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Abstract

Generalizing the idea that price momentum can be explained by different levels
of uncertainty inherent in the information structure, we implement signal-specific
differences in uncertainty in a Kyle type model of strategic trading. We derive
the equilibrium in a single-auction setting as well as a two-trading-period model.
We show that the two-period equilibrium supports price patterns like momentum
and reversal /under- and over-reaction without relying on any additional behavioral
assumptions. Furthermore, the two-period setting can be extended to a multiple-
trading-period equilibrium model with very similar equilibrium conditions to the
original sequential auction equilibrium proposed by Kyle (1985), while preserving
the price pattern of the two-period model.

JEL Classification: D43, D82, G12, G14.
Keywords: Market Structure; Asset Pricing; Market Efficiency; Asymmetric Information,

Equilibrium.

*Any errors are solely my responsibility.

t Affiliation: Department of Financial Management, University of Basel. Adress: Peter Merian-Weg
6, CH-4002 Basel, Switzerland. Office Phone: +41-61-267-28-58. E-mail: christoph.winter@unibas.ch.
Homepage: http://wwz.unibas.ch/personen/profil/person/winter/


mailto:christoph.winter@unibas.ch
http://wwz.unibas.ch/personen/profil/person/winter/

1 Introduction

As brought up by Jegadeesh and Titman (1993), price momentum and reversal are the
two most pervasive pricing anomalies existing on financial markets. They are difficult to
explain and extremely inconsistent with information efficient markets as well as rational
agents. According to rational explanations, the existence of these anomalies should be
almost impossible; otherwise, they should immediately be exploited and traded away.
Besides Holden and Subrahmanyam (2002) and Cespa and Vives (2012), who explain
momentum with an increase in information precision and Andrei and Cujean (2017), who
provide a rational model by employing word-of-mouth communication in a Grossman and
Stiglitz (1980) setting, most of the prevailing models trying to explain these phenomenoa
are settled in the behavioral literature. The basic idea in this field of research is to explain
momentum and reversal by the irrational behavior of agents, like Barberis, Shleifer, and
Vishny (1998), Daniel, Hirshleifer, and Subrahmanyam (1998) and Hong and Stein (2007).
These explanations attribute to individuals various behavioral biases and assume that
agents would persistently act irrationally.

In this paper we shift focus from the agent to the information signal and propose
the idea that momentum and reversal are not caused by possible irrational behaviour of
agents, but rather due to the information structure on the market. We impose that not all
information is equal but differs regarding its uncertainty. Using this line of thought, im-
plementing a heterogeneous signal structure results in the occurrence of signal-dependent
under- and over-reaction, compared to a model with homogeneous information. This
establishes momentum and reversal patterns without the necessity to assume the irra-
tionality of agents.

In the literature on asset pricing under asymmetric information, there are two com-
peting equilibrium concepts, namely Rational Expectations Equilibrium (REE) and game
theoretic Bayesian Nash Equilibrium (BNE). We translate the above stated idea of het-
erogeneous information by implementing the information structure of signal-specific dif-
ferences in uncertainty in a Bayesian equilibrium model of strategic trading. We show
that in such a model, momentum and reversal—two patterns seemingly inconsistent with
rational behavior—can be explained without recourse to the irrationality of traders. This
provides some evidence that the rational existence of momentum and reversal is nested in
the posed idea concerning the presence of heterogeneous information with different levels
of uncertainty.

The analysis in this paper is based on a Kyle (1985) type of model. The original
setting is modified in two dimensions: first, the informed trader only observes a noisy
signal about the true liquidation value of the risky security and not the original liquidation
value; and second, a heterogeneous information structure is introduced. There exist two

kinds of different signals, one of them having a higher degree of uncertainty than the



other. The difference in uncertainty is modelled with the help of a higher variance in the
noise term of the signal.

We show that given these two modifications, the basic mechanics of the model still
work, although very interesting new insights into the behavior of agents emerge. Fur-

thermore, equilibrium prices support patterns of momentum and reversal.

The remainder of the paper is structured as follows. First, the modified structure
of the model is introduced by discussing a single-auction equilibrium to show the main
implications of the modifications. In a second step, we establish a two-period model
and prove that equilibrium prices in this setting on average support price patterns like
momentum and reversal. The two-period model is then further extended to a sequential
auction equilibrium with N periods, which features very similar equilibrium conditions
as those in Kyle (1985), the original paper. The main finding is that besides other im-
plications, a heterogeneous signal structure supports price momentum and price reversal

in a simple game theoretic model with a BNE.

2 The static model

There exist three different groups of risk-neutral players. An investor who is informed,
since he observes a signal concerning the true fundamental value of a risky asset (hence-
forth referred to as the informed investor or insider). Many different liquidity traders
who do not maximize their utility but simply trade for reasons outside of the model
("noise traders”). Their demand might e.g. stem from idiosyncratic information that is
not of common interest, such as the need to hedge against endowment shocks or private
investment opportunities in incomplete market settings (see Brunnermeier, 2005, p. 421).
A risk-neutral market maker who knows the signal structure of the informed, as well as
the aggregate order flow of the informed investor and noise traders. However, he does
not know the exact signal and the exact distribution it comes from. The basic process
is as follows. The informed investor observes a signal about the true value of the risky
asset. Given this information and taking into account his influence on price, he acts like
an information monopolist and places a market order. The noise traders— trading for
reasons outside of the model—submit their individual demand. Given this information,
the market maker sets a price, after observing aggregate order flow. When doing so, he
considers the information structure on which the informed trader bases his orders. The
whole model has the flavor of a BNE model as all players take the strategies of all the

other players as given and the market maker updates his beliefs using Bayes’ rule. How-

IThe stated results are established under the restriction that the informed agent is only allowed to
play linear strategies. Relaxing this assumption should not alter the general mechanics of the model,
however it extremely increases the mathematical complexity and precludes closed form solutions.



ever, we concentrate our analysis on the case in which the informed agent is restricted to

playing linear strategies, as they are the only ones allowing for a closed-form solution.

2.1 Derivation of the single-auction equilibrium

In a first step and to gain a better understanding, we study the major implications of the

modified setting by analyzing a static model of one-shot trading.

2.1.1 Environment

In this setting, a single risk-neutral informed trader and a number of uninformed liquidity
traders submit market orders to a risk-neutral market maker. The market maker observes
the aggregated order flow and clears the market at a single price.? The informed trader
does not know the actual demand of the noise traders when submitting his order, but only
its distribution. The ex-post liquidation value of the risky asset is denoted by 6, which is
distributed normally with mean 6 > 0 and variance o3. The quantity demanded by noise
traders denoted by u is normally distributed with mean zero and variance 02.> There are
two possible noisy signals, S; with i € {H, L} about the true value of 0, Sy = 6 + ey and
St = 0+ ¢, which differ in their noise term e. Both noise terms are normally distributed
with mean zero, but have different variances 0?2, and o, . Their relationship is restricted
by the inequality o?, > o7 . This implies that Sy, is a more valuable signal than Sy. It
has higher precision and hence incorporates less uncertainty. The informed trader always
observes only one signal, either Sy or Sp, with probability p and 1 — p, respectively.
However, he knows whether the signal that he observes is Sy or S;. The demand of the
insider is labeled z and aggregate demand X, which comprises the quantities requested
by informed and noise traders X = = + u, with u being the demand of the noise traders.
The price is referred to as P.

The time line of events is almost identical to the original setting in (Kyle, 1985).
First, 6 is realized, the informed trader observes the signal S; about the true value of ¢
and chooses his order size x. Additionally, the uninformed traders’ demand wu is realized.
Second, the market maker observes aggregate order flow x + u and sets a single price P
to clear the market. Finally, uncertainty resolves and the asset pay off is realized. Figure

1 gives a time line of the events.

2As is common in this literature, the market maker is assumed to set semi-strong informationally-
efficient prices; thus, his expected profit is zero. We do not explicitly model the underlying Bertrand
competition with potential rival market makers in this paper.

3The fact that noise traders’ demand is assumed to be normally distributed makes it unnecessary to
specify off-equilibrium beliefs. Due to the normality assumption, the support of aggregate order flow
ranges from —oo to co and any order flow can potentially arise in equilibrium.
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Figure 1: The time line shows the sequence of events in the model. At ¢ = 0, the informed agents
receive their private signal S; and posit their market order z. Further noise traders’ demand u is realized.
In the next step at ¢ = 1, financial markets open, the market maker observes aggregate demand and
sets a price P to clear the market. Uncertainty is resolved at ¢ = 3 and the pay off of the risky asset 6
materializes

The expected profits E[r|S;] of the informed trader are given by E[r|S;| = (E[6]S;]—P)x’.
In equilibrium, two conditions have to hold.

1. Profit maximization: For any trading strategy 2’ and for any signal S

Elr(z, P)|S;] > E[r(2, P)|S;].

2. Market efficiency: The price set by the market maker satisfies

P(X,P)=E[f|x+ u].

Informed demand z is a function of the type of the signal S;, the price P as well as the
parameters of the distribution of uninformed demand w. It can be written as x(.S;, P, u).
The informed agent chooses his demand taking into account his impact on price as well
as the pricing rule of the risk-neutral market maker. The signal structure of the model

can be summarized as follows.

Signal structure

The terminal value of the asset is given by 6 ~ N/ (é, 03). As the informed trader observes
one of two possible noisy signals Sy or S of the true value of the risky asset with
probability p and 1 — p, respectively. The signals follow a mixture distribution, with a

probability density function f defined as

f(9) = pfsy(S) + (1 = p)fs, () (1)

The components of this mixture distribution are distributed as follows

Sp=0+¢g GLNN(QU?L) — 5L NN(é’Ug—i_UEQL) (2)
Su=0+en ew ~N(0,07) — SHNN(é,anga?H)



The informed trader knows which of the two signals Sy or S he observes. # and S, as

well as  and Sy are distributed bivariate normal N ~ (us,, s, ) and N ~ (s, Xsy ),

with
0 o2 7 i o3
Sp =Msy = | |, s, = . Xsy = -
Hee = Hsu (9) v (ag o5+ 02, . o o5 +0L,

Given the above distributions and applying the projection theorem for jointly normal
distributed variables, we can calculate the values of E[0|Sy|, Var[0|Sy|, E[0]SL]
and Var[0|SL].

A 02 ~ ‘74

E[0|SL) =0 + ﬁ(& —0) and Var[0|S,] = of - m (3)
N o3 A 2 &)

E[0|Su] =6 + m(s,, —0) and Var[0|Sy] = o} — Tr oL (4)

2.1.2 Optimization

According to the market efficiency condition and due to risk neutrality, the pricing rule
of the market maker in equilibrium is a function of aggregate demand and is given by
E[0|X]. The informed agent maximizes his expected profit, E[r|S;], which comprises the
difference between the expected pay off of the asset given the signal and the price of the
asset times the quantity of his stock holdings. The maximization problem of the informed

agent writes
max E[rn|S;] = E[(0 — P)x|S;]. (5)

The risk-neutral market maker follows a linear pricing rule of the form P, = Py + A X
while implying that the informed investor’s demand is linear in 6 and has the form
x = B(FE[0|S;] — Py). A can be interpreted as the responsiveness of the market maker to
changes in aggregate supply and hence market depth. [ defines the trading aggressiveness
of the informed investor. If 3 is high, the informed investor reacts more strongly upon his
private information. Py denotes the unconditional expectation of the risky asset’s pay off,
Py = E[f] = 0. The market maker can only observe the aggregate demand of informed
and noise traders, X = x + u, and is unable to distinguish between x and u. He sets
the price conditional on his information set F“ which comprises aggregate demand X,

FY4 = {X}. Given this pricing rule, the optimization problem 5 of the informed trader



can be rewritten as

max E[(0 — Py — Mz + u))x|S;],
resulting in the FOC

E[0]S;] — Py — 2\x = 0,

with x being

v = o5 (EOIS] — P). (6

The SOC implies A > 0, which we have imposed. Given x = B(E[0|S;] — Fp), equation 6
yields g = % It becomes visible that x inherits its distribution from Sy and Sy,

Using the results 3 and 4 and specifying

2 2

o o

0 0
FL = 5, 3 5 and FH = 5 3 5
o —|—UEL 0 —I—O'EH

and hence,
Var [E[0|Sy]] = Ff(oj +02,) and Var[E[0|S.)] = Ff(oj +0?)
Informed demand, x, is defined as

vy = B(E0|Sy] —0) = BFu(Sy —0),
zp = B(E[0)SL) — 0) = BFL(S, —0),

and distributed
zy ~N(0,8°Ff(0; +02,)) and xp ~N(0,8°Ff (05 +02,)).

Aggregate demand, X, is defined and distributed as

A~ ~

XH:.Z'H—FU:ﬁFH(SH—G)—FU and XL:xL+u:BFL(SL—9)+u,
Xy ~N(0,°Ff (05 +02,)+02) and X, ~N(0,8°Ff (o5 +02)+ o).



Given the distributions of Xy and X, X and 6 are distributed jointly normal.
0 N (4 o3 BFyo}
Xu \0)" \BFuoj B*Fj(of+02,)+ 0}

0 N (4 o3 BFo3
X1 0)" \BFLo} B*F}(o}+0%)+ 0?2

Based on the joint distribution of X and 6, the market maker sets the price, P, conditional

on the amount of aggregate demand X that he observes, P = E[f|X]|. The market maker
cannot distinguish between the two demands Xz and X;. He simply observes X, which
is either Xy or X with probability p and 1—p. Therefore, X is distributed as a Gaussian
mixture. Due to the inherited mixture structure of X, the conditional expectation is a

weighted average

Py = BJO|X] = wiE[0|X1] + wn E[0] Xx]
4 4
:0+( 50'9 twy 60-9 )X’

wr,
2oy + 02(0f +02) BP0y + 02(0f + 02)

with the weights w;, and wy being defined as

(1 —p)fx, (X)
(1 =p)fx, (X) + pfx, (X))
pfxy(X)
(1= p)fx, (X) +pfx, (X))

Wy, =

wWHg =
and wy = (1 — wy).

2.1.3 Equilibrium
Determining the coefficients in the linear BNE yields
1
6 - ﬁ?

Boy Bog (9)

+ w .
Bop+o2(02 +02) T Rak 4 02(02 + 02,)

)\:(,UL

A special feature of the model is that A is not a constant but rather a function of aggregate
demand X, since according to 9, w; directly depends on the realization of S;. However,
in equilibrium the informed does not know the actual value of X, as he does not know

noise traders’ demand u. Hence, he does not know A and he optimizes using the expected



value F[)\]. Equation 9 becomes

1 Bae Bae

= 2E[)] and B} == p)ﬁ209+02<‘70+‘72)+ Brog +oi(of +02,)

. (10)

In equilibrium, the coefficients E[\| and /3 are deﬁned in terms of parameters of the

distributions by solving for 5 and plugging in E[\| = % After simplifying, [ is implicitly
characterized by
2 2
1
0=(1-p) o +p Fop S

B0y + o2(og +02) 6200 +02(of +02,) 2

Solving the quadratic equation for § means solving a fourth-order polynomial, which has
four solutions. According to the SOC, g has to be real and positive. Thus, three of the

four solutions can be ruled out immediately, and the one surviving is

B = \/—‘ (2p = 1)(02, — 02, +\/ L+ 0d)+ (02, +02)" = 4p - p?) (02, — 02,)”
20
(11)

For readability, define

Bp—\/;(@p—l) —02)+ 4/ (03, + )+ <z,,+o—z>)2—4<p—p2><azH—azy),
(12)

with /(02 +05) < B, < /(02 +05) for 0 < p < 1, /(0% +05) = B, for p = 0,

8B
B, = \/(0? +0;) forp=1, anda—p>()

equation 11 can be written as

o
p=Yup

2
Oy

To gain a basic understanding of the underlying mechanics, we want to take a closer look

at the special case p = % This gives

5= L2 fin

+09 H —|—O'§) (13)

/52
Oy

The above expression is nothing but %, which is the original equilibrium solution in
6
(Kyle, 1985, p. 1319) without heterogeneous signals times the square root of a geometric



average of the signal variances.

E[)] - which in the following will be denoted as ) - equals
o L
2\ / O',Z Bp '

A special feature of the model is that A\ is not a constant in equilibrium. It crucially

3 = (14)

depends on wy, which itself is a function of aggregate demand X. In equilibrium, A is
hence dependent on the level of aggregate demand. The same is true for market depth,
defined as % If market depth is high, meaning that A is very low, then an increase in
(aggregate) demand has only a small impact on the stock price. The opposite is true for
high values of A and thus low market depth.

. 1
Knowing A, the market depth expected by the insider X is given by

2./02

% = V7eB, (15)
The market depth expected by the informed trader depends on the amount of noise
trading given by \/0_3 , the variance of the risky asset o3, the variance of the two signals
Sy and Sp as well as the mixture weight p. The amount of noise trading and a high
signal variance increase market liquidity, while an increase in the volatility of the asset
pay off—which can be seen as an increase in the value of the insider’s information—
reduces liquidity as in Kyle (1985). However, the effect of an increasing asset variance is
accommodated by an increasing signal variance. This means that while ceteris paribus a
doubling in the amount of noise trading measured by its standard deviation o, doubles

market liquidity, a doubling in the asset’s variance does not halve market depth as it
OB
a0y
random and depends on wy; and wy, hence aggregate demand. Overall market depth

simultaneously increases B, > (. The actual market depth in the economy is

in the economy is given by E[1/A]. Due to Jensen’s inequality, overall market depth

in the economy exceeds the market depth expected by the insider when conducting his

maximization,
24/02 1
—~“B, <E|—|.
o " N

The ex-ante expected profit of the informed trader (unconditional on S) is given by

Eln] L ysp % +(1 )1\/ g
T| =p=\0:B,———5— —p)=\0oiB,——.
PV ooz o2 ) PV ooz 4 62)

The informed’s ex-ante expected profit is also strongly affected by the standard deviation



of noise traders’ demand. It increases with the variance of the asset’s pay off 0y, as it mea-
sures the informational advantage of the insider. Furthermore, FE[r] decreases with the
amount of noise inherited in the informed trader’s signal as this noise distorts his infor-

mational advantage. By comparison, the insider’s ex-post maximized profit conditional

on S; is of the form W, which is either
1 +Joio] ~\ 2
BlnlS] = 312 2 7 T (5—9) or
1 +/o 09 A\ 2
BlrlSi) = 313y Tyl (5—9> .

2.2 Comparison with benchmark

In this section, we compare the results of the static equilibrium derived in the previous
section with a benchmark setting in which the type of signal is common knowledge.*
Hence, the market maker knows the underlying distributions of S and X. This can
be seen as the classical Kyle (1985) setting with two regimes and the insider receives
a noisy signal about the fundamental value of the asset rather than the asset value it-
self. All involved parties know the prevailing regime that they are currently in. A part
of the variables defining the equilibrium as well as the key statistics of the model are
signal-dependent. In comparison, the respective variables in the benchmark setting are
all constants and not affected by the value of the signal. We have to bear this in mind
when comparing the equilibrium solutions of the two models. It can be shown that for

reasonable differences between o, and o.,, B,, is a convex function. Hence, in the

WH

following paragraph F [B,, ] is replaced by Bpg,,]. This means that the comparison is

]
H
conducted by using the prior component weights of the mixture p and not their Bayesian
updates wy as it makes the calculations much simpler and will not alter the direction
of the results. The equilibrium price given a heterogeneous signal structure is either
above or below the price without a heterogeneous signal, depending on the type of the
signal.® The overall expected informativeness of the price is unaffected by the heteroge-
neous signal structure and in both cases it is unaffected by the amount of noise trading
like in Kyle (1985). However, given the two different signal regimes, the average volatility
over- or understates the volatility in the respective single regimes. Market depth in the
informationally-restricted model is not constant, but rather a function of actual aggre-

gate demand. Overall, it is lower than in the benchmark model. Nevertheless, this does

4Common knowledge implies that the informed trader as well as the market maker have access to the
signal type and take the information into account. Regardless whether they know the signal or its type,
the noise traders ignore it and act for reasons outside of the model, as already stated.

5This ambiguity is the root of resulting over- and under-reaction occurring in a setting comprising
more than one period described in section 3.3.1.

10



not hold looking at signal-dependent market depth. In the regime with high uncertainty,
market depth is on average lower, whereas in the regime with lower uncertainty market
depth is on average higher than in the benchmark setting. In general, the unconditional
expected profit in equilibrium assumes that asymmetric information regarding the signal
structure exceeds that without asymmetric information about the signal structure. This
is true unless the difference in the signal variances becomes marginal. The expected profit
of the insider further increases with the variance of the asset as well as the amount of
noise trading. By contrast, an increase in the noisiness of the signal reduces profit. The

results are the same when analyzing maximized profits.

Price Depending on the signal, the equilibrium price is either higher or lower than
the equilibrium price of the benchmark model.® The prevailing mechanism is that given
a signal with high uncertainty, the equilibrium price exceeds the price of the benchmark
model. In the regime with low signal variance, the equilibrium price is below that of the
benchmark model. The reason for this behavior is that the equilibrium price can be seen
as a weighted average of the prices in the two regimes of the benchmark model and thus
it has to be somewhere in between the two. Technically speaking, when looking 2at the
1 %9

linear pricing rule of the market maker P(X) = 6 + AX, with ABens, = 3

2\ Joroatot,)’

S N/ 1—1_% N
ABens, = 3 e and E[Agqui] = 5 NETR it holds that Apens, < Apqui < ABens, -

Informativeness of the price system As aggregated demand is known to all agents—
insider as well as market maker, the informativeness of the price system in the economy
corresponds to the informativeness of aggregate demand X. In other words, the equilib-
rium price is a sufficient statistic of aggregate demand. It is measured by the variance
of the fundamental value of the asset given the information revealed in the economy
Var[0| X]. Unconditional on the signal S; and not knowing the prevailing signal regime,
there is no difference from the benchmark model and one half of the informed’s private
information is incorporated in aggregate demand. This is due to the fact that the vari-
ance of a normal mixture is simply a weighted average of the variances of the mixture
components assessed by their mixture weights. However, when differentiating between
the two signal regimes, the informativeness of the economy compared to the benchmark
model changes substantially. For an uninformed agent, the price system over-rates the
variance in the low volatility regime and under-rates the uncertainty inherited in the high

volatility regime.

Market depth In line with expectations, the additional uncertainty in the static equi-

6This pattern is the basic source of under- and over-reaction induced by the model if there is more
than one trading period.

11



librium compared to the benchmark setting reduces overall market depth as long as the

difference between the two regimes is not marginal. It can be shown that p py L+ (1-
enSH

L > 1 is not marginally small.” However, de-

for all p as long as o.,, — o
)‘Bens >\Eq'u,i p g €H €

p)
pending on the different regimes, compared to the benchmark, the market is more liquid

L

in the state of lower uncertainty and vice versa. This is advantageous to the informed
agent, as the additional market depth helps the insider to exploit his informational advan-
tage more aggressively compared to the benchmark setting. The natural mechanism that
market makers reduce market liquidity when confronted with a better-informed insider
is thus dampened by the asymmetric information about the signal structure. Given the

properties of By, it is easy to see that

1 1 1 2\/02
E[ ]>A > = Y5\ Joj+02 VO<p<L
)\Equi >\Equi )\BensL Oy

Profit  The unconditional (on the signal) expected profit of the insider in the bench-

. . 1 ool 1 /o202
mark model is given by E[ry] = ;—75—= and E[r;] = ;——==. Hence, overall
‘/UGJFUEH ’/00+U€L

unconditional expected profit in the benchmark model writes pE[ry]| + (1 — p)E|[rL],
compared to pE [mﬂﬁ +(1—-pFE [WL]ﬁ in our model. While unconditional
profit increases with the amount of noise trading o2, as well as the value of information,
o3, it is a decreasing function of the variance of the noise term, o.,. These properties hold
both for the benchmark as well as in our model. However, the overall expected profit of
the insider in our static equilibrium exceeds the overall expected profit of the insider in
the benchmark model for all 0 < p < 1, as long as the difference between the two noise
terms is not marginal. Again, the classical pattern that benchmark profits are higher
in the regime with higher signal uncertainty while equilibrium profits are higher in the
regime with lower signal uncertainty is confirmed. Nevertheless, overall profits are higher
in our model compared to the benchmark case. This is intuitive as in our model the
insider should be able to monetize his additional information. The gain in profit that he
receives from being able to trade more aggressively in the low-uncertainty setting always
more than outweighs the limitation that he faces in the regime given higher uncertainty.

The same holds for maximized profits, which in the benchmark setting are given by

1 /o202 . 252 .
BlelSi) = 5 7o o 2/ + 72, (S—)" and Efr|S] = ;(\/:—), [o2 + 02 (S—6)".

(16)

"The difference in between the two regimes would have to be < 1% 1079 to give an indication of the
magnitude.
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Compared to

252 o 202 A
VOISR (5~ ) and Elr|Sy) = 1 Y% p (s g2, (17)

1
2 (02 + 02.) 2 (05+02,)>

Elr|Su] =

if the signal structure is not common knowledge. The profits are still proportional to
market depth, like in Kyle (1985), although they are standardized by the squared signal
variance. This leads to a strong emphasis on the expected profit in the low volatility

regime.

To summarize, the equilibrium price given a heterogeneous signal structure is either
above or below the price without a heterogeneous signal, depending on the type of the
signal.® The overall expected informativeness of the price is unaffected by the heteroge-
neous signal structure and in both cases it is unaffected by the amount of noise trading,
like in Kyle (1985). However, given the two different signal regimes, the average volatility
over- or understates the volatility in the respective single regimes. Market depth in the
informationally-restricted model is not constant, but rather a function of actual aggre-
gate demand. Overall, it is lower than in the benchmark model. Nevertheless, this does
not hold looking at signal-dependent market depth. In the regime with high uncertainty,
market depth is on average lower whereas in the regime with lower uncertainty market
depth is on average higher than in the benchmark setting. In general, the unconditional
expected profit in equilibrium assuming asymmetric information regarding the signal
structure exceeds that without asymmetric information about the signal structure. This
is true unless the difference in the signal variances becomes marginal. The expected profit
of the insider further increases with the variance of the asset as well as the amount of noise
trading. By contrast, an increase in the noisiness of the signal reduces profit. The results
are the same when analyzing maximized profits. The results above prove that knowing
whether the signal regime that the economy actually faces is valuable information that

pays to possess and is also exploited by the insider.

3 The two-period model

In this section, we expand the model by an additional period where the signal regime is
revealed after the first period. After solving for the equilibrium of the two-period model,
we examine potential price dynamics in such an equilibrium and put the results under

further scrutiny by conducting a numerical analysis.

8This ambiguity is the root of resulting over- and under-reaction occurring in a setting comprising
more than one period described in section 3.3.1.
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3.1 Derivation of equilibrium

We start out by deriving the equilibrium solution and characterizing the equilibrium price

in the two-period setting using backward induction.

3.1.1 Environment

In the two-period model, the signal type of the informed trader is revealed after the first
period. The structure of the first period is equal to the single-auction setting. In the
second period after the revelation of the signal type, additional noise trader demand enters
the market and a new round of trading starts. Figure 2 shows the timeline of events. The
informed agent does not receive any new signal. However, he is now optimizing his profit
over two periods, taking into account the pricing rule as well as the new information
set of the market maker, the new public information that enters the market after the
first period. The market maker still sets the price according to his pricing rule, now
incorporating all information available at each point in time. This means that after the
type of the signal is revealed after period one, the market maker can distinguish between
the two distributions and will do so. He revises his first-period pricing rule to correctly
incorporate the action of the informed trader in the first period in period two prices. This
leads to two possible states of the world: one based on the high-variance regime in the first
period and the second based on the low-variance regime. Additionally, this separation
in the second period inherits different levels of trading aggressiveness of the informed
trader, which causes different s for the two mixture components of the distribution of

aggregate demand. The value function of the informed trader writes

Vt(ﬁt) = L Z(‘g - Pt)$t|5i ) (18)
where
Ei[n|S;i] = Ei[(0 — P)x|S;] (19)

is the expected profit of the informed trader in period ¢. The model is solved by backward

induction.

3.1.2 Optimization

The Bellman equation writes

max E[(6 — Py)x, + V1|Si]. (20)
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to clear the market.

Figure 2: The time line shows the sequence of events in the two-period model. At ¢t = 0, the informed
agents receive their private signal S; and posit their market order x. Further noise traders’ demand u
is realized. At ¢t = 1, financial markets open, the market maker observes aggregate demand X; and sets
a price P; to clear the market. In the next step at ¢ = 2, the uncertainty about the signal structure
1 = H/L is revealed, additional noise traders, ug, enter the market and informed agents place their order
for the second round of trading, z5. Market makers observe aggregate demand X5 and set the price P,
to clear the market. Uncertainty is resolved at ¢ = 3 and the pay off of the risky asset § materializes.

The conjectured demands of the informed trader are still assumed to be linear func-

~

tions in each period. They are given by z1 = £1(E[0]S;] — 6) and xo = Bo(E[0|S:] — Py).
The pricing rule of the market maker for ¢ = 1 is the same as in the single-auction

equilibrium and of the form
Py = E[0]X)] =0+ M X, (21)

The pricing rule in t=2 is still linear, but it incorporates all information that the market
maker possesses at this point in time. In the second period, the signal type is publicly
revealed and the part of the market maker’s information set stemming from period one

becomes more precise. The market maker’s pricing rule in ¢ = 2 can be written as
P2 == E[9|X1, XQ] == Pl*,z + )\2rL’X2, (22)

where Py, is the revised price of the first period, which incorporates the additional infor-

mation about the signal type. It is given by
o= Bi0]X0] = 0+ )X (23)
Solving the model by backward induction, the maximization of the final period writes
max E[(0 — Py)x2|S;, P1, X4]. (24)
Plugging the pricing rule 22 into 24 gives

max F [(9 — Pl — X + UZ)) 5]S;, P1*J ,

€2
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yielding the FOC

Solving for x5 yields the demand of the strategic trader in ¢ = 2 depending on the signal
type:

1
2\,

T2

(E[(6]S)] — Py,) - (26)

The second-order condition is given by 2X; > 0.
Knowing that the value function of a risk-neutral agent is quadratic, one can utilize 26

and plug it into the Bellman equation 20:

max E[(0 — P)xy + (6 — Py(23))x5]Si], (27)

resulting in the FOC

A1
2X0,

E0]S)] — 6 — 222y — <E ]S, — 6 — Ajixl) —0. (28)

The first-period demand of the informed agent is given by

2X0; — AT .
T, = ——-—22(E[0|S] — 9) ) 29
e rwwes e CICE) (29
.. .. Aida =AY 2
The second-order condition is given by > 0.

3.1.3 Equilibrium
In the two-period model, the § coefficients in equilibrium are given by:

ﬂl,i = m’ 62,1' = 2)\272-'

(30)

It becomes immediately clear that the revelation of the uncertainty regime after period
one leads to different fs depending on the signal and hence a different distribution of
aggregate demand compared to the static model.

As the model is symmetric and for reasons of simplicity, the coefficients in the high-
uncertainty regime are stated in the following. The coefficients of the low-uncertainty
regime can be obtained analogously by simply replacing the subscript H with L. A
detailed description of all equilibrium coefficients as well as the distributional details of

the model are given in appendix B.3.
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The equilibrium coefficients of the two-period model write

= y = 5 31
61H 4)\1>\2H _ /\THQ ﬁQH 2)\2[{ ( )
with
O—g 2B1H20306H2 + 031 (0’3 + U€H2)2
and
\ o2 261H20306H2 + 031 (03 4+ 0.,%)? (33)
2H )
2\/02 (05 +0c,%) Binlog + 02 (05 + 0,2
51L03 51H0§L
M=(1l—-w + w , 34
L e 3 o8) T Bty + o2(oR 1 0B, )

1H — .
51H2U§ + 02(0f + U?H)

The second-order conditions guarantee Soy > 0 as well as S15 > 0. This abstracts the
informed agent from destabilizing prices in the first period to make extreme profits in
the second period. Given that Aj; < Ay, it is also obvious that 8,y is smaller than the
respective 8 of a model without two different uncertainty regimes. The informed agent
does not trade as aggressively on his information in the high-uncertainty case as he would
without having the uncertainty about the signal regime in the first period. In the case
of the low-uncertainty regime, exactly the opposite is true and the informed agent trades
more aggressively than in the case without signal uncertainty. Compared to the static
model, there exist different signal-dependent trading intensities.

In the first period, the following conditions hold in equilibrium. Ay < A\ < A{p, which
implies according to equation 30 that S1g < Sy and i > B, with 5], denoting the
value of 3 in the respective regime without the heterogeneous signal structure. This im-
plies that compared to a model without uncertainty regarding the information regime,
the strategic trader trades more aggressively in the low-variance regime than he would in

the high-variance regime. Furthermore, it holds that g1y < i1 for 1 <o, < o, and

9P _ , .
P > 0, which is puzzling at first sight.

do. .
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Figure 3: development of 8 and 5 — S subject to an increase in o.,, = 0 — H over the first period of
the model and for four different levels of noise trading o, = nz = {1/2,1,3/2,2}. o, is fixed at 1.

3.2 Discussion and comparison with benchmark

We first want to introduce a new variable, namely §—.5;. 8 measures the trading activity
of the informed agent given his expectation about the terminal value of the risky asset
E[0]S;] as well as his expectation about the price of the respective period E[P|S;]. In
the following, it is also referred to as the informed agent’s trading aggressiveness. In
comparison, 8 —.5; is a statistic measuring the insider’s trading activity towards the pure
signal; hence, 3 scaled by the respective update factor F;. Therefore, § — S; decreases
with the variance of noise trading, while § exhibits an opposite reaction and increases
with the variance of noise trading. ( only captures the fact that an increasing variance
of noise trading makes it much easier for the insider to hide, while g — S; also captures

the fact that increasing o, reduces the precision of the signal.

Figure 3 shows the development of 1 and pigy as well as § —S;; and § — S,y for
different levels of signal noise in the high-variance regime o.,, = 0 — H € [1, 3]. The signal
noise in the low-variance regime is held constant at the level of 1, 0., = 1. The amount
of noise trading ranges from 1/2 to 3, o, = nz € [1/2,3]. The informed agent’s trading
aggressiveness increases with noise traders’ demand in both regimes, H and L. The higher
the noise trading, the more that the strategic trader is able to act on his informational
advantage without revealing too much of his private information. Kyle (1985, p. 1316)

refers to this phenomenon that ”the noise traders provide camouflage” for the insider.
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Furthermore,  increases with the variance of the signal’s noise component in the high-
uncertainty regime, o.,,. The economic intuition explaining this behavior is very similar
to the noise trader effect already stated: the more uncertainty that is incorporated in
the economy, the lower the risk of the informed revealing too much information to the
market maker by his actions.

The most striking fact is the path of 8;;. It not only increases with o, , but also
constantly above By with a steadily growing spread, S, > fig V 1 < o, < 0.
This is true despite o, being held constant at the level of one. The technical explanation
of this pattern is entrenched in equation 30. The economic reason is the informed agent’s
advantage in profitability when trading on the low-variance signal compared to the high-
variance signal. Hence, the informed agent acts more decisively on the more informative
signal, whereas he relatively scales back his reaction to the signal with the higher un-
certainty. As the market maker is unable to distinguish between the two regimes, the
informed trader exploits his informational advantage in the favorable regime and in re-
turn sacrifices some profit in the comparatively less favorable regime. The basic idea
behind this trade balancing between regimes is once again to avoid revealing too much
information—he skews his trading towards the favorable regime). The mechanism be-
comes even more obvious looking at 5 — 57 ;. As already mentioned, 3 — 57 ; measures the
trading aggressiveness of the informed regarding the spread between the unconditional
expectation of the asset’s pay off and the pure signal, S — 0. Compared to f;;, which
measures the trading activity taking into account the difference between the conditional
expectation of the asset’s pay off and the unconditional expectation (E[0]S;] —0), 5— Sy,
incorporates the effect of a higher signal variance directly into the trading behavior of the
informed agent. It shows the combined effect that an increase in signal noise in the high-
uncertainty regime has on the trading behavior of the agent when observing a certain
signal S. The graph shows a decreasing trading intensity in the high-variance regime,
as the indirect effect of an increase in ;g is over-compensated by the direct effect of an
increasing o, on signal precision. The opposite is true in the low-variance regime. As o,
is held constant at one, the effect is purely governed by the increase of 3;;,. Nonetheless,
trading activity with respect to a certain signal in the low-uncertainty regime increases
with o, . If the informed receives a signal in the low-variance regime, he reacts by scaling
up his trading activity, while in the high-variance regime he cuts back. The described
pattern is consistent for all mixture weights. However, the more weight that is placed on
the high-variance regime, the more aggressive the trading of the informed agent becomes

in the low-variance regime.

Figure 4 shows the development of the complete range of coefficients of the model,

8,8 — S and A, for both periods as well as regimes. In the second period [, as the first
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Figure 4: development of the main coefficients of the model, 5, 8 — S and A subject to an increase in
0ey = 0 — H over both periods and for four different levels of noise trading o, = nz = {1/2,1,3/2,2}.
o, is fixed at 1.
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period, the level of noise trading increases in both regimes. Furthermore, By increases
with o, and constantly exceeds its first period peer (iy. By contrast, Sy, remains
rather constant, as its sole exposure to o, is via 1. The enhanced trading activity in
the second period is in line with the economics of the model. Trading activity/intensity
between the periods is linked by the informativeness of prices. If the informed agent
trades more aggressively in the first period, he is penalized by facing a worse price in
the second period. In the last period of trading, the informed agent no longer faces this
trade off. Therefore, in a two-period model, the informed will exploit his information
more actively with higher trading intensity in the second period. When taking a closer
look at the graph, the stated mechanism is confirmed with respect to Sy but not in line
with the development of ;. The reason is an intertemporal shift of trading activity
from the second period to the first in the low-uncertainty regime. The informed agent
increases his trading intensity in the first period to exploit his additional informational
advantage concerning the state of the uncertainty regime. For this purpose, he sacrifices
trading opportunities in the second period when the state of the regime is revealed and
his informational advantage is no longer as strong. This mechanism is also depicted by
the evolution of A. In the second period, A\y; is simply given by 1/2 the reciprocal of /s,
and hence the trading activity of the informed agent has a strong and direct influence
on market depth. In period one, this mechanism is much more involved, leading to an
increase in trading activity as 81 has a smaller impact on market depth in the first period
of the low-variance regime. The informed agent makes use of this fact by increasing his

trading activity in the low-variance regime of the first period.

3.3 Over- and under-reaction

In the following, we analyze the equilibrium price dynamics of the model and further

elaborate on their main characteristics by conducting a numerical analysis.

3.3.1 Price dynamics

The above-stated two-period equilibrium supports under- as well as over-reaction in
prices, without giving rise to arbitrage opportunities as prices are fully rational given
the respective information sets of the agents. The market maker quotes a price that is
exactly his conditional expectation of the pay off of the risky asset given his information.
His information set comprises observed aggregate demand. Like in the static model,
prices are a linear function of aggregate demand. In the first period, when observing
aggregate demand, the market maker does not know which signal informed demand is
based on. Hence, the price is set as a linear combination of the two possible states of the

world. In either case, there exists a mispricing compared to the price, which would exist
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given the market maker had complete information about the signal regime. In the second
period, the market maker learns about the kind of signal and is able to quote a price that
incorporates all new information up to that point. Hence, the mispricing inherited from
the first period resolves and causes the respective price pattern. It is possible to show
that the market maker systematically over- or underestimates the price in the first pe-
riod depending on which signal Sy or Sy the strategic trader observes. This means that
the expected price dynamics exhibit momentum and reversal patterns in the two-period

model.

Proposition 1. In the above-stated sequential two-period equilibrium, there exist two

distinct price movements between period one and two.

(i) There is always over-reaction if informed demand is based on the signal with high
uncertainty. This leads to a price reversal when the uncertainty regarding the signal

regime 18 resolved.

(ii) There is always under-reaction if informed demand is based on the low-uncertainty
signal. This leads to price momentum when the uncertainty regarding the signal

regime 18 resolved.

Given the complete information set of the market maker after the second period, the

equilibrium price of the second period P,; writes as

PQH = E[9|X1H,X2H] = Pl*H + )\QHXQH7

(36)
Py, = B0\ X1, Xor] = P + Ao Xor,

with Py, being the hypothetical price in period one if the market maker had known the
type of the signal and X,; being the new aggregate demand in period two. The two

hypothetical first-period prices for the two regimes are given by

Py = E[0| X1 = 0+ Xy X1,

. A (37)
L= El0|X1] =0+ A X1z,
with
Bruog Birog
= and A, = .
tH Bin’og + 02(02 +02) 1 B’y +02(02 +02)
The actual price in period one P; is given by
P = E[9|X,] =0+ M\ Xy, (38)
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with A\, being a weighted average of A\, and A}, written as

The weights are determined by

pr1H(X1)
(1 - p>fX1L (Xl) +pr1H (Xl)

(1 — p)qu (X1>

and (1_MH> N (1 _p)qu(Xl) +pr1H(X1>.

wHg =

Knowing that X5, is mean zero the expected price difference at the beginning of period
two AP, = P5; — P, is defined by

E[AP,|X,,i] = E[Py;|X1,i] — Py

40
— P}, - P, (40)

the expected price movement can be characterized by the difference between the actual
and the hypothetical first-period price. Simplifying the expression, the expected price

difference in the respective regime writes

Pl — P =wp (A, — ANg) X1,
Py — P =(1 _WH)(/\TH — ) X1,

and is purely governed by the difference between the values of A} and Aj;. It is easy to see
that Py < P < P/, VX >0and Py > P, > P, VX <0. Hence, one can on average
observe an under-reaction, momentum, following the signal with the higher precision Sy,
and an over-reaction, reversal, following the signal containing more uncertainty, namely
Sy. This pattern is also supported by the covariances of the price changes in the different
regimes. Given S = Sy, cov(AP;, AP,) > 0, whereas if S = Sy, cov(AP,AP;) < 0.

These findings are summarized in proposition 2.
Proposition 2. Depending on the signal:

(i) Price changes/returns are positively correlated given the signal in the low-variance

regime, cov(APyr, APy;) > 0 and thus exhibit momentum.
(ii) Price changes/returns are negatively correlated given the signal in the high-variance
regime, cov(AP g, APog) < 0 and thus exhibit reversal.
Proof. The proof of proposition 2 is given in appendix B.4. n

The general correlation pattern in the economy unconditional on the signal is governed
by two effects: first, the variance of aggregate demand; and second, the mixture weight p.

It is easy to see that the model creates signal-dependent momentum and reversal patterns
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Figure 5: Development of Aj;, A; and Ajy subject to an increase in o, = 0 — H for four different
levels of noise trading o, = nz = {1/2,1,3/2,2} as well as different mixture weights p = {1/3,1/2,2/3}.
oc, is fixed at 1.

and additionally allows for overall momentum or reversal in the economy depending on
the ratio of high- to low-variance signals.

3.3.2 Numerical comparative statics

In order to develop a better understanding of the properties of the price movement and
given that the direction of the effect as well as its magnitude are primarily governed by
A, we want to more closely elaborate on the properties of A;, Aj; and Ajy.

Figure 5 shows the development of the values of A subject to an increase in the signal
variance o, for different values of noise trading and different mixture weights, while o,
is held constant at one. In the graph, the red and green line show the values of ],
and Ajy. The blue line shows the value of A\;, which the actual price in period one is
based on. The difference between the red and blue line determines the magnitude of the
under-reaction and thus is responsible for the momentum effect. The difference between
the blue and green line depicts the strength of an over-reaction in the model and thus
governs the reversal pattern. Ceteris paribus, the mispricing in either direction increases
with o, .

Furthermore, mispricing is the highest when noise trading is at a low level and it
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reduces with increasing levels of noise trading. This is in line with intuition. Given low
levels of noise trading, aggregate demand is more informative for the market maker. Thus,
the market maker reacts more strongly to his information, which increases the mispricing.
Given high levels of noise trading, the market maker does not weight his information as
heavily in his pricing rule. This is depicted in the steady decrease in the overall level of
A. Additionally, the difference between Aj;, A; and A} decreases. The magnitude of the
resulting mispricing deteriorates with an increasing level of noise trading.

A change in the mixture weights p in favor of a higher probability of the low-variance
regime p < 0.5 shifts the blue line closer to the red one. This means that on average it is
more probable that the economy experiences a scenario of under-reaction. Nevertheless,
the magnitude of the price effect is smaller. At the same time, the probability of observ-
ing over-reaction reduces. Nonetheless, if an over-reaction occurs it has a more severe
magnitude, as can be seen by the larger difference between the blue and the green line.
The intuition is as follows. The market maker knows that it is more likely that he un-
derestimates the price and reacts by trying to minimize this effect. However, when he is
surprised by the other regime, the resulting price movement is more severe. The opposite
is true for values of p > 0.5. In this case, over-reactions are more likely and smaller in
magnitude while under-reactions do not occur as much. However, if they occur, they are

of greater magnitude.

4 Extension to a sequential equilibrium with N pe-

riods

In this section we extend the two-period model to N trading periods, derive the solution

to such a generalized sequential auction equilibrium and characterize its price dynamics.

4.1 The Model

In this section, we generalize the two-period setting to a model in which not only two
but N rounds of trading take place sequentially. The structure is almost identical to the
two-period setting. The signal type of the informed trader is again revealed after the
first period; however, trading does not stop after the second period but rather continues
up to period N. Overall, there are n auctions in this setting. The time at which the
nth auction takes place is denoted as t,. At each auction, new noise trader demand
enters the market. Noise trader demand at time ¢, is denoted as u,,. In each period t,,
noise trader’s demand is normally distributed with variance o2 and is independent over
time, although the quantity traded by noise traders in one auction is independent of the

quantity traded at other auctions. The distribution of w, is given by u,, ~ N(0,02 ), with
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o2 being constant for all n. Hence, we can write 0, = o2 ¥ n. This corresponds to the

u
original setting in Kyle (1985), assuming the time intervals between the different rounds
of trading to be one, At =t, —t,_1 = 1. Informed demand at time %, is indicated as x,,
and corresponding aggregate demand of the nth auction writes X,,. The distributions of
the signal as well as the liquidation value of the asset remain unchanged. The market
clearing price at each auction set by the market maker is denoted P,. The informed
agent does not receive any new information throughout the n trading periods. Trade is
structured in the same way as before.

The information set of the informed in the nth auction includes the signal regarding
the liquidation value as well as all past prices set by the market maker up to the current
point in time F. = (Py, ..., P,_1,S;). The informed trader still optimizes his profits taking
into account the pricing rule of the market maker as well as the change in the information
set of the market maker after the first period. However, he now optimizes not only over
two but rather over n periods. The insider takes into account the impact of his actions
not only on the price of the current auction but also on all future auctions.

The market maker still sets the price according to his linear pricing rule, again in-
corporating all information available at each point in time. After the revelation of the
signal type at the end of period one, the market maker—analogous to the two-period
setting—is able to distinguish between the two distributions and will do so. He revises
his first-period pricing rule to correctly incorporate the action of the informed trader in
period one in the prices that he sets in future periods. The information set of the market
maker in period ¢, includes all prices including P, as well as past aggregate demand
]-"T]ZWM = (X1, X1, X1, X i). After period one, the economy exhibits two potential
paths.

4.2 Optimization
The informed wants to maximize his expected profit. Hence, he wants to maximize

N

=3 (0—P)zx,  (n=1,...N) (41)

k=n

The maximization is conducted in two steps. First, the informed agent optimizes his
demand path up to the end of the first period, when uncertainty regarding the risk
regime is resolved. This first step is very similar to the original optimization in Kyle
(1985). The Bellman equation for the periods n = (2, ..., N) - which in the following are

denoted as m - writes

max Em [Um(xma Pm) + Vm<Im+17 Pm+1>|Sz] 3 (42)

Tm
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with U, being the utility function of period two and V,, the respective value function,

which is quadratic for risk-neutral agents,

Un = (0 — Ppn)xm,
Vin = (0 — Pp)* + 0,

Plugging in yields the following maximization problem

max Ey, [(0 = Pu)m + am(0 — Pp)* + 0] 5] - (43)
The pricing rule of the market maker and hence the price process of the economy for the

periods (m, ..., N) starting at n = 2 is given by the first-difference equation
-Pi,m = Pi,m—l + Az,me (44)

P, ;-1 for m = n = 2 is equal to the revised price of the first period, which incorporates
the additional information about the signal type, Py,. After plugging in 44 as expression

for price, the maximization writes

max B[ (0 — (Pt + N (T + m))) T

Tm

+ (079 (6 - (Pi,m—l + )\z,m<xm + um)))2 + 5m’Sz]

(45)
The resulting FOC regarding z,, is given by
Enl0 — Pim—1 — 2N m®m — NimUm
— 2 O (0 — (Pi—1 + i (T + ui))) |Si] = 0.
(46)
The resulting demand of the informed trader is
= (5, 015)  Po) (47)
subject to the boundary condition ay = dy = 0 and the second-order condition
Aim (1 — amAim) > 0. (48)

In the next step, we maximize the first-period problem given the maximization up to

period m = 2, taking into account the optimal behavior of the informed agent up to
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period 2. The Bellman equation writes
max F [Ui(x1, P1) 4+ Upn(@m, Pn) + Vil (f (2, P))|Si]
given

Uy =(0 — P))x;

Un =0 — Pp)xn,

Vin =0 (0 — Pp)? + 0

P =P -1+ NimXm
Py =P;; =0+ X}, X,

Py =0+ M\ X,

Plugging into the maximization yields

max E[(E[0]S;] — 0 — M (xy +up))2s

1

+ ((B0)S:] = 0 — X} (21 + w) = N (@ + Un)) T

+ an((B)Si] = 0 — N i(21 4+ w1) = Nign (@ + um))? + ).

Using the fact that

(1 — 2am>\i,m)

En[01S] — 60— \;,
2Az,m(1 - amAi,m)( m[ ISZ] l,z(xl +u1>>,

Ty =

and calling

'(Z} - (1 — 205m)\i,m)
20 (1 — i)

o = (E[0]Si] - 6),

we can write

T = P(p — AL (21 + ur)).
Taking the first derivative regarding x; yields the FOC

0=p -2\ — 21”‘?1(@ - /\T,ixl) + 2¢2AT,1>‘i,m(90 - Xf,ixl)
— 20} ;0 + QamX{,iQxl + 4P A} i (0 — AT 71)
— 20,02\ N2 (p— )\iixl).

1,i7%,m
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(52)

(53)

(54)
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Solving for z; and plugging back in expressions 52 and 53 results in the first-period

demand of the informed agent given by

2A(1/L)m(1 = mA/L)m) = N

L (E6]Swy1] - 6), (56)

T = N
AMAE/L)m (L = amA/Lym) = N gy

subject to the second-order condition

* 2
ANA@E/L)m (L = A /L)m) — N ayny -0 (57)

2/ 0),m (1 — o A(r/L)m)

4.3 Market maker’s filtering problem and price process

The price process—Ilet’s call it the market maker’s filtering problem—Ilooks as follows.
The properties of the price process are very close to the those in the two-period model,
with the difference being that it goes beyond the second period. First, we investigate the
price process for the periods starting at m after the information about the signal regime
is resolved. The derivation is in line with that in Kyle (1985), with the sole difference
that being the informed agent observes a signal about the terminal value of the asset and
not the liquidation value itself. First, we define the beliefs of the market maker regarding

the insider’s trading strategy.

Tmi = 5m,7,(E[0|SH/L] - Pi,m—l) (58)
Xomi = Bmi(E[0|Su/L] — Pim—1) + tm (59)

Next, we define the market maker’s information set by FY |, = {X14, ..., Xpn_1:}. To
enhance the readability, we will drop the subscript ¢ € {H, L}, which indicates the
variance regime. This is without loss of generality, as at this stage of the model the
market maker knows the type of the signal and all the calculations are conducted for
either stage H or stage L .

We further define

Yom—1 = VAR[0|F)_,]
Ysm-1 = VAR[S|F)_,]
EX,m—l = VAR[Xm“’TrZ—l]
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Using the results 92, 93, 94, 95 and 96 from the two-period case in the appendix, one can

show

E[Xpn|Froi] =0
Covll, Xpn| FY 1] = B Xom1
2X,mfl = B?nFZES,mfl + O-Zm-

Due to the linear structure of the equilibrium, the price P,, is given by
P, = P+ A\ X,

and the market efficiency condition implies
Py — Po1 = A Xon = B[ — P 1| FY].

Therefore, according to the projection theorem, A, is defined as

A = 6mF20,m—1 _ BmFEH,m—I
" EX,m—l B?nF2ES,m—1 + O'?Lm ’
and
m F'¥0m—1)
ZG,m - E19,m—1 - (ﬁ & 1)

BEE? s m + 02
. 531F2<25,m—1 - ZO,mfl)ZG,mfl + Za,mflaim
ﬁngQZS,mfl + O'Zm ,

(BnFEsm-1)
B2 F? Y mo1 + Uﬁm 7
Es’mflazm
T B2 Fgm 1 402

ZS,m = ES,m—l -

Using the fact that

2S,mfl = 2O,mfl + VAR[ELFTZ,J,
VAR[Eng_l] = Ze,mfla
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(ﬂranQEe,mfl + Uim)ze,mq

)
631F225,m—1 + Ugm
2

(o)
2 m:>\m szem— o 5
0, * (B , 1+ﬁmF)

Zﬁ,m =

A can be rewritten as

mE 0 m
Ay = - DmI% . (60)
6’r2nF226,1’)’L71 + Uim
For the first period, the coefficients of the model are
. BraFre Bru Fudly
ANp = = 22 12 3 (61)
EXH ﬁlHFHZSH + Tt
* 51LFLEG 51LFL29
>‘1L = = 52 12 5 (62)
XX BiFrXs, +o3,
and the actual )\ is given by the weighted average, like in the two-period model
Yy FyX
EXL EXH
The price of the first period is given by
P, = E[0|X1] = 0+ M\ X,. (64)

The properties of the model between the first and second period - when the uncertainty
of the signal regime resolves - are almost identical to those in the two-period case. The
only difference is that the respective Bs are now defined by the recursive equations 69,
79, 70 and 76 described in theorem 4.1. From period two onwards, for each signal regime
the model follows the general solution of the original model of Kyle (1985) with a slight
modification, given that the informed agent observes a signal about the liquidation value

of the asset and not the value itself.

4.4 Nature of the equilibrium

The following theorem gives the equilibrium solution to the N-period model.

Theorem 4.1. For the sequential model with n trading periods, a linear recursive equi-
librium exists dependent on the signal regime. The coefficients defining the equilibrium
can be divided along two sub-periods.

For the periods (m = 2,...,N), the equilibrium is defined by the following equations.
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The solution is very close to the original equilibrium in Kyle (1985) and depends sym-

metrically on the uncertainty regime. °

APm:Pm_Pm—l :/\meu
Som = VARO|FY],

E[ﬂ-m“l__;{z] = am—l(E[els] - ]D'm—l)2 + 5m—1-

The constants solving the system of difference equations up to period m = 2 in the re-

spective uncertainty regime are given by

ﬁ o (1 — QOém)\i’m)

i 2)\Z,m<1 — am)\i,m)7
s _ ﬁi,mFZO,i,m

o /B’Zszz]E,WL*l + 0—1217” ’

Bl *Sem1 + 0,
29 m = 5 ’ =240 m—15
, 5mF2ES,m—1 + Ugm ’
1

Amp—14 =

4)\z,m(1 — am)\i,m)’

2 2
5m—1,i = am:i)‘i,m—lo-um + 6m

For the first period, the equilibrium solution is given by

Ty = 51,1(]3[9’5] - é),
Pl,’i - é —|— )\1X1,
A= WHX{H + (1 - WH)XID

A\ — ﬁlHFHEG
1H ZXH )
\* BrirFrYg
lL ZXL Y
2)\z,m(]- — O-/m)\i,m) —
Bri=
)\z,m(]- — am)\i,m> — )\Tz + )\1
Qi :

* 2 2
5071‘ = 01171‘)\171- O'um + 61.

where A\p,; and By, ; are defined by 70 and 69 and B,; and Ay by 79, 78 and 77.

Proof. The detailed derivation of theorem 4.1 is given in appendix C.

- 4)\1)\z,m<1 - Oém/\i,m) - )"lﬁ,i2 7

)\ii * 2
4>\1)\z,m(1 - CVm)\i,m) - )‘1,2' )

9For notational convenience, the subscripts indicating the signal regime are skipped in some parts.
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The price path in equilibrium up to period m = 2 is determined by 66. The price
in period one is given by 75. Therefore, the expected price change from period one to

period two is

E[APmZQ,i] = E[Pm=2 z] - Pl - )\me

’ 82
Using 76, 78 and 77 this can be again written as
L — P =wg(A\ — Ay Xy,
1L 1 H( 1L 1H) 1 (83)

Py — P = (1 —wy)(A\g — Ap) Xy,

with A\j; > Aj. The above result confirms the price pattern stated in propositions 1 and

2 of the two-period model for the sequential equilibrium.

According to 68, ex-ante expected profit of the insider is given by
E[r|Si] = ao(E[8]Si] — Po)* + 6o, (84)

in each uncertainty regime. Inserting 80 and 81 results in

Az,m(l - amAi,m) - T,i + )\1 A

F(S—6
4)\1)\Z,m<1 - Oém)\z,m) - >\>{,i2 ( )

Xfi2‘72

Ul 6
* 4/\z,m(]— — am/\i,m) * b

(85)

for m = 2 (see the appendix for the detailed calculation). Compared to a setting without

scenario uncertainty, the ex-ante expected profit of the insider would write

(1 — . ~
E[r|S] = Al = mdim) S (S —0)
4)\?1)\1’,71(1 — Oém)\i,m> — )\T,z (86)
)\Tizo-il

+ 01.

+ 4/\z,m<1 — am/\i,m)

Looking at expressions 85 and 86, it becomes clear that the information asymmetry
about the heterogeneous information structure influences the expected ex-ante utility of
the informed investor in two dimensions. First, it directly enters in «y, in the numerator
via the difference between A}, —\; and in the denominator via the product A; A, ,,,. Second,

it influences the whole expression and all future periods by the different values of 3, ;.
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5 Conclusion

In this paper, we have shown that patterns of security price over- and under-reaction
can exist in a simple strategic trade model with risk-neutral agents without inducing
any biases on the behavior of these agents. The result is achieved by turning the focus
away from the conduct and interaction of the agents, rather targeting the signal structure
itself. Most empirical literature like Chan (2003) or Gutierrez and Kelley (2008) as well
as theoretical models like Holden and Subrahmanyam (2002), Cespa and Vives (2012)
or Andrei and Cujean (2017) consider public news as a homogeneous information signal.
We suggest that different types of information exist and the price reaction to new infor-
mation depends on these types. More specifically, the price reaction is determined by the
uncertainty incorporated in the different types of information. Following these lines, we
have established a model that produces under-reaction given news with low variance and
thus lower uncertainty and over-reaction given news with high variance and thus higher
uncertainty. This is a very general setup and its behavior is in line with the empirical
findings of Forrer (2015), as well as the words of Fama (1998, p. 284) that

"Models dealing with predictability must specify mechanisms in such a way
that the same investors underreact to some types of events and overreact to

others.”

Furthermore, our model is not at odds with the prominent behavioral explanations of
momentum and reversal given by Daniel et al. (1998) and Barberis et al. (1998), but
rather it is complementary. Those biases seem to amplify the price patterns of the model.
The model provides an alternative source concerning how momentum and reversal can
evolve while agents make fully rational trading decisions.

For future research, it would be worthwhile to investigate how the equilibrium outcome
and the price process in the sequential equilibrium would be influenced if the information
asymmetry regarding the signal characteristics were resolved in later periods. We believe
that it should be possible to prolong the period of under- and over-reaction up to a certain

extent.
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Appendices

A The static model

Derivation of P;

Py = E[0|1X] = wi B8] X.] + wy B0 X ]

N /BFLO'g BFHUg
P =0+uwy X +wy
B2F}(of +02) +0f B2Fg (0 +02,) + o
N ,BFLO'H ﬁFHag
Pr=0 X
! +< ﬁ2F2(09+U )+ o2 i H62F2(09+0 )+o
A 6‘79 /609 )
P1 — 0 —|- < X
/82 (0—9 +U€2L) 62 (0-9 +0—52H)

Defining the coefficients E[\] and 8 in equilibrium in terms of parameters of the distributions

by solving for # and plugging in F[\] = —.

20
1 _ g ﬂFLag + o BFHUg
26 LRy +02) + o2 BF(of +02,) +
’F ’F 1
O:E[ 22B Lae +wpy 26 HU& ]—
Lg2p 203 +02)+02 B2F% (03 + 02,) + 02 2 &)
= (1 ) ,BQFLO'H + B2FHO'9 1
N B2Fro3 + 0'2 BQFHUQ +02 2
2 2
1
0=(1-p) o +p oy -5

oy + 02(09 +02) 5206 +02(05 +02,) 2

Solving equation 87 for 5 means solving a fourth-order polynomial, which has four solutions. As
according to the second-order condition 8 has to be real and positive, three of the four solutions

can be ruled out immediately. The one surviving is

b f (p-1)(c2,

2
—02)+ \/ 02, +05) + (02, +07))" —4p —p?*)(0?, — 02)%,

. 1
knowing A, the market depth expected by the insider 3 is given by

1 202 2
N \/(2p —1)(02, —02) + \/(<02L +05) + (02, +03))" —4(p—p?) (02, — 02)?,

and for p =1/2

+09 H+U§).

>/>\ =
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The ex-ante expected profits of the insider (unconditional on S) are given by

1\Fp<( poy +(1—p)03>,

2 oF U§+02) (03—1—02)

—pf

\fB

—1-2) —l—a)

B The two-period model

B.1 Optimization

As the structure of the problem is identical for both uncertainty regimes, the optimization is
valid for both regimes, indicated by the subscript ¢ € {H, L}. Knowing that the value function
for a risk-neutral agent is quadratic, one can utilize the maximized demand of period two given

in expression 26 and plug it into the maximization problem of period one.

max E[( = Pz + (0 = Pri(xz))23|5i] (83)

max F [((9 — 0= M (z1 + ul)) x1+ (0 — Py — A (w3 + ug)) xS\Sz}

1

X 1 . 2 (89)
max £ [((9 0= M(an+ u1)> 1t (0 — 0=\ (a1 + u1)> - AQ,iuQxySi} .
Resulting in the FOC
. 1 .
FE (0 — 0 — \ug — 2)\1.’El> + <9 -0 - )\T i(a:l + U1)> (—)\172')’51' =0
2A2i ’ (90)
P Al P B
B0)8] =0 201 — 53 (E [6]S:] — 6 — )\Lixl) —0,
and yielding
202 — AT, .
= —————=-(E[(0]S]—-9).
brwwes ol CICRED)
The second-order condition is given by
AN — A . (1)
2)\2,1 ”
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B.2 Distributions

The signal distribution in the two-period setting is as follows:
First Period

a1 ~ N0, Big*Fu (o5 +02,)) and 1 ~N(0,B1.2FL* (0] + 0?,))

Xig =x1g +u = PigFu(Sy —0) +uy and X1y =z +wy = S Fr(Sp — 6) +w
XIH NN(O,51H2FH2(03 +U€2H) + 0'731) and XlL NN(O,BlLQFL2(Ug +U€2L) + Uzl).

Given the distributions of X157 and Xy, aggregate demand in the first period X; and 6 are

distributed jointly normal,

0 N 6 o3 BraFuog
X1H 0)" \PigFpo? 51H2FH2(03+03H)+‘731 ’

0 N 0 o? BirFro} ‘
X1L 0) \BiLFro} 51L2FL2(03+U?L)+‘731

The variance of 6 given X ; is

(Bl,iFiUg)2 B 5171‘2Fi2030’€2i + 072“0'3

Varl0| X1, = o2 — =
0113 = o9 Bri’FP(02 +02)+ 02, Pri’F2(03 4+ 02) + 02,

(92)

Given the distributions of X157 and X7, aggregate demand in the first period X; and .5; is

distributed jointly normal,

S 0 of + 02, BinFr(og +02,)
X1 0 BiaFuo? Pin’Fu’ (o2 +02,)+oz,
Suo N 0 of + 02 BiLFL(of +02)) ‘
Xir 0 BiLFro} Bip*Fr(o} +02)+ o0,
The joint distribution of X; and S; is
Su 0 of + 02, Bruog
~N ’ 2 21 20 2 2 2 ’
XlH 0 BlHFHUQ ,BlH FH (09+J€H)+UU1

St Y 0 O'g-i-O'gL ﬁlLa'g
XiL 0 \BiFrof Bi’Fr’(of +02)+ 02,
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According to the distributions stated above, the conditional variance Var[S;| X ;] is given by

(BriFs(0} + 02))?
Var[$i| X, = 0f + 0% — ——p g0t
B1,i F}? (‘79 +02)+ o35,

_ 031 (03 + 0?2.) _ 031 (03 + 0622,)2
5171217%2(034-0'621,) +051 ﬂ17l‘20'3+0'731(0'g +U€2i)

(93)

The next distribution to be evaluated is the joint distribution of F'(6|X;;) and F(X2;|X1).
The first two moments of F'(Xo ;| X1 ;) after the signal type is revealed are given by

E[Xy;|X1] = E [B2,4(E[0]Si] — pT ;) + u2|X1,]
= E [B2:(E[0]Si] — p1 )1 X1,]) + B [u2| X1,]
= B, (E[0|X1,] — pi;) + E [uz| Xy ] (94)
=0 =0
E[X27i|X17i] =0
and
VAR[X3;]X1,] = VAR [B2,4(E[0]Si] — p ;) + u2|X1,]
= VAR [B2i(E[0]Si] — pi ;)| X14] + VAR [ug|X1,]
= B2, °VAR[E[0]S;]| X1,] +02,
BQ,iQFfVXR[S\XM] (95)
= Boi°F} 7, (75 + 05)° + o2
’ ﬁlzag—i-aul(ae—i—a ) 2
02 O'g 2

VAR[X24|X1.] = Ba.i*

ug -

ﬂlz ‘79+0u1(‘79+0 )

The covariance conditional on the first period’s information COV[Xy;, 0| X ;] is given by

COV B2, E[0]Si], 01 X1,i] = COV [Ba,i(0 + Fy(S — 0), 0] X1,4]
= COV 2,40, 0| X1:] +COV B2 Fi(S — 6),0] X1 4]
=0
= COV B2, FiS, 0] X1,]
= COV (B2, Fi0,0|X14] + COV [BaiFye;, 0] X1 4]

=0

= [, F; (E[92|X1,¢] - E[0|X1,i]2)
COV[ﬁQ,iE[e‘Si],H‘XM] = ﬁg,iFiVAR[ﬂXM].

Knowing these parameters and given that F(6|X;;) and F(X3;/X1;) are jointly normal
distributed, one can calculate the price in period two, which is the expected liquidation value of

the risky asset 0 conditional on the information set available to the market maker in period two;
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hence, E[0| X1, X2, P1i]. Applying again the projection theorem for jointly normal variables
yields

E0| X1, Xo4, Pri] = Pri+ XX, (97)

B.3 Equilibrium coefficients two-period setting

with A2; being

gy = 2OV (B2, E[0]S:], 0] X1.1]
’ VAR[Xy,|X1.]
_ Ba,iFiV AR[0] X1 ,]
" Bui’F2VAR[S|X1,] + 02,

knowing (2 ; = ﬁz_, one can solve for (s, yielding
T

o2, (Bri’oy + o2 (03 + 0c,2)))

Bai’ =
oy (2ﬂ1,i2Fi206i2 + 031)
5 o2, (03 + 0¢,2) ﬁlfag + 051 (0’3 +0¢,2)
271’ = 2 2
oy 261 03051.2 + 031(03 + (761.2)27

then Ao ; is given by

\ oa 261°0406° + on (07 + 06,%)?
2,4 —
' 2\/ 052 (Gg + O€i2) /817i203 + 0-1%1 (0’3 + 0-512)

Second-period coefficients for the case S = S,

2
Byp — ./032(03—1-0%2) BirL U§+031(03+06L2)
o3 251L20§06L2 + 02, (o} + 0c,2)?
and
\ 03 261L20306L2 + 051 (03 + O’€L2)2
o =
2,/02, (Jg +0¢,.2) ﬂ1L20§ + U?L1 (O'g +0¢,.2) ’
. Biroy Vo Biroy
1H= 1L =
Furod + ool 1 o2, 5o + ol %)
Biroy Binoy
)\1 = (1 — WH) 0 0

Wi )
2 2
BiL 034—03(034—0&) Bin‘oy + o2(op +02.)

Plugging all coefficients into equation 30, 811, and 1 are implicitly defined by the following
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system of equations:

1 o2

— a4
o4 oy B
/7 ’81L+JUI v +"eL) L1L +o2,
20 09+J€

OBIL eL+Uul( +Ue )2

(05 +0Z)

/BlL - 4( 2, 2 ) P51H Bir,—pPB1L (98)
205(05+0 ( + )
o\ TocL T5d T30 0.2 .0 3 632
¢ Bl topoa1tou170 eH 9P 1irtosomtonmoe /) . Z oB1L
2
/7 95L+"u1 9+06L) ( "26/31% +oﬁl)2
204,@2 5L+U (U§+U?L)2 TG
(02+02 ) 1 03B
0 eH 152 2 (2. 2 44
02\/ ohB2 02 (03 +02) "29f151 Yo,
V Cu2 452 2 2 21,2 )2 99T
/81H 206B oo (09+05H) 6" eH (99)
264 (g2 452 ( — Pﬂ1 + ff1L P51L )
7t 1 7 3 2,
0( h 6) Blytogomitomoty  ogB1 togon, ton o2 _ g

p 9’81H+Uu1( +O‘EH) (2951HJr )
V “u2 20862 02 02, (o2 +o2

1Hea o0 ("9+”§H)2

Expressions 98 and 99 can now be solved numerically for 817 and B15.

B.4 Price behavior

Knowing that X5 ; is mean zero, the expected price difference at the beginning of period two
AP,z = PQJ' — P1 is defined by

E[AP;|X1,1] = E[Po;| X1, — P
= E[Pl*,z + )\27¢X27i|X17i] - P (100)
The expected price movement can be characterized by the difference between the actual and

the hypothetical first-period price. Simplifying the expression, the expected price difference in

the respective regime writes

Pl — Py = wp(E[0| X1.] — E[0|X14]) = wa (ML — Alg) X1

(101)
Py —Pr=(1-wy)(E0|Xim] - E0|X1]) = (1 —wr) (Mg — Aip)Xa

Knowing the price differences given by 101, we proceed with the proof of proposition 2.

Proof. Proposition 2
First define:

41



APl,i = Pl — Po and APQJ‘ = Pgﬂ' — Pl

COU(APlLAPQL) = E[(Pl — PO)(P2L — Pl)] — E{Pl — Po} E[PQL — Pl]
0
= E[P\(Py;, — P))| = E[P,Py;, — P}] = E[P,Py;] — E[P}]
= E[0%] + MN[LE[XT] + M E[PLX21] — E[0%] — MM E[XT,]
= MA[LE[XTL] + dop (B E[PL(E[0|SL] — Piy)]) — ME[X1;)]
=M\ TLE[X%L] + Aarfar (AerlLFgVM[SL] -\ TLE[X%L]) - A%E[X%L]
1 1
= iAlATLE[X%L] + 5)\151LF5VGT[SL] — ME[X7,]

1 1
= )\1(§X{L —M)E[XE ]+ §>\1ﬁ1LFfVar[SL]
(102)

For cov(AP,APsr) > 0 equation 102 implies

1

(/\1—5 i) <

1 BlLFgVCLT[SL]
il o 103
> EIXE] (105)

using Ay = (1 — p)A]; + pAjy one gets

1 ﬂlLFgVar[SL]
2 B[X%)
1 ﬁlLFgVar[SL]
2 EXy]

(5 ~ ML+ PXa) <
(104)

1 * *
((5 —p)AIL +pAig) <

Knowing

ﬁlLngaT[SL]

=\I
E[X7)] e

the inequality reduces to

PAlg < pAip

) ' (105)
Aig < Aig

which is true by definition.

As the problem is symmetric, cov(AP; g APyp) follows analogously
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cov(AP i APsy) = E[(Py — Po)(Par — P1)] — E[Py — Po) E[Payy — P
0
= E[P,(Pyy — P\)] = E[P, P,y — P?| = E[P\ P,y — E[P}]
= E[0*] + MA g E[XTy] + don E[P1 Xon] — E[6%] = MM E[X7y]
= M E[XTy] + Aer (Ben E[PL(E[0]SH] — Piy)]) — ALE[X7y]
= MAN g E[XTy] + AerBoerr (MBraFiVar[Su] — M g E[XTy]) — ME[XTH]
= %AM}‘HE[X%H] + %AlﬂlHFI%{VGT[SH] — M E[X{y]

1., 1
= /\1(5 T — M)E[X ] + 5)\151HF12{VG7"[5H}

(106)
For cov(AP,gAP,1) < 0 equation 106 implies
1B FaVarSul 1,
A = = . 107
125 E[XZ,) +2 1H (107)
Knowing
BlHFfIVar[SH] N
=\ 108
E[XZ,] L (108)
the inequality reduces to
TH <M which implies AN <AL (109)
O
C Sequential equilibrium
C.1 Optimization
Optimization for the periods (m,...,N)
Plugging Uy, V,, and P;;,—1 into the maximization yields
max Epn[(0 — (Pim-1+ Xim(zm + un))) Tm
+ (0749 (6 - (P)i,m—l + )\i,m(xm + Um)))2 + 6m‘S’L]
max Ep[(0 — (Pim—1+ Nim(zZm + um))) Tm (110)

+ am((0 — Pi,m—1)2 — 2>\i,m(mm + um)(9 — Pi,m—l)
+ )‘zZ,m(xm + Um)2) + O Si]-
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The resulting FOC regarding ., is:

0=FEpnl0 — Pim-1—2XimTm — NimUm

4 20 (0 — (Pim—1 + Nion (T 4 um))) (—Nim)|Si]
0= Eml0|Si] — Pin—1 — 2XimTm

+ 200 (Em[0]9i] — Pim—1)(—Xigm) + 200 A7,

Solving for z;,:

2Xim@im — 20m AL T = (Em[0]Si] — Pym—1)
- QQmAz,m(Em[mSz] - Pi,mfl)
$m2)\z,m(1 - am)\i,m) = (1 - QQmAz,m)(Em [0|Sz] - P’i,mfl)

. (1 — 2am)\i7m)
- 2>\i,m(1 — Oém>\l'7m)

Tm (Em [9|SZ] - Pi,mfl)
The SOC is given by:

Wi (1 = mAim) > 0

Optimization for the first period, given the result from period (m — N)

A~

xr1

+am(0— 0 — X (21 + 1) = Nin (T + Um))? + 6 Si]
max E[(0 — 0 — \y(z1 + 1))z + (0 — 0 — X (21 + u1) — N (@ + Um))Zm
1

+am(0 =0 = A (21 +wr))? = 200m(0 — 0 — AT (21 + w1)Nin (T + )

1

~

+am(0 — 0= A i(z1 +w))? = 20N (0 — 0 — A (21 +w)) 2,

— 20 Aim (0 — 0 — A} i(21 + u1))um
+ am)\im(zfn + 2T Uy, + U2,) + O] Si]
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max E[(0 — 0 — \y(z1 + 1))z + (0 — 0 — N (21 + u1) — N (@ + wm))2m

max E[(6 — 0 — A\ (z1 + )z + (0 — 6 — ALi(T1 +u1))wm, — N (22, T

(111)

(112)

(113)

(114)

(115)

(116)



Taking expectations:

max E[(0 — 0 — Ay (21 +w1))[Si]z1 + E[(0 — 0 — N (21 + u1))2m|Si]
1

— BN (22, + Tmttn)[Si] + Elam (0 — 0 — A} (21 + w1))?[S]]
— 2E[otmAim (0 — 0 — /\“f’l-(xl + u1))Tm| S
— 2B Aign (0 — 0 — M} (21 + w1))um|Si]
+ E[ozm)\2 (:L‘ + 2@t + U2 Si] + Eom|Si]
max B(0 - 0 — Miz1)|Si]zr + E[(0 — 0 — A} j21) 2, |S}]

— BNy, |Si] + Elom(0 — 0)%|Si] — 2E[am A} j21(6 — 0)]S4]

+ ElaA] (@1 +w)?|Si] (117)

— 2E[amAim (0 — 0 — X} j21)2m|Si]

+ ElamA} (22, 4+ u3,)[Si] + E[0m| Si]

max E[(0 — 0 — M\a1)| i)z + E[(0 — 6 — ALi%1)Tm|Si]

Eimz2, |9 + Elam(6 — 6)?|Si] — 2E[am A} j21(6 — 0)|5;]
Elom; ;°731Si] — 2B cimAign (0 — 0 — X} ;21) 2, | S1]
ElamA} | 5i]
Blam)? ,ury|Si] + Elom A} *ui| Si] + E[6m|Si]

Using the fact that

(1 — 204m)\i,m)

EnlflSi] =0 = X1, ) 118
D (1= g o) IO =0 = A (a1 + ) (18)

Tm =

and defining

w _ (1 — 2am)\i,m)
2)\i,m(1 — Ctm/\@m) ’
= (E[0]Si] - 0),
yields
Tm = Y(p — AT (21 + u1)). (119)

45



Plugging in for x,,:
max E[(§ - 0 — Ma1)|Silwr + E[(0 — 0 — AT j21) (¥ (o — A (w1 + w)))|S4]

— Eim(9( = A (21 +u1)))[Si] + Elam (6 — 6)|Si]
— 2E[apm A} ;21(0 — 0)[Si] + Elan )} *23]S]
— 2BamAim (0 — 0 — A} j21) (Y (0 — AT (21 + w1)))|S4)
+ ElamA? 5 ($(p = A (21 + w1)))?|Si]
+ am A2 B2 |Si] + amA} 2 E[d]Si] + El6|Si]
max B((0 — 0 — A)|Silar + B0 — 0 — N 21) (b0 — N 21))| 91 (120)

— EDum($(p = AT 121))?[S:] + Elam(0 — 0)*[S;]
— 2B A j21(0 — 0)|S] + E[am)\“ 23| S;]

— 2E[amAign (0 — 0 — X} j21) (Y (@ — A} 21))] 53]
+ Blom Al (9(0 — A 21))%[9)]

— i (PA] ju1)?[Si] + Elam A, (WA ju1)?|Si]
+ am Y Bluz,|Si] + OémAT,z'QE[UﬂSi] + E[om|Si]

Taking expectations, rearranging and collecting terms:

max (¢ — \1z1)71 + (p — A1 ;21) (e — AT ;71))

2

= Xim (Y — AT 21))°

— 20, A} i1+ am)\l i xl

= 2amA; m(‘P — Al z‘ﬂfl)(w(@ - )\T,z'f'?l))

+ amA] m((e — AT zfﬁl))

= Xian (YAL)2 00, + am AL (Y] ) 0,

+ a0l + apA} 202+ E[0m]Si]) + amE[(0 — 6)|S;] 121)
max (p — Az1)z1 +9(p — Af i)

—Ai m¢ (o — AT le)

= 2am A} ;71 + QAT xl

— 2amAimt(p — )\1,1'371)

+ a0 (= A 1)

— Aim (VAT ) 200, + amA m(7/’AT,i)2U2

+ am AN on + amA} 20 4 E[0m|Si] + amE[(0 — 0)|S;]
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Taking the first derivative regarding x; yields the FOC:

0 =p — 2121 + 29(p — A] ;71) (=7 ;)

= 20m¥? (¢ = A 21) (=AT0) — 2MT0

+ 200, Tz T1 — damNim(p — A1 21) (=21 ;)

+ 2amA z‘,m%bz(@ — A1) (A1) (122)
0 =¢ — 2\121 — 207, (p — AT im1) + 20°A] Aim (0 — Afj21)

— 20, A1 ;0 + 2am)\’{7i2x1 + dam AT ;A i,m(go — ALi71)

= 20 A A (9 — A1)

Rearranging and collecting terms:

0=p—2M\z1 + 2)‘>{,i2<wAi,m - 1)(amw)\z,m — Oy — ¢)LIT1

* (123)
2)‘1,2‘(1/))‘1}771 - 1)(amw>‘i,m — Qmy — w)()@
Finally, solving for x; yields:
2)‘*i ¢Ai,m -1 04m¢)\i,m — Qyy, — ¢ -1
\ D )( -1 -
2)\){72 (¢A17m — 1)(amw>\z,m — Oy — @D) — 2)\1
Substituting back
¢ _ (1 — 2am)\i,m)
- 2)\i,m(1 — am)\ﬁm)
v = (E[0]S)] - 0)
gives
)‘*i + 2)\i,m(am)\i7m — 1) o
m= 1 (E[|Si] - 0)
)\12- + 4)\1)\i7m(am)\iym — 1)
’ (125)
2Xim (1 — amAim) — AT
71 = (E[0]Si] - 0).

4)\1)\i,m(1 - Oém)\i,m) )‘T 22
With the SOC:

0 < 21 — 202 (Wi — D) (am®Xigm — i — )
AL+ AN A (amAim — 1)

2\ m(mNim — 1) (126)
AN (1= amAim) — Af;°

2Xim (1 — amAim)

0<

47



C.2 Equilibrium coefficients N-period setting

Plugging in the optimized value of x,,:

Tm = Y(p — AT (z1 +w1)) (127)

E[(0 = (Pim—1+ Xim(V(E[0]Si] — Pim—1) +um))) Y(E[0]S:] — Pim—1)
+ m (0 = (Pim—1 + N (V(E[0]S:] — Pim—1) + um)))? + 0m|Si]
(128)

Taking expectations

(E0]Si] = (Pim—1 + Aim (P(E[0]S:] — Pim—1))) Y(E[0]Si] — Pim—1)
+ amE[(0 = (Pim1 + Nian (W(E[0]Si] = Pin—1) + wm)))? [Si] + 0
(129)

Y(E]Si] — Pim—1)" — Aim (V(E[0]Si] — Pym—1))?
+ amE[(0 — (Pim-1)? = 2Xim (W(E[0]S:] — Pim—1)(0 — Pym—1)
+ N> (V(E[BSi] = Pym—1)?]5] + cmAigm’0s, + Om
= Y(E[0|Si] — Pim-1)* = Aim((E[0]S:] — Pim—1))*
+ am(E0]Si] = Pim—1)* = 2Xim®(E[6]Si] = Pin-1)?
+ X 2(W(E[0]Si] — Pim—1)*|Si] + amNim®0n + m,
(130)

which can be rewritten as

() — Nim®h? + am — 20mAim® + m + N2 (E[0]Si] — Pim—1)?
+ AmAim 0o, + Om.

(131)
This yields
QAm—1 = (7/1 - )\i,m¢2 + am — 2C¥m)\i,mw + am + )\i,m2w2)a

which simplifies to

1
4)\i,m(1 — am)\i,m) '

Q1 = (132)
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The expected utility of the informed in the first period is given by:

Ai,m(l - amAi,m) - /\T,i + M
a 4)\1)\1,771(1 — Olm)\i,m) - )\T,iQ

o7y

The overall utility of the informed trader writes:

Aim(1 — amAim) — AT, + A 5
il m) Z AL N g )
AMAim (1 — amAim) — AT,

x 2 2
/\1,z‘ Ouy

4)\i,m ( 1-— (6775 )‘i7m>

E[rn|S;] =

+ + 41
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