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ABSTRACT

Decomposing Differences in the First Moment"

We propose a simple methodology for decomposing differences in the first moment into
characteristics and coefficients effects. This methodology provides a way to apply the
Blinder-Oaxaca decomposition to a non-linear function for both aggregate and detailed
decompositions.
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|. Introduction

The Blinder-Oaxaca decomposition of wage differentials has played a significant role in
studying wage discrimination (Blinder (1973) and Oaxaca (1973)). The basic idea of the Blinder-
Oaxaca decomposition is that differences in wages can be explained by the differences in
characteristics and by the differences in OLS coefficients. The application potential of this
decomposition analysisisnot restricted to studying continuous variabl es such aswage differentials.
The variable whose differencesin the first moment we are interested in can be either continuous or
discrete.

The simple idea of the Blinder-Oaxaca decomposition has been applied whenever we need
explain the differences between two comparison groups. To do this, researchers usually construct
an auxiliary equation based on one group’ s characteristics and the estimated coefficients of the other
group’s equation. The calculation of the overall or aggregate “characteristics’ and “ coefficients”
effectsis straightforward and now standard. The contribution of the differencesin characteristics
and coefficients of individual variables (i.e., the detailed decomposition) can be easily found when
linear equationsare used (e.g., wage decomposition using Blinder-Oaxacadecomposition), but not
when non-linear equations are used. Detailed decomposition is useful and instructive since it can
answer questionslike“How much of the differencesinlabor market participation rates between two
comparison groups can be explained by differencesin educational attainment (characteristics effect)
and how much by differences in behavioral response associated with educationa attainment
(coefficients effect) 7.

This paper proposes a general and systematic methodology for the detailed decomposition



of differencesin thefirst moment, i.e., differencesin the mean value of the variable of interest.' The
proposed detailed decomposition methodology does not depend on the functional form aslong as
the dependent variable is a function of a linear combination of independent variables and the
functionisoncedifferentiable. Therefore, the standard Blinder-Oaxacadecomposition methodol ogy

isincluded as a specia case of the methodology proposed in this paper.

[1. Decomposition M ethodology
Suppose that a dependent variable is a function of a linear combination of independent

variables, though the function (F) itself may or may not be linear. That is,

Y = F(XB),
whereY, X, and $ are, respectively, an Nx 1 vector, an Nx K matrix of independent variables, and a
Kx 1 vector of coefficients; F isamapping of alinear combination of X (Xf) to Y, and the function
F is any once differentiable function.

Thedifferencein Y at thefirst moment, i.e., the mean difference of Y between groups A and

B can be decomposed as

Y, - Yy = [FX,B) - F(XB,)] + [F(XzB,) - FXBp)], @)

! Indeed, the idea of the Blinder-Oaxaca decomposition method has also been applied to
differencesrelated to the second moment of avariableintheinequality literature (e.g., Juhn, Murphy
and Pierce (1993) and Y un (2002)). Y un (2002) shows away to decompose differencesin variance
at both aggregate and individual variable levels. However, it seems that a genera and systematic
decomposition methodology for differences related to the second moment has not yet been
developed.



where “over bar” represents the value of the sample’s average.?
The above decomposition is done at the aggregate or overall level; thisiswidely accepted

asaway to decompose the differencesin thefirst moment in terms of differencesin characteristics

[F(X,B,) - F(X;B,)] andintermsof differencesin coefficients[ F(X,B,) - F(XB;)]. The

next step isto find the contribution of each variableto thetotal difference (detailed decomposition).
Whilethis has been studied in alinear regression framework, only afew attempts have been made
to examine the detail ed decomposition beyond using linear regression.®> The key questionishow to
properly weight the contribution of each variable to the characteristics and coefficients effects. In
order to obtain a proper weight, we use two types of approximation; first, we evaluate the value of

the function using mean characteristics;* second, we use afirst order Taylor expansion to linearize

the characteristics and coefficients effects around X B, and X 3P, respectively.

2 The decomposition equation (1) is not unique. The discussion below can be easily applied
to the other decompositions with alternative parameterizations.

3 If the function F isalinear regression function, then obtaining the detailed decomposition
equationistrivial, and isnoted in the example below. Thereareafew papers on decomposing probit
or logit functions (e.g., Even and Macpherson (1990), Nielsen (1998) and Y un (2000)). This paper
provides a systematic and general decomposition methodol ogy.

*|tisnot necessarily required to usethe mean characteristicsto derivethefinal weights, W&

and WA"B . That is, it is possible to take a Taylor expansion of the characteristics and coefficients
effectsinthe equation (1) without thefirst approximation with mean characteristics. Nonethelesswe
keep the approximation using mean characteristics since it makes the derivation of W, and Wy,
easy to explain. The author thanks an anonymous referee for pointing this out.

3



TIA - ?B = [F(XAﬁA) - F()_(BﬁA)] + [F()_(BBA) - F()_(BBB)] * Ry

= [(X, - Xp)B,IAX,B,) + Xp(B, - B)A(X;pB5) + Ry + Ry, ?
where
R, = [F(X,B,) - F(X,B)] + [F(X;B,) - F(zB,)]
- [F(X,B,) - F(XzB)] - [F(X5B,) - F(XzB)]1,
R, = [F(X,B,) - F(XzB)] + [F(XyB,) - F(X;B,)]
- [(X, - Xp)BAX,By) - Xp(By - Bp)f(XsB5),
and f(X B,) = Lyfﬁf)'),i.e., £(.) isthefirst order derivative of thefunction F(.), wherej = A
AN}

andB. Allthree, (R, , R, andf()_(j[ij) ), arescalars. R, and R, areapproximation residual sresulting

from evaluating thefunction F(.) at the mean values and by using thefirst order Taylor expansion,
respectively.
A detailed decomposition equation of (1) may be written using the information in (2) as

follows:

Y, -Y, =301 Way [FX,B,) -FXB )]+ Y0t Wag [F(X,B,) - F(X,B,)1,(3)

where

Wi - ()_(; _j(;) B,l4 f()_(ABA) _ (X; _)_(fg) BZ ’
()_(A_XB) BAf()_(ABA) (XA_)_(B) [3A




i Xo (B~ Ba) f(XsBy) - By
A~ -

X5, (B,
= — — candY X we, = Y wy
X, (B, -By) f(XB,) X5 (B, -Bj) AT Sint Tab 7

Asequation (3) shows, it turnsout that the weight isvery ssmple and easy to implement. As
long as the coefficient estimates are available, the weight can be easily calculated using the mean

values of characteristics and their coefficients.

1.1 Two Examples

Asthefunction F isrequired to beonly oncedifferentiable, the above detailed decomposition
eguation (3) may be considered as a general decomposition equation for differences in the first
moment. In this section, we provide two examples; the standard Blinder-Oaxaca decomposition
equation when the function F is a linear regression equation, and the decomposition of a binary

choice variable when the function F is a probit equation.

Example A. Blinder-Oaxaca Decomposition

It issimpleto show that equation (3) reducesto the standard Blinder-Oaxaca decomposition

equation when F(XB) = XPB +e,where e is a stochastic term with mean of zero (e = 0).
Obviously, F(XB) = XPB, and decomposition equation (3) reduces to

TIA - T713 - ()_(A _)_(B)ﬁA +X,B([3A -Bp),
whichisidentical to the equation (2) since f(Xp) = 1and thetwo residual terms(R,, andR, ) are

Z€ex0.



Example B. Probit Decomposition
Supposethat Y isabinary choice variable, and prob(Y = 1) = M(X$), where M is a standard

normal cumulative distribution function. Then decomposition equation (3) equals

Y, =Yy =301 Way [(@X,B,) - OB+ Yot Wag [O(X,B,) - D(XB,)] .

This probit decomposition has been used in various studies, e.g., labor market participation
(Yun (2000)), anti-foreigner attitudes (Gang, Rivera-Batiz, and Y un (2002)), and poverty rates (head-

count ratio, Gang, Sen and Y un (2002)).

[1.2. Comparison to Previous M ethodologies

Contributions of a single variable can be calculated by replacing the value of group A with
that of group B sequentially one by one. Using this sequential replacement, the characteristics and
coefficients effects of individual variable can be cal culated no matter what kind of functional form
isemployed. However, this sequential replacement method is not only tedious but al so problematic
sinceit may be sensitiveto the order of switching (see Ham, Svejnar and Terrell (1998), p. 1137 for
adiscussion of path-dependency). The detailed decomposition proposed in this paper is free from
path-dependency.

Two strands of papersoffer rel ated methodol ogies. One studiesonly the characteristicseffect
in a detailed decomposition using a probit equation while the other studies only the coefficients
effect in a detailed decomposition using alogit equation. Both methodol ogiesfind aweight similar

to the weight proposed in this paper. Obviously, these methodologies do not suffer from the path



dependency problem. Even and Macpherson (1990, 1993) suggest a detailed decomposition of the
characteristics effect, but not of the coefficients effect, when a probit equation is used to study
unionization. Interestingly, their suggested weight in the detailed decomposition for the

Xy -X) By
(XA _XB) BA

characteristics effect isidentical to what we have derived in this paper, WAiX =
isnot shown in their paper how they derive the weight for each variable. On the other hand, Nielsen
(1998) suggests a detailed decomposition of the coefficients effect, but not of the characteristics
effect, when alogit equation isused to study employment in formal sector in an urban area. In order

to deriveaweight for the detailed decomposition of the coefficients effect, Nielsen (1998) specifies

B, = Bp + &,andappliestotal differentiation to the coefficients effect, [ F(X,B,) - F(X,Bz)],

with respect to & . Nielsen’s proposed weight for the coefficients effect for avariablei isasfollows:

Wai _ EA]‘ f(XAjBA) XAlj dod' / Ny
EA_]' (XAjﬁA) Xy dd / N,

(4)

where N, isthe size of the sample A.

Asit is obvious from the weight, Wai, the choice of d & isleft to practitioners. It is quite

reasonable to assign the same value to each d &', which further simplifies the weight to

wi = 2 T Xy I Ny
ZA]' (XAjﬁA) XAj / NAj



Though using total differentiation is a legitimate method, the implication of the weight
proposed by Nielsen (1998) is a little counter-intuitive since the weight for the coefficients effect

is not expressed in terms of differencesin coefficients, i.e., 6, butintermsof g ,.°

In short, the sequential replacement methodology can be theoretically applied to any
functional form, but it suffersfrom path-dependency. While the suggested detailed decompositions
by Even and Macpherson (1990, 1993) and Niel sen (1998) arefreefrom path-dependency, they have
not envisioned the potential of extending their method to provide ageneral and systematic detailed

decomposition methodology as provided in this paper.

I11. Conclusion

We provide a genera and systematic decomposition for first moment differences. The
differences are decomposed into characteristics and coefficients effects at both an aggregate and
individual variable level. This decomposition methodology is applicable to any functional form as
long as the function is once differentiable. Since most functional formswe are interested are once

differentiable, thisdecomposition methodol ogy providesacommon framework whenever differences

> We may modify the weight , Wﬁi, in the equation (4) abit in order to make comparison to
the weight proposed in this paper clear. If an approximation using mean characteristics is used
instead of the sample averaging, then the weight becomes;
fX,B) X, a8 X, d¥ X,
fX,B)X,dd  X,ds YEx
where the last equality is obtained when the same value is assigned to each d &’.

The weight becomes a ratio of mean value of one variable to the sum of mean value of
variables. That is, the level of X', influences the size of weight, without accounting for potential
differencesin B’s. Thisalsoimpliesthat arescaling of the X’ scould affect theweight substantially.

Wai =

8



inthefirst moment are studied. Obviously, thisgeneralization includesthe standard Blinder-Oaxaca

decomposition as a specia case.
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