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Abstract

In the present paper general stationary overlapping generations
economies with many commodities in every period and many dif-
ferent consumers in every generation are considered. A govern-
ment maximizes an utilitarian social welfare function, that is the
sum of weighted averages of utilities for gemerations, through fis-
cal policy, i.e. monetary transfers and taxes. Both situations
with and without time discounting are considered. It is shown
that if the discount factor is sufficiently close to one then the op-
timal policy stabilizes the economy, i.e. the equilibrium path has
the turnpike property. Moreover the fiscal policy is shown to be
time-consistent.

Keywords: Overlapping Generations Economies, Economic Policy, Turnpi-
ke Property, Discounting.
JEL-classification: D51, D91, E32.

Correspondence: Christian Ghiglino, Department of Economics, Copen-
hagen Business School, Nansensgade 19, 5. DK-1366 Kobenhavn K

*The authors are grateful to an Associate Editor and an anonymous referee for helpful
and constructive comments. We also thank David Cass, Karl Shell, Bruce Smith and
Henry Wan for helpful comments.



1 Introduction

In the heart of any study of normative aspects of economic policy is the
discussion of the choice of a welfare criterion. In the early work of Diamond
(see [8]) the criterion of Pareto optimality is applied, but this criterion is not
very potent from the perspective of economic policy because the set of Pareto
optima typically is quite large and contains allocations that treats consumers
very differently with respect to welfare. However as noted by Samuelson in
[16] the normative aspects of economic policy should rather be analyzed in
terms of an utilitarian social welfare function. With utilitarian social welfare
functions a unique equilibrium path is typically selected allowing discussions
of the dynamic properties as well as implementation of this equilibrium path.

In [16] Samuelson addressed questions with relation to stationarity of
equilibrium paths in simple stationary, one-commodity, one-consumer over-
lapping-generations economies. He showed that the equilibrium path associ-
ated with maximization of an utilitarian social welfare function that is the
discounted sum of utilities typically differs from the Pareto optimal equilib-
rium reached under laissez faire so implementation of the equilibrium path
demands an active government. More recently Calvo and Obstfeld (see [7])
considered a continuous time version of Diamond’s stationary overlapping
generations economies with production where there are two commodities ev-
ery period (consumption good/capital and labour) and one consumer in ev-
ery generation and this consumer has time separable preferences. Calvo and
Obstfeld considered the same social welfare function as Samuelson did and
their results are compatible with earlier findings and in particular they show
that equilibrium paths associated with maximization of their social welfare
function has the turnpike property.

In the present paper general stationary overlapping generations econo-
mies with long-lived consumers and production are considered. Moreover
the government is supposed to maximize an utilitarian social welfare func-
tion, that is a sum of generations’ social welfare functions where these are
weighted sums of the utility functions of the consumers in the generations,
through fiscal policy, i.e. monetary transfers. However the government has
to respect behavior of consumers as well as firms and market clearing, i.e.
the government can only influence agents through monetary transfers. Ques-
tions concerning dynamic properties such as dynamic consistency, the turn-
pike property and continuity of fiscal policy with regard to the state of the



economy, and implementation of the equilibrium path are studied.

In the present analysis both situations with and without time discount-
ing by the government are considered. Indeed, an important feature of the
overlapping generation model is the existence of equilibria in which future
consumption continues to plays a role, i.e. the Samuelson case!. Clearly,
the only way not to exclude these equilibria from the set of solutions to
the government’s problem is to consider the undiscounted case. Also no
assumptions will be made with regard to time-separability of preferences be-
cause time-separability eliminates important sources of intertemporal links.
For example, for pure exchange economies time-separability implies that the
equilibrium path associated with maximization of the social welfare function
is stationary which implies that all consumers consume the same because
there are no intertemporal links. Furthermore, no restriction on the lifespan
of consumers will be made, so that fluctuations with a period shorter than
the lifespan are not excluded a priori®.

Concerning the turnpike property of equilibrium paths associated with
maximization of utilitarian social welfare functions when the government
considers feasibility constraints rather than maximization by agents and equi-
librium conditions the answer is rather simple: If the discount factor is suf-
ficiently close to one then the equilibrium has the turnpike property, i.e. it
converges to a stationary allocation as time tends to infinity. This prop-
erty of the equilibrium path contrasts the fact that equilibria can be quite
complex for overlapping generations economies under laissez faire (see [4, 11,
12]). For the implementation part the answer is equally simple: Fiscal pol-
icy in terms of monetary transfers implements equilibria that are associated
with mazimization of utilitarian social welfare functions. Moreover dynamic
consistency and continuity of the equilibrium path with respect to the state
of the economy are usually obtained for free.

It seems to be a common view that economic policy should be directed
toward stabilization (see [13, 15]) even though fluctuations may be Pareto
optimal as in [12]. The present paper supports this view, but the support
is based on intergenerational justice through the utilitarian social welfare
function rather than some sort of abstract “social cost” of fluctuations.

The paper is structured as follows: In section 2 a stationary overlapping-

"We thank the Associate Editor for pointing out this important fact.
2This remark is due to Karl Shell.



generations economy with an active government is presented; in section 3
the equilibrium associated with maximization of the social welfare function
is characterized. Since the undiscounted case is not excluded from the anal-
ysis, the meaning of maximal is not straightforward. As in the growth
literature, in those circumstances maximality is characterized through the
Ramsey-Weizsacker overtaking criterion. Irrespective of the discounting, the
characterization is obtained through 3 steps: Transformation of the over-
lapping generations economy into an optimal growth model; showing that
the solution to the planner’s problem in the optimal growth model can be
implemented as equilibrium in the overlapping generations economy through
monetary transfers and; application of a turnpike theorem to the planner’s
problem for the optimal growth model in order to show that the solution
has the turnpike property. The application of the turnpike theorem is not
straight forward because the transformation of the overlapping generations
economy into an optimal growth model results in production technologies
that exhibit decreasing returns to scale as well as constant returns to scale -
a case that does not seem to be covered by the various turnpike theorems in
the literature. On the one hand, when the future is discounted, the proof by
Bewley in [6] can be applied with some modifications. On the other hand,
when the government does not discount the future, the proofs of Gale in [10]
and McKenzie in [14] are used. Section 5 contains the proofs while some
concluding remarks can be found in section 4.

2 The Model

In the present paper stationary overlapping generations economies with pro-
duction and fiscal policies are considered.

Time extends from zero to infinity with ¢ € N U {0} = N,. First the
consumers and the firms are introduced, second equilibria and steady states
are defined and thirdly the government is introduced.

2.1 Commodities, Consumers and Firms

Let L be a set of [ commodities in every period. Moreover let L. C L denote
a set of [, consumption commodities, L, C L denote a set of [, primary
commodities and L, = L\ L, denote a set of I, producible commodities.



Let I be a set of m consumers in every generation. Consumers live for S
periods except for the first S — 1 generations where the first generation lives
for one period, the second generation lives for two periods,.., the S — 1’th
generation lives for S—1 periods and all subsequent generations live for S pe-
riods. The consumers are described by their consumption sets, endowments,
utility functions and shares in firms. Hence the consumers are described by

((Xi (t)a wi(t)’ Uy (t)v el}j (t)>t_:1—5+17 (Xia Wi ui)S€N0)7
where

Y Y00 -1

t=—S+1 1€l
thus only “middle-aged” and “old” consumers are supposed to own shares at
the start of the economy.
For t € Ny consumers are supposed to satisfy the following assumptions

(A.1) Consumption sets, X;, are the nonnegative orthants of R ie.
X; = R

(A.2) Endowments, w;, are primary commodities, i.e.
w; € Ril“'.

(A.3) Endowments of consumption commodities are positive, i.e.

K
wit € Ryy

for some s € {1,...,S} and some k € [.N,.

(A.4) Utility functions, u;, are twice differentiable with positive first-
order derivatives and negative definite Hessian matrix.

Fort € {—S+1,...,—1} consumers are defined as follows

(A1) X;(t) =Rk
(A2) wi(t) = (W™ ... W)

1 (3

(A.3") There exists z;(t) € Ri" such that u;(t) is defined by
ui(t)(z) = wi(wi(t), ).



Hence the first S — 1 generations are truncations of subsequent gener-
ations. All assumptions are more or less standard within the differentiable
framework. With some abuse of notation endowments and consumption plans
are from time to time taken to be vectors in R or R' rather than R%% or
Rl

Let J be a set of n firms. Firms are infinitely lived and they are described
by their production sets and stocks of output in period 0. Firms are supposed
to satisfy the following assumptions

(A.5) Production sets, Y;, allow transformations of some commodities in
one period into producible commodities in the subsequent period,
He B! 2
Y, ¢ R xR}
where Lj C L is a set of [} commodities and L? C L, is a set of I?
commodities.

(A.6) Zero production is possible, i.e.
0eY;.

(A.7) Primary commodities are necessary for production, i.e. suppose
that (y',y*) € Y; then

y"* = O0forallke L, = y* = 0.

1! 12
(A.8) There exist twice differentiable functions, f; : R’ x R, with
positive first-order derivatives and positive definite Hessian matrix
on the orthogonal complement to Df;, such that

y €Y, & fily) € R_.

As for the consumers all assumptions are more or less standard within
the differentiable framework. With some abuse of notation production plans
are from time to time taken to be vectors in R% or R! rather than RY x RY ,
RY or RY.

Total resources and the aggregate production set, >-;c;Y;, are supposed
to satisfy the following assumptions



(A.9) There is a positive amount of every primary commodity, i.e.

s
w=>YuweRly,

i€l s=1

(A.10) There exist production plans, (y;,43);es, such that all commodi-
ties are available, i.e.

s
D> Wi+ (y+y)) € Ri.
icl s=1 jeJ
Let p, € RZJr be commodity prices, ¢; € R} asset prices and p,,; money
price in period t. The government controls the fiscal policy, i.e. it makes
lump-sum transfers and taxes to the consumers as well as to the firms. Only
fiscal policies that are compatible with the price of money being positive
are considered. Let (((Tit)icr)i2_g41,((05,0)je7)i20) be a fiscal policy, where
Tit = (Tift)le is the transfer to consumer 7 in generation ¢ and o, the transfer
to firm j in period ¢.
Consumers maximize their utilities subject to their budget constraints.
For t € Ny the consumers solve the following problems

max  u;(zh, ..., x%)
s
Z(ps-%tfl (2% =) - pm,s—{rtflTis,s—&-t—l)
st o7t

51
+ Z 0° - (Tt + Gsit — Gsyt—1) = 0.
s=1

where #° € R" is the portfolio and 7., € R™ is the net profit of the firms.
Fort € {—S +1,...,—1} the consumers solve the following problems

max  u;(zi(s), 217, . .., 2%)

S
Z (pS-Hfl ’ (xs - Wf) - pm,s-&—tflTiS,s-i-t—l)
=1—

s t
s.t. 91

+ Z 0% (Mot + Gse — Gsre1) = 0i(t) - (M0 + qo)

s=1-t



Only fiscal policies that are compatible with the price of money being positive
are considered therefore the price of money is normalized to one. Moreover
only prices on commodities and assets that exclude arbitrage are considered,
ie.

QG = M1+ G (NA)
for all ¢, because otherwise there is no solution to the consumers’ maximiza-
tion problems. Hence the consumers’ maximization problems reduce to

max (2%, ..., 2°71)
s (CP)
s.t. Z(psﬁ‘fl (2f = wj) - Tis,s+t—1) =0
s=1

for consumer ¢ in generation ¢ with ¢ € Ny, while they reduce to

max  u;(z;(s), 2t .. 2)
S (CP)
st Y (Pesrmr - (2" —w)) =70 1) = 0i(t) - (w0 + qo)
s=1—t
for consumer ¢ in generation ¢ with ¢t € {-S +1,...,—1}. Let z;; =

(x5, +1_1)5-; denote the consumption plan of consumer i in generation ¢ and
let x; = (2;4)icr denote the consumption plans of consumers of generation ¢.
Firms are infinitely lived, their net profits are as usual given by

Pt Z/Jz-,o + 050+ Z (pe - y]l',t + D1 y_72'7t+1 +0¢)
tENg

where (yj . y7,11)jes, ten, satisfy s.t. f;(yj,,45.1) O 0 forall ¢ and j.
According to this definition profits may be infinite. An example is provided
by a stationary plan with constant prices, a situation that is likely to occur in
the undiscounted case. We cure this problem by adopting the usual Ramsey-
Weizsacker overtaking criterion.

Definition 1 A sequence (a;)ien, € R is said to overtake a sequence
(bt)ten, € R if there exists Ty such that

T
Z(at —b) >0 forall T > Ty

t=0



A sequence that cannot be overtaken is called maximal.

Note that if }37°;a; < oo then the overtaking criterion is equivalent to
the usual criterion: Y72, a; > 372, b, for all sequences (b;).

Firms are assumed to maximize profits in the above sense, with a; =
j yjl-,t + D1 yit 41 T 0j. This is equivalent to that firms maximize their
instant profit because technologies display intertemporal separability. Hence
the firms’ maximization problem reduce to

max pi - Yj, + Pt Y1 + O
(FP)
s.t. fj(yjl',t7y]2',t+1) 20

provided that there exists a solution. Let y;, = (y5,,,_,)s_; denote the pro-
duction plan of firm j in period ¢ and let v, = (y;)jes denote the production
plans of firms in period .

2.2 Equilibria and Steady States

Equilibria and steady states have to be defined in order to study how the
government uses its instruments. Equilibria are prices and transfers such that
markets clear provided that consumers maximize their utilities and producers
maximize their profits.

Definition 2 An equilibrium is a sequence of prices, monetary transfers and
profit tazes (i, @i, Te, 0¢)en, € RL X RT X RY™ x R™ such that markets clear:

s 2
Z Z(%st - Wzs) = Z Z yj’,t
s=1icl jeJ s=1
where

i (xf,s+t71>sszl solves (CP) for ((ps-i-t—laTisjs—i—tfl)sS:l’Uj,t> Jor all i € I,
7 € J and allt € Ny,

s S ’ s S
o (%} s1—1)s=1- solves (CP’) for (Dsyi-1,Tis41)s—1— and 7o, where
_ 2
Tj0 = Po " Yjot 050

forallje J, foralli el and allt € {—S+1,...,—1},

9



° (yj,s+t_1)§:1 solves (FP) for ((pstt-1)?_1,05:) for all j € J and all
t € Np.

Let
K, = Z y?,t
jeJ
be the stock of output in period ¢ then for an equilibrium, (py, G¢, T¢, 01 )teng »
let ((2¢)§2_g41, (4)ten,) denote the associated equilibrium allocation and let

Bkyc ] T[Ix0x I~ [IIY

t=—S+11i€el tENp i€l teNp jeJ

denote the set of equilibrium allocations, i.e. (()72 g 1, (Yt)ten,) € E(Ko)
if and only if there exists an equilibrium such that ((z;){2_g, 1, (¥:)ien,) is the
associated equilibrium allocation. Steady states are equilibria where prices,
taxes and transfers are constant up to multiplication by a scalar.

Definition 3 A steady state is an equilibrium, (pt, @i, i, 0t)ien,, for which
there exist prices, transfers and tazes, (p,q,7,0) € Rl+ x R} x R°™ x R"™
and a scalar 3 € Ry such that (p, g, 7, 00) = 8'(p,q, 7,0) for all t € Ny

Since all consumers face the same relative prices and all consumers of the
same type receive the same transfer at steady states, the associated allocation
is stationary.

2.3 The Government

The government maximizes a social welfare function and it utilizes fiscal pol-
icy, i.e. monetary transfers, in order to do so. Obviously any reasonable
social welfare function for dynamic economies should satisfy Pareto optimal-
ity as well as time consistency. However these criteria are not very potent
from the perspective of economic policy because any path of transfers that is
compatible with an optimal allocation satisfy them. Therefore the social wel-
fare function of the government is supposed to be a utilitarian social welfare
function, i.e. the social welfare function is the possibly discounted sum of
generations’ social welfare functions and generations’ social welfare functions
are weighted sums of the utility functions of the consumers in the generations.

10



Furthermore the discount factors as well as the weights on the consumers are
chosen to be independent of time. This social welfare function is very simple
and perhaps even natural, moreover it satisfies time consistency.

As usual the value of the discounting applied by the government plays a
major role in the analysis. Furthermore, an important characteristic of the
overlapping generation model is the existence of equilibria in which future
consumption still plays a role, i.e. the Samuelson case. Therefore, both
situations in which the government discounts and does not discount the future
need to be considered.

The aim of the government is to maximize its social welfare function sub-
ject to the equilibrium conditions, i.e. the government can make transfers
but it cannot choose consumption plans or production plans. However, since
the case with no discounting is included in the analysis, maximality is char-
acterized through the Ramsey-Weizsacker overtaking criterion as formalized
in Definition 1. Let 6 € ]0,1] be the time discount factor, then the aim of
the government is to find a sequence that cannot be overtaken by any other
sequence subject to the equilibrium conditions, i.e.

((6 Z Aiwg(z4(t), Ii,t))t;l,gﬂ, (6" Z Aithi (i 1)) teN, ) maximal
icl icl (@P)

s.t. E'(yt)teNo : ((xt)ioi—s+17 (yt)teNo) € E(KO)

In the case with 6 < 1 this boils down to the more usual maximization
problem

max i st Z Aiwi(xi(t), z50) + Z & Z Aitti (T 1)

t=—5+1 i€l teENp el

st I(We)teng + ((T6)2_s415 (We)ten,) € E(Ko)

The government selects its monetary transfers in order to maximize its
social welfare function, but some monetary transfers may be compatible with
several equilibria. In this case monetary policies a la Grandmont (see [13])
may enable the government to select the most favorable equilibrium. In the
present paper it is simply assumed that the government selects the most
favorable equilibrium in case of several equilibria.

11



3 Optimal Policy and Turnpike

The problem of the government as stated in the previous section seems to be
quite intractable because the government has to take maximizing behavior
of consumers and firms and market clearing into account, i.e. only alloca-
tions in F(Kj) are admissible for the government. However it is possible to
transform the problem of the government into the planner’s problem of an
optimal growth model and in that model analyse the problem of the govern-
ment. Then known results for the growth models can be used to prove that
the equilibrium chosen by the government exists and that its path has the
turnpike property. The next theorem provides the existence result.

Theorem 1 For all § €]0,1] there exists a solution to the government’s
problem, (GP).

This result is pretty trivial provided that (GP) is transformed into an
optimal growth model with one consumer. However, it is a necessary step
toward the turnpike result. Indeed, as is clearly shown by its proof, the trans-
formation of the stationary overlapping generation economy into an optimal
growth model results in an optimal growth model that is stationary - except
for the first periods where utility functions differ. Then, if the first periods
are disregarded a usual stationary optimal growth model is obtained. The
standard assumptions that ensure that an equilibrium allocation exists in
the stationary optimal growth model are adopted. Let ((24);2_g 1, (¥)ieno)
be the equilibrium allocation for the initial overlapping generations econ-
omy associated with the solution to the government’s problem as found in
Theorem 1. Similarly, for a suitable initial capital the stationary optimal
growth model admits a stationary equilibrium allocation. Let (z*,y*) be
the stationary equilibrium allocation for the overlapping generations econ-
omy associated with the stationary allocation of the stationary growth model
with one consumer. Then consider

(A.11) There exists 6* € [0, 1] such that if 6 €]¢*, 1] then xftk > 0 for all
iel,allke L., all se{1,..,S}and all t € {0,...,5 — 1} and
YjesYrs > 0forall k € L,

(A.12) There exist « € R4 and 6* € [0,1] such that if 6 €]6*,1] then

xfk > o for every 7 and all k£ and 3¢, y*?* > « for all j and all
k.

12



(A.11) implies that the initial stock of output for the planner’s stationary
problem in the optimal growth model is strictly positive in all coordinates.
(A.12) implies that in the stationary solution all producible commodities are
produced.

Under these further assumptions the following turnpike result is obtained.

Theorem 2 There exist 6* €]0,1[ and ((})icr, (y})jes) € R™ x R*™ such
that if 6 €]6*,1] and ()2 _g.1, (Yt)ten,) i the allocation associated with
the solution to the government’s problem then

tlirgo ‘(:Ctvyt) - (LL‘*,y*>’ =0

Theorem 2 implies that if the discount factor is sufficiently close to one then
the equilibrium associated with the maximization of the utilitarian social
welfare function converges to a steady state as time tends to infinity. Fur-
thermore, the associated steady state price is of the form p; = 6'p. Hence the
government stabilizes the economy in the sense that it removes fluctuations
through its fiscal policy.

The planner’s stationary problem generates a well defined function, at
least for 6 < 1. From the properties of utility functions it can then be deduced
that the value function is strictly concave so the there is a unique solution
to the planner’s problem according to [3]. Therefore the policy function that
is the solution to the planner’s problem is continuous and the fiscal policy
varies continuously with the evolution of the economy.

4 Concluding Remarks

In the present paper the optimal policy of a government with a utilitarian so-
cial welfare function, that is a possibly discounted sum of generations’ social
welfare functions where these are weighted sums of the utility functions of the
consumers in the generations, is considered. Both situations with and with-
out time discounting by the government are considered in order to include
equilibria in which future consumption matters. Through a transformation
of the government’s problem into an optimal growth model it is shown that if
the discount factor is sufficiently close to one then the government stabilizes
the economy, i.e. the equilibrium has the turnpike property.

13



It should be emphasized that the limit of optimal policies when the dis-
count rate goes to zero coincides with the solution found for zero discounting
(see [9] for a proof). This fact provides a way to obtain the optimal policy
when there is no discounting which is sometimes easier than looking directly
at the overtaking criterion.

The focus of the paper is on the characterization of the global optimum
of the planner. Of course whether or not it is implementable depends on the
available information and instruments, so that the optimum may be in this
sense infeasible. Indeed, if the government has incomplete information about
the types of individual consumers, then fiscal policies of the form considered
in the present paper become infeasible. However, with a suitable notion of
distance at hand, a similar analysis allows to select the best policy given the
constraints.

The present model can also be interpreted as an overlapping generation
economy with bequests. In this case the welfare weights are endogenously
determined by the market and the turnpike property concerns the competi-
tive equilibria reached under laissez faire. The condition for convergence is
then that consumers are sufficiently concerned by future generations.

5 Proofs

5.1 Proof of Theorem 1

Consider first the planner’s problem where the objective of the government is
to maximize its social welfare function subject to feasibility conditions rather
than equilibrium conditions. Then the planner’s problem, denoted (PP), is
to find a sequence that cannot be overtaken by any other sequence subject
to the feasability conditions, i.e.

(6" Z Aiui (@ (1), xi,t))t_:l—SH’ (6" Z Aitii(54) )teN, ) maximal

icl s 21’6]
Z Z(xft —wj) = Z Z y;,t
s=14el jeJ s=1 (PP)

s.t. _ .
fj(yjjn ?Jj,t“) (10 for all i

K is fixed.

14



Clearly the maximal value of the planner’s problem is at least as high
as the maximal value of the government’s problem because the planner has
more direct instruments at hand than the government

The proof then relies on the transformation of the overlapping generations
economy into an optimal growth model. This involves three steps: Trans-
formation of the overlapping generations economy with .S periods of life into
an economy with 2 periods of life (this is the transformation that was intro-
duced in [2]); transformation of the overlapping generations economy with 2
periods of life into an optimal growth model and; introduction of artificial
firms3.

For the transformation of the economy with S periods of life into an
economy with 2 periods of life let the periods (S —1)t,...,(S—1)(t+1)—1 be
identified with period ¢ for all ¢ € Ng. Then there are (S — 1)l commodities
in every period, (S — 1)m consumers in every generation and (S — 1)n firms.

Fori € {1,...,m} let

1 1
W Ti(S—1)t
—1 _ . —1 _ .
wi = : ) Tig = ’
§-1 -1
Wy i (S=1)(t+1)—1
s g
Wy L3, (S—1)(t+1)
— _ |0 P 0
wi = . ) Tity1 — . )
0 0

and w; = \u;. The variables related to all other consumers are defined in a

3David Cass has informed the authors that unified models of overlapping generations
economies and models of capital accumulation were used by L. Benveniste in the early
eighties in an unpublished paper.
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similar way. Then for ¢ € {(S —2)m +1,...,(S — 1)m} let

0 0
wzl = : ) let = ; )
0 ’ 0
1 1
Wi (5-2)m Ti—(5—2)m,(S—1)(t+1)—1
wig—(S—Q)m x?—(5—2)m,(5—1)(t+1)
wzQ = : ) Tzz,t—i-l = )
wzfgf(SfQ)m $§7(572)m,(sf1)(t+z)71

and T; = 6% 2\;_(s—2)mUi—(5—2ym- For the first S—1 generations w; = T, =0
and @W; and T, is defined as for all other generations and utility functions
are defined by

v; = 65_1/\if(sfl)muif(sfl)m(mif(sfl)m(S —5),)

forie{(s—=1)m+1,...,sm}and s € {1,...,5 —1}.
For j e {1,...,n} let

0
2
Y5,.(5=1)t+1
yj,t - . ) yj7t - 0 )

y},(s-1)t

with

(y},tvyit) € 1/J g fj(g},hg?,t) 0
so production takes place within periods. The variables related to all other
firms up to i = (S — 2)n are defined in a similar while for j € {(S — 2)n +
L...,(S—=1)n} let

0 yJQ‘—(S—l)n+1,(S—1)t
: 0
ggl t = O ’ y?,t = ’
ygl'—(S—l)n—i-l,(S—l)(t-i-l)—l 0
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with
T Tiar1) € Y & [iT0Tapn) 0
so that for these firms production takes place between periods. Finally

(S=1)n

K, = Z y?,t

F=(S—2)n+1

is the stock of output in period t.

For the transformation of the economy with 2 periods of life into an
optimal growth model let the consumption of consumers in generation ¢ be
identified with consumption of consumers in period ¢, but consumption in
the first period of life are considered to be different commodities. So there
are (S — 1)%lm + (S — 1)l commodities in every period, (S — 1)m consumers
and (S — 1)n firms.

For i =1 let
=1
0 xi,t
0
ﬁl = : ) ii,t = )
0
1, —9 0
w; +w; —9
Lit41

and W; = ;. The variables related to all other consumers are defined in a
similar way. Then for i = (S — 1)m let

0
0
wz = : ) Ti,t = 0 )
0 —1
—1 | = Tt
w; + W =2
-
i, t+1
and ﬁz = U; and %1 =T7;.
For the firms let
0 0
?1 ?2
jyt ) j,t )
/ 0 / 0
=1 —2
Yjt+1 Yjis1
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for all j € {1,...,(S — 1)n}. So for j € {1,...,(S — 2)n} production takes
place within periods and for j € {(S—2)n+1,...,(S—1)n} production takes
place between periods. Note that production only involves the last (S — 1)I
commodities. Finally let

_ (S—-1)n _ (S=1)n (S—1)2lm

T =2 7 =2 =2

Ko= > 7FaadK = > T+ > Zy
J=(S—2)n+1 j=(S—2)n+1 k=1

be the stock of output in period ¢.

Hence in order to produce the first commodities (S—1)[ artificial firms are
introduced for every consumer so (S — 1)%lm artificial firms are introduced.
Actually many of the artificial firms are not needed because consumers only
consume S, commodities rather than 2(S — 1)I commodities but in order
to keep the notation at a reasonable level all (S — 1)I artificial firms are
introduced for every consumer. They produce the first commodities by use of
the last (S —1)I commodities with one-to-one technologies. Their production

sets are Z, ¢ RE-DImHS=IL Rf71)21m+(571)l, their inputs are Zj, and
their outputs are ?Z,t for all k € {1,...,(S — 1)%Im} with

Zoy = 0 for K #k—(S—Dili—1)+(S—1)m
o = 0 for K#k

forall ke {(S—1)I(i—1)+1,...,(S—1li} and alli € {1,...,(S — 1)m}.
Moreover
(Ei,tazi,ﬂrl) € Zy & gk(zi,tazi,ﬂrl) 0

where \
=1 =2 _ =1,k7(571)l(i71)+(571) im =2,k
gk(zk,ta Zk,t+1) = Rkt + Zpt1

forall ke {(S—1I(i—1)+1,...,(S—1)li} and all i € {1,...,(S — 1)m}.

For all artificial firms production takes place between periods. It may
seem a little strange to distinguish between consumption in the first period
of life for consumers in the same generation but in the proof of the turnpike
property it turns out to be very useful as will become clear - hopefully.
A difficulty is that some of the production technologies exhibit decreasing
returns to scale while other production technologies exhibit constant returns
to scale. However in the literature on turnpike theory in optimal growth
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models all production technologies are assumed to exhibit either decreasing
returns to scale as in [6] or constant returns to scale as in [17, 18].

A useful property of the model that is not altered by the inclusion of
artificial firms is that for any given initial capital feasible consumptions are
bounded, i.e. there exists an upper bound, a € R such that if (T;, 7,, Z:)en, 1S
an equilibrium allocation supcy, [7:| [J a. Indeed, unbounded consumptions
may only be caused by the real firms (with decreasing returns to scale) and
not by the artificial firms so that Lemma 7.1 in [6] applies (it is also possible
to use Lemma 1 and Lemma 3 in [17]).

In the following, the artificial technologies are transformed into decreasing
returns to scale technologies. First, modify the artificial firms such that

=1 =2) _ §1,k7(Sfl)l(ifl)Jr(Sfl)le . hﬂ(_?zk)
forall ke {(S—1IGE—1)+1,...,(S—=1)li} and all: € {1,...,(S — 1)m}
where

hg(z) = (1= 0B)z+ FIn(l+ 2)
with 8 € [0, 1]. Second, modify the utility functions such that

W@ = T ENS @) ).
Hence as (3 increases output of the artificial firms decreases and the utilities
of output from artificial firms increases. Clearly, consumptions of the last
(S — 1) commodities, productions, inputs of artificial production and the
maximal value of the planner’s stationary problem are independent of 3.
Then there exists (3 such that if 3 €]0, Gy[ then the modified utility functions
have negative definite Hessian matrix for all T with [Z| [] a, where a is the
upper bound on consumption found in the previous paragraph.

For 6 < 1, the planner’s problem for the overlapping generations economy
with S periods of life, (PP), translates into the following objective for the
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optimal growth model

(S—1)m (S=1)ym
max 7_1 Z Uz Iz 1 + Z 7 Z uz :Ezt
i=1 teNg
(S—1)m —1)n (S—1)%2m
Z (ﬂfi,t —W;) = Z y]t + y]t + Z (zk,t + Zk,t)

i=1 k=1

@00 O Oforallje{1,...,(S—2)n}

s.t.
F@ 0 To) O Oforallje{(S—2n+1,,...,(S—1)n}

gk(?}c’t,?i’tﬂ) 10 forall k

?_1 is fixed,

where v = §°7!. The case § = 1 can be stated easily with the help of the
overtaking criterion.

In order to transform the optimal growth model with (S —1)m consumers
into an optimal growth model with one consumer, let the maximal aggregate
utility of the consumers be the utility of the aggregate consumer, i.e. let

(S—1)m
o= > W
i=1
(§-1)m (S—1)m
Tz) = max Y ANT(w), st Y @=ux,
i=1 i=1

and let T be defined as w. Then the optimal growth model with (S — 1)m
consumers is transformed into an optimal growth model with one consumer.

The sequel of the proof of Theorem 1 depends on whether the government
discounts the future or not.

In the case 6 < 1, according to [5, 6] the optimal growth model with
1 consumer has an equilibrium, (p;)f2_;, and the equilibrium allocation,
(Tt,7,, 2t)52 1 , is Pareto optimal. Clearly the equilibrium allocation solves
the planner’s problem for the optimal growth model with one consumer.
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When there is no discounting, [5, 6] cannot be applied. In this case it is
useful to restate the model in its reduced form and use the fact that strict
concavity of the reduced utility function directly follows from the strict con-
cavity of production as well as of the original utility function. The other
usual assumptions of the turnpike literature with no discounting follow di-
rectly from our assumptions and from the fact that feasible consumptions are
bounded (see above). Then Theorem 6.1 in [14] or Theorem 9 in [10] ensure
the existence of the optimal path, at least for £ > 0. It is then straightfor-
ward to complete this path to obtain an optimal path for the problem with
t>—1.

Implementation in the overlapping generations economy of the equilib-
rium for the optimal growth model has to be considered. Let ((z¢)2_g 1,
(yt)ten,) be the associated allocation for the overlapping generations econ-
omy - this allocation is found by going through the steps used in transforming
the overlapping generations economy into an optimal growth economy in re-
verse order. The associated commodity prices, (p:)ien,, are obtained in the
usual way by considering the gradients of the individual utilities at the given
allocation (a proof that mimics the proof of the second welfare theorem).
Then the allocation solves the planner’s problem, (PP), because otherwise
the equilibrium allocation, (Z;,7,,%z:)i° ;, would not be a solution to the
planner’s problem in the optimal growth model with one consumer. Prof-
its can be taxed away by a suitable negative transfer to the firms*. In this
case, the non-arbitrage condition, (N A), implies that the prices of assets are
constant. Therefore, assets behave exactly like (bubble) money. Since their
prices can be chosen arbitrarily, let ¢;; = 0,7 € J, and all ¢ € Ny. The
budget constraint is then

S S
Z Ps+t—1- (xis—ﬁ-tfl - wzs) = Z TifS-i-tfl
=1 =1-

s t s t

forallie ITandallt € {—S+1,...,—1} and

S S
Zps+t—1 : (37?,54-15—1 —wj) = ZTZSH—I
s=1 s=1

“When § = 1, zero profits is a necessary condition for implementation of the optimal
path, but not for existence of the solution to the government’s problem. On the other
hand, these taxes are superfluous when there is discounting.
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for all i € I and all ¢t € Ny. Then (pt, ¢, 7, 01)ten, 18 an equilibrium with
((z6)2 _g115 (Ye)ren,) as the associated equilibrium allocation and this allo-
cation solves the problem of the government because it is Pareto optimal for
the associated general equilibrium growth model. Q.E.D.

Remark In theorem 1 the sum of the transfers to every consumer is deter-
mined while the profile of transfers over periods is undetermined. This fact
is related to the irrelevance of government budget deficits when lump-sum
taxes and transfers are available.

5.2 Proof of Theorem 2

The transformation of the stationary overlapping generation economy into an
optimal growth model results in an optimal growth model that is stationary
- except for the first period where utility functions differ. If the first period
is disregarded then the planner’s stationary problem is obtained, and in the
case 6 < 1 it reads

(S=1)ym
max Z "}/t Z ﬁi(ii,t)
teNp =1
(S—1)m _ _ (S—1)n _ _ —1)2m
Z (Tiy — @) = Z @j,t + yj,t) + Z zkt +z Zkt
i=1 j=1 k=1

5@ .55 [ Oforall je{1,....(S—2)n}

s.t.
[i@ o Ton) 0 Oforallje{(S—2n+1,,...,(S—1)n}

0 for all £

O

gk(zk,w Zk,t—H)

?0 is fixed.

When ¢ = 1, maximality is stated with the help of the overtaking criterion.
This problem is studied in the literature on turnpikes where it is proven that
a stationary solution exists.
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Lemma 1 Consider the planner’s stationary problem then there exist 6* €
= 2 —% —x —% .
0,1, K € Rffl) SO gnd (T,7,Z) such that if 6 €)6*,1] and

(S—1)n (S—1)2Im e

=2 =2 ==*

Y. Tiot D Fe =K
j=(5—2)n+1 k=1

and (T, Yy, 2t )teN, Solves the planner’s stationary problem then

=% =*)

(§t>?t7§t> = (i*ay %
for all t € Ny.

Proof For § < 1 it follows directly from [6]. When § = 1, the result follows
from Theorem 6.1 in [14]. Q.E.D.

Under (A.11) and (A.12) a second lemma is also obtained.

Lemma 2 Consider the planner’s stationary problem and let (T,7",Z") be
the associated stationary allocation. Then for every compact set,

Cc RiS_;l)le-l—(Sfl)l’

there exists 63, € [0, 1] such that if (Ty, Ty, Zt )ten, Solves the planner’s station-
ary problem then

tll)rg ‘(§t7§t7§t) - (%*7§*7§*>’ =0
for dll K € C.

Proof When 6 < 1, the proof is an application of theorem (4.5) in [6].
Indeed, since C' is compact and K € C there exists an upper bound, a € R,
such that if (T, 7,,Z)ien, is an equilibrium allocation associated with K € C
then

sup |T;| [ a.
teNp

Therefore there exists B¢ such that if 5 €]0, Go[ then the modified utility
functions have negative definite Hessian matrix for all T with |[Z| [ a. Hence
for 8 €]0, Bc| theorem (4.5) in [6] can be applied to the modified optimal
growth model in order to obtain lemma 2.
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The case with no discounting, 6 = 1, can be treated similarly. The result
then follows from Theorem 8 in [10]. Q.E.D.

Proof of Theorem 2 Assumptions (A.11) and (A.12) ensures that the initial
stock of output for the stationary problem is strictly positive in all coordi-
nates and that all producible commodities are produced at the stationary
solution. Then, for the optimal growth model the planner’s stationary prob-
lem has the turnpike property according to lemma 2. Clearly, this implies
that the planner’s problem has the turnpike property. Then the overlapping
generations economy has the turnpike property by construction. Q.E.D.
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