: Variance Swap Return Predictability

This table reports return predictability regressions for variance swap returns. The estimated model
expected returns Et[Rt—f—h,n] are significant for all horizons h and maturities n. Newey-West ¢-
statistics indicate significance using 3 - h - 21 lags to account for the overlapping returns that are
computed from daily data from 1996 to 2016.

Variance Swap Return Predictability: Riip. = 8o + B E, [Rith.n] + €tthn

Maturity 1 3 6 9 12 18 24

One-month returns (h =1, T'=5,190)

Bo 0.02 -0.09 -0.15 -0.18 -0.23 -0.25 -0.12
[0.78]  [-1.52]  [-1.33] [-1.20] [-1.30] [-1.40]  [-0.68]

51 0.85*** 1.36*** 1.52*** 1.60*** 1.83*** 1.85"** 1.36™**
[4.55]  [9.07] [5.71]  [4.62]  [4.39]  [5.19]  [5.22]

R%, 0.23 0.16 0.17 0.16 0.17 0.13 0.12

Three-month returns (h = 3, T' = 5, 190)

Bo -0.13* -0.21 -0.26 -0.31 -0.37 -0.30

171 [1.20] [1.12]  [-1.07]  [-0.98]  [-0.64]
b1 1.14%*  1.21%**  1.26*** 1.32*** 1.37"** 1.28"**

[12.72] [10.69] [11.20] [11.55] [10.22]  [8.22]

R?, 031 021 020 019 018  0.18

Six-month returns (h = 6, T = 5,190)

Bo -0.29 -0.40 -0.47 -0.53 -0.51
[-1.21]  [-0.97] [-0.90] [-0.75]  [-0.58]

51 1.15**  1.20%**  1.23***  1.26™** 1.24***
[12.59] [11.87] [11.59] [10.58]  [9.26]

R, 0.35 0.31 0.29 0.28 0.28

Table 6: Variance Swap Rate Decompositions

Panel A provides a variance decomposition for variance swap rates into percentage contributions
from variance term premia and realized variance forecasts. Panel B regresses monthly changes in
variance term premia in annualized percentage points onto z-scored changes in realized variance and
the first two principal components of the level of variance swap rates.

Panel A: Variance Decomposition for Variance Swaps: V' S;,, = RVF,,, + VTP, ,

Maturity 1 3 6 9 12 18 24
OVS,RVF /0 0.58 0.54 0.46 0.39 0.33 0.25 0.20
ovsvTP/ohg 0.42 0.46 0.54 0.61 0.67 0.75 0.80

Panel B: Variance Term Premia Decomposition: AVTP, , = 5'Af; + €1

Maturity 1 3 6 9 12 18 24
ARV -0.77 0 -0.40  -0.17**  -0.15***  -0.13***  -0.07***  -0.04***
[-13.38] [-14.93] [-18.99] [-16.58] [-21.25] [-8.59] [-3.41]
APC1 2.45%F% 243" 2.23%%F 219" 218" 2.09***  2.10%**
[19.55] [26.78] [23.68] [24.33] [25.67] [75.61] [90.76]
APC?2 1.53*** 0.05 -0.43***  -0.58***  -0.65"** -0.67*** -0.72***
[31.93] [1.11] [-17.71]  [-38.04] [-44.32] [-17.64] [-18.10]
Ridj 0.96 0.94 0.94 0.96 0.97 0.98 0.97
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Panel A reports the correlation of straddle and variance swap returns. Panel B reports straddle
return summary statistics. Panel C reports explanatory regressions for straddle returns. The returns
are highly correlated overall, with variance swap returns explaining straddle returns with an average
Ridj of 76% over a one-month horizon. Estimated alphas measuring relative performance indicate
that straddles and variance swaps deliver similar average returns after adjusting for risk. The sample

Table 7: Explaining Straddle Returns with Variance Swap Returns

period is 1996 to 2016.

Panel A: Straddle x VS Correlation (one-month returns)

Maturity 1 3 9 12 18 24  Avg.
(L,3] 0.72 0.84 0.82 0.80 0.77 0.74 0.71 0.77
(3,6] 0.68 0.84 0.87 0.86 0.84 0.82 0.80 0.82
(6,9] 0.63 081 0.86 0.87 087 0.86 0.85 0.82
(9,15] 0.57 0.76 0.83 0.86 0.87 0.88 0.88 0.81

(15,24] | 0.51 0.69 0.78 0.82 0.84 0.87 0.83 0.77

Panel B: Straddle Return Summary Statistics (one-month returns, percent)

Maturity (1,3]  (3,6] (6,9 (9,15] (15,24] Avg.
Mean 0.31 019 0.12 0.08 0.03 0.15
Standard Deviation 1.39  1.35 1.34 1.36 1.44 1.33
Skewness -3.57 -3.13 -2.51 -1.87 -1.37 -2.56
Kurtosis 30.25 26.06 19.61 15.07 12.18 20.35
Autocorrelation 1-month | 0.26  0.27  0.23 0.21 0.15 0.25
Panel C: Straddle Return Explanatory Regressions Rff,%dle =a+ BRithn + €thp
Straddle Maturity Bucket b (1,3] (3,6] (6,9] (9,15]  (15,24] Avg.
Expected Return Maturity n 3 6 9 12 18 Avg.
One-month returns (h =1, T' = 5,190)
o 0.02 -0.03 -0.06  -0.09** -0.12***  -0.04
0.31]  [-0.64] [1.55] [-2.12]  [-2.72]  [-0.96]
B 1.53***  1.05*** 0.84** 0.73***  0.60***  0.84***
[18.28] [22.94] [25.73] [23.00] [23.64] [26.30]
R%, 070 075 076  0.75 0.76 0.76
Three-month returns (h = 3, T'= 5, 190)
e’ -0.28 -0.21*  -0.26*  -0.29**  -0.37** -0.20
[1.58] [-1.69] [-1.92] [-2.01] [-2.41] [-1.56]
I} 2,25  1.30***  0.97*** 0.82***  0.65***  1.01***
[12.48] [24.35] [28.70] [26.31] [25.90] [26.52]
Ridj 0.69 0.81 0.81 0.81 0.79 0.82
Six-month returns (h =6, T = 5,190)
«@ -0.59* -0.59* -0.62* -0.77* -0.57*
[178]  [L77] [172] 207 [-L.77)
B 1.55***  1.06*** 0.87***  0.67*** 0.96***
[13.10] [15.95] [14.20] [13.61]  [15.14]
Ridj 0.69 0.74 0.74 0.74 0.76
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Table 8: Straddle Return Predictability

This table reports return predictability regressions for straddle returns for different maturity buckets
b using the estimated variance swap expected return Ey[R;ij ] of maturity n to forecast h-month
returns. Newey-West t-statistics indicate significance using 21 - h - 3 lags.

Straddle Return Predictability from 1996 to 2016: Rstraddle — g, 4 3, F, [Rith,n] + €ttnb

t+h.b

Straddle Maturity Bucket b (1,3] (3,6] (6,9] (9,15]  (15,24] Avg.

Expected Return Maturity n 3 6 9 12 18 Avg.

One-month returns (h = 1, T = 5,190)

Bo -0.00 -0.14 -0.18  -0.23*  -0.27*" -0.19
[-0.02]  [-1.10] [-1.35] [-1.74] [-2.27] [-1.44]

51 1.49%  1.42**  1.22** 1.25"* 1.15™*  1.39"**
[5.79] [5.15] [4.35] [4.47] [4.97] [4.81]

R2,; 0.06 0.10 0.10 0.11 0.11 0.10

Three-month returns (h =3, T = 5,190)

Bo -0.02 -0.24 -0.35 -0.46  -0.54* -0.32
[-0.09] [-0.82] [-1.17]  [-1.46] [-1.68] [-1.07]

B4 1.62%**  1.22*** 1.00*** 0.96*** 0.80"**  1.09"**
[7.55] [6.77] [7.17] [7.24] [6.41] [7.40]

R, 0.08 0.10 0.11 0.12 0.11 0.11

Six-month returns (h =6, T' = 5, 190)

Bo -0.59 -0.73 -0.87 -1.00 -0.77

[[0.99] [1.17] [-1.34] [-1.46]  [-1.22]
51 1417 1.06***  0.97* 0.77**  1.02***
[5.85] [6.52] [6.50] [6.19] [6.55]
R, 0.15 0.16 0.18 0.17 0.17

Table 9: VIX Futures Pricing Errors

This table reports the model pricing errors for VIX futures for the front six contracts from 2007 to
2016 after estimating the model with realized variance and variance swap rate data. Figure 6 plots
the pricing errors to illustrate these results.

VIX Futures Pricing Errors 2007-2016: ¢4, = Futg,n — Futy

Contract (n) 1 2 3 4 5 6 Avg.
Mean -0.25 -0.18 -0.16 -0.20 -0.17 -0.12 -0.18
RMSE 0.90 1.21 1.09 095 090 0.87 0.99
Mean t-statistic -4.26 -1.54 -1.36 -1.75 -1.51 -1.10 -1.92
Skewness -2.31 -213  -1.19 -0.18 -0.07 -0.02 -0.98
Kurtosis 17.50 17.71 10.72 427 354 3.14 948
Autocorrelation 1-week 0.38 0.75 0.82 085 085 0.83 0.75
Autocorrelation 1-month 0.08 025 039 058 0.61 0.61 0.42
Percent below lower bound 0.35 0.28 0.30 033 0.28 0.26 0.30
Percent above upper bound 0.26 022 0.18 013 0.09 0.07 0.16
RMSE lower bound 0.89 1.34 1.26 1.13 1.10 1.11 1.14
RMSE upper bound 1.01 1.39 1.37  1.40 143 1.46 1.34
Corr(legn| , |ey;?|) 0.59 044 040 038 022 0.14 0.36
Corr(letn| , VIX) 049 059 049 031 022 020 0.38
Corr(Alet,n| ,AVIX) 5d chg. 049 044 041 0.29 0.15 007 031
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Table 10: Explaining Daily Changes in VIX Futures Prices

This table reports regressions of daily changes in VIX futures prices onto the change in the model
futures price and other explanatory variables. Panel A includes the full sample period from March
2003 to 2016. Panel B is a subsample from 2010 to 2016 that excludes the financial crisis. The change
in the model futures price remains highly significant across specifications and sample periods. For
example, in Panel A, the model explains 74.5% of the variation in futures prices by itself. Including
additional explanatory variables that enter significantly with the expected sign only increases the
R? .. to 76.9%. The t-statistics in brackets are double clustered by date and contract. The final

adj
specification includes date and contract fixed effects.

Panel A: 2004.03-2016 (1) (2) (3) (4) (5)
A Model Futures Price 0.71***  0.71**  0.57***  0.53***  (0.54***
[39.85] [38.28] [25.04] [22.92] [21.81]
A VIX 4pm to 415pm 0.14** 0.10** 0.09*
[2.60] [2.12] [1.97]
A VIX 4pm to 415pm Lag -0.12** -0.09* -0.09*
[-2.38] [-1.79] [-1.85]
A VIX 0.03***  0.03***
[2.95] [3.06]
Market Return -0.07***  -0.08***
[-4.91] [-5.43]
Volume Buy 0.04***  0.03***
[6.02] [4.41]
Volume Sell -0.04***  -0.01**
[-5.53] [-2.49]
Observations 23681 23681 23681 23681 23681
Adjusted R? 0.745 0.748 0.764 0.769 0.896
Fixed Effects No No No No Yes
Panel B: 2010-2016 (1) (2) (3) (4) (5)
A Model Futures Price 0.77***  0.78***  0.61***  0.58***  (0.55***
[36.53] [33.54] [22.51] [19.26] [20.91]
A VIX 4pm to 415pm 0.38***  0.31***  0.30***
[5.19] [4.30] [4.13]
A VIX 4pm to 415pm Lag -0.27*%  -0.24***F  -0.24***
[-4.35] [-3.98] [-4.00]
A VIX 0.04***  0.04***
[3.22] [3.35]
Market Return -0.09***  -0.09***
[-5.10] [-5.42]
Volume Buy 0.03***  0.03***
[3.77] [4.63]
Volume Sell -0.02%** -0.01
[-2.91] [-1.34]
Observations 14650 14650 14650 14650 14650
Adjusted R? 0.776 0.794 0.813 0.814 0.932
Fixed Effects No No No No Yes
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Table 11: VIX Futures Return Predictability

This table reports return predictability regressions for weekly VIX futures returns. Panel A includes
the full sample period from March 2003 to 2016. Panel B is a subsample from 2010 to 2016 that
excludes the financial crisis. The model expected return and pricing error significantly predict
returns in the first three specifications which use time-t data to forecast the t to t + 5 return.
Even after adding the contemporaneous CRSP value-weighted market return or date and contract
fixed effects in the next three specifications, the model expected return and pricing error remain
significant. All of the explanatory variables are standardized except for the market return for which
the coefficient can be interpreted as a beta or factor loading. The t-statistics are clustered by date

and contract and use 5 lags to adjust for autocorrelation.

Panel A: 2004.03-2016 (1) (2) (3) (4) (5) (6)
Model Expected Return  0.31***  0.30***  0.22***  0.21*** 0.34*** 0.30***
[5.24] [5.52] [4.64] [4.47] [4.04] [3.71]
Model Pricing Error 0.23***  0.19***  0.15***  0.14** 0.06*
[4.21] [4.63] [3.96] [2.50] [1.78]
VIX Futures Slope 0.10* 0.12* 0.15**
[1.88]  [1.93] [2.50]
VIX 0.53*** 0.03
[3.45] [0.20]
Realized Variance -0.64*** -0.13
[-3.61] [-1.02]
Market Return 0.39***
[14.66]
Observations 23828 23828 23828 23828 23828 23828
Adjusted R? 0.041 0.063 0.093 0.524 0.779 0.784
Fixed Effects No No No No Yes Yes
Panel B: 2010-2016 (1) (2) (3) (4) (5) (6)
Model Expected Return  0.30***  0.26***  0.20***  0.24*** 0.51*** 0.48***
[4.36] [3.64] [2.70] [4.05] [4.85] [4.34]
Model Pricing Error 0.13**  0.14**  0.08**  0.10** 0.07*
[2.61]  [2.65]  [2.35]  [243]  [1.88]
VIX Futures Slope 0.01 0.04 0.05
[0.34] [0.84] [1.36]
VIX 0.46** -0.09
[2.60] [-0.68]
Realized Variance -0.43** -0.03
[-2.05]  [-0.22]
Market Return 0.50***
[24.51]
Observations 14735 14735 14735 14735 14735 14735
Adjusted R? 0.030 0.036 0.046 0.601 0.830 0.830
Fixed Effects No No No No Yes Yes
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Figure 1: Realized Variance and Variance Swap Rates
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The top figure plots the time series of realized variance and one-month variance swap rates against
the cumulative excess return on the market. Increases in volatility are negatively correlated with
stock market returns, a result known as the leverage effect due to Black (1976). Selling volatility
insurance by receiving fixed in variance swaps produces returns that are significantly positively
correlated with stock market returns. Equivalently, paying fixed provides a hedge for stock market
declines. The bottom figure illustrates this result by plotting overlapping monthly returns for the
stock market and for receiving fixed in one-month and twelve-month variance swaps at a daily
frequency. Market returns are defined as the CRSP value-weighted return in excess of the one-
month Treasury bill rate obtained from Ken French’s website. The returns are normalized to have
5% monthly volatility from 1996 to 2016 for comparison.
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Figure 2: The Time-Varying Price of Volatility Risk
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This figure plots the time-varying price of volatility risk as measured by the one-month and twelve-
month variance term premia estimates VI'P; ,,. Variance term premia represent the expected holding
period return from receiving fixed in variance swaps. Variance term premia can be interpreted as
the cost of insuring against realized variance shocks over different horizons. High levels of variance
term premia predict high returns from selling volatility by receiving fixed in variance swaps, selling
VIX futures, or selling straddles on SPX options.
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This figure plots observed variance swap rates against the estimated model prices for 1, 3, 6, and
12-month maturities at a daily frequency from 1996 to 2016. A three-factor logarithmic model with
two principal components fits the cross section of variance swap rates with small pricing errors as
measured by the root-mean-squared-errors (RMSEs) in the titles of the subplots. The model’s risk
neutral parameters 4@ and ®Q are estimated by nonlinear least squares to minimize variance swap
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pricing errors for 1, 3, 6, 9, 12, 18, and 24-month maturities.
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Figure 4: Variance Swap Return Predictability
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The plots on the left report the excess return from receiving fixed in variance swaps against the

variance term premium over l-month and 6-month horizons.

High levels of the variance term

premium forecast high returns from receiving fixed in variance swaps, consistent with the in-sample
return predictability results in Table 5. The plots on the right decompose variance swap rates into
realized variance forecasts and variance term premia. The realized variance forecasts are less volatile
and the variance term premia are more persistent over longer horizons, consistent with the variance

decompositions in Table 6.
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This figure plots the partial derivative of the variance term premia VVTPF;, on average and at
different points in time for a one standard deviation change in the state variables. The average
partial derivatives in the top left subplot are similar to the coefficients from the regression analysis
in Panel B of Table 6. The other plots highlight how the partial derivatives change for different values
of the state vector. The top right subplot from October 2007 represents a period when the state
vector is close to its unconditional mean [ of zero. The bottom left subplot from November 2008
represents a high volatility state with an inverted variance swap curve. The bottom right subplot
from December 2016 represents a low volatility state with an upward sloping variance swap curve.
The gray box for the November 2008 plot highlights the scale of the other subplots, illustrating the
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increase in magnitude of the partial derivatives during the financial crisis.
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Figure 6: Relative Pricing of VIX Futures
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This figure plots the model fit for VIX futures after estimating the model with variance swap rate
and realized variance data. The top left plot shows the model fit for the front month contract. The
top right plot shows the pricing errors as a one-month moving average. The bottom left plot reports
the unconditional term structure. The bottom right plot shows the magnitude of the pricing errors
for VIX futures relative to the in-sample pricing errors for variance swaps (the MAE of .73% versus
.29% is about 2.5 times larger). The model is relatively unbiased with VIX futures falling within
the model bounds on average. In recent years, however, the cheapness of VIX futures has been as
large as .50% to 1% according to the model.
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Figure 7: VIX Futures Trading Strategy
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This figure plots the performance of a pseudo-out-of-sample VIX futures trading strategy described
in the paper that exploits the return predictability of the model expected returns and pricing errors.
The corresponding CRSP value-weighted return is included for comparison. Both return series are
normalized to have 10% annualized volatility. The VIX futures trading strategy earns an annualized
Sharpe ratio of 1.80 versus .50 for the market with a weekly CAPM alpha of .35% [5.21]. The bottom
figure plots the average position across futures contracts to highlight when VIX futures are expensive
(short) and cheap (long) and the rolling hedge ratio for the strategy.
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A Appendix

A.1 Synthetic Variance Swap Rates

I compute synthetic variance swap rates from the price of a replicating portfolio that takes a
static position in a continuum of out-of-the money European options (Carr and Wu 2009).%
I perform this computation every day for standard expirations between ten calendar days
and three years to maturity with at least five out-of-the money call and put options whose
Black and Scholes (1973) deltas are greater than or equal to 1%.2! For each date-maturity
pair satisfying this filter, I fit a flexible implied volatility function by local linear regression to
out-of-the money option prices with positive implied volatility as reported by OptionMetrics.
I determine which options are out-of-the money using the forward rate implied by put-call
parity.?? To extrapolate beyond the observed strikes and for deep out-of-the money options
with a delta less than 1%, I append log-normal tails using flat implied volatility functions. I
then compute synthetic variance swap rates as a weighted average of out-of-the money option
prices, using the fitted implied volatility functions to compute option prices. To obtain the
term-structure on a constant grid, I interpolate the synthetic variance swap rates at the
observed maturities onto a monthly grid from one-month to two-years. The interpolation is
linear in total variance following Carr and Wu (2009) and the CBOE volatility indexes.
Figure A.1 provides an example of this procedure on July 31, 2015 for SPX options
written on the S&P 500 Index. As the top plot illustrates, the implied volatility fitting errors
are small while the range of observed moneyness is large. The close fit indicates that the
implied volatility functions provide an accurate estimate of the risk-neutral distribution. The
bottom plot reports the resulting synthetic variance swap rates alongside over-the-counter
(OTC) rates from Markit Totem and the CBOE volatility indexes.?> The rates from the

20The replicating portfolio is exact when there are no jumps and interest rates are constant. Martin (2017)
shows that the assumption of a continuous underlying can be relaxed by computing realized variance with
simple returns as opposed to log returns for the floating leg payoff, a result that is particularly important
for pricing variance swaps on single stocks whose prices can go to zero in the event of default.

21T use traditional SPX options with an AM settlement on the third Friday of the month. In recent
years, the CBOE has introduced SPX Weekly, End-of-Month, and PM options. Liquidity and contract
specifications can differ for these products, introducing noise in implied volatility curve fitting. To mitigate
this issue, I require expiration dates be on the third Friday or Saturday of the month. In addition, I require
the first four characters of the option symbol field to match “SPX ” from 2011 on. This differs from the
“SPXW?” symbol for weekly options that is used from February 2010 on in the US OptionMetrics data.

221 define the forward rate as the median forward rate implied from as many as ten strike prices that are
closest to the strike price that minimizes the absolute difference between call and put prices. The forward
rate implied by different strike prices is F(r,K) = K + Z(7)"}(C(r,K) — P(r, K)) where Z(7) is the risk
free discount factor. Note that if call and put prices are equal, the implied forward rate is the strike price.

23In addition to the VIX which tracks the one-month implied volatility of SPX index options, the CBOE
also tracks three-month and six-month implied volatility with the VIX3M (formerly VXV) and VXMT
indexes.
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different sources closely align with the knot points indicating the observed maturities. To
show this example is representative of the full sample, Table A.1 reports summary statistics
for the option prices used in the curve construction over time. Similar to the example, the
range of moneyness is large and the implied volatility fitting errors are small. The average
RMSE for the implied volatility fitting errors are less than .20% for short-dated maturities
and .10% for long-dated maturities over the full sample. On an average day I am able to
compute synthetic variance swap rates for as many as nine to ten maturities with a minimum
maturity shorter than one-month and a maximum maturity longer than two-years. This
range of maturities and the liquidity of the corresponding options, as evidenced by the large
open interest amounts and small bid-ask spreads, supports my empirical approach which
interpolates the observed synthetic rates onto a monthly grid from one-month to two-years
for estimating the dynamic term-structure model.

Table A.2 illustrates the external validity of my approach by comparing my synthetic
variance swap rates to synthetic rates from the CBOE and Bloomberg as well as to OTC
rates from Markit Totem and a hedge fund. Across the different datasets, maturities, and
sample periods, my synthetic rates closely track the variance swap rates from the alternative
datasets. For example, the correlation between my one-month synthetic variance swap rate
and the VIX is 96% in one-day changes, 98% in one-week changes, and 99% in one-month
changes from 1996 to 2016. Similar results hold for the other maturities and datasets. Even
for the OTC rates, the correlation is still as high as 96% to 99% in monthly changes across
maturities. Beyond these large time-series correlations, Table A.2 also confirms that my
synthetic rates are relatively unbiased. The lack of bias is perhaps surprising given the
observation that OTC variance swaps embed additional jump, liquidity, and counterparty
risks that are not present in the synthetic rates. It is possible that some of these differences
offset. For example, negative jump risk and illiquid OTC markets might push OTC rates up
while counterparty risk may push OTC rates down relative to synthetic rates. Empirically,
my synthetic rates are within .20% implied volatility units of the OTC rates on average for
maturities greater than one-month both for the hedge fund data from 2000:01-2013:11 and
for the Markit data from 2006:09 to 2015. I do observe a larger difference at the one-month
maturity, where my synthetic rate is .26% higher than the VIX from 1996 to 2016 and .62%
higher than the OTC rates from Markit from 2006:09 to 2015. That said, this difference is
still relatively small compared to option bid-ask spreads. For context, the average bid-ask
spread for OTC variance swap rates declines from 1.39% at the one-month maturity to .60%
for the one-year to two-year maturities according to Markit data. Average bid-ask spreads
for index options are similar and equal to about .80% to 1% in recent years according to

OptionMetrics data as reported in Table A.1. Finally, Table A.2 indicates that my synthetic
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rates are positively skewed in comparison to the OTC rates from Markit, but less so in
comparison to the other rates.

Figures A.2 and A.3 illustrate these results. Figure A.2 plots my synthetic variance swap
rates against the CBOE volatility indexes at month-end and the daily change in my synthetic
rates against the daily changes in the indexes from 2008 to 2016. As in Table A.2, the daily
changes are over 95% correlated. In addition to these time series dynamics, Figure A.3 plots
the average term-structure of the variance swap rates from 2009 to 2015 using month-end
data for my synthetic rates, the CBOE volatility indexes, Bloomberg’s synthetic rates, and
Markit’s OTC rates. Figure A.3 also plots the average bid-ask spread from Markit and 95%
confidence intervals for the synthetic rates, which are computed separately for each maturity
using Newey-West standard errors with 36 monthly lags. Overall, the differences between
the average term-structures are relatively small when compared to either the bid-ask spread
from Markit or the 95% confidence intervals. Of course, I should emphasize that the different
rates are not expected to match each other exactly. OTC rates embed additional risks that
are not present in the synthetic rates. In addition, when computing my synthetic variance
swap rates, I avoid the strike truncation and discretization error that are present in the
CBOE volatility indexes. While these differences could in principal drive large variations
between my synthetic variance swap rates and the alternative datasets, I find empirically

that the different rates tend to track each other quite closely.

A.2 Two-Scale Realized Variance Estimation

I estimate realized variance for the S&P 500 index each day in the sample following the two-
scale approach described in Zhang et al. (2005). In the first step, I use a sparse five-minute
sampling frequency to compute realized variance estimates from five different subsamples
whose intraday observations are spaced one-minute apart. For example, if the market closes
at 4:00pm, the realized variance estimate for the first subsample is the sum of squared log
returns from the previous close at 4:00pm to 9:30am, 9:30am to 9:35am, ..., 3:55pm to
4:00pm. The realized variance estimate for the second subsample is the sum of squared
log returns from the previous close at 4:00pm to 9:31am, 9:31am to 9:36am, ..., 3:56pm to
4:00pm. The realized variance for the third subsample is the sum of squared log returns from
the previous close at 4:00pm to 9:32am, 9:32am to 9:37am, ..., 3:57pm to 4:00pm, etc. Each
subsample uses the same starting and ending prices to estimate the daily realized variance.
The two-scale realized variance estimate, or second stage estimate, is the average of the first
stage realized variance estimates across subsamples to reduce sampling variability.

I apply standard data cleaning techniques for high frequency data when implementing
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the two-scale estimator empirically. I use one-minute intraday prices during regular market
hours from 9:30am to 4:00pm from TRTH. I filter these observations by dropping prices that
are below the daily low or above the daily high as reported in TRTH’s end-of-day data.
In addition, I follow Liu et al. (2015) by excluding short days with fewer than 60% of the
expected observations during regular market hours (days with less than 235 observations)
to remove early closes from the sample. On each of the remaining days, I interpolate the
observed prices onto a one-minute grid from 9:30am to 4:00pm using the previous tick method
(previous neighbor interpolation).?* T then compute the two-scale realized variance estimate

as described above.

A.3 Variance Term Premia Estimation

A.3.1 VTP confidence intervals

Figure A.4 plots the one-month and twelve-month variance term premia alongside 95% point-
wise confidence intervals. The top plots report NLLS confidence intervals from daily data
that are block bootstrapped treating the state variables as observable. The bottom plots
report Bayesian MCMC confidence intervals from non-overlapping monthly data allowing
for latent state variables. I discuss Bayesian estimation of the model in the next section.
The confidence intervals are small relative to the time variation in the variance term premia.
The null hypothesis of a constant variance risk premium at a one-month or twelve-month
horizon is easily rejected. Beyond illustrating how the variance term premia varies signif-
icantly over time, the plot also quantifies how much wider the confidence intervals are for
the twelve-month versus one-month estimates and for the Bayesian versus NLLS estimates.
For the MCMC (NLLS) estimates, the average lengths of the one-month and twelve-month
confidence intervals are .76% (.60%) and 1.56% (1.25%). Longer forecast horizons and the
MCMC estimates, which use month-end data and allow for latent state variables, produce

wider confidence intervals.

A.3.2 MLE and MCMC Estimation

I estimate the model parameters in the paper by two steps. First, I estimate the physical
parameters (ﬂ,('f), iv) from a monthly vector autoregression with overlapping daily data.

Second, I estimate the risk-neutral parameters (/lQ,ti)Q) by nonlinear least squares using

240n most days I observe a price every minute so the interpolation is not required. The mean (median)
number of observations per day is 389.5 (391) out of 6.5 - 60 + 1 = 391 possible observations. In total there
are 354 days with fewer than 391 observations, most of which occur earlier in the 1996 to 2016 sample period.
On these days, the mean (median) number of observations is 368 (390).
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daily variance swap rates. This approach easily accommodates daily data and only requires
that the observation errors be mean zero conditioned on the state vector Ele;,|X;] = 0.
With the additional assumption that the measurement errors are conditionally normal, I
can also estimate the model by maximum likelihood (MLE) and by Bayesian methods using
a Markov Chain Monte Carlo (MCMC) algorithm. For these estimation strategies I use

non-overlapping month-end data. As before, the model can be summarized as,

X1 = p+ X + vy, Ut+1\«7'—t ~ N(O, Ev) (35)
Y;t,n = gn(Xta ,UQa (I)Q’ Zv) + et,n7 et,ant ~ N(07 Ug)'
The likelihood function from the forecast error decomposition is,
f(Yt, Xt|Xt—17 9) = f(Yt|Xt7 G)f(thXt—lv @) (36)

= f(YHXta MQv q)(@a Lv)f(Xt‘Xt—l, s (I)7 Lv)
The resulting log likelihood function (conditioned on ¢ = 0 information) is,

LL = SF Inf(Y|X,0)+ S0, In f(X:|X,_1,0)

= T m2r0?) = 5 0 Cner (Yan = gu(Xe, 1%, @2, 50)) f0)? (37)
—LEn(2r) — DI |8, — 0 (X — p— OX, VS (X — o — BXy).

The separation of the physical parameters that govern the conditional mean of the state
vector and the risk-neutral parameters that govern variance swap pricing is emphasized by
Joslin et al. (2011). Because of this separation, one can show that the maximum likelihood
estimates for p and ® are the ordinary least squares estimates from a vector autoregression
of the state variables. This greatly simplifies maximum likelihood estimation as the likeli-
hood function only needs to be maximized over the remaining parameters (u%, ®@, L,). In
addition, the separation implies that variance swap pricing errors do not inform the model’s
predictability for the state variables in the VAR. Forecasts are entirely driven by the es-
timated VAR under the physical measure. Of course, variance swap rates still impact the
model’s predictability as they are included in the state vector through the level and slope
factors X; = [In RV} PClevert PCliope.t]-

In addition to maximum likelihood, one can also estimate the model by MCMC methods
following the literature on the Bayesian estimation of stochastic volatility models (Jacquier

et al. 1994). In this case, the posterior distribution is,

P(X,0[VS) x p(¥,X,0)

(38)
= p(Y|X,0)p(X|0)p(O),
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which suggests an MCMC algorithm that cycles through:%
o p(0|Y, X) draw p, u@, @, ®2, L, sequentially
o p( XYy, Xio1, Xi41,0) draw X, fort =1,...,T.

In implementing the estimation I use diffuse priors for (1, ®, u@, ®?) centered around the null
of no return predictability. The advantage of the MCMC algorithm is that it accommodates
latent factors and the nonlinear model for pricing variance swaps, addressing a potential
criticism of the baseline estimation strategy. Variance swaps in the model are a nonlinear
function of the state vector. While realized variance is priced exactly by the model, the
level and slope factors are not. Despite this, I have assumed that the level and slope factors
are observable, i.e. the model should price these factors exactly so that the factors can be
found by inverting the model. Whether this criticism matters for the results is an empirical
question. In brief, I find that it doesn’t matter. Using observable or latent state variables
delivers similar estimates of variance swap rates and variance term premia. Given that
model estimation is significantly faster for the two-step approach described in the paper as
compared to the MCMC estimation strategy, I assume the state variables are observable
for the baseline analysis.?® In particular, this helps to facilitate the detailed analysis of the
model’s out-of-sample return predictability and to allow for the out-of-sample VIX futures
trading strategy.

Table A.3 summarizes these results by reporting the model parameters estimated by the
different methods using month-end non-overlapping data. The results are similar across the
estimation methods. The differences from the baseline parameter estimates are predomi-
nantly insignificant and economically small. Panel D illustrates this result for the MCMC
estimates. Similar results hold for the NLLS and MLE estimates (not shown). The ¢-statistics
for the MLE are from the asymptotic sandwich covariance matrix estimated numerically us-
ing double-sided finite differences for the Hessian and gradient. Figure A.5 plots the model
variance swap rates and variance term premia from the different estimation methods along-
side each other to interpret these differences from an economic perspective. The differences
in the variance swap rates versus the baseline model are small and less than Markit’s re-

ported bid-offer spreads. The differences in the variance term premia estimates are also

Drawing from P(X1|Y7,0) and P(X7|Yr, Xr_1,©) for the initial and final conditions.

26 An alternative estimation approach to accommodate latent factors is to estimate the model using the
Kalman filter with log variance swap forward rates in the observation equation. I originally pursued this
approach but found that pricing log variance swap forwards resulted in larger pricing errors for variance swap
rates, motivating the MCMC approach. The performance deterioration potentially stemmed from increased
measurement noise when computing synthetic variance swap forward rates, which requires differencing the
interpolated synthetic variance swap rates across the maturity dimension.
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small in comparison to the confidence intervals discussed in the previous section. As a final
observation, Figure A.6 plots the level PCj,ei; and slope PCyope factors from the baseline
estimation against the posterior distribution of the latent state variables from the MCMC
estimation. The highest posterior density (HPD) regions for the first latent factor are very
tightly centered around PCjeyer+. The HPD regions are somewhat wider for the slope factor,
but still close PCygpe+ used in the baseline estimation. Despite this uncertainty, the vari-
ance swap rates, term premia, and term premia confidence intervals are quite similar across
Figures A.4 and A.5.

A.4 Model Extensions

A.4.1 Volatility swap rates and bounds on VIX futures prices

Bounds on VIX futures prices can be derived from Jensen’s inequality (Carr and Wu 2006).
Using the notation in this paper, the upper bound for the n-month futures contract is the

square root of the n 4+ 1 month variance swap forward,

Futy, = E2[\/VSiini]

I IA
o
(S
<
W
+
s

(39)

|
3
5y
5

Proceeding along similar lines, the lower bound for the n-month futures contract is the price

of an n + 1 month volatility swap forward,

Fut,, = ES [\/Egn [th+n+ﬂ}

= E} [VRVint1)

. [B;AO%BMHM} (40)
= Efe@ [Voliinii]

= Foolyni

LB,

Similar to variance swap forwards, volatility swap forwards are exponential affine in the state

Vol Voly/ . .
An+(Br?)'Xe - The coefficients AV and BY follow the same recursions

as before with the adjusted initial conditions 4§ = 14, and By = 1B,. Note at n = 0

vector Fvol;,, = e

49



the upper bound becomes an equality,

FUtuo = VIXt = \/VSt,l = \/Ft,l-
In contrast, the lower bound at n = 0 remains an inequality,

Fut,y = VIX, = \/ EYRV;s1] > E° [\/RV;H} .

Summarizing these results, VIX futures prices are bounded by,
LBt,n = FUOlt,n—i—l S FUtt,n S V F’t,n-i-l = UBt,rr

A.4.2 VIX Options

(41)

(42)

The VIX is conditionally log-Normal in the model. As a result, VIX options can be priced

by the Black (1976) formula for pricing options on futures contracts. Assuming that interest

rates are constant and equal to r, the price of an n-month call option on the n-month VIX

futures contract is,

Cin = E;:@ [677«'% (Futyyno — K)Jr]
= B[ (VIXyy, — K)']

_ E;f@ |:er.1“2 <6Ag+(Bg)/Xt+n _ K) +:| )

The conditional distribution of the logarithm of the VIX is,

I VIXpn = AL + (BEY Xy inl Fi = N, 02).
with mean and variance that are equal to,
n i—1 n
p = A+ (BE) (S0 (09)7) u® + (B) (09)" X,
. N/
02 = Y (BE) (@97, ((@9)") B
It follows that VIX futures prices are equal to,

Fut,, = E2[VIX,.,)

E [eut,n+onZ]

elﬁt,n“l‘%aﬁ .
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and that VIX options prices are equal to,

[12 n
Ct,n = C’Black (FUtt,na K7 On Ea T E) : (48)

The option price is expressed using the Black formula,

CBlack(Fy, K, 0,7,7) = e"" [Fy - N(di) — K - N(d»)]
d = MRS (49)
dy = di—oyT.

This result has several implications. First, note that the model admits an unconditional
term structure of implied volatility for VIX options that is equal to an\/m in annualized
units. The corresponding term structure for the realized volatility of the VIX can be com-
puted by replacing ®? with ® in equation 46 above. Figure A.7 plots these term structures
alongside their empirical counterparts. Overall, the model captures the level and downward
sloping term structure for the volatility of volatility.

However, as Figure A.7 indicates, the volatility of the VIX has increased in recent years.
The model assumes that the logarithm of realized variance follows a vector autoregression
with homoskedastic shocks. As a result, the Black formula applies for pricing VIX options
with the implication that the model features no time variation in the volatility of the VIX
and no volatility smile for VIX options. These features of the model are rejected by the data.
The CBOE VVIX Index provides direct evidence that the implied volatility of VIX options
is time varying. In addition, VIX options feature an implied volatility smile that reflects an
asymmetric conditional distribution under the risk-neutral measure. High strike call options
that hedge against increases in the VIX tend to have a higher implied volatility than low
strike call options. Figure A.7 illustrates these results. I leave extensions of the model to

accommodate these features of the data to future work.

A.4.3 Continuous Time Model

The baseline approach assumes that the logarithm of realized variance follows a discrete
time first order VAR with innovations that are conditionally Normal. An analogous model
can be derived in continuous time. As a motivating example, suppose that spot log variance

Inv; = g, follows a univariate Gaussian process,

dy, = k(7 — yo)dt + cdW2, (50)
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with the conditional distribution,

Q = —KT = 02 —2KT
yrlye S N{g+e (=), o -(1—e™) ), (51)

where 7 = T — t. In this example, variance swap rates can be derived by applying Fubini’s
theorem and the moment generating function of a Normally distributed random variable to

evaluate the expectation,

VS, T) = E2 [ s vsds]
= ftT Eff@ [vg] ds
= ftT EP [e¥] ds

T Fi.—k(s—t) i ﬁ _o—2K(s—t)
— j; €y+e (yt y)+4ﬂ(1 € )ds

(52)

The integral above is analogous to the summation of exponential affine variance swap for-
wards from the discrete time model. Moreover, this approach readily extends to a multivari-
ate setting.

Suppose there is a K x 1 state vector X, following the multivariate Gaussian process,
dX; = k(p — X3) + odWy, (53)
with the instantaneous covariance matrix,
E2[dX,dX]] = oo'dt = ¥ - dt. (54)
As before, the conditional distribution under the risk-neutral measure is,
XX, RN (I =€) p+e "X, 5()), (55)

where 7 = T — t and (1) = fOT e e (=) dy, If the spot variance is an exponential
affine function of the state vector Inv, = Ay + B{ X}, variance swap forward rates are equal
to,

Ft,T) = EZvr]
E;@ [er-f—B(’)XT}
eAO—l—B(’)((I—e*“")u-&-e*'”Xt)+%B(’)Z(7—)B0 (56)
Ao+ By (1=~ )t 5 ByS(7) Bo+Bje "7 X,

eA(T)+B(T)/Xt
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Variance swap rates are then equal to,

VS(t,T) = / ' F(t, s)ds. (57)

As a final observation, note that closed-form VIX futures prices are not available in the

continuous time model. To see this, note that,

1 t+ &
VIX, =100 - \/ 12-VS (t,t + E) ~ 100 - \/ 12- / P AG-O+BG-Xeds,  (58)
t

The one-month variance swap rate is obtained by integrating over spot variance in continu-

ous time, which prevents the exponential function from being able to absorb the convexity

adjustment as it does in discrete time.
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This table reports summary statistics for the out-of-the money SPX option prices that are used to
construct the synthetic variance swap rates for the S&P 500 Index. Each day the minimum, average,
and maximum maturity 7 in months and the number of maturities IV are averaged across maturity
buckets. Similarly, the minimum, average, and maximum absolute moneyness |z| = |K/F — 1] and
absolute Black-Scholes delta |A| are averaged across maturity-date pairs by maturity bucket along
with the number of out-of-the money options N, the root-mean-squared implied volatility fitting
error RM SE and option price bid-ask spread SPD = (Ask — Bid)/Vega both equal-weighted and
value-weighted by outstanding vega, and open interest OI and volume V LM reported in thousands
of contracts and Black-Scholes vega in millions of dollars. The second half of the sample (2009-
2016) features a larger number of option price observations and a larger quantity of option trading

Table A.1: Index Option Summary Statistics

as measured by volume and open interest.

Sample Period 2000-2016 2009-2016 2000-2008
Maturity (r) | [0,3)  [3,9) [9:36] | [0,3)  [3.9) [9.36] | [0,3) [3.9)  [9,36]
Tomin 082 399 1063 | 082 355 1040 | 082 438  10.84
Tavg 162 564 1761 | 164 539 1856 | 161 585  16.76
Tmaz 243 743 2655 | 247 751 2980 | 240  7.37  23.66
N, 262 242 370 | 266 285 438 | 258 203  3.09
Nop: 69.87 4358 41.05 | 103.43 5506 53.53 | 39.02 20.24  25.28
|| imin 000 0.0 00l | 000 000 000 | 000 000 001
i 010 016 023 | 011 017 026 | 009 015  0.19
%] mae 025 040 057 | 027 042 064 | 023 036  0.49
|Almin 001 00l 002 | 001 001 00l | 001 001 003
1Al ag 016 018 021 | 014 017 020 | 018 019  0.22
|Almas 049 050 052 | 050 050 053 | 049 049  0.49
RMSE 017  0.08 008 | 017 007 006 | 018 009  0.10
RMSE,egq 014 007 008 | 013 005 005 | 016 009 0.1
SPD 147 105  1.03 | 162 113 120 | 133 095 081
SPDyega 1.04 081 081 1.04 082 089 | 1.05 080  0.72
oI 919.40 531.84 239.92 | 1250.65 624.23 289.80 | 614.88 416.44 176.91
Olyega 92.09 118.61 91.44 | 134.07 144.77 11648 | 53.50 85.93  59.79
VLM 87.00 1819 409 | 11599 21.73  4.64 | 60.35 13.78  3.40
VLM,eqa 10.04 454 171 | 1450 561 209 | 594 319 122
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Table A.2: Synthetic Variance Swap Rates Versus Alternative Datasets

This table compares the estimated synthetic variance swap rates to over-the-counter rates from a
hedge fund and Markit Totem as well as synthetic rates from Bloomberg and the CBOE. Summary
statistics for the differences between the rates are reported below in annualized volatility units. For
example, the standard deviation of the difference between my one-month synthetic rate and the
VIX index is .47%. The mean and standard deviation of the differences are small across the various
datasets and maturities. The synthetic rates are also highly correlated with the alternative datasets
across maturities, sample periods, and horizons.

Maturity 1 3 6 9 12 18 24
Panel A: Hedge fund over-the-counter rates (daily data 2000:01-2013:11)

Mean 0.67 006 -0.08 -0.19 -0.12 -0.09 0.08
Standard Deviation 1.18 0.73 0.57 0.564 053 062 0.68
Skewness 0.31 0.74 0.44 0.51 0.12 043 0.26
Minimum -14.61 -5.95 -4.77 -3.81 -3.83 -2.85 -3.15
Median 062 001 -0.09 -0.20 -0.13 -0.08 0.07
Maximum 10.99  6.77 5.63 4.15 3.87 5.06 5.68
Correlation of monthly changes | 0.96 0.97 0.97 0.97 097 097 0.96
Correlation of weekly changes 0.87  0.90 0.91 091 090 0.89 0.87
Correlation of daily changes 0.71 0.74 0.73 0.73 0.72 0.69 0.65
Panel B: Bloomberg synthetic rates (daily data 2008:11-2016:12)

Mean 0.73 -0.06 -0.22 -0.26 -0.30 -0.47 -0.57
Standard Deviation 0.84 0.37 0.34 0.35 033 040 0.33
Skewness 0.73 -1.05 -1.17 -1.67 -043 -1.41 -1.01
Minimum -4.23 -290 -3.02 -2.79 -2.11 -3.11 -2.32
Median 054 -0.05 -0.17 -0.20 -0.27 -0.39 -0.52
Maximum 5.14 2.28 1.50 149 1.69 0.69 0.56
Correlation of monthly changes | 0.99  0.99 0.99 099 099 099 0.99
Correlation of weekly changes 0.98 0.98 0.98 0.98 097 097 0097
Correlation of daily changes 0.94 0.94 0.94 093 092 092 0.92
Panel C: Markit over-the-counter rates (monthly data 2006:9-2015:12)

Mean 0.62 002 -0.07r -0.12 -0.05 0.02 0.20
Standard Deviation 1.06 0.64 0.45 0.42 050 048 049
Skewness 6.35 4.34 2.11 0.78 0.70 0.25 0.28
Minimum -091 -096 -0.81 -0.96 -1.10 -1.11 -0.91
Median 0.50 -0.10 -0.15 -0.18 -0.12 -0.02 0.14
Maximum 10.04 4.93 2.63 1.68 195 1.29 1.66
Correlation of monthly changes | 0.96 0.98 0.99 099 099 099 0.99
Panel D: CBOE synthetic rates (daily data*)

Mean 0.26 -0.10 -0.22

Standard Deviation 0.47 044 0.31

Skewness 0.29 3.80 0.86

Minimum -4.20 -2.31 -3.41

Median 0.24 -0.11 -0.23

Maximum 4.85 6.17 2.48

Correlation of monthly changes | 0.99 0.99 1.00

Correlation of weekly changes 0.98 0.98 0.99

Correlation of daily changes 0.96 0.96 0.96

*VIX 1996:01-2016:12; VXV and VXMT 2008:01-2016:12
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Table A.3: Model Estimation By Different Methods

This table reports the model parameters estimated by different methods using month-end non-
overlapping data from 1996 to 2016 (7' = 252). Panel A reports nonlinear least squares (NLLS)
estimates with bootstrapped t-statistics. Panel B reports maximum likelihood estimates (MLE)
with t-statistics from the asymptotic sandwich covariance matrix. Panel C reports MCMC results
from a Bayesian estimation of the model with latent state variables. Panel D tests for a difference
between the baseline estimates in Table 3 and the MCMC estimates using the baseline standard
errors. Overall, the results are very similar across the different methods. As Panel D indicates,
allowing the state variables to be latent has very little impact on the results. The differences in the
coefficients are predominantly insignificant and economically small. Moreover, similar results hold
for the differences between the baseline estimates and the NLLS and MLE estimates.

Panel A.I: Physical Parameters (NLLS bootstrap)

Panel A.II: Prices of Risk (NLLS bootstrap)

H P11 P12 P13 Ao Av Ao A
In(RV)  0.00 0.32*** 0.18*** 0.41%** In(RV) -0.70*** 0.30*** -0.10**  -0.07
0.00] [3.55]  [5.09] [3.98] F11.24]  [3.20]  [-2.66]  [-0.63]
PCleper  0.01 0.28*  0.80*** -0.13 PClepel -0.03 0.29 -0.16™* 0.29
(0.13] [1.88]  [14.00]  [-0.75] [0.18]  [1.62]  [-2.17]  [1.28]
PCgope -0.01 0.06 -0.06*** 0.70%** PCliope -0.04 0.06 -0.04 -0.05
[0.26] [1.40]  [-3.32]  [12.79] [0.17]  [0.25]  [-0.36]  [-0.17]
Panel B.I: Physical Parameters (MLE) Panel B.II: Prices of Risk (MLE)
7 Dy 1 D5 ®p 3 Ao Aig Ao Aiz
In(RV) -0.00 0.34™* 0.17*** 0.36%** In(RV) -0.70*** 0.32*** -0.10* -0.13
[0.02] [3.81]  [5.51] [4.08] [31.63]  [3.59]  [-3.21]  [-1.47]
PCleper  0.01 0.27*  0.83*** -0.16** PCleper  -0.06*  0.31**  -0.14*** 0.25***
[0.46] [1.81]  [16.49]  [-2.16] [178]  [2.01]  [272]  [3.23]
PCyiope  -0.00 0.07  -0.05*** 0.74%** PCyiope  -0.04***  0.10**  -0.04***  -0.04
[0.36]  [1.56]  [-3.26]  [16.64] [2.83]  [2.22]  [-2.68]  [-0.91]
Panel C.I: Physical Parameters (MCMC) Panel C.II: Prices of Risk (MCMC)
] Dy Dy 9 Dy 3 Ag Aiq A2 A3
In(RV)  0.03 0.33"** 0.18*** 0.41%** In(RV) -0.69*** 0.30*** -0.10** -0.15*
[0.73]  [3.85] [5.67] [4.53] [-20.18]  [3.61] [-3.14]  [-1.65]
PCloper  0.02 024" (.84 -0.19 PCrover  -0.05  0.29%*  -0.14** (.17
0.28] [1.99]  [18.46]  [-1.60] [0.82]  [2.38]  [-3.13]  [1.29]
PCyiope -0.00  0.09*  -0.06*** 0.70%** PCyiope  -0.03 0.10**  -0.05***  -0.05
[0.16] [1.88]  [-3.31]  [13.19] [1.10]  [2.30]  [-2.88]  [-1.07]
Panel D.I: Difference from baseline (MCMC) Panel D.IL: Difference from baseline (MCMC)
H P11 P12 P13 Ao A1 A2 A
In(RV) -0.02  -0.09 0.03 -0.02 In(RV) 0.01 -0.09 0.03 0.03
[0.66] [-1.18]  [1.22] [-0.22] 0.12]  [1.46] [1.19]  [0.51]
PCleper  -0.01 -0.17 0.04 0.12 PClepel -0.02 -0.17 0.06 0.20*
[-0.11]  [-1.35] [1.18] [1.29] [-0.20]  [-1.53] [1.54] [1.83]
PCsiope  -0.00 -0.07** 0.02* 0.08** PCiope -0.02 -0.06 0.02 0.08
[-0.12]  [-2.34] [1.85] [2.42] [-0.28]  [-0.56] [0.75] [0.76]
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Table A.4: Robustness of Straddle Return Predictability using
Various Definitions to Compute Straddle Returns

The estimated variance swap expected returns E, [Ri+hn] provide significant forecasts for straddle
returns using various definitions to compute daily straddle returns. The results are out-of-sample in
the sense that the model is estimated with realized variance and variance swap data, not straddle
returns. Newey-West t-statistics indicate significance using 21 - h - 3 lags to account for overlapping
observations from daily data. The sample period is 1996 to 2016 (n = 5,190) and the return horizon
is one month (h = 1).

Straddle Return Predictability Regressions (h = 1): Ryypp = Bo + B E, [Rith.n] + €ttnb
Straddle Maturity Bucket b (1,3] (3,6] (6,9] (9,15]  (15,24] Average

Expected Return Maturity n 3 6 9 12 18 Average

Dally Returns: Rt+1 = (St — St+1 — At(Pt-i-l — Pt))/K

Bo -0.00 -0.14 -0.18 -0.23*  -0.27** -0.19
[-0.02] [-1.10] [-1.35] [-1.74] [-2.27] [-1.44]

b1 1.49***  1.42**  1.22***  1.25"**  1.15"**  1.39***
[5.79] [5.15] [4.35] [4.47] [4.97] [4.81]

R%, 0.06 0.10 0.10 0.11 0.11 0.10

Dally Returns: Rt+1 = (St — St+1 — At(Pt+1 - Pt) + Tft . (St + K))/K - Tft

Bo 0.01 -0.13 -0.16 -0.20 -0.24* -0.17
[0.09]  [-0.96] [1.18] [-1.52] [-1.96] [-1.26]

b1 1.49**F  1.42*  1.21*%*  1.24**  1.13"*  1.38***
[5.79]  [5.14]  [4.32]  [4.43]  [4.87]  [4.78]

Rgdj 0.06 0.10 0.10 0.11 0.11 0.10

Dally Returns: Rt+1 = (St - St+1 - At(PH—l - Pt) + Tft . (St + K — Atpt))/K — T’ft

Bo 0.01 012 -0.15  -0.20  -0.23*  -0.16
[0.12]  [0.94] [-1.15]  [-1.48] [1.91]  [-1.22]
By 1497 1,42+ 1.21%  1.24%% 113" 138

[5.79]  [5.14]  [4.32]  [4.42] [4.84]  [4.76]

R%, 0.06 0.10 0.10 0.11 0.10 0.10

Dally Returns: Rt+1 = (St — St+1)/St

Bo 3.21** -0.15 -0.62 -0.99 -1.19** -0.10
[2.16] [-0.14] [-0.81] [-1.54] [-2.39] [-0.11]

51 11.41*%F  9.45***  6.16™**  5.45"**  4.37**  7.80***
[3.52] [4.29] [4.68] [4.75] [5.33] [4.37]

Ridj 0.02 0.05 0.05 0.07 0.08 0.05

Daily Returns: Ri4q = (S — St41 — Ae(Pry1 — Pr))/ St

Bo 3.07** -0.09 -0.76 -1.08 -1.26** -0.21
[2.08] [-0.09] [-0.94] [-1.63] [-2.44] [-0.23]

b1 11.16%**  9.16™**  6.27***  5.59***  4.54***  7.93***
[3.46] [4.11] [4.22] [4.62] [5.18] [4.26]

RZdj 0.02 0.05 0.06 0.07 0.08 0.05
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Figure A.1: Synthetic Variance Swap Rate Construction
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This figure illustrates my computation of synthetic variance swap rates for the S&P 500 Index on
July 31, 2015. The top plot reports the fitted implied volatility functions against log-moneyness
for different expirations whose time-to-maturity is reported in the legend. For each maturity, I
compute the synthetic variance swap rate as a weighted average of out-of-the money option prices
following Carr and Wu (2009). As the plot indicates, I extrapolate the price deep-out-of-the-money
options with Black-Scholes deltas less than 1% by appending log-Normal tails with flat implied
volatility functions. The bottom plot shows the resulting synthetic variance swap rates alongside
over-the-counter rates from Markit and the CBOE volatility indexes. When estimating the model,
I interpolate between these synthetic rates at the observed maturities onto a monthly grid from
one-month to two years.
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This figure plots my one-month and three-month synthetic variance swap rates against the CBOE
volatility indexes from 2008 to 2016. The left plots report the time series dynamics at month-end
dates. The right plots report the daily changes in my synthetic rates against the daily changes in
the CBOE indexes which are over 95% correlated. The plots highlights the synthetic variance swap
rates move and CBOE indexes move with a nearly perfect correlation throughout the sample. As

Figure A.2: Synthetic Variance Swap Rates Versus the CBOE Indexes
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Table A.2 confirms, similar results hold across the other maturities and datasets.
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Figure A.3: Unconditional Variance Swap Term Structure from 2009-2015
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This figure plots the average term-structure of variance swap rates from 2009 to 2015 to compare my
synthetic variance swap rates to the synthetic rates from the CBOE and Bloomberg as well as the
over-the-counter rates from Markit. The plot also reports the average bid-ask spread from Markit
as well as 95% confidence intervals for my synthetic rates, which are computed separately for each
maturity using Newey-West standard errors with 36 lags. As the plot indicates, the variance swap
rates from the different datasets are within the typical bid-ask spread from the Markit data, and
they are well within the 95% confidence intervals for the synthetic rates. That said, the plot also
highlights where some differences occur. For example, my synthetic rates are about .50% higher
than the other rates at the one-month maturity, consistent with the results in Table A.2. The
Bloomberg rates also appear to be about .50% higher than the other rates at the long end of the
curve. Overall, however, these differences are relatively small in comparison to Markit’s average
bid-ask spreads.
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Figure A.4: Variance Term Premia Confidence Intervals
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This figure plots the variance term premium alongside 95% confidence intervals for the one-month
and twelve-month maturities at month-end dates from 1996 to 2016. The top plots report the
baseline estimates that are obtained by nonlinear least squares using daily data with block boot-
strapped 5th and 95th quantiles treating the state variables as observable. The bottom plots report
the Bayesian MCMC estimates from non-overlapping monthly data that allow for latent state vari-
ables. While the confidence intervals can be wide at times, the null hypothesis of a constant variance
risk premium is easily rejected. There is substantial time variation in the variance term premium rel-
ative to both the bootstrapped and the MCMC confidence intervals. In addition, the plots illustrate
that the incremental uncertainty that stems from allowing for latent state variables is economically
small.
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Figure A.5: Model Variance Swap Rates and Term Premia:
Robustness Across Estimation Methods
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This figure plots the estimated one-month and twelve-month variance swap rates and term premia
at month-end dates from 1996 to 2016. The baseline estimates using the parameters from Table
3 are plotted in blue. The alternative estimates from Table A.3 are plotted in red, green, and
orange for the nonlinear least squares (NLLS), maximum likelihood (MLE), and Bayesian (MCMC)
estimates respectively. The plot confirms that the small differences in the parameter estimates from
the different methods do not translate into economically meaningful differences in variance swap
rates or term premia. The mean absolute errors (MAE) in the legends are all small. Moreover,
there is also a small difference between using observable versus latent state variables. The MCMC
estimates are the median from the posterior distribution allowing the state variables to be latent.
In contrast, the other estimates plug in the estimated parameters assuming the state variables are

observable.
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This figure plots the standardized logarithm of the first two principal components of variance swap
rates denoted as level and slope that are used in the baseline estimation The plot also reports
the smoothed estimates of the corresponding latent variables from the Bayesian MCMC estimation
including the posterior median and the 95% highest posterior density region. The smoothed median
is very close to the observed principal components. In addition, the highest posterior density regions
fall very tightly around the observed principal components, particularly for the level factor.
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Figure A.7: Volatility of Volatility

Unconditional Term Structure
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The top plot reports the unconditional term structure of volatility for the VIX in the model against
the data. The middle plot reports the VVIX Index alongside the interpolated one-month at-the-
money implied volatility for VIX options. The bottom plot reports VIX options skew, measured as
the difference in implied volatility for one-month options with high and low strike prices: Kprigp, =

Fut+5 and Ky, = Fut — 5.
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