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Abstract. We propose an instrumental variables (IV) estimator based on nonlinear (in param-
eters) moment conditions for estimating linear dynamic panel data models and derive the large
sample properties of the estimator. We assume that the only explanatory variable in the model
is one lag of the dependent variable and consider the setting where the absolute value of the true
lag parameter is smaller or equal to one, the cross section dimension is large, and the time series
dimension is either fixed or large. Estimation of the lag parameter involves solving a quadratic
equation and we find that the lag parameter is point identified in the unit root case; otherwise,
two distinct roots (solutions) result. We propose a selection rule that identifies the consistent root
asymptotically in the latter case and derive the asymptotic distribution of the estimator for the

unit root case and for the case when the absolute value of the lag parameter is smaller than one.
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1 Introduction

We propose an IV estimator based on the nonlinear (in parameters) Ahn and Schmidt (1995)
moment conditions for the estimation of linear dynamic panel data models and derive the large
sample properties of the estimator. We consider a model with first order dynamics and no further
explanatory variables besides the lagged dependent variable; we focus on the setting where the
absolute value of the lag parameter is smaller or equal to one and where the cross section dimension
is large and the time series dimension is either fixed or large. We show that the assumption
that there is no serial correlation in the idiosyncratic remainder components — from which the
nonlinear moment conditions arise — turns out to have more identifying power than what Anderson
and Hsiao (1981) or even Arellano and Bond (1991) estimators suggest. In particular, persistent
autoregressive parameters can be identified even for the unit root case. We confront the possibility
of multiple roots, which affects the asymptotic analysis. The derivations in this paper show that
fixed-T" and large-T results are very different (especially for the unit root case) and that inferences
obtained from the asymptotic approximations tend to depend on higher-order moments of the
idiosyncratic remainder component. Our results indicate the regions of the parameter space and
the settings of the data generating process (DGP) for which the nonlinear moment conditions are

particularly useful.

The popularity of GMM estimators for estimating linear dynamic panel data models has increased
given the availability of software? allowing for the use of a set of default linear moment conditions
such as those proposed by Holtz-Eakin, Newey, and Rosen (1988) and Arellano and Bover (1995).
Ahn and Schmidt (1995) propose the nonlinear moment conditions that also arise from standard
assumptions, while Ahn and Schmidt (1997) derive an asymptotically equally efficient linearized
GMM estimator. Using nonlinear moment conditions in estimation is not very popular in practice
because a closed form solution does not exist and nonlinear optimization techniques are required.
Unfortunately, the finite sample performance of the more popular linear GMM estimators may be
poor for certain DGPs (for an extensive Monte Carlo study see Kiviet, Pleus, and Poldermans,
2017). As indicated by Monte Carlo evidence of Bun and Sarafidis (2015), however, finite sample
performance may improve by quite a large margin, when the nonlinear moment conditions are

taken into account.

Bun and Kleibergen (2014) and Gorgens, Han, and Xue (2016) highlight the potential for using

4See, e.g., the programs xtabond2 (Roodman, 2009a) and xtdpdgmm (Kripfganz, 2018) for Stata and
the packages plm (Croissant and Millo, 2008), panelvar (Sigmund and Ferstl, 2019), and pdynmc (Fritsch,
Pua, and Schnurbus, 2019) for R.



nonlinear moment conditions to deal with identification failures in linear dynamic panel data
models that arise from relying on the usual sets of linear moment conditions only. More specifically,
Bun and Kleibergen (2014) modify the nonlinear moment conditions to deal with the case where
the true value of the lag parameter is unity. They consider the worst case DGPs. Gorgens, Han,
and Xue (2016) focus on characterizing the conditions for GMM identification and establish that
the nonlinear moment conditions can provide full or partial identification of the lag parameter

even when linear moment conditions fail to do so.

Alvarez and Arellano (2003) show that the GMM estimator for linear dynamic panel data models
is consistent but has a limiting distribution with a nonzero center when both n,T" — co and T'/n
tends to a nonzero positive constant. The reason for the nonzero center can be traced to instrument
proliferation since the moment conditions proposed by Holtz-Eakin, Newey, and Rosen (1988) are
of order T?. Recently, Hsiao and Zhang (2015) show that the original Anderson-Hsiao (1981;
1982) estimator does not have this nonzero center in its limiting distribution. It is of interest to
determine the benefits of adding the instruments implied by the Ahn and Schmidt (1995) nonlinear

moment conditions.

The paper is structured as follows: Section 2.1 introduces the model structure and the underlying
assumptions. Section 2.2 establishes consistency for the unit root case, discusses identification of
the consistent root when the absolute value of the lag parameter is smaller than one, and discusses
an asymptotically consistent selection rule. Section 2.3 derives the asymptotic distribution for

both cases and Section 3 concludes.

2 Main results

2.1 Modeling framework
Consider the linear panel data model with an error term wu;; that exhibits first order dynamics:
Yipg = i + Ui,  Uip = puiz—1 + i, pE(—1,1].
The equation gives rise to the following more familiar linear dynamic panel data model:
Yig = (1= p) o + pyis—1 + €it-

The preceding formulation allows the limit theory to be continuous at p = 1. We make the following

assumptions:



A1l The w; 1 represent initial conditions that are independently drawn from some distribution

F, where for all i, E (u;—1) =0, and E (ui_l) < o0.

A2 ¢;; is independent of a; and w; _1, ;4 ~ i.i.d. (0,062), with E (Eit) =E (8?71> < oo, and
E(*#,t) :E<€;{1) <ooforalli=1,...nand t=0,...,T.

A3 The «; are unobservables that are independently drawn from some distribution G for all 4,

and E (a?) < 0.
A4 For asymptotic considerations assume that n — oo first, then T — oo.

Assumptions Al to A3 effectively confine the analysis to a simple setting of cross sectional inde-
pendence. Although this may not be a realistic setting in practice, inclusion of time dummies and
interactive effects will complicate the analysis given Assumption A4. Some heterogeneity across
1 or t may be possible but we need Lindeberg-Feller type conditions and some restrictions on the
rates of growth of heterogeneity. It is typically easier to derive sequential limits. We have yet
to write down the theory under joint limits or at least use the main result in Phillips and Moon
(1999) to convert sequential limiting distributions into joint limiting distributions.

We will extensively use second-moment information for the limit theory. According to Han and

Phillips (2010), the following holds for the second moments of the dependent variable:

2 |t—s

E(yi,tyi,s) =E (CVZZ) + 1—7/)2’ |,0‘ <1,

E (yiyis) =E (af) + E (uzz,—l) +oZ(sAt+1), p=1.
Consider now the model in first differences, so as to eliminate the fixed effects:
Ayir = pAyi -1+ Agiy.

A possible estimator for p could be based on the following nonlinear moment condition that arises
from the lack of serial correlation in e;; and the lack of correlation between e;; and «; (see

Assumption A2):

E[(yir — pyir—1) (Ayii—1 — pAyis—2)] =0, t=3,...,T. (1)

Instead of using the GMM framework, we resort to using all the nT" observations to approximate
Equation (1). The usual formulation combines either of the preceding nonlinear moment conditions
with other linear moment conditions, like those of Holtz-Eakin, Newey, and Rosen (1988), to

form a GMM estimator. In the case we consider here, we have a simple IV estimator where the



instruments are of the form y; ; — py;+—1. One thing to note about these instruments is that they

are unobservable. As a result, we solve the following equation for p to obtain parameter estimates:

1 n T
=~ D Wir — pyir-1) (Ayig-1 — pAYi-2) = 0. (2)
1=1 t=3

Observe that Equation (2) is quadratic in p, as opposed to the usual linear moment conditions

which are linear in p. To facilitate the asymptotic analysis, we rewrite Equation (2) as:

1 n T

= Wi — pyir—1) > (Ayiz1 — pAY;4-2) =0

i =3

1 n T T

- > Wir = pyir1) | D Ay —pY  Ayira| =0
i=1 =3 =3

1 n
- > (i — pyir—1) (Wi — vin) — p (Wir—2 — yio)] = 0.
i=1

As a result, Equation (2) can be expressed in the form
1471,T,02 + Bn,Tp + Cn,T = 07 (3)

where

1 n
Apr = - Zyi,Tq (Yi,7—2 — ¥i,0)

=1
1 n
Bnr = 0 2 [yi,r—1 (Yi,r—1 — i) + ¥ir (Yir—2 — ¥i0)]
i=1
1 n
Chr = - z; vir (YiT—1—Yi1) -
1=

2.2 Consistency
2.2.1 The case when |p| <1

First, we study the large-n limits when |p| < 1 but p # 0. Since we impose Assumptions Al to

A3, we may apply a standard law of large numbers and conclude that

2 2

o _ po _
Anr BEYir-1 (Yir—2 — yip)] = — 5 (p— p' 1) = — (1- %),
1—p 1—p
2
g _
—Bn 1 5HE Wir—1 (Yir—1 — Yi1) + vir (Yi,r—2 — ¥i0)] = 1 _€p2 (P2 — pT +1- PT 2)
03 T—2 2
= 1—p"' "~ 1
=) (14 ?),
P 0’? 71 pag T—2
Co = Elyir (yir-1 = yi1)l = 1 2 (p— ) = 1= (1- )



As a result, our proposed estimator based on Equation (1) is given by

. -B -B.r\? C
5= nT | < n,T> _ =nT (4)
2An7T 2An7T An,T
2
» 1+ p? N 1+ p? 1
2p 2p
_1+p2:|: 1+2p%+ pt )
T2 4p2 B
p P
_1—|—p2i 1—2p2—|—p4
2 4p?
1+p% |1=p?
A el (5)

2p 2p

The preceding result shows that our proposed estimator converges to two distinct real roots: the
true value p and the reciprocal of the true value 1/p. This result also holds when 7" — co. As a
consequence, one of the roots is consistent but determining which root is consistent depends on

the sign of the true value of p.

2.2.2 The case when p=1

A similar argument allows us to write the large-n limits of the coefficients of Equation (3) as

Anr B2 (T —2),
—Bnr 5202 (T - 2),
Cor B0 (T —2).
As a consequence of these large-n limits, Equation (3) will have only one real root with multiplicity

2. A similar argument as in the case where |p| < 1 allows us to conclude that

. Bn,T
24, 7

5=

is the unique consistent root for the unit root case. This result also holds when T' — oc.

2.2.3 Choosing the consistent root in practice

Following our preceding discussion, observe that the two roots of the quadratic Equation (3) will
always have the same sign and will never be complex conjugates of each other. In addition, the
two roots will also have the same sign as the true value p. A feasible selection rule to determine
the consistent root is to choose the smaller of the two roots when both roots are positive and to

choose the larger of the two roots when both roots are negative.

6



Unfortunately, this selection rule will not work all the time because the expression inside the square
root (i.e., the discriminant) in Equation (4) may be negative. This is more likely to happen in two
situations: (a) when the law of large numbers used to justify Equation (5) is a poor approximation

of the finite sample behavior and (b) when p — 1.

To avoid the possibility of roots being complex conjugates of each other, we exploit the result in

Equation (5) along with the idempotence of the absolute value by calculating

p _ _Bn,T + ‘<_BH,T>2 . Cn,T

2An,T 2An,T

instead of Equation (4) and then choosing the larger or the smaller of the roots according to the

selection rule.

The possibility of roots being complex conjugates of each other need not be such a practical burden.

It can be used informally as a way to determine whether p =1 or |p| < 1.

2.3 Asymptotic distribution of the consistent root
2.3.1 The case when p=1

We start with the unit root case because we only have one consistent root given our preceding

discussion. We can rewrite —B,, 1 as

n

2 — 1
—B, 1= - Z; vir—1 (Yir—2 — Yip) + - z; ir—1(eir—1 —€i1) +eir Wir—2—vio)].  (6)
1= 1=

This implies that

n

1
EZ [yir—1 (€ir—1 — €ip) + &1 (Yir—2 — ¥i0)]
~ =1
p—1=— 5" . (7)
;Zyi,T—l (yi,7—2 — ¥i0)
i=1

The numerator has zero expectation and is an average of independent random variables with finite
variance because of Assumptions Al to A3. As a consequence, a central limit theorem applies to

the numerator so that along with the Slutzky lemma, we have a fixed-T asymptotic result where

Vap—1) % N©,V). (8)

The asymptotic variance can be estimated consistently from observables but it is instructive to
derive an expression for the asymptotic variance that depends on the characteristics of the data

generating process.



To begin with, take note that in the unit root case, we have

t
Yit = @ +Uj—1 + E €i,s-
s=0

We start by calculating the variance of the numerator in Equation (7). Note that

Var [y; -1 (ei7—1 — €i1) + &7 (Yir—2 — %i0)]
which can alternatively be expressed as
Var [y; 7—1 (ei7—1 —€i1)] + Var [eir (yiT—2 — ¥i0)] +
2Cov [yir—1 (gir—1 —€i,1) €1 (Yi,r—2 — ¥i0)] -

For the first variance term in Equation (9), we have

Var [y; 7—1 (€ir—1 — €i,1)]

=E [y?,T_1 (eir—1— 61',1)2} — (Elyir—1 (eir—1 — €i,1)])°

T-1 2 )
=E (az‘ +ui—1 + Z 52’,5) (i1 —ein)?| = (02 = o?)

s=0

E [0412 (eir—1 — 61‘,1)2}

T-1 2
+E [ui_l (€¢7T,1 - 61'71)2} + E (Z 51’,5) (512,T—1 — 282‘,7“,181'71 + 822,1)
s=0

67} ( €i,s
s=0

T-1
2
Ui, —1 (Z 51’,3) (€ir—1 — €i;1) ]

s=0

+2E [aiui,q (eir—1— €i,1)2] +2E

i
—
v
—~
m
-
i
—
|
™
-
—
S~—

+2E




=E (af)E [(Ei,T—l —€i1) } +E(uf 1) E [(E"7T_1 B Ei’l)z}

+ E [5?’3 (éfj,l —2&;7-18i1 + €22,1)]
s=0

T—1
+2 Z E [eiscir (6123_1 —2g; 7181 + 52271)] +2E () E(uj—1)E [(&,Tﬂ - 61’,1)2}
s=0,r#s

+2E (o) [(Z 513) €iT—1 —61‘,1) +2E (u;,—1) [(Z 513) €71 —52',1)2]

T-1 T-1
= [E(f) + E (u; —1)] (202) + Z E (512,5512,T—1) + Z E (512,5512,1)
s=0 s=0
T-1
-2 Z E [} seir—16i1)
s=0

—4E (522,T—1512,1) +2E () E (5?1 + 5?T—1)
=[E(ef) +E (ui 1)] (202) + (T —1) o2 + E(gir_y) + (T — 1) o2 + E (¢},) — 402

+2E (a5 E(5§71+51T 1)
~ B (0?) + B ()] (202) + 0T ~ )0
( )+

+2E(a)E (e}, +edp ) +E (e} )+E( Eir—1) -

In the previous derivations, we simplify terms of the form E <5Z $€i, T—1Ei 1) E (52 2 ) E (51, 55i7r5?7p) ,

1,5 %,p

E (eis€ireir—15i1), E(€is€iT—1€i1), and E<€i,s€?,p> where p € {1,T -1}, r # s, and s =

0,...,7 — 1. Assumption A3 allows us to conclude that:

o E (sz $Ci. T—1E; 1) =E (5?77,_15@1) =E (5?7151-,T_1) =0
and E (51 $Ei, T—1Ei 1) =E (E%s) E (e;r-1€i1) =0 for s ¢ {1,T — 1}.

. E(Efsafp) :E< ) forp—sandE( € s Zp> ZE(E%JE(E%) = o2 for p # s.
° E(Eisﬁirﬁz ) :E(ei,ﬂ)E(slse >_Oforr7ésands—

Similarly, E (5Z sEirEs > =E(&s)E <5”5 > =0forr+#sandr=

e E(giscireir—1€i1) = 0 whenever s,r ¢ {1,T — 1}.

: _ 2 2\ _ 4
Otherwise, E (g s¢ireiT—1€i1) = E (6i7T_15i71) =o;.

o E (Ei,sgi,T—lgi,l) =E (51',5) E (Ei,T—lgz’,l) = 0 whenever s ¢ {1, T — 1}.
Otherwise, E (61'7361"7“,161'71) =K (61'71) E (61"T716i73) =0.

° E(sisez ):E(sis)E<62 ):Owhenevers#p.

1’7p

Otherwise, E <5l 55 ) =E (53 )

2y



Note that if we assume that E (u; —1) # 0, the first variance term in Equation (9) is

Var [yi -1 (€ir—1 — €i.1)]
=[E(f) + 2E () B (ui—1) + E (v} _,)] (202) + (2T - 6) o

+2[E (i) + E(uim)]E (], + €l p_1) + E(]) + E (e} 1) -
For the second variance term in Equation (9), the following expression results

Var e;r (YiT—2 — Yi0)]

=E _512,T (yir—2 — yz‘,oﬂ — (Eleir (¥ir—2 — ¥i0)])?

[ T—2 2 T—2 2
=E 5?7T (Z 5i75> - (E Ei,T <Z €i,s>]>
s=1 s=1

B T—2
+E 2522771 Z €i,sEir +0

T-2
— 2 2
=E &7 E :51‘,5
L s=1 s=1,r#s
T—

Finally, the covariance term in Equation (9) reduces to zero as follows:

Cov [yz‘,T—l (5i,T—1 - Ez‘,l) » €4, T (yi,T—2 - yz‘,())]
=Eyir—1(cir—1—¢cin)eir (YiT—2 — ¥i0)]

—Eyir—1(gir—1 —€in) Eleir (yir—2 — vi0)]

T—1 T—2
=E || +uj—1+ § gis | (€ir—1 —€in)eiT €is
s=0 s=1
T—1 T—2
—E |l o+u—1+ E gis | (€ir—1—ei1) | E |eir €is
s=1

s=0

- /T—1 T—2
=E ( €i,s> (eir—1—¢€i1) €T (Z 5i,s>] -0
L \s=0 s=1
r/T—1 T—2 T-1 T—2
=E ( Ei,s) €, T—1&i,T (Z 51’,5)] —-E [(Z 5i,s> €i1Ei,T (Z 51‘,3)]
L \s=0 s=1 s= s=1

r T-2 T—2
=E|l&r-1+ E €is | €0 T—18iT E Ei,s
L s=0 s=1
T-2 T—2
€i0t¢&1+ § €is +€i,17-1 | €1, | €1+ E €i,s

s=2 §=2

—E

10



=E [ zT 1€4,T (Z{fz,s

T—2
E Ezs gir—1&i,r| — E €088 6i,1+§ €i,s

s=2

s=2

:E (5?71"_1) SzT

T-2
—E 5@151T<511+ZE7,5 ]E €q,T— 151151T<511+251,5>]
2
) (Z 525) E (eir—1€i1)

(zm

T—2 2
E(eir) —E |€i1 (61,1 + Z 5@',5) E(eir)

s=2

—E |gi08i1 (61,14- E 5@',5)

s=2

r T—2
—E |&i1 (&',1 + Z €z‘,s>] E(eir—1&i1)
L s=2

=0.

Using H,, 1 to represent the numerator of Equation (7) and collecting the three results on the

terms in Equation (9) gives

\/ﬁHn,T i N (Oa VH) )

where
Vir = 202 (B (0?) + E (u2_,)) + (3T —8) 0 + 4B () E (¢3,) + 2 (1)) .

Since Ap 1 2 62 (T — 2), we have the result given in Equation (8) and the corresponding asymp-

totic variance V results from an application of Slutzky’s lemma:®
fen(ds) s E(4)  EeoE()
V= + 5 + 5 + 5 (10)
202 (T — 2) 4(T - 2) 204 (T - 2) o (T —2)

Under Assumption A4, we can now derive the large-n, large-T distribution of p as
~ 3
VnT(p—1) 5 N (0, 4) . (11)

The practical relevance of these results stem from the ways in which the characteristics of the
idiosyncratic remainder component affects inferences based on the asymptotic approximation pro-
vided by the large-n distribution in Equation (8). In particular, the fourth moment of the id-
iosyncratic remainder component matters for inference but its influence disappears when T' — oc.
Similarly, a nonzero mean for the individual-specific fixed effect a; interacts with the third moment
of the idiosyncratic remainder component. This latter result implies that assuming zero mean for
«; is with loss of generality. However, these nuisance parameters which are specific to the data

generating process will not matter when 7" — oo.

°Note that it is easy to modify the result to allow for the possibility that E (u; _1) # 0.

11



2.3.2 The case when |p| <1

We now consider the stationary case and assume that p > 0. By our analysis of consistency, we

ﬁ _ _Bn,T _ <_Bn,T> 2 _ Cn,T
2An7T 2An,T An,T

is the consistent root. To derive the asymptotic distribution, we have to take care of the asymptotic

know that the smaller root

behavior of the term inside the square root. To facilitate the analysis, we write

—B,T 1 1
L pt CH +-H
2 A1 P+2 1+2 2,
Cn,T 2
—— =p° +pHi + pH2 + Hs,
An,T

where

1 n
*Z?Jz’,T—l (5z',T—1 - 5@',1)
i

H]' = 1 n 9
= i1 (-2 = Yio)
=
1 n
EZ (1 =p)ai+eir) (Yir—2 — Yio)
H2 = = 1 n b))
= ir-1 Wi,r—2 — yio)
n“
=1
1 n
EZ (L =p)a; +eir) (Eir—1 —€i1)
Hy— =1

1 n
EZ%,T—I (Yi,r—2 — ¥Yi,0)
i=1

As a consequence, we have

. 1 1 1 1.\?
p=p+2H1+2H2—\/<p+2H1+2H2> — (p* + pH1 + pHo + H3)
1 1
= ZHy+ ~H, —
ptsHL+ S H, \/

If we let

H:H1+H2—E(H1+H2),
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then the representation for p can now be expressed as

n 1 1 1.\%2 1 1

1 1
::p+-§£1+-§EXEh—+£&)—~v%4(n—w—+65(n+vﬁ-+C¢(U-—C%(n—ﬂ2)

1 1 1
:P+§H+§E(H1+H2) |2E(H1+H2)

1
=p+ (12)

The second step in the derivation makes use of the following observations: (a) a central limit
theorem applies to the zero-mean random variables H and Hs and (b) the mean E (H; 4+ H2) is a
bounded constant. The third step of the derivation indicates that the O, (1) term dominates the
other terms inside the square root. The final step arises because the mean E (H; + Hj) is positive
whenever |p| < 1. The result in Equation (12) implies that the asymptotic distribution of p follows

the asymptotic distribution of H.

In order to derive the fixed-T and large-T distribution of p, we start by calculating the asymptotic

variance of the numerator of H; + Ho. Note that
Var [y; -1 (eir—1 —€in) + (1 — p) as + 1) (Yir—2 — vi0)] 5
which can alternatively be represented by the expression
Var [y; 71 (€i7—1 — €i,1)] + Var [((1 — p) i + &i.7) (YiT—2 — ¥i0)] (13)
+2Cov [yi 71 (€i,7—1 —€i1) , (1 = p) i + i) (Wir—2 — ¥i0)] -

Furthermore, we have the following expression for w; :

t
_t+1 t—s
Uit =P U;—1+ E P TEis-
s=0

The first variance in Equation (13) can also be expressed as

Var [y, 7—1 (€i7—1 — €i,1)]
= Var [(o; + u;r—1) (€i7—1 — €i1)]

=B [(0 + uir_1)? (eir_1 — Ei,l)ﬂ — (E (s +uir—1) (€i7-1 — €i1)])?

13



=E [ ?(eir—1—€i1) } +2E |:Oéiui,T—1 (eir—1 — €i,1)2] +E [uinl (eir—1 — €i,1)2]
— (Efo (eir—1 —€i1)] + Elwir—1 (eir—1 — & 1)])2
2205 E (a?) +2E () E |:Ui,T—1 (eir—1 —€i1) } +E [ uip_y (€ir—1 — 81,1)2}

— (E[uir—1 (Eir—1 —€i1)])?

:203E(a?)+2E(ai)E[<p Uj,— 1+ZpT 1=s¢ ) (eir—1—¢€i1) ]

T—1
+E |:<pTui,l + Z pT_l_s5i,s> 8zT 1~ &1 ]

s=0
T—1
— (E [(pTUi,_l + Z pT_l_SEz,s) &, T—1 — &1 ])
s=0
:202E(a2) +2E () E[elp_ +p" % |+ E (0w ) E [(am 1 5i,1)2]

+ZP (T=1=9) [8 (eir—1 —€i1) } +2E[( %ei18m-1) (51',T71_5i,1)2}

— (E[(p7 211 + i) (eir—1 —€in)])

:203 E (a?) +2 (1 + pT_Q) E(w)E (521) + QJEpZT E (ui_l) +E [siT_l (eir—1— 82-1)2}

+p?TVE [8220 (eir—1— 51',1)2} + T2 E [522,1 (eir—1— 51',1)2}
_ 2
+ ZPQ(T 1=9) [5 (eir—1 — i) } —4p"" 2E( 115127“ 1) (0'? (1 —p" 2))

=202E (o) +2 (14 p" ?)E(a)E (e})) +202p*" E (u} ) + E (e} 7_1)

+0’4—|—,02(T71) (a +o0 ) + pHT=2) [U§+E(Eil)]
+ Z p HT—1=s) El S) E [(E@jul - 82'71)2] - leILQO';1 — (Ug (1 - pT72))2

=202E (O‘i) +2(1+4p _2) E(x)E (5?71) +202p*TE (u 1) —1—E( €ir_1)
T—2
ot T (085 08) 4 20 o (eh)] 20 3 T g
5=2

(2 (1= )’

=202E (o) +2 (14 p" ) E () E (e3)) + 202"  E (v} _,) + E (g}7_1)
1— p2(T 3))

T2 4
1= 2 -4 o

£

+ 0t + 2T (0% 4 02) 4+ 2T [0 +E (¢4)] +20?P '

(2 (=)
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The second variance in Equation (13) can be expressed as

Var [(1 - p) ai + i) (Yi,7—2 = Yi0)]
=Var [((1 = p) i + €i7) (w72 — uip)]
=E (1 - p) o +iir)? (wir—2 = s0)*| = (BIU((1 = p) i + &7 (wizz—2 — ws0)])’
=E [((1 —p)ai+ €z',T)2} E [(Ui,T—z - Uzyoﬂ — (B((1 = p)ai +&i,7) E (uir—2 — uip))*
=[(1= B (02) + 02| B [ (wirs — i)’

+2p (wir—3 —ui—1) (€ir—2 — €i0) + (€ir—2 — 61,0)2} -0

T-3
—[1=p’E(ad) + 02| |E [(pT2 REEDY 02(T35)6?s] -
5=0

)

2pE [uir—3€i0] + 207

N

(1 . p2(T—2))

= [(1 — p)2E (Oé?) + 0'3:| (1 — pT72)2E (Uiil) —+ 0'51_—p2 — 2pT72O'€2 + 20’3

The covariance term in Equation (13) can be expressed as

Cov [yir—1 (gir—1 —¢€i1), (1 = p) i + i) (Yir—2 — Yi0)]
= Cov [(a; +uir—1) (eir—1 —€i1), (1 = p) o + 1) (uiT—2 — uip)] -
= Cov [(o + uir—1) €i,7—1, (1 — p) ayui 7—2] — Cov [(0 + uir—1) €51, (1 — p) s 7—2)
— Cov [(0g + wir—1) €71, (1 — p) auio] + Cov [(ag + uir—1) €1, (1 — p) cius o]
+ Cov [(a +uir—1) (€i7—1 — €i,1) €1 (Wi T—2 — Ui 0)]
=0—(1—p) [E (o) E (esuir—2) + E (i) E (g51w,7—2ui7—1)] —0+0+0
(1) [B(a?) 02 + B () 7B ().

Note that the final step uses the following results:

e Cov [(057, + ui,T*l) Ei,T—1, (]- - p) aiuin,g} =

(1—p) [E (afeir—1uir—2) + E (uir—16im—106u; 7—2)] = 0.

o Cov (o +uir—1)ei1, (1 = p) ayu;r—2] =

(1—p) [E (o) E (gi1uir—2) + E (04) E (€5 1w 7—2us 7—1)] -

o Cov[(a; +uir—1)eir—1,(1— p)ajuig] =

(1—p) [E(afeir—1uio) + B (wir_16i7-104ui0)] = 0.

e Cov[(a; +uir—1)ein, (1 — p) o] =

(1-p) [E (a?&',wz‘,o) +E (Ui,Tfli?i,laiUi,O)] =0.
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o Cov[(a; +uir—1) (gir—1—€in), €1 (UiT—2 — uip)] = 0 because of the presence of €; 7.
Collecting all the preceding results on the terms in Equation (13) gives us
VnH % N (0, Vi),
where the corresponding asymptotic variance is

Vir =202E (o) +2(1+p" ) E () E (])) +202p*" E (v _1) + E (e} p_1)
+ o2 + 207 Vo

(1= p2(T-3)
1— p?

4
+ 02T [o4 L B (e1))] + 2027

Fa= B (0d) +o2] | (10" B () + 02

—(1=p) [E(aF) p' P02 + E(a) p* TE (e]1)] -

Recall that the following holds for A, 7:

which means that

V(g —p) 5 N(©,V),

with corresponding asymptotic variance

Vi
V1
4p052 (1— pT-2)
L=p

If we now let p — 1, then

Vig =202 E (of) + 4E () E (6]) + 202 E (uf ;) +2E (¢7)
+ 40t + 20 (T = 3) — 40t + 02 (T - 2)
=202 (E(af) +E (uf_1)) + (3T —8) 0l + 4E () E (7)) + 2E (¢} ,) ,

and A, 1 RiS o2 (T — 2). We obtain the asymptotic distribution for the unit root case as a result.

This shows that there is no discontinuity in the limit theory at p = 1.
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When we let T — o0,

4

Vir = 202 B (of) + 2B (o) B (1) + B (ei1) + 02 + 2025 . 2 :

+ [(1 — p)°E (a?) + aﬁ} [E (u2_) + 02% + 203]

€ 1 _ p
4
= 2078 (a2) + 28 (0) B () + B (ehy) + 202
+ (1= pE (a2) + 02| [E (wia) +oig— + 203] !
and
2
po
Anr B : _‘;2.

By the Slutzky Lemma, we have the following sequential limiting distribution

Vi(p—p) 5 N(©,V),

where the corresponding asymptotic variance is

ve Yo
po? po?
1—p?

We find that p converges at rate \/n whether or not T stays fixed or T'— oo (under Assumption
A4). When p = 1, we find that there is no discontinuity in the limit theory for fixed-T' settings

but we have faster than y/n-convergence for large-T settings.

3 Concluding remarks

We derive asymptotic results for an IV estimator based on the nonlinear Ahn-Schmidt moment
conditions in two settings — under large-n, fixed-T and large-n, large-T". Since the Ahn and Schmidt
moment conditions produce estimating equations that are nonlinear in parameters, the results shed
light on the nature of the roots and which root is the consistent one. We believe that the alternative
of looking into a GMM objective function is much less manageable. We have also found that the
asymptotic variance of the estimator in the large-T" case is substantially lower than the estimator
proposed by Han and Phillips (2010) in the unit root case. It is unknown whether our proposed

estimator has the smallest asymptotic variance in the class of estimators that converge at rate

VnT.
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