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Abstract

Differences in life expectancy between high and low socioeconomic
groups are often large and have widened recently in many countries.
Such longevity gaps affect the actuarial fairness and progressivity of
public pension systems. However, behavioral responses to longevity
and policy complicate analysis of possible reforms. Here we consider
how some pension reforms would perform in a general equilibrium OLG
setting with heterogeneous longevity and ability. We evaluate redis-
tributive effects of three Notional Defined Contribution plans and three
Defined Benefit plans, calibrated on the US case. Compared to a non-
redistributive plan that accounts for differences in mortality, US Social
Security reduces regressivity from longevity differences, but requires
group-specific life tables to achieve progressivity. Moreover, without
separate life tables, despite apparent accounting gains lower income
groups would suffer welfare losses and higher income groups enjoy wel-
fare gains through indirect effects of pension systems on labor supply.
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1 Introduction

There are large differences in mortality by socioeconomic status in rich indus-
trial nations and in some developing countries as well, according to a growing
literature which has also found that these differences have often widened in
recent decades (NASEM, 2015; OECD, 2016; Waldron, 2007; Bosworth et al.,
2016; Chetty et al., 2016; Rosero-Bixby and Dow, 2016; Rostron et al., 2010).
While these increasing inequalities in health are themselves an urgent and
critically important problem for policy, here we will focus on a different issue:
These mortality differences interact with government programs, particularly
those for the elderly such as public pensions, health care, and long term care.
The economically advantaged groups survive for more years than those with
lower income, and thereby receive more costly benefits from each of these pro-
grams. Unless tax and contribution structures, on the one hand, and benefit
structures on the other, take such differences into account the result can be
a net transfer of income from the poor to the rich through these programs.
To the extent that programs are designed to be progressive, and intended to
redistribute income from rich to poor, these mortality differences will reduce
or even reverse the direction of redistribution. Effects of this sort on govern-
ment programs in the United States were recently quantified and found large
(National Academies of Sciences, Engineering and Medicine, 2015; henceforth
NASEM, 2015). For example, the widening of the longevity gap between the
top and bottom income quintile in the US raised the present value of lifetime
government benefits for the top quintile relative to the bottom by $132,000 for
men and by $157,000 for women (NASEM, 2015, :11). Consequences of this
kind are surely present in other countries as well, and have begun to draw a
broader attention (Holzmann et al., forthcoming; Ayuso et al., 2017; Lee and
Sanchez-Romero, forthcoming; OECD, 2016).

As populations age, the fiscal sustainability of government programs for the
elderly has been increasingly threatened, leading to strong pressures for policy
adjustments now and in the near future. Potential policy adjustments, such
as raising the Normal Retirement Age for pensions or indexing each genera-
tion’s benefit level to its remaining life expectancy, will have different effects on
groups with different mortality, effects that will increase if the mortality differ-
ences continue to widen. The interactions of mortality differences with policy
adjustments were also analyzed by the NASEM study, for selected program
changes.

Analysis of these effects and interactions is far from straightforward, due
both to data limitations and to the likelihood of broader behavioral responses
by individuals to policies and to their own mortality risks. On the data side,



assessments require calculation of taxes and benefits over an entire adult life-
time in relation to mortality differences across an entire lifetime. Since work
often starts before age 20, and because many individuals survive past 100,
analysis requires longitudinal data for each generation over a span of some-
thing like 80 years, disaggregated by socioeconomic status. Such data are
seldom if ever available. Empirical studies such as NASEM (2015) have in
practice been based on a mixture of observed, simulated and projected data,
reflecting many assumptions and introducing many uncertainties, and even
after these efforts data on some key variables may be unavailable for parts of
the lifecycle.

There are also difficult theoretical issues. Presumably these mortality dif-
ferences are to some degree known to the actors, who then take them into
account as they formulate their lifecycle plans for education, consumption,
saving, and retirement, plans that are further complicated by individual dif-
ferences in ability. Once government programs are added to the picture, all
sorts of new incentives and distortions arise, with different effects for different
longevity and ability groups. Analysis of the redistributive effects of govern-
ment programs must also consider the way that these individual behavioral
responses will affect the outcome.

In this paper we focus on public pensions rather than considering the whole
range of public programs for the elderly. We develop a general equilibrium
model for a small open economy, the population of which exhibits heteroge-
neous ability and mortality leading to differences in education, income, and
retirement planning. Mortality differences by long term earnings are based on
the analysis in NASEM (2015), and the parameters of our theoretical model are
calibrated to match key aspects of the NASEM findings. We restrict our anal-
ysis to the steady state and focus on redistributive effects of six different public
pension systems: three Notional Defined Contribution (NDC) plans and three
Defined Benefit (DB) plans. One version of these NDC and DB plans ignores
mortality differences at retirement. Another three versions —one NDC and
two DB plans— differ in their approaches to structuring taxes/contributions
or benefits so as to reduce or avoid the program inequities arising from differ-
ences in life expectancy, or to achieve redistribution more generally. These five
systems are compared to an ideal NDC plan (our benchmark) in which both
contributions and retirement benefits are adjusted for the mortality of each
group. For concreteness, our analysis draws in various ways on the results of
the NASEM (2015) study of the US case, either with a core DB system closely
resembling that of the US, or a modified NDC system that shares some quan-
titative features of the US case. In order to focus on the role of the mortality
differences, we simplify in various ways, including assuming that the systems



are in long term fiscal balance.

Our main findings stem from the behavioral responses arising from the
difference in retirement between NDC and DB plans. NDC systems minimize
labor market distortions by better linking contributions to pension benefits.
Thus, in NDC systems earlier or later retirement ages tend to be as neu-
tral as possible to the budget of the social security and the individual, since
benefits are automatically adjusted according to the remaining years-lived in
retirement. In contrast, DB systems poorly link contributions to pension ben-
efits as life expectancy increases. In order to re-introduce actuarial fairness,
DB pension systems apply penalties/rewards for early/late retirement ages.
However, when these penalties/rewards are not in line with those that are
actuarially fair, the pension system not only modifies the retirement, but it
also leads to a series of other behavioral responses that affect the wealth and
welfare of individuals. In particular, our estimates indicate that under the
mortality regime of the 1930 cohort in the US, individuals would have retired
between ages 61 and 64 in NDC plans, whereas individuals would have retired
on average one year later in DB plans. This difference in the retirement age
raises the marginal benefit of education in DB plans. Hence, the average num-
ber of years in schooling and the stock of human capital is higher in DB plans.
However, we find that in DB systems the average increase in lifetime income is
accompanied by a fall in lifetime welfare, since the increase in lifetime income
comes at the expense of less leisure time during the working period and at
retirement.

Throughout the article, we will focus on how the six public pension systems
redistributive income across income groups and how individuals response to
alternative pension settings. The paper is structured as follows. In Section 2
we detail the demographic characteristics of the population. In Section 3 we
set a general accounting framework for simultaneously analyzing NDC and DB
pension systems. In Section 4 we introduce a lifecycle model of labor supply
in which individuals decide their education, hours worked, and the retirement
age. Details about assumption, data used, and parameters values are provided
in Section 5. The redistributive properties of each pension system by income
quintile under two mortality regimes are presented in Section 6. Section 7
concludes. We provide a detailed derivation of the economic model in the
Appendix.



2 Demographics

Individuals. We assume that the mortality of each individual is completely
determined by their lifetime income. We denote by J = {1,2,..., I} the set
of I income levels. Let the probability of surviving to age z of an individual
belonging to group ¢ € J be

pi(z) = e I Ni(t)dt’ (1)

with p;(0) = 1, pi(w) = 0, w € (0,00) denotes the maximum age, and
wi(t) > 0 is the mortality hazard rate at age t of an individual of group i
(with Ou,(t)/0t > 0 for t > z). The life expectancy at age = of an individual
belonging to group ¢ is defined as

ei(x) = / “pll) gy 2)

pi(z)

Fig. 1 shows the life expectancy at ages 15, 50, and 65 for the US male cohorts
born in 1930 and 1960 based on the report by the NASEM (2015)." The data
shows that the difference in life expectancy between the highest and the lowest
quintiles is 6.5, 5.1, and 3.3 years at age 15, 50, and 65, respectively, for the
birth cohort born in 1930. The difference in life expectancy between these two
income groups widens for the cohort born in 1960. In particular, the difference
becomes as high as 16.2, 11.9, 9.4 years at ages 15, 50, and 65, respectively.

Population. To simplify the demographic analysis, we assume each longevity
group grows steadily at a rate n and that the total number of births across
longevity groups is the same.? As a consequence, the total population size at
time ¢ is

P = B() [ e plade with o) = 7 Y pila) O

where B(t) is the total number of births at time ¢, p(z) is the average survival,
which implies that the average mortality hazard rate at age x, denoted by
(), is ey 1i(2)pi(x) /39 pi(z) . Thus, the existence of different longevity
groups implies that the average mortality hazard rate is biased with age to-
wards the mortality hazard rate of higher income individuals.

"'We calculate the survival probabilities associated to each birth cohort and income quin-
tile by finding the cohort-life table from the US Social Security Administration (SSA) that
matches the life expectancy at age 65 by birth cohort and income quintile reported by
NASEM (2015). See https://www.ssa.gov/oact/NOTES/as120/LifeTables_Body.html.

2Thus, we are implicitly assuming that fertility is higher for lower income groups, to
overcome the lower proportion of females surviving through the reproductive ages.


https://www.ssa.gov/oact/NOTES/as120/LifeTables_Body.html
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Figure 1: Life expectancy at ages 15, 50, and 65 by income quintile, US males,
cohorts 1930 and 1960.

Note: Authors’ estimates based on data reported in the report by the NASEM (2015).



3 The pension model

The aim of the paper is to analyze the redistributive impact that different pen-
sion plans have on life cycle decisions of heterogeneous individuals by income
quintile. In order to provide comparable results across pension systems, we
need a framework that allows us to compare simultaneously all pension plans.
For this purpose we will use a pension point system, described below, that
can reproduce both a defined benefit (DB) system and a defined contribution
(DC) system (see, for instance, Borsch-Supan, 2006; OECD, 2005).

3.1 Parametric components

In order to keep the model as tractable as possible, we exclude in the pension
system disability benefits, survivor benefits, and widowhood benefits. As a
consequence, the pension system acts as an insurance institution that only
pays benefits to those workers that survive to retirement. Let us assume
that by contributing to the pension system the amount Ty(t), where 7 is the
contribution rate and y(t) is the labor income subject to payroll tax, workers
gain pension points, pp(t), that entitle them to receive a pension benefit upon
retirement. Suppose that workers earn ¢ pension points per unit of social
contribution paid. Moreover, let us assume pension points are capitalized,
or indexed, according to r plus a mortality risk premium. The risk premium
arises because we exclude benefits from disability, survivor, and widowhood.
The capitalization factor r is assumed to be equal or lower than the market
interest rate, which we denote by r. Most of the capitalization factors, or
indexes, applied in pension systems fit into one of the following three cases:
(i) when r = 0, past contributions are only adjusted for inflation; (ii) when
r = r, past contributions are invested in the market and capitalized according
to the interest rate r (i.e., funded system); and (iii) when r = n + ¢, where
n is the population growth and g is the productivity growth rate, then past
contributions are capitalized according to the growth rate of the national wage
bill at the macro level, which corresponds to the intrinsic growth rate of a
PAYG pension system (Samuelson, 1958).® The amount of pension points
earned depends on whether the system is DB or DC. In a DC system, the
pension points earned each period are equal to the contribution paid (i.e.,
¢ = 1), whereas in a DB system the pension points are equal to the yearly
pension benefit accrual, which is a fraction (g) of the labor income earned
or a fraction (o/7) of the contributions paid (i.e., ¢ = o/7); that is, pension

3Samuelson (1958) shows that the internal rate of return of a transfer system is equal to
the growth rate of the contribution base of the system.



benefits built up in a year-to-year basis. Thus, the total number of pension
points accumulated at the exact age x > x¢ by an individual of type i € J in
any pension system can be formulated as follows

T . "
PPy (2, 20; 1) = ppig(2) = & / oy (( )
o s

ps(x)
where z( is the minimum working age, r is the capitalization factor used by the
pension system, p,(x) is the survival probability to age x used by the pension
system, where the subscript ‘s’ denotes the life table used by the social security
system, y;(t) is the labor income of a worker belonging to group 7 at age t, and
J is the set of possible income groups.

Eq. (4) shows that, ceteris paribus the stream of social contributions, the
number of pension points are inversely related to survival probability to age
x used by the pension system. The total number of pension points in Eq. (4)
receives a different name in each pension system. For instance, in a DC system,
the total number of pension points before retirement is equal to the pension
wealth, while in a DB system the total number of pension points at retirement
is equal to the average indexed yearly earnings.

To calculate the pension benefit, b;s(R;), of a retiree, the government ap-
plies a conversion factor, f;s(R;, pp,s(Ri)), that transforms at age R; the pension
points accumulated (pp) into pension benefits

bis(Ri) = bis(Ri, ppis (1)) = fis(Ri, ppis(Ri))ppys (Ri).- (5)

In a DC system, the government transforms the pension wealth into an annuity
using cohort-specific life tables and an effective interest rate. As a consequence,
a higher life expectancy at retirement leads, holding the effective interest rate
constant, to a reduction in benefits in a DC system. Thus, the conversion
factor at the age of retirement (R;) is

fis(Ri, ppis(Ri)) = Ei(Ri)/As(Ri, ), (6)

Ty;(t)dt with pp;s(zo) =0, (4)

where E;(R;) is a factor that corrects for the difference in life expectancy of
individuals of type ¢ € J relative to the average individual. Similar to Ayuso
et al. (2017) we assume the correction factor is specific to the group that the
individual belongs and it depends on the retirement age R;. As(R;,r) is the
present value of a life annuity of 1 dollar per year, paid from age R; onwards,
calculated with an effective interest of r and a survival probability p(-).*

4The actuarial present value of an individual of type i at the exact age t when the effective

interest rate is r is given by A;(t,r) = [/ e’T(I’t)%das.
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In the DB system, the government multiplies the average indexed yearly
earnings by a replacement rate, ¢(pp), and then applies an adjustment factor
B(R;) for early or late retirement to determine the pension benefit of the re-
tiree. The replacement rate can be constant (i.e., p(pp) = @) or it can decrease
as the average indexed yearly earnings increases (i.e., ¢©'(pp) < 0). To consider
actuarial fairness we implement for the DB system the penalties/rewards for
early/late retirement established in the US pension system for each birth co-

hort. As aresult, in a DB system, the conversion factor at the age of retirement
Ri is

fis (R, ppis(Ri)) = Ei(Ri)B(Ri)p(ppis(Ri)), (7)

where E;(R;) is the same correction factor for the difference in life expectancy
of individuals of type ¢ € J relative to the average individual introduced in
Eq. (6). Thus, while the DC system takes into account the life expectancy
through A(R;,r), there is no such relationship in the DB system.

3.2 Pension wealth

Given that individuals expect to receive future benefits during retirement out
of their contributions, the pension system generates a transfer wealth, which is
known as the social security wealth. Depending on the individual characteris-
tics and the pension scheme, the social security wealth might not only change
savings, but it might also affect consumption, the supply of labor, and even
the accumulation of human capital (Sanchez-Romero and Prskawetz, 2017).

Assuming that an individual will retire at age R;, we define the social secu-
rity wealth at age x < R; of an individual of type i, denoted by SSW(z, R;),
as

SSWZ'S(I, Rz) = SSWZS(I) = G_T(Ri_x)]%}j:))bis(Ri, PPZS(R1>)A1<R¢7 7")—

) /Ri - pi(t) Ty (t)dt. (8)

pi(z)

The first component of (8) is the present value, survival weighted, at age z
of the future benefits during retirement, while the second component of (8) is
the present value, survival weighted, of the remaining pension contributions
to pay from age x until retirement.

Eq. (8) is standard in pension economics and finance literature and helps to
study how the pension system affects the decisions on saving and retirement
(Feldstein, 1974; Gruber and Wise, 1999). However, (8) does not provide

9



information about how the social security will influence on the intensive labor
supply. For this reason, we propose rewriting (8) in terms of implicit taxes on
labor income. In particular, using (4)—(5) the social security wealth can also
be written as follows:

(1) =P (x PPy () _ fi e—fr(t—:c)pi_(t)' .
SSW,,(z) = Pyy(2) > / pi(x)tw@)yz(t)dt (9)

The derivation of (9) from (8) is provided in Appendix A. The first component
of (9) is the monetary value given by an individual of type i to the pension
points accumulated until age x, while the second component of (9) is the
present value, survival weighted, at age x of all the implicit taxes/subsidies on
labor income that individuals will expect to pay/receive until retirement.

Eq. (9) contains two new terms that are next explained in detail. First, the
term P;s(z, S;, R;) is the value of one dollar contributed to the pension
system at age z for an individual of type i, who would retire at age R; and
has been contributing since age S;

Pl Si, ) = Pyo(x) = el (o P 2o0)

fw(Ri, ppZS(RZ))A,(R,, 7") > 0.
(10)

As Figure 2 shows the term P;, is the result of multiplying the value of a
pension point per unit of social contribution, ¢, by the ratio of two present
values. First, the present value, survival weighted, at age x of the retirement
benefits which would be claimed from age R onwards by an individual of type
i from her/his pension points pp —see the top panel of Figure 2. This present
value is also known as (gross) pension wealth at age = € (0, R). Second, the
present value, survival weighted, at age x of the same pension points pp at
age R calculated from the point of view of the social security system—see the
bottom panel of Figure 2.

Eq. (10) implies that when the individual and the social security system
value the pension points pp equally, then the value of one dollar contributed
to the pension system (P;s) is unity. However, when the value of pp for an
individual of type 7 is greater (resp. lower) than that by the social security
system, then P, is greater (resp. lower) than unity. A value of P;, greater
than one implies that an individual of type ¢ receives a greater return from
her/his contribution to the pension system than investing the same dollar in
the capital market, and vice versa. As a consequence, P;, provides information
about the rate of return of a pension system, regardless of the pension points
accumulated.

10



Value of P;;(z) = ¢&

A=c TR BERE (R, pp)PPA(R, 1)

pi(z) **

fis(R, pp)ppAi(R,T)

—r(R—z) Pi(R)
— /K\
fispp  fispp  fispp fispp
T x R R+1 R+2 ~~° R+n  Age

(a) Value of pp at age « for the individual

B= €7r(R7I) s (

R)
ps(a) PP
PP
—r(R—z)ps(R)
€ ps(@)
i i i i i i A
To x R R+1 R+2 R+n 8¢

(b) Value of pp at age x for the pension system

Figure 2: The value of one dollar contributed to the pension system at age x
for an individual who plans to retire at age R, P;s(z)

Using (9) and (10), we can calculate the value of one dollar contributed to
the pension system and how it evolves with age for an individual of type 1.
Specifically, the value of P;, at the age of retirement, R;, for a worker of type
118
SSWis(R;)

In an actuarially fair pension system —i.e, ¢f;s(R;, pp,s(Ri)) = 1/ Ai(Ri;r)—
the value of P; is one. Also, from (11) we can see that in a pension system
that guarantees the same social security wealth SSW to all individuals who
have accumulated the same amount of pension points pp, the value of P;, at
age R is the same for all individual types ¢ € J. In addition, differentiating

Pis(R;) = ¢ = ¢fis(Ri, ppis(Ri)) Ai( Ri; 7). (11)

11



(10) with respect to age x gives the evolution over the lifecycle of P;q

Pis(z) Oz

= (r—r) + (ui(z) — ps(x)). (12)

When pus(z) = pi(x), we have that P,y increases more rapidly with age when
the market interest rate is higher than the capitalization factor of the social
security system (i.e, r > r). When r = r, if the social security system applies
the same average mortality rate to all individual types, those individuals with
a life expectancy below the average level (i.e., e;(z9) < es(xo) or u;(z) >
ws(z) Vo) will begin with a low valuation of their contributions but it will
increase with age, while those individuals with a life expectancy above the
average level (i.e., &;(zg) > es(xg) or u;(x) < ps(x) Va) will begin with a higher
valuation of their contributions but it will decrease with age. See Figure 3 for
an illustration. Thus, this second component accounts for the redistribution
of resources within the cohort from those with low life expectancy to those
with high life expectancy.

o)
B2
—~
8
~—

tis (I) <0
higher subsidy

actuarially fair

tis(z) >0
higher tax

0

Lo R Age x

Figure 3: Stylized evolution of the monetary price of one dollar contributed
to the pension system at age x for an individual who plans to retire at age R,
Pis(z). Case: when r =r.

The second term in (9) includes t;s(x, S;, R;); i.e., the implicit tax/subsidy

12



rate on labor income faced at age x by an individual of type i, who retires
at age R; and has been contributing to the system since age S;

tis(x,S;, Ry) = tis(x) = 7 (1 — Pig(x)) . (13)

From (13) we can see that t;; might be either positive (tax) or negative (sub-
sidy) according to the value of P
>0 if Pis < 1,
() {70 e (1)
<0 if Pis(x) > 1.

This relationship is shown graphically in the vertical axis in Fig. 3. From (14)
we have three important relationships. First, a pension system is actuarially
fair if it satisfies that P;(x) = 1 for all z € (S;, R;). Second, P;, provides
information about the implicit tax/subsidy on labor income, which can be
used for comparing alternative pension systems.” Third, differentiating (13)
with respect to age gives

0 0Py (x)
%(1 - tis(w)) =T or <15)

Thus, from (15) we can see that the evolution of one dollar net of implicit
tax/subsidies is proportional to the evolution of Pj,.

Finally, note from (9) that we can write the social security wealth at age x
(the age at start contributing to the pension system) in terms of the lifetime
implicit taxes/subsidies paid

SSWis(zg) = — / K e_r(t_xo)]%tis(t)yi(t)dt. (16)

From (16) we can see that the social security wealth is negative when contri-
butions are seen as an implicit tax on labor income —i.e. t;5(t) > 0 for all
t € (0, R;)—, while the social security wealth becomes positive when contri-
butions are implicitly seen as a subsidy on labor income —i.e. t;5(¢) < 0 for
all t € (0, R;).

A similar metric for analyzing alternative pension points is the internal rate of return.
However, unlike the internal rate of return, the monetary value of a pension point also gives
information about the wealth of the individual if we multiply P by the total number of
pension points accumulated (pp).

13



3.3 Basic components of alternative pay-as-you-go pen-
sion systems

In this paper we analyze six alternative PAYG pension systems (3 DCs and
3 DBs). To easy the comparison across pension systems and clearly show
their main features, we introduce three assumptions that are convenient to
understand how the six alternative pension systems affect eqs. (5)—(16) across
individual types. First, we assume the market interest rate coincides with the
internal rate of return of a PAYG pension system (i.e., 7 = r = n+g).% Second,
the retirement age R; is assumed to be the same across individual types and
coincides with the normal retirement age established by the pension system,
which we denote by R,,. In other words, we abstract from any penalty /reward
for early/late retirement (i.e., 3(R,) = 1).” Third, all pension systems provide
the same replacement rate for the average individual within each cohort, which
implies that ¢ = (7/0)/As(R,,r). However, the first two assumptions will not
hold in our simulation results, which are based on actual data for the US.
The following pension systems are implemented:

1. A standard notional defined contribution system (NDC-I) in which the
government applies the same average life table for all income groups for
computing the pension points and calculating the retirement benefits.

2. A notional defined contribution system (NDC-II) in which the govern-
ment computes the pension points using an average life table for all in-
come groups. However, unlike NDC-I, the government uses the income-
specific life table for the calculation of the retirement benefits. This
pension system mimics the one proposed by Ayuso et al. (2017).

3. A notional defined contribution system (NDC-III) in which the govern-
ment applies the income-specific life table associated to each individual
type both for the computation of the pension points and for the calcu-
lation of the retirement benefits.

4. A defined benefit system that uses all the parametric components of the
US pension system, except for the replacement rate that is assumed to
be constant at 0,417 (DB-I).

SNote that, for the sake of simplicity, here, we assume no difference between a funded
and an unfunded pension system. Later, in Section 6 we assume that r > r.

"The parametric component B(R,) is in fact one of the ways that differential mortal-
ity affects actuarial fairness of PAYG pension systems. In Section 6 we use the actual
penalty/reward function by birth cohort from the US pension system.
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5. A defined benefit system with a progressive replacement rate (see Fig. 2
in Sanchez-Romero and Prskawetz, 2017). This pension system mimics
the US pension system (DB-II).

6. A defined benefit system with a two-tier replacement rate (DB-III). One
tier that introduces a progressive replacement rate as in the US pension

system, while the second tier corrects for differences in life expectancy
similar to the NDC-II.

Table 1 summarizes how each pension system may affect eqgs. (5)—(16)
across individual types. Table 1 is divided in two sections. The top section
contains the information for the defined contribution systems (from NDC-I
to NDC-III), while the section at the bottom provides the information for
the defined benefit systems (from DB-I to DB-III). For each pension system
the information is divided in two groups of individuals. Individuals with an
average life expectancy below the average level (e; < e;) and individuals with
an average life expectancy above the average level (e; > e;). Table 1 shows
that under the presence of a heterogeneous population by life expectancy, those
individuals who have a priori an average life expectancy below (resp. above)
the average level become (a) net contributors (resp. beneficiaries) in a NDC-
I, NDC-II, DB-I systems —i.e., SSW;s(zg) < (>)0, they become (b) neither
contributors nor beneficiaries in a NDC-III system —i.e. SSWs(zo) = 0, while
(c) the sign of the social security wealth is a priori ambiguous in a DB-IT and
a DB-III systems. Nonetheless, if pension systems are highly progressive, then
it should be expected that those individuals with low (resp. high) income, who
also have a life expectancy below (resp. above) the average level, will become
net beneficiaries from (resp. contributors to) the pension system.

Table 1 can also be used for understanding the impact of each pension
system on the social security wealth after relaxing the first two assumptions. In
particular, if we first allow r > r, the overall value of a pension point will decline
in all pension systems, the average implicit tax/subsidy will increase, and thus
the social security wealth at age xy will be lower. Second, if individuals retire
before (resp. after) R,, the social security wealth value will be smaller (resp.
bigger) but the signs will remain. Of course, non-actuarial corrections of the
penalties/rewards for early/late retirement will have a strong effect.
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Table 1: Alternative PAYG pension systems and their impact on the social
security wealth at age zy by life expectancy

DEFINED CONTRIBUTION (DC)

Avg. Life Table (LT) Corrected Avg. LT i-th LT
Symbol NDC-I NDC-II NDC-III
Indexation r n+g n+g n+g
Point factor 0] 1 1 1
Correction factor E; 1 Ag(Rp,r)/Ai(Rn, ) 1
Replacement rate fis 1/As(R,, 1) Ei(R,)/As(Ry, 1) 1/A;(Ry,r)
<1 fore; <e,, <1 fore; <e,,
Value of $1 contributed Pys(z0) SRS Or & < € 1
>1 fore; > e, > 1 fore; > e,
. <1 fore; <e,,
Value of $1 contributed Pjs(R,) 1 1
>1 fore; >e,.
>0 fore <e,, >0 fore; <e,
Implicit tax/subsidy tis O €& < € - O & < & 0
<0 fore; >e,. <0 fore; >e,.
for e; , for e, s
Soc. sec. wealth SSW;(z0) <0 forei<e, <0 fore <e, 0
>0 fore; > e, >0 fore; > e;.
DEFINED BENEFIT (DB)
Non-Progressive Progressive Corrected-Progressive
Symbol DB-1I DB-II DB-III
Indexation r n+g n+g n—+g
Point factor o) o/T o/T o/T
Correction factor E; 1 1 Ag(Rn,r)/Ai(Rn, )
Replacement rate fis B(Rn)e B(Ra)e(ppi(By),r)  Ei(Ra)B(Ra)e(ppi(Ra), 1)
. . <1 fore; <e,,
Value of $1 contributed Pys(z0) s1 <1
>1 fore; > e,
1 fore; s 1 fore; R
Value of $1 contributed P (Ry,) < e s s1 ” oren s e
>1 fore >e,. <1 fore >e,.
>0 fore <e,,
Implicit tax/subsid tis v <0 <0
P / v {< 0 fore; > e,. = =
Soc. sec. wealth SSW;(z0) <0 fore <e, <0 S0
. sec. wealt (@
0 >0 fore > e, = =

Notes: ‘e;’ denotes the life expectancy of the reference population group used by the social security system, which
we assume is calculated using the average survival probability of the birth cohort. ‘e;” denotes the life expectancy
of the individual analyzed. x( is the minimum working age. All the calculations are done under the following
assumptions: (a) the life expectancy is positively correlated with the income level, (b) the market interest rate r is
equal to r =n + g, (c) the pension replacement rate ¢ is equal to (7/9)/As(Rn,r) so as to coincide with the defined
contribution system, and (d) the retirement age is fixed at the normal retirement age for all population groups, which
implies that 3(R,) = 1. A;(R,,r) denotes the actuarial present value of an individual of type i at the exact age R
when the effective interest rate is 7.
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4 The economic model

In the previous section we presented a general accounting framework for an-
alyzing most pension systems. Next, we explain the main features of the life
cycle model implemented to construct the labor income earned, the contri-
butions paid, the total pension points accumulated, and the pension benefits
claimed by each individual type ¢ € J across the six pension systems analyzed.

4.1 The individual problem

Let us consider an individual, who belongs to quintile ¢ € J, starts making
decisions after finishing the compulsory educational system at age xg, and lives
up to a maximum age w. Our individual earns a wage rate per hour worked
w;, which is assumed to be a function of years of schooling and years of post-
schooling experience. Let the wage rate per hour worked for an individual
of type i € J at age = conditional on S years of schooling be w;(z,5) =
hi(S)w(x—S), where h;(S) is the stock of human capital of an individual with
S years of schooling and w(x—.S) > 0 accounts for the returns to z— S years of
post-schooling experience. Assume the stock of human capital of an individual
type @ € J accumulates at age x € [zo,S;) according to a Ben-Porath (1967)
technology
ox

where 6; is the learning ability of an individual belonging to group ¢ € J,
v € (0,1) is the returns to scale to the time devoted to education, and § is
the human capital depreciation rate. Assume the wage rate per hour worked
increases with post-schooling experience according to the following Mincer
(1974) equation

= 0;hi(x)? — 6h;(z) with h;(zo) = 1, (17)

w(z — S) =exp (Bo(z — 5) — fi(z — S)?) for z > 5, (18)

where (g, 51 > 0 are parameters that guarantee the usual hump-shape of the
wage rate per unit of human capital (see, for instance, Table 2, p. 326, in
Heckman et al., 2006).

During the working period the individual supplies her/his intensive labor
in exchange for the wage rate w;(z,S) and pays contributions to the pension
system. Assume the individual understands that that higher contributions
imply higher future benefits. Thus, individuals do not see their contributions
to the pension system as a tax on labor income. Once the individual reaches
the retirement age, she/he receives the corresponding pension benefits and
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enjoys leisure. Note that these assumptions connect the economic model with
the general pension model introduced in Section 3.

Budget constraint. The choice of the path of consumption ¢;, hours worked
/;, length of schooling S;, and the retirement age R; are bounded by a lifetime
budget constraint.

We assume the existence of a perfect annuity market in which individuals
can purchase life-insured loans, when they are in debt, and annuities in case of
having positive financial wealth. Moreover, individuals start with zero assets,
a;(xg) = 0, and in the terminal age w they do not hold wealth, a;(w) = 0.
Thus, the consumption over the remaining lifespan is financed by current assets
a;(x), by the monetary value of the social security contributions paid until age
x, Pis(a:)%@, and by the present value at age x of the remaining flow of
labor income net of implicit taxes/subsidies. Using (9), the lifetime budget
constraint at age x > x( of an individual of type ¢ € J is

=) P oy 4p (g PPis(®)
[ e 2 0t = o) + Pue) P4

f e—r(t—x)pi(t) 4 (L. S,
n / oy (L Ot Spat (19

where 7 is the market interest rate, p;(t)/p;(x) is the probability of surviving
to age t conditional on being alive at age z for an individual of type i, a;(z)
are the assets held at age z, P;s(x) is the value of one dollar contributed to
the pension system at age x for an individual type i, pp;,(x) are the pension
points accumulated until age x by an individual of type ¢. Differentiating (4)
with respect to age we have that pension points accumulate over the working
life according to

OPulE) _ (1 ())os () + bmi(e, S) for € (SR, (20)
where r is the capitalization factor of the social security pension system, ps(z)
is the mortality hazard rate at age x used by the pension system, ¢ is the
pension point per unit of social contribution paid, 7 is the social contribution
rate, t;s(t) is the implicit tax/subsidy rate on labor income faced by an indi-
vidual type 7 at age ¢, and y;(t, S;) = w;(t, S;)¢;(t) is the (gross) labor income
earned at age t by an individual of type i after working ¢;(t) hours for a wage
rate per hour worked of w;(t,5;).
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Preferences. Consider the individual chooses the consumption path ¢;, the
length of schooling .S;, the number of hours worked ¢; for the wage rate w;,
given by (17)—(18), and the retirement age R; by maximizing the lifetime
expected utility V; at age x € [xg, S), which is given by

o [ et Pi) I R O
Vitw) = [ e B e - [0 B o e

Si w
7 e i) ot Pil1)

The first two components on the right-hand side of (21) are, respectively, the
lifetime utility from consumption and the lifetime disutility from work. The
third term accounts for the disutility from attending school (Séanchez-Romero
et al., 2016; Restuccia and Vandenbroucke, 2013; Oreopoulos, 2007) and the
last term captures the utility of leisure during retirement. p is the subjective
discount factor, p;(t) is the probability of surviving to age ¢ by an individual
of type i € J, U(c) is an instantaneous utility function that is assumed to be
twice differentiable with U’(¢) > 0 and U"(c) < 0, o;; > 0 is the weight of the
disutility of the labor supplied for an individual of type i, v (¢) is the disutility
of working ¢ hours (with v/(¢) > 0 and v”(¢) > 0), 7; > 0 is the marginal
disutility from attending school and ¢(t) > 0 (with ¢'(t) > 0) is the marginal
utility of leisure during retirment, which increases with age as the amount of
retirement time is squeezed by later and later retirement.

The last three terms in (21) are key for (i) taking into account that the
return to schooling exceeds the marginal cost of education (Heckman et al.,
2006), (ii) for reproducing the supply of labor during the working life, which is
hump-shaped, and (iii) for replicating actual retirement ages given that indi-
viduals would never retire because continuing work would raise consumption
and reduce intensive labor.

R;

4.2 Optimal decisions

The primary objective of this section is to explain how each pension system
affects the economic behavior of our heterogeneous individuals. We first solve
the problem of maximizing the lifetime utility (21) subject to the lifetime bud-
get constraint (19) and the laws of motion (17)-(18) and (20).® We proceed
considering the behavioral responses of an individual of type ¢ to the differ-
ent pension systems. First, we start analyzing how each pension plan affects

8The definition of the Hamiltonians and the first-order conditions are reported in Ap-
pendix B.
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consumption and hours worked for a given length of schooling and retirement
age. Given the optimal consumption and labor supply, we next analyze the
impact that each pension plan has on the length of schooling and on the age
of retirement.

Consumption and hours worked. Given a length of schooling and retire-
ment age (S;, R;), the optimization yields the following optimal dynamics of
consumption and intensive labor supply (hours worked):

- (1:6) (905(;:) = oc(r —p), (22)
1 O(w) _ I
li(x) Ox i <w(=’75d— Si) (r=p)+ 1 =74 7Pis(z) Pia(x) ()

where 0, = —U'(c)/cU"(¢) > 0 is the intertemporal elasticity of substitution
for consumption and o, = v'(¢)/¢v"(¢) > 0 is the intertemporal elasticity of
substitution for labor. Eq. (22) shows that the rate of increase in consumption
is not affected by the pension system implemented. On the contrary, the last
term inside the parenthesis in (23) suggests that pension systems influence
the intensive labor supply. The term P (x) = Pis(x, S;, R;) is the marginal
value of one dollar of social contribution for an individual of type ¢, who
retires at age R; and has been contributing to the system since age S;.” The
value of P;, is calculated as the marginal rate of substitution between pension
points and assets, conditional on the length of schooling S; and the retirement
age R;:
OVi(x)/0 (ppis(7)/0)

Pis(x, Si, R;) = OV, (x) /9y () e = Pis(7) (1 — &) . (24)

Therefore, P;s(x) compares the value, or shadow price, of one additional dollar
invested in the pension system to the value of investing the same dollar in the
capital market. The term e;; accounts for the relative impact of an increase
in the pension points at retirement on the replacement rate

s (R Ofis (R, ppys(R;
Hence, P;, is lower than P;, when, as a result of paying additional contributions
to the pension system, the pension replacement rate falls. The inequality

9A similar expression to (29) can be found in Auerbach and Kotlikoff (1987) and Sanchez-
Romero and Prskawetz (2017).
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€;s > 0 holds not only in progressive pension systems, but also in pension
systems with a flat pension benefit (or Beveridge pension systems). Thus, we
can distinguish two cases:

i) A flat pension system in which the replacement rate is invariant to the
y
pension points accumulated (g;, = 0); i.e. Py = Pjg. 'Y

(ii) A progressive pension system in which the replacement rate decreases
with the number of pension points accumulated (g;5 > 0); i.e. Pis < Pys.

_ Ai(Rnir)
P,;(Rn) q= As(Rn;r)
==x P in NDC-I-III and DB-I
= P in DB-II and DB-III 1.2
2.16q = r=2%
/ r=2%
1.1 /’
/
Y r=2%
1.0 yG 1 r=3%
S
1.00Q kesmnssnsnnnnnnnnnunnnnnnnnns 0.9 /
0.77q | e /
0.8 o
0.36q S
0 t
02 y % PP 4 -2 0 2 4  &(65) —
(a) e.(65)

Figure 4: Marginal value of one dollar of social contribution at the normal
retirement age R,,, Pis(R,), under six pension systems.

Note: Calculation based on a normal retirement age R,, of 65 and an average life expectancy
at age 65, e(65), of 21.4 years. The term y represents the average labor income, r is the
market interest rate, r is the capitalization factor of the pension system, and A;(R;r) is the

actuarial present value at age R calculated with a discount factor of r and a life table i.

How does each pension system affect the labor supply of the different in-
dividual types? The impact of the alternative pension systems on the labor
supply depends on both the evolution and the value of P;s(x). On the one

10We exclude from our analysis any pension system that is a priori regressive; i.e, a
pension system that a priori transfers resources from the poor to the rich.
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side, the evolution of P;s(x) over the working life is also given by (12). Thus,
Pis(x) rises with age when the market interest rate is greater than the cap-
italization factor of the pension system and when the mortality rate of the
individual is greater than the mortality rate assumed by the pension system.
As a consequence, we have that the pension system induces the individual
to supply more labor later (resp. early) in the working life when 8775_;(@ >0
(resp. < 0), since the pension system gives a higher (resp. lower) return to
contributions paid closer to retirement. On the other side, the value of Pis(z)
provides information about differences in labor supply across income groups
caused by the pension system. Considering a stable, mature pension PAYG
pension system, Fig. 4 shows the marginal value of a dollar contributed to the
pension system at the normal retirement age R, for the six different pension
systems analyzed in Section 3.3.'' Fig. 4 is divided in two panels. Fig. 4(a)
shows the value of P;4 regardless of the gap in life expectancy across the differ-
ent income groups. Fig. 4(b) shows the change in P;; that would result from
the difference in life expectancy at age 65 when the implicit rate of return of
the pension system r (i) equals the market interest rate r (solid line) or (ii)
is lower than the market interest rate (dashed line). The value of P;, at age
65 is obtained by multiplying the value in Fig. 4(a) by the longevity gap in
Fig. 4(b). Looking at Fig. 4 we can see that in all NDC plans and in the DB-I
plan the value of P;, and the value of P;, coincide and is equal to ¢ = ﬁ((};’;tg
The value of ¢ reflects (i) differences in longevity between each income group
and the life table used by the social security system and (ii) the fact that the
benefit received from the public pension system differs from the benefit the
individual would receive if she/he transforms the social security wealth into
a private annuity. In contrast, in DB-II and DB-III plans, the value of P;
is substantially lower than P;; when the total pension points is higher than
one-sixth of the average labor income.

Length of schooling. In this section we study the impact of each pension
system on the optimal length of schooling. Given a retirement age R;, the
optimal paths of consumption and labor supply, the optimal length of schooling
S* satisfies:

ri(S7) = 78", Ri) + i/ (U (ei(S7))Wi(S*, Ry)) - (26)

See the derivation of (26) in Appendix B.2. The individual chooses the length
of schooling such that the return to education at the S*th unit of schooling,

'We assume the normal retirement age so that no other penalties/rewards for early/late
retirement are considered.
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ri(Sy) = @%, is equal to the sum of the marginal cost of the S*th
unit of schooling expressed in terms of foregone earnings and the nonpecuniary
cost/benefit of schooling.'” The rate of return lost from an additional S*th

unit of schooling, or forgone earnings, is given by

_ R; 8@(1(;5*) .
TZ(S ’Rl) - /* mwzs(t)dt—i‘ 1_{_0_[2/12‘3(5 ), (27)

with
wzs@) _ 6_(T(1+0£)—Uep)tpi(t) ((1 — Tis(t))wi<t7 S*))H—a(g (28)

St et (u) (1 = iy (u) (. §%))

where T;5(t) is the marginal implicit tax/subsidy rate on labor income
faced at age t by an individual of type ¢, who retires at age R; and has been
contributing to the system since age S;

Tis(t, Siy, Ry) = Tis(t) = 7 (1 — Pis(t)) . (29)

The first term in (27) is the rate of return lost from not accumulating further
labor experience, while the second term is the return lost from not working at
age S*. The last term in (26) is the nonpecuniary cost of schooling relative
to the value of the stock of human capital net of implicit taxes. The stock of
human capital net of implicit taxes is the present value of the stream of labor
earnings out of effective social contributions

* f —r(t—S* pl<t> *
W;(S*, R) :/ e =S 2L (1 gy (1)) ys(t, ST dt. (30)

Based on egs. (26)-(30), how does each pension system impact on the length
of schooling across the different individual types? We can observe, looking at
(26), that r*(S*) does not depend on the pension system, whereas the marginal
cost of education is influenced by P;s throughout (27)—(29). The influence of
Pis on 7;(S*, R;) is actually insignificant, since it appears both in the nu-
merator and in the denominator of (28). On the contrary, P;s has a direct
impact on S* through the relative nonpecuniary cost of schooling. In partic-
ular, when the pension system raises (resp. reduces) the value of W;(S*, R),
and the marginal utility of human capital U’(¢;(S*))W;(S*, R;) decreases, the
individual lowers (resp. extends) S* because the nonpecuniary cost of school-
ing increases (resp. decreases). A decrease in the marginal utility of human

128ee Sanchez-Romero et al. (2016) for a detailed explanation of the influence of the
nonpecuniary cost of schooling on the optimal decision making process of the individual.
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capital after an increase in W;(S*, R) is observed both in a pension system
with a flat replacement rate and with a progressive replacement rate when
0. < 1. Only when ¢. = 1 and the pension system has a flat replacement rate,
U'(¢;(S*))W;(S*, R;) remains unchanged with changes in W;(S*, R).

Optimal retirement age. Consider now that the length of schooling is
fixed. Under this setting the optimal retirement age R* = R; satisfies the
following condition

1 — (14 o)t (R*) + oytis(RY)
1 + Oy

U'(ci(R*))yi(R", Si) =e(RY). (31
See the proof in Appendix B.3. Individuals choose the retirement age that
equates the marginal benefit of continue working (left-hand side) to the marginal
cost of continue working (right-hand side). The new term t¢" (R*), located
on the left-hand side of (31), is the effective tax/subsidy rate on work calcu-
lated in Gruber and Wise (1999). In our general pension setting, the effective
tax/subsidy rate on work, T¢" (R*), is given by
bis(R") 1 Ofis
s R* T e o\ S R* 1 — Cis T
TR+ <(r+u (R -2 + o

. (32)

SSW,s(R")
op ) Yi(1T,50)

The first term in (32) is the marginal implicit tax/subsidy rate on labor income.
The second term is the ratio of pension benefits, b;s(R*), to labor income,
y;(R*,S;). The third term, or the sum of the negative terms, is the increase
in social security wealth from delaying retirement, which is a function of the
increase in pension points and the increase in the value of one dollar of social

contribution through the percentage change in replacement rate for each year

1 Ofis
fis OR | )
retirement age across pension plans, since, except for the NDC-III, all other
components do not vary across the six pension systems analyzed.

Figure 5 shows the percentage change in replacement rate for each year
of delayed retirement for the six pension plans under both mortality regimes.

For the NDC-II, NDC-III, and DB-III cases, which correct for differences in

mortality, we only plot the value of %%f;; for the top (q5) and bottom
. PP

(ql) quintiles. All other cases lie within the top and bottom quintiles. The
most important result from Fig. 5 is that DB plans, which use the credits for
delayed retirement of the actual US system, provide different retirement age
incentives than NDC plans. In particular, under the mortality regime of the

of delayed retirement. The term is key to explain the difference in
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1930 birth cohort, DB plans give a higher incentive to delay the retirement
age than the NDC plans when the optimal retirement age is below age 65.
Under the mortality regime of the 1960 birth cohort, DB plans give a higher
incentive to delay the retirement age than NDC plans.

in % in %
11 11
10 10

9 9 DB-II (q1)

8 S ',\‘ 5

NDC-IT and —IIT (q1) S, s NDC-ITand 1T (q1)

7 NDC-I 7 N T T DB & DB

6 NDC-II and 111 (q5) 6 T N DB (g5)

5 5 NDC-1I

4 ggiili,n(ﬁfl)n 4 / NDC-II and 111 (q5)
st T ~. DB-II (q5) 3 /

2 2

1 1

Retirement age Retirement age

61 63 65 67 69 61 63 65 67 69

(a) Mortality regime: Birth cohort 1930 (b) Mortality regime: Birth cohort 1960

Figure 5: Percentage change in replacement rate for each year of delayed

L afzs
fis OR

retirement by pension system and mortality regime; i.e., .
PP

Note: Calculations for the NDC plans are based on a notional interest rate of 2%.

To conclude this section, we should bear in mind that we have studied
the effect of each pension system on each variable independently. However,
in reality, a delay in the retirement age will change the optimal length of
schooling, since the length of schooling and the retirement age are interweaved.
The sign of the relationship between the length of schooling and the retirement
depends on the risk aversion coefficient and the effort from attending schooling
(see Sanchez-Romero et al., 2016).

5 Parametrization
We impose the following set of assumptions with respect to the economic
variables. First, we assume a risk-free market discount factor (r) of 3%. This

market interest rate coincides with that assumed in the report by the National
Academies of Science (NASEM, 2015). Second, the population is assumed
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to grow at an annual constant rate (n) of 0.5% and the growth rate of labor
productivity (g) is set at 1.5% per year. Third, the annual capitalization
factor of the unfunded pension system (r) is set at 2%(=n+ g), which is lower
than the market discount factor. Therefore, since a return of 1%(=3%-2%) is
lost annually, contributions to the pension system are implicitly considered by
individuals as a tax on labor income. From (12) we know that this assumption
implies that the marginal value of one dollar contributed to the pension system
is an increasing function with respect to age and, as a consequence, all pension
systems will provide an incentive to supply more labor early in the working
life and to reduce labor before retirement. Moreover, since all pension systems
have a similar increase in P, pension systems will have a similar direct impact
on the length of schooling. Fourth, unless otherwise indicated, we assume that
the social security system uses the average survival probability to calculate the
pension benefits; i.e, ps(z) := p(x) = > .oy pi(x)/1. Fifth, we assume for the
NDC systems a minimum retirement age of 55 and a maximum retirement age
of 70 for all 7 € J. For the DB systems, we restrict the minimum retirement
age to 62 and the maximum to 70, similar to the US pension system. Sixth,
the social security budget is balanced'

R;
> /S i e p; (t)Tw;(t, S;) i (t)dt =

1€

= Z e”Ri/ e~ IRy (0)bis(Ri, ppis(Rir))dt.  (33)
1€7 R
Using Eq. (33) we adjust in the DB systems the social contribution rate in order
to support all pension benefits claimed by the surviving retirees, while in the
NDC systems we adjust the overall pension replacement rate, or generosity of
the pension system. For the sake of comparison across the alternative pension
systems, we use for all the NDC systems the social contribution rate obtained
for the US pension system (DB-II). In particular, we obtain that the necessary
social contribution rate to balance the US pension system with our assumed
population structure is 10.43%, under the hypothetical assumption that the
population face the survival probabilities of the cohort born in 1930. While
7 must be set at 10.87% in the case of using the survival probabilities of the
cohort born in 1960.

In addition, we assume all individuals have similar preferences, except for
the disutility of labor («;) that is specific to the income quintile of the indi-

13Note in Eq. (33) that similar to the US pension system, we assume that pension ben-
efits are held constant (in real terms) after retirement and thus they do not increase with
productivity.
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vidual. This assumption reflects the fact that individuals in different quintiles
have different health and labor market trajectories. The instantaneous utility
of consumption is assumed to be logarithmic (0. = 1), as found empirically by
Chetty (2006), the intertemporal elasticity of substitution on labor (o) is set
at 0.33, so that workers supply on average thirty five percent of their available
time for labor (excluding sleep time), and the subjective discount factor (p) is
set at 0.005. As a result, the cross-sectional consumption profile increases with
age by one percent, similar to the consumption pattern reported in the NTA
accounts for the US in 2003 (see www.ntaccounts.org). The marginal util-
ity of leisure during retirement (-) is assumed to be constant across income
groups and monotonically increasing with age. Similar to Bloom et al. (2014)
we proxy ¢(-) to the mortality rate in 1930. To match the wage rate per unit
of human capital for the cohort born in 1930, we take the parameters of the
Mincerian equation reported in Table 2 in Heckman et al. (2006). Neverthe-
less, the parameter (3, is adjusted in order to take into account the effect of
productivity growth. As in Cervellati and Sunde (2013) we fix the returns to
scale in education () at 0.65. Following Sanchez-Romero et al. (2016) we set
the disutility of schooling (n) at 3.5 for all income groups, which corresponds
the most likely value of n for an average return to schooling between 11 and
12 percent given the life expectancy of US males born in 1930. The learning
ability (6;) for each income quintile group is calibrated to replicate the length
of schooling and the retirement age from the Health and Retirement Survey
(HRS).!" Finally, the weight of disability cost (c;) is used to replicate the
present value of lifetime benefits (PVB) at age 50 reported in NASEM (2015)
for the cohort born in 1930. See Table 6 in Appendix B.3.

Table 2 reports the optimal length of schooling S; and the optimal retire-
ment age R; for the benchmark scenario (US males born in 1930, US pension
system). In Appendix B.3 tables 4 and 5 report the optimal length of school-
ing and retirement ages for all pension scenarios. Life expectancy and total
years-worked are calculated using the specific mortality rates for each income
quintile. The last column in Tab. 2 shows how, in our model, individuals in
higher income quintiles spend a longer period of time in retirement relative to
the total number of years worked.

Table 3 summarizes the model economy parameters.

1Data from the HRS on length of schooling and retirement age for males born in 1930
was provided by Arda Aktas and Miguel Poblete-Cazenave.
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Table 2: In-sample performance of the model: Optimal length of schooling
(S;), retirement age (R;), and present value of lifetime benefits by income
quintile. US males born in 1930, US pension system (DB-II)

Income quintile ()

Symbol ql q2 q3 q4 a5

Schooling S; 11.40 11.80 12.20 13.00 15.00
11.20 11.04 12.28 12.84 14.55

Retirement R; 63.20 63.50 63.80 63.70 64.80
63.18 63.60 63.56 63.52  64.23

Life expectancy at S; + 6 e (S;+6) 5420 54.60 55.40 56.40 57.30
Years-worked YW; 42.20 4220 4240 41.90 41.60
Year-retired to years-worked SlSFOYWe 998 029 031 035 0.38
PV of lifetime benefits at age 50 130 151 168 192 232

126 141 166 192 226

Notes: Small figures highlighted in gray are data from the HRS on length of schooling and
retirement age for males born in 1930, and from the NASEM (2015) on the present value
of lifetime benefits for the same cohort.

Table 3: Model parameters

Parameter Symbol Value Parameter Symbol Value
Demographics Preferences
First age at entrance T 14 Subjective discount factor p 0.005
Maximum age w 114 Utility cost of not being retired — ¢(z) 57e~87+0.073x
Annual population growth n 0.005 Labor elasticity of substitution o, 0,33
Minimum length of schooling S 10 Utility weight of labor a(ql) 250
Maximum length of schooling S 20 a(q2) 160
a(q3) 140
Technology a(qd) 130
Market interest rate r 0.030 a(g5) 130
Labor-augmenting technologi- ¢ 0,015
cal progress growth rate
Education
Social security system Returns of scale in education 0.65
Minimum retirement age R NDC=55, DB=62 Disutility of schooling n 3
Maximum retirement age R 70 Mincerian eq. Bo 0.07
Capitalization factor r 0.02 51 0.0011
Accrual rate in DB systems [0) 1/45 Learning ability 0(ql) 0.110
Avg. replacement rate in DB f(pp) 0.4167 0(q2) 0.110
systems
Social contribution rate 0(¢3) 0.110
Cohort 1930 T1930 0.1178 0(q4) 0.115
Cohort 1960 T1960 0.1328 0(g5) 0.120
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6 Redistributive effects of each pension sys-
tem

The results presented in this section are based on a small-open economy with
a stable population. The pension and economic models, introduced in Sec-
tions 3 and 4, have been parametrized in order to replicate the mortality of
the 1930 birth cohort the present value of lifetime benefits at age 50 reported
in the NASEM (2015) as well as the length of schooling and the retirement
age by income quintile from HRS. To account for the redistributive effects
of each pension scheme when the heterogeneity in life expectancy increases,
we compare the results obtained using the survival probabilities of the cohort
born in 1930 to those obtained using the survival probabilities of the cohort
born in 1960.

6.1 Internal rate of return

One measure to analyze the redistributive characteristics of a pension system,
which is not affected by the scale of contributions (i.e., pp;,), is the internal rate
of return (IRR). Thus, we report in Figure 6 the IRR values of each pension
system by income quintile and birth cohort. The differences in IRR across
income quintiles, shown in Fig. 6, are explained by the fact that a pension
point earned by an individual with low life expectancy has a lower value than a
pension point earned by an individual with higher life expectancy (see Eq. (10)
and Table 1).

In a stable, mature PAYG pension system, the implicit rate of return equals
the rate of growth of the population plus the rate of growth of productivity,
or in this case 2.0% per year. In Fig. 6 we see that this rate of return is
achieved by all income groups and mortality regimes under NDC-III —see
black diamonds— in which both point accumulation and the annuity rate are
adjusted for the mortality of each group. This is the benchmark against which
we can assess the rate of return for the groups under the other pension sys-
tems. For the NDC-I and NDC-II cases, we see that the lower income quintiles
ql, g2 and g3 have IRR<2 —see the numbers in red on top of each bar— and
therefore are redistributing income to the higher income g4 and 5 who have
IRR>2, and this redistribution is greater for the mortality regime of the 1960
birth cohort. The situation is more complicated for the DB systems. The ac-
tual US system, corresponding quite closely to DB-II, is explicitly designed to
be redistributive from rich to poor through explicit differences in the replace-
ment rates by income. However, we see that because of differential mortality,
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Figure 6: Internal rate of return of each pension system by income quintile (in
percentage). US males, birth cohorts 1930 (Panel a) and 1960 (Panel b)

DB-II fails in this goal, and instead redistributes from ql and 2 to q4 and
gb under both mortality regimes, but particularly with more unequal mortal-
ity. The g3 group does redistribute to others, at least slightly, under the 1930
mortality regime and becomes a net receiver under the more unequal mortal-
ity. In other words, the differential mortality completely undoes and mostly
reverses the intended progressivity of the DB-IT system (Sanchez-Romero and
Prskawetz, 2017). Under DB-III, which both has progressive benefit levels and
makes additional adjustments to benefits for differential mortality, there is a
significant improvement, but the degree of progressivity is also weakened with
the more unequal mortality regime.

30



6.2 Marginal value of one dollar of social contribution

Another method to measure the redistributive effects of a pension system is to
look at the value of P;;. We showed in sections 3.2 and 4.2 how P;, can be used
to study at each age the redistributive effect of each pension system. Hence,
P;s complements the information provided in the previous section, since the
IRR measures the redistributive effects of each pension system over the whole
life cycle, while P;, does it by age.
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Figure 7: Marginal value of one dollar of social contribution, P;s(x), from age
25 to 55 by income quintile relative to NDC-III. US males, birth cohorts 1930
(Panel a) and 1960 (Panel b)

To understand the redistributive properties by age, we compare the value
of P, for each pension system to our benchmark (NDC-III). Thus, we report
in Figure 7 the difference in the evolution of P, for each pension plan and that
in the NDC-III by income quintile and birth cohort. Vertical axes in Fig. 7
reflect whether the contribution to the system represents a subsidy from other
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income groups (positive values) or transfer to other income groups (negative
values).We see that NDC-I, NDC-II, and DB-I (pension plans with a flat re-
placement rate) redistribute income from poor (ql, q2, and g3) to rich income
groups (q4 and ¢5). The situation is reversed in progressive pension systems
—DB-II and DB-III—, in which we see that the higher income quintiles q4 and
gb pay higher implicit taxes than lower income quintiles q1 and 2. However,
in DB-II and DB-III, the marginal value of one dollar of contribution to the
pension system is significantly lower than a dollar contributed to the NDC-III
plan. Comparing the results between the two mortality regimes (cf. panels (a)
and (b)), we see further redistribution of income from poor individuals to rich
individuals under NDC-I, NDC-IT and DB-I plans and similar implicit taxes
between poor and rich individuals in the more unequal mortality regime.

6.3 Wealth

The fact that pension systems redistribute income across income groups leads
individuals to response in order to cope with the increase/loss of wealth. The
lifetime wealth measure (LW) gives the most comprehensive assessment of the
effects of the different pension designs on economic wellbeing, because it in-
cludes the general equilibrium responses. These responses are reflected in the
LW —see Eq. (19)— through changes in the social security wealth at age xy,
SSW(zy), and through changes in the stock of human capital (HK) at age xg

(0) = RiefT(t*l‘o)pi_@w4 Y2
HK (o) /S | Lo, )t (0. (34)

To analyze the changes in LW across pension systems by income quintiles,
we again use the NDC-III system as a benchmark against which we can assess
these changes —see Table 7 in Appendix B.3. Figure 8 shows the percentage
change in SSW (light red bars) and HW (dark red bars) by income quintile
between the alternative pension systems and the NDC-III system. Figure 8
shows that while the alternative pension plans produce similar SSW values,
they induce behavioral reactions, through changes in the length of education
and on the labor supply, that affect on HK —see tables 4-5 in Appendix B.3.
Looking at each pension plan, we can see that the DB-I system leads to an
increase in HW for all income quintiles under the mortality regime of the cohort
1930. While under the mortality regime of cohort born in 1960, the DB-I
system benefits mostly the higher income quintiles. In all cases the increase
is driven by the postponement in the retirement age, the additional years of
schooling, and by the higher wage rate due to further investments in human
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Figure 8: Redistributive effects of each pension system on lifetime wealth by
income quintile (measured in percentage change with respect to the results in
the NDC-III system). US males, birth cohorts 1930 and 1960.

Note: Bars are plotted in ‘stacked’ format. When bars have opposite signs, lifetime wealth
is the difference between both bars. When bars have similar signs, lifetime wealth equals
the height of the two bars.

capital. Instead, the actual US pension system —i.e., DB-II— reduces HK of q4—
gb under the mortality regime of the cohort bon in 1930 due to the significant
drop in the marginal value of one dollar of social contribution for these two
income groups (see Fig. 7). Under the mortality regime of the cohort born in
1960 the overall effect on HK is negative. This is because individuals response
to the decline in the marginal value of one dollar of social contribution and
in the returns to education by reducing the length of schooling. The quintile
q3 faces a higher marginal value of one dollar of social contributions than the
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other quintiles and the length of schooling does not changed relative to that
in the NDC-III plan.

The impact of the DB-III system on HK is similar to that in DB-II but now
the progressivity of the pension system is re-introduced. It is striking that in
DB plans the indirect effects on HK arising from incentives for school, work,
and retirement, usually are far larger than in NDC plans. As shown in Fig. 5,
this is because DB plans produce an incentive to retire at later ages, which do
not necessarily coincide with those of the NDC plans. As a consequence, the
increase in the retirement age leads to an increase in the length schooling and
in the number of hours worked.

Under the NDC-I and NDC-II plans, lower income quintiles q1—q3 experi-
ence a reduction in HK, whereas the HK of higher income quintiles increase.
Under the mortality regime of the 1960 birth cohort, the increase in HK un-
der the NDC-I and NDC-II is due to a postponement of the retirement age
compared to the NDC-III plan.

6.4 Welfare

We have shown in the previous section that differences in lifetime wealth come
with changes in schooling and leisure time, through age at retirement and
amount of labor supplied while working. Given that our lifetime utility (see
Eq. 21) includes disutility of schooling, labor, and the utility from retirement,
we can assess the impact of the different pension plans on lifetime welfare by
income quintile. In this assessment we abstract from evaluating the lifetime
utility of a public pension structure, which would consist in assessing how well
the pension system solves the underlying problem that some people cannot
provide for their own retirement. Instead, we see how lifetime utility under
each pension program would differ from lifetime utility under the neutral NDC-
IIT program structure (NDC with separate life tables) for each income quintile.
These differences are shown in Figure 9.

In Figure 9 we show the impact on lifetime welfare of each pension system
by income quintile relative to the NDC-III plan. By comparing outcomes to
those for the NDC-III system for each income quintile, we isolate the impact
on welfare of each pension plan relative to a non redistributive pension system.
The first important result can be seen by comparing in Fig. 9 the differences
between the NDC plans and DB plans. Recall looking at Fig. 5 that all DB
plans are implemented with the penalties/rewards for early/late retirement
established in the US pension system, which give individuals an incentive
to retire at a later age than NDC plans. In our particular case, under the
mortality regime of the 1930 cohort, individuals retire between ages 61 and 65
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Figure 9: Impact of each pension system on welfare by income quintile (relative
to the NDC-IIT system). US males, birth cohorts 1930 and 1960.

in NDC plans, whereas individuals retire at older ages under the DB systems
—see Table 5 in Appendix B.3. This difference in the retirement age between
NDC and DB plans accounts for the strong behavioral response, its impact on
the stock of human capital (see Fig. 8), and the welfare loss through the heavy
cost in leisure.

In NDC plans we do not observe significant differences in the length of
schooling and the retirement age. Thus, the sign of the change in welfare
across income quintiles is explained by the impact of the pension system on
labor supply. Moreover, given that the NDC-II is closer than the NDC-I to
the NDC-III, the NDC-II plan creates less welfare differences across income
quintiles than the NDC-I.

Comparing the results across DB plans is slightly more complicated. First,
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we know that the DB-I plan gives individuals higher incentives to retire later —
increasing their marginal benefit of education— and to stay longer in schooling.
This explains the increase in the stock of human capital (see Fig. 8) under the
mortality regime of the 1930 cohort, and for q3—q5 under the mortality regime
of the 1960 cohort. However, the increase in human capital comes at the
expense of facing a higher disutility from schooling, longer working hours, and
a loss in leisure. Only those in the highest income quintile are better off due
to the strong redistribution of resources from short-lived and poor individuals
to long-lived and rich individuals (see Fig. 6). Unlike the DB-I plan, the US
pension system (DB-II plan) introduces a high implicit tax on work to all
income quintiles. As a consequence, individuals retire in the DB-II earlier
than in DB-I, though still later than in the NDC plans due to the penalties
on early retirement. Moreover, given that the DB-II system produces a high
implicit tax on labor, the number of hours worked are reduced (decreasing
the marginal benefit of education), and the length of schooling is shortened.
The combination of these three behavioral reactions explains the reduction in
human capital (see Fig. 8) and the increase in welfare to all income quintiles
relative to DB-I, except for 5 that now transfers resources to short-lived and
poor individuals. DB-III corrects for differences in life expectancy, leaving
the short-lived and poor individuals better off, compared to the DB-II, and
worsens the situation for long-lived and rich individuals.

7 Conclusion

Public pension systems are intended to provide a stable source of post re-
tirement income, given that individuals have well-known difficulties saving for
retirement. Some pension systems are also designed to redistribute income
from individuals with higher lifetime incomes to those with lower. Almost
all public pension systems are PAYGO, delivering an average rate of return to
participants equal to the rate of growth of the economy, which is typically lower
than the market rate of interest, and consequently participants may view their
contributions at least partially as a tax on labor. Pension systems modify la-
bor supply incentives in two important ways. First, the perceived tax on labor
may lead participants to work less than otherwise. Second, in DB systems the
benefit structure has often created incentives for early retirement, and built in
progressivity may provide further disincentives for labor. NDC systems were
developed to avoid the early retirement incentive effects by mimicking funded
DC programs, but they cannot avoid the “tax on labor” disincentive so long
as they are PAYGO.
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It is increasingly realized that socioeconomic differences in longevity add
a regressive element on the benefit side of pensions, so long as systems use a
one-size-fits-all life table to establish actuarial tradeoffs and set the benefit rate
and normal retirement age. Researchers and policy makers are seeking policy
options to offset this regressive effect. However, it is important to keep in mind
that policy adjustments will not only have direct effects on systems and their
progressivity given the current behavior of socioeconomic groups, effects which
can be evaluated using actuarial calculations. The policy adjustments will
also alter the decisions and behavior of individuals in different socioeconomic
groups, because incentives for getting education, for hours of work, and for
retirement age, will all be affected.

Here we have assessed the direct and indirect effects of a variety of pol-
icy adjustments to DB and NDC pension programs, which are assumed to
have existed over the long term, operating in environments of more or less
mortality heterogeneity (reflecting the mortality regimes of the 1930 vs 1960
birth cohorts). We have not yet attempted to investigate transitions from one
program to another, although that is the situation that policy makers must
face. Our analysis is based on a general equilibrium context for a small open
economy in which wages and interest rates are set by international markets,
while individuals make optimizing choices for education, labor effort, age at
retirement, and consumption trajectories. We have a number of important
findings.

1. We replicate, in our simulations, the regressive effect of socioeconomic
differences in mortality, and the large increase in regressivity moving
from the mortality regimes of the 1930 and 1960 birth cohorts, for single
life table systems, whether DB or NDC.

2. Taking an actuarial approach (no general equilibrium) we find that the
progressivity in benefits built into the US Social Security system greatly
reduces the regressivity that mortality variation imparts, under either
mortality regime. However, only when each group has its own appropri-
ate life table is that regressivity overcome, resulting in a slightly progres-
sive system as measured by the IRR (internal rate of return). Apparently
achieving progressivity in lifetime benefits would require more than the
current progressivity in annual benefits in combination with life tables
for each group.

3. If we also take into account the behavioral responses to policy adjust-
ments, policy adjustments have sizable indirect effects. One way to as-
sess these is through their impact on lifetime wealth. Under all NDC
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versions, the indirect effects of policy adjustments are relatively small
and regressive. For the DB systems, the indirect effects are stronger.
The indirect effects can be positive with non-progressive pension plans
when the difference in life expectancy across income quintiles is small.
However, this same system induces highly regressive effects under an
environment with more mortality heterogeneity. The indirect effects of
adding progressive benefits are strongly negative at higher incomes, and
these change but little when group-specific life tables are added. In gen-
eral these indirect effects are quite similar in the two mortality regimes
in combination with life tables for each group.

4. But variations in lifetime wealth may mask offsetting variations in leisure,
and the most complete assessment of policy effects emerges from com-
parisons of lifetime utility across pension programs. Relative to the
neutral NDC-III lifetime utility, we find welfare losses for lower incomes
and small welfare gains for higher incomes. This pattern arises from the
utility cost of harder and longer work, which comes at a heavy cost in
leisure. A reduction in welfare losses for the lower incomes and welfare
gains for richer incomes can be achieved through the progressivity of
benefits. However, only when benefits are adjusted using different life
tables for each group do we observe slight welfare gains for the lower
income groups relative to NDC-III.

Besides the above mentioned findings, in this paper we also propose a general
pension framework for simultaneously analyzing existing pension systems. In
this general framework we exploit the value of one dollar of social contribution,
which can be used for studying the redistributive properties of each pension
system as well as the behavioral response on education, hours worked, retire-
ment, and consumption caused by each pension system. This general pension
framework can be used for addressing some currently debated pension reforms
that hinge on life expectancy heterogeneity (Breyer et al., 2010; NASEM,
2015). For instance, we show that pension plans in which benefits are based
on different life tables (Ayuso et al., 2016, 2017; OECD, 2017; Holzmann et al.,
forthcoming) still provide a higher return to individuals with higher lifetime
income than to those with lower. Thus, to restore an equal treatment of the
pension system to all income groups requires additional measures.
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Appendix

A Derivation of Eq. (9)

Eq. (9) can easily be derived from (8) by elementary algebraic manipulations.
Substituting (4) and (5) in (8) gives

() = o-r(Rimn) Pil ) ity Ps()
SSWZS(:E) € pl(x> fZS( ) ppzs( Rﬂr ¢/ ) y’é(t)dt
R; )
—/ 6T(tz)]%7yi(t)dt. (A.1)

Splitting in two the integral in the first term of the right-hand side of (A.1)
gives

SSW () = ¢ (7 pf< ))fm< R oo (o) ARy, 7)o / 1) ps ryi(t)dt+
—r(R; x)Pz( 1) ’ r(Ri—t) ps , _
+ pl( )fzs( z7ppzs( Rza ¢/ ) ’L(t)dt
R
I -y .
/x e () y; (t)dt. (A.2)

Multiplying and dividing the first two terms on the right-hand side of (A.2)

by @ )I;js((R)) using (4) and (10), gives

R;
SSWi(z) = Py (, Ri)ppi;(x) 4 Pi(z, Ry) / e'(xt)]%ryi(t)dt—

R;
—/ e_r(t_”“)ﬁ;((i))Tyi(t)dt. (A.3)
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Next, multiplying and dividing the inner part of the first integral on the right-
hand side of (A.3) by e*r(t*‘”)%, and using the fact that P;(t) is equal to
r"")(m‘t)%ﬁz((?) Pis(x), we have

el

R; .
SSWZS(ZE) = Pls(.fE, Rl)pp%fx) +/ e_r(t_x);?l(—(;))TPw(t)yl(t)dt—

R;
r(t—a) Pi(t)
— e —Ty;(t)dt. A4
Adding both integrals on the right-hand side of (A.4) and using (13) gives
Eq. (9).

B Economic problem

We solve the problem of maximizing the lifetime utility (21) subject to the
constraints (17)—(20) using the Hamiltonian before age S;, during the working
period (S;, R;), and after the retirement age R;, or periods 1, 2, and 3, re-
spectively (Tomiyama, 1985). We denote with the letter H’ the Hamiltonian
associated to period j = {1,2,3}.

Period 1. Given a length of schooling S; and retirement age R;, the Hamil-
tonian of an individual type i € J before working (¢ < 5;) is defined as

! = e 2O 16 0) = ) A0 -+ w0 — (0] +

+ M[0ihi(8)T — SRy (E)] (B.1)

where AL(t) and A\, (t) are the adjacent variables associated to the dynamics
of each state variable {a;(t), h;(t)} for period 1. The first-order conditions
(FOCs) for an interior consumption is:

The dynamic laws of the adjacent variables are:

Pl Mo+ mo), (83)
e L) (B4
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Period 2. Given a length of schooling S; and a retirement age R;, the Hamil-
tonian of an individual type i € J during the working period (S; < t < R;) is
defined as

H? = e_p(t_mo)—pi(t) [U(c;i(t)) — azu(li(t))] +

pi(%)
+ N2 [(r 4 pa(t))ai(t) + (1 = 7)hi(Sy)w(t — Si)ls(t) — ei(t)] +
+ X2 [(r + ps(£)pPys (£) + dThi(Si)w(t — Si)i(t)] (B.5)

where A2(t), Aj(t), and A(t) are the adjacent variables associated to the dy-
namics of each state variable {a;(t), h;(S;), pp;s(t)} for period 2. The first-order
conditions (FOCs) for an interior consumption and hours worked are:

2 _ ,—plt—o) pit) o 204 —
Hc pz(xO) U ( Z(t)) >\a<t> O? (B6>
HZ = —e_p(t_xo)]%aiv'(&(t)) + )\Z(t)(l — T)hZ(SZ)w(t — SZ)‘f‘
+ A (t)pThi(S;)w(t — ;) = 0. (B.7)

The dynamic laws of the adjacent variables are:

OXG(t)

ot =N ()(r + (1)), (B.8)
ax;t(t) = —A2() (1 — T)w(t — Si)li(t) — X2(t)prw(t — S;)l;(t), (B.9)
% = =%+ (1) (B.10)

Period 3. Given a length of schooling S; and a retirement age R;, the Hamil-
tonian of an individual type ¢ € J during retirement (¢ > R;) is defined as

3 _ gplt—a0) pi(t) .
H 2O weie) + (o)

+ X (O [ + pa(t))as(t) + fis(Ri, pp; (Ri))ppi (BRe) — ci(t)] . (B.11)

where A}(t) and A3(t) are the adjacent variables associated to the dynamics
of the state variables {a;(t), pp;s(t)} for period 3. The first-order conditions
(FOCs) for an interior consumption and hours worked are:

S_efp(t*fbo)pi_(t) "(¢; ~\%(t) =
e T PO (B.12)
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Using the definition (25), the dynamic laws of the adjacent variables are:

Pull) 000+ e, (B.13)
P50 o (R pp (RO - ) (B.14)

Moreover, the following matching conditions hold at the switching ages S; and
R; for the adjacent variables

Xa(Si) 1= Ag(S5) = A2 (S)), (B.15a)
M(Si) = N, (i) = A7 (Sh), (B.15b)
Aa(Ri) = Ao (Ri) = Ag(Ry), (B.15¢)
Mo(Ri) = A2(R;) = A3(Ry), (B.15d)
and for the Hamiltonians
H(S;) == H'(S;) = H*(S)), (B.16a)
H(R)) = H*(R;) = H*(R;). (B.16b)

Taking into account the above matching conditions, let us define the marginal
rate of substitution of assets for social contributions P(t) = ¢\, (t)/A.(t) for
periods {2, 3}, and the marginal rate of substitution of assets for human capital
H(t) = M(t)/Ao(t) for periods {1,2}. Differentiating P(t) and H(t) with
respect to time ¢, and using the dynamics of the adjoint variables, gives

aP(t) {P(t)(r v (t) — (1)) for S; < t < R,
ot P(t)(r + pi(t)) — ofis(Ri, pp;(Ri)) (1 — g55) for t > R;
(B.17)
OH(t)  JHE)(r + pi(t) + 6 — k(1)) for ¢ < 5,
SOt \HO 6+ () — (1— () @(t — Si)e(t) for S; <t < R,
(B.18)

where T(t) is the marginal implicit tax/subsidy rate on labor income defined
in (29). Solving (B.17) and (B.18) and using the fact that P(w) = 0 and
H(R;) = 0, the marginal rate of substitution of assets for a dollar of social
contribution and the marginal rate of substitution of assets for human capital
are:

e P ps() e N VA (R
P(t) = ) ps(Ri)(bfw(R“ppz(Rl))(l is)Ai(Ri;r)  (B.19)
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and

H(t) = ;(—(;)) /S | L ere-n i) (1 — Ty (x))i0(x — S)l(2)da. (B.20)

B.1 Optimal consumption (¢) and hours worked (/)

Now, using the budget constraint (19) at age o, we have

O [
/zo pi(o) «(t)dt /S pi(mo)ﬂ ti(t))wi(t, Si)i(t)dt.
(B.21)

Using (?7?7)—(?7?) and the FOCs on consumption and labor supply along the
three periods, we have

Y mrt=a) Pi) (o pee () L N
/:co Pz‘(%)( pi(x(]))\a(t)) “
_ /R" e—r<t—mo>_pi<t>)wti<t> (iLﬁww)) de. (B.22)
Si

. . —p(t—ax pl(t)
pz(l‘o @i el O)Pi(fo)

Solving the dynamics of the adjoint variables for the capital stock, we have

Aa(t) = )\a(xo)e_’"(t_“)p]jzg) : (B.23)

Using (?7), substituting (B.23) in (B.22), and after rearranging terms, we
obtain that \,(x) is given by

;) ¥ D(t: zg, 0,)dt ﬁ
( ) fxo ( ’ ) ))0’2 dt) . (B24)

>\a To) = .
) (st D(t; xg, —op)wt;(t) (w;(t

Therefore, using the FOCs, the optimal consumption and hours worked at age
x are given by

1

ci(x) — Oc(r=p)(z—20)

WG (B.25)
li(z) = eotlpm)@=z0) (w (@) x0)> : (B.26)

Note that substituting (B.24) in (B.25)—(B.26) gives (??)—(?7), respectively.
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B.2 Optimal length of schooling (S;)

Given an optimal retirement age R; we first differentiate the expected utility
Vi(zo) w.r.t. S and making it equal to zero

wefp(tfﬂco)pi_(t) e dci(t) B Rieip(tixo) pi(t) —_ oly(1)
/:co pi(ﬁo)U(l(t)) oS a5 ¢ /s , v’ (4:(1)) 99 dt

= ¢ PlS—w0) pi(5) Y,
() 0w (US)))- (B.27)

Substituting the FOCs in the previous equation gives

[ Ri
/ma@”dt / M)~ )t ) 2 gy

oS

= e_p(s_xo)_pi<s) VS,
pr(ngy (i~ it (US)). (B.28)

Using (B.23) and rearranging terms gives

Y rtman) D) 06(®) T g i) o O6(E)
/960 pi(zo) 0S dt /S (1 — s (8)wi(t, Si) dt

=€

—p(S—0) ]ii((j) )) i _)\aai(i(f)(s)) . (B.29)

Second, we differentiate the budget constraint (19) at age zo w.r.t. S

/W e—r(t—:co) pl(t) acl(t) dt

pi(zg) OS
- /S : e—“t—mo)%u ()t ) 2Dy
- /S " eﬂtwo)p]jzg) (1- tis(t))%a(t)dt—
— e r(S—w0) (< >)(1 — 1;(S))wi(S, $)6:(S). (B.30)
From (10), (13), and using the definition of &;, in (25), we have
atgét) - TQSPZ-S(t)ppiSl( 7 appg;R"). (B.31)
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Substituting (B.31) on the third term on the right-hand side of Eq. (B.30),

and using Py, () = Py (R;)elHi=t) p;l(i;) pis(g%z) gives

) R; .
1 appis(Rz)gis / e—ru—wo)pz_(t)Tpis(t)wi(t,s)gi(t)dt:
S

ppis(R:) 05 pi(zo)
1 Opp;s(Ry) (R Pi( ) /Ri ) Ds(t)
= L P.s(R;)e;s€ r(Ri—wo) 207707 er(Rl t TW; t,S gl t)dt =
TNEANE R wlw) s patry S0
OpPis(Ri) Pis(Ri)  _(gy—ag) Pi(Fs)
= = g€ VT ——= (B.32
oS ¢ ¢ piag) D32
Differentiating the total pension points at age R; with respect to S gives
3ppw / (R t) ps 9l;(1)
= ¢T ) w;(t, S) 55 dt+
: ps(t) Ow;(t,S)
+ o1 er(Hi— £;(t)dt+
¢lé Upim) o5 0
— pre =) L (5) w;(S,8)4;(S) (B.33)

Then, plugging (B.33) in (B.32), and using the fact that P;s(R;) can be rewrit-
ten as Py, (t)e~ () (it RiltL pi(t) ps(fi) , gives

Di(Rs) ps(t) °
appzs( ) ( )E e~ r(R; xo)pZ(R’L>
28 o 7 (7o)
R.
_ ' —r(t—z0) (t) o 861@)
/S ¢ Lo (esan(t,5) i+
i (1) ow;(t, S)
—|— 677”@7960)i Pis t 51‘5#61' t dt+
A D (e 1)
— e "(5—20) pi(S) TPis(S)essw; (S, S)0:(S) (B.34)

pi(zo)
Now, substituting (B.34) in (B.30) gives

pi(zo) OS

_ [T rmay 2O g O S) )

_ /S 1= m0) = )
ﬂswgg%u—nxamu&aaw»<3%>
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Using the fact that the left-hand side of (B.2) is equal to (B.36), then

—p(S—a0) Pi(S) mi — a;u(€(5)) S () Owi(t, S)

¢ ol5—s0) Dil :/ erltmwo) L) (1 () 2 g (4)dt—
) M) s pe) O s

Certsm PO sy (S, 8)0(S).

Pz‘(%)

(B.36)

Differentiating w;(t, S) w.r.t. S gives
dw;(t,S) ow(t—1S5) o o Ohi(S)
55 = 3% hi(S) +w(t —95) 53
1 Ow(-S9) 1 0hi(S)

w;(t,S) + (S 95 w;(t,S)  (B.37)

T w(t-8) ot
Third, we use (B.37) in (B.36)
—p(S8—10) pi(S) mi — av(4(S)) _

pl(x()) Ag(l'o)
Ohi(S)  prR;
— _05 ' —r(t—=zo) pz<t> o w, '
R ow(t—S)
_ ' e—r(t—mo) pl(t> ot . 0 . B
/5 Pz‘(%)w(t—S)(l Tis (1) wi(t, S) (1) dt
(B.38)

_e—r(S—xo)w — T w; .
ooy (L= T (S)wi(S, S)E(S)

Therefore, after rearranging terms, the optimal length of schooling satisfies

the following condition

0hi(S)
Ohi(S /SR —r(t—20) pi(t) (1 — s (t))w; (¢, S):(t)dt =

95
hi(S) pi(To)

R; , ow(t—S)
zééﬁﬁmﬁgmmﬁ$ﬂ—%@mﬁﬁm®ﬁ+
r(Swo)]iz((j)) (1 - Tzs(s))wz(57 S)&(S)—i—

o—P(S—w0) pi(S) mi — av(4;(S))
* o) o) Y

~—

+e

Defining human capital at age S net of effective labor income tax of an indi-

vidual of type ¢ as
(B.40)

W(S,R) = /SR WS)}%Q — T ())w;(t, S)Ci(t)dt.

49



and dividing both sides of (B.39) by W (S, R;), multiplying by e~ ‘”0)’;((5)),
we obtain the optimal length of schooling condition

h _ 1 — a;v(£i(S))
» =T ; . B.41
) =S R G ) wis R (4D
r(S) is the return to education at age S for an individual of type i
1 0hi(S)
MS) = - B.42

7:(S, R) is the rate of return lost from not working at age S or the marginal
cost of the Sth unit of schooling for an individual of type ¢

R; 0w(t=S5)

(S, R;) = /S ﬁ@bis(t)dt + s (5), (B.43)

where

D(t; zg, —oy) (wris(t))
is(t) = R, Tto . B.44
vislt) Js " D(u; xo, —0y) (wis(u)) " du ( )

Note from (B.43) and (B.44) we have fs is(t)dt = 1 and limg_, g, 73(S, B;) =
1. The last term in (B.41), which represents the non-pecuniary cost of school-
ing, is

ni — av(li(S))
U'(ei(S )) (S, Ri)
po(5—z0) Pi(S) ()7 Aa() 0y

i
pi(zo) ffl D(t; 29, —0y) (wis(t)) Foedt 1400

is(S).  (B.45)
Note that assuming 0. = 1 and p = 0, we get (?7).

B.3 Optimal retirement age (R;)

Similar to the previous subsection we start assuming that the optimal length
of schooling S; is given. Then, we differentiate the expected utility V;(zo)
w.r.t. the optimal retirement age R and equate the result to the derivative of
the lifetime budget constrain w.r.t. to the optimal retirement age.
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Proof. Given an optimal length of schooling S; we first differentiate the
expected utility V;(zo) w.r.t. R and making it equal to zero

/w 6—p(t—x0) pl<t> U (Cl(t)) acl( )dt /R e—p(t—xo) pl(t) v (gz(t)) agl(t) dt
o S

pi(o) R pi(wo) OR
- epmfﬂ% (o (L(R)) + o(R)) (B.46)

Substituting the FOCs in the previous equation gives

c R
[ 0% ar— [ a0 - e s a
<R>% (aw (6(R)) + o(R)) (B.47)

Using (B.23) and rearranging terms gives
w R
—r(t—x0) pl(t) ac%(t) / r(t—x0) pz(t 8&,(1&)
e dt — e — Tis(t))w;(t, S;) ——==dt
/mo o) OR s pala) (T T D)uilt S50

—P(R—Io)}];;((ﬁ))) v (£ ():20—; g ) (B.48)

Second, we differentiate the budget constraint (19) at age zo w.r.t. R

¢ —r(t—z0) pl(t) ac’t(t) dt —
/xo € z(l’o) aR

B R I 1
/Si pi(ﬂﬂo)(l tis (1) wilt, 5) OR dt

=€

S

R
- [ PR 1 sy

4 e r(R-0) %(1 ~tu(R)wi(R, S)6(R). (B.49)

From (4), (10), (13), and using the definition of £;5 in (25), we have

= ~Pu() (r”s(m fig; A(;z r)>+
+ 7Pis(t)eis Al(R) appai;f ) (B50)
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Substituting (B.50) on Eq. (B.49), and using Py, (t) = P, (R;)e(r—")(Ri—t) rillis) pe()

pi(t) ps(Ry)

gives
¢ —r(t—xo pz(t) acz(t) .
/:co e )Pi(ﬂﬁo) OR dt =
R
_ o~ (t=0) pi(t) . ol;(t)
[ et 2O e )% e
106 1\ rgan PilB) pPis(R)

+ (r+us(R)+ OR AR T)> i) Pis(R) 5

_ Ipp,s (R )e—r(R o) Pi(RR) P (R)e,s

IR pi(zo) ¢

s m)g((f))(l — t(R))wi(R, S)6(R). (B.51)

Differentiating the total pension points at age R with respect to R gives

appzs / r(R—t) t ) ag’b(t)
_¢ Tw;(t, S) R dt+

+( + 1s(R))ppis(R) + ¢Twi(R, S;)l;(R) (B.52)

Plugging (B.52) in (B.51) gives, after rearranging terms,

Using the fact that the left-hand side of (B.3) is equal to (B.53), then

~p(R—o) Pi(R) v ((i(R)) + p(R)

(& =

pi(z0) Ao (o)
~(rrptmy e e LY e 2 oo,
+ e~ T(R=20) pi(R) (1 — T (R))ws(R, S):(R). (B.54)



Multiplying both sides of the equation by eT(R*IO)% gives

e(r—p)(R—;Bo) ;v (KZ(R)) + SO(R)

Aa(Z0)
_ ((r +a(R)(1 — £1) + %% _ m) p.(R) ppi;(m
+ (1 — is(R))wi(R, S);(R). (B.55)

+

Using (32) and the fact that U’(c;(R)) = e"=?(E=%0)\ (x4) we get the optimal
retirement age condition

which coincides with (31).

Additional simulated data
Length of schooling ;.

Table 4: Optimal length of schooling by income quintile (S;), US male birth
cohorts 1930 and 1960

Defined Contribution (NDC) Defined Benefit
Avg. LT Corrected  i—th LT Non-— Progressive Progressive
Avg. LT progressive Corrected

NDC-I NDC-II NDC-III DB-1 DB-II DB-III
Cohort 1930
Quintile 1 11.5 11.5 11.6 12.0 11.4 11.4
Quintile 2 11.8 11.8 11.9 124 11.8 11.8
Quintile 3 12.3 12.3 12.3 12.8 12.2 12.3
Quintile 4 14.1 14.1 14.1 14.5 13.0 13.0
Quintile 5 16.1 16.1 16.0 16.3 15.0 15.1
Cohort 1960
Quintile 1 11.3 11.3 11.3 11.3 10.7 10.7
Quintile 2 12.3 124 12.4 12.9 12.1 12.1
Quintile 3 14.7 14.7 14.7 154 14.7 14.8
Quintile 4 17.6 17.5 17.5 18.6 16.3 16.5
Quintile 5 18.9 18.8 18.8 19.9 17.9 18.0
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Retirement ages R;.

Table 5: Optimal retirement age by income quintile (R;), US male birth cohorts
1930 and 1960

Defined Contribution (NDC) Defined Benefit
Avg. LT Corrected  i-th LT Non— Progressive Progressive
Avg. LT progressive Corrected

NDC-1I NDC-II NDC-III DB-1I DB-II DB-III
Cohort 1930
Quintile 1 61.3 61.3 61.6 63.8 63.2 63.3
Quintile 2 61.6 61.6 61.8 64.1 63.5 63.5
Quintile 3 62.0 62.1 62.1 64.4 63.8 63.9
Quintile 4 63.3 63.3 63.2 65.0 63.7 63.7
Quintile 5 64.7 64.7 64.4 65.5 64.8 64.8
Cohort 1960
Quintile 1 60.8 60.8 61.3 62.0 62.0 62.0
Quintile 2 61.7 61.9 62.2 64.5 63.1 63.4
Quintile 3 63.8 63.9 63.8 66.5 65.8 66.0
Quintile 4 66.0 65.9 65.6 69.2 66.5 66.4
Quintile 5 66.9 66.7 66.4 69.9 67.8 67.6

Present value of lifetime benefits.
Lifetime wealth.

Table 7 reports the lifetime wealth (detrended by productivity) by income
quintile relative to that obtained for the income group g3 under the mortality
regime 1930. We can see in Tab. 7 that the higher income quintiles q3—q5
experience an average increase over twenty percent in their lifetime wealth
with the more unequal mortality regime, q2 experiences an increase of seven
percent in the lifetime wealth, and 1 has five percent less wealth. Moreover,
since the NDC-III system provides the same internal rate of return across
income groups, we have that the ratio between the social security wealth and
the stock of human capital is the same across income group.

o4



Table 6: Present value of lifetime benefits at age 50 by income quintile and
pension system, US males, birth cohorts 1930 and 1960 (in $1000s)

Defined Contribution (NDC) Defined Benefit (DB)
Avg. LT Corrected  i—th LT Non— Progressive Progressive
Avg. LT progressive Corrected

NDC-1I NDC-II NDC-ITT DB-I DB-II DB-IIT
Cohort 1930
Quintile 1 120.61 131.51 139.98 130.67 129.82 140.33
Quintile 2 142.59 152.36 160.07 157.91 150.72 159.10
Quintile 3 160.85 167.09 170.28 179.46 168.20 174.21
Quintile 4 209.60 206.64 203.46 237.64 192.36 187.66
Quintile 5 275.25 254.23 240.03 307.96 231.58 212.28
Cohort 1960
Quintile 1 102.08 135.35 153.90 92.34 103.54 131.74
Quintile 2 137.79 171.84 186.90 143.75 139.20 166.83
Quintile 3 214.23 226.85 228.39 251.80 231.40 237.49
Quintile 4 330.09 303.29 290.84 453.44 298.83 265.36
Quintile 5 389.70 346.61 328.84 549.41 345.29 294.88

Table 7: Distribution of lifetime wealth (LW) at age 14 by income quintile and
mortality regime in the NDC-III system (in $1000s)

Cohort 1930 Cohort 1960
SSW HK LW SSwW HK LW
I II III=I+I1 1 II III=I+11

Quintile 1 -16.69  541.87 525.18 -18.11  520.83 502.72
Quintile 2 -19.39  629.83 610.44 -23.34  672.25 648.92
Quintile 3 -21.09  686.06 664.97 -32.19  922.56 890.37
Quintile 4 -26.46  870.84 844.38 -45.70 1310.98 1265.28
Quintile 5 -33.43 1111.61 1078.18 -03.42 1543.85 1490.44

Notes: SSW stands for social security wealth, HK denotes the stock of human capital, and
LW is the lifetime wealth.
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