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Equivalences among Five Game Specifications, including a
New Specification whose Nodes are Sets of Past Choices

Peter A. Streufert

May 12, 2018

Abstract The current literature formally links “OR forms” (named after Osborne
and Rubinstein 1994) with “KS forms” (named after Kuhn and Selten by Kline and
Luckraz 2016). It also formally links “simple forms” with “AR forms” (both from
Alé6s-Ferrer and Ritzberger 2016, with the former less prominent than the latter).
This paper makes three contributions. First, it introduces a fifth game form whose
nodes are sets of past choices. Second, it formally links these new “choice-set forms”
with OR forms. Third, it formally links KS forms with simple forms. The result is a
formal five-way equivalence which provides game theorists with a broad spectrum of
alternative game specifications.

Keywords game tree - extensive form game

Mathematics Subject Classification (2000) 91A70

1 Introduction
1.1 Introducing choice-set forms

The first contribution of this paper is to introduce a new game specification in which
nodes are sets of past choices. An example choice-set form appears in Figure 1.1.
This is similar but not identical to the well-known Osborne-Rubinstein (OR) game
specification in which nodes are sequences of past choices. An example OR form
also appears in Figure 1.1. The new specification has an apparent advantage in the
sense that sets are simpler mathematical objects than sequences. Section 7 carefully
discusses the advantages and disadvantages of the new specification relative to the
OR form, and also relative to the remaining three specifications in this paper.
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Economics Department
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Fig. 1.1 Selten’s “horse” in each of the five specifications. This paper [a] introduces choice-set forms, [b]
links choice-set forms and OR forms, and [c] links KS forms and simple forms. (This figure shows the
tree, the choices, and the information sets of each form. The figure does not show players.)

1.2 Linking choice-set forms and OR forms

The second contribution of this paper is to build a formal connection between choice-
set forms and OR forms. This formal equivalence will require two qualifications,
because choice-set forms are slightly less general than OR forms in two regards. First,
choice-set forms implicitly impose no absentmindedness in the sense of Piccione and
Rubinstein 1997. Second, they implicitly impose no shared alternatives in the sense
that two information sets are not allowed to share the same (feasible) alternatives (i.e.,
choices).

Theorem 3.1 shows that every OR form with no absentmindedness and no shared
alternatives is equivalent to a choice-set form. Conversely, Theorem 3.2 shows that
every choice-set form is equivalent to an OR form with no absentmindedness and
no shared alternatives. Thus the theorems show (given no absentmindedness and no
shared alternatives) that there is a logical redundancy at the heart of the OR specifi-
cation: sets of past choices can unambiguously replace sequences of past choices.



Equivalences among Five Game Specifications ... 3
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Fig. 1.2 All five specifications are essentially equivalent, even though they are fundamentally different in
how they specify nodes and choices. (A minor issue is that only OR forms and KS forms allow absent-
mindedness. Section 7.1 discusses absentmindedness, shared alternatives, and two other minor issues).

1.3 Linking OR forms, KS forms, simple forms, and AR forms

Let an “AR form” be a discrete extensive form as defined by Alds-Ferrer and Ritz-
berger 2016a (henceforth AR16). An example AR form appears in Figure 1.1. Such
forms extend the specification of von Neumann and Morgenstern 1944. Incidentally,
AR16 also defines non-discrete extensive forms for differential and yet more general
games. Such non-discrete forms are beyond the scope of this paper.

The current literature' does not provide a formal connection between OR forms
and AR forms. This may be surprising because some prominent and valuable arti-
cles? have tangentially and informally suggested otherwise. It seems that the misstep
was caused by improperly combining the following two (correct) results from AR16.
[a] AR16 Example 6.5 (page 145) essentially says that OR trees constitute a special
case of “simple trees”. This accords with Figure 1.2’s top line, which shows that OR
trees specify nodes as choice sequences while simple trees specify nodes as abstract
entities. [b] AR16 Theorems 6.2 and 6.4 (pages 139 and 147) say that “simple forms”

! This reference to the literature excludes an earlier multi-paper version of the present paper. Streufert
2015b links OR forms and choice-set forms, and Streufert 2015c links choice-set forms and AR forms.
That connection between OR forms and AR forms is less straightforward than the one in this paper.

2 Examples include Alés-Ferrer and Ritzberger 2017a (page 316 footnote 3) and Kline and Luckraz
2016 (page 92, first two sentences). (The former refers to Alés-Ferrer and Ritzberger 2013 Example 10
(page 93), which is the same as AR16 Example 6.5 in [a] below.)
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are equivalent to AR forms. This equivalence is repeated here as Theorems 6.1 and
6.2, and is shown between the last two columns of Figure 1.2. Together, [a] and [b]
might seem to suggest that OR forms are special cases of AR forms. But this logic
would be faulty because [a] concerns only trees while [b] concerns entire forms.?
Thus the reasoning does not provide a formal link between OR forms and AR forms.

Fortunately, it only remains to link OR forms and simple forms because [b] links
simple forms and AR forms. Further, part of this remaining gap is bridged by Kline
and Luckraz 2016 (henceforth KLL16). They essentially show that OR forms are
equivalent to “KS forms”, where the initials K and S correspond to Kuhn 1953 and
Selten 1975. This equivalence is repeated here as Theorems 4.1 and 4.2, and is shown
between the OR and KS columns of Figure 1.2.%

Thus it yet remains to link KS forms and simple forms. KS forms and simple
forms are similar in that they both specify nodes as abstract entities (as shown in the
top row of Figure 1.2). However, KS forms and simple forms differ in that KS forms
specify their choices as abstract entities, while simple forms specify their choices as
sets of nodes (as shown in the second row of Figure 1.2).

The third contribution of this paper is to bridge this gap between KS forms and
simple forms. This new equivalence appears as Theorems 5.1 and 5.2, and is shown
between the KS and simple columns of Figure 1.2. With this missing piece in place,
it emerges that all five specifications are essentially equivalent. This provides game
theorists with a wide spectrum of equivalent specifications.

1.4 Organization

Sections 2—6 of this paper move from left to right across the five specification in
Figure 1.2. Section 7 considers the minor qualifications in the theorems, and discusses
the advantages and disadvantages of each game specification. Finally, the four pairs of
equivalence theorems in this paper suggest four equivalences between subcategories
of a category of game forms. First steps in this direction are Streufert 2017 and 2016.

2 Choice-set forms

The following game specification is new.

Let N be a set of nodes n, and let C be a set of choices c. By assumption, each
node is a set of choices. In other words, each node » satisfies n C C. A node can be
either a finite set or an infinite set. Let T be the set of finite nodes ¢. In other words,

3 The distinction between tree and form can be subtle. AR16 and the present paper use “tree” to mean
nodes and precedence, and use “form” to mean a tree together with choices, information sets, and play-
ers. [a] concerns trees. In particular, there is nothing in AR16 Example 6.5 that concerns the choices of
the simple specification. (The choices of the OR specification do appear in AR16 Example 6.5, but only
because OR nodes are specified in terms of those choices.)

4 KL16 uses the word “tree” differently than it is used in AR16, the present paper, and much of the
literature. In particular, their theorems show the equivalence of “OR-trees” and “KS-trees”, where a “KS-
tree” is defined to be a tree augmented with choices. Accordingly, their “KS-tree” is about halfway from a
tree to a form (as this paper and much of the literature uses those two terms).
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let T = { neN | nis a finite set }. A choice-set tree is a pair (C,N) such that [cs1] N
is a nonempty collection of subsets of C,

[cs2] (VteT~{{}})(3'ceC) cer and t~{c}€T, and
[cs3] N~T ={UT* | T" is an infinite chain in T }.

To understand [cs2], let a last choice of a finite node ¢ be any choice c€t such
that #~{c} is also a node. In other words, let a last choice of a node be any choice in
the node whose removal results in another node. [cs2] requires that each nonempty
node has a unique last choice. For example, the pair C = {a} and N = {{a}} does
not satisfy [cs2] because 7 = N and the node r = {a} does not have a last choice.
In contrast, the pair C = {a} and N = {{},{a}} does satisfy [cs2] because {a} is
the only nonempty finite node and its last choice is a. For another example, the pair
C={a,b}and N = {{},{a},{b},{a,b}} violates [cs2] because both a and b are last
choices of the node {a,b}. In contrast, the pair C = {a,b} and N = {{},{b},{a,b}}
satisfies [cs2]. Finally, consider the set C of choices and the set N of nodes shown in
the top left diagram of Figure 1.1. This pair of sets satisfies [cs2] because each of its
eight nonempty nodes has a unique last choice.

To understand [cs3], note that this equation relates the infinite nodes (that is, the
members of N~T) to the finite nodes (that is, the members of 7'). By definition, a
chain in T is a subcollection 7* C T such that any two distinct nodes ¢ and ' in T*
satisfy r C ¢/ or t D ¢'. The union of an infinite chain of finite nodes is obviously an
infinite set. The O direction of [cs3] requires that each such union must be a node. For
example, the pairC =Z and N = {{},{4},{4,5},{4,5,6},...} violates [cs3] because
[a] T =N, [b] T* =T is an infinite chain in T, and [c] UT* = {4,5,6,...} ¢ N.
In contrast the pair C = Z and N = {{},{4},{4,5},{4,5,6},...} U {{4,5,6,...}}
satisfies [cs3]. Meanwhile, the C direction of [cs3] requires that every infinite node
is the union of an infinite chain of finite nodes. For example, the pair C = Z and
N={{},{4},{4,5},{4,5,6},...} U{{4,5,6,...},{5,6,7,...}} violates [cs3] because
{5,6,7,...} cannot be constructed as the union of an infinite chain of finite nodes.
Incidentally, the C direction of [cs3] implies that every infinite node is countable. It
also implies, with the help of [cs1]-[cs2], that {} € T.> Call {} the root node.

Now derive two entities from a choice-set tree (C,N). First, define (C;);er at
each 1 by C; = {ceC|c¢t and tU{c}€T }. Thus each C; is the set of choices that
are feasible at the node r. Second, define X = {r€T |C;#@ }. Call its members the
decision nodes. Then assume

[cs4] { {teX|ceC}#D | ceC } is pairwise disjoint.

[cs4] considers a collection of sets. Call each of its member sets an information set.
Note each {reX|ceC;} is the set of decision nodes from which the choice c is feasible.
Routinely, the same set is generated by multiple choices. That set is the information
set from which those choices are feasible. [cs4] requires that these constructed infor-
mation sets cannot intersect. The familiar properties of information sets then follow.

> To prove this, note N is nonempty by [cs1]. Thus, either T is nonempty, or N~T is nonempty. The latter
also implies that 7' is nonempty by the C direction of [cs3]. Hence there is a r € T. Hence |¢| applications
of [es2] imply {} € T.
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In particular, [a] the collection of information sets partitions the decision-node set X 0
and [b] two nodes in the same information set have the same set of feasible choices.’

For example, consider the choice-set tree defined by C = {a,b,e,f} and N =
{{}.{a},{b},{a,e},{a,f},{b,e}}. Here X = {{},{a},{b}}, C{} = {a,b}, C{a} =
{e,f}, and Cypy = {e}. Thus {reX|ecC,} = {{a},{b}} and {reX|feC} = {{a}}.
These two sets of decision nodes are unequal and intersecting, in violation of [cs4].
In contrast, consider Figure 1.1’s choice-set tree (the figure’s dashed line is irrelevant
at this point). In other words, consider C = {a,b,g,d,e,f} and N = {{},{a},{a,g},
{b}, {a,d}, {b,e}, {b,f}, {a,d,e}, {a,d,f}}. Here X = {{},{a},{b},{a,d}},Cyy =
{a, b}, C{a} = {g,d}, and C{b} :C{a,d} = {e,f}. Thus [i] {t€X|a€Ct} = {t€X|b€Ct}
= {{}}. and [ii] {reX|geC} = {reX|deC;} = {{a}}, and [iii] {reX|ecC} =
{reX|feC} = {{b},{a,d}} (the figure’s dashed line shows this set [iii]). These three
sets of decision nodes are disjoint, as [cs4] requires. They are the form’s (constructed)
information sets.

Further, let I be a set of players i, and let (C;);es assign a set C; of choices to each
player i. A choice-set form is a pair ((C;)ier,N) such that (U;;C;,N) is a choice-
set tree which satisfies [cs4], and in addition, [cs5] (Vi€l, jel~{i}) GNC; = @ and
[cs6] (VeeX)(Fiel) C; C C;. [cs5] requires that each choice is assigned to exactly one
player. Thus [cs6] implies that all a decision node’s choices are assigned to exactly
one player. Thus [b] (two paragraphs above) implies that all an information set’s
choices are assigned to exactly one player.

This paper does not formally specify preferences. Rather this paragraph merely
notes that the set of outcomes is N~X = (N~T)U(T~X). The set N~T consists of
the infinite nodes, and the set 7~X consists of the finite nodes that are not decision
nodes. Later, preferences can be assigned over N>X, or more generally if appropriate
assumptions are introduced, over some space of probability distributions over N~X.

3 OR Forms
3.1 Definition

An OR form here is identical to a game in Osborne and Rubinstein 1994 (page 200)
without the players’ preferences. This specification is repeated in KL16 (page 86).8

6 To prove this, first note that each information set is nonempty by inspection (empty sets of the form
{teX|c€eC;} arise from choices c that are never feasible, and [cs4]’s construction simply discards them).
Second, the information sets are disjoint by [cs4] itself. Third, the union of the information sets is a subset
of X because each information set is a subset of X by inspection (incidentally (VceC) {reX|ceC} =
{t€T|c€C,;}). To show the reverse inclusion, take any r* € X. Its Cy« is nonempty by the definition of X,
and so, there exists ¢* € G+ such that t* € {teX|c*eC}.

7 To prove this, suppose both ¢! and > belong to the information set {t€X|c*€C,} and yet C,1 # Cp..
Without loss of generality, the inequality implies that there exists ¢® € Ci~Cp. Thus ' e {teX|cBeC}
and 1> ¢ {reX|cP€C;}. Then {reX|c*€C;} and {teT|cP€C;} intersect because they both contain ¢!, and
yet they are unequal because the first contains 7> and the second does not. This contradicts [cs4].

8 Several changes have been made to facilitate comparison across game specifications. First, a € o7 and
(a")K., =he A in KL16 become c€C and (ci)K | =A€N here. Second, OR1 and OR?2 there become
[OR2] here. Third, 7#; and 5" become T and X. Fourth, (%7, )se; becomes (Ci)zer. Fifth, i€ N and

(I)ien become i €1 and (%);e;. Sixth, P and P; become P and P~ (7).
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Let C be a set of choices ¢, and let N be a set of nodes 7. By assumption, each
node is a sequence of choices. In other words, each node is of the form 7 = (c)K_;,
where K € {0,1,2,...}U{eo}. Note that (ck)k , = {} is the empty sequence. An OR
tree is a pair (C,N) such that [OR1] N is a nonempty collection of sequences in C,
[OR2] (V(cx)X_ N, L<K) (ck)E_, € N (where both K = o and L = 0 are permit-
ted), and [OR3] (V (cx)7_EC™) (ck)iy € N if (VL<eo) (cx)k_; € N (where C™ is
the collection of infinite sequences in C).

This paragraph derives three entities from an OR tree. First, let T = N~C* be
the collection of finite sequences 7 belonging to N. Second, define (Cf);c7 at each 7
by C; = {ceC|i®(c)€T }, where i®(c) is the concatenation of the finite sequence 7
with the one-element sequence (c). Thus each C7 is the set of choices that are feasible
at the node 7. Third, define X = {7€T |C;#2 }. Call X the set of decision nodes.

Next let I be a set of players i, and assign decision nodes to players by a player-
assignment function P. In brief, assume [OR4] P:X—1. Then associate with each
player i a collection % of information sets H. Assume [ORS5] (Vi€l) S partitions
P! ( /). Thus each player’s information-set collection .77 partitions the player’s set
P~1(i) of decision nodes. Further assume [OR6] (VH € Uje;.5¢,fcH,F cH) C; = Cy.
This is the usual assumption that two nodes in the same information set must have the
same feasible choices. By definition, an OR form ((C,N), (P, (#%)ic;)) is an OR tree
(C,N) together with a player set /, a player-assignment function P, and a list (%) ;c;
of player information-set collections that satisfy [OR4]-[OR6].

This paper does not formally specify preferences. Rather this paragraph merely
notes that the set of outcomes is N~X = (N~T)U(T~X). The set N~T consists of
the infinite sequences, and the set 7~X consists of the nondecision finite sequences.
Later, preferences can be defined over N~X, or more generally if appropriate assump-
tions are introduced, over some space of probability distributions over N~X.

3.2 The equivalence between choice-set forms and OR forms

[ORG6] states that two nodes in the same information set have the same alternatives.’
As usual, define Cg at each H € U;c;. 7% by (VicH) Cg = Cr. Thus Cy is the set
of alternatives at the information set H. An OR form has no shared alternatives iff
(VHEU,e1.56, H' €Ujie1.56) H # H' implies C5NCy = @. In other words, a form has
no shared alternatives iff each of its information sets has its own alternatives. On the
one hand, this condition is vacuous in the sense that one can always introduce enough
alternatives so that each information set has its own alternatives. On the other hand,
it is natural to repeatedly use the same alternatives in a repeated game.

An OR form has no absentmindedness iff ( BHEUie; 5, (cx)X €H, L<K)
(ck)ézl € H (Piccione and Rubinstein 1997 page 10). In other words, a form has
no absentmindedness iff none of its information sets contains both a node and a pre-
decessor of that node. No-absentmindedness is regarded as a very weak assumption.
It is explicitly incorporated into the game specification of Kuhn 1953 (page 48 Defi-
nition 2(II)), and is defended at length by AR16 (Section 4.2.3). Further, it is weaker

9 The terms “alternative”, “action”, and “choice” are fundamentally synonymous (see note 22).
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Fig. 3.1 An OR form with no absentmindedness. In accord with Proposition 3.0, R| is injective.

than perfect recall, and AR16 (page 150) argues that a game without perfect recall
“fails to capture rational behaviour”.

No-absentmindedness plays a pivotal role in this section, as the following theorem
demonstrates. In the theorem, the function R takes any sequence (ck)f:1 to its range.
In particular, if X is finite, R takes (c;)X_; = (c1,c2,...ck) to {c1,c2,...cx }. Similarly,
if K is infinite, R takes (cx)X_, = (c1,¢2,...) to {c1,¢2,... }.

Proposition 3.0 Consider an OR form with no shared alternatives, and let N be

its collection of nodes. Then the form has no absentmindedness iff R|y is injective.
(Proof: Lemma A.5(a<c).)

Consider the forward direction of the proposition. This paragraph notes how easy
it is to derive injectivity when the form’s information sets are ordered. Consider
any node 7. Since a choice determines its information set because of the no-shared-
alternatives assumption, the choices in R(77) must be played in the order of their in-
formation sets. Hence the set R(77) determines the sequence 7.

But the forward direction of Proposition 3.0 goes further. It shows that R|y is
injective even when the form’s information sets are unordered, provided only that
no-absentmindedness holds. For example, consider Figure 3.1,'° which replicates the
classic example of unordered information sets from Kuhn 1953 Figure 1, Gilboa 1997
Figure 2, Ritzberger 1999 Figure 1, and Ritzberger 2002 Figure 3.8. Unordered in-
formation sets give rise to choices that can be played in different orders. Accordingly,
the choices o' and o? in Figure 3.1 have been played in different orders at the nodes
(f1,0',0%) and (f2,0°,0'). However, the choices in R((f!,0!,0%)) = {f!,0',0?} can
only be played in the order (f,0!,0?), and the choices in R((f?,0%,0')) = {f?,0%,0°}

10 Tmagine that Spy 1 and Spy 2 are racing to recover a document from a safe deposit box. En route
one spy realizes that if she reaches the box first, she can install a bomb that will explode when the other
spy reaches the box after her. But then she realizes that the other spy will be thinking the same thing, and
hence, if she opens the box when she reaches it, she will find either the document or an exploding bomb.
So, she considers destroying the bank without opening the box in hopes of keeping the document from the
other spy. Figure 3.1 specifies this situation. Chance determines whether Spy 1 (f1) or Spy 2 (f2) arrives
first. Then the two spies either open (o) the box or destroy (d) the bank.
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H
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| |
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Fig. 3.2 An OR form with absentmindedness. In accord with Proposition 3.0, R| is not injective (consider
(a) and (a,a)).

can only be played in the order (f2,02,0). Intuitively, this happens because the set
{f1,0',0%} contains f!, and because the set {f2,0',0?} contains f2. This suggests
that if a form has two choices whose order is not exogenously determined, then any
sequence that lists the two choices must also list another choice (or set of choices)
that determines their order. Showing that this can be done, whenever there is no-
absentmindedness, is the interesting part of the proposition’s proof.

Meanwhile, the reverse direction of Proposition 3.0 shows that no-absentminded-
ness is necessary for injectivity. For example, consider Figure 3.2, which replicates
the classic example of absentmindedness in Piccione and Rubinstein 1997 Figure 1.
Here R takes both the sequence (a) and the sequence (a,a) to the set {a}. Thus,
R|y is not injective. The proposition’s proof shows that something similar happens
whenever no-absentmindedness is violated.

Theorem 3.1 uses the forward direction of Proposition 3.0 to show that every OR
form with no shared alternatives and no absentmindedness is equivalent to a choice-
set form. The reverse direction of Proposition 3.0 shows that Theorem 3.1 cannot be
extended to include any OR forms that have absentmindedness.

Theorem 3.1 (choice-set < OR) Suppose ((C,N), (P, (4)ic;)) is an OR form with
no shared alternatives and no absentmindedness. Define N = {R(71)|A€N}. Then (a)
(C,N) is a choice-set tree and R|y is a bijection from N onto N. Further, define (C;)ict
at each i by C; = Ug ,7Cp , where (Cg)pc oz is derived from the OR form. Then (b)
((C)ier,N) is a choice-set form. (Proof A.7.)

Conversely, Theorem 3.2 shows that every choice-set form is equivalent to an
OR form with no shared alternatives and no absentmindedness. The theorem’s proof
constructs the OR form, and is the longest proof in the paper.

Theorem 3.2 (choice-set — OR) Suppose ((C;)icr,N) is a choice-set form. Then (a)
there is an N such that (U;c;C;,N) is an OR tree and R|y is a bijection from N onto N.
Further, derive T, (C;);c7, and X from this OR tree. Also define P:X —1 at eacht € X
by setting P(f) equal to the unique i for which C; C C;. Also define (&)1 at each
i by {{feX|ceC;}#@ |c€C;}. Then (b) {(UiciCi,N), (P, (5)ic1)) is a well-defined
OR form with no shared alternatives and no absentmindedness. (Proof A.8.)
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4 KS Forms
4.1 Definition

A KS form here is identical to a KS game (KL16 page 89) without the players’
preferences.!! The letters K and S refer to Kuhn 1953 and Selten 1975.

Begin with a set T of nodes t, and a set E of edges e. By definition, a pair (T,E)
is a directed graph iff E C {(t,1*)€T?|t#t*} (Bang-Jensen and Gutin 2009 page 2).
Say that one node  immediately precedes another node t* iff ¢ is immediately suc-
ceeded by t* iff (¢,1%) € E. Further, say that a finite walk from t' to t¥ is a sequence
(t*)K_, such that K€{2,3,...} and (Vk<K) (t*,t*"!) € E (Bang-Jensen and Gutin
2009 page 11). Similarly, an infinite walk from t! is a sequence ()X, such that
K = oo and (Vk<K) (t*,t**1) € E. By definition, a KS graph-tree is a triple (T,E, r)
such that [KS1] (T, E) is a directed graph and r € T, and [KS2] for each ¢ € T~{r}
there is a unique finite walk from r to #%. Call r the root node of the graph-tree. Fur-
ther, let X = {rcT|(3*<T)(t,*)€E} be the set of nodes with at least one successor,
and call each ¢ € X a decision node.

Next associate, with each node ¢t € T, a set C; of feasible choices c. Such a feasi-
ble set can be empty. Further, associate, with each node r € T, a choice-to-successor
function y;:C;—{t*cT|(t,t*)€E}, which is a bijection from ¢’s feasible set C; of
choices ¢ onto the set {*cT|(t,t*)€E} of nodes ¢* that immediately succeed 7. For
future reference, call this bijectivity assumption [KS3]. [KS3] implies [a] t € X iff
[b] C; # @ iff [c] y; is a nonempty function. By definition, a KS augmented-tree
((T,E,r),(Cy ¥y )rer) is a KS graph-tree (T, E, r) together with a (C;, ¥ );er consist-
ing of feasible sets and choice-to-successor functions that satisfy [KS3].

Now introduce a set I of players i, and assign decision nodes to players by
a player-assignment function P. Assume [KS4] P:X—1. Then associate with each
player i a collection 7 of information sets H. Assume [KS5] (Vi€l) 7 partitions
P~1(i). In other words, assume each player’s information-set collection .7 partitions
the player’s set P~1(i) of decision nodes. Also assume [KS6] (Vicl, HE#, tcH,
'€H) C; = Cy. Because of this, let Cy denote the feasible-choice set at the infor-
mation set H. By definition, a KS form ((T,E,r),(C, W )er, (P, (F8)icr)) is a KS
augmented-tree ((7,E,r), (C;, y;),) together with a player set /, a player-assignment
function P, and a list (%) ;e of player information-set collections that satisfy [KS4]-
[KS6].

This paper does not formally specify preferences. Rather, this paragraph merely
suggests how other papers could add preferences to a KS form. Toward that end, take
a KS form and let %, be the collection of (finite and infinite) walks from . Then
let #;X = {(t*)K_,e#} | K<oo,tX€X } be the collection of (finite) walks from r to
a decision node. Finally, let %\%X be the collection of outcomes.!? Tt consists of

Il Several changes have been made to facilitate comparison across game specifications. First,
((V,E,r),(Ay,¥,)vev)) in KL16 becomes ((T,E,r),(C;, Y )ier) here. Second, a “KS-tree” there becomes
a “KS augmented-tree” here (this accords with note 4). Third, V2 becomes X. Fourth, & and & 'r and PP
become {(r)}U#; and {(r)}U#,T and {(r)}U#,X. Fifth, both p and wU{(r, (r))} become w. Sixth, i€ N
and (I;);ey become i €1 and (J7)cs. Seventh, P; becomes p! (@).

12" This construction fails when |T| = 1, which is a trivial case. (In this case there are no walks.)
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[i] the infinite walks from r, and [ii] the (finite) walks from r to nondecision nodes.
Later, preferences can be defined over #,~#,X, or more generally if appropriate as-
sumptions are introduced, over some space of probability distributions over #,~#/X.

4.2 The Kline/Luckraz equivalence between OR forms and KS forms

Theorem 4.1 requires some additional notation. As in the previous paragraph, con-
sider a KS form and let %; be the collection of walks from r. Next let #,I =
{(t")K_,e#,|K<oo} be the collection of finite walks from r. Finally, let the node-
to-walk function w:T—{(r) }U#,I be the bijection mapping [i] » € T to (r) and [ii]
each t* € T~{r} to [KS2]’s walk from r to %,

Theorem 4.1 (OR < KS) Suppose ((T,E,r),(C;, W )ier, (P, (5)icr)) is a KS form,
and derive its #,. Define C = U;c1C;. Also define o and N by letting o be the surjec-
tive function, from {(r)}U#; onto N C C*, such that a((r)) = {} and (¥ (t*)K_,e#;)

a((f)K ) = (1//,le (t*))K_,. Then (a) a is a well-defined bijection and (C,N) is an
OR tree. Further; derive w:T—{(r)}U¥.I from the KS form by the previous para-
graph. Also derive T and X from the OR tree (C,N). Also define P:X—I at eacht € X
by P(f) = Pow loa™ 1( f). Also define (J)ic at each i by 5 = { {aow(t)|teH} |
He: Y. Then (b) ((C,N), (P, ()ic1)) is an OR form. (Corollary of KL16 Lemma 2
and KL16 Theorem 1. )13

Theorem 4.2 (OR — KS) Suppose <( N),(P,(4)icr)) is an OR form, and derive
its T and (C7);ez. Define E = { (7,i*)€T? | (3c€C) i®(c)=i* }. Then (a) (T,E,{})
is a KS graph-tree. Further, define (Wr:C;—T ;o7 at each T by (Vc€Cr) wi(c) =7d(c).
Then (b) ((T,E,{}),(Cr, W7)ier, (P, (F4 ) 1)) is a KS form. (Corollary of KL16 The-

orem 2.)

5 Simple Forms
5.1 Definition

A simple form here is virtually identical to a simple extensive form in AR16 (page
146).'* The difference is insignificant.!?

Let T be a set of nodes ¢, and let > be a binary relation on T'. A simple tree (AR16
page 143) is a pair (T, >) such that [s1] (7,>) is a partial ordering (AR16 page 20)
with a maximum, [s2] (Vs€T) {t€T |t>s} is a finite chain, and [s3] (Vt€T,tA€T) t >

13 More details of my adaptations, of both KL16 and AR16, are available on request.

14 Some notational changes have been made to facilitate comparison across game specifications. First, xo
there becomes r here. Second, T = (N, >) there becomes (7, >) here. In other words, [a] N there becomes
T here, and [b] T there has no equivalent here.

15 The difference is that [s4] strengthens the phrase before AR16 page 146 Definition 6.4 (SF1) by
requiring that [1] no choice ¢ € Uieléi contains r, and [2] no choice ¢ € Uig[éi equals @. I argue that [1]
and [2] are insignificant by considering the set p(¢) of nodes at which such choices ¢ would be feasible.
Regarding [1], suppose ¢ did contain r. Then p(¢) = {p(t)|t€¢} would contain p(r), which is ill-defined.
Regarding [2], p(@) = {p(t*)|t* €@} is empty, and thus & is never feasible.
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4 implies (38 eT)t> t8 and neither t* > 18 nor t® > 4. Define r = max T, and call
r the root node. Say that t precedes t* iff t is succeeded by t* iff t > t*. Let X C T be
the set of nodes ¢ which have at least one successor, and call every such node ¢ € X
a decision node. Define p:T~{r}—X by p(t*) = min{t€T|r>t"}, and call p(¢*) the
(immediate) predecessor of the node * (AR16, page 145).

By assumption, a choice ¢ will be a nonempty set of non-root nodes ¢ € T~{r}.
In other words, each choice ¢ satisfies @ # ¢ C T~{r}. The set of nodes at which a
choice ¢ is feasible is p(¢) = {p(t*)|t*€¢} (AR16 page 145). Note that this equation
is the standard way of defining the image of a set (such as ¢) under a function (such
as p). Accordingly, p(é) is the set of nodes p(¢*) that immediately precede a node 7*
in ¢. Further, let I be the set of players i, and let (C‘,) ic1 list a collection C; of choices
¢ for each player i.

At each decision node 7 € X, let A;(1) = {é€C;|tep(é)} be the set of feasible
choices for player i, and let J(r) = {i€l|A;(t)#2 } be the set of decision makers.
By definition, a simple (extensive) form (AR16 page 146, and note 15 here) is a
triple (T,>,(Ci)ies) such that (T,>) is a simple tree, [s4] each C; is a collection
of nonempty subsets ¢ of 7~{r},

[s5] (Viel,éeC;,éeC))

[p(¢)Np(¢') # @ and é#¢'] implies [p(¢) = p(¢) and éNé' =],
[s6] (VteX) J(t) # @ and

{{tﬁ} ‘ tﬁel’_l(t)} = {P_l (l)m(miel(z)éi) | (éi)iej(z)emej(t)Ai(t) b

[s7] (VéeU;cCi)( B{rH 18} Cé) 14 > %8, and [s8] (Vr€X,é€Uic/Ch) p~ L (1)~¢ # @.
AR16 (page 146) explains that [s5] concerns the standard properties of information
sets, that [s6] describes how choices determine successors when simultaneous de-
cisions are allowed, and that [s7] prohibits absentmindedness. Among other things,
[s3] and [s8] prohibit trivial decisions.

This paper does not formally specify preferences. Rather this paragraph merely
notes that the outcomes of a simple form are the maximal chains of its simple tree
(such chains can be finite or infinite). Later preferences can be defined over the collec-
tion of maximal chains, or more generally if appropriate assumptions are introduced,
over some space of probability distributions over the collection of maximal chains.

5.2 The equivalence between KS forms and simple forms

The following two theorems are new. In both theorems, part (a) is more straightfor-
ward than part (b).

The theorems use some minor conditions, all of which are discussed in Sec-
tion 7.1. First, say that a simple form has no simultaneous decisions iff (Vt€X) J(x)
is a singleton. Second, say that a KS form has no absentmindedness ift (VH€U;c; 4,
“cH , BeH ) there is not a walk from 4 to tB. Third, say that a KS form has no trivial
decisions iff (Vt€T) |C,| # 1.

Theorem 5.1 (KS « simple) Suppose (T,>,(C;)ic;) is a simple form with no si-
multaneous decisions, and derive its r, p, and X. Define E = {(t,t*)€T?|t=p(t*)}.
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Then (a) (T E.r) is a KS graph-tree. Further, define (C;);er at each t by C; =
{ eeUiciCi | tep(é) }. Also, define (y;:C,—{t*cT|(t,t*)EE} )ier at each t and each
¢eC; by letting y; (&) be the unique element of p~'(t)Né. Also, define P:X—I at
each t € X by letting P(t) equal to the unique i for which (3eeC)) t € p(é). Fi-
nally, define (J6)ie; at each i by 56 = {p(¢)|é€C;}. Then (b) ((T,E,r), (Ci, W )ier,
(P,()icr)) is a well-defined KS form with no absentmindedness and no trivial de-
cisions. (Proof A.9.)

Theorem 5.2 (KS — simple) Suppose ((T,E,r), (Ci, W )er, (P,(58)icr)) is a KS
form with no absentmindedness and no trivial decisions. Let > be { (t,t*)€T? | there
is a walk from t to t*}, and let > be { (t,t)€T?*|t=t* or t>t*}. Then (a) (T,>) is a
simple tree. Further; define (C;)icr at each i by C; = { {y;(c)|[t€H} | c€Cy, HEH }
where (Cy ) e is derived from the KS form. Then (b) (T, >, (C)icr) is a simple form
with no simultaneous decisions. (Proof A.10.)

6 AR Forms
6.1 Definition

An AR form here is virtually identical to a discrete extensive form in AR16 (page
138).16 The difference is insignificant.!’

Let N be a nonempty collection of nonempty sets 7. Define 2 = UN. Call N the
set of nodes n, and call Q the space of outcomes ®. Notice that every node 7 is a
subset of €. In other words, every node 7 is a set of outcomes ®. By definition, the
node 12 € N precedes the node i* € N iff n is succeeded by i iff n O #if. Note that Q
itself can be a member of N. If so, 7 = Q is a node which precedes all other nodes
it e NN{Q}.

By definition, a (discrete) AR tree (AR16 page 47 Definition 2.4, AR16 page 112
Definition 5.1, and AR16 page 135 Definition 6.1) is a pair (N,2) which satis-
fies two sets of conditions. First, it satisfies [AR1] (N,D) is a partially ordered
set, [AR2] Q € N, where Q is defined to be UN,!8 [AR3] (VN*CN) N* is a chain
iff (GweQ)(Va*eN*) o € n*, and [AR4] (Voe,0'eQ) o # o implies (InEN,
W EN) @ € i~ and @' € #'~. Call Q the root node, and let X = {neN | (InfeN)

16 Some notational changes have been made to facilitate comparison across game specifications. First,
the set W of plays w in AR16 becomes the set 2 of outcomes ® here. Second, F(N)~{W} there becomes
T~{Q} here. Third, a move x € X there becomes a decision node # € X here. Fourth, T = (N, D) there
becomes (N D) here. In other words, [a] N there becomes N here, and [2] T there has no equivalent here
([a] merits emphasis because note 14 in the previous section changed N to T').

I7 The difference is that [AR7] strengthens the phrase before AR16 page 138 Definition 6.2 (DEF1) by
requiring that [1] no choice ¢ € U;¢;C; is equal to £, and [2] every choice ¢ € U;¢;C; is a superset of some
ite T\{Q} I argue that [1] and [2] are insignificant by considering the set P( ) of nodes at which such
choices ¢ would be feasible. Regarding [1], P(2) = {p(i*)|i* €T, QDit, ( BicT)QDiDi*} equals {p(2)},
and p(£2) is not naturally defined. Regarding [2], suppose that ¢ ;é € (by [1]) and that ¢ does not contain
any #* € T~{Q}. Then P(¢) = {p(¢*)|i*€T,¢Dé*, ( AicT)cDiDi*} is empty, and thus there is no node at
which ¢ is feasible.

18 [AR?2] does not appear in AR16 page 47 Definition 2.4, but does appear in Alés-Ferrer and Ritzberger
2013 page 78 Definition 1. The latter is relevant in the present (discrete) context. See, for example, the use
of rootedness in AR16 page 144 Proposition 6.5, first sentence of part (b)’s proof.
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r’Dflﬁ} be the set of decision nodes (AR16 page 69). Second, it satisfies [ARS] each
nonempty chain in N has a maximum, and [AR6] (Vi#£Q) {#’€N|a’ D} has an in-
fimum in {#’€N|’Dr}U(N~X). Let p(i)) = min{#’ eN|i’Dn} be the (immediate)
predecessor of i (AR16 page 133), and let T = {Q}U{neN|p(i) exists}. Among
other things, [AR6] implies X C 7.!° Thus N is partitioned by {N~T,T~X,X}. N~T
is the set of nondecision nodes without immediate predecessors, 7~X is the set of
nondecision nodes with immediate predecessors, and X is the set of decision nodes.2°

Nondecision (i.e., “terminal”) nodes are closely related to outcomes. In particular,
nondecision nodes are singleton nodes in the sense that (VaeN) 1 ¢ X iff (Jwe)
in={w} (AR16 page 86 Lemma 4.1(b)). This does not imply N 2 {{w}|wcQ}.>!
However, N D {{w}|wcR} does hold when N is finite. Further, there is a com-
pelling sense in which any N can be expanded to N U {{®}|w€Q} without changing
its meaning (AR16 page 50 Proposition 2.11).

Now introduce a set I of players i, and let C; denote player i’s set of choices ¢. By
assumption, a choice ¢ is a nonempty subset of Q. Further, let P(¢) denote the set of
nodes 7 at which the choice ¢ is feasible, and define it by P(¢) = { p(i*) | i* €T, ¢Df,
and (AieT) ¢DiDi' } (AR16 page 134 Proposition 6.2(b)). This P is not related to
the player-assignment functions P and P of OR and KS forms.

At each decision node 7 € X, let A;(f) = {¢€C;|i€P(¢) } be the set of feasible
choices for player i, and let J(7) = {i€l|A;(i)#2 } be the set of decision makers.
By definition, a (discrete) AR form (AR16 page 138, and note 17 here) is a trlple
(N,D,(C;)ier) such that (N,D) is a (discrete) AR tree, [AR7] every ¢ € U;e/C; is a
nonempty proper subset of © which is both the union of a subcollection of N and a
superset of some member of 7~{Q},

[ARS] (Viel,ceCi, ¢’ eCy)

[P(¢)NP(¢') # @ and ¢ # ¢'] = [P(¢) = P(¢') and ¢N¢’ = @], and
[ARY] (VieX) J(i) # @ and

P () = {iN(Njesi i) | (¢5) jeriy€EMesnAj(i) }-

AR16 (page 138) explains that [ARS] states the standard properties of information
sets, and that [AR9] describes how choices determine successors when simultaneous
decisions are allowed.

This paper does not formally specify preferences. Rather this paragraph merely
recalls that the space Q of outcomes is primitive (or, virtually the same, that N is
primitive and Q is defined as UN). Thus it is straightforward to define preferences
over 2. Recent contributions which do so include Alés-Ferrer and Ritzberger 2016b,
2017b, and 2017c. More generally, preferences might be defined over some space of
probability distributions over €2, if appropriate assumptions are introduced.

19 [AR6] implies that each non-root node without an immediate predecessor is necessarily a nondeci-
sion node (AR16 page 135 Proposition 6.3, second sentence of proof). In other words, (N~{Q})~T C
(N~{Q1})~X. This is equivalent to X~{Q} C 7~{Q}. This implies X C T since Q € T by definition,.

20 This sentence fails when \N | = 1, which is a trivial case. (In such a case Q2 is a nondecision node.)

2l For example, N 2 {{®}|®cQ} in the AR16 tree that Theorem 6.2 constructs from any simple
tree having infinite maximal chains. This accords with the theorem’s claim that the AR16 tree is order-
isomorphic to the simple tree: neither the AR16 tree nor the simple tree has (nondecision) nodes corre-
sponding to the simple tree’s infinite maximal chains.
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6.2 The Alds-Ferrer/Ritzberger equivalence between simple forms and AR forms

Theorem 6.1 (simple <— AR) Suppose (N,D,(Ci)icr) is a (discrete) AR form, and
derive its Q, p, and T. Then (a) (T',D) is a simple tree. Further, define (C;)ic; at
eachiby C; = { {{*€T~{Q}|¢2p(i*) and¢Di* ) | ¢€C; }. Then (b) (T,2,(C))icr) is
a simple form. ((a) Corollary of AR16 page 144 Proposition 6.5(b). (b) Corollary of
ARI16 page 139 Theorem 6.2 (DEF=EDP) and AR16 page 147 Theorem 6.4(b).)

The order isomorphism in Theorem 6.2 means that there is a bijection @:T—N
such that (Vt€T,t*€T) t > t* iff ¢(¢) D @(¢*) (AR16 page 20). In this case, the bi-
jectionis T >t — {weQ|te®} € N (AR16 page 144 note 7).

Theorem 6.2 (simple — AR) Suppose (T,>,(Ci)ic;) is a simple form. Let Q be
(T,>)’s collection of maximal chains, and let N = { {®€Q|te®} | t€T }. Then (a)
(N, D) is a (discrete) AR tree which is order-isomorphic to (T,>). Further, define
(Ci)ier at each i by C; = { U {weQ|tfcw} | ¢€Ci }. Then (b) (N,2,(Cicr) is a
(discrete) AR form. ((a) Corollary of AR16 page 144 Proposition 6.5(a). (b) Corollary
of AR16 page 147 Theorem 6.4(a) and AR16 page 139 Theorem 6.2 (EDP=-DEF).)

7 Advantages and Disadvantages
7.1 Four minor features of the five specifications

Theorems 3.1 and 3.2 restrict OR forms by no absentmindedness and no shared al-
ternatives.”? Theorems 5.1 and 5.2 restrict KS forms by no absentmindedness and no
trivial decisions, and also restrict simple forms by no simultaneous decisions. Ab-
sentmindedness, shared alternatives, trivial decisions, and simultaneous decisions are
all features of game specifications. Each of these features corresponds to a row in
Table 7.1, and each is discussed in a paragraph below.

feature | choice-set OR KS simple AR
absentmindedness never <  yes yes > later never
shared alternatives never <  yes yes -2 -2
trivial decisions yes yes yes > later later

simultaneous decisions later later later < yes yes

Table 7.1 Four minor features of the five specifications. The inequalities slightly complicate this paper’s
new equivalence theorems. (Distinctions between “later” and “never” are conjectural.)

LT3

22 The terms “alternative”, “action”, and “choice” are fundamentally synonymous. The only distinction
is that “action” tends to be used when alternatives can be shared (e.g., Osborne and Rubinstein 1994;
KL16), and “choice” tends to be used when they cannot (e.g., von Neumann and Morgenstern 1944 Sec-
tions 9-10; Ritzberger 2002 Section 3.2; AR16). This paper uses “choice” because the new concept of
choice-set forms implicitly assumes that alternatives cannot be shared, as shown two paragraphs hence.
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Absentmindedness is listed first because it is the only feature whose absence lim-
its the range of social interactions that can be modeled. At the same time, this lim-
itation is very unimportant (Section 3.2, second paragraph). Absentmindedness is
currently allowed in OR forms and KS forms, and might later be allowed in simple
forms by removing [s7]. Absentmindedness is incompatible with choice-set forms
(Proposition 3.0) and AR forms (AR16 Section 4.2.3).

OR forms and KS forms allow information sets to share alternatives (i.e., choices),
and this can be convenient when defining a repeated game. Yet, disallowing shared
alternatives is an innocuous assumption in the sense that one can always introduce
enough alternatives so that each information set has its own alternatives. Choice-set
forms disallow shared alternatives because {r€X|c€C;} (if nonempty) is the unique
information set associated with the choice ¢ (recall [s4]).

Trivial decisions can be convenient for expanding game trees. Trivial decisions
are currently allowed in choice-set forms, OR forms, and KS forms. It seems they
might later be allowed in simple forms by altering [s3] and [s8], and in AR forms by
pursuing AR16 pages 64—65.

Simultaneous decisions are more convenient than cascading information sets in
the sense of AR16 pages 140—142. Simultaneous decisions are already built into sim-
ple forms and AR forms. A similar construction seems possible for choice-set forms,
OR forms, and KS forms (see for example Osborne and Rubinstein 1994 page 102).

7.2 General discussion

Although none of the four features is that important, Table 7.1 and the preceding para-
graph argue that OR forms and KS forms have more features than choice-set forms
and AR forms. Further, simple forms seem able to gain absentmindedness by remov-
ing [s7] and to gain trivial decisions by altering [s3] and [s8]. In this sense, the three
middle specifications appear to be slightly more general than the two specifications
on the ends.

Now consider these three middle specifications in the context of Figure 1.2. The
left-right spectrum there is identical to the left-right spectrum in Table 7.1. KS forms
are special because both their nodes and their choices are abstract (see the top two
rows of Figure 1.2). This allows one to specify both nodes and choices flexibly, as
desired. OR forms are less flexible but more efficient notationally since they express
nodes in terms of choices. Symmetrically, simple forms are less flexible but more
efficient notationally since they express choices in terms of nodes.

At the two ends of the spectrum, choice-set forms and AR forms sacrifice small
amounts of generality for even more notational efficiency. In both cases, the extra
efficiency is gained by using more set theory. For example, precedence becomes set
inclusion: On the left, a choice-set form has ¢ preceding iFiffr C tﬁ, while on the
right, an AR form has 7 preceding #* iff O 7.

23 The prospect of shared alternatives (i.e., choices) is not so interesting for simple forms or AR forms
since [a] these two already leave extremely little flexibility in specifying choices because [b] they specify
choices as sets of nodes or outcomes (recall Figure 1.2’s second row). Mechanically, the two disallow
shared alternatives since [i] p(¢) (if nonempty) is the unique information set associated with the simple
choice ¢, and [ii] P(¢) (if nonempty) is the unique information set associated with the AR choice ¢.
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As the last sentence suggests, the two spectrum ends are opposites in some sense.
On the spectrum’s left, nodes are expressed in terms of choices (see Figure 1.2’s
top row). Since that is done in terms of past choices, the notation looks backward
more efficiently. For example, it can be relatively easy [a] to find the product of the
probabilities of past choices, [b] to sum the rewards and costs from past choices, or
[c] to sum the infinite relative likelihoods of past choices (Streufert 2015a Sections
3.3 and 4.1). In contrast, on the spectrum’s right, nodes and choices are expressed
in terms of outcomes (see Figure 1.2’s top rows). Since outcomes are in the future,
this notation looks forward more efficiently. For example, it can be relatively easy [a]
to abstractly analyze preferences over outcomes without even referring to the time
horizon (Alés-Ferrer and Ritzberger 2016b), or [b] to connect game forms with the
standard statistical foundations of stochastic processes.

Although it is natural to have a favourite game specification, there appears to be
no objective sense in which one game specification is best for all purposes. Thus it
may be advantageous to be fluent in several specifications, so as to be able to freely
choose the specification that best fits the purpose at hand.

A Proofs

Lemma A.1 Suppose T is a collection of finite subsets t of C. Then, for any s C C,
(a) there is an infinite chain T* in T such that UT* = s iff (b) there is (t")y>1 € T
such that (Ym>1) t" C " and U1t = s.

Proof The reverse direction is proved by setting 7% = {t""|m>1}.

To prove the forward direction, take any s and assume 7* is an infinite chain in
T such that UT* =s. Define (1""),,>] recursively by t! = min 7* and (Ym>2) t" =
min 7*~{t',#2,...t™~'}. Every step in this infinite recursion is well-defined because
[a] T* is infinite by assumption and [b] every nonempty subcollection of 7* has a
minimum because 7* is a chain of finite sets by assumption. By inspection, (Ym>1)
™ C ™+ Thus it remains to show Um>11" = s. Note that U,,>1t" C UT* =5, where
the set inclusion holds by (Vm>1) ™ € T*, and where the equality holds by assump-
tion. Conversely, the next two paragraphs show s C U,,>1t™.

This paragraph shows by induction that (Vm>0) m < [¢"*!|. The initial step (m =
0) is 0 < |¢!|, which holds trivially. The inductive step (m > 1)ism = (m—1)+1 <
" |+1 < ||, where the first inequality holds by the inductive hypothesis and the
second inequality holds by ¢ C "1

Finally take any ¢ € s. Since s = UT* by assumption, there exists some t* € T*
such that ¢ € r*. Consider the element ¢ |*1 in the sequence (#),,>1. Since both ¢*
and 71"+ belong to 7*, and since T* is a chain, either r* C ¢/ +1 or r* > ¢I"+1, The
latter would imply |t*| > |t" i |. Since this would contradict the previous paragraph
(at m = |¢*]), it must be that r* C 1" +1 Hence ¢ € * C "1+ C U, 1™
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Lemma A.2 Suppose (C,N) is an OR tree. Further suppose § € C™ is such that
(Vk>1)(3Im>k) 15, € T.>* Then 5 € N.

Proof Because of [OR3], it suffices to show that (Vk>1) 15, € T. Toward this end,
take any k > 1. By assumption, there exists m > k such that |5, € T. Thus by [OR2],
15, € T.

Lemma A.3 Consider an OR form with no shared alternatives. Then Uig% =
{ {feT|ceCi}#2 | ceC }.

Proof Claim 1: Suppose [1] H € 3¢, [2]T* € H, and [3] ¢* € Cx. Then H = {reT
c*€Cr}. For C, note [1], [OR4], and [OR5] imply H C T. So take ' € H. Then [2],
[3], and [OR6] imply ¢* € Cy. Hence ' € {t€T|c*€C;}. For D, take 7 € T such that
c* € C;. Then [2], [3], and the assumption of no shared alternatives imply 7 € H.

Main Argument. For C. Suppose H € 4. Then [OR4] and [OR5] imply that
@ # H C X.Hence there exists * € H C X. Since f* € X, there exists ¢* € Cs-. Since
H is nonempty, it suffices to show H = {f€T|c*€C;}. This follows from Claim 1.
For D. Take any ¢* € C and assume {f€T|c*€C;} # @. By nonemptiness, there ex-
ists 7* such that ¢* € Cy+. Thus 7* € X. Thus by [OR4] and [ORS5], there exists i € [
and H € 7 such that * € H. Hence H = {f€T|c*€C;} by Claim 1.

Lemma A.4 Consider an OR form with no shared alternatives. Then (a) there is
no absentmindedness iff (b) (VA€N,f€T) |{k>1|€Cr}| < 1iff (c) (VIET) |R(F)| =

K (7).

Proof Not (a) = not (b). Assume absentmindedness. Then there exist H € Ujc;. 7,
f€H, and ¢ <K() such that ;7 € H. Since { < K (), fy+ is well-defined and satisfies
fr41 €C,z,. Thus since 17, and 7 share an information set, [OR6] implies 7, | € C7. Thus
il = 1®(fy41) is well-defined. Then [a] [{k>1]Ak€C 7, }| is at least [{k>1|7=1¢41}|
by 7741 € C,z,; which [b] is at least [{ £+1, K(f)+1 }| by the construction of 72; which
[c] equals 2 by ¢ < K (7).

Not (b) = not (c). Letin € N and f € T be such that |[{k>1|i, €C7}| > 2. Then there
are £ and k such that £ < k and {iy,7i;} C C;. Thus 7 belongs to both {f€T |i,€CF}
and {7eT | €Cs}. These are information sets by Lemma A.3. Since these two infor-
mation sets intersect, [OR4] and [ORS5] imply that the two are equal. Note that {7,
belongs to the latter. Thus it belongs to the former. In other words, iy € C,5, . Thus
" = 1m—1®(7g) is well-defined. Since ¢ < k, 7} is well-defined and equals 77y. Since
¢ < k and both 7; and 7; equal i, |R(7*)| < K(¥).

Not (¢) = not (a). Suppose |R(f)| # K(f). Thus since |R(f)| > K(7) is inconceiv-
able, |R(7)| < K(7). Thus there are indices 1 < ¢ < k < K(f) such that#; = ;. Since [a]
fre€Cy . [bl#x € Cz_,,and [c] 7 =1, both 17— and ;7 belong to {feT|feCr}.
By Lemma A.3, this is an information set. Since ¢ < k, the last two sentences imply
that this information set contains both {#,_; and its successor jf;_.

24 In the text, a sequence is denoted by 71 = (cx)K_, for some K € {0,1,2,...}U{e}, and an initial seg-
ment is denoted by (cx)%_, for some L < K (this resembles notation from Osborne and Rubinstein 1994).
In this appendix, the elements of a sequence 7 are denoted 77 rather than ¢y, the length of a sequence is
denoted K(71) € {0,1,2,...}U{eo}, and an initial segment is denoted 17, = (11,72, ... fig) for some £ < K (7).
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Lemma A.5 (Establishes Proposition 3.0 and slightly more.) Consider an OR form
with no shared alternatives. Then (a) there is no absentmindedness iff (b) R|7 is
injective iff (¢) R|y is injective.

Proof Not (a) = not (b). Suppose there is absentmindedness. Then Lemma A.4
(aec) implies there is a sequence 7 such that |R(7)| # K(7). Since |R(7)| > K(7) is
inconceivable, |R(7)| < K(f). Thus there exist indices 1 < ¢ < k < K(7) such that
fg = I_k. Hence R(]fk_l) = R(]fk).

Not (b) = not (c). This is obvious since T C N.

Not (c) = not (a). Assume that 77! and 72 are distinct elements of N such that
R(ii') = R(®).

On the one hand, suppose there does not exist a kK > 1 such that ﬁ,& =+ ﬁ% Then

Sl =2 2 =1 ~ - -
A= gy OF 7= gy Without loss of generality, assume the former. Since
) L2 - - Z1y _ p(i2 :
i’ # i~ by assumption, Mty 1 CXISES. Thus since R(72') = R(7*) by assumption,

K(@i') # 0 and there exists some ¢ < K(7') such that i} = ﬁ?{(le)ﬂ' But the assump-

tion 71! = 1ﬁ12((ﬁ1) implies ﬁé = ﬁ%, and thus the last sentence implies ﬁ% = ﬁé(ﬁl) i
This and £ < K(') imply |R(;77 | < K(i7
edness by Lemma A.4(a&c).

On the other hand, suppose there exists a k > 1 such that ﬁ}c + ﬁ,% Then let ¢ be

the smallest such k. Then [a] 1’7[371 = 1’52271 and [b] ﬁ; # ﬁ% Since ﬁé IS Cl . and

i7 € C1’_’z271’ [a] implies [c] {a},77} C Cl’_’/Ll' Further, [b] and R(72!) = R(7%) imply

the existence of some ¢* = ¢ such that i1}, = 7. This and [c] imply {7} ,7}. } Cl Al

This and ¢* # ¢ imply |{k'>1|f},€C;}| > 2 for f = /i}_,. This implies absentmind-
edness by Lemma A.4(a<b).

. This implies absentmind-

(ﬁ1)+1) (ﬁl)-H)

Lemma A.6 Consider an OR form with no shared alternatives and no absentmind-
edness. Assume R(t_b) C R(f). Then K(fb) < K(f) and P = 1t_K([-,).

Proof Note that K(7) = |R(f*)| < |R(7)| = K(f), where the equalities hold by two ap-
plications of Lemma A.4(a<>c), and where the inequality holds because R(7”) C R(7).
This is the first of the lemma’s two conclusions. For the second conclusion, it suffices
to show that 1t_1b( ) = 1I_K(;b). For this, it suffices that the next two paragraphs show,

by induction on k € {1,2,...K(7°)}, that (Vk<K(7")) |7} = 17

For the initial step at k = 1, suppose that 7} # f;. Note [a] {7},7;} C Cyy. Also,
R(t'b) C R(f) implies there is [b] ¢ > 1 such that [c] flb = fy. [a] and [c] imply that
{fe,f1} € Cyy. This and [b] imply that [{k>1|f€Cyy }| > 2. This is inconsistent with
no absentmindedness by Lemma A.4(a<b).

For the inductive step at k € {2,3,...K(Eb)}, suppose [1] lfkb_l = 15— and [2]
7} # . Since 7} € Cp andf €Cpj_ . [1] implies [3] {#.0} CCpr
R(t_b) C R(f), [2] implies there is [4] ¢ # k such that [5] t_kb = 1. [3] and [5] imply
{t;,%} € C,;_,. This and [4] imply |{k'>1|fy€C,z_, }| > 2. This is inconsistent with
no absentmindedness by Lemma A.4(a<b).

. Also, since
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Proof A.7 (for Theorem 3.1: choice-set < OR) (a). Claims 2, 7, and 9 show that
(C,N) is a choice-set tree by deriving [cs1], [cs2], and [cs3]. Further, Claim 1 shows
that R|y is a bijection from N to N.

Claim I: R|y is a bijection from N onto N. By the theorem’s definition of N, R|5
is surjective. By Proposition 3.0, R|y is injective.

Claim 2: [cs1] holds. By [OR1], N is a nonempty collection of sequences in C.
Thus by the definition of N, N is a nonempty collection of subsets of C.

Claim 3: R|7 is a bijection from T onto T. Because of Claim 1 and the fact that
T C N, it suffices to show that {R(7)|[feT} = T. To show the C direction, take any
7 € T. By the definition of N, R(7) € N. Further, |R(7)| < K(f) < oo becausef € T. By
the last two sentences, R(f) € T. To show the O direction, take any [a] # € T. By the
definition of N, there exists 7 such that [b] R(77) = t. It remains to show that 7 € T.
Toward that end, suppose 7 ¢ T. Then by [OR2], (V/>1) 17i; would be a well-defined
member of 7. Thus (V¢>1) |R(2)| > |R(17¢)| = K(171¢) = ¢, where the first equality
holds by Lemma A.4(a<>c), and where the rest holds by inspection. This implies that
|R(7)| is infinite. Thus [b] implies || is infinite. This contradicts [a].

Claim 4: (V€T ,ceC,ieT) P’®(c)=Ff = (c¢R(’) and R(F)U{c}=R(f) ).
Suppose 7°@®(c) = 7. This implies R(7”)U{c} = R(f’®(c)) = R(7), which is the second
fact to be derived. Also |R(F*)|4 1 = K(7”) + 1 = K(7) = |R(7)| by Lemma A.4(asc),
by ’@®(c) =7, and by Lemma A.4(a<>c) again. This and 7@(c) = 7 yield ¢ ¢ R(7),
which is the first fact to be derived.

Claim 5: (V€T ,ceC,icT) ©®(c)=f < (c¢R(’) and R({T)U{c}=R(7) ).
Because of Claim 4, it suffices to show the reverse direction. Toward that end, assume
[il ¢ ¢ R(7’) and [ii] R(*)U{c} = R(7). Note K(f*) +1 = |R(f*)| + 1 = |R(F)| = K(7)
by Lemma A.4(asc), by [i] and [ii], and by Lemma A.4(a<c) again. So, trivially,
K(f) = K(f)—1. Also, since R(f’) C R(7")U{c} = R(f) by [ii], Lemma A.6 im-
plies 7’ = 17 ). The last two sentences yield [a] 7 = 17k(r)—;. [i] and [ii] yield [b]
R()>R(") C {c}. [a] and [b] yield [c] fx(7) = c. [a] and [c] yield 7’ &(c) =1.

Claim 6: Take t € T~{{}}. Then (a) (R|7)~'(t) is a well-defined sequence in
T and (b) (VCEC) c = [(R|T)7](t)]K((Rh:)*](t)) iff cet and l’\{C}ET. (a) holds by
Claim 3. For (b), take ¢ € C. I argue ¢ = [(R’T)_l(t)]K((R‘T)—l(I)) is [1] equivalent
to (3°eT) 7®(c) = (R|7)~'(¢) by inspection; which is [2] equivalent to (3°€T)
(Rl7)"'(*)®(c) = (R|7)~'(r) by Claim 3; which is [3] equivalent to (3°€T)
¢ ¢ Ro(R|7)~'(r") and Ro(R|7)~'(")U{c} = Ro(R|7)'(r) by Claim 5 at 7> =
(R|7)~'(*) and 7 = (R|7)~'(¢); which is [4] equivalent to (3°€T) c¢s’ and
’U{c}=t by manipulation; which is [5] equivalent to (3°€T) cer and r~{c}=t" by
manipulation; which is [6] equivalent to c€f and t~{c}€T.

Claim 7: [cs2] holds. Take t # {}. It must be shown that ¢ has a unique last
choice. Claim 6 establishes that the last elements of the sequence (R|7)~!(¢) are
identical to the last choices (Section 2) of the set 7. Since the sequence (R|7)~!(z) is
nonempty because the set ¢ is nonempty, the sequence has a unique last element. By
the previous two sentences, the set ¢ has a unique last choice.
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Claim 8: N~T C {UT*|T* is an infinite chain in T }. Take n € N~T. By the def-
inition of N, there is 7 € N such thatn = R(#). Thus, since n ¢ T, R(#) is infinite. This
and 1 € N imply 7 € N~T. Hence, by [OR2], we may define T* = {R(y71y)[{>1}. As
required, T* CT because [a] R takes N to N and [b] finite sequences have finite
ranges. Further, 7* is an infinite chain because [i] it is a chain by inspection and [ii]
(V¢>1) |R(177)| = ¢ by Lemma A.4(a<>c). Finally, n equals R(77) by the definition
of 71; which equals R(U{;7/|¢>1}) by 7 being an infinite sequence; which equals
U{R(17i¢)|¢>1} by manipulation; which equals UT* by the definition of 7*.

Claim 9: [cs3] holds. Because of Claim 8, it suffices to show that N~T D {UT™* |
T* is an infinite chain in 7' }. Toward that end, suppose 7* is an infinite chain in 7.
Because T* is an infinite chain, UT* must be an infinite set. Thus, it remains to show
that UT* € N. By Lemma A.1 at s = UT™, there is an infinite sequence (t""),,>; in T
such that [a] (Ym>1) #" C ¢! and [b] Um>1t"™ = UT*. Further, by Claim 3, there
is an infinite sequence (™),,>1 in T such that [c] (Ym>1) t" = R(f™). [a] and [c]
imply [d] (Vm>1) R(7™) C R(7™*!). [d] and two applications of Lemma A.4(a<>c)
yield [e] (Vm>1) K(f™) = |R(f™)| < [R(F™")| = K(7+1). Also, [d] and Lemma A.6
yield [f] (Vm>1) ™" = 151'}1(;5,11). [e] and [f] imply [g] Uy>17" € C* and [h] (Vm'>1)

(U 17)y = 7. [h] implies (Vk>1)(3m'>k) | (Ups17),w = 7 € T. This, [g],
and Lemma A.2 at 1 = Uy,> (™ imply [i] Up>17™ € N. So, UT* = Up,>1t™ by [b];
which equals U,,>R(f") by [c]; which equals R(U,,>17") by manipulation; which
belongs to {R(7)|A€N} by [i]; which equals N by the theorem’s definition of N.

(b). It must be shown that (U;c;C;,N) is a choice-set tree, and that ((C;);cs,N)
satisfies [cs4], [cs5], and [cs6]. This is done by Claims 11, 14, 15, and 16.

Claim 10: UN C Uj¢/C;. By definition, N = {R(71)|€N }. Thus it suffices to show
U{R(71)|i€EN} C Uie;C;. Toward that end, take any 7 € N and any ¢ € R(i1). Then
there exists k > 1 such that ¢ = 7i. Thus [a] ¢ € C,5_,. So 17— € X, which by
[OR4] and [ORS] implies there are i € I and [b] H* € 4% such that [c] 17;_; € H*.
So, ¢ € C,5,_, by [a]; which equals Cz- by [c]; which is a subset of U{Cyz|HE}
by [b]; which equals C; by the theorem’s definition of C;.

Claim 11: (UierC;,N) is a choice-set tree. By part (a), (C,N) is a choice-set tree.
Equivalently, (C,N) satisfies [cs1]-[cs3]. By inspection, these three conditions are
only concerned with the choices in UN. So, if C' is any superset of UN, then (C’,N)
satisfies [cs1]—[cs3]. Thus, by Claim 10, (U;e;C;, N) satisfies [cs1]-[cs3].

Claim 12: (VI€T) C; = Cg;). Take any 7. I argue C; [a] equals { c€C|TD(c)€T }
by the (OR) definition of C;; which [b] equals {ccC|(IFeT)id(c)=} by re-
arrangement; which [c] equals {c€C|(IF€T)c¢R(f) and R(7)U{c}=R(i*)} by
Claim 5; which [d] equals {ceC|c¢R(7) and R(f)U{c}€T } because R|; is onto T
by Claim 3; which [e] equals Cp(7) by the (choice-set) definition of Cp).

Claim 13: R|y is a bijection from X onto X. By Claim 3 and the fact that X C T,
it suffices to show that {R(7)|f€X} = X. For the C direction, suppose 7 € X. Then
C; # @. Thus by Claim 12, Cg) # @. Hence R(7) € X. Conversely, suppose 7 € X.
By Claim 3, there exists 7 € T such that R(7) = ¢. Thus it suffices to show 7 € X. Since
R(f) =tandt € X, Cgs # &. Thus by Claim 12, C; # &. Hence 7 € X.
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Claim 14: [cs4] holds. Suppose there were A € U;C; and ¢ € Uj¢/C; such that
{teX|cAeC} and {tcX|cBcC;} were unequal but intersecting. Then, without loss
of generality, assume that ¢ is in both sets and that ¢! is in the former but not the
latter. Then ¢! € X and 72 € X are such that {cA,cB} CCp, Ae C,1,and ¢ C,.By
Claim 13 and X C T, there exist 7' and 7* in T such that R(f') = ! and R(7*) = >
Thus by the second-previous sentence and Claim 12, {c¢*,c8} C Ca, Ae C:1, and
B ¢ Cy. Thus 72 is in both {F€T |c*€C;} and {f€T|cB€C;}, while 7! is in the former
but not the latter. Therefore, since these two sets belong to U;c 1.7 by Lemma A.3,
Ujer 7 is not pairwise disjoint. This contradicts [OR4] and [ORS5].

Claim 15: [cs5] holds. Suppose there were i € I, j € I~{i}, and ¢ € C;NC;. By
the theorem’s definition of C;, there is H; € 5 such that ¢ € Cp;- Similarly there is
Hj € J; suchthat ¢ € Cp,. Note [i] ¢ € CgNCp,. Yet, H; € P! (i) and A; C P~(j)
by [ORS5]. This implies H; # H; because P~!(i)NP~!(j) = @ by [OR4]. Thus [ii]
Cy, ﬂng = @ by the assumption of no shared alternatives. [i] and [ii] contradict.

Claim 16: [cs6] holds. Take any ¢t € X. By Claim 13, there exists [1] 7 € X such
that [2] R(7) = t. [1] and [OR4] imply there is i such that 7 € P~!(i). This and [ORS5]
imply there is [3] H* € . such that 7 € H*. So by [OR6], [4] C; = C.. Hence
C; equals G; by [2] and Claim 12; which equals Cz« by [4]; which is a subset of
U{Cgz|HE S} by [3]; which equals C; by the theorem’s definition of C;.

Proof A.8 (for Theorem 3.2: choice-set — OR) Definition of C, c,, and (Tj)i>0.
First, let C = U;¢/C;. Second, [cs2] implies the existence of a function ¢,.:T~{{}}—C
that takes each nonempty ¢ € T to its unique last choice ¢, (¢). Third, define (7 )x>0
by Ty = {t€T | |t|=k }. Note T = Uy>0Tx. Also note Tp = {{}} by note 5.

Definition of (Qx)i>0- This paragraph recursively defines a sequence (Qx)x>0 of
surjective functions which map choice sets to choice sequences. More precisely, each
QO will map each r € T; to some finite sequence in C. To begin, define the one-
element function Qy:To—Qo(Tp) by Qo({}) = {}. Note that the codomain of Qg has
been set equal to its range Qo(7p) = {{}}. Then, for any k > 1, use Qy_ to define
Or:Ti—Ok(Ti) by Ox(t) = Or—1(t>{c.(t)})B(c«(t)). Note that Qy is well-defined at
each t € Tj because [a] t>{c.(t)} € Ty—; by [cs2] and [b] 7 is the domain of the
function Qy_; which was defined in the last step of the recursion. Also note that the
codomain of Qy has been set equal to its range QO (7).

Definition of N. Define N = Up>0Ox(Tx) U {5€C™ | (V£>0) 157 € Ug0 0k (Ti) }
where C* denotes the set of all infinite sequences in C.

Claim I1: [ORI] holds. By inspection, N consists of sequences in C. Further, N is
nonempty because [a] Q({}) = {} is an element of Qy(7p) by the definition of Qy,
and [b] Qo(Tp) C N by the definition of N.

Claim 2: [OR2] holds for K = oo. Suppose § € NNC™. Since § is infinite and
Ur>0Qk(Tx) consists of finite sequences, § ¢ Ug>0QOx (7). Thus the C half of the
definition of N implies (V£>0) 15, € Ur>00x(Tx). This implies (V£>0) 15, €N since
Ur>00k(Tx) € N by the D half of the definition of N.

Claim 3: [OR3] holds. Suppose § € C* satisfies (V/>0) 15, € N. Since each 1§y is
finite, the C half of the definition of N implies that (V/>0) 15, € Ug>0Qk(Tx). Thus
the D half of the definition of N implies § € N.
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Claim 4: T = Uy>0Qx(Tx). Section 3.1 defines T to be the collection of finite
sequences in N. Thus the claim holds by inspecting the definition of N.

Claim 5: (Vk>0,t€T;) K(Qx(t)) = k. This can be shown by induction. The initial
step (k = 0) holds because Ty = {{} } by the definition of 7y, and because K(Qo({}))
= K({}) = 0 by the definition of Qp. The inductive step (k > 1) holds because for
any t € T, K(Qk(r)) equals K(Qr—1(t>{c«(t)}) @ (c«(t)) ) by the definition of O,
which equals K(Qx—(1~{c«(t)})) + 1 by inspection. This equals (k—1)+ 1 by [a]
the inductive hypothesis and [b] the fact that t~{c.(¢)} € Ty by t € T} and [cs2].
Finally, (k—1)+ 1 =k.

Claim 6: (Vk>0) Qx(T;;) = {7€T |K(f)=k }. Fix k > 0. The C direction follows
from Claim 5 at k. Conversely, take any [a] 7 € T such that [b] K(7) = k. By [a] and
the C direction of Claim 4, there are K > 0 and [c] ¢’ € Ty such that [d] 7 = Qu (¢).
Note K (7) equals K(Qy (¢')) by [d]; which equals £’ by [c] and Claim 5 at k. This and
[b] imply k = k. This, [c], and [d] imply 7 € Qk(T).

Claim 7: (Vt€T~{{}}) 1fx—1 € T. Fix 7 € T~{{}}. Note 7 € Qk (Tx) by
Claim 6. Thus there is t € Tk s such that 7 = Q) (7). Since 7 # {} by assumption,
K(7) > 1. The last two sentences and the definition of Q) imply 7 = Qk)(t) =
Ok (r)—1(t>{cx(t)})B(cx(2)). T argue [a] 17k -1 = Q()—1(t>{ex(t)}) by the previ-
ous sentence; \_)vhich [b] belongs to Qg 1)1 (TK(,)_I) by 7 € Tk and [cs2]; which [c]
is a subset of 7 by Claim 4.

Claim 8: (Uie;C;,N) is an OR tree. Because of Claims 1-3, it suffices to show
that [OR2] holds for K < 0. Toward that end, take any 7 € N and any ¢ > 0 such that
¢ < K(71) < oo. By K(i1) < oo and the definition of 7, 1 € T. Thus 171y belongs to T by
K (f)—/ applications of Claim 7; which is a subset of N by the definition of 7.

Claim 9: (a) Uy>0Qx : T—T is well-defined and (b) (V€T ) (Ur>00x) () = Q) ().
Take ¢ € T. The definition of (7)x>o implies [1] ¢ € T} and [2] (Ti)i>0 partitions
T. [1] and [2] imply (Ur>0Q%)(2) is [3] well-defined and [4] equal to Qm(t). Also,
(Uk>00x)(t) equals Qy(¢) by [4]; which belongs to Q,(7],|) by [1]; which is a subset
of T' by Claim 4. (a) follows from [3] and the previous sentence. (b) follows from [4].

Claim 10: (Vk>0,1€T}) R(Qk(t)) =t. This can be shown by induction. The initial
step (k=0) holds because Tp = {{} } by the definition of Ty and because R(Qy({})) =
R({}) = {} by the definition of Qy. To see the inductive step, take any k > 1 and any
t € Tr. Then R(Qx(t)) [a] equals R( Qx_1 (1~{cs(t)}) @ (c«(¢))) by the definition of
Ok, which [b] equals R( Qx_1(t>{c.(t)})) U {c.(t)} by inspection, which [c] equals
t~{c«(t)} U{ci(t)} by the inductive hypothesis, which [d] equals .

Claim 11: R|;:T—T is the inverse of Ug>0Qx. Claim 10 implies that (Vk>0)
Rlo, () = Q. ' and that it maps from Qy(T}) onto 7. Claim 6 implies that the mem-
bers of {Qk(Tx)|k>0} are disjoint. The definition of (7} )0 implies that the members
of {T;|k>0} are disjoint. The last three sentences imply that R| o, (7,) = (Uk=0Qk)
and that it maps from U>0Qx(7;) onto Ug>07k. This is equivalent to the claim be-
cause [a] Ug>0Ok(T}) = T by Claim 4 and because [b] Ur>0Tx = T by the definition
of (Ti)r=0-
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Claim 12: (Vk>1,0°€Ti_y,c€C,t€T}) Or_1 (1°)B(c) = Ok(t) iff both ¢ ¢ 1° and
"U{c} = r. Take any such k, ¢°, ¢, and 7. T argue [a] Qx_1(")®(c) = Qk(r) is equiv-
alent to Q1 (1) ®(c) = Qk_1(t>{c«(t)})D(c (1)) by the definition of Qy; which [b]
is equivalent to the combination of Q_ (1)=Qs_1 (t~{c.(¢)}) and c=c,(t) by rear-
rangement; which [c] is equivalent to ”=¢~{c,(r)} and c=c, (t) by applying R to both
sides of the first equality and then simplifying it via Claim 11; which [d] is equiva-
lent to ’=t~{c}, cet, and c=c,(r); which [e] is equivalent to 7°=r~{c} and c&f since
1”€T by assumption; which [f] is equivalent to c¢¢” and ”U{c}=t by rearrangement.

Claim 13: (V**€T,c€C,t€T) (Ur=00k)()D(c) = (Ur=0Qu)(t) iff both ¢ ¢ 1°
and t"U{c} =t. Take ’, ¢, and 1. By Claim 9(b) it suffices to show [a] Q| (")B(c) =
Qy|(t) is equivalent to [b] ¢ ¢ 1> and £"U{c} = 1 together. For the forward direction,
assume [a]. Two applications of Claim 6 imply K(Q,, (")) = |’ and K(Qp(1)) = |t].
This and [a] imply || > 1 and |¢"| = |t|—1. Hence [a] and the forward direction
of Claim 12 at k = |¢t| imply [b]. Conversely, assume [b]. [b] implies |f| > 1 and
|#”| = |¢|—1. Hence [b] and the reverse direction of Claim 12 at k = |¢| imply [a].

Claim 14: (VP*€T ,ceC,ieT) P’ P(c) =7 iffboth ¢ ¢ R(f’) and R(7)U{c} =R(7).
Take any 7°, ¢, and 7. By Claim 11, 7@(c) =  is equivalent to (U0 Qk )oR(F*)®(c) =
(Ur=0Qk)oR(7). This, in turn, is equivalent to the combination of ¢ ¢ R(7’) and
R(7’)U{c} = R(f) by Claim 13 applied at > = R(7”) and t = R(7).

Claim 15: (VI€T) C; = Cgs). Take any 7. I argue C; [a] equals { c€C|tD(c)€T }
by the (OR) definition of Cj; which [b] equals {ccC|(3FeT)id(c)=F*} by re-
arrangement; which [c] equals {c€C|(IF€T)c¢R(f) and R(F)U{c}=R()} by
Claim 14; which equals [d] { ceC|c¢R(7) and R(f)U{c}€T } because the R|7 is onto
T by Claim 11; which [e] equals Cg;) by the (choice-set) definition of Cgz).

Claim 16: R|g is a bijection from X onto X. Because of X C T and Claim 11,
it suffices to show that {R(7)|feX} = X. For the C direction, suppose 7 € X. Then
Ci # @. Thus by Claim 15, Cg() # &. Hence R(f) € X. Conversely, suppose t € X.
By Claim 11, there exists 7 € T such that R(7) = ¢. Thus it suffices to show 7 € X.
Since R(7) =t and ¢ € X, Cg() # @. Thus by Claim 15, C; # @. Hence 7 € X.

Claim 17: P is well-defined and [OR4] holds. 1t suffices to show P:X—1 is well-
defined. This is equivalent to (VieX)(3liel) C; C C;. By Claim 15, this is equiva-
lent to (V7eX)(3li€l) Cggpy € C;. By Claim 16, this is equivalent to (Vz€X)(3liel)
C; C C;. To show this, take ¢t € X. [cs6] implies there is an i € [ such that C; C C;.
[csS] implies that this i is unique since [i] C; # @ since [ii] € X.

Claim 18: (VceUe/C;) {R(T)|7€X,c€Cr} = {t€X | c€C, }. Take any c. For the
C direction, take any 7 € X such that ¢ € C;. Note 7 € X and Claim 16 imply R(7) € X.
Further, ¢ € (; and Claim 15 imply ¢ € Cg(). The previous two sentences imply
R(f) € {teX|ceC; }. Conversely, take any ¢ € X such that ¢ € ;. Note ¢ € X and
Claim 16 imply the existence of a 7 € X such that t = R(7). Further, [a] ¢ € C, by
assumption; which [b] equals Cp(7) by the previous sentence; which [c] equals C; by
Claim 15. The previous two sentences imply ¢t € { R(7) |f€X,ceC; }.

Claim 19: [ORS5] holds. Take i € I. It must be shown that S partitions P~1(i).
By definition, 5% = { {feX|ceC;} #@ | c€C; } and P71 (i) = {feX|C;CC;}. [1] By
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inspection, each member of 7% is nonempty. [2] By Claim 11, {{feX|ccC;} # T |
ceC; }is pairwise disjoint iff { {R(7) |F€X,c€C;} # T | c€C; } is pairwise disjoint. By
Claim 18, this holds iff { {r€X|ceC, } # & | c€C; } is pairwise disjoint. This is implied
by [cs4]. [3] It remains to show that U{{feX|ceC;} # 2 |ceC; } = {feX |GCC }.
For the C direction, take any ¢ € C; and any 7 € X such that ¢ € C;. It suffices to
show that C; C C;. Since ¢ € CiNC;, [cs5] implies that there cannot be a j € I~{i}
such that G; C C;. Thus [cs6] implies C; C C;. Conversely, take any * € X such that
Cr+ C C;. Then arbitrarily choose any c¢* € Cy. So * € {feX|c*€Cr} and this set is
in the collection { {f€X |ceC;}#2 | c€C; } because ¢* € Cy C C;.

Claim 20: ((UieiC;,N), (P, () ic1)) is a well-defined OR form. (U;c;C;,N) is an
OR tree by Claim 8. P is well-defined and [OR4] holds by Claim 17. [OR5] holds
by Claim 19. Thus it remains to show [OR6]. Toward that end, suppose that 7! and
7% belong to the (OR) information set {7€X |c€C;}. Then R(7!) and R(7*) belong to
{R()|7€X,c€C;}. Thus Claim 18 implies R(7!) and (7%) belong to the (choice-set)
information set {t€X [c€C; }. Thus note 7 (Section 2) implies Cg1 = Cp2). Thus
Claim 15 implies C;1 = Cp.

Claim 21: (Vc€UieiCi, HEUje1 ) ¢ € Cq iffH = {f€X | c€C;}. Take ¢ and H.
For the reverse direction, assume H = {7€X | c€C; }. By inspection, (Vi€H) ¢ € C;.
Hence ¢ € Cz by the usual definition of Cgz. For the forward direction, suppose
¢ € Cy. Then the definition of C; implies (Vf€H) ¢ € C;. This implies (Vi€H) 7 € X.
By the last two sentences, H C {f€X |c€C;}. Further, H is an information set by
assumption, and {7€X |c€C;} is an information set by the theorem’s definition of
(%ﬁ-)ieb Since the information sets partition X by [OR4] and [ORS5], Claim 20 and
the previous two sentences imply H = {7eX | ceC; }.

Claim 22: ((Uie1C;,N), (P, (%)ic1)) is an OR form with no shared alternatives.
Given Claim 20, it remains to show that there are no shared alternatives. Toward
that end, suppose there were H Ve Ujer s, H? € Uier. 7, and ¢* € U;c;C; such that
¢* € C1NCyz2. Then by Claim 21, both A' and A? would equal {f€X|c*€C;}. Hence
H' would equal A?.

Claim 23: {(UieiCi,N), (P, () ic1)) is an OR form with no shared alternatives
and no absentmindedness. Because of Claim 22, it suffices to show that there is no
absentmindedness. This follows from Claim 22, Claim 11, and Lemma A.5(a<b).

Claim 24: (YVaeN~T) {R(y7i;)|¢>1} is an infinite chain in T. Take any such 7.
(1) By Claim 23 and [OR2], {;7i/|¢>1} C T. Thus by Claim 11, {R(y71,)[(>1} C T.
(2) Note that (V¢>1) R(17i¢) € R(17i¢41) simply because each 17y C j7ig4;. Hence
{R(171¢)|¢>1} is a chain. (3) Claim 23 and Lemma A.4(a<c) imply that (V/>1)
|R(171¢)| = ¢£. Hence {R(171¢)|¢>1} is infinite.

Claim 25: {R(i)|Ai€eN} C N. Claim 11 yields {R(7)|feT} =T C N. Thus it suf-
fices to show {R(71)|7€N~T} C N. Toward that end, take 7 € N~T. Since 7 is infinite,
in=U{1|¢>1}.So [a] R(7) = R(U{17¢|¢>1}); which [b] equals U{R(y7i7)|¢{>1} by
rearrangement; which [c] belongs to N by Claim 24 and the reverse direction of [cs3].

Claim 26: {R(ii)|Ai€N} 2O N~T. Take any n € N~T. By the forward direction of
[cs3], there exists an infinite chain 7% C T such that UT* = n. Thus by Lemma A.1,
there is an infinite sequence (¢"),,>1 in T such that [a] (Ym>1) " C t"*! and [b]
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Um>1™ = UT*. Further, by Claim 11, there is an infinite sequence (7),,>; in T
such that [c] (Vm>1) ™ = R(7™). [a] and [c] imply [d] (Vm>1) R(7™) C R(7"*").
[d], Claim 23, and two applications of Lemma A.4(a<c) yield [e] (Vm>1) K(") =
IR(T™)| < |R(7")| = K(7™*1). Also, [d], Claim 23, and Lemma A.6 yield that [f]
(Ym>1) " = lz;’g(j,,i). [e] and [f] imply that [g] Up>17" € (UiesC;)™ and [h] (Vm'>1)

1 (Ups17"),y = 7. [h] implies (Vk>1)(Im'>k) {(Ups17"),y = " € T. This, [g],
Claim 23, and Lemma A.2 imply [i] U,>1#" € N. Therefore, n equals UT* by the
definition of 7*; which equals U,,> " by [b]; which equals U,,>1R(7") by [c]; which
equals R(U,,>17™) by rearrangement; which belongs to {R(71)|7€N} by [i].

Claim 27: {R(i)|ieN} = N. The C direction holds by Claim 25. For the con-
verse, take any n € N. If n € T, the result follows from Claim 11. If n ¢ T, the result
follows from Claim 26.

Conclusion. (a) (Uje/C;,N) is an OR tree by Claim 8. R| is injective by Claim 23
and Proposition 3.0. R|y is onto N by Claim 27. (b) ((Uie;Ci,N), (P, (75);cr)) is an
OR form with no shared alternatives and no absentmindedness by Claim 23.

Proof A.9 (for Theorem 5.1: KS < simple) Part (a) follows from Claim 1(a), and
part (b) follows from Claims 10-12.

Claim 1: (a) (T,E,r) is a KS graph-tree, (b) (Vt€T,t*cT) t > t* iff there is a walk
fromt to 1!, and (c) the decision-node set derived from (T, >) equals the decision node
set derived from (T,E,r). ((c) will be used implicitly to ensure that the symbol X is
unambiguous). A simple tree is specified via order theory, while a KS graph-tree is
specified via graph theory. The conversion from the former to the latter is relatively
straightforward. Details are available on request.

Claim 2: (Vt€T,é€UieiCi) t € p(¢) iff p~'(1)Né # @. Take ¢ and ¢é. By manipu-
lation, ¢ € p(&) iff (3rFeé) t = p(¢f) iff (3rfee) trep™(¢) iff p~1(1)Ne # 2.

Claim 3: (Vt€T~X) vy, is well-defined and [KS3] holds at t. Suppose t € T~X.
Then [a] p~!(t) = @ by the (simple) definition of X. Thus [b] {t*€T|(t,1!)cE} = @
by the theorem’s definition of E. Also, [a] implies [c] (VéeUie;C;) p~ ' (1)Né = @.
Hence Claim 2 implies [d] (VécU;c;C;) t ¢ p(¢). Hence [e] C; = @ and [f] y; = @
by the theorem’s definition of C; and y;. [KS3] at ¢ follows from [b], [e], and [f].

Claim 4: (vteX) {{t*}|ttep™ (1)} = {p~ ' (t)N¢|1€p(¢), é€Uic,C; }. Take any
t € X. Because of no simultaneous decisions, there is an i* € I such that J(¢) = {i*}.
Largue { {t*} |t*ep™'(r) } [a] equals { p~" (1) (Nies) &) | (&)ics(r) ETics(1)Air) } by
[s6]; which [b] equals { p~! ()N (Niegi1 i) | (é,-)ie{i*}eﬂie{i*}{éeéi|t€p(é)} } by the
definitions of i* and A;+; which [c] equals { p~!(r)N¢|é€Ci, t€p(¢) } by rearrange-
ment; which [d] equals { p~! (t)N¢| é€U;c/C;, t€p(é) } because the definitions of i*
and J imply that i* is the only i € I for which A;(t) = {¢cC;|t€p(¢)} is nonempty.

Claim 5: (Vt€X) vy, is well-defined. Take t € X. Take ¢ € C;. Then the definition
of C; implies 7 € p(¢) and ¢ € Uiel(:‘,-. Thus the O direction of Claim 4 implies there
is 1 such that p~!(t)N¢ = {t*}. It remains to show that t** € {t*cT|(¢,t*)cE}. I
argue 1™ [a] belongs to p~!(r) by the second-previous sentence; which [b] equals
{t*cT|(t,¢*)€E} by the theorem’s definition of E.
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Claim 6: (Vt€X) ; is surjective. Take t € X. Take ** € {t*€T|(t,*)€E}. Then
by the definition of E, e p_1 (t). Thus, by the C direction of Claim 4, there exists
¢ € Uie/Ci such that £ € p(&) and {r*} = p~!(r)Né. The two set memberships imply
¢ € C; by the theorem’s definition of C;, and the equality implies y;(¢) = 1** by the
theorem’s definition of ;.

Claim 7: (W );er is well-defined, and [KS3] holds. Given Claims 3-6, it suffices
to show that (V7€X) y; is injective. Suppose not. Then there would be r € X, ¢ € C;,
and ¢ € G, such that ¢ # ¢ and y;(¢) = y;(¢'). Note that ¢ € G, implies 7 € p(é),
and similarly, that & € C; implies r € p(¢’). The two together imply p(é)Np (&) # @.
This, ¢ # &, and [s5] together imply that éNé’ = &. Meanwhile, y;(¢) = y;(¢') and
the definition of y; imply that p~!(t)N¢ and p~!(#)N¢ are identical singleton sets.
The last two sentences contradict one another.

Claim 8: P is well-defined, and [KS4] holds. Take any t € X. By the assumption
of no simultaneous decisions, J(¢) is a singleton. Thus, by the definition of J, there is
a unique i for which (3¢€C;) rep(é).

Claim 9: [KS5] holds. Take any i. Note P~ (i /) equals {r€X | (3ecC))tep(é)} by
the definition of P; which equals X NU{p(¢&)|éeC;} by rearrangement; which equals
U{p(¢)|¢€C;} by the definitions of p and X. Also, 74 = {p(¢)|é€C;} by definition.
The last two sentences imply U.% = P~ (i). Hence it remains to show that the mem-
bers of 7 = {p(¢)|¢cC;} are nonempty and disjoint. Each p(¢) is nonempty because
[s4] requires that each ¢ is a nonempty subset of T~{r}. To show disjointness, sup-
pose there were ¢ € C; and & € C; such that [1] p(é) # p(&') and [2] p(&)Np(¢) # @.
[1] implies ¢ # ¢'. This, [2], and [s5] imply p(&) = p(¢’), which contradicts [1].

Claim 10: ((T,E,r),(Cy, W )icT, (P, (F5)icr)) is a well-defined KS form. Claims 5
and 8 show (y;),cr and P are well-defined. Claim 1(a) and 7-9 show [KS1]-[KS5].
Thus it remains to show [KS6]. Toward that end, suppose [a] H € /%, [b] t'€ H,
and [c] t*> € H. I will show C,1 # C,2 leads to a contradiction. Toward that end, sup-
pose C;1 # C,z Then by the theorem s definition of (C;)er, {ecUic Cilt! Ep( ¢)} #
{cEUlgC 2€p(é)}. Thus, w.lo.g., there is [d] ¢* € U;;C; such that [e] 1! € p(¢*)
but [f] 1 ¢ p(¢”). Note [g] p(¢*) belongs to {p(¢ ?)|é€UierCi} by [d]; which equals
Uier{p(¢)|é€Ci} by rearrangement which equals U;c;.74; by the theorem’s definition
of (##);e;. Since [i] t! belongs to both H and p(¢*) by [b] and [e], and [ii] both H and
p(¢*) belong to Uje;.7 by [a] and [g], and [iii] the members of U;c;.7¢; are disjoint
by Claims 8 and 9, it must be that H = p(¢*). This contradicts [c] and [f].

Claim 11: The KS form has no trivial decisions. It suffices to show that (Vt€T)
|C;| > 1=|C;| > 2. Toward that end, take t € T and suppose ¢ € C;. By the definition
of C;, t € p(¢) and ¢ € Uc;C;. Thus, by the D direction of Claim 4, there is #* such
that [a] {tﬁ} p~!(t)Né. Meanwhile, [s8] implies there is [b] " ep ~!(¢)~é. [a] and
[b] 1mp1y [c] ¥ =+ t*. Further, [b] and the C direction of Claim 4 imply there is [d]
¢ € UiesC; such that [e] 7 € p(”) and [f] {tﬁ’} p ~“1()né. [f], [a], and [c] imply

¢ # ¢. Finally, [d] and [e] imply ¢’ € C;. So ¢ and ¢’ are distinct members of C;.

Claim 12: The KS form has no absentmindedness. Suppose there were a walk
(t)K_, from ¢! to tX and an H € Uje; 74 such that {t!,+X} C H. Since (t',#?) € E,
Claim 6 implies there is ¢ € C,1 such that [a] y,1 (&) = t2. Further, since {t',tX} C H,
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Claim 10 and [KS6] imply ¢ € C,x. Thus we may define [b] tX*! = l,l/K( ¢). By the
definition of (W;)er, [a] and [b] imply [c] p~ ' (t")Né = {#*} and [d] p~ ' (tK)N¢ =
{tX+11 . [c] and [d] together imply [e] {¢?,#5+1} C ¢. Further, [b] and Claim 11 imply
(t%,t5+1) € E; which implies (/)K" is a walk; which implies (Vk<K) (¢*,1*"1) € E;
which by the definition of E implies (Vk<K) t* = p(t**1); which by the definition of
p and the transitivity of > implies 2 > X+ This and [e] contradict [s7].

Proof A.10 (for Theorem 5.2: KS — simple) Part (a) follows from Claim 1(a), and
part (b) follows from Claim 16.

Claim 1: (a) The theorem’s part (a) holds, namely, (T,>) is a simple tree. (b) r
equals the root node derived from (T,>). (c) (Vt€T,t*€T) (t,1*) €E iff t=p(t*),
where p is derived from (T,>). (d) The decision-node set derived from (T,E,r)
equals the decision-node set derived from (T,>). ((b) and (d) will be used implicitly
to ensure that the symbols r and X are unambiguous.) A KS graph-tree is specified via
graph theory while a simple tree is specified via order theory. The conversion from
the former to the latter is relatively straightforward. Details are available on request.

Claim 2: (VteT,ceCy) (a) y;(c) € T~{r} and (b) p(y;(c)) =t. Suppose ¢ € C,.
Then [KS3] implies y;(c) € {'€T|(t,')€E}. Hence (¢, y;(c)) € E. Sot = p(y;(c))
by Claim 1(c). So y;(c¢) € T~{r} since the domain of p is T~{r}.

Claim 3: [s4] holds. Suppose ¢ € C;. By the theorem’s definition of C;, there are
[a] H € 7% and [b] ¢ € Cy such that [c] é = {y;(c)|[reH}. Tt suffices to show [i]
¢ # @ and [ii] ¢ C T~{r}. [i] By [KS5] and [a], H is a member of a partition. So
H # &. So there is t € H. So ¢ € C; by [b]. So y;(c) is well-defined by [KS3]. So
¢ # @ by [c]. [ii] By [c], it suffices to show (Vt€H) y;(c) € T~{r}. Toward that end,
take r € H. So ¢ € C; by [b]. So y;(c) € T~{r} by Claim 2(a).

Claim 4: (Vicl,éeC;,é eC;) ¢ # ¢ = ¢éné = @. For the contrapositive, suppose
t* € éné’. Then by the definition of C’,-, there exist H € 4, c € Cy, and t € H such
that [al] ¢ = {y;(c)|s€H} and [a2] y;(c) = t*, and similarly, there exist H' € J%,
¢’ € Cyr, and ' € H' such that [bl] & = {y;(c’)|s€H'} and [b2] wy (') = t*. [a2]
and [b2] imply [c] yi(c) = yy(c'). Thus p(y;(c)) = p(yi(c)). Thus by Claim 2(b),
[d] # =1¢. Thus [e] H = H’' by [KS5]. Further, since y; is injective by [KS3], [c] and
[d] imply [f] ¢ = ¢'. [al], [b1], [e], and [f] imply é = &'.

Claim 5: (Viel,é€C;) p(¢) € H,. Suppose ¢ € C;. Then by the construction of
C;, there are H € % and ¢ € Cy such that ¢ = {y;(c)|tcH}. I argue p(¢) [a] equals
{p(t*)|t*€¢} be rearrangement; which [b] equals { p(t*)|t*c{y;(c)|[tcH}} by the pre-
vious sentence; which [c] equals { p(y;(c))|t€H} by rearrangement; which [d] equals
{t|teH} by Claim 2(b); which equals H

Claim 6: [s5] holds. Because of Claim 4, it suffices to show (Vicl,éeC;,é'eC;)
p(&)Np(&) # @ = p(¢) = p(&'). Suppose ¢ € C;, & € C;, and p(&)Np(¢') # @. By
two applications of Claim 5, p(¢) and p(¢&’) belong to J%. So p(¢) = p(¢') by [KS5].

Claim 7: (Viel, He st teH ,c€Cy) p~ ' (t)N{ys(c)[seH} = {w;(c)}. Suppose
H € J,t € H, and ¢ € Cy. Take any #* in the intersection. Then there is s € H such
that [a] y,(c) = #*. Thus by Lemma 2(b), [b] p(#%) = s. But since * € p~!(z) by
assumption, [c] p(t*) =t. [b] and [c] imply s = ¢ and thus [a] implies #* = y;(c).
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Conversely, ¥ (c) € p~!(t) by [KS3] and Claim 1(c). Also, w;(c) € {w(c)|s€H} by
t € H. Hence y;(c) is in the intersection.

Claim 8: (VteX,t'ep=1(1))(3icl,éeC;) (a) t € p(&) and (b) p~'Né = {t*}. Sup-
pose [1]# € X and [2] ¢! € p~'(t). By [1], [KS4], and [KS5], there are i € I and
[3] H € 77 such that [4] t € H. By [2], [KS3], and Claim 1(c), there is [5] ¢ € C;
such that [6] y;(c) = t*. Further, by [4], [5], [KS6], and the definition of Cy, [7]
c € Cy. Let ¢ = {y;(c)|s€cH}. Note ¢ € C; by [3] and [7]. For (a), note that p(é)
equals {poy;(c)|s€H} by the definition of ¢; which equals {s|s€H} by Claim 2(b);
which equals H. This equality and [4] imply ¢ € p(¢). For (b), note that p~!(r)Né
equals p~ ! (t)N{w;(c)|s€H} by the definition of ¢; which equals {w;(c)} by Claim 7,
[3], [4] and [7]; which equals {tﬁ} by [6].

Claim 9: (VteX) {{t*}|tlep~ (1)} = { p~ ' (t)Né|tep(é),é€Uic,C; }. The C di-
rection follows from Claim 8. For the D direction, suppose [a] t € p(¢) and [b] ¢ € C..
By [b] and the construction of C;, there exist [c] H € % and [d] ¢ € Cy such that [e]
¢ ={wy;(c)|seH}. Note p(¢) equals { poy;(c)|s€H} by [e]; which equals {s|s€H } by
Claim 2(b); which equals H. This equality and [a] imply [f] # € H. Further, p~!(:)Né
equals p~ ! (t)N{w;(c)|s€H} by [e], which equals {;(c)} by Claim 7, [c], [d], and
[f]. Thus it suffices to show that y;(c) € p~!(¢). This holds by [KS3] and Claim 1(c).

Claim 10: (Vte€X,icl,éeC;) t € p(¢) = P(t) = i. Suppose t € X, [a] ¢ € C;, and
[b] ¢ € p(é). Claim 5 and [a] imply p(¢) € 4. This and [b] imply ¢ € UJ%. This and
[KS5] imply ¢t € P~!(i). This and [KS4] imply P(¢) = i.

Claim 11: (VteX,icI~{P(t)}) Ai(t) = @. Suppose A;(t) # &. Then there exists
¢ € A;(1). By the definition of A;(r), ¢ € C; and 1 € p(¢). Thus by Claim 10, P(r) = i.

Claim 12: (Vt€X) J(t) ={P(t)}. Taket € X. Then P(r) is well-defined by [KS4].
Further, by the definition of X, p~!(¢) # @. Thus by Claim 9, there is [1] ¢ € UietC;
such that [2] 7 € p(¢). [1] implies there is i* € I such that [3] ¢ € C. [2] and [3]
imply ¢ € Aj(t). So Claim 11 implies both i* = P(t) and J(t) = {P(¢)}.

Claim 13: [s6] holds. Take t € X.J(t) # @ by Claim 12. Also, { {t*}|tfep~' (1)}
[1] equals { p~' (t)N¢|tep(¢),é€UieC; } by Claim 9; which [2] equals { p~!(£)Né |
tEp(@),éEép(t)} by Claim 10; which [3] equals { p~!(£)N¢ | CEAp(;) } by the def-
inition of (Ai)ie]; which [4] equals {p_l(t)ﬁ(ﬂiej(t)@,') | (61')[6](1‘)61][6]@)141'(0} by
Claim 12.

Claim 14: [s7] holds. Suppose there were [1] ¢ € C; and [2] {t*4,1%8} C ¢ such
that [3] 74 > ¢*8. [3] and the construction of > imply there is a walk (tk),(K:1 from
1! =" to tK =B, [1] and the construction of & imply there are H € 7% and ¢ € Cy
such that ¢ = {y;(c)|s€H}. This and [2] imply there is [4] {t*,t8} C H such that
W.a(c) =1 and y,s(c) = t*B. Thus by Claim 2(b), [5] t4 = p(t*) and [6] t5 = p(1*B).
By Claim 1(c), [5] implies (t4,1*}) € E and thus (t*)X, is a walk from ¢ = 4 over
t! =% to K =18, Note (tX~1,¢*8) € E. Thus by Claim 1(c), X~ = p(¢*¥). This
and [6] imply tX~! = ¢B. Thus ()K= is a walk from 1° = ¢4 to rK~1 = ¢B. This and
[4] contradict the assumption that the KS form has no absentmindedness.

Claim 15: [s8] holds. Suppose there were t € X and ¢ € C; such that p~!(r) C é.
By construction, there exists [1] H € .4 and [2] ¢ € Cy such that ¢ = {y;(c)|s€H }.
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By the previous two sentences, [3] p~!(t) C {w;(c)|s€H}. Note that {t} equals
pop~!(t) because p~!(¢) # @ by t € X; which is a subset of {poy;(c)|scH} by
[3]; which equals {s|s€H } by Claim 2(b); which equals H. In other words, [4] ¢t € H.
Further, {y;(c')|c'€C,} equals {t*€T|(t,+*)€E} by [KS3]; which equals p~'(¢) by
Claim 1(c); which equals p~!(t)N{w;(c)|s€H} by [3]; which equals {y;(c)} by
Claim 7, [1], [2], and [4]. In brief, [5] {y;(")|€C} = {y;(c)}. Since y; is in-
jective by [KS3], [5] implies |C;| = 1. This contradicts the assumption that the KS
form has no trivial decisions.

Claim 16: The theorem’s part (b) holds. (T,>, (C;)ies) is a simple form by Claims
1(a), 3, 6, 13, 14, and 15. It has no simultaneous decisions by Claim 12.
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