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Abstract

This paper investigates the problem of the optimal location of public facilities.
I develop a quanti�able model in which the central planner decides on a location
strategy, which includes the geographical location and the capacity of public facili-
ties, while anticipating how individuals and �rms will react. The central planner's
objective is to maximize aggregate welfare. I calibrate the model to �t the eco-
nomic and geographic characteristics of the Paris metropolitan area at a 1km ×
1km geographic resolution and focus on secondary schools as an example of public
facilities. The counterfactual analysis, which compares the optimal and observed
location strategy between 2001 and 2015, suggests that adopting the optimal strat-
egy in any year would have increased welfare growth by about 12%. Half of the
e�ect is attributable to improvements in channels other than shorter commutes to
the public facility, mostly via lower housing prices and shorter commutes to the
workplace. The analysis also reveals that the observed location strategy dispropor-
tionately favored short commutes in central locations and led to a mis-allocation of
residential and commercial activities between the center and the periphery.
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1 Introduction

How to choose the location of new public facilities? Naturally, minimizing the distance

between users and facilities is crucial for the facilities' accessibility and e�ciency. In

the case of health care services, Buchmueller, Jacobson, and Wold (2006) and Nicholl,

West, Goodacre, and Turner (2007) show that proximity to a hospital strongly in�u-

ences the chances of recovery after an accident. Looking at educational services, shorter

travel distances imply shorter daily commutes and higher attendance rates (Card, 1993;

Frenette, 2006).1 However, travel distance to a public facility is not the only factor to

consider. Individuals and �rms react to the location of facilities in deciding their own

locations. Typical evidence of such an endogenous reaction to facility location is the

capitalization of public goods provision into housing prices.2 Hence, to answer the ques-

tion of where to locate public facilities appropriately, one needs to analyze not only the

pure distance-minimizing problem, but also how individuals and �rms react to facility

locations. Despite widespread policy interest in this question, an approach that can

investigate the problem of locating public facilities in a comprehensive manner has not

been proposed in the literature.

In this paper, I develop and apply a quanti�able spatial general equilibrium model

of public service3 location to evaluate location decisions. In the model, the central

planner decides on a location strategy, i.e., discrete location and capacity of public

facilities, while observing the location's characteristics and anticipating how individuals

and �rms will react. The modeling approach is based on a framework à la Ahlfeldt,

Redding, Sturm, and Wolf (2015) which applies tools developed in quanti�able models

of international economics (see, among others, Eaton and Kortum, 2002) to an urban area

setting with commuting. The novelty in the model is twofold. First, individuals decide

on the commute between residential location, workplace location, and a public facility in

order to maximize their utility. Utility is a�ected by the distance to public facilities, the

1Longer distances to public services also induce several adverse indirect e�ects (see, among others,

Alvarez-Pedrerol, Rivas, López-Vicente, Suades-González, Donaire-Gonzalez, Cirach, de Castro, Es-

naola, Basagana, Dadvand, Nieuwenhuijsen, and Sunyer, 2017 and Liu, Ma, Liu, Han, Chuang, and

Chuang, 2015).
2Early literature includes Tiebout (1956), Oates (1969), and Yinger (1982), among others. See

Reback (2005), Cellini, Ferreira, and Rothstein (2010), and Fack and Grenet (2010) for more recent

estimates of the magnitude of such capitalization e�ects.
3In the remainder of the paper, I will refer to a �facility� as a particular establishment (e.g. a speci�c

school) and to a �service� as the full set of facilities of a particular type (e.g. all schools).
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distance to the workplace, wages, and residential prices, among other factors. Hence,

the central planner's location strategy, the individual residential and workplace locations,

and the public facility used by each individual are simultaneously chosen. Second, the

optimal location of public facilities is an outcome of the model, rather than an exogenous

location fundamental.

I refer to an optimal location strategy as one that maximizes aggregate welfare. The

methodological novelty in solving the optimization problem is that locations are set in an

Euclidean space that permits the approximation of the welfare problem with a convex

function which can then be used as the upper bound for the problem in a Branch-

and-Bound approach. Precisely, the approach employed in this paper closely follows

the Branch-and-Bound algorithm labeled Big Cube - Small Cube developed by Schöbel

and Scholz (2010), which in turn follows early work by Hansen, Peeters, Richard, and

Thisse (1985). One key advantage of this approach is that it does not require the welfare

problem to be convex or even di�erentiable. I show that the approach converges to the

global optimum.

The framework of the paper o�ers su�cient �exibility to take it to the data. I

proceed in two steps. First, the model is calibrated to �t the characteristics of the Paris

metropolitan area in terms of residential and commercial densities, as well as in terms

of housing and labor prices. The choice of the application is directed by the availability

of precise data on public facilities over time, population location, as well as on bilateral

commutes between residential, public facility, and workplace locations. As the unit of

analysis, I use a grid of 1km × 1km cells, covering a square de�ned by 50km sides and

taking the Paris city center as the centroid.4 Using precise geo-localized data, I attribute

the total number of individuals, the total number of secondary-school-age pupils, the

share of residential and commercial land usage, housing prices and local income to each

cell.

Second, I run counterfactual exercises to evaluate the location choices of newly-built

secondary schools made between 2001 and 2015. As an example of public services, I

use French �Collèges�, i.e., lower secondary schools. As an example of public facilities,

French lower secondary schools o�er several advantages, which I detail in Section 6.

Let me introduce already the most important ones. First, di�erences across public

lower secondary schools are minimal. The same national degree is o�ered, teachers'

4The grid is created using the Geographic Information System ArcGIS.
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salaries do not vary by location, teachers must pass the same qualifying exams, and state

spending per pupil is equal across facilities. Second, due to the centralized �nancing of

the secondary school system, there are (almost) no spatial di�erences in the amount that

individuals pay for schooling. Third, the location of private secondary schools has little

e�ect on the location strategy of public secondary schools. This is due to, both, the

location strategy adopted by private secondary schools, and their generally non-secular

nature. Fourth, I can precisely identify the pupils in the public service, since education

is compulsory in France until the age of 16.5 Lastly, both matrices of the universe of

bilateral commutes from residential locations to public schools and to workplaces are

available for the region.

The counterfactual exercise reveals that adopting the welfare-maximizing strategy

in a given year leads to a 12,07% increase in welfare growth. Only half of the welfare

gains are attributable to reduced commutes to public facilities, the other half arises via

general equilibrium channels (mostly via lower housing prices and shorter commutes to

the workplace). Furthermore, this exercise also shows that welfare gains from adopting

the optimal strategy only arise when more than two new facilities are located. The mean

di�erence in welfare growth, conditional on three facilities being located, is then 18%

and up to 33% in 2005. The more new facilities are located, the easier it is to gear the

general equilibrium towards higher welfare levels.

Using the di�erence between the observed and optimal strategies at the cell level as

a measure of ine�ciencies, I identify three general patterns. First, the observed strategy

disproportionately favors lower commutes in central places (i.e. within 15km of the

city center). Second, the observed strategy leads peripheral places (i.e. places located

between 15 and 25km from the center) to be over-specialized in commercial activity

and central places to be over-specialized in residential activity. Third, places with high

amenity or high productivity fundamentals are both ine�ciently specialized in residential

activity compared to low amenity places.

The paper proceeds as follows. In Section 2, I brie�y discuss the related literature. I

present a case study of how a facility location is chosen in Section 3. I describe the model

and its main assumptions in Section 4 and solve for the equilibrium and optimal solution

in Section 5. In Section 6, I introduce the data. I estimate the model structurally,

calibrate it, and assess its performance in Section 7, before presenting the counterfactual

5In France, the average pupil attends lower secondary education between the ages of 11 and 15.
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analysis in Section 8. I predict the optimal future location strategy and the optimal

school district boundaries in Section 9. Section 10 concludes.

2 Relation to the literature

This paper relates to the literature in various ways. In its general intention, this paper is

part of a recent strand of the literature that has approached economic geography ques-

tions from an optimal design perspective. Examples of such work are Fajgelbaum and

Schaal (2017), who study the optimal design of a transport network, Albouy, Behrens,

Robert-Nicoud, and Seegert (2016), who investigate optimal city size, and Allen, Arko-

lakis, and Li (2015), who look at the optimal structure of a city. In its approach, this

paper builds upon recent developments in urban economics (see Ahlfeldt et al., 2015),

which applies quantitative spatial general equilibrium models in rich geographic contexts.

The speci�c question of the endogenous location of discrete public facilities has re-

ceived relatively little attention in economic research.6 Fujita (1986) and Thisse and

Wildasin (1992) were the �rst to analyze the endogenous location problem in the con-

text of an urban area. In these models, the location decisions of �rms and households

are a function of the location of the public facility.7 However, compared to this paper,

these analyses remain theoretical. In fact, most of the work on the issue at hand comes

from operations research and the question has been to solve various forms of the clas-

sical Fermat-Weber location problem.8 This body of literature often takes the location

of individuals (or costumers) as well as land prices as given; hence, ignoring the endo-

geneity of individuals' and �rms' location decisions. Thisse and Zoller (1983) provide a

comprehensive review of the literature on public facility location at the intersection of

economics and operations research.

More generally, abstracting from the question of the location of public facilities at

discrete points, a large literature has analyzed how local amenities and public goods

6The case of transport infrastructure constitutes an exception: As a key determinant of both trade

and commuting costs, the relationship between transport infrastructure and the spatial distribution

of economic activity has received signi�cantly more attention (see, among others, Baum-Snow, 2007;

Redding, Sturm, and Wolf, 2011; Fajgelbaum and Schaal, 2017; Donaldson, 2018).
7More recently, Berliant, Peng, and Wang (2006) and Bellettini and Kempf (2013) have also modeled

the location problem by accounting for the endogeneity of individual locations.
8For a review of the facility location problem literature in Operations Research, see ReVelle and Eiselt

(2005) and Farahani and Hekmatfar (2009).
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determine individuals' and �rms' residential locations (see, among others, Schuler, 1974;

Turnbull, 1989; Bénabou, 1993, 1996; Brueckner, Thisse, and Zenou, 1999). Recently,

Gaigné, Koster, Moizeau, and Thisse (2017) focus on within-city sorting of income-

heterogeneous individuals with exogenously given amenities. Naturally, this paper also

relates to the literature on the capitalization e�ects of public good provision. The capi-

talization of a better tax-bene�t linkage into housing prices has been described in early

literature (Tiebout, 1956; Oates, 1969; Hamilton, 1976; Yinger, 1982). More recently,

Reback (2005), Cellini et al. (2010) and Fack and Grenet (2010) have focused on estimat-

ing the magnitude of the capitalization e�ect into property prices. Epple, Gordon, and

Sieg (2010) propose a multi-jurisdiction public �nance model with location amenities.

With secondary schools as the subject of the application, this paper also relates

to the literature studying education systems in a general equilibrium context. Epple

and Romano (1998) study the provision of education with competition between public

and private schools. Epple, Romano, and Sieg (2006) and Epple, Romano, Sarpça,

and Sieg (2017) focus on higher education in the U.S. context. This literature has

generally focused more on the interaction between tax-�nanced public provision and

tuition-�nanced private provision and how these a�ect the quality and level of provision,

rather than on the question of the location of facilities.

Finally, this paper also contributes to the general discussion about urban structure

formation by focusing on a relatively understudied type of agglomeration force, namely

the provision of public services.9 In addition to the more standard agglomeration forces

studied in the literature on New Economic Geography following Krugman (1991), this

paper emphasizes the importance of public services in explaining the formation of core-

periphery structures. In a way, the reasoning presented in this paper follows the line

of classical economic geography theories, such as the Central Place Theory developed

by Christaller (1933), which focuses on the provision of services to surrounding areas in

order to explain the existence of cities.

9See Fujita, Krugman, and Venables (2001) for an overview of the theoretical literature on urban

structures and Overman, Redding, and Venables (2001) for an overview of the empirical literature on

the same topic.
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3 Case study: Locating a secondary school in Ile-de-France

In this section, I provide anecdotal evidence of how a facility location is chosen. Un-

derstanding the actual decision process leading to a particular location choice helps the

development of a realistic and relevant framework. Precisely, I detail the process that led

to the opening of a new secondary school in the municipality of Montreuil in September

2018.10

Who took the decision? The decision to open a new school in Montreuil was taken

by the Département of Seine-Saint-Denis (NUTS3 region).11 The decision on the location

of the newly-built secondary school in Montreuil was taken jointly by a large number

of administrative bodies. On top of the municipality and the Départmenent (NUTS3

region), the central government, the Région (NUTS2 region), the cooperation of munici-

palities in which Montreuil is a member, the public transport authority, the department

of national and regional parks, as well as several local associations were all involved in

deciding where to locate the new school.

Where was it located? The school was ultimately built on unoccupied land border-

ing a municipal park owned by the Départment.12 The �rst striking observation when

investigating the chosen location is that �ve existing public schools and one private

schools are within a radius of 1km from the new location. The second observation is

that the new school location is next to two development zones (Zone d'Aménagement

Concerté (ZAC), in French) created in 2011. These zones are areas in which new housing

space was built; and hence, where the population density increased.

How was the location justi�ed? The project proposal13 argues that, without a new

school, the local demand for school seats would get close to full capacity in 2022.14 It

was argued that building a new school would lead to a total capacity that is signi�cantly

10Montreuil is a municipality on the eastern border of Paris intra-muros; hence, within the area studied

in the application.
11The �Plan Ambition Collège 2015-2020� was passed on November 27th, 2014. Link to project website

(in French).
12Figure 14 displays the Local Urban Plan (Plan Local d'Urbanisme (PLU), in French) which was

active when the new school location was selected. Author's own illustration based on the project proposal

and the PLU from September 13, 2012.
13Link to project proposal (in French).
14Figure 15 display the evolution of o�er and demand of school seats with and without a new school.
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higher than the number of students (by about 23% in 2018 and by about 18% in 2022).

Note, however, that full capacity would not have been reached by 2022, even without a

new school.

Why is the justi�cation not enough? In looking at the project proposal, two

pitfalls become apparent: (i) lack of accounting for e�ects on economic variables, such

as housing prices and commutes and (ii) lack of comparison to other locations in order

to justify the choice of this particular location in that municipality. Such pitfalls are not

speci�c to the French context. The same shortcomings can be observed in the otherwise

very informative �Oregon School Siting Handbook� (Kunec, 2005) or in more standard

research in urban planning (Moussa, Mostafa, and Elwafa, 2017). In both practical and

more academic literature in urban planning such e�ects are often ignored.15

4 Theoretical framework

Consider a metropolitan area that occupies a closed and bounded subset S of a two-

dimensional Euclidean space. A location is a point in S. There are two sets of locations:

I ∈ S city blocks andK ∈ S public facility locations. Each block i has an e�ective supply

of �oor space Li which can be used for residential or commercial purposes. The fraction

of �oor space used commercially or residentially are denoted θi and 1− θi, respectively.

The distance between two locations is given by the Euclidean norm. To study changes

in expected utility, the metropolitan area is populated by an exogenous measure of H

individuals and assumed to be closed.

4.1 Individuals

The utility of individual o living in place i, working in place j, and using a facility in

site k is linear in an aggregate consumption index Cijko, such that: Uijko = Cijko. This

consumption index depends on consumption of the single �nal good (cijko), consumption

of residential �oor space (lijko), the utility from residential amenities in i (Bi), the

disutility from commuting from residential place i to public facility location k (dik ≥ 1),

the disutility from commuting from residential location i to workplace j (dij ≥ 1), and

an idiosyncratic shock that is speci�c to the individual and varies with the individual's

15Vincent (2006) constitute a notable exception by arguing in favor of a higher integration of school

location decisions into general city planning in the U.S. context.
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location choice (zijko). The disutility from commuting from place i to place k is modeled

as an iceberg cost dik = eνρik ∈ [1,∞), which increases with the Euclidean distance ρik

between places i and k. Similarly, the disutility of commuting from residential location

i to workplace j is de�ned as dij = eηρij ∈ [1,∞), where ρij is the distance between i

and j. The aggregate consumption index is assumed to take the following Cobb-Douglas

form:

Cijko = zijko
Bi

dikdij

(cijko
β

)β( lijko
1− β

)1−β
, 0 < β < 1. (1)

The idiosyncratic shock (zijko) describes the heterogeneity in utility that individuals

derive from living in i, working in j, and using the public service in k. For each individual,

this idiosyncratic component is drawn from an independent Fréchet distribution following

McFadden (1974) and Eaton and Kortum (2002):

F (zijko) = e−z
−ε
ijko , (2)

where ε > 1 is the shape parameter that controls the dispersion of idiosyncratic utility.

After observing their realization of the idiosyncratic utility, individuals choose their

place of residence, their workplace, and their public facility to maximize their utility.

Assuming the price of the �nal good to be the numeraire, the individual demands for

the �nal good (cijko) and residential �oor space (lijko) are as follows:

cijko = βwj (3)

and

lijko = (1− β)
wj
Qi
, (4)

where wj is the wage received by individuals working in j and Qi is the housing price

in location i. Here, I make the standard assumption that rent is accrued by absentee

landlords and is therefore not spent within the city. Substituting (3) and (4) into (1), I

obtain the following indirect utility function:

Uijko =
BizijkowjQ

β−1
i

dikdij
. (5)

4.2 Individuals' location choices

I look at the combined location choices of individuals across the metropolitan area. Fol-

lowing Ahlfeldt et al. (2015), I derive the probability that individuals choose a particular

9



combination of residence, workplace and public service location:16 17

πijk =Pr[uijk ≥ max{uijk};∀i, j, k]

=
(dikdijQ

1−β
i )−ε(Biwj)

ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brws)ε

≡
Φijk

Φ
.

(6)

Equation (6) shows that individuals sort across all combinations of residence and pub-

lic service locations depending on their idiosyncratic preferences and the characteristics

of these locations.

I can derive the probability that an individual decides to live in i among all possible

locations in the metropolitan area by summing Φijk across all workplaces and public

service locations.

πRi =

∑I
s=1

∑K
t=1(ditdisQ

1−β
i )−ε(Biws)

ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brws)ε

≡
∑I

s=1

∑K
t=1 Φist

Φ
(7)

The same can be done for the probability that an individual decides to use the public

service in k out of all possible public service location choices:

πSk =

∑I
r=1

∑I
s=1(drkdrsQ

1−β
r )−ε(Brws)

ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brws)ε

≡
∑I

i=1

∑I
j=1 Φrsk

Φ
. (8)

Similarly, the probability of working in j can be expressed as:

πMj =

∑I
r=1

∑K
t=1(drtdrjQ

1−β
r )−ε(Brwj)

ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brws)ε

≡
∑I

j=1

∑K
k=1 Φrjt

Φ
. (9)

Note that the number of people residing in i, working in j, and using the facility in

k, Hijk; residing in i, HRi; working in j, HMj ; and using the service in k, HSk; can be

obtained by multiplying the above probabilities by the total number of individuals, H,

or the total number of users, H̃.18

4.3 Production

I assume a single �nal good is traded without costs within the metropolitan area. Pro-

duction occurs under perfect competition and constant returns to scale. For simplicity,

I assume the following Cobb-Douglas production function:

yj = Aj

(
HMj

)α(
LMj

)1−α
, (10)

16For full derivation, see Section C of the Appendix.
17In what follows, I will refer to residential locations using indices i and r, to workplace locations

using indices j and s, and to facility locations by k and t.
18In the case of schools, the total number of users is equal to the number of pupils.
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where yj is the output of the �nal good in workplace j, Aj is the �nal goods productivity,

HMj is the total workplace employment, and LMj is the land used.

Firms choose their place of production, their level of employment, and their level of

�oor space consumption. From the �rst order conditions for pro�t maximization, the

number of workers working in j is:

HMj =
(αAj
wj

) 1
1−α

LMj . (11)

Therefore, employment in place j is increasing in productivity (Aj), decreasing in

wages (wj), and increasing in commercial land use (LMj).

The equilibrium commercial �oor price is determined by the zero pro�t condition

along with pro�t maximization:

qj = (1− α)
( α
wj

) α
1−α

A
1

1−α
j . (12)

Given the Cobb-Douglas form of the production function, the price index pj in loca-

tion j is:

pj = Aj

[(
α

1− α

)1−α
+

(
α

1− α

)−α]
wαj q

1−α
j . (13)

Assuming that individuals can consume from every location within the city without

costs, the consumption price index P can be expressed as:

P =

(
I∑
j=1

p−εj

)−1/ε

. (14)

Note that all price variables are consequently expressed in Consumption Equivalent

Units (CEU) or, in other words, relative to the price of the single �nal consumption good

such that: Q = Q
P , q = q

P , w = w
P , where bold variables refer to observed prices.

4.4 Land market

The fraction of �oor space used for commercial purposes is θi ∈ (0, 1). At the equilib-

rium, no location is fully specialized.19 Therefore, in equilibrium, qi = Qi in all locations.

19I assume no full specialization and an exogenous θ for two reasons. First, in many real world

metropolitan areas, slow moving zoning policies are in place to restrict the transition of land from

residential to commercial use (or from commercial to residential). Therefore, taking θ as given appears

a straightforward way to account for such policies without explicitly modeling them in detail. Second,

taking θ as given speeds up the solution for the model. This is crucial when I later optimize welfare

using a Branch-and-Bound approach. With this assumption, the optimization algorithm converges to
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In the model, land prices are determined by the individuals' and �rms' location choices.

As is often done in the urban literature, I consider that �oor space L is provided by a

competitive construction sector. I follow Epple et al. (2010) and Ahlfeldt et al. (2015)

and assume that the production function takes the Cobb-Douglas form: Li = Mµ
i N

1−µ
i ,

where M is capital and N is land. The corresponding dual cost function for �oor space

is then Qi = µ−µ(1 − µ)−(1−µ)PµR1−µ
i , where Qi is the price for �oor space, P is the

common price for capital, and Ri is the price for land. Since the price for capital is

the same across all locations, the relationships between the quantities and prices for

geographical land and �oor space can be expressed as:

Li = φiN
1−µ
i , (15)

Qi = χR1−µ
i , (16)

where φi = Mµ
i determines the density of development and χ is a constant.

The residential land market clearing implies that the demand for residential and com-

mercial �oor space equals the supply of �oor space in each location: Li. The residential

land market clearing condition can then be written as:

E[li]HRi = (1− β)
wj
Qi
HRi = (1− θi)Li. (17)

The commercial land market clearing imposes:(
(1− α)Aj

qj

)1/α

HMj = θjLi. (18)

The clearing condition for total demand for space can then be expressed as:

(1− θi)Li + θiLi = Li = φiN
1−µ
i . (19)

4.5 Central planner

The central planner decides on the location and capacity of public facilities, under con-

sideration of location characteristics and anticipating how individuals and �rms will

react. To model the fact that facilities are often built on publicly owned, available land,

I assume that the central planner does not consume land. Note also that, in order to

properly investigate the location side of the problem, I deliberately abstract from the

the global optimal within a reasonable time. However, a version of the model with endogenous share

of land uses is available upon request. The uniqueness and existence properties of the equilibrium also

hold in that case.
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�nancing side by considering the number of facilities as exogenous. This is done in order

to avoid entering lengthy discussions on the appropriate level of public spending, as well

as discussions on the appropriate capacity of a public facility.20

For brevity, I refer to any planner's combined choice as a location strategy. The

planner's objective is to maximize the aggregate welfare associated with providing the

public service. Formally, the planner decides on a location strategy by choosing the

set of geographic coordinates k = [k̃1, ..., k̃K ] of the facilities.21 Hence, the planner's

maximization problem is:22

max
k̃1,...,k̃K

E[u] = Γ

(
ε− 1

ε

)[
I∑
r=1

I∑
s=1

K∑
t=1

(drtdrsQ
1−β
r )−ε(Brws)

ε

](1/ε)

. (20)

E[u] represents the expected utility level in the metropolitan area. Γ is the Gamma

function.

4.6 Discussion of assumptions

To complete the description of the model, a number of dimensions deserves further

attention. First, the model assumes that all individuals are a�ected by distance to the

workplace and distance to the public facility. Clearly, not everyone works or uses a

given public service. Hence, individuals in the model can be thought of as members of

a family with working parents and children. All family members value the dis-utility of

commuting incurred by other family members. Second, the model deliberately ignores

administrative borders as the location decision is, in the vast majority of real cases,

taken by many di�erent entities (see Section 3). Hence, ignoring administrative borders

is therefore a straightforward way to model this issue in a simpli�ed manner. Finally,

distances between locations are given by the Euclidean norm, which ignores existing

transport networks. This implies that the bene�t of transport networks for a given

location will feed into residential amenities, �nal goods productivity, and density of

development. Locations close to transport nodes will be more attractive along these

dimensions.

20See Afsa (2014) for an empirical analysis of the various e�ects of a facility's capacity using the

French secondary education facilities.
21Note that, while k indexes a facility, k̃k refers to its coordinates.
22For full derivation of the expected utility in the metropolitan area, see Section D of the Appendix.

13



5 Equilibrium and optimality

I solve for the equilibrium and optimality of the model in two steps. First, I derive the

optimal behavior of individuals and �rms conditional on a planner's location strategy.

Second, I solve for the optimal location strategy anticipating the behavior of individuals

and �rms.

5.1 Individuals' behavior conditional on a location strategy

Conditional on a location strategy, the general equilibrium of the model can be refer-

enced by the following �ve vectors {πR, πS , πM , Q, w} and a scalar {P}. Given this

equilibrium vector and scalar, all other endogenous variables of the model can be deter-

mined. This equilibrium vector solves the following �ve of equations: population share in

residential location (7), population share in public facility location (8), population share

at workplace (9), the price index (14), �rm pro�t maximization (12), and residential land

market clearing (17).

Proposition 1 Assuming strictly positive, �nite, and exogenous characteristics (H ∈

(0,∞), H̃ ∈ (0,∞), Ai ∈ (0,∞), Bi ∈ (0,∞), Ni ∈ (0,∞), ρik ∈ (1,∞) × (1,∞),

ρij ∈ (1,∞)× (1,∞)), there exist unique general equilibrium vectors {πR, πM , πS, Q,

w} and scalar {P}.

Proof: See the proof of Proposition 1 in Appendix E. Q.E.D.

5.2 Deriving the optimal location strategy

Solving the maximization problem of the central planner is complex for at least two rea-

sons. First, the dimensionality of the problem makes any standard search-type approach

infeasible. Second, the central planner's problem does not have an explicitly convex rep-

resentation. In this paper, I propose a branch-and-bound algorithm inspired by the �Big

Cube - Small Cube (BCSC)� method by Schöbel and Scholz (2010).23 This algorithm

possesses several key properties which makes it particularly attractive in this setting.

23This approach generalizes the �Big Square-Small Square� approach by Hansen et al. (1985) to the

multi-dimensional case.
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First, the algorithm converges to the global optimum of the problem. Second, it does

not require the analyzed problem to be convex, or even di�erentiable.

The Big Cube - Small Cube (BCSC) approach The Big Cube - Small Cube is

a branch-and-bound algorithm which converges by successively eliminating sub-spaces

from the overall space considered until a small solution space around the global optimum

remains. The removal of a sub-space from the possible solution space is done by com-

paring, an upper bound for the problem if the solution lies within the sub-space, to, the

best solution obtained at that point. If the upper bound is lower than the best solution,

the sub-space does not contain the optimum. The upper bound is obtained by approxi-

mating the central planner's problem with a convex function f̄(k) with k = [k̃1, ..., k̃K ]

which ful�lls the following condition: f̄(k) ≥ f(k), where f(k) is the central planners

problem. The name of the algorithm comes from the fact that the sub-spaces considered

are polyhedrons (i.e. cubes in the two facilities case).

More precisely, the BCSC approach proceeds by splitting the search space into equal

polyhedrons and computing the value of f(k) at the center of each of them. The best

solution is stored and an upper bound is then calculated for each polyhedron. All poly-

hedrons with an upper bound lower than the highest obtained value can be discarded.

All other polyhedrons are divided into smaller polyhedrons, and added to the list of

polyhedrons to be searched.

For simplicity, I present the version of the algorithm with two new facilities to locate

(K = 2) in detail. Remember that in the setting at hand, the central planner faces

a maximization problem. Denote by f(k̃1, k̃2), the function that the central planner

maximizes when locating the additional facilities. Consider the feasible area ψ where

the new facilities can be located:

ψ = [x1, x̄1]× [y1, ȳ1]× [x2, x̄2]× [y2, ȳ2] ⊂ R2K , (21)

where x and y refer to coordinates. . and .̄ denote the lower and the upper bound of the

feasible area, respectively. At �rst, ψ = S × S. The method proceeds as follows:

Big Cube-Small Cube algorithm

Start an iteration count, iter = 1.

1. Create a list Ψ of feasible areas. At �rst, Ψ only contains ψ.
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2. Select the �rst entry of Ψ.

3. Evaluate f(c(ψ)) at the midpoint of ψ, c(ψ):

c(ψ) =

[
1

2

(
x1 + x̄1

)
,
1

2

(
y1 + ȳ1

)]
×
[

1

2

(
x2 + x̄2

)
,
1

2

(
y2 + ȳ2

)]
, (22)

and take f(c(ψ)) as a possible solution (V (ψ)).

4. Calculate an upper bound (UB(ψ)) for ψ (The derivation of an appropriate upper

bound is detailed below).

(a) If UB(ψ) ≥ Vmax, split ψ into 8 (4K) equally sized smaller feasible areas.

Add the smaller areas to Ψ and delete ψ from Ψ.

(b) If UB(ψ) < Vmax, delete ψ from Ψ.

5. Termination rule: if iter < ¯iter, return to Step 2 and set iter := iter + 1. If

iter = ¯iter, take Vmax and the corresponding c(ψ) as the optimal solution. ¯iter

denotes the arbitrarily given maximum number of allowed iterations.

Deriving upper bounds using convex approximation For each ψ ∈ Ψ, a suitable

upper bound, f̄(k), of the central planner's objective function, f(k), must always be

greater than f(k) for a given vector of facility locations k and must be convex. Formally,

f̄(k) must meet the following properties:

f̄(k) ≥ f(k), and f̄ ′′(k) ≥ 0. (23)

For a given number of facility locations K and without loss of generality, I can refor-

mulate the central planner's maximization problem (20) using the zero pro�t condition

as:

max
k1,...,kK

f(k) = Γ

(
ε− 1

ε

)ε I∑
r=1

I∑
s=1

K∑
t=1

(drtdrsQ
1−β
r )−ε(Brws)

ε

=

I∑
r=1

I∑
s=1

K∑
t=1

W× d−εrt ,

(24)

where:

W = Γ

(
ε− 1

ε

)ε
(drsQ

1−β
r )−ε(Brα(1− α)

1−α
α A

1
α
s Q

α−1
α

s )ε. (25)
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Next, I de�ne W̄ such that W̄ = W(min{Q}), where min{Q} is the observed mini-

mum of Q. Hence, W̄ is independent of any facility location strategy. Intuitively, this is

equivalent to shutting down the equilibrium e�ects through housing prices. Let me then

de�ne:

f̄(c) =

I∑
r=1

I∑
s=1

K∑
t=1

W̄× d−εrt . (26)

f̄ is a convex function and, under Assumption 1, f̄(k) ≥ f(k),∀k.

Assumption 1 Modeled housing prices are greater than or equal to the minimum ob-

served housing price for all places. Formally, Qi ≥ min{Q},∀i.

Proposition 2 follows knowing that to �nd the maximum of a convex function over a

polyhedron, it is su�cient to investigate the extreme points of the polyhedron.

Proposition 2 Let ψ ⊂ R2K be a polyhedron and let V1, ..., V4K , denote the 22K = 4K

vertices of ψ. Then, given Assumption 1,

UB(ψ) = max

{
f̄(V1), ..., f̄(V4K )

}
(27)

is an upper bound of the central planner's problem (20).

Proof: See the proof of Proposition 2 in Appendix F. Q.E.D.

Simulated annealing The convergence speed of the BCSC relies heavily on the

quality of the upper bound. After eliminating potentially large cubes in the �rst itera-

tions, the BCSC approach progresses in relatively small steps due to the exponentially

increasing number of new cubes that need to be evaluated. In practice, it is then useful

to apply a heuristic approach once the obtained solution is close to the global optimum.

To that end, I employ a standard simulated annealing technique. This heuristic method

is widely used to search for global optima in high-dimensional problems (Fajgelbaum

and Schaal, 2017).24

24The steps of the method are detailed in Appendix B.
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5.3 Solving the distance-minimizing problem

Solving the pure distance-minimizing problem, i.e., the central planner's problem without

considering the reaction of individuals and �rms to facility locations, is useful for at

least two reasons. First and foremost, as seen in Section 3, minimizing the distance

between individuals and public facilities is on clearly-stated goal of locating a new facility.

Therefore, comparing the di�erence between the distance-minimizing strategy and the

observed location strategy to the di�erence between the optimal strategy to the observed

strategy allows me to relate the general equilibrium gains under the optimal strategy to

the more standard gains in commuting. Second, even though in practice, a central

planner is rarely facing a problem in which a large number of new facilities have to

be located,25 such an eventuality is possible and deserving of attention. Solving such

high-dimensional problems with the Big Cube - Small Cube approach is impracticable.

Hence, in the case of a high number of new facility locations, I substitute the BCSC

with a gradient-based approach. Speci�cally, I solve the distance-minimizing problem

using a version of the Weiszfeld algorithm following Weiszfeld (1937), modi�ed to �t the

multi-facility problem.26

6 Data description

This section describes the data used in the application, motivates the use of French

secondary schools in the application over other public services, and provides a short

overview of the French secondary education system.

Data sources The core data employed in the application combines three main

datasets: geo-localized individual data, geo-localized public service data, and commut-

ing data (from 2010). First, information about the location and capacity of the French

secondary school system is provided by the French Ministry of Education. This data

provides the exact coordinates of each establishment, as well as the number of students

registered in each school. Second, geo-localized individual data is given by the 2010-

gridded population data, which registers the number of persons residing in 1km × 1km

squares covering the whole country. This data also includes the population by age group

25In this paper, I arbitrarily de�ne �large� as more than 10 facilities. Note that, in our application, a

maximum of 7 new facilities have to be located in a given year within the Paris region.
26See Appendix G for a detailed presentation of the method.
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in each grid. Third, data about the average commuting time to school is provided by

the National Institute for Statistics and Economic Studies (INSEE).27

From any given residential location, the probability of commutes to school, πik, and

to workplace, πij , are independently recorded at the municipal level. To retrieve the

probability to commute from residential location i to workplace j and facility k, πijk, I

assume that conditional on a residential location, the choice of the public facility and

the workplace are independent. This allows the derivation of πijk as follows:

πijk = πijk|i × πi = πij|i × πik|i × πi =
πij × πik

πi
. (28)

I create the units of analysis by designing a grid of 1km × 1km cells over the total

area of 50km × 50km with Paris' Hotel de Ville as the centroid.28 Out of the total 2'500

cells, 2'331 cells of this grid contain built-up areas. As all data described above are

geo-localized, it is then straightforward to match the data onto the chosen grid. Lastly,

I compute Euclidean distances between each cell.

French secondary school system To empirically analyze the location of public

services, it is useful to focus on each public service separately, apart from all others. Con-

sidering the location of all public services jointly, without drawing distinctions between

them might lead to bad spatial coverage for each particular service. In the application,

I focus on the location of �Collèges�, i.e., French lower secondary education facilities.

In France, secondary education is organized in two stages: the lower secondary educa-

tion level called �Collège� for pupils aged between 11 and 15, and the higher secondary

education level called �Lycée� for pupils aged between 15 and 18.29

Compared to other public services and other national settings, studying the location

of French secondary schools o�ers several unique advantages:

1. Minimal di�erence across facilities: Di�erences across secondary schools are min-

27Additionally, I obtain wage data and other demographic information at the municipal level from

the INSEE. Workplace wages are computed based on workplace and individual characteristics. The

website �Meilleursagents.com� provides municipal housing price data. These data are based on the

notary database �BIEN� and their own transaction records. Land use data is provided by the regional

urban planning institute.
28I chose a square over the more traditional circle to facilitate the de�nition of the bounds enclosing

the candidate locations in the simulated annealing approach. The bounds can be more easily de�ned by

a square in terms of latitude and longitude.
29For simplicity, I will refer to the French �Collège� as secondary school from this point forward.
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imal. The same national degree is o�ered to pupils, teachers earn the same salary,

teachers must pass the same qualifying exams, and average spending per pupil by

the State is equal across facilities.

2. No spatial di�erences in �nancing: Due to the centralized �nancing of the sec-

ondary school system, there are (almost) no spatial di�erences in the amount

households pay for the schooling of one student. Hence, individuals do not lo-

cate strategically to pay more or less for education.

3. Perfect identi�cation of users: As education is compulsory in France until the

age of 16, I am able to easily and precisely identify the users of the public service.

According to UNESCO statistics, the enrollment rate in lower secondary education

in France was 99,79% in 2010. I, therefore, consider that all individuals between

the ages 11 and 15 are users of secondary schools. Also, as it is compulsory, the

central planner must provide a seat to every pupil aged between 11 and 15.

4. Commuting data along two dimensions is available: The full matrix containing

the universe of commutes from residential locations to public schools and from

residential locations to workplaces is available in 2010. Hence, the commuting

elasticities can be precisely estimated in a manner that is consistent with the

model.

However, the use of lower secondary schools raises several concerns which I will try

to answer in the remainder of this section. First, when looking at public education, one

important consideration to keep in mind is that the private sector o�ers a competing

service. In France, 17% of all pupils attend a private establishment. For simplicity and

clarity of the approach, our model assumes that no private education is o�ered and that

only pupils going to a public establishment need to be o�ered a seat. This assumption

should not harm the generality of the framework for two reasons. First, the strategy

of private schools in France is to locate very close to public schools and to draw away

and enroll the good students from the respective public schools. Hence, the key moment

targeted by the framework � the spatial coverage � should not be signi�cantly impacted

by the existence of private schools. Second, 97% of all private schools are religious schools

while public schools obey strict secular rules. Hence, the switch from public to private

(or vice-versa) might not be as straightforward as in other countries.
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Second, even though the school �nancing and the educational attainment of teachers

is the same across all lower secondary schools, the assumption that schools are ho-

mogeneous (i.e. that quality is the same across all schools) may be di�cult to verify

empirically. Di�erences in peer e�ects, for example, could be observed across schools.

However, this model includes di�erence in wages and, hence, allows for spatial income

sorting. School heterogeneity would be problematic if it is not correlated with income.

Non-income-correlated heterogeneity is unlikely given the characteristics of the French

secondary education system discussed above. One possible alternative public service

with similarly low heterogeneity would be primary schools. However, as such facilities

are signi�cantly cheaper to build, maintain, and operate, many municipalities operate

their own. Therefore, the mechanism targeted by our model would not be best illustrated

using primary schools.

Third, the literature on the capitalization of public goods into housing prices high-

lights the importance of school quality to determine the magnitude of the e�ect, (see,

among others, Gibbons and Machin, 2003; Fack and Grenet, 2010). For tractability, I

posit that distance matters for all schools; therefore, I abstract from that literature by

ignoring the heterogeneity with respect to quality. This abstraction appears relatively

minor when looking at the distribution of housing prices as a function of distance to

secondary schools by kilometers (see Figure 1). Overall, a strong negative correlation is

observed, both at the center and in the periphery of Paris. Hence, distance appears to

matter, at least on average. Naturally, the correlations in Figure 1 might be due to other

channels, such as �rms locations. Evaluating the location of public facilities, accounting

for all these channels, is the precise goal of this paper.

Figure 1: Housing prices and distance to the facility

All places < 15km of Paris center >15km of Paris center
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Secondary schools in Paris' region between 2001 and 2015 I focus on public

secondary school openings and closures between 2001 and 201530 in the Paris' region.

Table 1 summarizes the number of openings and closures by year. There are between 0

and 7 school openings and between 0 and 2 closures per year. The overall stock increased

from 660 in 2000 to 698 in 2015 in the Paris region.

Table 1: Openings and closures of facilities in Paris region (2001-2015, 50km square)

Year Stock Open Close Year Stock Open Close Year Stock Open Close

2001 660 1 0 2006 679 5 2 2011 688 0 2*

2002 665 5 0 2007 682 3 0 2012 689 1 0

2003 670 5 0 2008 686 5 1* 2013 689 0 0

2004 671 1 0 2009 687 1 0 2014 696 7 0

2005 676 5 0 2010 690 3 0 2015 698 2 0

*: Facility closures for renovation or asbestos removal.

Moreover, a �rst glance at the observed distribution of secondary schools provides

clear and interesting patterns. Figure 2 illustrates the average school capacity as a

function of distance to the city center in 2010. I observe that the average capacity

increases from 475 to 650 pupils with increasing distance to the center (with the variance

in capacity also increasing). Given the high population density in the center, one might

have expected a �atter or even negative relationship. Figure 3 displays the average

number of schools as a function of distance to the city center. A bell shaped curve is

observed with a maximum around 10km.

Figure 2: Secondary school seats Figure 3: Number of schools

30The choice of the period is driven by data availability.
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7 Structural Analysis

In this section, I estimate the commuting parameters and calibrate the model for resi-

dential amenities, �nal good productivity, and density of development.

7.1 Estimation of commuting parameters

From the commuting shares in (6), the model predicts a semi-log gravity equation for

commuting �ows between the place of residence i, the workplace j, and the public facility

location k:

ln πijk = −νρik − ξτij + ωi + ζj + υk + εijk, (29)

where ωi are residence-�xed e�ects capturing residence characteristics, ζj refers to work-

place characteristics, and υk are public-facility-�xed e�ects. The denominator of (6) is

a constant. The parameters ν and η are the semi-elasticities of commuting �ows with

respect to the Euclidean distance. They are de�ned as ν = κε and ξ = ηε, where κ is

the commuting cost parameter for journeys to the public facilities, η is the commuting

cost parameter for journeys to the workplace, and ε is the heterogeneity parameter from

the Fréchet-distributed shock on individuals' utility.

To empirically estimate the semi-elasticities of commuting �ows, I use municipal data

from the 232 municipalities and the 20 Parisian districts (covered by the 50km × 50km

grid). In total, 773'606 tri-dimensional links are observed within the grid. As bilateral

distances are measured at the cell level, I compute the Euclidean distance between two

municipalities by taking the average distance between all cells in a municipality to all

cells in another.

Table 2 displays the estimation of (29) using these data. In Column (I), I estimate

a linear �xed e�ects model. I obtain a semi-elasticity of commuting to school of -0.14

and a semi-elasticity of commuting to work of -0.11, both signi�cant at the 1-percent

level. Columns (II) and (III) report the estimation results of a Pseudo Poisson Maximum

Likelihood (PPML) model and of a Negative Binomial (NB) model, respectively. I obtain

a semi-elasticity of commuting to school of -0.88 (-0.88) for the PPML (NB) and of -

0.21 (-0.21) for the PPML (NB) for commutes to work.31 I use these estimates in the

31Note that the estimated semi-elasticity of commutes to work is larger than what Ahlfeldt et al.

(2015) obtain for Berlin (i.e. -0.07). Two factors help explain this di�erence. First, the higher density of

Paris (about 5 times higher) can lead to greater di�culty in moving from the residency location to the
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application. The semi-elasticity of commute to school is signi�cantly larger than the

semi-elasticity of commuting to work. This re�ects the fact that parents generally prefer

that their kids not commute long distances to their school, as pupils (aged 11 to 15)

might commute on their own.

Table 2: Gravity estimations of commutes

(I) (II) (III)

Great circle distance (−κε) -0.14*** -0.88*** -0.88***

to school (0.002) (0.001) (0.001)

Great circle distance (−ηε) -0.11*** -0.21*** -0.21***

to work (0.002) (0.001) (0.001)

Estimation OLS PPML NB

Fixed e�ects Yes Yes Yes

Observations 773,606 773,606 773,606

R2 0.62 - -

Notes: Estimates based on bilateral commuting probability in

2010. PPML stands for Pseudo Poisson Maximum Likelihood,

and NB for Negative Binomial. *** p<0.01, ** p<0.05, * p<0.1

7.2 Calibration of location characteristics

Using the structure of the model, I show that there is a one-to-one mapping between the

observed and the unobserved location characteristics. I can then derive the unobserved

location characteristics, namely, residential amenities, �nal goods productivity, and the

density of development.

Proposition 3 Given known values for the parameters {α, β, κ, µ, η} and the observed

data {Q, HM , HR, K, ρij, ρik}, there exist unique vectors of the unobserved location

characteristics {B, A, φ} that close the model for a given location strategy.

Proof: See the proofs of Proposition 3 in Appendix H. Q.E.D.

workplace. Second, the zone considered in this paper includes a number of rural areas where individuals

often work in the municipality in which they reside.
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Residential amenities Bi as a function of distance to the city center are presented

in Figure 4. Similarly, productivity Aj and density of development φi as functions of

distance to the center are presented in Figures 5 and 6, respectively. Figure 4 illustrates

that residential amenities are relatively constant across all locations. The variance of

residential amenities increases with distance from the center as some locations may com-

pensate a larger distance to the center with higher local amenities. Interpreting the

density of development is less straightforward � available �oor space is a function of

available land space which decreases with distance to the city center.

Figure 4: Residential

amenities (Bi)

Figure 5: Final goods

productivity (Aj)

Figure 6: Density of

development (φi)

7.3 Calibration of remaining parameters

Apart from the semi-elasticities of commuting �ows estimated above, I choose the Fréchet

shape parameter ε to minimize the squared di�erence between the variances across places

of log-adjusted wages from the model and the data following Ahlfeldt et al. (2015).

This leads to ε = 6.83. Using this value of the shape parameter ε and the estimated

commuting probability parameters ν and η, I can retrieve the commuting cost parameters

κ = 0.88
6.83 = 0.13 and η = 0.21

6.83 = 0.03. I set the values of the remaining parameters in the

model using standard sources in the literature. Table 3 presents the values and sources

of these parameters.
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Table 3: Calibration overview

Parameters common to all locations

1. Preferences

β = 0.75 Consumption share in utility Davis and Ortalo-Magne (2011)

ε = 6.83 Shape parameter Own estimation

2. Commuting

κ = 0.13 Elasticity of commuting to public facility Own estimation

ν = 0.03 Elasticity of commuting to workplace Own estimation

3. Technology

α = 0.8 Labor share in production Valentinyi and Herrendorf (2008)

4. Land market

µ = 0.8 Capital share in construction Combes, Duranton, and Gobillon (2016)

Location-specific variables

1. Land Endowments

Ki Residential land mass in location i Own derivation (using ArcGIS)

φi Density of development in i Own estimation

2. Amenities

Bi Residential amenities Own estimation

3. Productivity

Ai Final good productivity Own estimation

7.4 Performance of the framework

To assess the performance of the proposed framework, I exploit the special case of opening

one additional facility. This particular scenario o�ers the advantage that locating a

single facility is a �simpler� problem than locating several at the same time, as there are

no interaction e�ects across new facilities. Taking the centroid of the 2'331 cells with

built-up area as location candidates, it is feasible to use a �pseudo�-exhaustive search

approach to determine the welfare-maximizing location of one new facility. There are

only 2'331 possibilities of where to locate one facility, while locating two (three) facilities

already requires searching through 2'3312 = 5'433'561 (2'3313 = 1.267 × 1010) possible

location combinations. The outcome of this exhaustive search can serve as a benchmark

to evaluate the performance of the framework.

Figure 7 displays the outcome of the exhaustive search for one new facility location.

All candidate locations are ranked (horizontal axis) according to the aggregate welfare

(vertical axis) generated by opening a facility in each location. Aggregate welfare on the

vertical axis is measured in private consumption equivalent units. The blue curve displays
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the (sorted) welfare level associated with building a new facility at the centroid of one

of the 2'331 cells. The dashed, black line represents the aggregate welfare reached after

the last iteration of the BCSC approach, while the red line indicates the �nal aggregate

welfare derived by the framework. The framework reaches a welfare level slightly higher

than the brute-search approach. This is to be expected as the brute-search ignores the

space outside the centroids of the grid cells, where the optimal location is likely to lie.

Figure 7: Performance of the framework
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8 Evaluating location strategies

Using the framework described above, I now aim to evaluate the location decisions of

secondary schools in the Paris region in the period 2001-2015. In a �rst step, I measure

the di�erence between the optimal and the observed location strategies for each year

between 2001 and 2015, given the existing location strategy of each year (Section 8.1).

In a second step, I identify key drivers of this di�erence using the structure of the model.

8.1 Measuring the di�erence across strategies

Given the already existing secondary schools, I quantitatively compare the optimal and

observed location strategy in each year between 2001 and 2015. Importantly, the analysis

is conducted separately for each year to avoid carrying early di�erences throughout the

sample period. Hence, the optimal strategy in a given year is always computed based on

the previous year's observed strategy.
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Figure 8 reports the di�erences between the strategies. The horizontal axis displays

the years, while the vertical axis reports the welfare gains (in percent) under the optimal

strategy relative to the observed welfare growth in that year. Precisely, this welfare

gains are computed as: 100 × W opt
t −W obs

t

W obs
t −W obs

t−1
, where t is a year index. W opt

t is the welfare

level under the optimal strategy in year t. W obs
t is the welfare level under the observed

strategy in year t. Additionally, Figure 8 also reports the number of secondary schools

that opened in that year next to each observation marker.32

On average, welfare growth is 12.07% larger under the optimal strategy, ranging from

-2.48% (in 2009) and 33.74% (in 2005).33 For comparison, the average welfare growth is

only 6% larger when locating public facilities to minimize the commutes to the facility.

Furthermore, while the relative gains under the optimal strategy are relatively small

when one or two facilities are built (on average, ≈ 1%), these relative gains are much

larger when more than two facilities are built (on average, ≈ 18%).

Figure 8: Observed and optimal location strategies (2001-2015)
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There are three main take-aways from this analysis. First, welfare could be improved

32Table 6 in the Appendix displays the data behind Figure 8. Columns (I) indicates the number of

facilities that were built in each year. Columns (II) and (III) report each year's welfare level associated

with the observed and the optimal strategies, respectively. Column (IV) relates gains in welfare under

the optimal strategy to the gains from the observed strategy.
33The proposed framework performed better than the observed strategy in all years except in 2009,

when welfare growth would have been 2.48% lower under the optimal strategy. The framework of the

model is not able to reach the optimal point in that year due to a strong gradient of the welfare function

in its neighborhood. Note that a brute-search approach using the framework in this paper would easily

detect such cases.
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by adopting the optimal location strategy. Second, these gains mostly occur when more

than two facilities are to be built. When one or two facilities are built, the observed

strategy is almost as good (and in one case better) than the proposed optimal strategy.

Hence, the framework proposed appears to be a good predictor of the observed world

when only few facilities are built. Third, half of the welfare gains can be attributed to

a reduction in commuting to the facility, the rest is derived from general equilibrium

e�ects on individuals. This �nding strongly highlights the importance of studying public

facility location in a general equilibrium framework.

To illustrate these �ndings in a more intuitive way, I map the observed and optimal

location strategies in 2014 (Figure 9).34 The observed location strategy (green circles)

appears largely di�erent from the optimal location strategy (red circles). While the

optimal strategy locates �ve facilities near the center of Paris where population density

is high and two in the periphery (at about 15-20km), the observed location strategy saw

facilities built in the North-East of Paris, �ve are within 10 to 20km and two are more

than 25km from the center.

Figure 9: Map of the observed and optimal location strategies (2014)
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¯

342014 saw the highest number of secondary school openings than any other year in the sample period

(see Table 6).
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8.2 Cell-level analysis of the di�erences across strategies

In this section, I aim to explain the di�erences between the optimal and observed strate-

gies revealed in the previous subsection using the structure of the model. To start, I

take the di�erence between the observed and optimal strategies of residential density

(HRi), workplace density (HMj), commutes to public facility (
∑

kHikdik), commutes to

workplace (
∑

j Hijdij), housing prices (Qi), and wages at the residence location (wi) at

the 1km × 1km cell level.

HRi = HObs
Ri −H

Opt
Ri ,

∑
k

Hikdik =
(∑

k

Hikdik

)Obs
−
(∑

k

Hikdik

)Opt
,

HMj = HObs
Mj −H

Opt
Mj ,

∑
j

Hijdij =
(∑

j

Hijdij

)Obs
−
(∑

j

Hijdij

)Opt
,

Qi = (HRiQi)
Obs − (HRiQi)

Opt, wi = (HRiwi)
Obs − (HRiwi)

Opt

(30)

A positive value of HRi implies that the cell is a more attractive residential location

under the observed than under the optimal strategy. Conversely, a negative value implies

that the cell is more attractive under the optimal than the observed strategy. The same

reasoning applies to the attractiveness of commercial locations measured (HMj), housing

prices (Qi), and wages at the residence location (wi). Similarly, a positive value of∑
kHikdik implies that for a given location the sum of commutes to public facilities is

larger under the observed than under the optimal strategy. As they describe the distance

to optimality, these simple di�erences can be interpreted as a measure of ine�ciency.

Table 4 reports simple descriptive statistics based on cell-level di�erences. On aver-

age, opting for the optimal strategy leads to large improvements in commutes (to work

and public facilities) and housing prices. In contrast, residential and commercial densi-

ties are slightly higher under the optimal strategy. Similarly, wages decrease on average

under the optimal strategy; however, this decrease is very small compared to the decrease

in housing prices.

However, the gains and losses vary signi�cantly by cell as shown by the range and the

standard deviation of the di�erences. Hence, it appears useful to further investigate how

these gains and losses are distributed geographically.Analyzing the distribution of gains

and losses also enables me to identify zones where ine�ciencies are large. More than a

general measure of distance to optimality, policy makers would bene�t from an identi-

�cation of such zones, as well as the identi�cation of the present types of ine�ciencies.

30



Table 4: Descriptive statistics of the di�erence between the strategies (2001-2015)

Residential Distance to Workplace Distance to Housing Wage

density facility density workplace Prices at residence

Average -0.03 33.15 -0.38 33.02 39.43 0.26

Min -42.32 -439.68 -194.33 -378.60 -137.07 -195.71

Max 84.10 110.23 37.77 90.93 145.69 39.00

St. dev. 4.73 47.11 4.72 48.13 17.18 4.94

Questions such as: Does the current location strategy favor central or peripheral areas?

Does the strategy shape land usage in an ine�cient manner? If so, where does it do

so? can only be answered by looking at the geographic heterogeneity in the di�erences

across the observed and the optimal strategy.

Ine�ciencies and distance to the city center Analyzing the heterogeneity of

the ine�ciencies as a function of distance to the city center reveals interesting patterns,

as shown in Figure 10. Consider a set of binary variables equal to unity for places

within 2km-rings around the Paris city center (13 binary indicators in total). Figure 10

plots the point estimates (and the 95% con�dence intervals) resulting from regressing

the di�erences in residential density and sum of commutes to facility on these binary

variables. The excluded category corresponds to all places further away than 24km from

the Paris city center (10'712 out of 29'861 places).

Figure 10a plots the parameter estimates for residential density. Places at the outer

periphery (16 to 24km) appear to be the most disadvantaged.35 This is true compared to

central places, but also compared to more distant areas (or simply put, compared to rural

areas). The observed strategy increases residential density in central and rural places at

the expense of intermediary locations. The picture is reversed when looking at workplace

density (Figure 10b). Here the observed strategy favors intermediary locations, over rural

areas and over more central places. Hence, combining these two pictures, the optimal

strategy argues in favor of a more mixed land use � increasing workplace density in

central and rural locations and residential density at intermediary locations.

Figure 10 also reveals that individuals in central places (within 15km of the Paris

city center) commute much shorter distances, both to the workplace and the public

facility. Figures 10c and 10d suggest that individuals within 5km of the city center

35Due to the high concentration of administrative buildings and museums in the �rst ring, the negative

estimate obtained for the �rst rings (0-4km) should be interpreted with caution.
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commute in total about 200km less36 than individuals located at more than 14km from

the center under the observed strategy compared to the optimal one. Less striking

but potentially more surprising is the fact that (almost) no signi�cant di�erence in

commuting is observed between the two strategies after 14km. Hence, potential welfare

gains in these locations are not obtained through shorter commutes but through general

equilibrium e�ects.

Finally, Figures 10e-10f highlight the di�erence between the two strategies in terms

of housing prices and wages (at the residential location). Housing prices are higher under

the observed strategy and decrease with distance to the city center. Wages are relatively

higher under the optimal strategy in places within 24km of the city center compared to

places further away. These �ndings are particularly interesting if placed in the context

of the very high housing prices in a metropolitan area such as Paris. Better facility

locations that account for such e�ects might help reduce housing prices and increase

wages in central places.

Analyzing these �ndings in the context of the urban-rural divide provides an inter-

esting policy context. In many countries, representatives of rural areas often point to the

increasing centralization of the public services37 as the source of rural decline, which the

central government often counters by reversing the causality, i.e., centralization reforms

do not cause rural decline, it is rural decline that renders centralization reforms neces-

sary. The �ndings in this section quite literally defend the middle ground between these

two positions. Representatives of rural areas are correct in arguing that central places

are over-provided with public facilities (in this case, secondary schools). However, the

central government is correct in defending that building facilities solely in rural areas

does not maximize aggregate welfare. The �ndings show that priority should be given to

a better allocation of activity in intermediary places which can be achieved by locating

public facilities in a strategic manner.38

Ine�ciencies and location fundamentals I now present a similar heterogeneity

analysis, but focus on the heterogeneity of the ine�ciencies with respect to the distri-

bution of fundamentals. Figure 11 displays the expected value of the di�erence across

36Remember that this is a measure combining distance and the number of commuters.
37Local border reforms are a typical example of such centralization reforms as their aim is to regroup

local services to enjoy economies of scale (see, among others Reingewertz, 2012; Tavares, 2018).
38I explore the question of the central planner's future optimal strategy in Section 9.1.
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Figure 10: Cell-level ine�ciencies as a function of distance to city center
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the strategies by decile of residential amenities. Di�erence in residential and workplace

density by residential fundamental are reported in graphs 11a-b and by commercial fun-

damentals in graphs 11c-d.39 The bottom decile is the omitted category in all graphs of

Figure 11.

Figure 11a-11b show that places with a high level of residential amenities also have

a higher residential density and a lower workplace density under the observed strategy

compared to low amenity places. Hence, relative to low amenity areas, cells between

39Note that the correlation coe�cient between the two types of fundamentals is small (i.e. 0.098).
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the 2nd and 7th decile are particularly over-specialized in residential use. Welfare maxi-

mization would encourage higher workplace density in such places. These �ndings reveal

that planning authorities have been more successful (or simply more willing) to trans-

form high amenity places into residential areas than lower amenity places. This relatively

unsurprising result contrasts with the �ndings when considering the same question in

terms of the distribution of �nal good productivity.

Compared to places with low productivity, residential density is higher and workplace

density is lower in highly productive places under the observed strategy. One might have

expected the opposite relationship. Hence, it appears that places with high productivity

are also over-specialized in residential as opposed to commercial usage. This analysis re-

veals that welfare would be increased by public policies encouraging commercial activity

in highly productive areas.

Figure 11: Cell-level ine�ciencies as a function of residential amenity
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9 Going further: Future location strategy and school dis-

tricts under optimality

So far, the framework has been used to evaluate past location strategies. However, the

framework also o�ers su�cient �exibility to shed light on other important aspects of

facility locations. This section highlights two of these aspects. First, the calibrated

model can be used to predict the optimal location strategy to adopt by 2025 (i.e. 10

years from the last observed year) given the number of new facilities to be located

(Section 9.1). Second, to function e�ciently, many public facilities are associated with a

district (or catchment area). A district is an area around a facility k such that all users

residing in this area will use the same facility k. Hence, in the case of secondary schools

around Paris, I derive the optimal school districting policies, accounting for the e�ects on

commutes to the workplace, housing prices, and wages, in addition to the e�ects on the

commutes to the facility. This holistic accounting is rarely done when designing districts

in the real world (Section 9.2).

9.1 Future location strategy

I use the previously-derived framework to determine the optimal location strategy that

should be adopted in the future. Speci�cally, given the existing facilities in 2015 (i.e.

facilities built by December 2015), I derive the optimal strategy that should be adopted,

anticipating the 2025 population count.40 I analyze the arbitrarily chosen scenarios under

which 1, 10, 20, or 30 new secondary schools are opened.

Table 5 summarizes the results. Welfare is maximized when 30 new facilities are

opened. Under that scenario, welfare would increase by about 4.5% between 2015 and

2025. Note that this increase has two components. First, the location strategy is chosen

to maximize welfare (about 1%). Second, the population increase in these 10 years would

also lead to an increase in the overall welfare level (about 3.5%).

Figure 12 illustrates the optimal location strategy when 30 new facilities are built

between 2015-2025.41 A priori, no clear geographical pattern is observed. New facilities

are located both close to the center and further away. However, using cell-level exogenous

40The 2025 population count is predicted by linear extrapolation of the population growth between

2010 and 2015.
4130 new facilities is reasonable given the number of facilities that were opened in an average 10- year

window between 2001 and 2015.
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Table 5: Future location strategies

Current Optimal Di�erence Optimal Di�erence Optimal Di�erence Optimal Di�erence

location strategy relative to strategy relative to strategy relative to strategy relative to

strategy (×1011) total (%) ( ×1011) total (%) (×1011) total (%) (×1011) total (%)

K = 698 K + 1 K + 10 K + 20 K + 30

9.36 9.69 3.48 9.72 3.83 9.75 4.12 9.78 4.51

characteristics, Section 8.2 showed that the optimal location strategy between 2001 and

2015 led to an improved distribution of commutes and activity across the metropolitan

area.

Figure 12: Optimal future location strategy (2025, + 30)
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9.2 Optimal school districts

Until now, this paper has focused on locating facilities. To do so, an intermediary step

was to probabilistically determine which individual uses which facility. This step already

constitutes an interesting result. Under optimality, the assignment de�nes a district that

maximizes welfare, accounting for all the presented general equilibrium e�ects.42 Hence,

even without new facilities to locate, the framework can be used to inform planning

42It is important to remember that social goals such as achieving equality of chances by reducing

school di�erences in peer e�ects, which has motivated some districting policies in the real world, are not

considered in this paper.
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authorities (i.e. how to best design school districts).

Formally, as assignment of individuals to a given facility is done probabilistically, it

follows that, for each residential location, there is one facility for which the assignment

probability is highest.43 Hence, the district of a given facility k can be de�ned as the

set of residential locations i ∈ S for which πik|i is the highest. Formally, the district of

facility k is the set: {i ∈ S | πik|i > πik′|i, ∀k′ 6= k}. Figure 13 displays the district

boundaries predicted by the model given the observed location strategy in 2010. As

expected, districts are small in the city center and increase in size with distance to the

Paris city center.

Figure 13: Optimal districts
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10 Conclusion

Overall, this paper highlights the need to approach facility location strategies as active

policies that will shape the economic geography of an area. Ignoring the endogenous

reactions of individuals and �rms by simply building where residential density has in-

creased leads to signi�cant ine�ciencies, such as the mis-allocation of residential and

commercial activity and/or ine�cient commuting patterns.

In this paper, I develop a �exible structural and quanti�able framework to analyze

43For simplicity, I ignore the case of where πik|i = πik′|i, ∀k′ 6= k as this is only theoretical and never

occurs empirically.
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the location of public facilities. To determine the optimal location strategy, the model

combines a quantitative economic geography approach in a rich urban setting with an

optimal location problem, in which the central planner anticipates how individuals and

�rms will react. Using stochastic shocks to commuting decisions that yield a gravity

equation for commuter �ows, I determine the global optimal location strategy using a

novel hybrid optimization approach.

In the application, I match detailed economic and demographic variables to a grid of

1km × 1km cells covering an area of 50km × 50km around the Paris city center centroid.

Using this grid in combination with exact location data on all public secondary schools

active in the Paris region between 2001 and 2015, I calibrate the model and compare the

observed location strategy to the optimal strategy predicted by the model. The welfare

growth under the optimal location strategy is 12.07% larger that under the observed

strategy between 2001 and 2015. The analysis also reveals that gains through general

equilibrium channels such as lower housing prices, higher wages, or lower commutes to the

workplace are as large as gains from reduced commutes to the facility. Finally, focusing

on the heterogeneity of the di�erence between the two strategies, there are three main

take-aways from the analysis. First, the observed strategy disproportionately favors

lower commutes in central places. Second, the observed strategy made intermediary

areas ine�ciently less attractive for residential usage and ine�ciently more attractive for

commercial usage compared to more rural and more central places. Third, places with

high amenity or high productivity fundamentals are over-specialized in residential usage

under the observed strategy.

The proposed framework is su�ciently �exible such that it could also be used to

analyze the location of other types of public services. Natural candidates for such further

analyses are education facilities other than secondary schools, health care facilities, and

police and �re stations. It follows that the framework could be used to inform planning

authorities in deciding where to locate a wide range of public services.
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A Supplemental material, Section 3

Figure 14: Montreuil's local urban plan (2012)
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Figure 15: Capacity and demand for secondary schools in Montreuil
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B Supplemental material, Section 5

The simulated annealing approach functions as follows:

Simulated annealing algorithm

De�ne a < 1 as the convergence criteria that controls the speed of convergence. Start

an iteration count, iter := 1.

1. Set the initial locations kl to the k locations obtained by the Big Cube - Small Cube

method. Set the initial temperature of the system T to some arbitrary threshold

(which should not be too small at �rst).

2. Obtain a new candidate strategy by perturbing kl+1. Compute the corresponding

f(kl+1).

3. Accept the new candidate strategy if the corresponding f(kl+1) is such that f(kl+1) >

f(kl) or, with probability 1

1+exp(
f(kl+1)−f(kl)

T
)
, accept a new strategy kl+1 for which

f(kl+1) < f(kl).

4. Stop when the average (f(kl+1) − f(kl)) in the last 1'000 iterations is less than

some speci�ed small threshold. Otherwise, let iter := iter + 1 and T := aT and

return to Step 2.

44



C Theory Appendix: Deriving individual location choices

In this section of the Appendix, I detail the analytical derivation of individual location

choices. For the sake of completeness, I will sometimes repeat what has already been

presented in the main part of the paper. As the relationship between the aggregate

consumption index (1) and the idiosyncratic component of utility is monotonic, the

distribution of the utility of an individual living in i, working in j, and using public

services in k is also Fréchet-distributed:

Gijk =Pr[U ≤ u] = F

(
udikdijQ

1−β
i

wjBi

)
,

Gijk =e−Φijku
−ε
, Φijk = (dikdijQ

1−β
i )−ε(Biwj)

ε.

(31)

I �rst derive the probability that individuals choose a particular combination of

residence and public service location.

πijk =Pr[uijk ≥ max{urst};∀r, s, t]

=

∫ ∞
0

∏
t6=k

Gijt(u)

[∏
s 6=j

∏
k

Gist(u)

][∏
r 6=i

∏
j

∏
k

Grst(u)

]
gijk(u)du

=

∫ ∞
0

∏
r

∏
s

∏
t

εΦijku
−(ε+1)e−Φrstu−εdu

=

∫ ∞
0

εΦijku
−(ε+1)e−Φu−εdu

(32)

Noting that

d

du

[
− 1

Φ
e−Φu−ε

]
= εu−(ε+1)e−Φu−ε , (33)

I obtain the probability that a individual resides in i and use public service in k:

πijk =
(dikdijQ

1−β
i )−ε(Biwj)

ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brws)ε

≡
Φijk

Φ
. (34)

Equation (34) shows that individuals will sort across all combinations of residence

and public service locations depending on their idiosyncratic preferences and the charac-

teristics of these locations. To ensure tractability of the general equilibrium, and because

I do not observe the necessary individual characteristics in the data, I abstract from other

dimensions of heterogeneity among individuals.

I can derive the probability that an individual decides to live in i among all possible

locations in the metropolitan area by summing Φis across all public service locations.
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πRi =

∑I
s=1

∑K
t=1(ditdisQ

1−β
i )−ε(Biws)

ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brws)ε

≡
∑I

s=1

∑K
t=1 Φist

Φ
(35)

The same can be done for the probability that an individual decides to use the public

service in k among all possible public service locations:

πSk =

∑I
r=1

∑I
s=1(drkdrsQ

1−β
r )−ε(Brws)

ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brws)ε

≡
∑I

i=1

∑I
j=1 Φrsk

Φ
. (36)

Probability of working in j is then:

πMj =

∑I
r=1

∑K
t=1(drtdrjQ

1−β
r )−ε(Brwj)

ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brws)ε

≡
∑I

j=1

∑K
k=1 Φrjt

Φ
. (37)

D Theory appendix: Expected utility

Here, I detail the derivation of the expected utility in the metropolitan area. The deriva-

tion follows the derivation in Section C.

Among all possible combinations of place of residence and public service, individuals

choose the combination that o�ers the highest utility. Since the maximum of a sequence

of Fréchet-distributed random variables is also Fréchet-distributed, the distribution of

utilities across all combinations is:

1−G(u) = 1−
S∏
r=1

S∏
s=1

S∏
t=1

e−Φrste−ε , (38)

where the left-hand side is the probability that an individual has a utility lower than u

and the right-hand side is one minus the probability that an individual has a utility level

lower than u for all possible pairs of blocks of residence and public service. This leads

to:

G(u) = e−Φu−ε , Φ =

S∑
r=1

S∑
s=1

S∑
t=1

Φrst. (39)

Given that utility is Fréchet-distributed, I can derive the expected utility of moving

to the metropolitan area:

E[u] =

∫ ∞
0

εΦu−εe−Φu−εdu. (40)

Setting the following variable changes,
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y = Φu−ε, dy = −εΦu−(ε+1)du, (41)

I can then write the expected utility of moving to the city as:

E[u] =

∫ ∞
0

Φ1/εy−1/εe−ydy. (42)

This is equivalent to:

E[u] = γΦ1/ε, γ = Γ

(
ε− 1

ε

)
, (43)

where Γ(.) is the Gamma function, E is the expectation operator, and the expectation

is taken over by the distribution of idiosyncratic utility.

E[u] = γΦ1/ε = Γ

(
ε− 1

ε

)[
S∑
r=1

S∑
s=1

S∑
t=1

(drtdrsQ
1−β
r )−ε(Brws)

ε

](1/ε)

(44)

E Theory Appendix: Existence and uniqueness of equilib-

rium given a location strategy

The existence and uniqueness proofs with commutes along two dimensions closely follow

the proof for commutes along one dimension by Ahlfeldt et al. (2015). In addition to

commutes along a second dimension, the proof di�ers from the Ahlfeldt et al. (2015)

model in that it assumes given shares of land devoted to housing and commercial uses.

Conditional on a location strategy, the equilibrium of the model is referenced by the

vectors {πR, πS , πM , Q, w} and scalar {P}. The following expressions de�ne the

elements of the equilibrium.

πRi =

∑I
s=1

∑K
t=1(ditdisQ

1−β
i )−ε(Biws)

ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brws)ε

(45)

πMj =

∑I
r=1

∑K
t=1(drtdrjQ

1−β
r )−ε(Brwj)

ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brws)ε

(46)

πSk =

∑I
r=1

∑I
s=1(drkdrsQ

1−β
r )−ε(Brws)

ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brws)ε

(47)

qj = (1− α)
( α
wj

) α
1−α

A
1

1−α
j (48)
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P =

(
I∑
j=1

p−εj

)−1/ε

(49)

(1− θi)φiN1−µ
i =

(1− β)wj
Qi

HRi (50)

Assuming strictly positive, �nite, and exogenous characteristics (H ∈ (0,∞), H̃ ∈

(0,∞), Ai ∈ (0,∞), Bi ∈ (0,∞), Ni ∈ (0,∞), ρik ∈ (1,∞) × (1,∞), ρij ∈ (1,∞) ×

(1,∞)), there exist unique general equilibrium vectors {πR, πM , πS , Q, w} and scalar

{P}.

Proof:

The zero-pro�t condition implies:

wj = α(1− α)
1−α
α A

1
α
j Q

α−1
α

j . (51)

Let me rewrite (45) as follows:

πRi =

∑I
s=1

∑K
t=1(ditdisQ

1−β
i )−ε(Biα(1− α)

1−α
α A

1
α
s Q

α−1
α

s )ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brα(1− α)

1−α
α A

1
α
s Q

α−1
α

s )ε
. (52)

Assuming that the utility of the chosen units is such that ( γ
E[u])

ε = 1, it follows that

the residential land market clearing provides the following system:

Di(Q) =
α(1− β)(1− α)

1−α
α A

1
α
i

Q
1
α
i

×
I∑
s=1

K∑
t=1

(Biα(1− α)
1−α
α A

1
α
s )ε

(ditdisQ
1−β
i Q

1−α
α

s )ε
= (1− θi)Li. (53)

This land market condition provides a system of I equations for I unknown residential

�oor space prices, Qi, which have the following properties:

1. lim
Qi→0

Di(Q) =∞ > Li

2. lim
Qi→∞

Di(Q) = 0 < Li

3.
dDi(Q)

dQi
< 0

4.
dDi(Q)

dQj
< 0

5.

∣∣∣∣dDi(Q)

dQi

∣∣∣∣ > ∣∣∣∣dDi(Q)

dQj

∣∣∣∣

(54)
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Hence, there exists a unique vector Q which clears the land market system.

Given housing prices, I can then obtain a vector w of wages using the zero-pro�t

condition. I can then derive the vectors πR, πM , and πS . Lastly, I can derive the price

index P .

Q.E.D.

F Theory Appendix: Proof of global convergence of the

BCSC approach

For each ψ ∈ Ψ, I am interested in a function f̄(k) which (i) must always be greater

than f(k) for any given vector of facility locations k and (ii) must be convex. Formally,

f̄(k) must meet the following properties:

f̄(k) ≥ f(k), and f̄ ′′(k) ≥ 0. (55)

Let me de�ne f̄(k) as:

f̄(k) =
K∑
t=1

I∑
r=1

I∑
s=1

W̄× d−εrt , (56)

where

W̄ = W(min{Q}). (57)

Lemma 1 Given Assumption 1, it follows that: f̄(k) ≥ f(k),∀k.

Lemma 2 Given that W̄ is not a function of dik, the convexity of f̄ for a given k can

be established using the second derivative of f̄k(k) as follows:

f̄k
′′
(k) =

I∑
r=1

I∑
s=1

ε2κ2W̄
(

xr − k̃k
‖xr − k̃k‖

)2

e(−εκ‖xr−k̃k‖) > 0, ∀k̃k 6= xr. (58)

Given that the sum of convex functions is also convex, we have: f̄ ′′(k) > 0.

Q.E.D.
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G Theory Appendix: The pure distance-minimizing prob-

lem

The distance-minimizing problem can be formulated as follows:

min
k̃k,...,k̃K

=
∑
K

∑
I

HRidik. (59)

The optimization of the center location can be done using a standard gradient-

optimization approach. Note that (59) is a separable function of the centers, which

allows us to decompose the multi-facility problem into multiple single-facility problems

as:

f(k̃1, ..., k̃K) =

K∑
k=1

fk(k), where fk(k) =

I∑
i=1

HRie
(−εκ‖xi−k̃k‖), k ∈ K. (60)

Given that (60) is a convex function of k̃k,
44 ∇fk(k) = 0 is necessary and su�cient

for obtaining the minimum. The gradient of fk(k) is given by:

∇fk(k) =

I∑
i=1

HRiεκe
(−εκ‖xi−k̃k‖)

‖xi − k̃k‖
(xi − k̃k). (61)

Setting ∇fk(k) equal to 0, I obtain the optimal centers:

k̃∗k =

I∑
i=1

δk(xi)xi, (62)

as convex combinations of the data points, with weights δk(xi) given by:

δk(xi) =
e(−εκ‖xi−k̃k‖)HRi/‖xi − k̃k‖∑I
i=1 e

(−εκ‖xi−k̃k‖)HRi/‖xi − k̃k‖
. (63)

From (62) and (63), I get K mappings of Tk : k→ Tk(k):

Tk(k) =

I∑
i=1

[
HRie

(−εκ‖xi−k̃k‖)/‖xi − k̃k‖∑I
i=1HRie(−εκ‖xi−k̃k‖)/‖xi − k̃k‖

]
xi, ∀k̃k 6= xi. (64)

The algorithm converges to the global solution of the distance-minimizing problem.

Empirically, I stop the iterative process when the sum of the distances between the centers

of the last two iterations is less than an arbitrarily given criterion. In the application,

44See convexity proof in Appendix F.
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the iterations stop when the last move made by each center is less than 0.001 decimal

degree (approx. 70m in Paris' metropolitan area). Formally,

K∑
k=1

1[d(k̃+
k , k̃k) < 0.001] = 0, (65)

where d(k̃+
k , k̃k) is the distance between the last two iterations of a center's location.

H Calibration Appendix: Calibration of location amenities,

productivity, and density of development

H.1 Residential amenities

The share of individuals residing in i as been de�ned as follows:

πRi =

∑I
s=1

∑K
t=1(ditdisQ

1−β
i )−ε(Biws)

ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brws)ε

. (66)

I can rewrite this condition as a system of I equations for the I unknown residential

amenities Bi as follows:

Di(B) = πRi −
∑I

s=1

∑K
t=1(ditdisQ

1−β
i )−ε(Biws)

ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brws)ε

= 0. (67)

Lemma 3: Given the parameters {ε, κ, ζ, β}, and observables { Q, ρ, ρ, w, πR}, the

system in (67) exhibits the following properties:

Property 1: D(B) is continuous.

Property 2: D(B) is homogeneous of degree zero.

Property 3:
∑I

i=1Di(B) = 0.

Property 4: D(B) exhibits gross substitution:

∂Di(B)

∂Bj
> 0, ∀ i, j, i 6= j (68)

∂Di(B)

∂Bi
< 0, ∀ i (69)
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PROOF: Properties 1 and 2 of Lemma 3 follow directly from an inspection of (67).

Property 3 is satis�ed by noting:

I∑
i=1

Di(B) =
I∑
i=1

πRi −
I∑
i=1

[ ∑I
s=1

∑K
t=1(ditdisQ

1−β
i )−ε(Biws)

ε∑I
r=1

∑I
s=1

∑K
t=1(drtdrsQ

1−β
r )−ε(Brws)ε

]
=1− 1

=0.

(70)

Property 4 can be established by noting:

∂Di(B)

∂Bj
=

εB2ε−1
i (

∑I
s=1

∑K
t=1(ditdisQ

1−β
i )−εwεs)

2

[
∑I

r=1

∑I
s=1

∑K
t=1B

ε
r(drtdrsQ

1−β
r )−εwεs]

2
> 0. (71)

Using property 2, which implies ∇Di(B)B = 0, it follows that:

∂Di(B)

∂Bi
< 0, ∀ i. (72)

Thus, gross substitution is established.

Q.E.D.

Lemma 4: Given the parameters {ε, κ, ζ, β} and observables {Qi, ρik, ρij , wj , πRi},

there exists a unique vector B which solves (67).

PROOF: I proceed in two steps. First, I show that there exists at most one (normal-

ized) vector B which solves (67). Second, I show a vector B that solves (67) exists.

Gross substitution requires that D(B) = D(B′) cannot occur if B and B′ non-

collinear vectors. By homogeneity of degree zero, we can assume that B′ ≥ B and

Bi = B′i for some i. Now suppose that we lower (or keep constant) B′ in all locations

except in i one at a time. By gross substitution, Bi will increase in at least one step.

Hence, D(B) > D(B′) which is a contradiction.

By homogeneity of degree zero, the search for an equilibrium amenity vector can be

restricted to the unit simplex ∆ = {
∑I

i=1Bi = 1}. De�ne on ∆ the function D+(·) by

D+
i (B) = max{Di(B), 0}. D+(·) is continuous. Denote α(B) =

∑I
i=1[Bi+D+

i (B)] with

α(B) ≥ 1,∀B. Then de�ne the function f(·) from the closed convex set ∆ into itself as:

f(B) = [1/α(B)][B +D+(B)]. (73)
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By Brouwer's Fixed Point Theorem, there exist a B∗ ∈ ∆ such that B∗ = f(B∗).

Since
∑I

i=1Di(B) = 0, it follows that at the �xed point for amenity, B∗ = f(B∗) and

Di(B) = 0 for all i.

Q.E.D.

Homogeneity of degree zero implies that the equilibrium amenity vector is unique

up to a normalization. I impose the normalization that the geometric mean amenity is

equal to 1, i.e.,

[∏I
i=1Bi

]1/I

= 1.

H.2 Final goods productivity

Given the parameters {α} and the observed data {Q, w, K}, I can show, using the

zero-pro�t condition that there is a unique mapping of the �nal goods productivity Ã:

Ãj = (1− α)α−1
( α
wj

)−α
Q1−α
j . (74)

H.3 Density of development

Similarly, given the parameters {β, µ} and the observed data {Q, HR, w, K, θ}, I can

show, using (17), that there is a unique mapping of the density of development φ̃.

φ̃i =
α(1− β)(1− α)

1−α
α A

1
α
i

(1− θi)Q
1
α
i K

1−µ
i

HRi. (75)
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I Empirical Appendix: Additional graphs and tables

Table 6: Di�erences between optimal and observed location strategies

(I) (II) (III) (IV)

Number Observed Optimal Welfare di�.

Year of new startegy strategy relative to

facilities (CEU, ×1011) (CEU, ×1011) growth (%)

2001 1 8.78 8.79 -1.77*

2002 5 8.84 8.84 10.28

2003 5 8.89 8.90 18.58

2004 1 8.93 8.93 0.28

2005 5 8.98 9.00 33.74

2006 5 9.02 9.03 17.82

2007 3 9.06 9.07 16.78

2008 5 9.10 9.11 21.78

2009 1 9.14 9.14 -2.46

2010 3 9.18 9.18 17.15

2012 1 9.25 9.25 3.48

2014 7 9.32 9.33 13.69

2015 2 9.36 9.36 4.00

Average - - - 12.065

Note: Welfare di�erences relative to growth, for the optimal strategy,

is: 100× W
opt
t −Wobs

t

Wobs
t −Wobs

t−1

. CEU stands for Consumption Equivalent Units.

*: The negative sign comes from the fact that the observed strategy

decreased welfare between 2000 and 2001.
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