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A Functional Mathematical Optimization Algorithm 
for the Integration of the Tactical Berth, Crane and 
Vehicle Scheduling 

Teemu Linkosaari 

Abstract 

In this paper, the main problem considered is a tactical discrete berth allocation, 
including both the quay mobile crane scheduling and vehicle dispatching as sub-
problems. Berths, cranes and yard vehicles are the most important resources 
used in container terminals. The objective is to reduce the vessel turnaround 
times with fewer resources. We assume that the vessel's stowage plan and yard 
templates or their estimates are given. 
We integrate using functional decomposition, where sub-problems are solved 
sequentially and in parallel, resulting in more modifiable and detailed parameters 
to the main problem. We have chosen the sub-problems and their solution 
algorithms primarily so that they are mathematically proven to be optimal or have 
proven properties. Different techniques are utilized: mixed integer linear 
programming, max plus algebra, greedy algorithms, dynamic programming 
written in functional language and general algebraic modeling system. 
In addition, we extend the features of the sub-problems. While allocating the 
cranes, we use the concept of the quay crane profile. We reformulate the crane 
scheduling problem so that the mobile cranes can be heterogeneous, and there 
can be both quay and mobile cranes. Some features are optional: for example, 
double cycling and yard remarshaling. Alternatively, we can reduce the number 
of vehicles by deciding how we unload or load stacks. The study is motivated by 
the practical needs of Finnish port operators. 
Keywords: container terminals, scheduling, optimization, functional 
programming 
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1. Introduction 

In maritime transportation, container terminals are a source of many interesting 
large-scale optimization problems. There needs to be deeper insight into these 
complex systems and they require a larger set of solution techniques. The main 
function of the container terminal is to transfer containers from one mode of 
transportation to another. A container is a rectangular metal box, usually 20 or 
40 feet long. The second function of the terminal is to provide a temporary 
storage facility of a few day’s duration. 
Container activities can be divided into the following categories: export, import 
and transshipment. We will focus here on import-export terminals in Finland, 
which are smaller than transshipment terminals and hence easier to optimize. 
Container vessels can also be categorized as feeders and mother vessels. Here 
we will focus on feeders. 
Almost all relevant problems in concerting container terminals are NP-hard or 
NP-complete in nature. Fortunately, restricted special cases have polynomial or 
pseudo-polynomial time complexity and as such, can be exploited. 
The time it takes to handle a container vessel depends on many factors due to 
interdependencies between different processes. Berth planning is highly 
interrelated with vessel, yard, equipment and workforce planning. A good berth 
plan saves time, money and resources. The duration of berthing of a vessel 
depends on the number of quay or mobile cranes allocated to the vessel. Vessels 
are partitioned into bays which contain deck and hold. The processing time of the 
vessel depends on the strategy for how bays are handled and on the amount of 
yard resources the strategy uses and how far or close the containers are 
positioned relative to the vessel. When there is a limited number of berths and 
limited number of quay and mobile cranes, these resources must be allocated 
wisely.  
The main objective of our research problem is to find a way to use existing 
literature directly, by modification, or by integration in order to solve real-world 
problems in Finnish ports. Our research is aimed toward creating an interactive 
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optimization and planning tool for container terminals. We review only those 
research papers that have been implemented or are relevant for this work. We 
try to reduce each vessel's turnaround times in addition to the resources 
described above. 
Clearly, there are multiple objectives, which are treated lexicographically: first, 
minimize the vessel turnaround time; second, minimize the number of handling 
resources within a time window. The contract model between the terminal and 
the shipping company may affect the objectives. If, for example, the time window 
of one vessel is relaxed, then we can it will be possible to give more of its 
resources to other vessels. We do not consider how containers are loaded onto 
trucks or trains, since that is not critical to the turnaround time. There could be 
other objectives such as: minimizing travel distances, fuel maintenance, and 
remarshaling costs. 
In the literature, the trend is to integrate the resources-related sub-problems. In 
deep integration, sub-problems are merged into a monolithic problem and can 
be hard to solve or modify. We use functional modular integration, in which sub-
problems are solved sequentially and in parallel, resulting in creation of more 
modifiable and detailed parameters to the main problem. The port planner should 
also have the opportunity to lend his insight and experience to the optimization 
process (see Bruggeling et al. (2011) for more). Therefore we use 
modularization, in which the operator can give a rough estimate of some 
parameters and more detailed data to for others. 
In the forthcoming sections we present relevant literature, models, and solution 
methods. One can think of the berth and resource allocation problem as a three-
level optimization problem. First, we introduce the vehicle dispatching algorithms 
used, followed by an examination of quay crane scheduling problems. Third, we 
address the tactical berth allocation problem. The final section concludes the 
paper. 
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2. The structure of the modular algorithm 

In this section we outline the input, the main algorithm and the chosen 
programming paradigm. We assume that the vessel's stowage plan and yard 
templates or their estimates are given. Container vessels can be modeled as a 
3-dimensional matrix, in which containers are stacked on top of one another and 
arranged in rows. In the yard storage space, containers are freely positioned in 
the yard in any orientation. Usually, they can be stacked to form blocks. To 
calculate distances between different container locations, one may construct 
travel paths and then determine the shortest paths, in which the triangle 
inequality holds between distances. 
The structure of the program is as follows: first, we compute the set of strategies 
that can be used to process one ship bay. This computation can be done in 
parallel. Next, we calculate the optimum vessel schedules for different quay 
crane profiles. On the third level, we attach the crane schedules to berth 
allocation and to the week schedule. 
Here, sub-problems are treated as functions in a more mathematical sense, 
which is the advantage of functional programming that is a declarative way to 
write a program with functions. Programs are coded in F#. In this study, functions 
have deterministic behavior and no side-effects. Therefore, it is also easier to 
reason about the program and even to provide a formal verification of the system. 
Parallel and asynchronous programming are also easier. 
The non-functional part of the program uses the general algebraic modeling 
system (GAMS), which is also a declarative way to model optimization problems. 
It supports a variety of commercial solvers such as CPLEX, which is utilized in 
mixed integer linear programming. Vector graphics is used as a communication 
tool and to read and write data (e.g., time windows, container locations). 
Spreadsheets or databases can also be used. 

 

88 



A Functional Mathematical Optimization Algorithm 

3. Yard side scheduling 

Vehicle dispatching problems can be considered as the first level of the 
algorithm. They are usually quickly solved due to polynomial time algorithms and 
hence suitable for a sub-problem. They were introduced early in container 
literature: see Bish et al. (2005), Li et al. (2004) and Zhang et al (2005). They are 
designed for automated guided vehicles in order to schedule a given number of 
homogenous vehicles and a crane sequence, but they can be used more 
generally. Here we refer to their results and how they are used. 
Here we use these methods to ask: Given the yard template and the stowage 
plan what is the minimum number of vehicles necessary to unload or load one 
bay? We may also ask: what is the minimum number of vehicles necessary if the 
vessel’s total handling time or makespan is fixed. 
In manned terminals, the yard transportation vehicles used are yard trucks, 
straddle carriers and reach stackers. We assume that there is no buffer time 
below the crane. The work is usually organized as a team, usually called a gang, 
which services one crane and consists of a chosen combination of the 
aforementioned vehicles and other employees in the yard. 

3.1 Vehicle dispatching problems 
In solving vehicle dispatching problems we first need to determine the crane 
processing time for a container job: how long it takes to move a container from 
the ship to the yard or vice-versa. An exact method would be to use control theory 
to model the crane movement and minimize its travel path. Alternatively, one can 
use an average time of the container. 
Secondly, we need to calculate the vehicle processing time: how long it takes to 
pick up a container, move it to the yard location and then drop it there and come 
back or the same operation, but in another direction. Several factors affect the 
drop-time: how high the stack is and whether one uses intermediate buffers or a 
yard servicing vehicle. We assume that there is no congestion in the yard vehicle 
traffic. 
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Thirdly, Zhang et al. (2005) formulated unloading phase as a mixed integer 
program, but the problem structure enables us to solve it by using a greedy 
algorithm, that is, by the first available truck rule as appears in Li et al. (2004). 
While Bish's algorithm does not assume job starting times, Zhang's algorithm 
does. The other difference is that in Bish's algorithm the crane begins to unload 
a container after the next vehicle arrives, not earlier. In Zhang's algorithm, the 
crane is allowed to start the next job immediately and then wait for the vehicle. It 
is therefore more efficient. 
Next, Bish et al. (2005) also provided a loading lemma, which gives the reversed 
greedy algorithm. It is the same as the latest busy truck rule by Li and 
Vairaktarakis (2004). 
Lastly, the unloading and loading phases can also be combined. For small 
problems, total enumeration works. Li and Vairaktarakis (2004) also studied 
heuristics. However, combining phases is sometimes unnecessary since port 
planners may want first to unload all the bays and then load them, because the 
purpose of the land trucks is to transport their cargo immediately to its final 
destination (see Figure 2, section 4.2). These strategies are sufficient when the 
distance between crane and container is short. The processing of one bay is not 
really a deterministic process; thus, stochastic methods could also be used to 
solve this problem. 

3.2 Servicing a block 
Gilliambardo et al. (2010) utilized a piecewise linear function for calculating the 
cost of transporting a container depending on the distance. For short distances, 
a greedy structure is sufficient, but when the block and the crane are situated far 
from each other, then a more complicated crane-mover-vehicle assignment is 
necessary. The next tour optimization method by Vis and Roodbergen (2009) 
can be used in combination with greedy algorithms to reduce bay processing 
time when containers are situated far from the vessel. Thus we have one more 
strategy to handle a ship bay. 
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Next we describe the problem and its solution methods. Let us imagine a straddle 
carrier in one yard block for storage and retrieval of containers. The block 
consists of a number of yard-bays or rows. The stack has only one layer. The 
outcome is defined as an optimal tour for storage and retrieval requests. One 
heuristic is to use the first-come-first-served rule for every requested container, 
but a block-scheduling approach is more effective. In it, we optimize the tour of 
the next few containers ahead in the straddle carrier’s task. 
The modeling technique for tour optimization is interesting and complex. A row 
can be understood as a special case of the Directed Rural Postman problem, 
and then converted into an asymmetric Steiner Traveling Salesman Problem, 
use optimal assignment with Monge matrices and convert back. We can combine 
the rows from different directions with dynamic programming with utilizing 
Bellman's optimization principle. 
We note that terminal productivity will not benefit much from faster vehicle 
operations without effective storage yard strategies. When there is time, it usually 
possible to reorder the yard or some of it before the next ship arrives and 
therefore reduce turnaround time. This could serve as one additional strategy. 

4. Berth side scheduling 

Now we have methods for calculating one ship-bay using different techniques 
and different vehicle configurations. Next we consider how to use them in the 
next level. 

4.1 Crane sequences 
The usual bottleneck of the terminal is a quay or mobile crane which loads and 
unloads containers to and from a vessel. The quay cranes are rail mounted and 
cannot cross each other producing non-crossing constraints to the mixed integer 
model. Mobile cranes, on the other hand, are usually slower but are not rail-
mounted and therefore are easier to move across the terminal. Also, mobile 
cranes can cross other cranes. The crane sequence (the order in which 
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containers are handled), also affects the number of yard vehicles. We assume 
that a crane can handle only one container a time, although this could be 
changed in the future. 
Pap et al (2011) noticed that one can minimize the number of yard vehicles by 
unloading or loading stack from the ship in a different order while the bay 
makespan remains the same. They used max-plus algebra, which is an attractive 
method for modeling non-linear problems linearly. Unfortunately, Pap's study did 
not attempt to find the optimum stack handling order. We have used max-plus 
algebra in a very similar fashion as we used the greedy algorithms mentioned 
above. By combining a basic genetic algorithm with a max-algebraic formulation 
we have found a near-optimal stack handling order which minimizes the number 
of yard vehicles. 
Another type of crane sequence is a double cycling sequence in which we unload 
and load containers at the same time. Goodchild and Daganzo (2006) 
reformulated this han¬dling method as a two-machine flow shop scheduling 
problem which is solved to optimality using Johnson's rule. When to use and not 
use double cycling would be a decision variable in this instance. The crane’s 
cycle time is longer but the reduction of turnaround time can be even up to one 
fifth depending on the structure of the vessel. This technique is not always 
applicable due to limits of buffer size in some terminals. 

4.2 Crane scheduling 
We turn now to the second level of our algorithm: how to use these different bay 
strategies and their times to calculate the processing time or makespan of one 
vessel. 
With regard to the problem of quay crane scheduling, our goal is to determine a 
handling sequence of holds for quay cranes assigned to a container vessel 
considering interference between quay cranes, at the same time minimizing the 
makespan. There are additional restrictions we must take into consideration. For 
example, two cranes cannot be too close to each other. That is, there must be a 
minimum separation constraint, usually at least one bay. The input data for the 
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In the literature, crane models assume that the work is done non-stop. In manned 
terminals, work shifts and breaks also affect the model. We have primarily 
considered minimizing a vessel's turnaround time and the number of vehicles 
involved in unloading and loading, but there are other factors to consider as well. 
We can assume that night shifts are more expensive than day shifts. One 
decision variable could be whether we skip the night shift or not. Also if the 
contracted time window is exceeded, then a penalty has to be modeled. 
Modular design enables us to solve special cases such as the single crane 
version (that is, a Traveling Salesman Problem with Precedence Constraints), 
separately. Otherwise, depending on the accuracy available, the crane 
scheduling problem can be very time-consuming to solve. In the case of small-
sized instances our formulation can be solved by using CPLEX. For larger 
problems such as branch-and-price, branch-and-cut and still larger problems, 
metaheuristics would have to be utilized for their solution. 

4.3 Berth allocation 
We will conclude our study by considering the third level of the algorithm, berth 
allocation problems. These problems are highly interrelated with quay crane 
scheduling. A berth allocation problem involves assigning arrival ships to good 
berthing positions. It belongs to the class of NP-hard problems. Problems can be 
classified as either discrete or continuous. If we can assign only one ship at a 
time, the problem is discrete; if there is more than one ship, it is continuous. 
In a quay crane assignment problem, we assign a number of quay cranes to 
vessels. The number of quay cranes assigned to a vessel often depends on 
contracts between the terminal and shipping companies. We say that the berth 
allocation problem is tactical if it involves quay crane assignment, in which we 
allocate cranes to vessels over time. 
There have been many attempts to integrate crane allocation with berth 
scheduling. We refer here to the model articulated in Gilliambardo et al. (2010). 
That particular model was designed for a transshipment terminal, but it can be 
modified for an import-export terminal. Gilliambardo’s study used the idea of quay 
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Small problems can be solved with commercial mixed integer programming 
solvers, but a different method might be needed for larger instances. 

5. Conclusion 

In this paper, we considered how to integrate tactical the berth allocation 
problem, the quay crane scheduling problem and a set of related sub-problems 
into one functional algorithm. Our study was conducted from the point of view of 
Finnish ports. We focused primarily on how to calculate different bay times with 
different strategies and how to use these values in quay crane scheduling.  
We can summarize the main conclusion of this paper as follows. We proposed a 
method to integrate the vehicle dispatching problem with its variations to the quay 
crane scheduling problem. This was done by calculating the bay processing 
times with different strategies, which provides a variety of parameters. Like 
Gilliambardo et al. (2010) who applied quay crane profiles to the berth allocation 
problem, the same idea can be used to provide vehicle profiles for ship bays. 
Therefore we used a heterogeneous set of cranes in our model. We also 
considered stack reordering and double cycling as tactics for minimizing the 
number of yard vehicles. We also used a quay and mobile cranes and considered 
breaks and skipping night shifts. Other tactics could be reordering the yard and 
providing a yard server. We also considered berth allocation with a different quay 
crane profile that contains both the quay and mobile cranes. 
With modular design it is now easier to add new features and remove 
unnecessary elements. It is possible to use both exact information and rough 
estimates together. We also noticed that functional programming is a succinct 
and efficient way to combine different algorithms. In the future we will perform 
extensive computational experiments and present a detailed mathematical 
description of the model and the algorithm. 
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