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Prayas Sharma3 

ABSTRACT 

In the present study we have proposed an improved family of estimators for 
estimation of population mean using the auxiliary information of median, quartile 
deviation, Gini’s mean difference, Downton’s Method, Probability Weighted 
Moments and their linear combinations with correlation coefficient and coefficient 
of variation. The performance of the proposed family of estimators is analysed by 
mean square error and bias and compared with the existing estimators in the 
literature. By this comparison we conclude that our proposed family of estimators 
is more efficient than the existing estimators. To support the theoretical results, we 
also provide the empirical study.  

Key words: Auxiliary information, Bias, Mean Square Error, Simple Random 
Sampling, Efficiency. 

AMS Subject Classification: 62D05 

1. Introduction 

Since last few decades statisticians have proposed estimators for the 
population parameters. The concept of efficiency is a vital key word for an 
estimator and it depends on the Mean Square Error (MSE), thus we should know 
the fundamental of MSE in statistics. Therefore, according to the estimation 
theory the estimators with the mean square error or variance than lower that of 
other estimators are said to be efficient estimators and the estimators with the 
bias lower than that of other estimators are said to be good estimators. Hence, 
this efficiency in estimation theory is achieved by using the auxiliary information at 
the design or estimation stage or at both stages. The use of such auxiliary 
information is made through different methods of estimation such Ratio, 
Regression and Product methods. So, Cochran (1977) initiated the use of 
auxiliary information at estimation stage and proposed ratio estimator for 
population mean. It is a well-established fact that ratio type estimators provide 
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better efficiency in comparison to simple mean estimator if the study variable and 
auxiliary variable are positively correlated and the regression line  pass through 
origin, and if on the other side the correlation between the study variable and 
auxiliary variable is positive and does not pass through origin but makes an 
intercept, in that case the regression method provides better efficiency than ratio, 
simple mean and product type estimator, and if the correlation between the study 
variable and auxiliary variable is negative, product estimator given by Robson 
(1957) is more efficient than simple mean estimator.  

Further improvements are also achieved on the classical ratio estimator by 
introducing a large number of modified ratio estimators with the use of known 
parameters as coefficient of variation, coefficient of kurtosis, coefficient of 
skewness and population correlation coefficient. For more detailed discussion, 
one may refer to Cochran (1977), Kadilar and Cingi (2004, 2006), Koyuncu and 
Kadilar (2009), Murthy (1967), Sharma and Singh (2013), Prasad (1989), Rao 
(1991), Singh and Tailor (2003, 2005), Singh et al. (2004), Sisodia and Dwivedi 
(1981), Upadhyaya and Singh (1999) and Yan and Tian (2010).  

Further, Subramani and Kumarapandiyan (2012) have taken initiative by 
proposing modified ratio estimator for estimating the population mean of the study 
variable by using the population deciles of the auxiliary variable. 

Recently, Subzar et al. (2016) have proposed some estimators using 
population deciles and correlation coefficient of the auxiliary variable, also Subzar 
et al. (2017) have proposed some modified ratio type estimators using the quartile 
deviation and population deciles of auxiliary variable, and Subzar et al. (2017) 
have also proposed an efficient class of estimators by using the auxiliary 
information of population deciles, median and their linear combination with 
correlation coefficient and coefficient of variation.  

In this paper we have envisaged a new class of improved ratio type 
estimators for estimation of population mean of the study variable using the 
information of quartile deviation, median, non-conventional measures of 
dispersion and their linear combination with correlation coefficient and coefficient 

of variation. Let }...,,,,{ 321 NGGGGG   be a finite population of N distinct and 

identifiable units. Let y and x denote the study variable and the auxiliary variable 

taking values iy and ix  respectively on the ith unit (i = 1, 2,…,N). Before 

discussing the proposed estimators, we will mention the estimators in the 
literature using the notations given in the next sub-section. 

1.1. Notations 

  Population size 

  Sample size                                                                              

   Sampling fraction 

 Y   Study variable 

  Auxiliary variable 

  Population means 

N

n

Nnf 

X

YX ,
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  Sample means 

  Sample totals 

 Sx, Sy
 Population standard deviations 

  Population covariance between variables 

 Cx, Cy
 Population coefficient of variation 

  Population correlation coefficient 

  Bias of the estimator                

   Mean square error of the estimator 

  Existing modified ratio estimator of  

  Proposed modified ratio estimator of  

  Population median of  

   Population kurtosis 

  Population skewness 
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                 estimator 
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 Subscript 

     For existing estimators  

  For proposed estimators 

1.2. Estimators in the literature 

Kadilar and Cingi (2004) have suggested ratio type estimators for the 
population mean in the simple random sampling using some known auxiliary 
information on coefficient of kurtosis and coefficient of variation. They showed 
that their suggested estimators are more efficient than traditional ratio estimator in 
the estimation of the population mean. 
Kadilar & Cingi (2004) estimators are given by 
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The biases, related constants and the MSE for Kadilar and Cingi (2004) 

estimators are respectively as follows:  
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Kadilar and Cingi (2006) developed some modified ratio estimators using 
known value of coefficient of correlation, kurtosis and coefficient of variation as 
follows: 
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The biases, related constants and the MSE for Kadilar and Cingi [6] 
estimators are respectively given by 
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Abid et al. (2016) suggested the following ratio estimators for the population 

mean Y in simple random sampling using non-conventional location parameters 
as auxiliary information. Estimators suggested by Abid et al. (2016) are given as: 
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The biases, related constants and the mean square error (MSE) for Abid et al. 
(2016) estimators are respectively given by: 
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Abid et al. (2016) suggested the following ratio estimators for the population 

mean Y in simple random sampling using Decile mean, with linear combination of 
population correlation coefficient and population coefficient of variation as 
auxiliary information. Estimators suggested by Abid et al. (2016) are given as: 
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The biases, related constants and the mean square error (MSE) for Abid et al. 
(2016) estimators are respectively given by:  
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2. Improved ratio estimators 

Motivated by the estimators mentioned in Section 1.2, in this section we 
suggest some improved class of estimators by using the auxiliary information 
median, quartile deviation, Gini’s mean difference, Downton’s Method, Probability 
Weighted Moments and their linear combinations with correlation coefficient and 
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coefficient of variation in survey sampling, and the suggested estimators are 
given below as:
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where )(1 GM d  , )(2 DM d  , )(3 pwd SM  , )(4 GQD  ,

)(5 DQD  and )(6 pwSQD   

The bias, related constant and the MSE for the first proposed estimator can 
be obtained as follows:  

MSE of this estimator can be found using Taylor series method defined as 
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As shown in Wolter (1985), (2.1) can be applied to the proposed estimator in 

order to obtain MSE equation as follows:  
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Similarly, the bias is obtained as  
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Thus, the bias and MSE of the proposed estimator is given below: 
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where 6,...,2,1J and 6,...,2,1k

  

Similarly we can obtain the bias, constant and mean square error for the other 
proposed estimators as follows:  
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3. Efficiency comparisons 

From the expressions of the MSE of the proposed estimators and the existing 
estimators, we have derived the conditions for which the proposed estimators are 
more efficient than the usual and existing modified ratio estimators. They are 
given as follows. 

3.1 Comparison with the classical ratio estimator  

Modified proposed ratio estimators are more efficient than that of the classical 

ratio estimator if ),()( rpj YMSEYMSE


           
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Condition I: 0)(  xpjxy SRRSS and 0)(  xpjxy SRRSS  

After solving the condition I, we get  
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3.2 Comparisons with existing ratio estimators 
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where 18,....,2,1j and .22,....,2,1i  

4. Empirical study 

The performances of the proposed ratio estimators are evaluated and 
compared with the mentioned ratio estimators in Section 1.2 by using the data of 
the three natural populations. For the population I and II we use the data of Singh 
and Chaudhary (1986) page 177 and for the population III we use the data of 
Murthy (1967) page 228, in which fixed capital is denoted by X (auxiliary variable) 
and output of 80 factories is denoted by Y (study variable). We apply the 
proposed and existing estimators to these data sets and the statistics of these 
populations are given in Table 1. 

From Table 2a and Table 2b, we observe that the proposed estimators are 
more efficient than all of the estimators in the literature as their Bias, Constant 
and Mean Square error are much lower than the existing estimators. 
The percentage relative efficiency (PRE) of the proposed estimators (p), with 

respect to the existing estimators (e), is computed by 

                                          

These PRE values are given in Table 3, for the population I. From this table, it 
is clearly evident that the proposed estimators are quiet efficient with respect to 
the estimators in the literature. Similarly, we can calculate the PRE values for 
population II and population III respectively by using the same formula mentioned 
above. 

Table 1. Characteristics of the populations 

Parameters Population 1 Population 2 Population 3 

N  34 34 80 

n  20 20 20 

Y  856.4117 856.4117 5182.637 

X  199.4412 208.8823 1126.463 

 

100
estimatorpropoesdofMSE

EstimatorExistingofMSE
PRE
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Table 1. Characteristics of the populations  (cont.) 

Parameters Population 1 Population 2 Population 3 

  0.4453 0.4491 0.941 

yS  733.1407 733.1407 1835.659 

yC  0.8561 0.8561 0.354193 

xS  150.2150 150.5059 845.610 

xC  0.7531 0.7205 0.7506772 

2  1.0445 0.0978 -0.063386 

1  1.1823 0.9782 1.050002 

dM
 

142.50 150 757.5 

TM
 

89.375 162.25 931.562 

MR
 

165.562 284.5 1795.5 

HL
 

320 190 1040.5 

QD  184 80.25 588.125 

G
 

162.996 155.446 901.081 

D
 

144.481 140.891 801.381 

pwS
 

206.944 199.961 791.364 

DM  206.944 234.82 1150.7 

 

Table 2a. The Statistical Analysis of the Estimators for the Populations 

Estimators 

Population I Population II Population III 

Constant Bias Constant Bias Constant Bias 

rY


 4.294 4.940 4.100 4.270 4.601 60.877 

1Y


 4.294 10.0023 4.100 9.1539 4.601 36.5063 

 4.278 9.9272 4.086 9.0911 4.598 36.4577 

 4.272 9.8983 4.098 9.1454 4.601 36.5104 

 4.279 9.9303 3.960 8.5387 4.650 37.2861 

 4.264 9.8646 4.097 9.142 4.601 36.5117 

 4.284 9.9578 4.091 9.1147 4.597 36.4453 

 4.281 9..9432 4.088 9.0995 4.596 36.4251 

2Y


3Y


4Y


5Y


6Y


7Y

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Table 2a. The Statistical Analysis of the Estimators for the Populations  (cont.) 

Estimators 

Population I Population II Population III 

Constant Bias Constant Bias Constant Bias 

 4.258 9.8348 4.069 9.0149 4.598 36.4546 

 4.285 9.9597 4.011 8.763 4.662 37.4882 

10Y


 4.244 9.7711 4.096 9.1349 4.601 36.5106 

11Y


 2.3463 2.986 2.3076 2.9 2.518 32.81 

12Y


 2.0427 2.263 1.973 2.12 2.189 24.79 

13Y


 1.4993 1.219 1.5021 1.229 2.449 31.03 

14Y


 1.6487 1.475 1.7358 1.641 1.774 16.23 

15Y


 1.3718 1.021 1.4185 1.096 1.473 11.23 

16Y


 0.9329 0.472 1.0167 0.563 1.708 15.10 

17Y


 2.233 2.706 2.147 2.51 2.392 29.59 

18Y


 1.930 2.021 1.812 1.788 2.063 22.01 

19Y


 1.398 1.060 1.355 1.980 2.322 27.90 

20Y


 2.107 2.137 1.9301 2.2087 2.276 26.800 

21Y


 1.806 1.483 1.6013 1.3964 1.949 19.650 

22Y


 1.289 0.800 1.1703 0.7459 2.206 25.188 

1pY


 1.6960 1.5604 1.6651 1.5098 1.9813 20.312 

 1.7606 1.6815 1.7136 1.599 2.0598 21.953 

 1.5602 1.3205 1.5324 1.2788 2.0681 22.129 

 1.8955 1.9490 1.9263 2.0207 1.8608 17.916 

 1.9764 2.1191 1.9915 2.1598 1.9299 19.271 

 1.7274 1.6187 1.751 1.6696 1.9371 19.416 

 0.9671 0.5074 0.9633 0.5053 1.7938 16.650 

8Y


9Y


2pY


3pY


4pY


5pY


6pY


7pY

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Table 2a. The Statistical Analysis of the Estimators for the Populations  (cont.) 

Estimators 

Population I Population II Population III 

Constant Bias Constant Bias Constant Bias 

 1.0148 0.5586 0.9997 0.5443 1.8622 17.942 

 0.8701 0.4107 0.8666 0.409 1.8693 18.079 

10pY


 1.1177 0.6777 1.1672 0.7419 1.9130 18.936 

11pY


 1.1818 0.7577 1.2211 0.8121 1.9909 20.508 

12pY


 0.9902 0.5318 1.0283 0.5758 1.9991 20.677 

13pY


 1.4153 1.0866 1.3533 0.9973 1.5540 12.495 

14pY


 1.4752 1.1806 1.3979 1.0642 1.6184 13.552 

15pY


 1.2908 0.9038 1.2329 0.8278 1.6252 13.666 

16pY


 1.6021 1.3923 1.5977 1.3901 1.6667 14.373 

17pY


 1.6793 1.5298 1.6603 1.5011 1.7410 15.684 

18pY


 1.4444 1.1317 1.4326 1.1176 1.7489 15.825 

 

Table 2b. The Statistical Analysis of the Estimators for the Populations 

 
Estimators 

 

Pop I Pop II Pop III 
Estimators 

Pop I Pop II Pop III 

MSE MSE MSE MSE MSE MSE 

rY


 10960.76 10539.27 189775.1 
21Y


 10386.83 10030.11 116239.3 

1Y


 17437.7 16673.5 193998.1 
22Y


 9644.04 9472.95 144936.7 

 17373.3 16619.6 193746.2 
1pY


 10208.16 10333.07 119741.5 

 17348.6 16666.1 194019.4  10311.83 10203.59 128249.9 

 17376.0 16146.6 198039.9  10002.72 9929.39 129161.3 

 17319.8 16663.3 194026.4  10540.91 10564.74 107326.5 

 17399.5 16639.9 193682.3  10686.6 10683.87 114349.5 

8pY


9pY


2Y


3Y


2pY


4Y


3pY


5Y


4pY


6Y


5pY

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Table 2b. The Statistical Analysis of the Estimators for the Populations  (cont.) 

 
Estimators 

 

Pop I Pop II Pop III 
Estimators 

Pop I Pop II Pop III 

MSE MSE MSE MSE MSE MSE 

 17387.1 16626.9 193577.6  10258.09 10264.06 115098.9 

 17294.2 16554.4 193730.5  9306.32 9266.94 100762.1 

 17401.1 16338.7 199087.0  9350.19 9300.31   107457.3 

10Y


 17239.7 16654.2 194020.7  9223.53 9184.47 108172.8 

11Y


 11429.08 11317.28 184446.20 
10pY


 9452.18 9469.56 112609.8 

12Y


 10809.99 10649.40 142903.20 
11pY


 9250.7 9529.64 120761.3 

13Y


 9915.81 9886.21 175238.70 
12pY


 9327.27 9327.31 121636.1 

14Y


 10134.39 10239.11 98755.61 
13pY


 9802.37 9688.30 79228.58 

15Y


 9745.79 9772.39 72582.52 
14pY


 9882.86 9745.56 84709.31 

16Y


 9275.87 9316.02 92644.60 
15pY


 9645.86 9543.10 85298.12 

17Y


 11189.04 10983.77 167778.60 
16pY


 10064.19 10024.69 88963.27 

18Y


 10602.02 10365.55 128487.60 
17pY


 10181.93 10119.77 95756.01 

19Y


 9779.43 9690.50 158990.7 
18pY


 9841.01 9791.32 96489.39 

20Y


 10934.74 10571.58 153292.6 
 

   

 

Table 3.  PRE of the Proposed Estimators with the Estimators in the Literature for 
Population I. 

 
 

        

rY


 107.372 106.293 109.578 103.983 102.565 106.85 117.778 117.225 118.835 

1Y


 170.821 169.103 174.329 165.428 163.173 169.991 187.381 186.495 189.056 

 170.190 168.479 173.685 164.817 162.570 169.363 186.689 185.806 188.358 

 169.948 168.239 173.438 164.583 162.339 169.122 186.423 185.542 188.090 

 

7Y


6pY


8Y


7pY


9Y


8pY


9pY


1pY


2pY


3pY


4pY


5pY


6pY


7pY


8pY


9pY


2Y


3Y

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Table 3.  PRE of the Proposed Estimators with the Estimators in the Literature for 
Population I.  (cont.) 

 
 

        

 170.216 168.505 173.712 164.843 162.596 169.389 186.718 185.835 188.387 

 169.666 167.960 173.150 164.310 162.070 168.841 186.114 185.234 187.778 

 170.447 168.733 173.947 165.066 162.816 169.618 186.970 186.087 188.642 

 170.325 168.613 173.823 164.948 162.700 169.498 186.837 185.954 188.508 

 169.415 167.712 172.895 164.067 161.830 168.592 185.839 184.960 187.500 

 170.462 168.748 173.963 165.081 162.831 169.634 186.988 186.104 188.659 

10Y


 168.881 167.183 172.350 163.550 161.320 168.061 185.253 184.378 186.910 

11Y


 111.960 110.834 114.259 108.425 106.947 111.416 122.814 122.233 123.912 

12Y


 105.895 104.831 108.070 102.552 101.154 105.381 116.161 115.612 117.200 

13Y


 97.1361 96.1595 99.1311 94.0697 92.7873 96.6641 106.552 106.049 107.505 

14Y


 99.2773 98.2792 101.316 96.1434 94.8326 98.7949 108.901 108.387 109.875 

15Y


 95.4705 94.5107 97.4314 92.4568 91.1963 95.0067 104.725 104.230 105.662 

16Y


 90.8672 89.9536 92.7334 87.9987 86.7990 90.4257 99.6762 99.2051 100.567 

17Y


 109.608 108.506 111.860 106.148 104.701 109.076 120.234 119.666 121.309 

18Y


 103.858 102.814 105.991 100.579 99.2085 103.353 113.926 113.388 114.945 

19Y


 95.8001 94.8370 97.7677 92.7759 91.5111 95.3346 105.087 104.590 106.027 

20Y


 107.117 106.040 109.317 103.736 102.322 106.597 117.502 116.946 118.552 

21Y


 101.750 100.727 103.840 98.5382 97.1949 101.255 111.614 111.086 112.612 

22Y


 94.4738 93.5240 96.4141 91.4915 90.2442 94.0148 103.632 103.142 104.559 

1pY


2pY


3pY


4pY


5pY


6pY


7pY


8pY


9pY


4Y


5Y


6Y


7Y


8Y


9Y

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Table 3.  PRE of the Proposed Estimators with the Estimators in the Literature for 
Population I.  (cont.) 

 
 11pY


 12pY


 13pY


 14pY


 15pY


 16pY


 17pY


 18pY


 

rY


 115.96 118.486 117.513 111.817 110.907 113.632 108.909 107.649 111.378 

1Y


 184.483 188.501 186.954 177.893 176.444 180.779 173.265 171.261 177.194 

 183.802 187.805 186.264 177.236 175.792 180.111 172.625 170.629 176.540 

 183.541 187.538 185.999 176.984 175.542 179.855 172.379 170.386 176.289 

 183.831 187.834 186.292 177.263 175.820 180.139 172.652 170.655 176.567 

 183.236 187.227 185.690 176.690 175.251 179.557 172.093 170.103 175.996 

 184.079 188.088 186.544 177.503 176.057 180.383 172.885 170.886 176.806 

 183.948 187.954 186.411 177.376 175.932 180.255 172.762 170.764 176.680 

 182.965 186.950 185.415 176.429 174.992 179.291 171.839 169.852 175.736 

 184.096 188.106 186.562 177.519 176.074 180.400 172.901 170.902 176.822 

10Y


 182.389 186.361 184.831 175.873 174.440 178.726 171.297 169.317 175.182 

11Y


 120.915 123.548 122.534 116.595 115.645 118.487 113.562 112.249 116.137 

12Y


 114.365 116.856 115.897 110.279 109.381 112.069 107.410 106.168 109.846 

13Y


 104.905 107.190 106.310 101.157 100.333 102.799 98.5257 97.3864 100.760 

14Y


 107.217 109.553 108.653 103.387 102.545 105.065 100.698 99.5331 102.981 

15Y


 103.106 105.352 104.487 99.4228 98.6131 101.036 96.8363 95.7165 99.0324 

16Y


 98.1347 100.272 99.4489 94.6288 93.8582 96.1643 92.1671 91.1013 94.2573 

17Y


 118.375 120.953 119.961 114.146 113.217 115.998 111.177 109.891 113.698 

18Y


 112.165 114.608 113.667 108.158 107.277 109.913 105.344 104.126 107.733 

19Y


 103.462 105.716 104.848 99.7660 98.9534 101.385 97.1706 96.0469 99.3743 

20Y


 115.685 118.204 117.234 111.552 110.643 113.362 108.650 107.394 111.114 

21Y


 109.888 112.282 111.360 105.962 105.099 107.682 103.206 102.012 105.546 

22Y


 102.030 104.252 103.396 98.3848 97.5835 99.9811 95.8253 94.7172 97.9985 

10pY


2Y


3Y


4Y


5Y


6Y


7Y


8Y


9Y

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5. Conclusion 

From the present study we conclude that our proposed estimators perform 
better than the existing estimators in the literature as their mean square error and 
bias are much lower than that of the existing estimators. Hence, we strongly 
recommend that our proposed estimators are preferred over the existing 
estimators in practical applications. 
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