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Abstract

This paper proposes a novel test of zero pricing errors for the linear factor pricing model
when the number of securities, IV, can be large relative to the time dimension, 7', of the
return series. The test is based on Student ¢ tests of individual securities and has a number of
advantages over the existing standardised Wald type tests. It allows for non-Gaussianity and
general forms of weakly cross correlated errors. It does not require estimation of an invertible
error covariance matrix, it is much faster to implement, and is valid even if N is much larger
than T. Monte Carlo evidence shows that the proposed test performs remarkably well even
when T = 60 and N = 5,000. The test is applied to monthly returns on securities in the
S&P 500 at the end of each month in real time, using rolling windows of size 60. Statistically
significant evidence against Sharpe-Lintner CAPM and Fama-French three factor models are
found mainly during the recent financial crisis. Also we find a significant negative correlation
between a twelve-months moving average p-values of the test and excess returns of long/short
equity strategies (relative to the return on S&P 500) over the period November 1994 to June
2015, suggesting that abnormal profits are earned during episodes of market inefficiencies.
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1 Introduction

This paper is concerned with testing for the presence of alpha in Linear Factor Pricing Models
(LFPM) such as the capital asset pricing model (CAPM) due to Sharpe (1964) and Lintner
(1965), or the Arbitrage Pricing Theory (APT) model due to Ross (1976), when the number
of securities, N, is quite large relative to the time dimension, 7', of the return series under
consideration. The Sharpe-Lintner CAPM model predicts that expected excess returns (mea-
sured relative to the risk-free rate) on any given security or a given portfolio of securities is
proportional to the expected excess return on the market portfolio, with the constant of the
proportionality, £, being security /portfolio specific.

There exists a large literature in empirical finance that tests various implications of Sharpe-
Lintner model. Cross sectional as well as time series tests have been proposed and applied in
many different contexts. Using time series regressions, Jensen (1968) was the first to propose
using standard t-statistics to test the null hypothesis that the intercept, «;, in the Ordinary
Least Squares (OLS) regression of the excess return of a given security, 7, on the excess return
of the market portfolio is zero.! The test can be applied to individual securities as well as to
portfolios.

However, when a large number of securities are under consideration, due to dependence of
the errors across securities in the LFPM regressions, the individual ¢-statistics are correlated
which makes controlling the overall size of the test problematic. Gibbons, Ross and Shaken
(1989, GRS) propose an exact multivariate version of the test which deals with this problem
if the CAPM regression errors are Gaussian and N < T'. This is the standard test used in the
literature, but its application has been confined to testing the market efficiency of a relatively
small number of portfolios, typically 20 — 30, using monthly returns observed over relatively
long time periods. The use of large T" as a way of ensuring that N < T, is also likely to
increase the possibility of structural breaks in the 3’s that could in turn adversely affect the
performance of the GRS test.

Recently, there has been a growing body of finance literature which uses individual security
returns rather than portfolio returns for the test of pricing errors. Ang, Liu and Schwarz (2016)
show that the smaller variation of beta estimates from creating portfolios may not lead to
smaller variation of cross-section regression estimates. Cremers, Halling and Weinbaum (2015)
examine the pricing of both aggregate jump and volatility risk based on individual stocks rather
than portfolios. Chorida, Goyal and Shanken (2015) advocate the use of individual securities
to investigate whether the source of expected return variation is from betas or security-specific
characteristics.

It is clearly desirable to develop tests of market efficiency that can deal with a large number
of securities over relatively short time periods so that the problem of time variations in /’s
is somewhat mitigated. It is also important that such tests are reasonably robust to non-
Gaussian errors, particularly as it is more likely that one would encounter non-normal errors
in the case of LFPM regressions for individual securities as compared to regressions estimated
on portfolios comprising a large number of securities.

Out of the two main assumptions that underlie the GRS test, the literature has focussed on
the implications of non-normal errors for the GRS test, and ways of allowing for non-normal
errors when testing a; = 0. Affleck-Graves and McDonald (1989) were amongst the first to
consider the robustness of the GRS test to non-normal errors who, using simulation techniques,
find that the size and power of GRS test can be adversely affected if the departure from non-
normality of the errors is serious, but conclude that the GRS test is ".. reasonably robust
with respect to typical levels of nonnormality." (p.889). More recently, Beaulieu, Dufour and

! Cross sectional tests of CAPM have been considered by Douglas (1968), Black, Jensen and Scholes (1972),
and Fama and Macbeth (1973), among others. An early review of the literature can be found in Jensen (1972),
and more recently in Fama and French (2004).



Khalaf (2007, BDK) and Gungor and Luger (2009, GL) have proposed tests of a; = 0 that
allow for non-normal errors, but retain the restriction N < T. BDK develop an exact test
which is applicable to a wide class of non-Gaussian error distributions, and use Monte Carlo
simulations to achieve the correct size for their test. Gungor and Luger (2009) propose two
distribution-free nonparametric sign tests in the case of single factor models that allow the
error distribution to be non-normal but require it to be cross-sectionally independent and
conditionally symmetrically distributed around zero.?

Our primary focus in this paper is on development of multivariate tests of Hy : o; = O,
fori=1,2,..., N, when N > T, whilst allowing for non-Gaussian and weakly cross-sectionally
correlated errors. The latter condition is required for consistent estimation of the error covari-
ance matrix, V, when N is large relative to T'. In the case of LFPM regressions with weakly
cross-sectionally correlated errors, consistent estimation of V can be achieved by adaptive
thresholding which sets to zero elements of the estimator of V that are below a given thresh-
old. Alternatively, feasible estimators of V can be obtained by Bayesian or classical shrinkage
procedures that scale down the off-diagonal elements of V relative to its diagonal elements.?
Fan, Liao and Mincheva (2011, 2013) consider consistent estimation of V in the context an
approximate factor model. They assume V is sparse and propose an adaptive thresholding
estimator of V, which they show to be positive definite with satisfactory small sample prop-
erties. Fan, Liao and Yao (2015) derive the conditions under which standardised Wald tests
of Hy can be asymptotically justified. Gagliardini, Ossola and Scaillet (2016) develop two-
pass regressions of individual stock returns, allowing time-varying risk premia, and propose
a standardised Wald test. Raponi, Robotti and Zaffaroni (2016) propose a test of pricing
error in cross-section regression for fixed number of time series observations. They use a bias-
corrected estimator of Shaken (1992) to standardise their test statistic. Gungor and Luger
(2016) propose simulation based approach for testing pricing errors. They claim that their test
procedure is robust against non-normality and cross-sectional dependence in errors. Amen-
gual and Repetto (2014) consider the standardised F-type test statistic based on principal
component estimation under both serial and cross-section correlation in errors.

In this paper we follow an alternative strategy where we develop a test statistic that
initially ignores the off-diagonal elements of V and base the test of Hy on the average of the ¢
tests of a; =0, over ¢ = 1,2,..., N. We then correct the standardized version of this average
statistic for the effects of non-zero off-diagonal elements. The correction involves consistently
estimating N~'Tr (RQ), where R = (pij) is the error correlation matrix. The estimation of
N—Tr (Rz) =N! Zf\i 1 Z;\le p?j is subject to the curse of dimensionality which we address
by using the multiple testing threshold estimator, R, recently proposed by Bailey, Pesaran
and Smith (2016). We show that consistent estimation of N~'T'r (R?) can be achieved under
more general specification of R as compared to tests that require consistent estimator of the
full matrix, R. We are able to establish that the resultant test is applicable more generally
and continues to be valid for a wider class of error covariances, and holds even if N rises
faster than 7. The proposed test is also corrected for small sample effects of non-Gaussian
errors, which is of particular importance in finance. We refer to this test as Jensen’s « test of
LFPM and denote it by J,. The test can also be viewed as a robust version of a standardised

?Bossaerts, Plot and Zame (2007) provide a novel GMM test of CAPM which does not require large T, but
is designed for the analysis of experimental data on a few risky assets held across a relatively large number of
subjects. It is interesting to see if their approach can be adapted to the analysis of historical observations of
the type considered in this paper.

3There exists a large literature in statistics and econometrics on estimation of high-dimensional covariance
matrices which use regularization techniques such as shrinkage, adaptive thresholding or other dimension-
reducing procedures that impose certain structures on the variance matrix such as sparsity, or factor structures.
See, for example, Wong, Carter and Kohn (2003), Ledoit and Wolf (2004), Huang, Liu, Pourahmadi, and Liu
(2006), Bickel and Levina (2008), Fan, Fan and Lv (2008), Cai and Liu (2011), Fan, Liao and Mincheva (2011,
2013), and Bailey, Pesaran and Smith (2016).



Wald test, in cases where the off-diagonal elements of V become relatively less important as
N — 00. The implementation of the J, test is also computationally less demanding, since it
does not involve estimation of an invertible high dimensional error covariance matrix.

Our assumption regarding the sparsity of V advances on Chamberlain’s (1983) approximate
factor model formulation of the asset model, where it is assumed that the largest eigenvalue of
V (or R) is uniformly bounded in N (Chamberlain, 1983, p.1307). We relax this assumption
and allow the maximum column sum matrix norm of R to rise with IV but at a rate slower
than /N, whilst controlling the overall sparsity of R by requiring N ~1Tr(R?) to be bounded
in N. In this way we are able to allow for two types of cross-sectional error dependence: one
due to the presence of weak common factors that are not sufficiently strong to be detectable
using standard estimation techniques, such as principal components; and another due to the
error dependence that arise from interactive and spill-over effects.

We establish that under the null hypothesis of a; = 0, the J, test is asymptotically
distributed as N (0, 1) for T and N — oo jointly, so long as N/T? — 0, my = |R||; = O (N%),
0<d,<1/2,and N~1Tr (RQ) is bounded in N. The test is also shown to have power against
alternatives that rises in N/27. The proofs are quite involved and in some parts rather tedious.
For the purpose of clarity we provide statements of the main theorems with the associated
assumptions in the paper, but relegate the mathematical details to an appendix.

Small sample properties of the J,, test are investigated using Monte Carlo experiments
designed specifically to match the correlations, volatilities, and other distributional features
(skewness and kurtosis) of the residuals of Fama-French three factor regressions of individual
securities in the Standard & Poor 500 (S&P 500) index. We consider the comparative test
results for the following eight sample size combinations, 7' = 60 and 100, and N = 50, 100, 200
and 500. The J, test performs well for all sample size combinations with size very close to
the chosen nominal value of 5%, and satisfactory power. Comparing the size and power of the
J,, test with the GRS test in the case of experiments with N = 50 < T' = 60, 100 for which
the GRS statistics can be computed, we find that the J, test has a higher power than the
GRS test in most experiments. This could be due to the non-normal errors adversely affecting
the GRS test, as reported by Affleck-Graves and McDonald (1989) and Affleck-Graves and
McDonald (1990). In addition, the J,, test outperforms the feasible versions of the standardised
Wald tests, replacing V with the recently developed estimators of large dimensional variance-
covariance matrix of Fan, Liao and Mincheva (2013, FLM) and Ledoit-Wolf (2004). The J,
test also outperforms the simulation-based Fiax test of Gungor and Luger (2016) that can be
implemented when N > T. The F,.x test is shown to be undersized substantially across the
various designs, and have lower power uniformly as compared to the J,, test. We also carried
out additional experiments that allow for time variations in betas as well as errors with a
mixture of weak factors and spatial autoregressive processes, using much larger values of IV,
namely N = 1,000, 2,000 and 5,000, whilst keeping T" at 60 and 100. We only considered
the J, test for these experiments, and found no major evidence of size distortions even for the
experiments with T'= 60 and N = 5,000.

Encouraged by the satisfactory performance of the Ja test, even in cases where N is much
larger than T', we applied the test to monthly returns on the securities in the Standard and
Poor (S&P) 500 index using rolling windows of size 60 over the period September 1989 to
June 2015. The survivorship bias problem is minimized by considering the sample of securities
included in the S&P 500 at the end of each month in real time. We report the J,, test statistics
for a single-factor and a three Fama-French factor model over the period 1989-2015, and find
statistically significant evidence against Sharpe-Lintner CAPM and Fama-French factor model
only during the recent financial crisis.

Finally, we examine if there exists any relationship between the p-values of J, test and
excess returns on long/short equity hedge funds (relative to the return on S&P 500). A priori
one would expect a reverse relationship between market efficiency and excess return of an



investment strategy, with excess returns being low during periods of market efficiency (high
p-values) and vice versa. In fact, we find a significant negative correlation between a twelve-
months moving average p-values of J,, test and excess returns of long/short equity strategies
over the period November 1994 to June 2015, suggesting that abnormal profits are earned
during episodes of market inefficiencies.

The outline of the rest of the paper is as follows. Section 2 sets out the panel data model
for the analysis of LFPM, and the GRS test. Section 3 proposes the J, test for large N
panels, derives its asymptotic distribution, and Section 4 summarises the main theoretical
results. Section 5 reports on small sample properties of .J,,, GRS, standardised Wald tests and
Gungor and Luger (2016) simulation based Fihax test, using Monte Carlo techniques. Section
6 presents the empirical application. Section 7 concludes. The proofs of main theorems are
provided in Appendix A, and the lemmas which are used for the proofs, as well as the additional
Monte Carlo evidence, are provided in an Online Supplement to this paper, that is available
on request.

Notations

We use K and ¢ to denote finite and small positive constants. If { f; };°, is any real sequence
and {g;};~, is a sequences of positive real numbers, then f; = O(g¢), if there exists a positive
finite constant K such that |f| /g < K for all t. f; = o(g¢) if fi/g+ — 0 as t — oco. For a
N x N matrix A = (a;j), the minimum and maximum eigenvalues of matrix A is denoted by
Amin(A) and Apax(A), respectively, its trace by Tr(A), its maximum absolute column and row
sum matrix norms by ||All = sup; Z;VZI |laij|, and,||All; = sup;, Zi\; la;j|, respectively, its

Frobenius and spectral norms by ||Al, = /Tr(A’A), and [|A| = Agn/fx(A’A), respectively.

For a N x 1 dimensional vector, o, ||af = (a’a)1/2.

2 Some preliminaries and the GRS test
Under Arbitrage Pricing Theory (APT) of Ross (1976), we have
Ry = vy + B+ BL(f; — pyg) + i, fori=1,2,... N;t=1,2,...,T, (1)

where, R;; is return on security ¢ during period ¢, fi = (fit, fot, ..., fmt)' is the m x 1 vector
of factors, B, = (8,1, Bja, -, Bim)’ 18 the associated vector of risk factors, and vy is zero-beta
expected return which under APT should be equal to the risk-free rate, A is the vector of
expected cross-sectional risk premium and p; = F (f;). Setting vy = ry + v, where 7 is the
risk-free rate, the return regressions can be written as

yit = o + Bif +ui, fori=1,2,.. N;t=1,2,...,T, (2)

where y;; = R;y — ¢, and
a; = v+ Bi(X — py). (3)

To ensure that the risk from common factors, f;, cannot be fully diversified we assume that
at least one of the factors is strong, in the sense that

N
sup Y _|Bis| = O(N), (4)
=1

and allow for the presence of common unobserved weak factors in the error term u;. Specifi-
cally we assume that

Uig = ViV + Ny, (5)



where vy is a kx 1 vector of unobserved common factors that are ITD(0,1;), v; = (Vi1s Vigs - Vi)
is the associated vector of factor loadings with bounded elements, sup; ; |7;s| < K. The factors
included in the error process are weak in the sense that their effects are not pervasive and
satisfy the condition

N
sup > 73, = O (N77) | with 0 < 6, < 1/2 (6)
5 =1

The idiosyncratic errors, n;;, are also allowed to be weakly cross correlated. Specifically, we
assume that 7, = (914, Mo -0y ng) = Quent, where €, = (eq1t,En,2t5 - En,Nt) s {Enit}

are II1D processes over ¢ and ¢, with means zero, unit variances, v, ey = E (&2 — 3, and
b

nit
sup; ¢ E(|€n,¢t|8+c) < K < oo, for some ¢ > 0. We denote the correlation matrix of n; by

R, = (pmj), and note that R, = Q,Q;. To ensure that u; = (u1t, uat, ..., uny)’ is weakly
cross-correlated we require that k, the number of weak factors, is finite, and that || Q|| < K
and ||Qy||; < K. The error specification in (5) is quite general and allows for common factors
as well as network and spatial error cross dependence, so long as the common factors are
sufficiently weak.

Different tests of LEFPM are proposed in the literature. Some researchers have focussed on
testing v = 0, which ensures that the zero-beta excess return is zero. Others have considered
testing the restrictions A = p g, which require that the risk-premia on factors coincide with
factor means.* In this paper we adopt a more direct approach and consider testing the joint
hypotheses

Hy:0;=0,i=1,2,...,N, (7)

allowing for the multiple testing nature of the null. In the context of the APT model, the test
of a; = 0 for all i can be interpreted as a test of the joint hypotheses that v = 0, and A = ;.

It proves useful to stack the panel regressions in (2) by time series as well as by cross
section observations. Stacking by time series observations we have

yvi. = ot +FB; +u;, (8)

where Y. = (%’17 Yi2y eeey yiT),’ TT = (17 1) ceey 1)/7 F,: (fl) f?, ceey fT)7 and u; = (uily Uiy ey u’iT)/'
Stacking by cross-sectional observations we have

yi = a+ Bf; +uy, (9)

where y: = (yit, Y2t, -, ynt)', o = (a1, a2, ...,an)’, B = (81,8s, ..., By) and uy = (uig, vy, ..., unt)'.
For exact sample tests of LFPM, initially we assume that u; ~ ITDN (0, V), namely errors,

i, are Gaussian, have zero means, and are serially uncorrelated such that E (uitujt/) =0, for

all 4, j,and ¢ # t', with E (u,u}) =V, where V = (0y;) is an N X N symmetric positive definite

matrix. A non-Gaussian version of this assumption will be considered below. Starting with

Jensen’s (1968) test of individual «;’s, we note that the OLS estimator of «; given by

R MFTT
/
7: pu— . —_— 3 1
@i =Y <T’TMFTT> (10)

where Mp = Iy — F (F/ F)f1 F', is an efficient estimator despite the fact that V is not a
diagonal matrix. This result follows since (8) is a seemingly unrelated regression equation
(SURE) specification with the same set of regressors across all the N securities. It is also
easily seen that for alli=1,2,..., N,

MFTT

& = (i + BF + ) ( > — i+l (11)

/
TTMFTT

1See, for example, Shanken (1992).



where
C:MFTT/T/TMFTT. (12)

Writing the above set of estimates for all ¢ in matrix notations, we have
/
ujc
/
ujc
u)y c

tth

T .
where u} ¢ = > ioq Witct, and ¢ is the element of ¢. Hence

T
& = a—i—Zutct, (13)
t=1
where as before u; = (u1s, ugs, ..., u Nt)/. Therefore, under the Gaussianity,

&-~N|la—V].
< TrMpTr )
Also in the case where T' > N +m + 1, an unbiased and invertible estimator of V is given by

(T_:;_I)V, where V is the sample covariance matrix estimator

N T
V=11 ZH 1), (14)

0y = (g, Uat, ..., Unt)', G is the OLS residual from the regression of y;; on an intercept and
f;.

Under the Gaussianity, @i; has a multivariate normal distribution with zero means, & and
1, are independently distributed, and hence using standard results from multivariate analysis
it follows that (see, for example, Theorem 5.2.2 in Anderson (2003)) the GRS statistic (see
p.1124 of GRS)

GRS =Wy = &avVla, (15)

T—N-m (T7h:Mp1r
N

is distributed ezactly as a non-central F' distribution with (7" — N — m) and N degrees of

. _N— T, . MpT _ . .
freedom, and the non-centrality parameter y2 = L ]]\\7, m ( L TF T) o'V~la, which is zero

under Hy : o = 0.0

As noted in the Introduction, the single most important limiting feature of the GRS and
other related tests proposed in the literature is the requirement that 7" must be larger than
N. To circumvent this limitation, in applications of the GRS test, individual securities are
grouped into (sub) portfolios and the GRS test is then typically applied to 20-30 portfolios
over relatively long time periods. However, it is clearly desirable to develop tests of a; = 0,
that can be applied to a very large number of individual securities over relatively short time
periods (to minimize the adverse effects of structural change in 3;’s) which inevitably lead to
cases where T' < N.

Even in cases where N < T, the power of the GRS test could be compromised since it
assumes V to be unrestricted, whilst in the context of approximate factor model advanced
in Chamberlain (1983), the errors are at most weakly correlated, which places restrictions on
the off-diagonal elements of V and its inverse. As we shall see below, a test that exploits

SNoting that (1 + Q7)™ = 77! (+4Mp7r), it is easily seen that (15) can be written as the
widely used expression of GRS statistic, T=3="(1 + FQ'f) '@V~ '&, where f = 7'/ f;, and
ﬁ == 71_1 Z;T:l(ftf?)(ftf?)/




restrictions implied by the weak cross-sectional correlation of the errors is likely to have much
better power properties than the GRS test that does not make use of such restrictions. It is
also important to bear in mind that being a multivariate I’ test, the power of the GRS test is
primarily driven by the time dimension, 7', whilst for the analysis of a large number of assets
or portfolios we need tests that have the correct size and are powerful for large N.

3 Large N tests of alpha in LFMP models

To develop large N tests of Hg : o = 0, we consider the following version of the GRS statistic,
as set out in (15),
W, = (t/Mp7r) &'V 14, (16)

where we have dropped the degrees of freedom adjustment term and replaced \Y% by its true
value. W, can be regarded as a Wald test statistic, and under Gaussianity and Hp : o = 0,
Wy ~ X?V' Since the mean and the variance of a X%V random variable is N and 2N, one could
consider a standardised Wald test statistic

(TITMFTT) &V-1la—-N
V2N

Under Gaussianity and Hy : o« =0, SW,, —4 N (0,1) as N — oo. To construct tests of large
N panels, a suitable estimator of V is required. But as was noted in the Introduction this is
possible only if we are prepared to impose some restrictions on the structure of V. In the case
of LFPM regressions where the errors are at most weakly cross-sectionally correlated, this can
be achieved by adaptive thresholding which sets to zero elements of V that are sufficiently
small, or by use of shrinkage type estimators that put a substantial amount of weight on the
diagonal elements of the shrinkage estimator of V.

Fan, Liao and Mincheva (2011, 2013) consider consistent estimation of V in the context of
an approximate factor model. They assume V is sparse and propose an adaptive thresholds
estimator, Vpogr, which they show to be positive definite with satisfactory small sample
properties. We refer to the feasible standardized Wald test statistic replacing V with V poET
as SWpopr test. Another candidate is the shrinkage estimator of V proposed by Ledoit-Wolf
(2004), which we denote by Vi, and refer to the associated standardised Wald statistic
as SWrw. Such "plug-in" approaches are subject to two important short comings. First,
even if V can be estimated consistently, the test might perform poorly in the case of non-
Gaussian errors. Notice that the standardisation of the Wald statistic is carried out assuming
Gaussianity. Further, consistent estimation of V in the Frobenius norm sense still requires
T to rise faster than N, and in practice threshold estimators of V are not guaranteed to be
invertible for finite samples where N >> T'.

SW, =

(17)

3.1 A J, test for large N securities

To avoid some of the above mentioned limitations of the plug-in procedure, we avoid using an
estimator of V altogether and base our proposed test on diagonal elements of V, namely the
N x N diagonal matrix, D = diag(o11,092, ..., 0nN), With 0 = E (uft), rather than the full
covariance matrix. Specifically, we consider the statistic

N ~92
Wy = (tpMprr) &D'é = (17 Mprr) > (0‘1 ) : (18)
; Oii
=1
and its feasible counterpart given by
/ N 2
. ’ Al -1 A TTMFTT Q;
Wy = (TTMFTT) aD, a= <UlT > ZE 1 <5u‘> , (19)



where 6;; = @} @, /T, and the degrees of freedom v =T —m — 1 is introduced to correct for
small sample bias of the test.5 The infeasible statistic, Wy, can also be written as

N
Wq= 21'27 (20)
=1
where
zi = &; (T MpTr) /04 (21)
It is then easily seen that
N
Wd = Z t?? (22)
i=1

where t; denotes the standard t-ratio of «; in the OLS regression of y;; on an intercept and f;,
namely
2 &2 (T MpT7)
! v 1T6 i
As with the panel testing strategy developed in Im et al. (2003), a standardized version of
W, defined by (19), can now be considered:

i i)

(23)

, (24)
Var (Wd>
where
NTE (W) = B (), (25)
N~'Var (Wd> =N "'Var <Z£V1 Z) =N'YN Var (8) + = Zl 9 ZZ ! Cov (t7,13) .
(26)

Under Gaussianity, the individual ¢; statistics are identically distributed as Student ¢ with v
degrees of freedom, and we have (assuming v =T —m — 1 > 4)

BE(2) = —— Var(®) = ( v )2 20v=1) (27)

' v —2 ’ v—2 v—4

Using (25), (26) and (27), the standardized statistic (24) can now be written as

Jo (63) = N WamB(Wa)]  NTPEL (- %) , (28)
Var (Wd) \/(032> 2(: L) ( + 02 )
where 0% = NTL N, ST Corr (8,43) (29)
and

2 42 2 42 2 2\11/2
Corr(t2,13) = Cov(t2,£2)/[Var(t})Var(t3)] /2.

To make the J, test operational, we need to provide a large N consistent estimator of 0%\,.
Second, we need to show that, despite the fact that J, test is standardised assuming ¢; has a
standard ¢ distribution, the test will continue to have satisfactory small sample performance
even if such an assumption does not hold due to the non-Gaussianity of the underlying errors.

®Only securities with &i; > 0 are included in W,.



More formally, in what follows we relax the Gaussianity assumption and assume that u; = Qey,
where Q is an N x N invertible matrix, e; = (14, €2¢, ..., nt), and {g;¢} is an I1D process over
¢ and ¢, with means zero and unit variances, and for some ¢ > 0, E (lsit\SJrC) exists, for all 7 and
t. Then E (wu}) =V = (0;;) = QQ’, and V is an N x N symmetric positive definite matrix,
with Apin (V) > ¢ > 0. We allow for cross-sectional error heteroskedasticity, but assume
that the errors are homoskedastic over time. This assumption can be relaxed by replacing
the assumption of error independence by a suitable martingale difference assumption. This
extension will not be attempted in this paper.

3.2 Sparsity conditions on error correlation matrix

As noted already, we advance on the literature by allowing V = (0;;) to be approzimately
sparse. Equivalently, we define sparsity in terms of the elements of the correlation matrix

1/2 1/2

R = (pij), where p;; = 0ij/0,] 0;; - We consider the following two conditions

o N _ ) .
mN—lrgniégjinj:l‘pij‘ = O(N°), with 0 < d, < 1/2, (30)

and

N N
Tr (R?) =) ) p};=O0(N). (31)

i=1 j=1

Under (30), my is allowed to rise with N, but at a slower rate than N /2 Strict sparsity
requires my to be bounded in N, which is often assumed in the literature on consistent
estimation of large covariance matrices. Conditions (30) and (31) allow for a general form of
weak correlations across the errors, including the familiar spatial or local dependence, and is
compatible with (30). For example, consider the case where condition (30) applies to the first
p rows of R (with p fixed), and the rest of the N —p rows of R are absolute summable, namely

N

> eyl = O(N5”>7fori:1,2,...,p,
7j=1

N

> oyl = O@),fori=p+1,p+2,..,N.
7j=1

Then, since ‘ pij‘Q < | ,oij|, it readily follows that

p N N N
Tr(R?) = > (Do ]+ DD s
i=1 \ j=1 i=p+1 j=1
p N N N
< DA el |+ D0 D eyl
i=1 \j=1 i=p+1j=1

< O(pN%) + (N —p)O(1) = O(N), for 0 < §, < 1/2.

Another important case covered by our sparsity assumption is when u;; has the weak factor
structure given by (5), with the factor loadings, ;, satisfying (6). Denoting the correlation
matrix of the idiosyncratic errors, 1, = (114, Mgy, s ne) by Ry = (pw'j)’ and assuming that

IRyl < K, (32)



we have T'r (N _1R727) = O(1). It is now easily seen that conditions (30) and (31) are also
satisfied under this set up. Denoting the correlation matrix of uy = (uyg, ugt, -..., unt)’ by
R = (pij) we have
/ On,ii9n,44 Y2
S5 Znutn.gg . 33
pij =¥iV; + ( p—— ) Pr.ij (33)

)1/2

- 1/2 . ki~ 11~
where 5; = ’)’z‘/(fn'/ =/ (Yivi + o)’ 7. Since |Pz’j| <> a1 sl h’js} + ‘pn,ij‘7 then

my = ”RH _maXZZ|’723| ”733|+maXZ|pTiU}

7j=1s=1
S k (Sup H/zs|> mzaxz H/js‘ + ||R7]||oo
1,5 j=1
N N
Since Supi,s ’:st| < Sup; s |’7is|7 and Supg Z |:Yjs‘ < Supg Z "Yjs‘ = O(N&Y)? and by assump-
i=1 i=1

tion || Ryl < K, the condition (30) is met if §, < d,. Also, (noting that sup; ; [7;s| < 1)

2
Vs h’js| + ‘pn,ij‘)

M=

N
N7'Tr (R*) < N- 122(
2 N N k
a m) NS S S iy VT (R2)

i=1 j=1 s=1

k N 2 k N 9
= N Z <Z |:st‘ H@s”) + oN—! Z (Z ’:st|> 4 N-1Tp (R727)
1 s=1

i=1 i=1

=

M= I
M= T
M-

IN

N 2
(k* +2k) N ! (supz |%‘s|> + N7 (R%) )
5 =1

Therefore, under conditions (6) and (32), N~'Tr (R?) is bounded in N if 0 < 4§, < 1/2.

Remark 1 Our assumption of approximate sparsity allows for a sufficiently high degree of
cross error correlations, which is important for the analysis of financial data, where it is not
guaranteed that inclusion of common factors in the return regressions will totally eliminate
weak error correlations due to spatial and/or within sector error correlations. It is important
that both factor and spatial type error correlations, representing strong and weak forms of
interdependencies, are taken into account when testing for alpha. By allowing the error term
to include weak factors, one only need to focus on identification of strong factors to be included
in fr, which can be achieved by using market factors or principal components of individual
returns.” The error associated with the estimation of strong factors is likely to be negligible
for N and T sufficiently large. In the present paper we abstract from such estimation errors
and condition our analysis on given values of f;.

"Note also that the consistency of the plug-in procedure proposed by Fan, Liao and Mincheva (2011, 2013)
also requires that strong common factors are removed before estimation of the error covariance matrix, V.
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3.3 Non-Gaussianity

For the discussion of the effects of Non-Gaussianity on J, test below, it is convenient to
introduce the following scaled error

€ = wir)a)]”, (34)

so that for each i, &;, has mean zero a unit variance. In the case where the errors are non-
Gaussian the skewness and excess kurtosis of u;, are given by v, = E(&) and Yo =
E (g;‘t) — 3, respectively, that could differ across i. Note that under non-Gaussian errors, t;
is no longer Student t distributed and E(t?) and V(t?) need not be the same across i, due
to the heterogeneity of v;; and 7,; over 7. Using a slightly extended version of Laplace
approximation of moments of ratio of quadratic forms by Lieberman (1994), we are able to
derive the following approximations of E(t?) and Var(t?):®

E(#) = —=+0 (v?), (35)

v —

and

2 —
Var (1) = <U — 2> 2(51 — 41)) +0(v). (36)

Substituting (35) and (36) into (24) we have the following non-Gaussian version of J, (%),
defined by (28):
N2 <tz2 - 1;32) +0 (\/ N/U?’)
( v )2 2(v—1) +0 (v ) (1+92)
v—2 (v—14) N

where 0% is defined by (29). When the numerator of the .J, statistic is replaced by N~1/2 Zfil (2 -1),
which is the typical mean adjustment employed by Fan et al (2015) and Gagliardini et al.
(2016), for example, then the order of the asymptotic error of the numerator such test sta-
tistics becomes /N /v? as compared to y/N/v? obtained for the J, test. This is one reason
why our proposed test performs better than the ones proposed in the literature, especially

Jo (0%) =

2
in cases where N >> T. The asymptotic error of using (1)32) 2((1}1}:41)) for Var(t?) under
9

non-Gaussianity in the J, test is O(v~!), which is small for sufficiently large v.
3.4 Allowing for error cross-sectional dependence

A second important difference between the J, test and the other tests proposed in the liter-
ature is the inclusion of §3 in the denominator of the test statistic to take account of error
correlations. As it will be shown more formally below, the limiting property of 9?\7 is governed
by the sparsity of V, and is given by!’

6% — (N = 1)p% — 0, (37)
as N and T — oo, so long as N/T? — 0, and 0 < §, < 1/2, where

2 B
2 N i—1 2
PN = m D im2 Zj:l Pij- (38)

8See Lemma 21 in the Online Supplement to the paper, which is available upon request.

% Small sample evidence on the efficacy of using N—Y/2 vazl (t? — ,Uf2) over N71/2 25\7:1 (tf — 1) is re-

ported in Table M3 of the Online Supplement, which is available upon request.
19(37) follows from Lemma 18 in the Online Supplement which is available on request.
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P%\/ is known as the average pair-wise squared correlation coefficient and plays a key role in
tests of error cross-sectional correlations in panel regressions. See, for example, Breusch and
Pagan (1980) and Pesaran, Ullah and Yamagata (2008). To see the relationship between 63
and the sparsity of V, we note that

2 i
NI (R?) = 14 =500, S0 = 1+ (N = 1) piy,

which in view of (37) justifies replacing 1+ 63, by N~'Tr (R2) for N and T sufficiently large
so long as N/T? — 0, and 0 < &, < 1/2. Therefore, ignoring 6% can lead to serious size-
distortions even for large N and T panels when the errors are cross-correlated and N~ 1T'r (RQ)
does not tend to zero, since the denominator of J, will be under-estimated. The size distortion
will be present even if we impose stronger sparsity conditions on V, for example, by requiring
my to be bounded in N. It is, therefore, important that 9?\, (or p%\,) is replaced by a suitable
estimator.
One possible way of estimating p?\, would be to use sample correlation coefficients, p;;,
defined as
ﬁij = &ij/a—z'li/Qa—jl'j/?? (39)
where 6;; = 71 Z?zl U;ttij¢, and 1y is the residuals from the OLS regression of y; on
G = (74, F). However, such an estimator is likely to perform poorly in cases where N is
large relative to T', and some form of thresholding is required, as discussed in the literature
on estimation of large covariance matrices.!’ Here we consider the application of the mul-
tiple testing (MT) approach to regularisation of large covariance matrices recently proposed
by Bailey Pesaran and Smith (2016, BPS). However, BPS establish their results for y;; — ¥;,
whilst we need to apply the thresholding approach to 4;:. Second BPS consider exact sparsity
conditions on the error covariance matrix, whilst we allow for a much more general sparsity
conditions. We extend BPS’s analysis to address both of these issues.'? The multiple testing
(MT) estimator of p;;, denoted by p;;, is given by

pij = iyl [[Vvbig| > ep(N)] (40)
where v =T —m — 1,
cp(N) = &1 <1 - fo(’N)> : (41)

p is the nominal p-value (0 < p < 1), and f(N) = N°, v = ¢4N¢, where ¢4 and § are finite
positive constants. Using (57), the multiple testing estimator of p?\, is given by
2 .
~2 _ N t—1 ~2
PNTE NN Dic2 21 Pij- (42)

Under the sparsity conditions (30) and (31), it can be shown that (N — 1) (Z)%\CT — p%) —p 0,
so long as N/T? — 0, as N and T — oo, jointly, and

0 > (1 —-0.5d) ¢, (43)
where o < 1 + ’72,57, , where V2,6, = E <E%,it) — 3, €yt 1s the ith element of the N x 1
error vector €, ; = Q;lnt, with 1, = (914, Mags s M) - The critical value function, ¢, (N),

"See, for example, Cai and Liu (2011), Fan et al. (2013), Bailey Pesaran and Smith (2016), among others.

20ther thresholding estimators of V proposed in the literature can also be used. The efficacy of using the
estimator Z)?\,’T over other estimators in small samples is investigated and the results are summarised in Table
M2 in the Online Supplement (available on request).

13See Theorem 4 in Section 4 and its proof in Appendix A.

12



depends on the nominal level of significance, p, and the choice of §, subject to condition (43).
The test results are unlikely to be sensitive to the choice of p, over the conventional values in
the range of 1 to 10 per cent.!* d determines the relative expansion rate of N and 7. The
value of ¢ depends on the degree of dependence of the errors even if they are uncorrelated.
In the case where the errors, €, ¢, are Gaussian V2,6, =0 and ¢ < 1, and it is sufficient to set
d > d/2. However, in the non-Gaussian case, and given the evidence provided by Longin and
Solnik (2001) and Ang, Chen and Xing (2006) on the degree of nonlinear dependence of asset
returns, it is more prudent to set ¢ close to unity or even higher. In simulations and empirical
exercises to be reported below we set f (IN) = N — 1, which is equivalent to setting § = 1.19
Accordingly, we propose the following feasible version of the J, statistic

j NV (t? - 1132) | (44)

(v22) 2o [+ - )R]

where t; is the t-ratio for testing a; = 0, defined by (23), v =T — m — 1, and Z)?\/,T is given

by (42). The J,, test is robust to non-Gaussian errors and allows for a relatively high degree
of error cross-sectional dependence. In what follows we provide a formal statement of the
conditions under which J, tends to a normal distribution.

3.5 Swurviorship bias

Finally, it is important that the application of the J,, test is not subject to the survivorship
bias. The GRS type tests of alpha considers a relatively small number of portfolios over a
relatively large time periods to achieve sufficient power. By making use of portfolios rather
than individual securities the GRS test is less likely to suffer from survivorship bias. By
comparison tests such as the J,, test can suffer from the surviorship bias due to the fact that
they are applied to individual securities directly and obtain power from increases in N as well
as from T'. To deal with the survivorship bias we propose that the J,, test is applied recursively
to securities that have been trading for at least T' time periods (days or months) at any given
time ¢. The set of securities included in the J, test vary over time and dynamically takes
account of exit and entry of securities in the market. The number of securities, N, used in
the test at any point of time, 7, depends on the choice of T', and declines as T is increased. It
is clearly important that a balance is struck between T" and N.. Since the J,, test is applicable
even if NV is much larger than T, and given that the power of the J,, test rises both in N and
T, then it is advisable to set T such that min,(N;)/T? is sufficiently small, say around 0.1.
This procedure is followed in the empirical application discussed in Section 6 below, where we
set T'= 60 and end up with N, in the range [464,487], given min, (N, )/T? = 0.12.

4 Summary of the main theoretical results

In this section we provide the list of assumptions and a formal statement of the theorems for
the size and power of the proposed J,. First, we state the assumptions for establishing the
results.

Assumption 1: The m x 1 vector of common observed factors, f;, in the return regressions,
(2), are distributed independently of the errors, u;y for all 4, ¢ and ¢’. The number of

4Tn the Monte Carlo experiments reported below, we set p = 10%.
""The robustness of the J, test against non-Gaussian and nonlinear error dependence is investigated and
reported in Table 4 below. These results are generally supportive of setting § = 1.
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factors, m, is fixed, and the factors can be strong in the sense that
N
Supz |B7,S’ = O(N(SB)’ 0< 55 <L (45)
¥ =1

and satisfy f/fi < K < oo, for all . The (m + 1) x (m + 1) matrix T-'G'G, with
G = (F, 1), is a positive definite matrix for all T', and as T' — oo, and 7/ Mp17 > 0,
where Mp = Iy — F (F'F) ' F.

Assumption 2: The errors, u;, in (2), have the following mixed weak-factor spatial repre-
sentation
Wip = Yive + 1y, fori =12, N;t=1,2,...,T, (46)

where v; = (V;1,Vi2s --» Vi) 18 @ k x 1 vector of factor loadings, v; = (vi¢, vay, ..., Uge) is
a k x 1 vector of unobserved common factors and 7,; are the idiosyncratic components.

(i) The unobserved factors vy, are serially independent and the k elements are independent
of each other, such that v; ~ I1D(0,1;), 7o, = E (v;lt) — 3, and sups+E (v?jc) < K,
for some ¢ > 0. The factor loadings, v, for s = 1,2,..., k, are bounded, sup; , [;s| < K,
and the factors, vy, are weak in the sense that

N
SHPZ 7isl = O (N‘”) , with 0 < 4., < 1/2. (47)
5 =1

(ii) For any i and j, the T pairs of realizations, {(1;1,7;1) » (M2, 752) > > (mi7sm;7) } » are in-
dependent draws from a common bivariate distribution with mean F (n,,) = 0, Var (n;,) =
on,iiy 0 < c <oy < K, and the covariance E (mtnﬁ) = 0ypij-

Assumption 3: Denoting the standardized errors by &;; = u;/ a;i/ 2, with o = 'y;’yi + oniis
then for any 7 and j, §;4, &4, f?t, szt, and §;,€ 4, for t = 1,2,..., T, are random draws from
a common distribution which is absolutely continuous with non-zero density on subsets
of R®.

Writing the error factor specification, (46), in matrix notation we have
u = FVt + U (48)

where w; = (u1g, Ua, -, une), T = (Y1,Y9s s YN) > and 7, = (014, Moz, -, M) - Under As-
sumption 2, and denoting E (n,n;) = V, = (04,i;), we have

E (up) =TT +V, =V = (0y5), with oy = ¥jv; + oy5- (49)
We now make the following further assumption.

Assumption 4: The covariance matrices V and V,, defined by (49) are N x N symmetric,
positive definite matrices with Amin (V) > Amin (V) > ¢,
et = (€1, €2, -y ENE) = Q 'u, and ent = (En,1t,En2t, ----,En,Nt)’ = Q;lnt, (50)

where Q and Q,, are the Cholesky factors of V and V,, respectively. Matrix Q, is row
and column bounded in the sense that

1Qyll < K, and [[Qqll; < K. (51)

{eit} and {ey,;t} are 11D processes over i and ¢, with means zero, unit variances, v, ., =
E (6%7“) — 3, and supi7tE(|8it|8+c) < K < o0, and supZ-7tE(|5n7it|8+c) < K < oo, for
some ¢ > 0.
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Remark 2 The above assumptions allow the returns on individual securities to be strongly
cross-sectionally correlated through the observed factors, fy, and allow for weak error cross-
correlations once the effects of strong factors are removed. Such residual interdependencies
could arise due to spatial or other network type spill-over effects not captured by the observed
common factors.

Remark 3 Under condition (51)
Vil < 1QnQy [l < 1Qull 1Qull, < K =0(1), (52)

nevertheless due to the weak factors we have

N
Vil = sup > lorigl = 0 (V%)
Joi=1

and allows the overall error variance matriz, V, to be approximately sparse, in contrast to
the literature that requires ||V, < K. The relazation of the sparsity condition on V is
particularly important in finance where security returns could be affected by weak unobserved
factors. Using principal components does not resolve the problem since, principal components
provide consistent estimates of the factors (up to a rotation matriz) only if the factors are
strong.

Remark 4 The high-order moment conditions in Assumption 4 allow us to relax the Gaus-
sianity assumption whilst at the same time ensuring that our test is applicable even if N is
much larger than T .

Remark 5 Assumptions 2(ii) and 3 ensure that the sample cross correlation coefficients of
the residuals, p;;, have an Edgeworth expansion which is needed for consistent estimation of
p%, defined by (38). For further details see Bailey et al (2016).

Our main theoretical results are set out in the following theorems. The proofs of these
theorems are provided in Appendix A, and necessary lemmas for the proofs are given in the
Online Supplement available upon request.

Theorem 1 Consider the return regressions, (2), and the statistic Zfil 22 defined by (20).
Suppose that Assumptions 1-4 hold, and N 'Tr (Rz) 18 bounded in N, where R = (pij),

pi; = E(§y€1), and &y = uit/a}ip 1s the standardized error of the return regression equation

(2). Then, under Hy : c; = 0, in (2) for all i,

N
gy = N~V/2 Z (zl2 - 1) —4 N(0,2w?), as N — oo and T — oo, jointly, (53)
i=1
where
2 . ~1 2 . 2
=1 N Tr(R%) =1 1 N -1
W= N (R = 1 i (V= L
with 5
2 N i—1 2
PNENNZD Dico 21 Pij- (54)

Theorem 2 Consider the regression model (2), and the statistics S°N 1 22 and SN, £2, which

=11 i=1"i’
are defined by (20) and (22), respectively. Suppose that Assumptions 1-4 hold. Then, under
the null hypothesis, Hy : a; = 0 for all 1,

N
SNt = N71/2Z (27 —t3) —=p 0,
=1
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as N — oo and T — oo jointly, so long as N/T? — 0, 0 < &, < 1/2, where 6, is defined by
(47).

Theorem 3 Consider the regression model (2), and suppose that Assumptions 1-4 hold. Then,
under Hy : a; = 0, for all 1,

N2 Zi\il (t? - 032>
J(22) 2 1 (v - 18]

s0 long as N/T? — 0, and 0 < 0y < 1/2, a8 N — oo and T — oo, jointly, where t;, p?\, and
0 are defined by (23), (54) and (47), respectively, with v =T —m — 1.

—q N (0,1), (55)

Ja (PN) =

Theorem 4 Let

ﬁ?V,T = N(NQ_) Zz 2 Z; 11 ~m’ (56)
where
I[[vopis| > ep(N)] (57)

E(&iéjt), & = uit/agi/Q is the standardized error of the return regression equation (2),
v=T—m—1, p;; is defined by (39)

cp(N) = &1 <1 - 2f](9N)> : (58)

p is the nominal p-value (0 <p < 1), and f(N) = NO and v = cgN, where cq and § are finite
positive constants. Suppose that Assumptions 1-4 hold and

E%‘:l ‘pij‘ = O(N).

Then

(N =1) (PR = PN) = 0,
if NJv?2 = O (N'*™2%) — 0, (or ifd > 1/2) as N and v — oo, and § > (1 — d/2)p, where
<1+ ‘72757] cand vy, =E (6 ) — 3 (Assumption 4).

n,it

Theorem 5 Consider the panel regression model (2) in asset returns, and suppose that As-
sumptions 1-4 hold. Consider the statistic

) N-1/2 Z (t2 1:2)
Jo = , (59)
v 2(v—1 ~
(v—2> \/((1;_4)) [1 +(N - 1)/7?\7,T]
where t; is given by (23), v =T —m — 1, [)?V?T is defined by (56), using the threshold c,(N)
given by (58), withp (0 <p < 1), f(N) = N, T = c4N?, where cq and § are finite positive

constants, 6 > (1 —0.5d) ¢, where ¢ < 1+ ‘72’67]’, and vy, = E (577 Zt) 3. Then, under
Hy : a; =0 for all 1,

Jo —a N (0,1), (60)
if N/T?> — 0, as N and T — oo, jointly.

For the power of the Ja test, we consider the local alternatives

Si

HOaiOéiZW,

with 0 <|g;| < oo, for all 4. (61)
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Theorem 6 Consider the panel regression model (2) in asset returns, and suppose that con-
ditions of Theorem 5 apply. Then, under the local alternatives, Hoo, defined by (61),

Jo—a N (62/v2,1), (62)

where ¢* = limy_,o0 % Zf\il §2/0ii.

Remark 7 This theorem establishes that the J, test is consistent (in the sense that its power
tends to unity), if #? > 0, which is satisfied if imy_,o0 (N_l Zfil gf) > 0. It is also interest-

ing to note that the power of the J, test increases uniformly with N and T, in contrast to the
power of the GRS test that rises with T', only. The J,, test has power even if le\il a? does not
increase with N, so long as N increases sufficiently slowly as compared to T. To see this, let
Zfil a?=0 (N5a), and note that under the local alternatives, (61), and setting T = O (Nd),

we have SN | a2 = (N_1 SN c%) NY/2=d = O (N°%*), or <N_1 SN C?) = O (N%+d=1/2)
Hence, the proposed test will be consistent so long as 6o +d > 1/2. The case of 6o = 0 is of

particular interest since it does not require all securities under consideration to have non-zero
alphas for the test to have power.

5 Small sample evidence based on Monte Carlo experiments

We examine the finite sample property of the J,, test by Monte Carlo experiments, and compare
its performance to a number of existing tests. For comparison, we consider the GRS test
and the feasible versions of the standardised Wald tests, SWporpr and SWry, which are
discussed in Section 3. We also consider the Fihax test recently proposed by Gungor and Luger
(2016, GL). They propose basing a test of Hy : @ = 0 on simulated distribution of Fipax =
maxi<i<nN Fj, where Fj is a standard F-statistic for testing o; = 0 in the OLS regression of
y;¢ on an intercept and f;. The simulations are carried out by residual resampling allowing
for cross-sectional correlations and cross-sectional heteroskedasticity using Wild bootstraps.
GL employ a bounds testing approach to allow for unconsidered nuisance parameters, which
could result in having inconclusive test outcomes.'6

Computational details of the above tests are given in Section M1.2 of the Online Supple-

ment available on request.

5.1 Monte Carlo designs and experiments

We consider the following data generating process (DGP)

m
Tit = 0y + Zﬁ&fft + Uit,i = 172> 7N7t = 172> "'7T7 (63)
/=1

and calibrate its parameters to closely match the main features of the time series observations
on individual returns and the three Fama-French factors (market factor, HML and SMB) used
in the literature on tests of market efficiency.!” The Monte Carlo (MC) design is also intended

16We also considered two distribution-free sign tests of a; = 0, proposed by Gungor and Luger (2009). These
tests, referred to as SS and WS tests, are valid for single factor models with errors that are conditionally sym-
metric around zero, but they do allow for non-normal errors, are relatively easy to compute, and are applicable
even when N > T'. The results of these simulations are reported in Table M4 of the Online Supplement. These
tests are also outperformed by the Jao test.

'"SMB stands for "small market capitalization minus big" and HML for "high book-to-market ratio minus
low". See Fama and French (1993), and Appendix C for further details and data sources.
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to match the models used for the empirical applications that follow. Accordingly, we set m = 3
and generate the factors as

foo = 0.534+0.06f71—1+ v/ het (g, for £ =1, (Market factor),
foo = 0.19+40.19f0; 1+ /hy Cy, for £ =2, (HML),
foo = 0.1940.05fr1—1+ v/ het (yy, for £ =3, (SMB),

where ¢, ~ IIDN(0,1) and!®

hee = 0.89+40.85hgs—1 + 0.11¢7, ,, for £ =1, Market,
hee = 0.62+40.74hgy_1 +0.19¢7, ,, for £ =2, HML,
heg = 0.80+0.76hg;—1 +0.15(7, ,, for £ = 3,SMB.

The above processes are generated over the period t = —49, —48,...0,1,2,...., T with fy _50 =0
and hy 50 = 1 for £ =1,2,3. Observations ¢t = 1,2,...,T are used in the MC experiments.

To capture the main features of the individual asset returns and their cross correlations,
we generate the idiosyncratic errors, u; = (uy, ugt, ..., unt)’, according to u; = Qe,, where
e = (e1t,€9¢,..,ent), and Q = DY/2P with D = diag(c11,022, .y oNN), 04 = Var(ug),
and P being a Cholesky factor of correlation matrix of us, R, which is an N x N matrix
used to calibrate the cross correlation of returns. For each ¢, €;; is generated such that u;
exhibits skewness and kurtosis which is typical of individual security returns. To this end, R
is generated as

R =1y +bb - B? (64)

where b = (b, by, ....,by)’, and B = diag(b). The correlation matrix R also arises from the
single factor model, w; = v;v: + a}/ﬁmt, with v¢ ~ II1D(0,1), and n;, ~ IID(0,1), and

bi = v,/ aili/ 2, where o;; = ’y? + 0y4i- To generate different degrees of error cross-sectional
dependence, we draw the first and the last N, (< N) elements of b as Uniform(0.7,0.9),
and set the remaining middle elements to 0. We set N, = | N%|, where |A] is the largest
integer part of A. Using 4, our assumption my = o(N1/2) can be expressed by my = N%
with §, < 1/2. In our experiments, we consider the values of exponents ¢, = 1/4,1/2, and
3/5. The case of no error cross-sectional dependence is obtained when N, = 0, and the error
cross-sectional dependence is weak when ¢, < 1/2. The case of 6, = 3/5 is included to see
how the J, test performs when cross-sectional error correlations are higher than the threshold
value of 1/2 allowed by the theory. To save space, we omit reporting the results for the
case where §, = 0 as they are qualitatively similar to the case with §, = 1/4. The present
design focusses on the weak factor error correlations and assumes the idiosyncratic errors, n;,,
are cross-sectionally uncorrelated. A more general design that allows for both forms of error
correlations will be considered below.

Recently, Fan, Liao and Yao (2015; FLY) have derived the conditions under which the lim-
iting normal distribution of SWpogr will be asymptotically justified. Under their assumptions
the SWpogr test allows for N > T'. However, FLY’s assumptions are much more restrictive
than ours.!® For example, FLY do not cover cases where 1/4 < &, < 1/2. When 6, = 1/4,
FLY require that 7' = O (N In(N)*), for some £ > 2. Thus, when §, = 1/4, so long as T

8The estimates used in the generation of the factors and their volatilities are computed using monthly
observations over the period April 1973 - September 2011.

9Tn addition to some regularity conditions, FLY require Assumption A.2. which defines their version of
"sparseness": Suppose N'/2 (log N)* = o(T) for some v > 2, and (i) min,, 20 |oi5| >> /(log N) /T; (ii) at
least one of the following cases holds: (a) Dy = 22?;2 Z;;i I(0ij #0) = O(N'?) and = O (m)
or; (b) Dy = O (N) and m% = O(1). Then they show that SWeorr —a4 N (0,1),as N,T — oo jointly (see
Proposition 4.2 of FLY).
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rises slightly faster than N, the SWpopr test is asymptotically justified. On the other hand,
Jy —q N(0,1) so long as v = O (N9) with d > 2/3 when &, = 1/4. Therefore, the J, test
is expected to provide better finite sample approximation than the SWpopr test, especially
when N is larger than 7" and /or when error cross-correlation is not very weak. The simulation
results that follow seem to support these theoretical insights.?’

To calibrate the variance, skewness and kurtosis of the simulated returns, we used estimated
values of these measures based on residuals of Fama-French regressions for each security over
the estimation windows 7 =September 1989,..., September 2011, using sample of sizes of
T = 60 months. Specifically, for each ¢ = 1,2,..., N; we run the Fama-French regressions
Tigrt — Tfrt = Qir + ﬁl,ir (Tm,‘rt - Tf,Tt) + BQ;ﬁ-SMBtT + 53iHMLtT + ﬂ’i,Tfa t=1, 27 ) 607 at
the end of each month 7 =September 1989,..., September 2011, and computed 6;; » = M2 ir,

N A ~3/2 A A ~ 9 . A —1 60 /[~ = \S
Yiir = m3,i7’/m2,i7 and Jq;; = m4,iT/m2,z‘T — 3 with 7, = (60) t=1 (ui,ft _“if) )

and 4;, = (60)~! ?21 i 7t~ We ended up with 126,181 different values of -, Y1, , and
¥2,i,r estimated for around 476 securities over 265 different estimation windows. We discarded
estimates that lied below the 2.5% and above the 97.5% quantiles to avoid the calibrated values
being dominated by extreme outliers. The same procedure was applied to the estimated factor
loadings, Bgm. The means and medians of 6 7, Y1 ;5 Y2, and B&-J for ¢ =1,2,3, and their
2.5% and 97.5% quantiles are summarized in Table 1. As can be seen from these results there
is a considerable degree of heterogeneity in estimates of the factor loadings and in the measures
of deviations, skewness and kurtosis, across securities and sample periods. The details of the
procedure to generate the non-normal and cross-correlated errors are described in Appendix
B.

To estimate size of the tests, we set «; = 0 for all i. To investigate power, we generated c;
as a; ~ IIDN(0,1) for i = 1,2, ..., N, with N, = [N*|; a; =0 fori = Ny +1,Ny+2,..., N.
We considered the values A, = 0.8,0.9, 1.0, but the power ended up to be very high even for
Aq = 0.8. Therefore, we only report power estimates for A, = 0.80.

All combinations of T" = 60,100 and N = 50,100,200, 500 (and 1,000, 2,000, 5,000 for
the J, test) are considered. All tests are conducted at a 5% significance level. Experiments
are based on R = 2,000 replications.

5.2 Size and power

Table 2 reports the size and power of the GRS, ja, SWporpr, SWrw and Fpax tests of
Gungor and Luger (2016), in the case of models with three factors, under various degrees of
cross-sectional error correlations, as measured by the exponent, J,.

First, consider Panel A of Table 2 which deals with the case where the errors are normally
distributed but cross-sectionally weakly dependent with 6, = 1/421 The GRS test when
applicable (namely when 7' > N) being an exact test, has the correct size. The empirical
size of the J, test is also very close to the 5% nominal level for all combinations of N and
T. Even when N = 500, the size of the J, test lies in the range 5.0% to 5.3% for different
values of T'. In contrast the SWpopr test grossly over-rejects the null hypothesis, and the
degree of the over-rejection becomes more serious N increases for a given 1. For example,
when T = 60, increasing N from 50 to 500, the size of the SWpopr test rises from 18.3%
to 53.1%. In line with the discussion in Section 3.4, the size distortion is mitigated when T
increases. For T' = 60 and N = 50 the size is 18.3% but it falls to 12.1% when T" = 100
and N = 50. The size properties of the SWiyy test is very similar to those of the SWpopr
test. The size of the Fiax test tend to be substantially smaller than the nominal level for

20This may also explain why FLY test suffers from size-distortion as discussed by Bailey, Pesaran and Yam-
agata in Fan, Liao and Mincheva (2013), where N is allowed to increase with T fixed.

*n line with our theoretical findings (see Section 2), the results of cross-sectionally independent case (with
d, = 0) is qualitatively similar to the case where 6, = 1/4.
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all combinations of N and T (this is in line with the reported results in Gungor and Luger,
2016). The rejection frequencies range between 0.1% to 0.2%. Furthermore, inconclusive test
outcomes are observed more often, ranging between 2.7% and 4.6% of the outcomes.?> The
power of the .J, tests is substantially higher than that of the GRS test. For example, for
T = 60 and N = 50 the power of the GRS test is 15.0% as compared to 65.9% for the J,
test, although both tests have similar sizes (4.6% for the GRS test and 7.4% for the .J, test).
This is in line with our discussion at the end of Section 2, and reflects the fact that GRS
assumes an arbitrary degree of cross-sectional error correlations and thus relies on a large
time dimension to achieve a reasonably high power. In contrast, the power of the J,, test is
driven largely by the cross-sectional dimension. This can be seen clearly from the tabulated
results. Keeping N fixed at 50, and increasing 1" from 60 to 100 increases the power of the
GRS test from 15.0% to 69.2%, whilst the power of the J, test (for example) rises from 65.9%
to 87.4%. It is interesting that even in this case (with T’ much larger than N) the J, test still
has substantially higher power than the GRS test, with comparable type I errors. The power
comparison of the SWpopr and SWiy with other tests seem inappropriate, given their large
size-distortions. Having said this, it is perhaps remarkable that the power of the Jy test is
comparable to the unadjusted power of the SWporpr and SWry tests. The power of the
J,, test uniformly dominates that of the Finay test for all experiments. The low power of the
Finax test is partially explained by the large proportions of inconclusive results. For T = 60,
between 29.3% and 45.5% of inconclusive results are observed for different N. For T = 100,
the proportion of inconclusive results tends to decline as N increases. For example, increasing
N from 50 to 500 lowers the frequencies of inconclusive results of the Fy,ax test from 39.0% to
29.1%.

Consider now the case where the errors are normally distributed and cross-sectionally
relatively strongly dependent. First let us discuss the results when ¢, = 1/2. The J test
seems quite robust to cross-sectional error correlations, with its size falling in the range 5.1%
t0 6.6%. The size of the J, test for N = 50 and T = 60 is 6.4%, and its power is 53.6%, which
still exceed the power of the GRS test, which is 20.7%. But, as expected, increasing T from 60
to 100 results in the power of the GRS test to rise to 84.9%, which marginally beat the power
of the J, test at 82.3%. As discussed earlier, the SWpogr test is not justified asymptotically
when 0, = 1/2. For N = 50, increasing T" from 60 to 100 does not improve the size distortion
of these tests, with sizes of 21.5% and 23.3%, respectively.

When 6, = 3/5 > 1/2, out of all the tests considered, only the GRS test is valid so long as
N < T, and indeed has the correct size in such cases. However, interestingly, the size of the
J, test is also close to its nominal level (at 5.5%-7.2%) even for such a high value of d~. This
seems to be due to the inclusion of (N — 1) i)?V,T in the denominator of the .J, statistic.

We now consider the empirically most relevant case where the errors are non-normal as
well as being cross-sectionally correlated. The effects of non-normal errors on the tests are
documented in Panel B of Table 2. Consider first the case where the errors are non-normal and
cross-sectionally weakly correlated (0, = 1/4). We see that the size of the GRS test is hardly
affected by the types of departures from Gaussianity observed in the regression residuals.
The robustness of the GRS test to non-normal errors of the type encountered in practice has
also been documented by Affleck-Graves and McDonald (1989). As to be expected from the
theoretical discussions, the J, test is reasonably robust to non-Gaussian errors, and exhibit
only a very mild tendency of over-rejecting the null hypothesis, even for relatively large N. For
example, whenT' = 60, for N = 50, 100, 200, and 500, the sizes of the J,, test are 6.5%, 6.9%,
5.9%, and 6.6%, respectively. The over-rejection of the SWpopr test tends to be somewhat
magnified by non-normality. The effects of non-normality upon the size of the SWpry is less

22The frequencies of inconclusive outcomes for the Fiax test for different combinations of N and T are
reported in Table M1 of the Online Supplement.
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obvious. The size of the Fy.x test is again much smaller than the nominal level, but on average
slightly higher than that under normal errors. For example, the average of the size of the Fl,ax
test for all the combinations of (NN, T') is 0.14% under normal errors, but that under non-normal
errors it is 0.25%. Also, on average the incidence of inconclusive outcomes for the Fi.x test
is slightly higher under non-normal errors. For example, the average of the frequencies of
the inconclusive outcomes for all the combinations of (N,T) is 3.7% under normal errors,
but increases to 4.3% under non-normal. Under non-normal errors, the J, test continues to
maintain its power superiority over the GRS and the Fiax tests. When 6, = 1/2 and 3/5
the size of the J, test is reasonably controlled and lies in the range 6.0%-7.9%. The power
comparisons discussed for the weakly cross-sectionally uncorrelated case (6, = 1/4) also carry
over to the present set of experiments with the much higher degrees of error cross-sectional
correlations (6 = 1/2 and 3/5).

We also carried out additional experiments with much larger values of N, namely N =
1,000, 2,000 and 5,000, whilst keeping T' at 60 and 100. We only considered the ja test for
these experiments, as it is unlikely that other tests considered, given their relatively poor
performance for values of N < 500, would perform better than the J, test. The results are
summarised in Table 3. As can be seen, the size is satisfactorily controlled with good power
properties, only showing moderate over-rejection under non-Gaussianity for 7' = 60, and for
relatively strong error cross correlations. For example, for N = 5,000, when T" = 60 with
non-normal errors, the size of the .J, test for 0y =1/4,1/2 and 3/5 are 7.8%, 9.5% and 9.3%,
whereas, by increasing T' to 100, for N = 5,000 the size of the test drops to 7.1%, 5.9% and
7.1%, respectively.

Finally, we investigated the robustness of the J,, test against possible nonlinear dependence
across security returns, discussed in the literature by Longin and Solnik (2001), and Ang, Chen
and Xing (2006), among others. In the presence of nonlinear dependence, correlation of higher

order moments of errors, such as Corr (u?t, u?’t)u could be non-zero even when u;; and u;; are

uncorrelated. Table 4 summarises the size and power of the .J, test when the regression errors
follow multivariate ¢ distribution. Under this design N*¢ securities’ squared errors are cross-
correlated, while the errors themselves are uncorrelated, which give rise to ¢ < 2.5. As can
be seen, the J,, test continues to perform well, giving the correct size and high power, across
all of the MC designs.

5.3 Experiments with mixed factor-spatial error processes

So far we have considered error processes with a weak common factor structure but with
cross-sectionally independent idiosyncratic errors. As we discussed in sub-section 3.2, our
test, including estimators of the cross-correlation measure (N — 1) p?\,, continues to apply
when the eigenvalues of variance matrix of idiosyncratic errors are bounded. Accordingly, we
further investigate finite sample behaviour of the J, test under the DGPs identical to those
considered for Table 2, except that spatial autoregressive component is incorporated into
the error generating process. Specifically, the error correlation matrix is now given by R =
D, '>VD;"?, where D, = diag (c5;), V = (05;), V=~ + Iy — p.W) ' (Iy — p. W)}
with v = (71,72, YN, 0,0, ...,0)/, v; for i < N, = | N%| are drawn from uniform(0.7,0.9)
distributionand v; = 0 for ¢ = Ny + 1,N, + 2,...., N, p_ is spatial coefficient such that
0<|p.| <1, W = (wy,wo,.., wy) with 7/yw; = 1 and its diagonal elements being all zero.
Observe that when N, = 0, errors possess pure spatial autoregressive processes, and when
p. = 0, the DGP becomes identical to that for the results reported earlier (in Tables 2 and 3).
We have chosen the value p, = 0.5,0.8 and a rook form for W = (w;;), namely, all elements
in W are zero except wi11; = wj—1; = 0.5 for ¢ = 1,2,..., N — 2 and j = 3,4..., N, with
w2 = wny,N—1 = 1. To investigate the importance of allowing for error correlations in the
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construction of the J, test we also consider a version the test that does not control for error
cross-correlations. This version is denoted by J,(0), and obtained by setting p%, = 0in J,(p3),
defined by (55). Table 5 reports the results for p. = 0.5, both with and without the weak factor
component. In the latter case v = 0, and error cross-correlations are only due to the spatial
autregressive effects. As can be seen from the Panel A of the table, under Gaussianity, the
size of the J, test is well controlled, with slight over-rejection when T = 60, which disappears
when T is increased to 100. This result holds for all the values of N considered, including
N = 5,000. In contrast, the J,(0) test over-rejects the null hypothesis, around 10%, for all
the combinations of N and 7. This confirms that using the MT estimator of p3; does a good
job at correcting the bias of the J, test for the spatial error correlations. The over-rejection
of the test becomes more pronounced when the errors are non-Gaussian (see Panel B), but
the size distortion becomes rather small for 7" = 100, even if N > 1,000. The results are
very similar when the errors have a mixed spatial-factor models. When 6, = 1/4 and 1/2,
there is no noticeable difference in the results from the case with v = 0 for both Gaussian and
non-Gaussian errors. When 6, = 3/5, as to be expected, we observe moderate size distortions,
especially when T' = 60 and N > 1000. The J,, test continues to show good power performance
for both types of error processes and for different values of §,. As noted earlier, there is some
loss of power d, is increased. But the extent of the power loss is much smaller than those
reported in Table 2.2

5.4 Experiments with time varying betas

We also investigated the robustness of the proposed test to random time variations in 3;. In
the case where betas are time-varying (2) can be written as

yit = it + Bty + wir, (65)

where oy = v + Bj(X — py). Suppose that time variations in 3; can be modelled by the
following random coefficient model?*

Bi = Bi + vit, (66)

where E (8;;) = 8;, and vy = (U1, Vit -, Um7it)l ~ 11D (0,8, ;) over i and t, and distrib-
uted independently of u;p and f for all ¢, j,¢,t', and s. Using (66) we now have

yir = a; + Bif + 1y, (67)

where 11;; = v;tf't + ug, and t:t = f; — py + A. Suppose that f; is a stationary process with
mean py and variance {2¢. Then for each i, ;¢ is serially independent with zero means and
constant unconditional variances, namely

. . Gii = Ovii + 04 for i = j
E (1) =0, E (W) =< Cfor i £ i

where 04, = E (f't’vitv;tf't) = NQ i A+Tr (27Q,,4). Hence,
Pij
1+ (Guii/o)l 2 L+ (0 i /o))

?3The results for p. = 0.8 are qualitatively similar to the results for p, = 0.5, which are summarised in Table
M5 in the Online Supplement (available upon request).

2 This set up is sufficiently general and accommodates a wide class of random coefficient models considered
in the literature, but it rules out persistent and systematic time variations in betas. In practice, as with
the empirical application discussed in Section 6 below, one can deal with such persistent time variations by
considering tests of LFPM over relatively short time periods, which requires the test to apply in cases where
N is much larger than 7.

Corr (ﬁit)ﬁjt) = bz] = 1/2° for i 7é ja (68)
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and it readily follows that } p”‘ < ‘pij , and the presence of random variations in betas in fact
reduces the degree of error cross sectional dependence. Therefore, the composite errors, 1,
implied by the time-varying betas satisfy the sparsity conditions (30) and (31). However, the
theoretical analysis become further complicated due to the fact that i;; are now conditionally

heteroskedastic, namely Var (ﬁit f't) = i{ﬂmzf} + ;. Nevertheless, our preliminary analysis
suggests that the proposed test continues to be applicable in this case so long as f; is stationary
with bounded support and the in-sample mean of f; is sufficiently small. A formal proof of
this conjecture is beyond the scope of the present paper. But in support of our conjecture we
provide additional Monte Carlo evidence in Table 6, where we present finite sample behaviour
of the J, test under the DGPs identical to those considered for Table 5, except that betas
are now generated to be time varying. Specifically, we generated betas as [, = B + Veit
with vy ~ ITDN (0,1), and set yir = ;i + Soo_; Besefor + wit, @ = 1,2, N3t = 1,2, .., T.
The results summarized in Table 6 are qualitatively similar to those in Table 5, suggesting
that allowing for random time variations in betas do not adversely impact the small sample
properties of the J,, test, and if anything tend to correct the slight over-rejection of the test in
the case of models with time-invariant betas, most likely due to the fact that random-variations
in betas reduce the degree of error cross-correlations.

6 Empirical Application

6.1 Data description

We consider the application of our proposed J, test to the securities in the Standard &
Poor 500 (S&P 500) index of large cap U.S. equities market. Since the index is primarily
intended as a leading indicator of U.S. equities, the composition of the index is monitored by
Standard and Poor to ensure the widest possible overall market representation while reducing
the index turnover to a minimum. Changes to the composition of the index are governed by
published guidelines. In particular, a security is included if its market capitalization currently
exceeds US$ 5.3 billion, is financially viable and at least 50% of their equity is publicly floated.
Companies that substantially violate one or more of the criteria for index inclusion, or are
involved in merger, acquisition or significant restructuring are replaced by other companies.

In order to take account for the change to the composition of the index over time, we
compiled returns on all the 500 securities that constitute the S&P 500 index each month
over the period January 1984 to June 2015. The monthly return of security ¢ for month ¢ is
computed as 7 = 100(Pjt — Pi¢—1)/Pit—1 + DY;t/12, where Py is the end of the month price
of the security and DYj; is the per cent per annum dividend yield on the security. Note that
index i depends on the month of which the security i is a constituent of S&P 500, 7, say,
which is suppressed for notational simplicity.

The time series data on the safe rate of return, and the market factors are obtained from
Ken French’s data library web page. The one-month US treasury bill rate is chosen as the
risk-free rate (), the value-weight return on all NYSE, AMEX, and NASDAQ stocks (from
CRSP) is used as a proxy for market return (r,,), the average return on the three small
portfolios minus the average return on the three big portfolios (SM B;), and the average
return on two value portfolios minus the average return on two growth portfolio (HM L;).
SMB and HML are based on the stocks listed on the NYSE, AMEX and NASDAQ. All data
are measured in percent per month. See Appendix C for further details.

6.2 Month end test results (September 1989 - June 2015)

Encouraged by the satisfactory performance of the J,, test, even in cases where N is much
larger than T', we apply the J, test that allows for non-Gaussian and cross-correlated errors to
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all securities in the S&P 500 index at the end of each month spanning the period September
1989 to June 2015.%° In this way we minimize the possibility of survivorship bias since the
sample of securities considered at the end of each month is decided in real time. As far as
the choice of T' is concerned, to reduce the impact of possible persistence or systematic time
variations in betas, we select a relatively short time period of 60 months. Recall that the
experimental results reported above show that our test is robust to random time variations in
betas. Accordingly, we estimated the CAPM regressions

Tirt — Tfrt = Qi + Bir (Tm,’rt - Tf,*rt) + 7:Lz',’rt: (69)
and the Fama-French (FF) three factor regressions,
it = Tt = Qir + By e et = 7p.00) + BoipSM By + By HM Ly +iire,— (70)

fort = 1,2,...,60, i = 1,2,..., N;, and the month ends, 7 =September 1989,.....June 2015.
All securities in the S&P 500 index are included except those with less than sixty months of
observations and/or with five consecutive zeros in the middle of sample periods.

Table 7 reports summary statistics for p-values of the J,, test, cross-sectional averages
of measures of departure from non-normality and average pair-wise correlations of residuals
from CAPM and FF regressions of securities in the S&P 500 index using five year estimation
windows (sixty months) at the end of the months of September 1989 to June 2015. The results
confirm important departures from normality in the residuals. The extent of the departures are
particularly pronounced in the case of kurtosis measures where v, = 0 is rejected in 26-29% of
the samples under consideration. Three measures of average pair-wise correlations of residuals
are reported in the last columns of the table, which indicate minor degrees of cross-sectional
correlations. The residuals from FF regressions tend to be cross-sectionally less correlated
than those of CAPM regressions. The p-values range from 0 to 1, with a mean and median of
0.52 and 0.63 for the CAPM model, and 0.46 and 0.50 for the FF model, suggesting important
time variations in the degree of market efficiency.

Figure 1 provides plots of the evolution of p-values of the J,, test based on CAPM and FF
regressions at the end of the months of September 1989 to June 2015. The months at which the
null of market efficiency is rejected at the 5% level based on both CAPM and FF regressions
are August 1998, November 1998-February 1999, August 2007-March 2009 and November
2013-June 2015 (the last data point). The period around August 1998 and December 1998-
February 1999 coincide with the Russian financial crisis (during August -September 1998) and
the subsequent collapse of Long-Term Capital Management. The period August 2007-March
2009 matches the recent global financial crisis. November 2013-June 2015 corresponds to series
of exogenous economic and financial shocks - unrest around Russian, started by the Ukraine
crisis, then the negative oil price shock started around June 2014. In general, the J test
tends to result in rejection of the null of market efficiency, in the Sharpe-Lintner sense, during
periods of major financial disruptions.

6.3 Long/short equity returns and p-values of the J, test

As the test results in Figure 1 clearly show important variations in the p-values of the J,, test
over time, it would be interesting to see if such variations are related to the performance of
trading strategies. There are many trading strategies that are designed to exploit non-zero
a’s in selection of securities. A prominent example is the long/short equity strategy where
securities are ordered by their predicted returns, from the most positive to the most negative.

?5In all the empirical applications T < N, and the GRS test can not be computed. We have also decided to
exclude other tests discussed in the Monte Carlo Section on the grounds of their substantial size distortion of
the null and/or low power.
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The investor then goes long on securities with positive predicted returns and goes short on
securities with negative return predictions. There are many variations in the way that this
strategy is implemented which need not concern us here. What we are interested in is to see if
there are any relationships between the return on long/short (L/S) strategies and the evidence
of market inefficiency as measured by estimated p-values. In time periods where o; = 0 for all
i, the L/S strategy is unlikely to perform better than the market return, and could do even
worse if one allows for transaction costs and management fees. But we would expect a higher
return on the L/S strategies relative to the market if there are positive and negative alphas
that the investor can identify and exploit. Therefore, a priori we would expect an inverse
relationship between p-values and returns on L/S strategies relative to the market.

For return on L/S strategies we used Credit Suisse Long/Short Equity Hedge Fund Index
that are available monthly from December 1993. This is a subset of the Credit Suisse Hedge
Fund Index and provides the aggregate performance of long/short equity funds, and as such is
not subject to a selection bias. We denote the monthly return on this index by 7; and consider
the relationship between 75; = 74, — ¢, where 74 is the return on S&P 500 index, and monthly
p-values of the Ja tests, which we denote by #;.2% The p-values needed for this purpose are
already reported in Figure 1. Given the considerable volatility of return data, in Figures 2
and 3 we plot twelve-month moving averages of returns and p-values computed as 7,;(12)
= 1—12 Zjl-lzo Thi—j, and 4(12) = % Zjl-l:o 7iy—j, respectively. Figure 2 depicts the relationship
for p-values computed using the CAPM regressions, and Figure 3 shows the relationship for
the p-values computed using the FF regressions. There is a significant negative relationship
between the p-values and the excess returns. The value of sample correlation between 7, (12)
and CAPM p-value is -0.28 (s.e. 0.061), giving a t-ratio of -4.6, strongly rejecting the null of
zero-correlation.?” The value of sample correlation between 7,;(12) and FF p-value is almost
identical, giving -0.27 (s.e. 0.061) and a t-ratio of -4.4.

7 Conclusion

In this paper we propose a simple test of Linear Factor Pricing Models (LFPM), the A test,
when the number of securities, N, is large relative to the time dimension, 7', of the return
series. It is shown that the J, test is more robust against error cross-sectional correlation
than the standardised Wald tests based on an adaptive thresholding estimators of V, which is
considered by Fan, Liao and Yao (2015). It allows N to be much larger than T', as compared
to alternative tests proposed in the literature. The proposed test also allows for a wide class of
error dependencies including mixed weak-factor spatial autoregressive processes, and is shown
to be robust to random time-variations in betas.

Using Monte Carlo experiments, designed specifically to match the correlations, volatilities,
and other distributional features of the residuals of Fama-French three factor regressions of
individual securities in the Standard & Poor 500 index, we show that the proposed J, test
performs well even when N is much larger than 7T, and outperform other existing tests such
as the tests of Fan et al (2015) and Gungor and Luger (2016) test. Also in cases where N < T
and the standard F test due to GRS can be computed, we still find that the J,, test has a
much higher power, especially when T is relatively small.

Application of the J, test to all securities in the S&P 500 index with 60 months of return
data at the end of each month over the period September 1989 - June 2015 clearly illustrates the
utility of the proposed test. Statistically significant evidence against Sharpe-Lintner CAPM
and Fama-French three factor models is found during periods of financial crisis and market
disruptions. Furthermore, a significant negative correlation is found between a twelve-month

20Gee Appendix C for further details and the source of the L/S equity hedge fund returns.
?"The standard error of the sample correlation py is computed as [(1 — pZ)/(T — 2)]'/2.
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moving average p-values of the J,, test and excess returns of long/short equity strategies over
the period November 1994 to June 2015.

Table 1: Summary statistics of the estimates used in the Monte Carlo
simulations

This table reports the summary statistics for estimated (’s, variance, skewness and kurtosis measures
of residuals from Fama-French (FF) three factor regressions, estimated for all securities in the S&P 500
index with at least sixty months of return data using rolling estimation windows of sixty months, over
the period September 1989 to September 2011. BiT is estimated using the F'F regressions: 7; 74— 7 7t =
&ir + By ir (Pmrt = Tprt) + Boin SMByr + By HM Lyy + @i 74, for i = 1,2,...,N;, and ¢t = 1,2, ..., 60,
where N, denotes the number of securities available at the estimation windows 7 = September 1989,...,
September 2011. 64, = M2ir Y147 = mgw/mg/i and Yq ;, = m4,ir/m§,” — 3, which are computed
using the FF residuals, where i, ;; = (60)71 ?21 (ﬁmt —@-,T)S and 4, , = (60)71 Z?il U; rt, for
s = 2,3,4. All securities in the S&P 500 index are included except those with less than sixty months of
observations and/or with five consecutive zeros in the middle of sample periods. Under normal errors
we set 1 ; =75, = 0.

Mean Median 2.5% Quantile 97.5% Quantile

Giir 65.60 4472 12.81 249.89
Ai. 018 014 -0.89 1.46
Hpir 100 0.38 -0.71 6.74
Brir 110 051 0.24 2.26
Byir 010  0.04 -0.91 1.47
Byir 020  0.24 -1.55 1.72
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Table 2: Size and power of GRS, ja, SWporr, SWrw and Fp.x tests

This table summarises the size and power of GRS, Jo, SWporr, SWrw and Fua tests of a; =
0, for ¢+ = 1,2,..., N, in the case of three-factor models. The observations are generated as y;; =
a; + 23:1 Beifer + wie, @ = 1,2, ,Nit = 1,2, ., T, for = pigp + prefei—1 + Vhee Copr hee = e +
pinehei—1 + poneCii—1s Coo ~ IIDN(0,1), t = —49,...,T with fy,_50 = 0 and hy_50 = 0, £ = 1,2, 3,
pre = 0.53,0.19,0.19, py, = 0.06,0.19,0.05, pp, = 0.89,0.62,0.80, pypp = 0.85,0.74,0.76, pop, =
0.11,0.19,0.15, for £ = 1,2, 3, respectively. For the size of the test, o; = 0 for all 4, and for the power of
the test, a; ~ IIDN(0,1) for i = 1,2, ..., N, with N, = |[N*« |, A\, = 0.8, otherwise a; = 0, where | 4]
is the largest integer part of A. The idiosyncratic errors, uy = (uys, uat, ..., unt)’, are generated as uy =
Qg,, where g, = (14, €2, ...,ent)’, and Q = D'?P with D = diag(o11,022,-..,0nNN)', 04 = Var (oy),
and P being a Cholesky factor of correlation matrix of u;, R = Iy +bb’—B?2, which is an N x N matrix
used to calibrate the cross correlation of returns, where b = (by, ba, ...., by, B = diag(b). The first
and the last N, (< N) elements of b are generated as Uniform(0.7,0.9), and the remaining middle
elements are set to 0. We set N, = |[N°|. We consider the values §, = 1/4,1/2 and 3/5. For the
case of non-normal errors, u;; are generated following steps 1-4 of the procedure in Appendix B, using
skewness and kurtosis measures, v, ; and 7, ;. o2, V1,05 V2,; and By, for £ =1,2,3, are randomly drawn
from their respective empirical distributions, see Subsection 5.1 and Appendix B for details. GRS is
the F test due to Gibbons et al. (1989) which is distributed as Fn 7—n_m, and is applicable when
T > N +m+ 1. N/A signifies that the GRS statistic can not be computed. Jy is the propose large N
test which is robust to non-Gaussian errors and cross-sectional correlations; SWporpr and SWry are

the tests based on the POET estimator of Fan et al. (2013), V;lo g1, and Ledoit-Wolf (2004) shrinkage

estimator, VZ;V, as estimates of V™' in (17). Fiax is the bounds test of Gungor and Luger (2016),
with frequencies of inconclusive test outcomes reported in Table M1 in the Online Supplement available
on request. Values of the ja, SWpoger and SWpy test statistics are compared to a positive one-sided
critical value of the standard normal distribution. All tests are conducted at the 5% significance level.
Experiments are based on 2,000 replications.

Panel A: Normal Errors

5, =1/4 5y =1/2 5, =3/5
(T,N) 50 100 200 500 50 100 200 500 50 100 200 500
Size: «; = 0 for all ¢

GRS 60 46 N/A N/A N/A 53 N/A N/A N/A 54 N/A N/A N/A
100 58 N/A N/A N/A 53 N/A N/A N/A 55 N/A N/A N/A

A 60 74 53 6.0 5.0 64 59 56 6.1 6.0 5.5 6.7 7.2
100 6.6 5.2 5.5 5.3 6.1 6.6 5.1 5.3 6.7 6.3 5.6 5.8

SWpoeT 60 18.3 26.2 34.0 53.1 21.5 25.0 304 48.6 21.4 23.1 30.6 45.2
100 12.1 143 204 30.3 23.3 187 209 275 28.9 20.8 24.8 29.0

SWrw 60 177 23.3 339 56.5 22.3 329 46.8 67.6 28.5 50.7 75.0 93.0
100 12.7 16.7 21.6 31.3 16.9 24.1 37.3 50.8 21.6 439 76.1 94.0

Flax 60 0.2 0.1 0.2 0.1 0.3 0.1 0.3 0.2 0.1 0.1 0.1 0.1
100 0.2 0.1 0.1 0.1 0.0 0.2 0.1 0.1 0.2 0.2 0.1 0.2

Power: a; ~ [IDN(0,1) for i = 1,2,..., N, with N, = [N*=], A\, = 0.8, otherwise a; = 0

GRS 60 15,0 N/A N/A N/A 20.7 N/A N/A N/A 242 N/A N/A N/A
100 69.2 N/A N/A N/A 849 N/A N/A N/A 876 N/A N/A N/A

A 60 65.9 80.2 93.2 98.8 53.6 67.2 84.1 96.4 422 539 66.3 82.1
100 874 974 99.9 100.0 82.3 93.7 98.7 100.0 72.2 864 95.0 99.6

SWpogT 60 81.9 952 99.3 100.0 80.3 91.1 98.6 99.9 775 883 97.0 99.9
100 93.5 99.3 100.0 100.0 97.3 98.9 99.9 100.0 95.8 97.9 99.8 100.0
SWrw 60 68.8 82.7 93.5 99.7 774 89.7 96.7 99.7 86.1 96.4 99.9 100.0
100 86.2 95.1 99.5 100.0 94.3 98.5 99.8 100.0 96.8 99.8 100.0 100.0

Frax 60 11.5 12,5 176 22.2 12,5 15.1 16.6 22.7 11.6 13.8 17.8 243
100 295 413 514 674 32.2 415 514 664 30.4 40.9 519 66.2

27



Table 2 —Continued

Panel B: Non-normal Errors

5, =1/4 5y =1/2 5y =3/5
(TN) 50 100 200 500 50 100 200 500 50 100 200 500
Size: «; = 0 for all ¢

GRS 60 55 N/A N/A N/A 54 N/A N/A N/A 52 N/A N/A N/A
100 44 N/A N/A N/A 54 N/A N/A N/A 53 N/A N/A N/A

A 60 6.5 6.9 5.9 6.6 60 69 65 6.3 63 7.9 6.4 7.6
100 56 6.7 6.4 7.2 66 62 7.0 7.8 78 7.3 6.7 6.9

SWpoeT 60 18.7 272 378 56.8 21.6 26.5 34.1 51.6 22.8 275 32.2 48.0
100 11.7 172 21.6 334 30.7 20.5 228 31.7 30.6 21.3 23.8 31.2

SWrw 60 175 23.2 33.2 56.0 21.2 34.8 472 69.3 279 492 772 934
100 121 17.2 21.6 31.0 156 26.3 37.3 53.3 21.4 43.6 78.1 94.6

Flax 60 0.3 0.2 0.4 0.2 0.2 0.4 0.1 0.1 0.2 0.2 0.2 0.1
100 0.3 0.2 0.2 0.2 0.2 0.2 0.2 0.1 0.1 0.2 0.2 0.1

Power: a; ~ [IDN(0,1) fori = 1,2,..., N, with N, = |[N*=|, A, = 0.8, otherwise a; = 0

GRS 60 157 N/A N/A N/A 19.0 N/A N/A N/A 23.1 N/A N/A N/A
100 709 N/A N/A N/A 837 N/A N/A N/A 883 N/A N/A N/A

A 60 68.4 824 93.6 99.5 54.2 69.2 84.4 97.6 42.6 57.1 66.7 84.6
100 88.7 96.7 99.8 100.0 82.2 93.3 99.0 100.0 734 86.0 95.3 99.7
SWpogTr 60 83.8 952 99.4 100.0 80.3 92.1 98.7 999 74.7 89.1 97.6 100.0
100 93.6 99.4 100.0 100.0 96.7 98.5 99.9 100.0 93.9 98.2 99.9 100.0
SWrw 60 70.4 819 93.8 99.7 774 904 97.1  99.9 84.9 96.1 99.7 100.0
100 87.0 94.8 99.0 99.9 93.6 98.6 99.8 100.0 97.3 99.7 100.0 100.0

Frax 60 12,1 13.8 19.0 239 12.0 15.2 18.8 23.7 122 13.1 183 234
100 31.8 414 51.6 67.7 30.9 40.2 53.0 685 30.3 40.6 51.8 64.8

Table 3: Size and power of the J, test for N = 1,000, 2,000 and 5,000 in the case of
models with three factors

This table summarises the size and power of the J,, test in the case of models with three factors with
focus on large values of N. The data is generated as described in the notes to Table 2.

0, =1/4 0, =1/2 d,=3/5
(T,N) 1,000 2,000 5,000 1,000 2,000 5,000 1,000 2,000 5,000
Panel A: Normal Errors

Size: «; = 0 for all 4

T =60 5.9 5.3 6.3 5.9 6.2 6.3 6.5 7.0 8.1

T =100 4.8 4.8 4.3 7.3 6.4 6.8 7.0 7.0 7.2
Power: a; ~ IIDN(0,1) for i = 1,2, ..., Ny, with N, = [ N*= |, A\, = 0.8, otherwise a; = 0
T=60 100.0 100.0 100.0 99.2 100.0 100.0 92.6 98.5 100.0

T =100 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
Panel B: Non-normal Errors

Size: «; = 0 for all 4

T =60 6.3 7.6 7.8 7.7 8.4 9.5 7.5 8.6 9.3
T =100 4.8 6.0 7.1 6.9 7.0 5.9 81 7.0 7.1
Power: a; ~ IIDN(0,1) for i = 1,2, ..., N, with N, = [ N*= |, A\, = 0.8, otherwise a; = 0
T=60 100.0 100.0 100.0 99.6 100.0 100.0 94.6  98.6 99.9

T =100 100.0 100.0 100.0 100.0  100.0 100.0 100.0 100.0 100.0
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Table 4: Size of the J, test when u?, and u?t are correlated for the pair (i,j) of p;; = 0 with multivariate t-distributed errors

This table summarises the size and power of J,. test when the errors follow multivariate ¢ distribution with g degrees of freedom, and €2, and E?t are correlated
even when €;; and ej; are uncorrelated. Specifically, the data is generated as described in the notes to Table 2 except that only the first N, = [N 8]
errors are cross-correlated, where |A] is the largest integer part of A, and e;; ~ IID ty/+\/(9/g —2) for i = 1,2,..., N — N, and all ¢t with N, = |[N*<|,
git ~ +/(g—2)/ xitzit, where z; ~ IIDN(0,1) and X;t is a chi-squared random variate with g degrees of freedom, distributed independently of z; for

i=N-—N.+1,..,N and all t. We set g = 8, which yields E (&},) —3 = 1.5 so that ¢ <1+ |y, | = 2.5, and use f (N) = N —1 (or § = 1). See also the notes

to Table 2.
6, =1/4 6, =1/2 6, =3/5
(T,N) 50 100 200 500 1,000 2,000 5,000 50 100 200 500 1,000 2,000 5,000 50 100 200 500 1,000 2,000 5,000
Panel A: A\, =1/2
Size: «; = 0 for all 4
60 54 59 6.7 49 5.1 5.4 6.0 6.9 58 4.7 6.3 5.9 5.9 5.2 6.8 52 6.3 4.6 6.6 6.6 7.4
100 6.5 52 53 5.4 5.5 4.6 5.2 58 6.0 5.3 5.0 5.7 6.0 5.4 57 57 6.1 5.7 6.3 5.5 6.2
Power: o; ~ IIDN(0,1) for i = 1,2, ..., N, with N, = |[N*«], A, = 0.8, otherwise a; = 0
60 66.3 81.8 92.7 99.6 100.0 100.0 100.0 58.8 75.0 89.2 98.3 99.9 100.0 100.0 52.7 67.0 80.3 93.1 98.7 99.8 100.0
100 89.3 97.1 99.7 100.0 100.0 100.0 100.0 85.9 96.5 99.7 100.0 100.0 100.0 100.0 81.4 92.2 98.1 100.0 100.0 100.0 100.0
Panel B: A, =3/5
Size: «; = 0 for all 4
60 56 56 6.1 4.7 4.9 4.8 5.5 6.2 59 55 5.2 5.4 5.4 5.7 6.2 65 64 5.6 6.5 6.1 6.8
100 54 52 59 5.9 4.9 4.7 5.2 6.1 54 6.1 5.4 6.2 5.3 5.6 58 6.0 5.6 5.7 6.0 6.0 6.3
Power: a; ~ IIDN(0,1) for i = 1,2, ..., N, with N, = [N« ], \, = 0.8, otherwise a; = 0
60 66.0 81.0 93.8 99.5 100.0 100.0 100.0 61.5 72.8 88.6 98.3 99.9 100.0 100.0 53.1 67.8 79.3 94.1 984 99.9 100.0
100 88.7 97.8 99.6 100.0 100.0 100.0 100.0 85.1 96.4 99.4 100.0 100.0 100.0 100.0 80.4 92.4 98.1 99.9 100.0 100.0 100.0
Panel C: A, =4/5
Size: «; = 0 for all 4
60 52 6.1 5.8 6.8 5.8 7.7 9.1 6.0 66 5.2 6.3 6.3 7.0 7.9 6.6 66 6.1 6.3 6.1 6.8 6.9
100 6.6 49 59 5.3 6.3 6.1 7.4 6.8 66 7.0 4.8 6.2 6.4 6.2 73 6.9 5.3 5.7 6.2 6.8 6.7
Power: a; ~ IIDN(0,1) for i = 1,2, ..., N, with N, = |[N*«], \, = 0.8, otherwise a; = 0
60 67.1 81.3 91.6 98.8 99.9 100.0 100.0 60.1 745 88.1 974 99.8 100.0 100.0 53.3 66.0 78.9 93.8 98.2 99.7 100.0
100 88.6 97.3 99.7 100.0 100.0 100.0 100.0 84.6 959 99.4 100.0 100.0 100.0 100.0 80.8 92.3 98.1 100.0 100.0 100.0 100.0
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Table 5: Size and power of J,, test with mixed spatial-factor models with the
value of spatial parameter p. = 0.5

Data is generated using the same set up as in Table 2, except that an spatial autoregressive component
is added to the error generating process. Specifically, the error correlation matrix is given by R =

D, '*VD, /2 where D, = diag (03;), V = (04;), V. =77+ (Iy — p.W) " (Iy — p.W') " with v =
/

(71,72,...,"/1\,7,0,0,...,0) , v; for i < N, = [N°| are drawn from uniform(0.7,0.9) distribution and
v; = 0fori = Ny+1,N,+2,...., N, p, is spatial coefficient such that 0 < [p_| < 1, W'= (w, wa, ..., Wn)
with 7yw; = 1 and its diagonal elements being all zero. Observe that when N, = 0, errors possess
pure spatial autoregressive processes, and when p, = 0 the DGP becomes identical to that for the
results reported in Table 2. We have chosen the value p, = 0.5 and a rook form for W = (w;;), namely,
all elements in W' are zero except wit1,; = wj_1,; = 0.5 fori=1,2,..., N —2 and j = 3,4..., N, with
w12 = wn,N—1 = 1. For the purpose of comparison to jm we also provide results for J,(0) test defined
by (55) with p% = 0, which does not control for error cross-correlations, evaluated at. Panel A of the
table reports size and power of J, and J, (0) tests with normal errors, and Panel B reports size and
power with non-normal errors. All tests are conducted at the 5% significance level. Experiments are
based on 2,000 replications. See also the notes to Table 2.

Panel A: Normal Errors with p, = 0.5

Size Power
(TN) 50 100 200 500 1000 2000 5000 50 100 200 500 1000 2000 5000
Pure spatial models (v = 0)

Ja 60 68 72 76 77 80 6.7 89 55.6 721 87.0 976 99.7 100.0 100.0
100 68 68 61 59 58 58 5.1 82.0 944 99.0 100.0 100.0 100.0 100.0
J.(0) 60 10.1 105 10.5 11.1 10.8 89 10.6 63.9 784 914 983 99.8 100.0 100.0
100 109 107 96 99 94 9.0 9.7 88.1 96.6 99.4 100.0 100.0 100.0 100.0

Mixed spatial-factor models (., = 1/4)
Jo 60 59 56 62 6.3 6.5 7.0 7.9 57.6 70.0 86.0 97.8 99.5 100.0 100.0
100 64 64 68 67 48 58 59 82.6 93.6 99.1 100.0 100.0 100.0 100.0
J.(0) 60 95 97 98 93 92 95 93 66.4 77.6 89.6 98.6 99.7 100.0 100.0
100 105 121 109 104 89 96 99 87.5 96.2 99.6 100.0 100.0 100.0 100.0

Mixed spatial-factor models (4., = 1/2)
Ja 60 69 70 73 75 68 72 70 55.1 70.6 86.4 96.7 99.7 99.9 100.0
100 6.3 6.5 67 7.1 54 6.9 6.2 82.3 93.9 99.1 100.0 100.0 100.0 100.0
J.(0) 60 109 11.1 10.5 10.7 104 10.0 9.1 65.1 79.2 90.7 98.0 99.8 100.0 100.0
100 10.5 10.7 11.0 115 94 11.5 10.6 88.1 96.2 99.6 100.0 100.0 100.0 100.0

Mixed spatial-factor models (6, = 3/5)
Ja 60 68 75 62 84 88 9.7 98 53.5 T71.1 849 964 99.7 100.0 100.0
100 63 67 68 68 60 73 86 82.5 92.8 985 100.0 100.0 100.0 100.0
Ja (0) 60 10.8 12.2 10.1 12.1 11.8 124 11.6 63.7 79.0 899 97.8 99.9 100.0 100.0
100 11.0 11.3 11.2 11.0 10.8 11.2 122 89.3 96.0 99.4 100.0 100.0 100.0 100.0
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Table 5 —Continued

Panel B: Non-normal Errors with p, = 0.5

Size Power
(T,N) 50 100 200 500 1000 2000 5000 50 100 200 500 1000 2000 5000
Pure spatial models (y = 0)

Ja 60 78 72 78 87 88 9.1 10.1 58.9 72.6 834 975 99.7 100.0 100.0
100 72 68 69 64 6.3 7.2 7.3 82.2 931 99.1 99.9 100.0 100.0 100.0
Jo(0) 60 119 111 11.7 122 11.8 12.0 124 68.0 79.0 923 98.6 99.9 100.0 100.0
100 10.8 109 12.2 10.2 10.6 11.9 11.6 87.7 96.1 99.3 100.0 100.0 100.0 100.0

Mixed spatial-factor models (6, = 1/4)
Jo 60 75 68 81 73 82 86 10.1 579 724 874 97.8 99.5 100.0 100.0
100 6.9 65 7.2 54 77 7.8 6.8 82.5 93.8 98.9 100.0 100.0 100.0 100.0
Jo(0) 60 112 98 121 9.8 11.2 11.8 13.3 66.5 79.3 914 98.6 99.6 100.0 100.0
100 10.6 109 12.0 9.5 11.8 115 11.1 86.9 96.2 99.4 100.0 100.0 100.0 100.0

Mixed spatial-factor models (6, = 1/2)
Ja 60 75 79 81 85 82 94 112 55.8 T71.7 8.9 970 99.6 99.9 100.0
100 79 71 82 67 65 76 73 80.0 94.2 98.7 100.0 100.0 100.0 100.0
Ja(0) 60 114 123 125 120 11.8 13.0 13.5 65.5 79.6 90.8 982 99.8 100.0 100.0
100 11.6 11.2 123 11.6 11.2 127 12.1 85.6 96.7 99.3 100.0 100.0 100.0 100.0

Mixed spatial-factor models (4., = 3/5)
Jo 60 70 70 75 83 103 95 125 53.9 715 856 964 99.5 100.0 100.0
100 6.7 75 73 65 84 77 86 81.3 92.0 98.7 100.0 100.0 100.0 100.0
Jo(0) 60 115 117 11.2 129 135 125 14.8 64.9 789 90.3 983 99.6 100.0 100.0
100 12.0 12.2 131 11.0 13.7 12.8 13.5 87.8 96.1 99.3 100.0 100.0 100.0 100.0
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Table 6: Size and power of J, test with time-varying beta and mixed
spatial-factor model (spatial parameter p. = 0.5)

The data generating process is y;; = aiJrZ?:l Boisfer tuwip, t =12, Nt =1,2,...;T, Bpsy = Bo; +V0it
with v ~ IIDN (0,1), which are drawn independently over ¢ = 1,2,3, ¢ and ¢. See Table 5 and the
notes to Table 2 for further details.

Panel A: Normal Errors

Size Power

(T,N) 50 100 200 500 1000 2000 5000 50 100 200 500 1000 2000 5000
Pure spatial models (v = 0)

60 6.0 58 6.1 63 47 46 4.1 51.0 64.6 80.3 93.3 988 99.5 99.8

100 5.8 55 45 35 34 2.9 2.2 78.0 90.4 97.8 99.9 100.0 100.0 100.0
Mixed spatial-factor models (9., = 1/4)

60 54 52 55 46 4.0 4.6 3.1 50.1 64.0 785 93.5 985 99.8 99.8

100 5.8 54 50 49 29 29 21 77.0 89.8 98.0 99.9 100.0 100.0 100.0
Mixed spatial-factor models (., = 1/2)

60 6.4 6.0 55 57 47 43 39 50.0 624 793 924 983 99.6 100.0

100 5.8 50 59 55 38 3.7 31 77.1 899 974 99.9 100.0 100.0 100.0
Mixed spatial-factor models (4., = 3/5)

60 6.1 68 55 62 56 60 55 473 63.7 771 91.8 98.3 99.6 100.0
100 5.8 54 58 48 4.2 4.7 3.7 77.6 88.7 97.1 99.9 100.0 100.0 100.0
Panel B: Non-normal Errors

Pure spatial models (v = 0)
60 71 62 6.1 64 52 58 4.7 52.7 65.6 80.3 94.1 984 99.6 100.0
100 5.9 5.7 58 44 38 39 28 777 904 979 99.9 100.0 100.0 100.0
Mixed spatial-factor models (., = 1/4)
60 6.5 5.1 6.1 54 57 45 4.2 51.3 64.1 80.1 93,5 981 99.8 100.0
100 5.8 56 6.1 4.0 49 4.2 2.6 76.7 90.1 97.5 99.9 100.0 100.0 100.0
Mixed spatial-factor models (9., = 1/2)
60 6.5 6.5 6.9 6.7 53 5.8 5.3 488 64.0 783 919 979 99.5 100.0
100 6.6 63 59 48 42 46 3.0 73.8 90.5 97.2 99.8 100.0 100.0 100.0
Mixed spatial-factor models (., = 3/5)
60 6.2 69 57 57 82 62 6.2 473 642 776 924 974 99.1 999
100 6.2 68 63 48 56 47 38 76.2 88.5 96.8 100.0 100.0 100.0 100.0
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Table 7: Summary Statistics of p-values, departure from non-normality and
average pair-wise correlations of residuals

This table provides summary statistics for p-values of the J, tests applied to residuals from CAPM
and FF regressions of securities in the S&P 500 index using rolling sixty months estimation win-
dows over the period from September 1989 to June 2015. The table also reports cross-sectional av-
erages of measures of departure from non-normality and average pair-wise correlations of the resid-
uals. Results reported in panel A of the table refer to CAPM regression residuals, r; -+ — 77+ =
Qir + 317” (Pe,rt — Tfrt) + Uire, for ¢ = 1,2,...,60, and ¢ = 1,2, ..., N, and the months ending in

7 =September 1989,..., June 2015. 7,, = Ny N7 4, for £ = 1,2, 5, = 1y, /17 and

60 s

Yoir = M4 ”/mz i — 3 with M, = (60)~" ¢—1 U5 4. Skewness statistic for testing v, ,, = 0 is

SKir = TH: ir/3 ~ x1, and the Kurtosis statistic for testmg Yo,ir = 0is KRir = T'y2 /24 ~ X3
Jarque and Bera (1987) statistic for testing v, ;; = Yo, = 0 is SKi; + KRir ~ x3. Rejection
frequency refers to the proportlon of normahty tests reJected out of the N, tests carrled at the

end of each month, 7. p, = Z Z] i1 Prijs D2 NT = N(N 5 Z Zj HlpT ;; With
Priy = W0y /(0 0;,)Y2(0 J_Tﬁj_T)l/Q, Qi = (Qir1,Qir2en,Uirr), and p2 y o is the MT esti-
mator defined by (56). Results reported in panel B of the table refer to FF regression residuals:
Tiet = Trt = Qir + By ir (Pmrt = Tpirt) + BoinSMByr + Ba HM Lyr + i 7, for t = 1,2,...,60, and
1 =1,2,...,N;, and the month ending in 7 =September 1989,..., June 2015.

Average skewness

& oxcoss kurtosis Rejection frequency Average pair-wise
for normality tests at T correlations
measures
N p_Viﬂue Y1r Yar Y160 =0 Yor =0 Tir : 0 Pr ﬁi N, T ﬁ'i N, T
of Jo Y2,ir =0
Panel A: CAPM regressions
Mean 479 0.52 0.20 1.20 0.24 0.29 0.32 0.02 0.03 0.01
Median 480 0.63 0.19 1.16 0.24 0.28 0.31 0.01  0.03 0.01
Min 464 0.00 -0.01 0.38 0.13 0.12 0.15 0.01  0.02 0.00
Max 487 1.00 0.37 2.16 0.35 0.46 0.47 0.08 0.05 0.02
stand. dev. 5.9 0.38 0.09 0.46 0.06 0.09 0.08 0.03 0.01 0.00
Panel B: Fama-French regressions

Mean 479 0.46 0.19 1.06 0.22 0.26 0.28 0.01  0.03 0.00
Median 480 0.50 0.20 1.02 0.23 0.25 0.28 0.01  0.03 0.00
Min 464 0.00 0.02 0.38 0.12 0.11 0.14 0.00 0.02 0.00
Max 487 0.98 0.34 191 0.31 0.40 0.42 0.03 0.03 0.01
stand. dev. 5.9 0.33 0.09 0.37 0.05 0.07 0.07 0.01  0.00 0.00
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Figure 1: Plots of p-value of the J, test

This figure presents plots of the evolution of p-values of the J,, test based on CAPM and FF regressions
of securities in the S&P 500 index using five year estimation windows (sixty months) at the end of the
months from September 1989 to June 2015. Reported plots are the p-values of the Ja test, which are

computed using CAPM regressions Tirt — Tt = Qir + B” (P, 7t — Tf7t) + G- and FF three factor
regressions, r; ;¢ —7Tfr¢ = a“.—i—ﬂl ir (Pmre — 75, Tt)—l—BQ ”SMBtT%—ﬁSZHMLtT—i—uZ -, fort =1,2,...,60,
and 1 = 1,2, ..., N, of the month ends estimation windows 7 =September 1989,..., June 2015.
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Figure 2: Plots of Hedge Fund Index relative to S&P 500 returns and p-values of
the J, test based on CAPM regressions

This figure presents monthly rate of returns of Credit Suisse Core Long/Short Equity Hedge Fund
Index relative to S&P 500 returns, and p-values of the Jy test applied to CAPM regressions over
the period November 1994 to June 2015. The long/short return variable, 7,:(12), is computed as
The(12) = 1—12 2}1:0 Thit—j, Where Ty = The — 74, The is the return on Credit Suisse Core Long/Short
Equity Hedge Fund Index, and r; is the return on S&P 500 index. #,(12)

is the p-values of the J, test at the end of month 7, computed using CAPM regressions estimated on

1 11 4 ~
13 2 j—o Tr—j, Where 7,

rolling samples of sixty months. See the notes to Table 7 for details of CAPM regressions.
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Figure 3: Plots of Hedge Fund Index relative to S&P 500 returns and p-values of
the J, test based on FF regressions

This figure presents monthly rate of return of Credit Suisse Core Long/Short Equity Hedge Fund
Index relative to S&P 500 return, and p-value of the Jo test based on Fama-French regressions over
the period November 1994 to June 2015. See the notes to Figure 2, and the notes to Table 7 for details
of Fama-French regressions.
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Appendices

Appendix A: Proofs of the theorems

In this appendix we provide proofs of the theorems set out in Section 4 of the paper. These proofs make use of
Lemmas which are provided, together with their proofs, in an Online Supplement available on request.
For further clarity and convenience we summarize some repeatedly used notations below:

Mg = (my) =Ir = Pg, Pa =G (G'G) "G, G = (F,77), v =Tr(Mg) =T —m — 1, (A1)
Mp = (mpu)=1Ir —F (FF) 'F, Hr = hh' = (hihy) (A.2)
withh = (h) = M7, wr =Tr(Hr) =h'h = o MpTr,

where F is a T x m matrix, and 77 = (1,1, ...,1)" is a T x 1 vector of ones. Also, before providing a proof of
Theorem 1, we state a theorem due to Kelejian and Prucha (2001) which is used to establish it.

Lemma 1 (Central Limit Theorem for Linear Quadratic Forms) Consider the following linear quadratic form
N N N
Qn =€ Ac+be = Z Z aijeig; + Z bie;
i=1 j=1 i=1

where {e;, 1 =1,2,..., N} are real valued random variables, and a;; and b; denote real valued coefficients of
the quadratic and linear forms. Suppose the following assumptions hold: Assumption KP1: e;, for i =
1,2,..., N, have zero means and are independently distributed across i. Assumption KP2: A is symmetric
and sup; Zjvzl laij| < K. Also NP SN [b;[2750 < K for some g9 > 0. Assumption KP3: sup; Ele;|***° < K
for some €0 > 0. Then, assuming that N™*Var (Qn) > ¢ for some ¢ > 0,

Qv — E(Qn) —4 N(0,1).
Var (Qn)
Proof. See Kelejian and Prucha (2001, Theorem 1, p. 227). m

Proof of Theorem 1. Noting that Hr = hh’, where h = (h1, ha, ..., hT)' = M 77, we can write
Z? = wgl'ﬁ;Hng

with wr = T'TMFTT. Then,

N N
; 2 =wr'! ; §HrE, = wr' (Z; utht)' D! (Z; uihe)

where D, = diag(o11,022,...,0nn). Using (48)

N N
NTUEY 2= wp' Y NTVPEHE,
i=1

i=1

- [V ] 2[5 v

= anr + 2bnr + N (A.3)
where
ant = wplNTY? (Z; htv;r’) D! (Z; htl"vt) ,
byr = wplNTV? (Z; htvgr’) D! (Z; htnt) _and

ent = wp N2 (Zil htn;) D’ (Zil htnt) . (A.4)

Consider the first term, ayr, and note that

1 T T _
wp N2 thl Zml hihv,I'D, 'T'v,

N
wr N2 Zthl Zil heh <; ﬁgvtv;%) ,

aNT
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where

~ Vi Vi
Vi = = : (A.5)
Vi /Yt o
Equivalently, letting dr = w;1/2 Zle hyve, and noting that for any conformable real symmetric positive

semi-definite matrices A and B, Tr (AB) < Tr (A) Amax (B) (this result is repeatedly used below), we have
—1/2 al ~7 —172 7T —1/2 7T ! —1/2 al ~1 /o~
ant = N Z% (wT 21:1 htvt) (wT thl htvt) =N ;%deT%
( e Z&’%) max (drdy) < ( e Zﬁ’%) (drdr).

But since h: are given constants such that Zthl h? = wr, and by assumption v¢ is I7D(0,1;), it then readily
follows that d’-dr —, 1, and hence

IA

N
ant = Op <N1/2 Z,‘?{L/‘?z> .
1=1

Also, it is clear from (A.5) that |9,,| <1 and |9,,| < |v;sl, and

N k k N
N7V A, ‘”222 DY (Z m—g)
i=1 i=1 s=1 s=1 \i=1
/ S / -
—1/2 71 2
N ; <Z 715 > = Sgp; |’Y7.s| )

and hence by Assumption 2, N~1/2 ZZ Vi =0 (N‘SW_l/Q), and overall ayr = Oy, (N‘;W_l/Q). Similarly,

wpt N2 (ZtT: htvzf") D! (ZtT: ht"h)

w_lN_l/2 Zt 12 hih 74vtI‘ D_lnr
w’lN 1/22 Z » hih Z ( 77172) Five
1/2( 71/22 htv;) |: v Zz 1Zt 1htryZ ( 7711;2):|
- 3
- 1/2[ T S b (de) ((7/)]

IN

bnT

i

Since by Assumption, 7,, and v¢ (and hence dr) are independently distributed, it follows that E(bny7) = 0.
Consider now Var (byr), and note that for given values of -y, we have (recall that n,, is independent over ¢ and

iy hi = wr)

_ 77177r
Var (bvt) = N- wTIZt 1ZT 121 IZ E (drd7) ¥ ]E<U;/;;1/_z>
i g
_ On,ij
wi S ST (0 (ard) 5 >(4,,;’1,_2)
(2 77
_ On,ij
- Y G 7 ()

i Vg

Also E (drdy) = B [ (wp* ST, heve) (wr'? S0, hevi ) | = T, and

_ N N o, On,ij
Var (bNT) =N lziil Zj:l (7:73) ( 1/;] ]1/2> .

i 2]
Further
Tnjij | _ o045 _ |Py.15] <louis|
172 _1/2 ; ; . i > [Pnigl-
it Yjj \/(’71'71‘ + on,ii) (rYj’Yj + Un,jj) \/(M + 1) ( ER 1)
On,ii On,jj
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Therefore, (recalling that sup; ”yjs‘ < K, and |3,;5| < |7isl)

N N N N .
Var (byr) < N7 Zi:l Zj:1 775 ons] < NTF Zz‘:l Zj:1 Zs:l sl [35:]10,1]
< sup |’yjs} [N ! Zszl Zi:l 951 (ijl |p7].,ij|>:|
1,8
_ k N N
< KN! 23:1 Z¢:1 17is] (ijl |Pn,ij|) :

But by condition (51) in Assumption 4 and ¢,,4; > ¢ > 0 imply sup; PO !pn,ij| < K (also see (52)), and by (47)
we have sup, Zf\;l |v:s] = O (N‘s”). Then it follows that Var (bnr) = O (N‘L*fl)7 and byt = O (N‘;“//z*l/Q).

Therefore, byt is dominated by anr and using these results in (A.3) we have

N2 i 2= wp NV (30 e ) Dt (S0 hem,) + 0, (N2, (A.6)

=1

Now using (50) we can express the above as

N
T T
N7V = N (30 e @) D (30 hiQuena) + 0, (NPTV2).
i=1

where e, ~ I1D(0,1Iy). After some re-arrangement of the terms we now obtain

N
T T
NS ) = Nt (0 kel ) (@51 Q) (301 heene) +0p (N2
=1
avr = NV2[xpAxr —Tr(A)] + N2 [Tr(A) - N + 0, (N‘SV_I/Q) . (A7)

where

T
xr=wp/? Y hiegs, and A = Q;D,'Q,. (A.8)

First consider the deterministic component of gy, and using (49) and under Assumption 4 we have
R =TT +D;"?Q,Q,D,"?, (A.9)
where T' = (7,74, ...,77x) - Then
N ~ ~
Tr(R)=N = Zi:l Y7 +Tr(A).

But, as before,

o (FF) = 27 Am=Y > 4 (A.10)

k N N 5
< 22 Dl skswd o bl =0 (N ”) :
Hence
N=Y2[Tr(A) — N] = O (N‘;”’l/Z) ,
and (A.7) can be written as
gt = 2nT + O (N‘s”’lﬂ) +0, (N6”’1/2) : (A.11)

where _ _

anr = N Y2xp Axy, with A = A—N"'Tr (A)Iy. (A.12)

We now apply the Central Limit Theorem for Linear Quadratic Forms due to Kelejian and Prucha (2001, KP)
to znT, which is reproduced for convenience as Lemma 1 above. We first establish the conditions required by
KP’s theorem (see Lemma 1). To this end we first note that E (x7) = 0, and

Vara) = B [(S, ) (55w |
Y R ) < In

Denote the i*" element of xr by x;r and note that it is given by x; 7 = w;l/Z Zthl hienit = w;l/Zh'eW-7

. . —1/2
where €5, = (€n,i1 €ni2, ...,sn,iT)’, with an abuse of the notation. Then z;r = wp / s%yiMF‘rT, and miT =
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w;le'miHFen,i, hence, for a given T, the elements of x7 have zero means, a unit variance and are independently
distributed as required by KP’s theorem. Using results on the moments of quadratic forms it is also easily
established that E(z¢;) = w’E (z—:;],iHan,i)S =15+ O(v™!) < K uniformly over i (see Lemma 11), and

hence condition KP1 of the KP theorem (Lemma 1) is met. Consider now matrix A defined by (A.12) and
note that it is symmetric and we have

|A|_<la-N"Tr ()|, < Al + N T (A)

and using (A.8)

IN

|A|_ < llQ)p ']+ N T (Q;D; Q)
1 - ! —
(F()) 1Qull, 1Qalle + N 7' (Q}, Q1) Amax (D)

(o) 1l 1l + V77 (@Q)]

But under condition (51) and noting that o;; > ¢ > 0, then

A

N ~
. = Slz}p Z]’:l |aij| < K,
and condition KP2 of Lemma 1 is met. To establish condition KP3, we note that
Tr (A) =0, Tr (AQ) =Tr (A%) — N} [Tr (A)).
Using (A.9), let B = D, '/?Q,Q,D,"/?, and note that

Tr(R?) = Tr (B?) + Tr {(1”“1”“)2] + 2Ty (f"Bf‘) . (A.13)
Also
Tr (f"Bf‘) <Tr (f’f) Amax (B)
and in view of (51) we have

1

min; (o;

)\max (B) = )\max (Qi}Dngn) S H (Q:]D;IQ”])Hl S ( )) ”QTIHl HQ"?H

and hence (using (A.10)):
Tr (f"Bf‘) =0 (N‘Sv) . (A.14)
Also (recalling that |,,| < |v,4])

v (BF) = o (X7 ) = 2 e
DD DANCAARED S 125, DIAID DN
< Z IZS, 1Zi 1Zj:1 Was| [Vgs] 1Yasr | 7560
<supz m) _o(N”w)A (A.15)

Hence, using (A.14) and (A.15) in (A.13) we have

IN

Tr (B?) = Tr(R%) + 0 (N*7) .
Also in view of (A.8)
Tr (B?) = 7r [D,*Q,Q,D,"*D,*Q,Q,D, | = Tr [(Q,D,'Q,)’| = Tr (4%).

To summarize

Tr(A) = VN + 0 (Név) , and Tr (A%) = Tr(R%) + O (NZ‘S”) ,

Tr (Az)

which also yield

Tr (A% = N~'[Tr(A))
Tr(R?) + O (NQ‘SV) N [\/N+ 0 (N‘SV)]Q

Tr(R%) + O (N%v) +0 (N”v*l) ~1.
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Therefore,
N~'Tr (A2) = N"'Tr(R*) + 0 (N“v—l) , (A.16)

which is bounded in N under the assumptions that N~ *Tr (R2) is bounded in N and 0 < §, < 1/2. Further-
more, it is readily seen that

N N
N7'Tr (R?) = N7' Y > " p2 =14 (N —1)p}.

i=1 i=1
Finally, using (A.12)
- - 2
Var (znt) = N YVar (x'TAxT) =N'E [(x'TAxT) ] .

Consider

~ 9 T T 5 2
(X/TAXT) = w;Q (Z Z htht/e;,tAen,t/>
T T _ ~
= ’LU;Q Z Z Z Z htht’hrhr’ (a'lr;,tAan,t’) (E'In,TAEn,r’) .

t=1¢'=1r=1r'=1

Since, by assumption, &, are serially independent, then using the results on moments of the quadratic forms,
we have

2 N N N N
/ e ~ ~
E |:(€7,,tA€n,t> ] = E E E E @ijaijr E (€n,it€n,5t€n,itEn,5't)

i=1 j=14i'=1;'=1
N 2 N N
-2 - - -
= 2., Zam + Zaii +2 Z Zaijaﬁ,
i i i=1 j=1

4

where v, . = E(e},i+) — 3, and by assumption "yz% < K. Also

K [(s;,tﬁsn,t) (eln,rAen,r)] = [Tr (A)]z for ¢t # r.

Forr=t#t =1/,

E [(e;,“&en’t/) (e;’tAe,,ﬂt/)] = E [(a;,t/Aen,t) (5{,7,,51&677’,5/)]

- E (e;,,t,AAen,t,) — Tr(A2).

Similarly, for r' =t # ¢ = r, we have E [(5%7,&1&8”7,5/) e;,,tlﬁen,t)] = Tr(A?). Using these results

(
wiE {(x’TAxTﬂ — (i hf) Yore, iaZ + <i aii>2 +2iia“aﬁ
)

2 ~ ~
But (S0, Sy hih?) = (S h2) s S dw = Tr(A) = 0, DX, 1, diags = Tr(A?), and we have

N N £l ? -
Var (zyr) = N'E |:(X/TAXT) } = 72Y€nw;2 (Nl Z &?l) <Z h?) + 2wz? <Z h?) N~'Tr(A?),
i=1 t=1

and, further noting that Zthl h? = wr, then

T 4
~ V2,e, = ht N
Var (znt) = 2N 'Tr(A%) + M (Nl Z d?i) )

w
T i=1

and using (A.16)

T 4
72,5 Z = ht N
Var (zn1) = 2N_1TT(R2) + M (N—l | +o (N%”_l) 7

2
w
T i=1
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where by assumption N~ 1Tr (R2) is bounded in N. Also, using (S.15) in Lemma 8, 23:1 h{ = O(T), and

M <N1 XN:EL?Z) Kw (v7r(A%)

<
T
< Bivore®y) o (T_IN%W_I) —O0(T™ ) +0 (T—1N25v—1) .
T
Therefore
Var (zx7) = 2N 'Tr(R?) + O(T" 1) + O (N%”’l) . (A.17)

which is bounded for any N and T, so long as N~ 'Tr (Rz) is bounded in N, and 0 < §5 < 1/2. Also using
(A.11), and under the same conditions, and as N and 7" — oo, in any order,

N}%QOo Var (gnr) = 2w* > 0,

as required. This result also ensures that condition KP3 of Lemma 1 is satisfied and therefore, we also have
gyt —a N(0,2w?), as N and T — oo, in any order. m

Proof of Theorem 2. We have

SNT:N1/2§:[25 (1— jA )} (A.18)

T, Oig

where 27 = ¢HpE,/wr, with £, = uz;/ab/2 being the standardised error of the return equation (2) and
wr = TpMpTr, and &;; = 0} @; /T. Write X; = 0,,'6; and note that by assumption o;; > 0, and by
construction only securities with &;; > ¢ > 0 are included in the J, test, so that

N
1
_ Ar—1/2 2
Sy =N ; |:zi <1 - f)} ; (A.19)
where X; = £&Mg€,; /v, with v = T —m — 1 and Mg = (myy), defined by (A.1). Also, by (35), E (t]) =
E (zf/XZ) =v/(v—-2)+0 (v73/2) for each i, and by Lemma 11 E (27) = E (§;Hp€,; /wr) = wy'Tr (Hp) = 1,

for all . Thus, we have
E(Snt) =0 (\/N/Uz) . (A.20)
Next, for all ¢ = 1,2,..., N we have X; > 0, and (A.19) can be written as

N 2
_ ~1/2 2 _ 1-2X3)
SNt = N ;zl [(1—X,)+T
= Si~nT + So,NT,
where
N
Sinr = N"'? 223 (1-X3), (A.21)
i=1
and N
2 2
_ aAr—1/2 Zi (1 *Xi)
SonTt =N ; —x (A.22)

But since X; > ¢ > 0, and 22 (1 — X;)?> > 0, then
N
|So.nr| ST INTVEY T2 (1- X0)?,

=1

and
E|Sanr| < ¢ 'NY2sup E [2F (1 - X3)7]. (A.23)

But
E 2] (1 - X;)?]

E(2}X]) = 2E (27 X;) + E (27)
= v wr B [(§HFE) (EMat,)’] - 207 wr B [(EHEE,) (6Mat,)] + 1.
Now using results from Lemma 11 we have
EB[(&HFE,) (6McE;)] = wvwr +0(v),
B [(¢Hrg) (€Mat)’

v2wr + O(vwr),
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which yields
1
E [z? (1- X¢)2] =0 (;) , uniformly across i. (A.24)
Using this result in (A.23) we obtain
VN )

E|S2,nr| < ¢ INY? squ [zf (1- Xi)2] =0 (T

and by Markov inequality we have Sz n7 —p 0, so long as ]V/T2 — 0. Therefore, to establish Syr —p 0, it is
sufficient to show that Si,y7 —p 0. By Lemma 17 we have

N N
NTVES 2 (X —1) = N2 S22 (X — 1) + 0, (N‘;”’l/Z) :
i=1 i=1

where 27 ; = niHpn,/ (wroy,i) > 0, Xy = 0}Man;/ (voy,i;) > 0. Using results on the moments of quadratic
forms, by Lemma 15, we have

al Z thtt N
N71/2 Z B [272]71 (Xn»i - 1)] = L 724,577N71/2 Z ~';47,i€7
i=1

vw
T i=1 £=1

< K by assumption), Gn,ie = qn,ig/a;’/; with ¢n,:¢ being such that

where v, = E(ey,i) — 3 (and ‘72,67;

Q. = (gn,it), Qy defined by (50). But as 0 < my < 1 (Mg = (myr)) by Lemma 8, v wp! 327 h¥my <
R T Zthl hi = v as Zz;l hi = wr, and also that 0 < Zé\;l Grie <1, as Zévzl @i = 1 (since

N 2
ZZ:I Qn,if = U”Iyii)v and ’72,57,‘ S Ka we have

N-1/2 ZN:E (22 (X —1)] =0 (\/ﬁ/u) :

Furthermore,
- 1
Var N7 223” S 1)] - N Z Var [231 (X —1)]
i=1 .
1
7 2 0o [#5 (X = 1), 25,5 (Xa = 1)
i

We first note that
Var [22, (Xp: —1)] = B [28 (X — 1)%] = {E [22, (X0 — )]}
As has shown above,
E [z (Xpi—1)] =0 (v)
uniformly over i. Next consider
E [zn: (Xui = 1)°] = B [2,X}] = 2B [z, X0a] + E [2.] (A.25)

But, using results on the moments of quadratic forms, by Lemma 11, we have

Elz,]=3+0 (™), E[z:Xp:] =3+0 (v") and E [z, X2,] =3+0 (v'), (A.26)
uniformly over i. Substituting (A.26) into (A.25) we have

E [z (Xpi =1 =0 (v71),

therefore,
Var [zf” (Xpi—1)] =0 (1)71)

uniformly over ¢. We conclude that
1 _
N Z Var [2'72,1 (Xpi—1]=0( 1) .
Secondly, by Lemma 16,

1 _
N > Cov [z (Xpi— 1),z (Xny — )] =0 (T7") + O(N/T?).
i#j
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In sum, under Assumptions 1-4, Sy7 —, 0, so long as 0 < 6, < 1/2, N/T? — 0 as N and T — oo, jointly. m

Proof of Theorem 3. Under Assumptions 1-4, using Theorem 2 we have N~/2 3N (22 — ¢2) /[2 (1 + (N — 1)p%)]Y? —,
0 with 27 defined by (20), so long as (N — 1)p3, = O(1), N/T? — 0, and 0 < §, < 1/2, as N and T — oo,

jointly. Under these conditions, (by Lemma 4) it implies that N~/2 N (1&22 - UEQ) /12 (14 (N = 1)p3)]"/?

has the same limit distribution as N=*/23"Y (22 — 1) /[2 (1 + (N — 1)p%)]*/?, which is shown to be standard

2
normal by Theorem 1 and the desired result now follows, observing that lim,_, (UZQ) 2(;’_*41) =2.m

Proof of Theorem 4. Let ¢y = % i, (7, — pi;), and note that

U = 5 S (B + i) (s — i)
and since |p,;| <1 and |p;;| < 1, it also follows that
el < 25 iy — o] (A.27)
Further, letting I;; = I [|v/vp;;]| > ¢»(IN)], we have
Pij = Pij = Pijlis — pi; = [Pij = E (pig)] * Lij + [E (bi;) — pis] x Tij — pyy (1 = Iij)
and hence
Eldyrl < % ZzI'\fj=1 E( pij — E (f’ij)} X Iij) + % Zﬁ,vj:l ‘E (f)i]-) - Pij‘ E (L)

2
+ﬁ Zgjzl |pij|E(1_Iij)- (A.28)

Now using (39) we note that
u; Mgu;.
(u} Mou,.)'"? (w) Meuy.)

ﬁij = 1/2°

where @1;, = Mgu;.. Also, since Mg is an (T x T') idempotent matrix of rank v = T'— m — 1, there exists an
orthogonal T' x T transformation matrix L (LL’ = Ir), defined by

I, 0
LMcL' = Y ) A.29
¢ ( 0 0 ) (A.29)

Hence, setting
¢ =05 Ly, (A.30)

pi; can be written equivalently in terms of the first v elements of ¢; = (C;1, (5 -+ (i) as (see Lemma 19)
> i—1 Gt
v ~2\1/2 v .2\1/27
(o C) (2= GG

where C;, = S0 _ lir&;yr, and Ly is the (t,') element of L. Also as shown in Lemma 19, for each i, ¢;,’s are
independently distributed over ¢, and

E(Czt) = 0, F (C?t) =1L F (Citht) = Pij>

ﬁz‘j =

Hij<4v 0) = E(Cjt) =3, Kij (07 4) = E(Cblt) -3,
kij(3,1) = E(C?t(jt) - 3/)1‘]’7 Kij(1,3) = E(Cngit) - 3P¢j7
kij(2,2) = E(C?t(?t) - 2pij -1
Furthermore, by Lemma 19
E(py) = py+2L4+0(v7), (A.31)
Var (f’ij) = b;j +0 (0_2) , (A.32)

where

1 1
aij = =5 pi(1 = p;) + 3 {304 K15 (4,0) + £ (0,4)] — 4 [kij (3, 1) + riz(1,3)] + 2p:45(2,2) }
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and
1
bij = (1—p3)% + 1 {0, [Ki5(4,0) + £4;(0,4)] — 4p,; [4;(3, 1) + ks (1,3)] + 2(2 + pi, )k (2,2) } -

Hence, using (A.31), ’E (,blj) - pij’ < Llai;|+0 (v72), and we have the following bound on the second term
of (A.28):

1 " 1 -2
N Zi,j:l |E (pij) - pij| E (L) < oN Ei,j::l lai;| + O (NU ) :

Furthermore, since k;; are bounded, and by assumption Zle:l ’pi]-’ = O(N), we have

1
Ny Leii=1 |ai]
11 31
S §m i,j=1 ’pz]’ | p7,1| +3 8 N i,j=1 ‘plj‘ |Ii2] 4 0) +K1J(O 4)‘
11
+Zm Q= 1‘“11(3 1) + ka5 (1, 3)|+ ii= 1|ng||’fw (2,2)|
11 -
= 1N m.zl |k (3,1) + Kis (1,3)] + O(v ) (A.33)
Also
1
m i,j= 1|H‘U(3 1)+K’1J(1 3)‘
1 6
< ~No Z?fj:l |E(C?tht) + E(CitC?t” T No Zz]'\,fjﬂ 3
1 _
= &y S [B(CCG) + E(CCGol + 0™,
and as established in Lemma 20 (see (S.80) ) we have

e SN B G0 + B = 0 (N w0,

which if used in (A.33) yields

1 _ _ _
5 T |aij\:o(v LN 1)+O(v b,

and overall for the second term of (A.28) we have
2 N - - _ _
v SN |E (piy) — pig| E(Iiy) = O(v N L0 40 (Nv7?) (A.34)

which tends to zero if §, < 1/2, and N/v? — 0, as N and v — oo, jointly. To deal with the first and third
terms of (A.28) we need to distinguish between values of |pij| that are strictly away from zero, namely those
values that satisfy the condition |pij| > Poin > 0, and those values that are zero or very close to zero. Note
that since by assumption Zﬁ\fj:l |P¢j| = O(N), then it is not possible for all values of |P¢j| to be strictly away
from zero. To formalize the notation of ’pij’ as being close to zero, we suppose that there exist integers Ny

1/2¢,(N). The non-zero values are defined by

and vo such that for all values of N > Ny and v > vo, |P¢j| <wv~
|pis] > 072
T — 0.2% Given this categorization consider now the third term of (A.28) and note that

ST e T B0 1)

¢p(N). In our analysis this is a natural categorization of |P¢j|7 since vil/ch(N) — 0, as NV and

1,7=1
2 v
JFN Zi,j:lE [(1 —1Lij)

Then following a similar line of proof as in Lemma 6 of BPS (2016, supplement) we have (for some small € > 0)

2 _
N Z’f\szl |pij| E(l-1I;) < |Pij| <T 1/2CP(N):|

105 > P > T~ 2p(W) ]

—(1=e) 3 (V)

E[(1= 1) |loy| <v e ()] < Ke 7 L+ o(1)],
and
E[(1= 1) |log] > o en(N)] = Pr[[Vony| < (W) [Ioy] > v e (V)]
[ e
< Ke? bij [1+0(1)].

*See result (a) in Lemma 3 of BPS (2016, supplement).
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Hence,

—(1— 6,2 N)
2 v 2¢p(N) n (o) 3
N Zum e EA=1y) s TG0E Sm Ke 2t L+ o()]
P 2
I
+ iyl 5 [1+4 o(1)]
2
—(1—¢) W)
< 2Cp(N)NK642 w5 (@) [1+ o(1)]

NG

oy o=

+KNe®  mu(ta) 14 o(1)],
where @,; = bi;j(p;; = 0) = E(C?tC?t ‘pij = 0). Finally, consider the first term of (A.28) and write it as

2 . . 2 -
N S B by — B ()] % 1] = N S/ Var(p)E (|zi] x L),

where zi; = [p;; — E(p;;)] /\/Var (p;;), and Var (p,;) is given by (A.32). Also E (|zi| x Iij) = E(|zi;]) —
E[|zi5] (1 — I;;)], and using results in Lemma 4 of BPS (2016, supplement) we have

2 . R
N e B [|piy = E (piy)| % Lis]

2 max;; bi; 1
N |:ﬁ + O (U ):| X

IN

Once again we need to distinguish between cases where ’pij} < T~Y2¢,(N) and ‘pij| > Prin > 0. We do not
require to know how many cases fall in one or the other category. Overall (noting that ¢,(N)/y/v — 0) we have

7\/@ +0 (v_l)} X

2 N 5 .
~§ L=t Blloy — B (py)| x 1] < KN [ 7o
-1 ci(N) -1 wpZ,
I A A — —min__ 1 1)].
|:6Xp < 2 max;; @ij texp 2 maXsi; bij [ + O( )]
Overall we require the following condition for 1y, —5 O:
_ 2(N
Ney(W) (=1 o)\ (A.35)
NG 2 max;; ¢,
Note that since max;; b;; < K, then
Ncey(N -1 2
Mexp —2 UPmin — 0, as N and v — oo.
ﬁ 2 maXsi; bij
A sufficient condition for (A.35) to hold is given by d > (1 — d/2) max;; ¢,;. This follows since (with v = N%)
Ney(N) (=1 &(N) —1 AW
— _— = — ————— + (1 —d/2)1log(N) +1 N
S on (S ) = e + (1 d/2) og(N) + log [ey (V)]

c2(N)

max;; Pij

— (1 —d/2)log(N) — log [cp(N)]
log(N)

D=

But imy oo ¢5(N)/ log(N) = 25, and log [c,(N)] / log(N) — 0. Hence, condition (A.35) is met if (§/ max;; ©ij)—
(1—d/2) > 0, or equivalently if § > (1 — d/2)¢, where ¢ = max;; p,;. But using (S.79) established in Lemma
20, and setting -y, = 0, for all 4, and o,,;; = 0, for all i # 7, to ensure that p,; = 0, for all i # j, we have

T
N
o 2 .2 P 4 1 12 2 -1 -1
wi; = B (G |pij =0)= V2,6 <§ ltr) (E oy it T4j qn,ieqn,je) + 04 055 On,ii0n,55,
r=1

where Iy, is the (¢, 7) element of the T'x T orthonormal matrix L defined by (A.29), gy,i¢ is such that Q. = (gy,i¢),
2
Q, defined by (50). Also, [oy,ii/0u| <1, 3,_, I, < (Zil lf,.) <1, 30 Grie = Yoiey Gvie/onyi = 1, and

N 4 \1/2 N4 \1/2
< (24:1 q”’”) (22:1 q”’ﬂ) s 1

N o 1 12 2 . N 2 2
oq it 95 niiedn,je ) = o= Tniedn,je
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, as required. m

Hence, sup;; p;; <1+ '72,5,7

Proof of Theorem 5. By Theorem 3, Ju (p%) —a N(0,1) so long as N/T? — 0, and 0 < §, < 1/2, as
N — oo and T — oo, jointly, where Jo (p3) and 6, are defined by (55) and (47), respectively. Since Theorem
4 ensures that Jo — Jo(p}) —p 0, as (N — 1) (pX.r — px) —p 0 when d > 2/3, as N and v — oo, and

d > (1—d/2)p, where ¢ < 1+ "yzgn ‘, under these conditions, J, has the same limit distribution as Jo (p?\,) (by
Lemma 4), which establishes the result. m

Proof of Theorem 6. The steps in the proof are similar to the ones in deriving the limiting distribution
of J, under the null hypothesis. First, Lemma 22 provides the proof of the result, under Assumptions 1-4,
and under the local alternatives (61), N—1/2 Zivzl (27, — 1) —a N(¢°,2w°), as N — oo and T — oo, jointly,
where 27, defined by (S.97), w® = 1 + limy—oo (N — 1)p%, p is defined by (54). Also, by Lemma 23 we have
N2V (274 —t7) = 0p (1). Finally Ja — Ja = 0p (1), since the consistency result of the MT estimator
ﬁ?\,’T given by Theorem 4 will not be affected by the introduction of local alternatives, as the MT estimator is
obtained based on the regression residuals of the alternative model. This completes the proof of Theorem 6. m

Appendix B: Generating non-Gaussian errors

S . . .
To generate non-normal correlated errors, ugt ), with given skewness and kurtosis, we use the following procedure

(see Section M1.1 in Online Supplement for full details). For each replication, r,

1. We generate N random draws 051), 'ygrz and fygz, i=1,2,..., N, as described in Section M1.1 and set

mgrz) = [ EZ)] fygrl), and mf:g = [ E:)] (ygﬁ) + 3) .

(r
1>

2. We then set mi’% =0 and m."5 =1, and derive S%Z and m iz as

m) = Q%) 'm{”, & = Q) k"

53_ (3) ) )

where , m} = (m{} ;,m3,,..m{} v), Q%) = QVeQWeQM, m{? = (m{),ms), ...m{y),
R = (K0 R, k), QU = Q(”@Q(’")@Q(”@Q“) and £ = (57, k$7, . kY with k) =
mgi ; — 3 and KL(T) E{Z) - O'?Z-(T), Q=DM 1/2p" , with D) = diag(agq),a;g), . Ug\;) ) and P
being a Cholesky factor of correlation matrix R(. The correlation matrix, R, is defined by (64). The
operator ® denotes the Hadamard or element-wise multiplication.
3. Following Fleishman (1978), we then generate €+, t = 1,2,...,T as (suppressing the superscript r for
notational convenience)
it = i + bivit + civi 4+ divd, i =1,2, ..., N,
where vy ~ ITDN(0, 1) and the coefficients a;, b;, ¢; and d; are determined so that E(e;) = 0, E(¢%) = 1,
E(¢3,) = me 3, and E(e}) — 3 = ke;. This involves solving the following system of equations for a;, b;, ¢;
and d;:
a; +c¢; =0,
b2 + 6bid; + 27 + 15d7 =1,
2¢; (b7 + 24bid; + 105d; + 2) = me 3.4,
24[bid; + Z (1 + b7 + 28bid;) + d? (12 + 48bid; + 141¢} + 225d7)] = key.

4. Finally, we set u(r) = Z;V ) qg) (r)7 where q( ) is the (i,7) element of Q™ and s(r) is the 7" draw from

the DGP in step 3 above.

Appendix C: Data sources and their descriptions

We downloaded price and dividend data on all 500 securities included in the S&P 500 index at close of
each month from September 1989 to June 2015 (inclusive) using Datastream.’® For example, the code
LS&PCOMP1210 will give the 500 constituents of S&P 500 index as of December 2010.To construct our security
return data, the security price (P) and dividend yield (DY) are obtained from Datastream, as specified the

29We could only download data for 499 securities on September 30, 2008, and it is confirmed on Standard &
Poor’s website that the S&P 500 index on this day was based on 499 securities.
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table below. We adopted the following rules in selecting individual securities for inclusion in our analysis. At
the end of each month under consideration, we downloaded historical return series on all 500 securities included
in the S&P 500 index at the time. We then dropped all securities with less than 60 months of observations
and/or with five consecutive zeros in the middle of sample periods.

Variable Description Source (Code)
P, Price of security ¢ at the market close of the last day of Datastream (LS&PCOMP, P)
the month (¢), adjusted for subsequent capital actions.
Dividend per share as a percentage of the share price
DYy based on an anticipated annual dividend and excludes Datastream (LS&PCOMP, DY)
special or once-off dividends.
P, S&P 500 price index at close of the final day of the month (¢). | Datastream (S&PCOMP, PI)
Datastream (S&PCOMP, DY,
DY, ‘Dividend yield’ on S&P 500 as a percentage of P;. up to Oct. 2012, S&PCOMZ,
DY, Nov. 2012 onwards)
SMB, Average return in per cent on the three small portfolios Ken French’s data library
minus the average return on the three big portfolios. (up to Jan. 2016)
HML, Average return in per cent on two value portfolios minus Ken French’s data library
the average return on two growth portfolios. (up to Jan. 2016)
Monthly return of security ¢ in month ¢ in per cent,
Tit Datastream
computed as 100(P;y — Pit—1)/Pi,t—1 + DYi /12.
One-month US treasury bill rate in per cent in month ¢ Ken French’s data library
e as the risk-free asset return from Ibbotson Associates. (up to Jan. 2016)
Value-weight return on all NYSE, AMEX, and NASDAQ Ken French’s data library
e stocks (from CRSP) in per cent. (up to Jan. 2016)
Monthly return of S&P 500 portfolio at month ¢
T Datastream
in per cent, computed as 100(P; — Pi—1)/Pi—1 + DY;/12.
Monthly rate of return of Dow Jones Credit Suisse Core Credit Suisse (ROR), up to May
" Long/Short Equity Hedge Fund (the end of the month) 2016 http://www.hedgeindex.com
Tht Tht — Tt.
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Supplement to "Testing for Alpha in Linear Factor Pricing Models with a Large
Number of Securities"
by

M. Hashem Pesaran and Takashi Yamagata

This supplement consists of two parts. The first part establishes a number of lemmas used in the proofs of
theorems in Section 4 of the paper. The second part provides additional documentation of the Monte Carlo
experiments, specifically regarding the simulation of multivariate non-Gaussian random variables, details of the
alternative test statistics considered in Section 5, and additional Monte Carlo results.

Notations

We use K and ¢ to denote finite and small positive constants. If {fi};, is any real sequence and {g:};=,
is a sequences of positive real numbers, then f; = O(g:), if there exists a positive finite constant K such
that |fi| /gr < K for all t. fi = o(ge) if ft/9: — 0 as t — oco. For two N X N matrices A = (a;;) and
B = (bij), the Hadamard product A ® B=B ® A is an N X N matrix with elements given by a;;b;;. The
minimum and maximum eigenvalues of matrix A is denoted by Amin(A) and Amax(A), respectively, its trace

by Tr(A), its maximum absolute column and row sum matrix norms by ||A|_ = maxi<;<n {Ejvzl |ai]-|}7
and,|[|A]|; = maxi<j<n {Zf\;l |aij|}7 respectively, its Frobenius and spectral norms by ||A|z = y/T7T(A’A),

and ||A|| = A/2(A’A), respectively. For an N x 1 dimensional vector, o, ||a|| = (a'a)l/z. We set

Mg = (my) =Ir —Pg, Pe =G (G'G) "G, G = (F,77), v=Tr(Mg) =T —m — 1, (S.1)

Mr = (mpw)=1Ir —F (FF) 'F,Hr = hh' = (hhy) (S.2)
with h = (ht) =MpTr, Wwr = TT‘(HF) =h'h= ‘I'ITIVIF‘I'T7
where F is a T x m matrix, and 77 = (1,1, ..., 1)" is a T x 1 vector of ones. To simplify the algebra all derivations

are made conditional on F.

S1 Statement of lemmas and their proofs

Lemma 2 (Moments of linear functions) Consider w = Zf\;l ai€;, which is a linear combination of indepen-
dently distributed random variables, €;, for i =1,2,..., N, with mean zero and a unit variance, and the weights,
ai, that satisfy Ziv:1 a? = 1. Then, the r'" moment of w exists if ¢; has the r*" moment.

Proof. We first note that since 3., a? = 1, then it must be that |a;| < 1, and hence |a;|” < |a;|, for r > 1.
Therefore,

N3 N 3 N o4 Ny N oo
Zi:l a; < Z¢:1 a:]” < Zi:l a; =1, Z¢:1 a; < Zi:l a; =1,
or more generally, >V |a;|” < 1, for r = 2,3, ..... Consider now moments of w, and note that F(w) = 0,
E@w?) =3 af =1,
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—3+Zal ) —3] <3+sup[E( D) - (Za,)<3+sup[E( 1) —3].

i=1

Note that E (€] ) need not be the same across 4, it is only required that E (¢} ) < K < 0.
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IOSupE e Zal + sup [E(e]) — 10E(€))] Za?
i=1 i=1
< 10sup E(e;) + sup [E(e}) — 10E(e})]

and

N 6 N N N N N
Ew® = E (Z aiei> = Z Z Z Z Z Z (i0;Ae0napaqE (€i€5€0€n€p€q)
i i=1 j -1
3

i=1 i=1 j=1¢=1n=1p q=1
3
= 15 Z afa?a? e + 10 aa] (ef —|—15Za 6] —|—Zal Z
i#j AL i#] i#]

{89 95 H

410 [(éaf)z—ia? E(&)’+15 (Za) (icf) Za] €) E ()

=1

N
+ Z a?E €’
i=1

Again noting that E(e?) =1 and Zfil a? =1, we have, after some simplifications,
Ew® = 15—|—10(Za1 E(e)] > +15Za1 )—3] +
{Za?E(e?)—&-i&OZa?—lOZa?[ €;) —152&1 € ]
i=1 i=1 i=1

N N 2
< 15+15sup[E(el ) — 3] Zal—i—lOsup[E( )]2 (Za?) +

i=1

sup [E(e?) —10 [E(e)]? — 15 [E(eh) — 3] — 15] >l

<15+ 15sup [E(ef) —3]+10 sup [E(ef’)]2 + sup {E(e?) —10 [E(ef’)]2 —15 [E(ef) -3] - 15} .
The processes can be continued for higher order moments. =

Lemma 3 Under Assumptions 1-4,

() &, =uu/ol/® ~1ID(0,1) for allt and E(|¢,,|") < K < oo, where wi is defined by (2) and o1; = Var (wi),
and;
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(ii) 7, = 17“/071,7/2-21- ~ IID(0,1) for all t and E(|n;,|") < K < oo, where n,, is defined by (2) and 0y, =
Var (n,), for alli and ¢, r =1,2,...,8.
N
Proof. We have u;t+ = Z | Gis€its for i = 1,2,...,N,t = 1,2,...,T, where ¢;; is defined by (50), and g;;
j=

is the (i,4) element of Q which is defined by (50). Note that e;; is ITD(0,1) across 4 and t, E(e5,) exists,
_ 1/2 N 5 ~ 1/2 N 2 1/2 . N, _ . .
Cio = wia/oil” =D dhesn, where 4ij = gi/0il” = gis/ (E i Qij) vand 37 g} = 1. Then applying
N N
Lemma 2 to E - Gij€;¢ yields the required result. For part (ii), a similar discussion for 7, = E - Gn,ij€n,it
i= .

. . . ~ o172 N 2 1/2 N 5 _
will lead to the required result, where e, ;¢ is defined by (50), n,i; = 0,5 = @n,i5/ (Zj:1 qn,ij) , Zj:1 Gnij =

1, gn,i; is the (4,7) element of Q, which is defined by (50). m

Lemma 4 Consider the sequences of random variables {Xn} and {Yn}. If Xn — YN —p 0, and YN —q Z,
then XN —d Z.

Proof. See Rao (1973, p.122). m

Lemma 5 (Lieberman 1994) Let ® be a T x T symmetric matriz and T' a positive definite T x T matriz, and
suppose that & ~ I1D(0,1Ir), where &€ = (£,,&,,...,Ep)". Denote the pt"* cumulant of €' TE by kp, and the m+1
order, m + 1 degree generalized cumulant of (&' ®&)"(¢'T¢) by krm, and assume that the following conditions
hold:

e Condition 1: Forp=1,2,...,kp, = O(T).
o Condition 2: Forr =1,2, ...,k = E('®&)" = O(T").
e Condition 3: For r,m =1,2, ..., kem = O(T*), with £ < r.

Then the Laplace approzimate expansion for the r*" moment of &' PE/E'TE is given by

gec\"] _ E[(£'20)] _2
P KE/Fs) } = BETey oI, (S.3)
where
_rlr D) (BUEBETm) [k
Yo = 2 { [E(£T£)]T+2 } { [E(ET&)]TH } ) (S.4)
and
Ke1 = E[(§'®€)"¢'TE] — B[(&'®€)"|E(E'TE). $.5)

Proof. See Lieberman (1994). m

Lemma 6 (Moments of products of quadratic forms under non-Gaussianity): Suppose that & ~ I1D(0,1Ir),
where € = (€,€2, - &), with v, = B(&}), 72 = E(§}) =3, 75 = B(&) =107, 74 = E (£]) =157, — 1071 — 15
and v¢ = E (Ef) — 287, — 56757, — 3573 — 2107, — 2803 — 105 for all t = 1,2,...,T, and suppose that A;,
7=1,2,3,4 are T x T real symmetric matrices, and 71 is a T X 1 vector of ones. Then

E (£/A1£) = TT(Al), (SG)
E(A ) =71 10 AL)
E [(£IA1£) (£/A2€)] = ’szT’ [(Al @ Az)] + TT’ (Al) T’I‘(Ag) + 2T7’ (A1A2) 5 (87)

E[(£A1€) (€A2¢) €] =7 IO A1 O A2) T+ 7, {410 (A1A2)] T
+2A1 (I ® A.Q) T+2A2 (I ® Al) 7‘+T7” (Al) (I ® Az) T+T7” (Az) (I ® Al) T}

FE [(£IA1£) (£/A2£) (£/A3£)] =9,Tr (A1 © Ay © A3z) +v,Tr (A1) Tr (A2 ©® As) (S.8)
+7,Tr (A2) Tr (A1 © Az) +v,Tr (As) Tr (A1 © Az) + 4v,Tr [A1 © (AzA3)]
+47,Tr [Az @ (A1A3)] + 47,77 [As © (A1A2)] + 277 [77 (Ir ©® A1) Ay (Ir © As) 77
+277 [T (Ir © A1) As (Ir © A2) 77| + 275 [17 (Ir ©® A2) Ay (Ir © As) T7]
+497 [T (A1 © A2 © As) 7] + T (A1) Tr (A2) Tr (As) + 2T (A1) Tr (A2As)
+2Tr (A2) Tr (A1As) 4+ 2Tr (As) Tr (A1Az) +8Tr (A1AzAs3),
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E[(€ A1) (£'A2€) (£'AsE) (€'ALE)] =Tr (A1) Tr (A2) Tr (As) Tr (As) (5.9)
+2[Tr (A1) Tr (A2) Tr (AsAs) +Tr (A1) Tr (As) Tr (A2A4) +Tr (A1) Tr (As) Tr (A2A3)
+Tr (A2)Tr (A3)Tr (A1A4) +Tr (A2) Tr (As) Tr (A1As) +Tr (As) Tr (As) Tr (A1A2)]
+4[Tr (A1A2) Tr (AsAs) + Tr (A1A3) Tr (A2A4) +Tr (A1A4) Tr (A2As3))
+8[Tr (A1) Tr (A2AsA4) +Tr (A2) Tr (A1AsAy) + Tr (As) Tr (A1A2AL) +Tr (Ay) Tr (A1A2A3))
F16[T7 (A1 A3A4AL) + Tr (A1 AsAzAs) + Tr (A1 AsAsAL)]

Y2 fre + Vafrs + V6 S +'Y?f7§ +’Y§fyg + 7173 7178
Expressions for fv,, fv,. fvg» fy2. fyz and fy 4, are provided in Bao and Ullah (2010).

Proof. For (S.6) and (S.7), see Ullah (2004, Appendix A.5). Result (S.8) was provided to us through a private
communication by Yong Bao. Result (S.9) is given in Bao and Ullah (2010). m

Lemma 7 Let A be a real symmetric T X T matriz. Then Amin(A) < art < Amax(A), where as: is the tth
diagonal element of A.

Proof. See Theorem 14 in Chapter 11 of Magnus and Neudecker (1999, p.211-212). =

Lemma 8 Denote the (t,r) elements of matrices Mr, Mg, and Pq (defined by (S.2) and (S.1)), by mp,ir,
Mer and pir, Tespectively, and denote tth element ofh=Mprr by ht = Zle mpgtr. Then, under Assumption
1, for all t we have

T

0<mpu = Zr:l mib, <1, (S.10)
T

0<my =) » mi. <1, (S.11)
T

0<pu=3 _ p,<1, (8.12)

‘Zle M
Zil mir =0, (S.14)
Z; (Z; mF’““)p = Z; hi =0 (v). (S.15)

Proof. (5.10), (S.11) and (S.12) follow immediately using Lemmas 7, since Mg, Mg and Pg are idempotent
and real symmetric matrices, with eigenvalues that are either one or zero. Next we note that

and for any finite p

FF\ 'Frr
M = - F
FTT =TT ( T ) T
’ -1 ’ ’ -1
where by Assumption 1 all elements o (%) and F;T are bounded. Let wpr = (FTF F;T, and note

that the m elements of wr T, being the OLS estimates of the coefficients in the regression of 1 on fi, are bounded,
and hence 37", lwrre|? < K < 0o, for all T. Then, the t'" element of MpTr can be written as

T , m
E | MPtr = 1-fiwpr=1— E s frewr, 0.
r= =

T m
‘ E mrer| <1+ ) E ft,ZwF,T,Z’7
r=1 =1

and by Assumption 1, > %, Ife.el® < K < 0o, and hence for all t we have

’Zezl ft,ewF,T.,e‘ < \/Eezl | fe.el \/Zezl lwrre]” < K < oo.

Therefore, we have ‘ZTT:1 mp,tr‘ < K < oo, as required. (S.14) follows from Mgty = 0. Finally, (S.15)
follows from (S.13) since S, (Sr_, mpe)? < St |0 mpe|P <1, KP = O(v), for p finite. m

Lemma 9 Suppose that A; = (ajr), for 7 =1,2,3,4 are T x T real symmetric matrices, and 77 is a T x 1
vector of ones. Then,

T
Tr(A1 A2 0A30 Ay = thl a1,tt02,t¢A3,t¢04,tt, (S.16)
, T T T T
TrA1A AT = thl Zr:l 21):1 Zu:l Q1,4r Q2,70 03,0, (S.17)
and - -
T (A1OAL) Tr = Tr (A1A) =) > areaze. (S.18)
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Proof. (S.16) and (S.17) follow from direct derivations and (S.18) see Magnus and Neudecker (1999; p.46). m

Lemma 10 Consider the matrices Ma, Pg and Hp, defined by (5.2) and (S.1), and v =T —m — 1. Then,

under Assumption 1 we have
TT(HFQHF@Mg) :O(U),

Tr(Hr ©Mg) =0 (v),
Tr(Hr ©Hp) =0 (v),
Tr (Mg ©®©Mg) =0 (v),
Tr (Pg ©Pr) = O(1),
Tr (P © Hp) = 0(v'/?),
77 (Ir ©Hr)Hr (Ir ©Mg) 77 = O (,02) ,
7 (Ir ©Hr) Mg (Ir © Hp) 77 = O(v*/?),

' (Hp @ Mg © Mg) 77 = O(0*?), 7/ (Hp © Hr © Mg) 71 = O(v*/?),
0 (Hp @ Hp) 7 = O(0%), 7 (Hr ©Mg) 77 =0, 77 (M © Me) 71 = v,
Tr (Mg @ H%) =0 (v*), 77 (Ir @ HE) (Ir © Mg) 71 = O (v*)

70 (Ir ©Hp) (Hr ©Mg) 77 =0, 77 (Ir ©Mg) (HF ©Mg) 77 =0
Tr(HrF © Mg ©Mg) = O (v),

mr (Hr ©Hp) Mg (Ir ©Ma) 77 = O (v*), 7 (Hr © Ma) Hp (Ir © M) 77 = 0,
T (Hr ©Mo)Me (Ir ©Hp)tr = 0f, 7 (Ma © M) Hr (Ir @ Hp) 71 = O (v%),
Tr(Hr ©Hr © Mg © Mg) = O (v),

7 (Ir ® Hp) Ma (Ir © Me) 71 = O(0*'?), |75 (Ir ® Mg) Hr (Ir © Mg) 71 = O(v?),
!
T

7 (Ir ®Hp)Me (Ir ©Hp) 70 = O(0*'?), 7 (Ir ©Hp)Hr (Ir © Mg) 77 = O(v?),

Tr [Hy (Mg ® Mg)] = O(*?), Tr Mg (Hr © Hr)] = O(v*/?),

7 (Ir ©Hr) (Hr © Mg) (It @ Mg) 71 = O(v*/?),
7 (Ir © Hp) (Mg © Mg) (Ir © Hp) 71 = O(0*/?),
7 (Ir ©Mg) (Hr © Hr) (Ir © Mg) 77 = O(v?),
7 (Hp ©Hp ® Mg © Mg) 71 = O(v*/?),

(S.19)
(S.20)
(S.21)
(S.22)
(S.23)
(S.24)
(S.25)
(S.26)
(S.27)

(S.28)

74 (Ir ®Hp)Hp (Ir © Mg © Ma) 77 = O(?), 7% (Ir ® Hp) Ma (Ir © Hp © Ma) 77 = O(v*/?),
7 (Ir ©Mg)Hr (Ir @ Hr © Mg) 71 = O(v%), 7/ (Ir ® Mg) Mg (Ir © Hp © Hp) 77 = O(0/?),

74 (Ir ©Hrp) (Hp @ Mg © Mg) 77 = O(0*/?), 74 (Ir © M) (Hr © Hr @ Mg) 77 = O(v*/?),

Tr(Hr OHr ©OHp) =0 (), 77 (Ir OHr)Hr Ir ©Hp) 11 = O (v2) ,
7r (Hr ©Hr OHF) 70 = O (v2) ,
Tr (Mg © Mg © M¢) = O(v), Tr (Mg © Mg © Mg © Mg) = O(v)
Tr (16 Meg)Mg] = O(v), Tr[(Mg © Mc) Mg] = O(v)
T (Mg ® Mg ©@Mg) 77 =0 (v), 7 (Mg ® Ma ©® Mg © Ma) 7 = O (v)
7 (Ir © Me) Mg (Ir © Mg) 7 = O(v*'?), 77 (Me © Me) Mq (Ir ® Mg) T = O(v*/?)

7 (Ir ® Mg) M (It © Mg © Mg) 77 = O(v*?), 74 (Ir © Mg) (Mg ® Mg © Mg) 77 = O(v),

TIT (IT ©® MG) (MG ® MG) (IT ® MG)TT = O(U), ‘I'IT (IT ® MG) (IT ® MG)TT = O(U)

Proof. Denote the (t,r) element of matrices Mp, Mqg and Pg by mrtr, mer and per, respectively, and
observe that the (t,r) element of Hr = hh' is (ZZT:1 mp,u) (ZlT:l mF,rl) = h¢hr. The proofs below follow

straightforwardly from application of Lemmas 8 and 9, and making use of Cauchy-Schwarz inequality, and the

fact that MgMp = Mg, McHpr = 0. First

TT(HF@HFQMg):thmttSzh?ZO(U%
t ¢

SH



as 0 < my <1 (by Lemma 8) and Y, h{ = O(v). Similarly, we have

Tr(Hp ©Mg) = > himy =0 (v), Tr(Hp ©Hp) = Y hi =
t t

and
Tr (Mg © Mg) = tht < Z me = 0 (v).

Result (5.23) follows since Tr (Pg ©@ Pr) = S prupee < 31—y Pt = m + 1, recalling that 0 < ppse < 1 by

(5.12).
Tr (Pc © Hr) Zpttht \/Z ptt\/zt L hi=0@'?),

since 0 < p?, < pu < 1, then thl p? < Zt:I pee = m + 1. Further, using (S.17) in Lemma 9 and results in
Lemma 8 we have

|7'T (Ir ©Hp)Hr (Ir © Mg) TT Z‘h?}z‘hrmr”* v?).

Similarly, noting that ). m2. = me and 0 < me < 1 and that 0 < > mi,. < > m2,. <1, we have

|T,T (Ir Hr)Mc (Ir © Hp) TT| < Z h; Z |mtrh2| < Z h; /Zm?r /Z h (5.29)
t T t T T
<Don [ ont=00"),
t T

|7 (Ir @ M) Hr (Ir © Mg) 77| Z|mnht|2\mwh |<Z|ht\2\h |=0

|77 (Hr © Mg @ Mg)tr| < > > |hihe mtT|<Z|ht| /thr /Zh2
t T
< 37|l Zh%:O(v3/2).
t T
Also
T (Hr ©Hr ®Mg) 77 = 77 (Ir © Hp) Mg (Ir @ Hp) 77 = O(v*/?). (S.30)

Using (S.18) we have
T (Hr ©Hp) 70 = Tr (HQF) = [Tr (Hr))> = O(v?),
7 (Hp ©Mg) 77 = Tr (HrMg) =0,

and
7r (Me ®Mg) 70 = Tr (Mg) = v
Also
Tr (Mg © Hz) = Tr (Hp) Tr (M © Hp) = O (v*),
and

77 (Ir ©HE) (Ir ©Mg) 77 = Tr (Hp) 77 (Ir © Hp) (Ir @ Mg) 77 = Tr (Hp) Tr (Mg © Hp) = O (%) .
Since Y, hrmyr =0 for any t # 7

r (Ir ©Hp) (Hr ©Mg) 70 =Y > hihemy, =0,

T t

7 (Ir ©Mg) (Hp @ Mg) 71 = > Y methihymir = 0.
t

T

Similarly to the above derivations, we have

Tr(Hr ©M¢ © Mg) = Zm?th? =0 (v),
t

|77 (Hr @ Hp) Mg (Ir © Me) 77| <33 hihimurmy,
t

u T

<Zthh2 /Zm <th2h2 =

S6



and noting Mg and Hp are symmetric and MgHp = 0, Zt hrhimy, for any t #r and t # u

77 (Hr ©Mg)Hr (I7 © Mg) 71 = Z Z thhimmmmw =0
t

u T

T’T Hr ©Mg) Mg (Ir OHp) 77 = Z Z Z hthumtumurhz =0
t

u T

|77 (Mg © Mg)Hr (Ir ©Hp) 71| <sztu |hu|§:|h3
u t
= bl Y B =

Tr(Hp @ Hp © Mg ©Mg) = Y mihi =0 (v)
|77 (Ir © Hp) Mg (Ir @ Mg) 71| <th2|mu«|mw
< thﬂzmn m$r<zht /Zmrr—O 3/2
|70 (Ir © Me) Hr (Ir © M) 7r| <> [mushe] Y | [hemer| = O (7)),
: .
|77 (Ir @ Hp) Me (Ir © Hp) 77| <Zth |me| b2

zhtﬁﬁ{mﬁ ()

|7 (Ir © Hr) Hr (Ir © Ma) 7r| < | [he| mar = O (v%),
t T

Tr [HY (Mg ©Mg)] = Tr (Hp) Tr [Hr (Mc © Mg)] = Tr (Hp) 70 (Hr © Mg © Mg) 71 = O (v5/2) ,

Tr Mg (Hr ©Hp)] =77 (Hr ©Hp © Mg) 77 = O (1)3/2) ,

|77 (Ir ©Hp) (Hp © Mg) (Ir © Mg) 77| <ZZ|ht B |
T t

< Zw\/ﬁﬁ_o ()

77 (Ir ®Hr) (Mg © Mg) (Ir ©Hp) 71 = Z Z himi.hZ

T’T (IT O] MG) (HF ® HF) (IT O] Mg) T = thth? Z hzm” =0 (’U2) ’
t T
7 (Hr ©HF © Mg © Mg) 71 = Z Z RIRZmZ. =0 (v3/2)
t T

|7'IT (Ir ©Hp)Hp (ITQMg®MG)TT| < Z|hf\2hf 20(112
t T

|TIT (Ir ©Hr) Mg (Ir ©Hr © Mg) TT‘ < th Z |mtTh$mTT’
t T

< TwfEr-o()

|T/T (IT ®© MG) Hr (IT OHr © MG) TT| < Z |mttht| Z |h§m”| =0 (UQ) ,
t r

ST



|77 (Ir ©Ma)Me (Ir ©Hp @ Hp) 77| thtz|mt'r

< tht Zm” / h8<2mtt [Zhs 3/2
|7 (Ir © Hr) (Hr © Mo © Ma) 7o < 0 [1E] D [mihe| < D [02| [S 02 =0 (v¥/2)
t T t T
|77 (Ir ®Mg) (Hr ©Hrp © Mg) 77| < ththfz |mu,hi| < Zh? lzhé =0 (U3/2> )
t s t T
Tr(Hp OHp ©Hp) =Y hg = O(v
t

|T’T (IT@HF)HF (ITQHF)TT| < Z|h?|2|h§} -0 (v?
t T

‘I'IT(HF@H}:‘@HF)TT:7'/T(IT@HF)HF(ITQHF)‘I'T:O(’UZ)7

Tr (Mg ® Ma ® Mg) = tht_ ), Tr (Mg ® Mg © Mg ® Mg) = Zm;*t:O(u)
Tr|(Ie Meg)Mg| = tht = . |Tr[(Mae © Ma) Mg]| < ZZ |m?r| < tht = O(v)
‘T,T(MGQMG@MG)TT’ < Zz‘m?r|§2mtt20(v),
t T t
77 (Mg ®Mg O@Mg ©@Mg)Tr = szfTStht:OU
t T t

|7 (Ir ©Me) Mg (Ir @ Ma) mr| < 3 S lmumeeme,| <3 Vi [ mer = O(6*?),
t T t T

|77 (M © Ma) Mg (Ir © M) 7r| <3 > > [miumurmee| <70 [muumaurme,| = Ow*'?)
t T u

T u

|77 (Ir ® M) Mg (Ir © Mg @ Mg) 77| < Z Z |mttmt7-mfr} =0*?),
t [
|77 (Ir ®Mg) (Me © Mg © Mg) tr| < Zz|mttm?r| =O0(v

77 (It ®Mg) (Mg © Mg) Ir ©Mg) 71 = Z Z MMMy < Z Z mumi, = O(v)
t T t T

770 (Ir @ Mg) (Ir @ Mg) 77 = met = O0(v).
f

Lemma 11 Suppose that & ~ IID(0,I7), where &€ = (£,,€4,...,Ep), with v, = E(£3), v, = E(&}) —
Y5 = B(E))— 107y, 74 = E (€8) — 157, — 1073 — 15 and v, = E () — 287, — 56757, —3573 — 2107, 28073 — 105
forallt =1,2,...,T. Consider the matrices Mg, Pc and Hr = hh', defined by (S.2) and (S.1), wr = 77MpTr
and v =T —m — 1. Then, under Assumptions 1 and 4, we have

E(¢Hpé) =Tr(Hp) = wr, E (€M) =Tr(Mg) = v,
E[(€Ma€)*] = 1Tr (Mo ©Mo) +v (v +2) =v (0 +2) + 0 (v),
E[(€HrE) (€ Mc€)]| =7,Tr (Ma © Hp) + v(rrMp17) = vwr + O (v),
E[(€'Hr€)*| = 7,Tr (Hr © Hp) + 3 (rpMerr)* = 3uF + 0 (v),

+7,Tr (Me) Tr (Hp © Hp) + 47,77 [Mc © Hz| + 47 [77 (Ir © Hp) Hp (Ir © Mg) 77
+291 [ (Ir @ Hp) M (Ir © Hp) 77] + 497 [ (Hr @ Hp @ Mg) 7] + 3 [T (Hp))* Tr (Mc)
=3wrv+ O (’1}2) ,
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E [(&lHFE) (EIMGE)Q] =v,Tr (Hr © Mg © Mg) +7,Tr (Hp) Tr (Mg © Mg)

+27,Tr (Mg) Tr (Hr © Mg) + 47,Tr (Hr © Mg) + 442 [77 (Ir ©Hp) Me (Ir © Mg) 77|

+273 [77 (Ir ®Ma)Hp (Ir © Mg) 77| + 472 [77 (HrF © Mg © Mg) 77]
+Tr (Hp) [Tr (Mg)]? + 2T (Hp) Tr (Mc) = wrv® + O (v?)

E [(g’HFg)S] = ~,Tr (Hp ®@ Hp © Hp) + 157,77 (Hp) Tr (Hp © Hp)

+6’7§ [TIT (Ir©Hr)Hp (Ir ©Hp) TT] + 47? [T’T (HrF ©Hr © Hp) TT] +15[Tr (HF)]3

where

sz =

f’h’YS

=15w> + O (112) ,

B [(€Mag)°] = 7,Tr (Mo © Mg © M) + 37,0Tr (Mg © Mo)

+127,Tr (Mg @ M) + 671 [77 (Ir © Mg) Me (Ir © Mg) 77
+477 [77 (Me ®Ma ® Mg) Tr] + v® 4+ 607 + 8v = v® + O(v?)

E [(s'HFs)2 (s’MGs)Q] = [Tr (Hp)]? [Tr (Mc)]?
+2[Tr (Hp)]> Tr (M) + 2 [Tr (Me)]* Tr (HE) + ATr (HE) Tr (M)
FYafvs + Vafra + V6 Sve +V1Fo2 T V2 loz + N1V3 s
= 3wiv® + 0 (v*),

[Tr (Hp)]? Tr (Me © Mg) + 4Tr (Hg) Tr (Me) Tr (Hr © Mg) + [Tr (Mg)]> Tr (Hr © Hr)
+277 (Hr @ Hp) 77Tr (Mg © Mg) + 277 (Mg © Mg) 7rTr (Hr ©® HF)

+8Tr (Hp) Tr (Hr © Mg) + 8Tr (Mc) Tr (Mc © HE) + 1674 (Ir @ HE) (Ir © Mg) Tr

0 (1)3) ,

f’Y4 QTT(HF)TT(HF@MGQMG)—I—QTT(MG)TT(HF@HF@MG)
+4Tr (Hr © Hp @ Mg) + 477 (M © Mg © HE)
= 0 (1)2) ,

fre =Tr(HF ©Hp © Mg © Mg) = O (v),

87 (Ir ©Hr) Mg (Ir © Mg) 77T (Hr) + 4177 (Ir © Mg) Hr (Ir © Mg) 77T (HF)
41 (Ir ©Hp) Mg (Ir @ Hp) 70Tr Mg) + 877 (Ir © Hr) Hr (Ir © Mg) 7oTr (Me)
87 (Ir ® Hr) Mg (Ir © Hr) 77 + 877 (Ir © Mg) H (Ir © Mg) 77

877 (Hr © Mg © Mg) 7rTr (Hr) + 877 (HrF © Hr @ Mg) 77T (Mg)

+1677 (Hr © Hr) Mg (Ir © Mg) 77 + 32770 (Hr © M) Hr (Ir © Mg) Tr

+3277 (Hp © Ma) Mg (Ir ©Hp) 71 + 1677 (Me © Mg) Hp (Ir © Hp) 71

+167r [HE (Mg © Mg)] + 16T [Mg (Hr © Hr)]

O (v3) ,

/
T
/

T

= Tr(Hr ©Hp)Tr (Mg ® M) + 2[Tr (Hr © Mg)]?
+1677 (Ir ©Hr) (Hr © Mg) (Ir © Mg) 71
+417 (Ir ©Hr) Mc © Mg) (Ir ©Hp) 77
+417 (Ir ®Mg) (Hr © Hp) (Ir © Mg) 77
+877 (Hr © Hr © Mg © Mg) Tr
= 0 (v2) ,

73

4177 (Ir ©Hp)Hp (Ir © Mg © Mg) 71 + 877 (Ir © Hr) Mg (Ir © Hp © Mg) 71
+877 (Ir © Me)Hr (Ir ©Hr © Mg) 71 + 477 (Ir © Me) Mg (Ir © Hp © Hr) 71
+1677 (Ir ©Hr) (Hr © Mg © Mg) 77 + 1677 (I © Mg) (Hr © Hr © Mg) 7

= 0O (112) ,
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and
E [(é'MGE)ﬂ = [Tr (Me)]" +12[Tr (Mq))* Tr (Mc) + 12 [T (Mq)]*
+32T7r (M¢) Tr (Mc) + 48Tr (Mg)
YaGvs + Vabvs T YeGvs + V1922 + 72923 + V17397175

=o'+ O(v3),
with
vy = 6 [TT(Mg)]2 Tr (MG ® MG) —+ 12T/T (MG O] MG) TrTr (MG © MG)
+48T7(Mg)Tr (Mg © Mg) + 96T [(Ir © Mg) Mg] + 4877 (Ir © Mg) (Ir © Mg) T,
gvy = ATr(Me)Tr (Mc © M © Mg) + 24T (Mg © M © Mq),
Gve =Tr (Mc © Mg © Mg © Mqg),
9.2 2477 (Ir © Mg) Mg (Ir © M) TrTr (Mc) + 4877 (Ir © Ma) Mg (Ir © Mg) 77

+1677 (Mg ©@ Mg @ Mg) 7rTr (Mg) + 9677 (Mg © Mg) Mg (Ir © Mg) 71
+96T'r [(MG ® Mg) Mg} ,
93 = 3[Tr(Ma O Mgq))” + 2477 (Ir © Mc) (Mg © Mg) (Ir © M) 77
+877 (Mg © Mg ® Mg © Mg) 77,

Gyivs = 2477 (Ir © Mg) Mg (Ir © Me © Mg) 71 + 3277 (Ir © M) Mg © Mg © Mg) 7r.
Proof. These results are obtained by using the results established in Lemmas 6 and 10, together with the fact

that E(&}) for r = 1,2, ..., 8 are time invariant (which is ensured by Assumption 4), and noting that McHr = 0
(since MpMe = Mg and M7y = 0), HF =Hpg [TT(HF)]] L for j>1 =m

Lemma 12 Suppose that & ~ IID(0,Ir), where & = (£,,€q,...,&p), with v, = E(£3), v, = E(£}) — 3,
vs = E(&) — 107, and v, = E (£§]) — 157, — 1077 — 15 for all t = 1,2,...,T. Consider the matrices Ma, Pa
and Hp, defined by (S.2) and (S.1), and v =T —m — 1. Then, under Assumptions 1 and 4 we have

= E[(¢'Ma€)?] — [E(€'Mcé)]” = 7,Tr (Me © M) + 20 = O(v), (S.31)

ki = E[(£'Hrg) (€ Mc€)] — E(§'Hré) E(E' McE)
= %Tr[(Mc © Hp)] = 0(v), (5:32)

and
r = E[(€Hr€)® (€Mog)| - EI(¢Hre)’| E(E Ma)
= 67, (T7Mp7r) Tr (Mg © Hp) + 497 [77 (Ir © Hp) Hr (Ir © Mg) 77
+671 [T (Ir © Hrp) M (Ir @ Hp) 77] + O(v) = O(v?). (S.33)

Proof. The results (S.31) and (S.32) follow immediately from Lemmas 11 and 10, together with the fact
that E(&;) for r = 1,2,3,4 are time invariant, which is ensured by Assumption 4. The result (S.33) follows
using Lemmas 11 and 10 and the equality (S.30), noting that T'r (HZF) =[Tr (HF)]27 and Tr (MG ® H2F) =
Tr(Hp)Tr (Mg © HF), since H% = Tr (Hr) Hr. =

Lemma 13 Suppose €, = (gi1), where ey ~ I1D (0,1), with v, . = E(e},), 5. = E(eiy) — 3, Vs,e = B(eh) —
1071 € and Va,e = E( zt) - 15’72 € IO’Y% e 15’ and qi = (qM) Then7

E (eiqidier) Z 4, E (etqidjer) = Zz Qie Qe (S.34)
E (laidiereiai) = 71 ) die: B (elajdieretar) =71 ) diede,
E [(siqiqéet)ﬂ =75, (Ze q?e) +3 (Zl qfe)Q,
E [(Ethq]Et ] = Y2, (Z qleqyz) (ZE q?z) (Ze fﬁe) +2 (Z,_, qiequ)Q,
E [(etaidie:) (etaidier)] = 7o, (Zl q?ije) +3 (Ze q?e) (ZZ qwqu) :
E [qie: (siasqier) (shajdier)] = 750D qiedie + 7 [6 (Z quije) (ZZ qfeqje)
() () (S0 ()]
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E [qéet (eiqfq;'st)ﬂ = Tse Ze qwq}? + V16 [4 (Ze QM) ( q}?)
+4 (Ze QiZQjE) (Zé q;’e) + 2 (Z qge) (Zé quqig)] , (S.36)

E [(séqiqést)Q (62(11“13&)] = V4. (Ze q?zqfe) + 67, (Ze q?z) (Zz qfequ) (S.37)
V2, (ZZ q?e) (Zé qfe) +87,,. (ZZ QiZQjZ) (Zl q'?Zij) +497, (Ze qf’e) (Zé qwqf/z)
+677. (Z[ qgere)Q +3 (Ze %2@)2 (Zz qjgz) +12 (Ze %2@) (Zf Qie%z)z ) (S.38)

E[(staidier) (staidier) (tasdier)] = vae (2, ahale) + 5700 Y a2 (3, auwdls)  (5:39)
+5Y20 D Giede (ZZ qfeqf-e) 57y, dre (ZZ q?ije) +297, (ZZ q?e) (Zz q?e)
1292, (30, dhase) (30, auedle) + 243 (32, dhase) (32, audde)
+497 . (Ze q?/zqg'e)Q +2 (Ze qmqg'e)S +13 (Zz qfe) (Zé qu) (Ze quije) :

Proof. Applying Lemma 6, the results follow. =
. 1/2 12 ) th
Lemma 14 Let 7,, = v,;,/0:{" and §y,ie = Qn,ie/ 0, ;;, where v,  is the s™" element of the k x 1 wector of factor

loadings, ,, defined by (46), 0:i = Viv; + onyii, and gy is the (i,£) element of Q,, where Qy is defined by
(50).

(a) For any finite M, vy, and rp, p = 1,2,..., M, at least one of vy is non-zero and at least one of rp is
non-zero, then
N N M
S TI(, 3w) =0 (v)
‘ s=1 715 ’ygs °
P

(b) Further, for any finite L, v, and rn, h = 1,2, ..., L, where vy, >0 and r, > 0,

ZZH(ZZ 1dZ€ed;7]z)H(Z 5ra) =0 (M)

=1 j=1

(¢) Further, for any finite u > 1 and v > 1,
L
Z Z (Zé 1 . iedn, ﬂ) 1;[ (Ze 1 (7;,’315‘?;’,3@) =0(N).

Proof. Consider part (a) first. Noting that |5,,] < 1 for all i and s, |3,,]"” < |7,,| and sup, S0, [7:.] =
O (N‘SV) by (47), we have

M=

N M
> A < XTI, el el
i=1j P

N N M
DICRIENES 35 9) § LCTITAETTEN)
P

1=1 1

-
M-

@
Il
=

<.
Il
—

Il
—

I
M=
M=
-c:jz s:jg

s
Il
i

<.
Il
—

j=
M

N
kM (supmslsupl%'so <k (SUPZ|%S> (SUPZ |%~5|>
3 s s s j=1

NQJA,)

M=
M=

1

.
Il

= O

— "

as required. Now consider part (b). By Cauchy-Schwarz

§ § “Vh STh E ~Vp ~’"p
‘ =1 qn,zlqn W4 ‘ ’yzs js
2vy, 27y,

\/§ o1 |G, e \/E —1 |Gn.e|

H F A

)
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but, as Zévzl |q~n,“g|2 =1, 2115\7:1 \qnm? > ZIJ_,V:I |Gn,ie|” for r > 2, together with part (a) we have
N N L

M
> 321 \/ZL |qn,iz|2"h\/zf: el 1;[\2;%:@;@
N N
< DDk (sgp2w> <sgpz|aj5|> — o (v).
i i=1 =1

Observe that the result holds when all of v;, and/or all of r, are zero. Now consider part (c). Similarly, using
Cauchy-Schwarz

N N L
N PO 2 N ~Up ~Th
=1 qn,zéqn,]Z =1 qﬁwieq"hjé

i=1 j=1 h

N N L

SO el lanael” TT S e /S0 g el
=1 n, 3 =1 5 =1 LY

i=1 j=1 h

N N
N ~ ~
< S il S el
i=1 j=1

but Zé\;l Qfmé =1 implies |Gy,i¢| < 1, hence, |Gy,ie|” < |Gn,ie| for r > 1, we have

N N N N
N w L N . .
22:1 Z |Gn,ic Z |Gn.gel” < 22:1 Z |Gn,ic Z |Gn.¢|
i=1 j=1 i=1 j=1
N N
¥ (sup 3 i) (s 2t ) =00
i=1 j=1

as required, where the final line follows from sup, vazl |Gn,ie] < K for all ¢ (by (51)). m

IN

IN

Lemma 15 Consider the regression model (2), and suppose that Assumptions 1 and 4 hold. Let 272” =
N Hrn,/ (wron:i) and Xy = n;Man;/ (von,qi), where 9; = (1;1, 7,2, -~~777iT)l7 wr = TrMpTr, and Hp =
(hthy), Mp and Mg are defined by (S.2), and v = T—m—1. Denote 7),, = 77“/071]’/2.22., and set Do, = diag (04,ii),
so that D;"l/zm =7, = Qnen,t, where QT, = D;TII/QQW, and 61;]1%: (Gnity Gni2y ooy Gninv) @5 the i row of QT,.
Also, set p, ;; = Cov (f]it,ﬁjt), ey = E (E?mt) and V2o, = E (an,it) — 3. Then we have

E(z:) =1 E(Xyi) = 1, (S.40)

N
_2 -2 2 2 2
0pi=F (mmjt) =1+2p, 5 +72., Z Gn,ieln,je; (5.41)
=1

2 2y _ 2 >, hi 2 2
E (2ni7.5) = (1+2p, ;) t Y2, 3 Z nyiedn,je | (5.42)

=1
P06 =1 it o, (BEY S (5.43)
=1
E (2, Xn.) =1+ %%:%t (’Yz,an Zz ‘fy,iz) ; (S.44)
FE (ZngmezJ) = (1 + 2p$;,i]‘) + %imtth,sn (Zz fjf;,w) + Zui;% V2,6, (Zz qg],iéd?],jé)
+ <w;u th Z W b + 3w;v zt: Z hfhfmm) Vey (00, @nictnse) (32, @ie)

1 1 L 9
+2 (w2 . SS hihem, + 25— SN hfhfmtr> Ve, (Zz qgﬂqw)

T ¢+ r ™V T

41 2 2 2
+ <wT'U ;h{fﬂtt) [’Yz,s,, (Zz qn,z‘eqn,je)]
71 ~ ~ —
+40p,45 (wTv Zh?mtt) [’Yg,en (Ze qﬁ,ieqn,ﬂ)] +0(1T7?%), (S.45)
t
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2 2 2 > htmtt ht
E (Zn,anaiznva"»j) = (1 + 2p7]7’ij) + ( tvw ) Y2,e, (Z qn je + Z an, Ze) Tw2 2en (Z q" ied, ]é)
) 1 . 18 2 , 1
+20}, 45 (_w% Z:: hy — vwr 2 Et:mtt + >

4 2 2 2
20,45 (U T2 > mi
t

+ <’U2i} Z Z h htm'rrmtt + Z Z ht MprMitr + & zt: zr: hfht'fﬂtt)
x'yf,en [(ZZ !in,iefin,jé) (Zz []};,jz) + (Zz 67]?7;2) (Zz Q'r],iéqf],jl)]
—1—73% Poi (’U;:LUT Z Z hrhtm'r'rmtt> (ZZ Cﬁ;,ﬂ) (Ze 6737,%)
t T

—+ ( ZZI’L htmrt + Zzhtmrrmtr Zzh htmtt>
X {(Zz cfn,wqrz,,jz) + (Zz tﬁ,izqn,je) }

1 1
+ <4’02’LUT zt: Z: hrhtm'rrmtt + 161)21,UT
X'Yie,]Pn,ij (ZZ ‘ﬁz,zf‘jmﬂ) (Ze qn,il‘ﬁ,ﬂ)

T zt: XT: h?m'rrmtr>

+0n,ij <4vw1T zﬁ:hgmtt> [72,sn (Ze (j?y,ie(in,jﬁ) + 3Pn,z‘j]
+ (211 L > nitmic+ = ;@)
X [72,577 (Zz fﬁ,,z‘elﬁ,ﬂ) + 2Pf;,ij] + 2%’3,,““% zﬁ: hi
+0ii <2v12 Zm$t> {72,57, (Zl ‘772:,%‘772;,12) +(1+ 21’727,”)}
¢
+00.i5 <4vw1T ;hfmtt> 2.0, (32, @ienie) + 30,05 ] + 0 (T7%). (S.46)

Proof. First, E (27 ;) = Lsince E (n}Hpn,/on,ii) = Tr (Hr) = wr and E (X,,;) = 1since E (nMan;/oy.ii) =
Tr (Mg) = v (see Lemma 11). Noting that 7;, = &, ;Qn,: we have

Pn,ij = E (ﬁ?tﬁ?t) =F [(Eiy,tqu,i(‘i:;,isn,t) (d;,tqwiyjq/n,jsn,t)} )
and since ey, ~ [1D(0,1,), then using (S.7) in Lemma 6, and noting that Y, Gn,itdn,j¢ = Qy),i8n.; = and
Eé\rzl qf?;,i( = 61:;,1'61%1' =1, we have

p’r,,ij’
Pnij = V2, LT (&€, © s ) + T7 (@i i) Tr (n.5. )
+Tr (fln,i(lln,i(in,qun,j) )

which establishes (8.41). Next, noting 27272 =0 i), =30, >0 haer (nit/o-?l],/fi) (n”’/aiz,/i?i) =220 2w hewr My
and 7, = E{q,tfln,i, we have

B (zni23) = o2 ZZZZMM hor B [(€)y08n,i@0,i€0.17) (€1,0n, 580 5€0.00)]

and note that there are the following combinations of indices {t,¢,r,7'} to take into account. There is one
t =t =r =1', and three relevant pairs, t =t and r =71’ (t #7r),t=r"and t' =7 (¢t # r), and t = r and
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=7r" (t #¢t). Thus,
E (zn ’LZ”LJ = Z hiE [ n,tﬁn,iqf,],j€7],t)2] (fort =t =r=1")
72 Z hihiE n,teln,ifl;;,ien,t) (E:],TEIUJQ{/]JSW»T)} (for ' =t,r" =r, t#7)
wr t#£r

w2 thh hehi B n,talnwiq;z,jsn,t) (Eiz,rqn»iq;z,jsnﬂ')} (for ' =t,t' =r, t#7)
T
t£r

1 ~ o~
Z hew hew B (€518, 5€n.t) (€900 @n.i@ly j€0,0)] (forr =t 0" =t t £1).

t£t
Hence
1
2 2 4 -~ 2p - -
B = gz DME[(Ehdndend’]+ 5 7 SO HERE (€000 €10) (1l s0)]
T t;ﬁ'r
Z ht ht’ n,téln,iq;z,jsmt) (Eifﬁln«,ifl;,jst’)] .
T yotyr
Observing that the ordering of h¢hy hrh,s is arbitrary, we have
1 2
2 2 4 ~ ~/
B (2n2n5) = wszhtE [(EQ,t%,qu‘sn,t) }

Z hih? {E €180y i€nt) B () rGn @y s€nr) + 2 [E (€ 1@n.idy j€nt)] 2} .
t;ér

-~ 2. . -~ O
Also note that E (e}, ,@n,i@, j€n.¢)" is given by (S41), E (€, :@n,:@y,:€0,t) = 1 and E (e7,:@y,iGr,j€n,t) = Pryijo
and Zt¢r hih? = DI I hih? — > h{ = w3 — > h{. Then, after some simplifications we obtain

> hi LT h2 S Rl
E (zmi2n5) = tT Vaen Z Gnielnge + 1+ 200 Ll T L2 (14202 )

=1 T

Z hi
1 + 2’037,17‘ + t V2 € Z qW,zZQn,JZ )

(=1

as required. Next, similarly,

1 ~ = ~ o~
BX0iXos) = 55222 2 mume B (en,8ni8in) (S0.rns8ni€nr)]
t t/ r r!
1 ~ o~
(Y
t

]. / ~ ~/ ’ ~ ~/
+172 Z MMy B (emtqn»iqn,iamt) E (en,rQn,jqn,jEn,r)

t#£r
1 2 -~ -~ 2
+U*222mtrE [E (€0,80.i@n,5€n.7)]
t#£r
N
205 Z m; ICE
= 14 ; Iyt <72,e,,zq127,¢eq72,,jz)~
=1

Next consider

E (Z,Q, i = Z Z Z Z htt/mr,/E En tqwqws,} t,) ((577 quqn iEn )]

vwTt

1 ~ ~
= wn ghfmttE [ (€ edinidiy,iene)]

+ oo (ZthmeZthh My — 3thmtt> (&) 1@n,i@y i€n)]° -

But Y, >, hthyme = Tr (McHp) =0, >, > him,, = vwr, and E [(E%vtq%iq%,ﬁn,t)z] = Vo, PN ar it
3, E( €+, 1q7] i€n, t) =1 by Lemma 13 we have

2 N
2 N Zt himgs )
E (Zman,Z) =1+ 7@107« V2,6, ;qn,w
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Next, consider
2 2 -2 -1 /I o~ ~/ !~ ~/ ’ ~ ~/
E (ZmiXmizn,j) =wr v § :E : E : E : E : E :htht’hrhr’muu’E [(emtqﬁviqn,iemt’) (En,rqnvjqn,jsnm’) (En,uqnviqn,iemu’)} :
t t/ r r! w !

In addition to the case of t =t = r = v = u = v, three combinations of six indices {t,t',r,r",u,u'} are to
be considered: three pairs, two of threes, and fours and twos, which are with superscripts (2, 2,2), (3,3) and
(4,2), respectively. As the groups’ ordering does not matter when the number of group members are the same,

we have (525;) (5;) 3 = 15 different combinations of (2,2,2), (55%) & = 10 of (3,3), and 55 = 15 of (4,2).

After considering of all the combinations, and observing that the ordering of hihy h,h,r and {u,u'} in my,. is
arbitrary (as Mg is symmetric), after some algebra, we have
E(ziXnizn;) = (A@es +2Beas) [E(€hdni@icn)]” B (€).8nidnenr)
+2 (A2 +5B2,2) E (€,080080,:€0.0) [E (€h,080.48,,560.)]°
+ (A@3) +3B@3) B (€5,680.i80,€0.€5,680.5) E (@,i€0.0€0,080.i80,i€n.r)
+2 (A(3,3) + 23(3,3)) [E (E'Ir],t(in,i(i;q,isrj,te'ln,th,j)]2
+ (A@a) +4Bea) + Caa) B [(,080,:@0,i8n.0) (€0,080.580.58n.0) ] B (€9,0@n,i.i€n,r)
+4 (B + Cia) E [(€5.08n.i80.i8n,) (€5.080,i80.560.0) ] B (0,088 5€n.r)
+CenE [(5:;,t€1n,iq;z,i5n,t)2] E (siz,rqrz,jq;z,jenm)

-2 -1 4 !~ ~1 2 /o~ ~/
+wrp v E himu B [(En,tqn,iqn,isn,t) (En,th,jqn,jsn,t)]
t

where
A2,2,2) = w;2v_1 Z [ O B2,2,2) = w;Qv—l Z h2hyhu Mo, (5.47)
t#ErF£u t#Er#£u
A(3’3) = U};ZU71 Z h?hy-mr7'7 B(373) = w;2U71 Z h?hzmt’m (848)
t#r t#r
Ay =wp o™ > himer, Baay =wp v Y hihemur, Coa =wrv™" Y hihimu, (S.49)
t#£r t#£r t#£r

and noting that >, ., hihimu. = >0, 32, 30, Bihimuu—>0, 32, himer =3, 3 hihimu =30, 32, hihimy.+
2 Zt h?mtt,
A2z =1—wp® Y hi —2wp'v™ ) himy + O(T7?),
t t

since ), h? = wyr and Sy = v, and >, himgy < > hi = O(T), and noting that, as Mg and Hp are
symmetric and MgHp = 0, Zt hrhimy, for any ¢t # r and t # u we have

Bz = —wz'v™ Y himu +0(T7%),

t
Ny = 0720 S e 0 (1), By = o X S hibme + 0 (1)
t r t T
A(2,4) = w;Q Z h? + 0] (T_Q) P B(2,4) =0 (T_z) s 0(2’4) = w;lv_l Z h?mtt + O (T_Q) .
T t
Using the result in Lemma 13 and noting that E (|%;,|®) is uniformly bounded by Lemma 3, we have
2 2 2 1 2 4
E (2iXnizy;) = 1420+ py— > hima [’Yz,e,, (Zz Qn,ié)]
t
1 3 1 272 2 ~ ~2 ~3
+ <w%v ; 2 ht hrmrr + Sw%v ; ; ht hrmtr> 71,5,] (Zf qU,ian,jl) (ZZ qn,ié)
1 1 2 - 2
w2 (SO S hhemee +2— SO BRI | 2L, (0, iedne)
wiv S L wiv S ¢
+ iZh4+71 Zthtt [’Y ( 62'52')]
w% - t wrv - t 2,en ) n,1849n,5¢0
1 3~
+4p, i (W Zh?mtz) [72,57, (Ze qg,mqn,je)}
t

+0 (T7%).
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Next consider

E (2 iXpiz; Xn;) = wrv 2Y D 3NN N NS By hehi i
t t! roor [

v v’

xE [(%,t‘%ﬂ‘%,ien,ﬁ) (Eiz,r@hja;;,jsn,r’) (eiz,u(in,iQ:;,isn,v/) (siz,u(lqu:msmu/)] :

In addition to the case of t = ¢’ = r = ' = v = v/ = u = 4/, five combinations of eight indices

{t,t',r,7 v, ju,u’'} are to be considered, which are subscripted by (2,6), (3,5), (4,4), (2,3,3), (4,2,2),
and (2,2,2,2). As the groups’ ordering does not matter when the number of group members are the same, we
have % = 28 of different combinations of (2,6), J& = 56 of (3,5), fr 2 = 35 of (4,4), 5 (s;4;) = 280

> 315! ) 4141 21 » 216! \ 3131 21
of (2,3,3), %1! (%%) = 210 of (4,2,2), and %%%% = 105 of (2,2,2,2), respectively. After considering
of all the combinations, and observing that the ordering of hihy hrh,. and {u,u’} of m,, are arbitrary, after
tedious algebra, we have

E (zqﬁ,an,izi,an,j) = (A(2,2,2,2) +4C(2,2,2,2) + 4E(2,2,2,2)) [E (S{q,tiin,iq:'],ien,t)]z [E (Eé,rﬁn,jﬁ%,jen,r)f
+2 (A(2,2,2,2) + B(2,2,2,2) + 10C(2.2,2,2) + 16D 2.2 2 2) + 8E(2,2,2,2)) [E (ELI,zEln,ifl%,iEn,t)F [E (E;;,raln,ifl;;,jsn,r)]g
+2(2B(2,2,2.2) +8D(2.2,22) + 2E(2.2.22)) [E (€,080.4,5€0.)]”

+ (B2 +2620) B [(€h0dns@.5€00)" | [ (€h.dn.@ye0.0)]°

+ (40(2,2,4) +8D2,2,4) +4E(2,2,4) + 4F (2,2 4) + 8G (2,2,4) + 8H(2,2,4) + 12[(2,2,4))
xE [(Eiy,t(‘i”]aj(‘i'lr],je”],t> (E%,tfln,jfl;;,ien,t)] E (d;,t“fln,iqg;,ign,t) E (E;,tfln,ifli;,jsn,t)

+ (A@,2,4) + 8C(2,2,4) + 2E(2,2,4) + 16H(2,2.4) + 81 (2,2,4) + J(2,2,4))

< E [(€3,48n,580,5€n.t) (€3,8n,10,i€n.1)] E (€4,0n,:0,i€n.t) E (€4,08n,580,5€n,1)

+ (2B(2,2,4) + 16D(2,2,4) + 16F (2 2 1) + 4G (22,4 + 16 H(2 2.4y + 161(3 2 4) + 2J(2,2,4))
X E [ (€480, €n,t) (€0,e80n,i0.:80,0)] [E (€0,08n,50 €n0) ]

+ (4C(2,2,4) +8D(2,2,4) +4E(2,2,4) +4F (2,2 4) +8G (2,2,4) + 8H(2,2,4) + 12[(2,2,4))
xE [(Egy,teln,ifl;;,jen,t) (Q%,tfln,ifli;,ien,t)} E (Egy,teln,ifl;;,jen,t) E (5;,tfln,jfliz,j5n,t)

+ (B24) +2G@224) E [(E%,tqn,iq%,ﬁmtﬂ [E (€} 480,560 5€0.2) ]

+ (243,3,2) + C(3,3,2) + 9D(3,3,2) + 8E(3,3,2) +2G(3,3,2) + 2L(3,3,2))

X [E (€h,+Gn.iGn,i€n.t) E (€,8n.iG0,i€n.r€0,rn.5) E (8y,5€0.u€n,u80.580,;€n.)

+E (527,t€1n7161;7,j5n»t) E (E;wqn»iq%,ienwdz,rqnvi) E (q;z,ienvuezv,ualn»d‘i;z,jenvu)]

+ (4A(3,3,2) +8D(3,3,2) + 4J(3,3,2)) E (eiy,tfln,i‘i:q,jen,t) E (E;,r‘in,i‘ig,ien,rs;,rfln,i) E (‘i;;,jEn,uE;,ufln,j‘i;y,jen,u)
+ (4B(3,3,2) +C@332) +5D@33,2) +16E332) +4F (332 +2G@33,2) + 41(3,3,2))

X {E (€0 t8inidi i€n,0) [B (€0 r@n.i80 €000 r8n.i)]* + B (€0480.58 j60.0) [E (€§7,rﬁn,iqgv,ien,reémﬁn,j)]2}
+ (414(3,3,2) +16B(3,3,2) + 8C(3,3,2) + 24D (3,3 2) + 48E(3 3,2y + 8F(3,3,2) + 16 H (3 3 2) + 20J(3,3,2))

/ ~ ~/ ! ~ ~/ ! ~ ~/ ! ~ ~/
xE (Emtq%iqn,jsnat) E (En,rqn,iqn,jenmen,rqn,i) E (qn,isn,usn,uqn,jqn,jEn,u)

+ (A(2,6) +4B@2,6) + 0(276)) E [E (Eln,tqmiq%,ismt) (5%,tqn,jqz,j5n,t)2] E (Eiz,rqmi‘i;z.,isnm)
+4 (A(2,6) +2B2,6) + D(z,ﬁ)) E [E (E,n,tfln,ifl;,,i'sn,t) (E:y,t“in,iq;y,jsﬂqi) (Eiy,t(in,jqfr],jgn,tﬂ E (€;;,r(?1n,i(~1;;,j€n,r)
+(As) +4Bs) + Ce0) B B (€h0dnid@hi€00)” (€he@nidhsene) | B (€h.@nsdhse0r)

~ -~ ~ ~ ~ ~ 2
+2 (Ba.s) + Cas) B (€0 slyi€0,0€rn1) B | (€ shsens)’]
+2 (Ags,5) +5Bs,5) + Ca5) +4D35) + Ez5))

xE (Eg,r(in,iflg,ienmsiz,rEln,j) E [(q;z,jemt) (Eé,tqn,jq;z,jemt) (Eg,tqn,iqg,ien,tﬂ
+2 (A@s5) +5Bs,s) + Cias) +4D35) + Es5))

xE (qu,r‘in,ieiz,r‘in,jEl;;,jan,r) E [(‘i:;,isn,t) (E;IA,t‘in,ifl;;,iEn,t) (E%,tflmjfli;,jsmt)}

+2(Bgs) +Cis) B [(Eé,tﬁnyiﬁ%,isnvt)Q SZ,tqn,j] E[ay ;€. (€0,r8n.i80,5€0.)]

+Bu,aE [(E;,TQW,Z‘Q;}#E%T) (Ez,rqwq:z,iemr)] E [(eg,tgh,jq;z,jen,t) (S;,t‘in,jﬁ%,jemt)}
+4 (2C(a,9) + D(a,a) + Ba,ay) E [(€0),0Gn.i@ i€n.r) (€4,0Gn.i@y j€n.r)] B [(€0,0Gn.i@0 j€n.t) (€7,080,580 j€n.t)]
+ (Aqaa) + Biaay + 8Caa) + 8D (n) { B [(€),r8n.:80.:80.r) (€8m0 6n0)] }

S16



-2 -2 4 2 !~ ~/ 2 5~ ~/ 2
+v Twp E himy B [(En,tqrz,iqn,ien,t) (En,tqrz,jqn,jen,t) ] )
t

where
A(2,2,2,2) == U);ZU72 Z hz h2muumuu7 B(2’2,2’2) = U)T v Z ht hzm,,u (850)
t#£r#v#u t#£r#£v#u
0(272,272) = U}; Z hth h v My My, D(2,2,272) = wT v Z hth Ry My Moy,
t#r#v#u t#£r#£v#u
E(2,2,2,2) = w;21/72 Z htuh'r'hum7'umtu7
t#Er#Fv#u
—2 _2 4 —2 2 4 2
A(21274) = Wr v Z htmrrmuuy B(272,4) = Wy v Z htmm“
t#r#u t#r#u
C(gy2,4) B w;2v72 Z hf’hrmtrmuu, D(2,2,4) = w;21}72 Z h?humtrmru7
t#r#u t#r#u
—2 2 2
Eepa = wr Z hi heme Mo, Fap2q = wT v Z hihimg,
t#r#u t#r#u
G(QQA) = w;2v72 Z h?hrhumttmru, H(272,4) = U)r;2’l}72 Z hthhumtrmtu7
t#r#u t#r#u
1(2,2,4) = w;21172 Z hthuhzmttmtm J(2,2,4) = w;2v72 Z hihim?m
t#r#u t#£r#u
A@ssz) = wi_“QU_2 Z B hy hem e, Bz3,2) = w;zv_2 Z h2hehem?,,
uFErEt uFEr#£t
Cisz = wpov’ Z Rahimermuy, D332y = wr v > Z B2y hemrmiy,
UATEL uFr#£t
E(3,3,2) = w;zU_z Z hihuhtmrtmuh F(3,3,2) = w;zv—z Z hihumutmtt,
uFEr#£t UFETHEL
G = wpv Z R2hemuumae, Hizz.0) = wp v > Z h3hem?,,
uFErF£t uFr#£t
1(3732) = ’w;21)72 Z hfh?muumtr, J(313,2) = w;21172 Z h?nh?mtumur, (851)
uFErF£t uFEr#£t
A(2,6) = U};21]72 Z h?hzszW B(2,6) = w;2vi2 Z hthgmtrmrra
t#£r t#r
Ciee = w;ZU_Q Z hemmyr, D6y = w;QU_Q Zhﬁm?ﬂ
t#£r t#r
Ass = w;zv_z Z h3hem?2,., Bs5) = w;zv_z Z RZRZmermyr,
t#£r t#£r
Casy = wrwv? Z hehdmuemaer, D5 = wrv Z heh2ms,,
t#£r t#r
E(3,5) = w;2U72 Z hﬁmnmtt,
t#£r
A(4,4) = w;2U72 Z hﬁrmfta B(4,4) - w;2’072 Z hzh?m'rrmth
t#r t#T
Cuay = wpv?® Zhihtmrtmth D,ay =wp v ? Z hZhim?,. (5.52)
t#r t#r

But observing that the ordering of indices in hihy hrh,s and {u,u'} of my, are arbitrary, and noting that as
Mc¢ and Hf are symmetric and McHr =0, >, > > hyhymy, for any ¢ # r and ¢ # u, a similar discussion
for the proof of Lemma 10 will give

1 4 1 2 1 2 -2
A(2,2,2,2) =1- wf% zt: hy — 4@ Zt: hymy — 2 Xt:mtt + O(T )7 (S~53)
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1 1 _
B,2,22) = — — el met +0(T7?),
t

v

C222) =~
T

1 -
> himu+0(T7?),
t
D292y = O(T"?), Bz 22,2 = O(T?),

so that
8

1
(A222) +4C@2222) + 4E@2222) =1 — — Y i —
w} 4 vw

1 _
. Zh?mtt—ﬁzm?t-ﬁ-O(T 2)‘
t t

Next 1
A = = D 0 hehumepmu + O(T %),
t T

1 2 —2
" hehem?, +O(T72),
U21UT ; - ' K ( )

1 _
Cis2) = > ZthmMth-O(T %),

U’th

B(3,3,2) =

D32 = O(T ™), Bz = O(T ), Faze =O0(T?),
G332 = % Z Z REhimy+O(T ™),
vwy A
Hz0) = O(T ), Iz a2 = O(T?), Jzz0) = O(T?),
Apon = > hi+O(T7?),
w4
B2,2,4) = O(T_Q):C(2,2,4) = O(T_Z),D(MA) =0(T™?),
E@a24 = ﬁ ; hfmttJrO(T_z)7
Fpa =0T ), Gaom = O(T %), Hapa = O(T %), I 24 = O(T),
J2,2,4) = ;12 > mi +0(173).
t
Since the functions with subscripts (2,6), (3,5) and (4, 4) are all O(T~?), and U72w;2 >, him?, < v72w;2 5, him?, 5 hi =

O(T~?), noting that E (afmt) is uniformly bounded, using the results in Lemma 13 we have

1 o~ ~
2 Xps) = 14202, + (va Zh?nm) Yaen (ZE e+, q;‘;u)
t

E (23, Xn.i%y,;Xn.j
1 18 2 1
+2p$”” <_w% Z hi — Zh?mtt 2 met + v)
t t t

(S.54)

vwT

4 2 2 2
+2pn,ij (v 2 tht
t

Z Z hihtmtt>

2
2
vwy “

2 1
+ <v2wT Zt: XT: hrhimprmee + Pwr zt: Z: hfmrrmtr +

XV?,EW [(Ze (ﬁ,iﬁ(}mﬂ) (Zz (if,,jz) + (Ze (ii,w) (Zz Q'r],iéqf],jf)]
JF’Y?,E.,]pn,ij (@Zzhrhtmrrmtt> (Z[ f]?,,]g) (ZZ @3,7,-@)
t s

1 1 1
+ <4v2wT Z: Z: hrhtmzt + % Et: ET: h?mm«mtr + 21111}% Et: Z: h?htmtt>

X {(Ze Cin,ietﬁ,je)Q + (Zz 53,%@;,;‘@)2}
+ <4 1 Z ZT: hrhimerme + 16 1 zt: ZT: hehem?2, + 81)2:UT zﬁ: ZT: h?mrrmtr>

v2wr " V2w
2 2 R
X160 Pr,ij o dn.iedn.je , In.itdn,je
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1 2 3
0. <4va Z hy mtt) [72,5,] (Zl qr;,ié‘]n,jl) + 3pn,¢]}
t

< th +2izhtmtt+ tht>
X [’Yz,s,, (Ze %,iéqn,ﬂ) + 2/’7;,1']}
1 2
+0.45 (21)2 Zm?t> [, (30, Bediie) + (14202,)]
t

1 3 .
TPn,ij <4va Zh?mtt> ['YQ,gn (Zé qn,izqn,je) + 3pn,ij]
t

+0 (1T7%).

Lemma 16 Consider the regression model (2), and suppose that Assumptions 1-4 hold. Let zsl = ;“Hii:’; and
7,10
Xni = % where wr = THMFpTT, where ; = (Mi1,Mia, - Nir) » wr = h'h with h = MpTr, and Hr =
n,ii

hh' = (hihy), Mp = (mpy), and Mg = (myy) are defined by (5.2), and v=T —m — 1. Then we have

_ _ N
N ! Z CO'U I:Zflﬂ (Xn,i — 1) 5 Z?],] (thj — 1)} = O (T 1) + O (ﬁ) B
i#]
Proof. First, consider N 7! Z#J Cov ( 2555 Zn, J) Using Lemma 15, we have F ( ) =1and
> hi P
E (272”23]) =1+ 293,,@' t V2., ( 1;2 : qz,iZQi,jé )
=1

T

where p, ;. = Cov (7, 71;), 71,0, = B (€5,10) and v, = B (eh.00) — 3, 0y = m30/0 % and &, ; is the i row
of Q,, = D;,}/QQ,,, with D,, = diag (04,::). Thus,

12001} 277“2771 = 122 771] t 12 (Z qn,MQn,jZ)

i#£] i#] i#J

but, since by Lemma 14 37,37, |Cﬁ,ieq~727,ﬂ’ = O(N), by assumption ‘72,% < K, and 3, hi = O(v) by

Lemma 8, we have

hi hi
Zt t - Z (Z qTI quajf) < 21;2 ' Y2 En -t Z Z ’qn zZQn,jZ|
i#£] T £
= o(r),

and - s . » r

Z Cov (zy4,205) =N Z 20, ., +O0(T77). (S.55)

i#E] i#j
Next, using Lemma 15 we have
NS Cov (22,X,00,22,) = NS [E(2:X0u22,) — B (22,:X0.) E (22;))]

i#j i#j
= N_l Z Zpi,lj + t Y2 571 _1 Z (Z q'r] zqu jf)
i#] 1#£]
+Wis,, <w2 Zzhth mfr> N~ Z (Z qn,iedy, ﬂ) (Zz (jz,il)
i#£]

9 1 1 2,2 -1 2 . 2
o, (G5 LSS e | NS (3, )
T + r t r i#j
1 4 1 2 —1 ~2 =2
P (2 S+ o St ) 75 (5, )
T ™ itj
1 _ 3~
+4’Yz,s" (W} Zh?ﬁht) N7! Z [Pr,,,ij (ZZ Q?;,iZQmjz)]
t

i
+0 (NT™?).
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But the second term is O(T ') as above. Consider the third term. Using Lemma 10 we have
hmrr|— "R UZZ’htthtJ* ( 3/2)7

and noting also 3, ; ‘Ze (jn,inghjg‘ >0 @ | = O(N) from Lemma 14 and wisn < K by assumption, we have

Zthh mtr> NS (S, dniednge) (32, e

i#£]
11} Z Z |h?hzm”|> N71 Z )Ze ‘in,iiqu,ﬂ ’Ze qg,ie
tor i#]

7?,67] (10:—' Zzhth My
1
Mey (w%v Z;Z | e

o) +0(17%7).

IN

In a similar manner, the fourth term is O (T~') +O (T73/2), since 3, ; ‘Zé q*f;ﬂqmﬂ\z = O (N) from Lemma
14. Noting that 0 < >, hime < Y, b = wr and ’72,571 < K, the fifth term is O(T™'). For the sixth term,
noting that p, ;; = >0 Gn.iedn.je, We can write Prij (24 (ﬁ;,ie%,ﬂ) = (Zz Qn,il‘jn,jﬁ) (Ze q*f’,,w(in,je% so that

1 _ 3 -
472,5,7 <wTU Z h?mtt> N7 Z |:p17,7;j (Ze qg,ie%,ﬂ)]
t

i#]
1 _ U 3
< 4 '72,% (wTv Zh?mtt> N! Z ’Ze n.itQn,je ’Ze G ielin st
[ i#j
= oT™),
because Zi;&j ’Ze @l,iéqn,ﬂ’ |Zz qz,iz@i,.ié‘ = O(N) from Lemma 14, 3, himu < wr, and VYoo, | K by
assumption. All together we have
N™Y " Cov (25, Xni,20;) = N1 200+ O(T ™)+ 0 (NT?). (S.56)
i#] i#£]
By symmetry
1ZCov szXnJ7z,71 = 1Z2pn” 71)+O(NT72). (S.57)
i#E] i#£]
Next, consider
2 -1 2 2 2
N~ ZCOU zn iXnis 2, X 7,,] = Z zn i 7zn’jX,m-) —F (Zn,anai) E (Zn!an’j)} .
i#£] i#]

Since E (27 ;X)) =1+ Zt I e (’72 e >0y, Zg) from Lemma 15,

E(2.X VE(2.X. ) =1 Zth?mtt -4 ~4 Zthfmtt ? 2 -4 ~4
(Z’V],’i "771) (ZW],j ”],]) - +W’Y2,En (Zl qr],'i[ + ZZ qn,if)+ W 72,577 (ZZ q’r],i@) (Zl qn,jl) )

and together with (S.46) we have

-1 2 2 -1 -1 ~2 2
N ZCOU (Zn,iX’r],iaZT],jX”hj) = N ZQ P,ij a,,N (Z[ qn,iéQn,jl)
i#] i#] i#]

2
Zthtmtt 2 1 ~4 ~4
—<W ’YQ,%N ;(Zéqn,w) (qu"’”)
(Fav)
1 4 18 2 9 1 1 2
2 —— hy — — ~|N .
(225t v S,

i#j
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<v 2w Zzh bt + Zzhtmmmt’r MiQZZhEhtmtt>
X’Yl,e,,]N_ Z [(Zz qn,m‘jn,jé) (Zz qn,jé) (Z G, w) (Z n,itGy, JZ)}
i#]

74 - ~ ~
-‘r'ﬁ,en (’U 2wy ZZI’L ht’n’erMtz) N1 ;pnyij (ZZ Q;je) (Zf q?],ie)
< vaZZh htmrt+ Zthmyrmtr+2 2 Zzh hmm)
XNt Z {(Zz lin,iefﬁ,je) + (ZE qf;,qu,jé) }
i#]

+ <4021UT > Z Z hrhemy, +8—5— Z Z 12 mwmtr)
t L
X’Yi,e,]N_l Z Pr.ij (Zz qg],iéqmjl) (Ze Q'ﬂ,ie(}'n,ﬂ)

i#]

i#£] i#]

2’U’LU Z ht Mt + Z mtt>
Yo N Zz ’572771‘@5727,;’6) +2NT Y p:,ij] W Z heNTY ot

+

+ <4 vWT Z i mtt) [’YQvale Z P.ij (Ze qg],iédn,ﬂ) +3N7? Z piﬂ.j]

i#g £ i#]

2 -1 2 ~2 =2 2
+ (21}2 tht> N an,ij [727871 (Zé qn,iéqn,jz) +(1+ Qpn,ij)]

¢ i#]
1 - 3 .
+Pnij <4va Zh?mtt) NS oy (72,57, (Ze qg,ie(h,jé) + 3pn,ij)
¢ it

+0 (NT?).

As established earlier, the second term is O(T*). Noting that 0 < > h?ms: < wr, and also Do (jfm-[ <1, we
have

A
< (Lt tm”) ¥, N=0(NT?).

vwT

2
B ) g N (5, 0h) (2, 600)
vwr 72,5n £ P qn,it ¢ dn,je
i#]
In a similar manner, noting that (from Lemma 10)

< LS =0@ ), S S el = 0 (7).

t t T
1 B 1 ) ) )
V2w gg}hrhtsz :O(T 3/2) ) V2w ;Z’h?mrrmtr‘ :O(T 3/2)’ m;zhihtmtt:O(T 1)7

and (from Lemma 14)

Zpi,ij =O0(N), pr],ij =0 (N), Z ‘Zé ‘fmé%,jf
i#]

i i#]
2 : ~3
’ P Q'r],if =0

Z 2 Z[
ij

>, dnse| =0 SIS dnaei e
i#]
. 3 {(Ze dieilne) + (3, q?,,mn,je)Q] —ow),

-3
n,je

Z |Pn,is | D, Taviedn.ie ‘Z anéqngé‘ = }pwl >, Gnaedinge| = O (N),
and by assumption |7y, 6»7’ < K and ‘724,5,7’ < K, we have
12001} 22 X205 X ni) = IZan i 1) +O(NT™?). (S.58)

i#] i#]
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Using (S.55), (S.56), (S.57), and (S.58), we conclude

N7y " Cov [z (Xpa — 1), 25 5 (X5 — 1)]

i#E]
= N1 Z Cov (ziz, 272”) - N7? ZCO’U (Z,QMXW,,-, zfm) - N! ZCOU (zfm, Xn,jzfm) + N7t Z Cov (Zi,iXmiv Xn,jzfm)
i#£] i#] i#] 2]

= O(T")+O(NT?),

as required, since the terms N ! Z#j 2pfm~j will cancel out. m

Lemma 17 Consider the return regressions, (2), and suppose that Assumptions 1-4 hold. Let 2? = ¢ Hp€, /wr >
0 and X; = &Mcé€,/v > 0, where Hr = (hihy) and Mg = (myy) are defined by (S.2), wr = 7poMp7r,
v=T-m~-1 & = (1,8 &r)s & = uit/a;./z, oij = E(uius) and E(§;,8;,) = p;- Also let

22 =nHpn,/ (wroni) >0, Xpi =n;Man,/ (voyi) > 0. Then,

\/lﬁiﬁ;z?(l X;) \ﬁsz X,.0) + Oy (N6771/2).

Proof. Recalling from (46) that u;, = Vv, + 1, = 25, vy, +n;, we have

/ / .
2o GHrg | 1 wiHew, (”W 2 +A) (S.59)
wT Tii wT 0ii
where "
A = %V HrV7, 42 On,ii iV’ HFm
wT Tij wr
with 7, = (i1, Yaas - Vi) = %/‘732‘/27 and 7; = 771/‘771,/122 Similarly,
! i . .
X'L = ElMG&Z = iul‘MGuz' = (0'7],7,1 X’r],i + B'L) ) (860)
v T v 04
where
5~ VMV, (00.)"* 7V Mail,
‘ v Tii v '

Using the above results we obtain

22 1-X;)= (0,7,“ 2 +A) |:1_Xn,i+Xn,1', (1— M) —Bq',:l )

T 0ii

and since 1 — 0y,11/04 = ¥;7y; /0, then (after some algebra) we have
DXy - 3 I (- X,
i ’L m,t
N = i
On,ii .
= {( - )Zg,an,iﬁLAan,i} (’72'71')

Oii

[A3+(j“) }+A< X,.)
= Dn1+Dn2+ Dng,

where

N
2| (%) oo aea] i,

i=1

DN72 = —ﬁ Z [A/[B]/ + (%) Z?],'LBZ':| s and

i=1

-

DN,3 = A, (1—X,77i).

5=
M=

Noting that 0 < 2% <1 and sup, |,,| < 1, we have

;&
IDnal < 7= (2] + 14i]) X
i=1

(A A
N, X (’7171)
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Also since Hr = hh’, h = Mp77, and noting that for any conformable real symmetric positive semi-definite
matrices A and B, Tr (AB) < Tr (A) Amax (B) < T'r (A) T'r (B) (this result is repeatedly used below), we have

~! ! ~ ~1! 1 !~
|4 < YV HrVY; +2|7iv hh'#,|
wT wrt
_ 7,V'h| [0'#,
(7:9:) Amae (w5 V' EH V) 4 2 TV BID] (S.61)

wr

IN

and therefore

‘Xn,i

“V'h| |h'7, .
VBT 1, (77
wr

N
1 2 ~! ~ —1~x7/ |;$,
Dyl < —= Zni| + (7i7:) Amax (wp VVHEV) +2
Dl £ 7 3= |1l + (1) s 0V ELV)
and taking expectations of both sides and noting that 4, and h are non-stochastic then

E|Dn

< S A B [ 0]

1/2
V'nP? 07, )

S ) [ ()| (17

2
wp

But E (z:l”) < K, and F (Xfu) < K (see Lemma 15), and since v¢ and n,, are independently distributed (by
assumption), we have

K N~a- iy 1
< — Vi + E | Amax V'HFV)| ——
= N izzlfYL/Yz + [ (wT I )} \/N .

K3

1/2
S (Ew;V'hth'mf) ,

E|DN,1 ('7;”71)2E(Xn71)

1

N

+\/£N Z (7i7:) 2

i=1 wr

Further
wr'E|3V'h
w;'E |h's,

I = wi'E(¥,V'hh'VY,) < E [Amax (wz'V'HFV)] (7,7, ,
wr'E (@(hh'f,) = wi' B (7 Hri,) = E (2,) = 1.

Hence, noting that F (X, ;) = 1 and Amax (w;1V'HFV) <Tr (w;l\f’HFV),

| 2

N N
ElDyal < 2 S04, + B[Tr (wr' VHRV)] S (37,)°
\/N =1

+{E [Tr (wp ' VHRV)] i (q;ai)ﬂ .

Also V = (v1,va, ..., Vi), Vs = (Vs1,Vs2, ..., vs7) and by assumption E (vsv.,) =0, for s # s, and E (vsv}) =
Ir. Then E(VV') = kI, and E [Tr (wp'V'HpV)| = kwy'Tr (Hr) = k. Hence
K al a 2 al 3/2
EDnal < —— D47+ 6> (%i7:)  + 72> (%7:)7 7 -
VN i—1

i=1 i=1

Finally, since 7,7, = SF_, 42, and |7,,| < 1, then

k k
(7i7)* < k( a?s>, (7i7.)*"* < kM2 (Zﬁs),

s=1 s=1
and
K0 +k+1) (S5 57) g & PR
E|Dna| < < —L sup 32 < 2L sup 15..] =0 (Né”’_lﬂ) ’
VN VN s o VN s ;
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and by Markov theorem Dy 1 = O, (N‘S“ffl/Z). Similarly, for Dy 2, we first note that

~Ix7/ ~ N\ 1/2 AT = AT = N\ 1/2 AV =
wp — | TVEHEVA, H(an,u) %VHFUZ] [%VMGV% H(o—w) mVMam}
wr Oii wr v Oii v
_ AVHRVY, BVMeVY, |, (o) BV HEV, 5V M,
wr v Tii wr v
Lo (@nit)"? AV HER, FV MV, (ona | 7V HER, 7V Mo,
Oii wr v Oii wr v '
Also y
7 V'MaV7, mii )2 AV Ma,
2B = 22, [VZV chz+2(U;, ) TV Mo, |
v Oii v
and

N
1 2
|DN,2| < — ‘AiBi‘ =+ |z, ,z‘Bi .
o 2 (41 + |25
Consider the terms involving A;B;. Since 0 < —Uj” < 1, note that

1AiBil < (757:)% Amax (' V' M6 V) Amax (wp' V'HEV)

+2 (717,) Amax (wr'V'HEV) w

:%V,HFﬁi

wTr

+2 (%:%;) Amax (v 'V McV) ‘

V'Hpil, )M V7,
vwT
(%7:)% Amax (07 V' M6 V) Amax (w7 VVHRV)
) ¥:V'Mci,
v

~1
+4%‘

IN

+2 (:Y;;)'Iz) Amax (UJ;lleFV

7 V'Hri),

wTrt

+2 (%:9;) Amax (v V' Mg V) ‘

(¥4 (MG VV Hed)

and hence (again noting that 7, and V are distributed independently and McHpr = McMpTrTrMFp = 0)
E|\ABi| < (73)2 E{[Tr (vV'V'MeV)] [Tr (wr'V'HFV)]}

=~/ ! ~
$2 (770) B A (7 V'12V) [ LV PG ]

oo
+2 (%:7,) E {Amax (v'V'MgV) ‘7%‘/ Hrf; } ,
wT
where
et =
E [/\max (wr'V'HEV) Y lzj/IGm ]
V' McV7, |V?
< E | Amax (w;lV’HFV)‘¥ X2
" ,
< (7%3)" B (X)2) B [Tr (wp' VERV) Tr (v VMGV) 7]
and
oo -
E {Amax (v 'V'MV) '7%‘/ ey ]
wrT
U ~ (1/2
< E /\max(v’lv’MGv)’M zn]
wT
<

(74) E (2.0) E [Tr (v"'V'MgV) Tr (wglv’HFV)”Z] ,
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so that
E|AB| < (7)) E{[Tr (v"'V'MeV)] [Tr (wp'V'HRV)]}
+2(7,7,)"* B (X)[2) B [Tr (wr ' V'HEV) Tr (7' VMGV) 7]
+2 (,7,)"* B (20.) E [Tr (v *V'MaV) Tr (w " V'HRV) 2]
Since

Tr (w;lV'HFV = wr ZZthh VigUst,

noting that all the elements of V are independent of each other by assumption, we have

E[Tr (wr'VHFV)]? = ZZZZZthh ht s B (vigvseve vy

o2k Z hiE (viy) + wT2k2 Z hi [E (vi)]
+wrk’ Z Z hih [E (vie)]
+wr 22k Z Z ht ”té

th (vie) + k] +k(k+2),

(S.62)

since Wy = - v, = and w, = which is bounded as v <
ince 3o, hjwy? = O(T™Y), E(viy) = 1, and wy® 35, 3, hih? = 1, which is bounded as E (vy,) < K (by

assumption). Similarly, as
Tr (v 'V'MgV) =v~" Z Z Z MitsVeeVse,
4 t s

we have
E[Tr (v"'V'MeV)] =&,

E[Tr (v7'V'MeV)’]

Qthtk (vie) + k] +k (k+2),

v? Z Z Z > Z D hehshyhg E (vivsevyevae) .

(S.63)

as v 2 > m2 < v 2 Do M = vl and v2 DI m?2, = v~ !, which is bounded. Using these results, we have

E{[Tr (v"'V'MeV)] [Tr (wr'V'HFV)]}

< (B{[rr (v*v’1\/IGV)]2})1/2 (B{[rr (w;IV’HFV)]2})1/2 <K,

B (Xl/g) E [Tr (wglv’HFV) Tr (villeGV)l/z]

7,4
1/2

< B(x7) (B{[rr (wr'V'HV)]})

as E(Xl/Q) < K since E (X,;) =1,

/2 <K

(z0) B [Tr (v7 VM V) Tr (w7 V'HEV) ]

B
< Bz (B{[Tr (flv’MGV)]z})l/2 K2
< K

as F (zn,) < K since E (27 ;) = 1, so that
1~ \2 | (=1~ \3/2
E|ABi| < K [(37)° + (773)"7].
Further, as 0 < % <1,

2 ’%V/MGﬁi

7,1

’
>\max <V l\gGV) ’ + 2 |Z”21,Z‘

2
‘zn,iBi ’

IN

¥iV'McV7,
v

‘z,2”| + 2|z

V' Mo,
v

~] ~

2
YiYi |an|

IN
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and taking expectation we have

E|ziBil < AAE () E[Tr (vV'V'MeV)]
@A) (B12) " (B (0 aMev Y Me,)]
but as E ’272”’2 is bounded (see Lemma 15), E [Tr (v_lv’MGV)] =k,

E (v *7McVV'Me,) = v °Tr [E (7)) McE (VV') M¢] = v,

we have L
E|2Bi| < K [(77,) + (%7.) "]
Thus
1 N
|IDn2| < \/—N;(MBH]%B |
N
1 ~r = \2 e \3/2 | ~rn - 1/2
< —K 5
< I% Z_Zl[(vm) + (77)" + 73+ (77.)
_ O(N5 71/2)

Similarly, for Dy 3,
1 & R
D < — Ail—X,i < — Az-i-AZX,-L .
Dral £ = 334 (1= 2000 € 2 3T+ Ao )

Noting 0 < 2% <1 and Hr = hh/,

E|Ai| < E|w'4V'HpV'7,| 4+ 2E w7,V Hr#,|
< (F:) B s (wr VEEV)] 4 2[E g 7V HV ] (B]2])
< (37) B [Tr (wr' VHEV)] +2 (7,) {B [Tr (wr VHEV)] Y (B |2)
< K@)+ @)

as K [Tr (w;lV'HFV)] =k and F }z,2”| =F (z?”) = 1. Similarly, noting the independence between V and
"71-7

IN

E|Ai X, (%:4,) E [Tr (wr' V'HFV)] E (X))
+2 (77,) 2 [B (x2)]Y* {E (v *HHpVV'H,) }
= K[@%)+ @),

as E (v *7;HpVV'Hp#,) E (X7,) is bounded (by Lemma 15) and

1/2

E(wqHpVV'Hp#),) = v *Tr [E (7,7)) HrE (VV')Hp| = w°Tr (HE) = 1.

Thus,
Dnal < = SR [(77) + (77) 7] = o™ )
Finally, -
1%(1 Unw)EIzﬁz(l Xna)| < Li(’ym) {(E’ 72”|2) (B — Xl )1/2}
N &~ i 3
- \};@m) 0 (N"1/2)

as required.
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Lemma 18 Consider the regression model (8), and suppose that Assumptions 1-4 hold. Under Ho : a; = 0, in
(2) for all i,
6% — (N —1)py — 0 (S-64)

as N and T — oo, s0 long as 0 < 6, < 1/2, and N/T? — 0, where 0%, pa, and 6~ are defined by (29), (54)

and (6), respectively.

Proof. Theorem 1 ensures that N ~1/2 S (2 —1)/ 20+ (N —1)p] V2 N (0,1) for [2(1 + (N — 1)p% ] =

O (1). Then, Theorem 2 ensures that N~*/23", (t7 — 27) —p 0, so long as 0, < 1/2 and N/T? — 0 as N and
2

T — oo, which ensures that (from Lemma 21) Var (N_l/2 > tf) = {( v ) 20D 10 (v (1+6%) =

v—2 (v—4)

2
O (1) and Var (N71/2 > tf) —Var (Nfl/2 > zf) — 0, since ( - ) 2((::41)) =2+0 (v"), which establishes

v—2
the required result. m

Lemma 19 Consider the panel regression model (2), and suppose that Assumptions 1-4 hold. Denote the OLS
residuals from the regression of yir on G = (t7,F) by ;. = (1,82, ..., wr)’, and denote the correlation
coefficient of G;. and 4. by

R a; ;.
T a0 (e o
Then
P = 2t ST ’ (S.66)
LT ) (L )
where v =T —m — 1,
T
Cio =D L, (S.67)

t'=1

& = u,-t/aji/Q, lygr is the (t,t') element of the T x T orthonormal matriz L (LL' = Ir), defined by

LML = ( L0 ) (S.68)

0 O
Then
E(py) = py+ a;j +0(v7?), (5.69)
Var (p;;) = %ﬂ +0(v7?), (S.70)
where p;; = E (CuCji) = B (€4650).
aiy = — 505 (L= 5) + 5 (34 bsis(4,0)  mig (0,4)] = 4 mig(3,1) + s (1) + 20,m05(2,2)} . (S71)

bij = (1—p})% + i {0, [£i5(4,0) + £i; (0,4)] — 4p,; [1i; (3, 1) + ki (1,3)] + 2(2 + p ki (2,2) } (8.72)

and
kij(4,0) = E(C) — 3, ri;(0,4) = B(C},) — 3, (5.73)
kij(3,1) = E(C?tht) —3ps5 kij(1,3) = E(Clt(jt) —3p;j (5.74)
kij(2,2) = B(CCG) — 20, — L (S.75)

Proof. First note that @;, = [Ir — G (Gr'Gr)_1 Glu;. = Mgu;., and
a; 0. u; Mcuy,

;)" () 0;.)"° " (u, Meu, ) (w} Mcu;.)

Pij =

1/2°

Also, since Mg is an (T x T) idempotent matrix of rank v = T — m — 1, there exists an orthogonal T x T'
transformation matrix L (LL' = Ir), defined by (S.68). Hence, setting
¢ =0, Ly, (S.76)
then p,; can be written equivalently in terms of the first v elements of ¢; = (¢;1, (05 - Cir) as
21 CirGje
v 1/2 (v 1/2°
(o ci) T (2 GG

bij =
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Noting that
T T
o3 P i =Y b, (8.77)
t'=1 t'=1
it now follows that (under Assumption 4), E(¢;,) =0 and E (¢3,) = 1, pw = E(¢;¢;,), for all i,j, and t; and
for each ¢, ¢,,’s are independently distributed over ¢. Note that Zt’:l 7w = 1, where Iy is the (¢,t') element

of L. Now consider
T 6
=F (Z lttlgit,) Jfort=1,2,...,v, (S.78)

t'=1

and recall that by Lemma 3, &;, are independent over ¢ with, E(¢;,) = 0, E(&,) = 1, and E (£,) < K < oc.
Then application of Lemma 2 to (S.78) ensures that E ((lt) < K < oo, uniformly over ¢ and ¢, as required.
Results (S.69) and (S.70) now follow immediately from Proposition 1 in Bailey, Pesaran and Smith (2016). =

Lemma 20 Consider ¢, defined by (;, = 01/2 25:1 lygruger, where Ly is the (t,t') element of the orthonormal

matriz, L, defined by (5.68), and ui = vive + 0. Let vy, = E (vs:) — 3, and V2,6, = = E () — 3, and
suppose that Assumptions 1-4 hold. Then

T
00 B () = 7o (Z liﬂ) (stiﬁs) +2 (Vi) + (i) (V) (S.79)
r=1

+ (Vivi) ongi + (V575) oni + 4 (Viv;) onig +

T
4 2 2 2
72, <Z l”) (Ze qmi@qmjl) + 207,15 + 0n,ii0,55
r=1

and
1 - _ _
5 TN B + B = 0 (v ) + 0. (S.80)
Proof. Under Assumption 4, #,, = 071/277” = 71/2q;, i€n.t, where qu; is the i'" row of Q,. Also note that

Q),.iGn,j = On,ij, for all i and j, and sup; SN |gn.ij] < K. Then using these results in (S.67) we have

12 (’Y;dt,T + qi},igt,T) )

Cit =0y
where der = S0y lwve = (duer,doery s dier)s and g = Sop_y lw€ne = (91,675 92,67, s N,T) -
But since Y ,_, 12, =1, 30, lyrly = 0 for all t # s, vi ~ I1D(0,1,) and &, ~ [1D(0,1) by assumption,
then it follows that d¢p ~ I1D(0,1,), and gi,r ~ I1D(0,I,). Since vy, for s = 1,2,....k and &;,y,, for
i = 1,2,...,N are assumed to have at least finite fourth order moments, then by Lemma 2 we also have
E(d},r) < K and E(g;,r) < K. We now write (;, as

Cir = ait + bit,

where
k
aie = Fider = Z%sds,t,T, and by = &) .87,
s=1
-~ 1/2
(713 = 77/0—17, ’ q’r],’L - q"lv /Uzz )
and hence
Oii = ViVt Onsiis Gnyii = Onii)oi < 1,
2 ~! ~ ~ ~l ~ 1/2 1/2 ~
E(Czt) = 07 1)) (C@t) = 17 qn,iqn,i = On,ii S 17 qn,iqTIJ UTIJJ/U / U]]/ = On,ij-

It is clear that a;: and b; are distributed independently for all ¢, 7, ¢ and t'. Then

E(CA¢) = E[(ai+bi)’ (aje +bje)?]
= F [(a,t + 2a;bie + bzt) (a?t + 2a;¢bje + b?t)]

E (a},a3,) + E (a2) E (b3,) + 4E (aicaze) E (bicbse)
+E (a3;) E (%) + E (bb3,) .

Also (using results in Lemma 6),

B (aitaje) = 77, B (bitbje) = @, i@n.i»
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k
E (a}a}) =720 (3, F275) + (77:) (3)7,) +2 (3:7,)°,
N
B (0650) = 7oy (30, _, Griene) + (@atins) (@58005) +2 (@)ans)”
where 7, ; = E(d‘;’t’T) —3,and v, , = E(gf’t’T) — 3. Hence,
k
E(GG) = ma(X_ 50%) + (307) (3)3,) +2 (33,)°
+ (7)) (@,580.5) + 4 (7:7,) B (Qy,i@n.5) + (7;7;) (,in.0)
+ 2

N
2,4 (ZZ:I 572;,1'4@%,3'@) + (@,:Gn.0) (a0,580.5) +

(S.81)

(@).4@0.5)°

Further we note that

T 4 T T T T
E(ds,r) = E(Zztrvm) =D D 3D lirlirrlipliy B(arva voptay)

r=1r/'=1p=1p/'=1

= Z ltr Us'r + 3 Z ltrltp Us'r‘ USP)

r#p
= Z lzlrE(v;lr) +3 (Z lt2r> [ vsr -3 Z ltr Usr
r=1 r=1

and since > _ =1and E(vZ) =1, we have

T
Y2, = E(dg,t,T) —-3= lefl'r [ Usr - 3 (Z l”) V2,00
r=1

where v, , = E(v%.)—3. Similarly, v, , = )~ where v =F it) —3. Then, the result (S.79
2,0 2,9 r=1 2,eq? 2,eq 77

follows by substituting these expressions for v, ; and 7, , in (S.81). Consider now F (gftgjt). Again using
results in Lemma 6, we have

E (a?tajt) = E[(dir7:7der) (dir7:7de )]
= Y, 0 [(7:7:) © (7:75)] + 3 (V%) (7i7;)
E (b}bje) = E[(ghr8n.id,igr) (8 ran.id g.r)]
= V2T [(@n,i.0) © (Gn,i6,5)] + 3 (i) (d0,5Gn.4)
E(a%) E(bubi) = (V%) @pi@ln; E (aiwaj) E (b}) = 600 (7:7;)

where as before v, ; = E(d},r) — 3,and Yo,g = E(g}, ) — 3. Hence

k
E (C?tgjt) = Y24 Z’??s’?js +3 (77:;)"1) (’7;5’])

s=1
+Y2.4 Z qg’;,isqnyjs +3 (6117,1‘?1?71) (qg;,iflnyj)
s=1
+3 (5’2;{/1) 61;7,1'61%]' + 36%“’ (5’1’7;) )
or since @, ;8n.j = Gn,ij

k
E(C5C) = Yau Y AisTss +3 (i) (7:7;)

s=1
N

~3 o~ ~ ~
72,4 E Gn,isdn,js + 30,ii0n,4j
s=1

+3 (:)’;;)’L) On,ij + 30,1 (’7:”73) ;
and

< el ZZ\%SI \%s!+32 i) |77, +30nuZHﬁJ

s=1 4,5

|’72g}zz‘%w‘ |q7]Jb|+?’ZU71”|U711]|+3Z ’)’“/z |G, i -

s=1 1,5

STE (G5
4]
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But f'?;/?j = Zl::1 ¥is7;4s> and recall that |’Yz,d| < K, ”yz’g| < K, sup; Zf\;l |Gn,ij| < K, |9;5] <1, and 64,: < 1.
Also

S Y bl il < i(Dm)z—O(N%),

<

s=1 i,5 P
Z (r?i;yl) |;;/;;?J} S Sup (Y fyz ZZ |’yzs‘ |7]S| - (NQ‘S'Y) )
.3 s=1 1,

J 7 2

SO S5 Bl ] = z (z ms|> _o (v,

s=1 1,5 i
1/2 _1/2 T 1/2~1/2
Tnij = (U"’U/U"’/“U"’/jj) (W) _&”/” W/ijn ij
i 95

IN

|p,.4;]» and by assumption Z |py.45] = O(N).

4,7

61,151

IN

k
ZZ |@nsis | 1@n.gs| ZZ |Gn,is | |@n.gs| < ZZ |Gn.js| < K

s=1 14,5 s=1 1,5

Za, |Gn.i] < Z |p.i;] = O(N
o
Z(’?Q’h) (7005l < sup (7i4:) D |6m,.65] = O(N).
o i
Hence
STE (G| <0 (M) + o),
and -

NTUSTE(GG) =0 (N o),

Similarly N™' 37, - E (¢3,¢;;) = O (N*771), and overall

1

No Zﬁ\,szl |E(C?t<3t) + E(Cth?t)‘ =0 (U71N26771) + O(Uil)a

as required. m

Lemma 21 Consider the regression model (8), and suppose that Assumptions 1-4 hold. Then for each i

(=3, (S.82)

E(t?)zvi

and

Var (£2) = (U “ 2) % +0o@w™), (S.83)

where t7 is defined by (23), and v =T —m — 1.

Proof. Below we use matrices G, Mr, Mg, Pg, Hr, which are defined by (S.2) and (S.1), and also v, ; =

E( 3) 721_E(§4) 37 ’YSZZE( 5)_1071 L7’y4,i:E(€?) 10’71 L_15’72 1_15 fOI‘ allt Where th_ult/Ui'L/27

and by assumption E(¢S,) < K. Furthermore,

(T/TMFTT)71 =0(w™"). (S.84)
Using (23), we can write
'Hp€,
=" (51 F > S.85
TiFMFTT E;MGg,L ( )

where €, = (§;1,&;05 s &)’ s With €, ~ IID(0,1) for all i (see Lemma 3). Using a slightly extended version of
Laplace approximation of moments of the ratio of quadratic forms by Lieberman (1994), that allows I" defined
in Lemma 5 to be a positive semi-definite matrix, and substituting ® = Hr and I' = Mg into Lemma 5, we
have (conditional on F)

2) = v {E (&HFE,)

—2
eaver s R R ) (5.86)
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where

T [E(EQHng)"&M} N [ Ki11 }
v [E(&;McE,)]? [E(&McE,)]?2 |’
Ki2 = B [(€Mc€,)*] - [B(EMaE,)]’,
and
rin = E[(§HEFE,) (§Mc€,)] — E(§HrE,) E(§MGE,).

Using Lemmas 11 and 12, it is easily seen that

v E(HRE)

T MrTr B(E€Mo€) |
and
v, 1, _ v <E(§;HF52')M,2 _ Ki11 )
T MpTr ToMpTr \ [E(§McE,)]?  [E(§MGE,)]?
. ) <(7'ITMF7'T) [’Yz,iTT (Mg © Mg) + 2”] _ 72,¢TT (Mg © HF))
T MpTT v v?

= % + 72, K,

where

P {Tr (Mg ©Mg) Tr (Mg @ Hr) (S.87)

v v T MFpTT

Noting that Mg = Ir — Pg with Pg = G (G'G)™' G', where G = (F, 7,), the first term of (S.87) can be

written as

w - %TT (Ir — Pg) ® (Ir — Pg)] (S.88)
= % [T-2Tr(Pg)+Tr( PcOPg)=1- Ir (UPG) + Ir (PG;}Q PG)-

Similarly, for the second term of (S.87) we have

TT‘(MG@HF) _ 1

= ——Tr[(Ir—P H .
ThMpTT T MpTT rr @) © Hr] (S-89)
1 Tr (Pc ©Hp)
= ——— [ITr(Hr) -Tr (P Hp)=1- —~ """/
TITMFTT [ T’( F) T( c0O F)} TITMFTT

Substituting (S.88) and (S.89) into (S.87), then using Tr (Pc ® Pg) = O(1) and Tr (Pg © Hr) = O(v!/?),
which are established by (S.23) and (S.24) in Lemma 10, we have

1 V?Tr (PeOHr) 1 1 Sow 2
v TR TMpTT +U72TT(PG®PG)_ ’ITQTr (Pe) = v3/2 +O™),
where
P UI/ZTT (PG @HF)
YT (rpMrTr)
which is O(1) by (S.24) and (S.84), so that
2 2 Sov —2
E(t) =1+ o T iEs O(w™). (S.90)

However, since

v 2 4 9
—(1+2)=—2_—0
v —2 <+'u) v(v—2) @),
and using Lemma 12 ensures that the three conditions in Lieberman’s lemma are satisfied. Result in Lieberman
(1994; p.683) now implies that the last term can be rewritten as v72W0,iv, where Wy s, is a function of Ve,is F,
and v, for £ =1,2,3,4. Since under Assumption 4, sup, |y, ;| < K < oo, for £ =1,2,3,4, all i, then
Sov , Wo,iv v

9 v —3/2
E(f) = g5t it = g3 O, (8.91)

which establishes (S.82). To prove (S.83), we first note that
2 ’ 2
Hrg,
E(t4) = v E (51 ) . S.92
( ) (T'II'MFTT)2 [ &Mcé, ( )
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But by Lemmas 5 and 11 we have
Y2, Tr (Hr © Hp)

E () = o v [(&HF@)Z] +0@™ Yy =34 2 +0@™). (S.93)
Y (e MeTr)? | [E(€MeE,))? (t7Mr7r)

Since Tr (Hr @ Hp) = O(v) by Lemma 11, Lemma 5 implies that the last two terms can be rewritten as
v W1 4, where Wi 4, is a function of Yei> Fy and v, with £ = 1,2, 3,4. Again under Assumption 2, sup, |W,i‘ <
K < o0, for £ =1,2,3,4 and all i, we obtain

E(t}) =3+0(™"). (S.94)
Using (S.91) and (S.94), and noting that

2\ 2
[3 (142
v
then for each i we have

var () = 5 68) - [£ ()] = (75) Fgk 00,

which completes the proof. m

Lemma 22 Consider the regression model (2), and let zia = &Fwr /oy, where wr = THMpTr, Hre and Mp
are defined by (S.2), and &; is the OLS estimate of «; given by (11). Suppose that Assumptions 1-4 hold, and
N='Tr (Rz) 1s bounded in N, where R = (pij). Then under the local alternatives defined by (61)

-1/ Z ZL a *’d N(¢ 2w )7 (895)

as N — oo and T — oo, jointly, where

2 _ 1 Si 2 _ 9 -1 2\ _ : 2
é —]\;gnwﬁz ~, and w? = lim N Tr (R?) =1+ lim (N - 1)px,
0ij = E(uiuji), Corr(uiruje) = p,;, and p%, is defined by (54).
Proof. Using (11) and (12), we first note that

2
2, = (w;ﬂ&l + w_1/2'r'TMF£i)

)

where &, is defined by (34), and &; = ozi/a?-/2 and under (61)

)

~ Si

Qi = Nijagpi/e (8.96)
where $; = gi/agim are given and bounded. Then
27 = 2] + wrdi + 26, T MPpé;, (8.97)
where 27 = & Hp&, /wr. Hence
1< 1 <
22, - — -1)+ + 2bnT, S.98
Yo ; =7 ; St + 2N (8.98)
where
wr - 2 -1
Prr = N ;dz =— Z (S.99)
and
b _ 1 al et M S
NT = " 1/2N3/4 ;giTT ré;. (S.100)

Also, for given values of |¢;| < K, ¢34 > 0, and we have

N N
. 2 1 ~2 . : 1 2
wim,, (@nr) = 6" = Jim, <N Z%) 2 min(l/ow) Jim, (N 2 <> (5100

i=1
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Since oi; > 0, then ¢ > 0, if N1 vazl ¢? tends to strictly positive limit. Consider now byr, and note that
for given values of ¢; we have®’

1 a 1 a Vv,+n
~ / ~ __/ i %
byt = DIZN3/A ;giTTMng = JIZN3/A Z:CH'TMF <01/2>

Tii

N 1/2
1 ~ 1 On,ii / ~
= iENA E STrMEVY, + 1/2N3/4 E ( ) SiTtrMpn;,
i=1

bi,NT + b2 NT,

where 7, =, /01!, and #, = 171/071]/221 For given values of ¢;, it is easily seen that E (b1,n7) = 0, and

1 - . -~
Var (bi,nT) = N ZZging'TMFE (nyi'y;-V/) Mpg7T,
i=1j=1
N N 1 N N
Z Z iigj;?;’MFTTT,TMF;?i

o IN3/2
i=1 j=1 i=1 j=1

N N !
Amax MpTrT7MFP Y et m wr _ . - -
< D OLer NI S5 k< (4) R (Sne) (Do) -
i=1j i=1 j=1

Zivzl iﬁi‘ < Kksup, Zf\’ 1Al =0 (N‘SV)7 and since wr /v = O(1), then Var (b1,n7) = O (N2‘57_3/2) ,and
bl,NT —p O7 if (57 < 3/4. Similarly7 (b2 NT) 0, and

1 P e~ -
= W Z Z(igj'\/;MFTTT,TMFrYi =

However,

1 On,ii On,jj 1/2,,,, ~ ~
Var (bovr) = —om > - "’”) i T MEE (7,7;) MpTr

Oii  Ojj

1 I (o o\
n,ii In,jj co.a!
= —= PriiSiS; TTMFPTT
vIN3/2 ZZ( Oi 0y ) n,ij 5]

wr 1 - On,ii On,jj 1z =~
() wom o (2 ) pstsy

Hence

/
2 _ TTMFT <2<Jp”
E(bNT) T T N3/2y ZZ o252
i=1 j=1 Tii g]
But since |¢;| < K, and 0 < 0;; < K, for all 4, and 77Mp7 = O(v), then

N N N
1 1 5y —1/2
Var (bant) < K (WZZI%O <K <N1/25up2|pij|> =0 (N2,
i=1 j=1 voj=1

and Var (b2, n7) — 0,1f §, < 1/2. Hence, byt — 0, and in view of (S.98) \/% SN, (22, — 1) and ﬁ >N, (zF - 1)+
¢? will have the same asymptotic distributions as N and T — oo, jointly and my = o(Nl/Q). But in

view of (53), ﬁZil (27 —1) —a N(0,2w?), and therefore it also follows that under local alternatives

Tlﬁ E’f\[:l (Zz2a - 1) —aq N(¢%,2w°). =
Lemma 23 Consider the regression model (2), and let 2z}, = wré3 /o, where wr = TpMp7r, Hp and Mp

are defined by (S.2), and &; is the OLS estimate of a; given by (11). Suppose that Assumptions 1-4 hold, and
N=ITr (RQ) is bounded in N, where R = (pij)A Then under the local alternatives defined by (61)

N
St =N"23" (2, —t]) =, 0,

i=1
if N/J/T? -0 and 0 < 6, < 1/2, as N — co and T — oo, jointly.
Proof. As with the proof of Theorem 2, we first note that

.2 ~2

2 2 wrd; wrdy; 22 (1 1

iy i 1/ ;T ~ia )
Oij v 1yi<MGyiA

S1The same results follow if ; are random but distributed independently of &;.
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where X; = &Mg&,/v,v=T—m—1, &, = uit/o,] /2 Using (S.97), we note that
Zi2,a = Zi + 91,
gi = wT&Z2 + 25!2’7'lTMF£i

~ s ~ 1/2 .
where &; = /1177, and §; = si/or!?. Consider

1/22 |:zl " (1 - U_}&n)} .

Write X; = 0;16“ and note that by assumption ¢;; > 0, and by construction only securities with ;s > ¢ > 0
are included in the J, test. Hence, for all i =1,2,..., N we have X; > 0, and (A.18) can be written as

N 2
. —1/2 2 ) (1-X5)
Syt = N ;zm [(1 - Xi) + =
= Sinr+ S2.NT,
where
N
SI,NT = N_1/2 Z 2712,0, (1 - XZ) )
i—1
and

N 2 2
i,a 1_X’L
Sonr = N~'/? Z %

But since X; > ¢ > 0, and zﬁa (1—X;)® >0, then

N
|S2,nT| < cTINTY? Z zia (1—X;)?%,

=1
and
E|Sont| < cTINY/? sup E [zfa (1- Xi)z} .

E[2l.(1-X)*] < Elf (1-X,)*|+ E|gi (1 - X,)?|. (S.102)

From (A.24) we have
1
E[Z(1-X:)’]=0 <;> , (S.103)

uniformly across i. Next,

Elgi (1 - X)?| <wrdlE [(1 - X:)?] + 2F |7 Mr€, (1 — X3)?],

but by Lemma 11 we have
E[1-X))=E(X})-1=0@w"),

as E [(E;Mgﬁz)Q] =924 O (v), so that
wrdl B [(1 - X:)*] = 0(&)).
Next
il [B (emre )] (B0 - X}
|| w1/2 {E](1- Xi)4] }1/2 .

Noting that, since, by Lemma 11, E [(§;Mc€;)"] = v" + O (v"7") and E (§,Mc¢;) = v, we have E (X]) =
1+0 (1}7(’471)) for r =2,3,4 and E (X;) = 1 uniformly over i,

ElaiTrMrpg; (1 - X;)?|

IN

E(l—X,)'=E(X!)—4E (X}) +6E (X}) —4E(X:) +1=0(v"").
Thus, E |&:m7rMré,; (1 — Xi)*| = O (|&i]) = O (N_1/4v‘1/2) and

Elgi(1-X:)?| =0 (jal?) + O (la \)=0(|ai\):o(zv*1/4v*1/2). (S.104)

Substituting (S.103) and (S.104) into (S.102), we have

E[£,(1-X)* =0 (%) o (N )

S34



uniformly across i, so that

1/4
E|S2 nr| < c_lNl/qupE [zia (1 —XZ-)Q] =0 (@) +0 (N ) .

v1/2

By Markov inequality we have Sa n7 —p 0, so long as N/T2 — 0. Therefore, to establish Syr —p 0, it is
sufficient to show that Si, n7 —p 0. Now

N
Si,NT = Nﬁl/szza (1-X3)
=1

N N
= N71/2Zzi2(17X2‘)7N71/2Zg7;(X¢71).
i=1 =1

Consider

N N
NS g (X —1) = (%) NS @2 (X - 1)+ 207 AN G Mg (X - 1). (S.105)
=1 =1 =1

v O

o s 5 5. or i\ /2 5V Ma#,
By (S.60), X; = 224X, ; + B;, where B; = 1Y M&Vii | o ("—) FVMGT: and we have

N N
NN @2 (xi-1) = KENTY@ {XW- -1+ (—U; - 1) Xpi+ Bz}
i=1 i=1 w
N
= KN'23"& [(Xpi— 1) = (%i7:) Xn.i + Bi] .
i=1

First, as sup, [$;| < K and 0 < (;"—”“ <1,

N N
NN BB < KNTVEY BB,
i=1

=1

but

IA

N N
KNS T VM VA, | + 2KN 23 o7 5V M,

i=1 i=1

N
N3N BB
=1

IA

N
KN~/? > (#A) E|Tr (v V'MeV)|
=1

N
+2KN2 ST (B (0725 V Mon,iiMaV7,)]

=1
N
= KNTVY k() + 207k (77,) = 0 (N,
i=1

since E (V'V) =14, V and ), are independent, E |Tr (v"'V'M¢V)| = k and

E (v 7 V' MeniiMcV7,) < v * (%7,) Tr [E (V' Me#,i;McV)]

= v 2 (¥3) Tr Ma) = v~ (%i7,) -

Similarly, noting F |X,:| = F (Xy,:) = 1,

N N
NTENTBIGE (V) Xou| < KNTY2Y T (714,) E1X.]
=1 =1
N
— KN"V2 ('7:(72) -0 (Né.y—l/Q) .
Hence,
N N
KNS (X - 1) = KNTV2Y @ (X, - 1)+ 0, (N‘Sv—m) .
=1 i=1
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Next, E [N*l/z SN 2 (X — 1)} =0 and

N 2 N N
E N71/2 253 (Xn,i - 1)} =N"' Z Zf?&?E (Xn,an,j - 1) :
=1 =1 j=1

v2

i ) ) — 20715 =y miy N oz2 =2
Noting E (XpiXn;) =1+ =4 + 7, ., > oe1 Gn.ieGy e (from (S.43)), we have

293, ij Et m?t a 2 2
B + V2., 3 Z Qn,iedn.,je |

v
=1

N7y ON s

but Zé\;l ('jfhmq%,jg <1 and pfm-j <1, for all 4,5, and also 3, m2, < > Mu = v, we have

N 2 N N
E {N‘”?Zs? (X — 1)] NI 0TS (24 e, |)

< Yoz
i=1 i=1 j=1
= O(N/).
Therefore, KN"Y/2 N &2 (X, —1) =0, (\/W) Thus,
w N
(TT) N ;ﬁ (Xpi—1) =0, (N‘“*l) +0, (v*lﬂ) . (S.106)

o N1/2
Next, using (S.60) and noting &, = V7, + (M) 1, we have

Tii

N
N7 "0V r Mpg, (X — 1)
i=1

T4

N
N7 V3 r e My
=1

N 1/2
V7, + <m) ﬁz:| {(Xnyi - 1) - (”7;”71) Xn,i + Bi] .

Noting sup, ;| < K, v 'Tr [E(V'HrV)] = k(wr/v), MpTr = h, Hr = hh' and E|X,,;|> < K by (S.43),
we have

N N
N34 ZE )vil/zii‘r}MFV% (Xn,i — 1)’ < N73/4KZE ’Uil/zTérMFV% (Xni — 1)’
=1 =1
N
< NVARST(%9)Y (o7 T [BE (VEFV)] Y (B (X0 - 1)
i=1
< KN73/4i(~,~ )1/2 kwa 1/2—0(N5w*3/4)
< 2 ViV v = :
Similarly
N N
NN (37) B0 R i MV X < NTKYT (7)o T (B (VERV) Y (810
i=1 1=1
< KN’?’/ZL%(”~ )*” for 1/2—0(1\]5”73/4)
= ViV v = :

=1

N N
NN B ’v’l/ziirépMFV’yiBi < KN E 'U*?’/%’TMFV%:/;V’MGV%
=1 i=1

N
KNS B o T eV AV Mo,

i=1
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First, by (S.63), noting that E { [v™'Tr (V'Mc;V)]z} =02y, mik [E (vi) + k] + k (k+2) < K, we have

N
NN E ‘v—3/QT'TMFVf*mgv’MGV~7i

=1
N
< NP AB T RVEV Y BTV MV, }
—3/4 al ~1~\1/2 -1 ’ 1/2 /oy —1 / 2\ /2
< NN (FA) B T (VB (33,) {B ([0 Tr (VMeV)]?) |
=1
—3/4 a -1~ \3/2 [ kwr 1/2 5,—3/4
=1
Similarly
N
NS Bl A MV AV Mo,
1=1
N
< NN (B AVEHRVE) Y (B [0V Mo, M V')
i=1
N
< NN (34)(E o T (VEEV))) Y (309,) 1 {072 Tr [BE (VV') MGE (7,7)) Ma]}'/?

NS () [ (BT o] Z 0 (o2
N ;(%’yl)[k’(?})—&-v ] O(v N )

Next, noting that [3;| < K, 0 < 222 <1, E |27 ;| =1 and E|X,; — 1]? < K, we have

N N 1/2 N
N_3/4ZE U_1/2§¢T{1“MF (M) 7, (X — 1) < N—3/4KZE’ —1/21 o Mpi; (X _1)‘
Tii :
i=1
—3/4 wr 1/2 o\1/2
< KZ{( VE |z} (B1X - 1P)
= O(N—1/2).
Similarly
AN —1/2~ _1 onii )% . —3/4 55 1/2 2\1/2
> i) | it (22) V| < ey () [(42) 212l )
i=1 i1
< KN~ 3/42 /~_ (7)1/2 O(N57—3/4)

N
< KNS B[ Men, 7V MGV,

i=1

3/4ZE

Oii

o 1/2
§7,TTMF (ﬁ) F]LBl

N
F2EN ST B [0 T Mei 7V M, |

First, by (S.63), noting that E ([ 1T (VIMGV)] ) v Y, mik [E (vh) + k] + k (k +2) < K, we have

N
NS E v T M7V M VA,

IN

o Z () Bll] (Bl v Mev, )
N7 i () e 12.0)" ) (2 {0 7r (vMaV))))

i=1
N

KENT*N" (314, (wT)l/2 0 (N57_3/4)

) v
i=1

1/2

IN

IN
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N

NN Blom e M, 7V M,
=1
N

—3/4 Z [( ) E ’zn 1’] 1/2 (E |’L}72’7;V,MG7~7¢ﬁ;MGV,’7i’)1/2

IA

5202 (B {07 [B (VV') Mo E (7,7) Mo] )

IN
C}J
~
N
~
A
v
&
N
N
=
—
~
—
t
co~
t
N

N
< KN—3/4 ; (5’;'71)1/2 (%)1/2 v i=0 (v71/2N6”73/4) .
To sum, we have
N
NS 0P Mg, (Xi - 1) = 0 (N YY) 10 (N2 (8.107)

Substituting the results (S.106) and (S.107) into (S.105),

N2 g:gi (Xi—1) =0 (N 40 (N?) 40 (v,
=1

Finally, by applying Theorem 2,

N2 zN:zf (1-X,)=0, (N‘Sv—l/?) +0, (T‘1/2) +0,(VN/T),

i=1
thus,
Sinr =0y (N712) 4 0,(VN/T) + 0, (T72) 1 0, (N1/2),

which establishes the required result. m
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M1 Monte Carlo Supplement

M1.1 Simulating multivariate non-Gaussian random variates

The objective is to generate N random variables u;, ¢ = 1,2, ..., N such that (in population) F(u;) = 0,
E(u}) = 04, E(u}) = ms;, E(uj) = my; and E(usu;) = p,j,i # j for i,j =1,2,....,N.

The problem of generating multivariate non-normal random variables have been addressed in the
literature by Vale and Maurelli (1983) and further discussed by Harwell and Serlin (1989) and Headrick
and Sawilowsky (1999). Following Fleishman (1978), Vale and Maurelli (1983, VM) propose generating
Uu; as,

u; = a; + biEi + 62'512 + diE?, 1= 1, 2, ceey N,

where g; ~ IIDN(0,1) and E(e;e;) = p. ;;- The unknown parameters a;,b;, c;, di, p. ;; are obtained
using the following relationships (see equations (2)-(5) in VM)

a; +c¢; =0, (M.1)

b? 4 6byd; + 2¢? + 15d? = 04, (M.2)

2¢; (b7 + 24b;d; + 105d? + 2) = ma;, (M.3)

24[bid; + c2(1 + b2 4 28b;d;) + d?(12 + 48b;d; + 141¢? + 225d2)] = my;, (M.4)

fori=1,2,..., N, and (see equation (11) in VM)

fori#£75=1,2,...,N.

The VM procedure is shown to work reasonably well for non-extreme values of skewness and kurtosis
and when N is small. But even if one follows VM’s two step procedure where the equations (M.1)-(M.4)
are solved first, the procedure still requires solving a large number of cubic equations, and hoping that
the solution of (M.5) for p_ ;; lies in the admissible range of [~1,1]. No proof is provided that such a
solution exists.

In what follows we propose a new more compact algorithm for generation of non-normal correlated
random variables as a generalization of the standard Cholesky factor approach used routinely to gen-
erate correlated normal random variables. Let u = (u1,us2, ...,un)’, € = (€1, €2, ...,en)’, and write each u;

as a linear combination of e N

U; = Zj:l qijsj,for 1 =1,2, ...,N,

or in matrix notation u = Qe, where g;; is the (7, j) element of Q.
We begin by generating €;, j = 1,2,..., N, as independent draws from non-normal distributions
with E(g;) = 0, E(e3) = 1,E(8?) = me; and E(e]) = me4;. Note also that p,; is determined by Q

and is given by the (i,7) element of QQ’ scaled by J;i/za;J/z’

of p;; and 0;;, Q can be obtained as the Cholesky factor of FE (uu’) = V. In such a case Q can be a
lower or an upper triangular matrix with strictly positive diagonal elements. It is assumed that V is
non-singular, and as a result Q will also be non-singular.

Consider now the problem of generating €’s such that E(u3) = m;3 and E(u}) = my4 . To this end
note that

N
where g;; = E - qu. For given values
=

N
mo; = Jii:E(uz)zzjzquj,fori:172,...,N,

N

my = BEu})=E ZZZZqijqij/qwsjsj/sg :ijqujmsygj,forizl,Q,...,N,
o3t
and

my; = E(u}) = E Z Z Z ZQijQij/Qi£Qi£’5j5j’5£5£’
Jjogoe

M1



But since s;s are independent draws with mean 0 and a unit variance we have

E(gjej’géef’) = Mg 44, if j = j/ =0=1/
= 1’ifj:j/andf:f/Oriszéandj’zﬁ’oriszg’andj/:g

= 0 otherwise.

Hence, it readily follows that

N
My; = Z Q?jmsAj +3 Z qgjq/izé' (M.6)
i=1 AL
But )
N N N N N N

SIS SIS S ) I WO 'S

j#L j=1¢=1 j=1 j=1 j=1 j=1
Therefore, (M.6) can be written as

N

2 4
My — 305; = E =1 4;; (m874‘7‘ -3).
Let kej = mea; —3 and k; = my; — 30}, and write the above relations in matrix notation, namely

Ky = Q(4)K'67

where k& = (K1,K2,...,6N)", Ke = (Ke1,Ke2, .., hen) and Quy = QO QO QO Q, where ® is the
Hadamard matrix operator (or element-wise operator). Similarly, for the third moments we have

m3 = Q3ym, 3,

where mg = (mg1,m32,....,m3 n), and m. 3 = (Me,3,1,Me32,....,Me 3 N). Since Q is a triangular
matrix with strictly positive diagonal elements it follows that Q(3) and Q4 are also non-singular and
hence invertible. Thus

m.; = Qmy (M.7)
Q) Ku- (M.8)

Ke

Denoting o = (011,022, ...,0nN)" We also have o0 = Q)T N
Having computed m. 3; and m. 4; we can now generate ¢; as

Ei :ai—&-bivi—&—cw?—i—divf, 1=1,2,..., N, (MQ)

where v; ~ ITDN(0,1) and the coefficients a;, b;, ¢; and d; are determined so that E(g;) = 0, E(¢7) = 1,
E(g3) = m. 3 and E(e}) = me 4, using Fleishman’s formula

i

a; + C; = 0, (M]'O)

b? 4 6byd; + 2¢7 + 15d7 = 1, (M.11)

2¢;(b? + 24b;d; + 105d? +2) = m. 3, (M.12)

24[b;d; + c2(1 + b? + 28b;d;) + d? (12 + 48b;d; + 1417 + 225d?)] = ke (M.13)

Accordingly, in order to mimic as far as possible the main characteristics of observed security
returns, for each replication, r, we generate UE:), vgrﬂ?, ’ygi), {BZB, for £ = 1,2,3}, as random draws
from their respective empirical distributions. For example, to generate UE: ) over 7 and 1, we first place
the estimates 6; ,, fori = 1,2, ..., N, and 7 = 1, 2, ..., 265, that lie in the 2.5% to 97.5% quantile range,
into 10 bins and then randomly select a bin with probability equal to the proportion of the estimates

in each bin, and then draw randomly a value for az(»: ) from the selected bin. This procedure is repeated
over ¢ = 1,2, ..., N and replications r = 1,2, ..., R.
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M1.2 Details of the test statistics considered in the MC experiments in
Section 5

Standardised Wald tests, SWrw and SWpogr
First we present how to compute the estimates of N x N variance matrix V which is used to
construct the feasible versions of the Standardised Wald statistic defined by (17). We considered two
estimates, proposed by Ledoit and Wolf (2004), and the POET estimates of Fan et al (2013, FLM).
Ledoit and Wolf (2004, LW) considered a shrinkage estimator for regularisation which is based on
a linear combination of the covariance matrix, V', and an identity matrix Iy, and provide formulae for
the appropriate weights. The LW shrinkage is expressed as

Viw =pIn +p,V, (M.14)

with the estimated weights given by

P = meg"/d%a Py = a%/d%

where
mr = N 'tr (V), d2 =N"1tr (VQ) — mZ,
ay = dj —b%, by =min(b},d7),
and
N R NI R R VN 2 = () 1 <2
b5 = T2 ; U \% ’F = NTZ ;tr [(utut) (utut)] ~ N2 ;tr (utVut> + ﬁtr (V ) ,

and noting that Y7, tr (a;f/at) =Ty tr (VQ), we have

Z(z) - L),

with 4y = (G4, Got, - - - ,ﬂNt)/. Viw is positive definite by construction. Thus, the inverse \A/'Z;V exists
and is well conditioned.
Extending the CL approach, FLM propose the POET estimator

Vreorr = (6487, [|655] > 745]), i=1,2,...,N—1, j=i+1,i+2,...,N, (M.15)

where 7;; > 0is an entry-dependent adaptive threshold such that 7;; = gbijd;T,with gbfj =71 Z?Zl(ﬁitﬁjt—
6i;)% and & = C/log (N) /T, for some constant C' > 0, setting a lower bound on the cross-validation
grid when searching for C' such that the minimum eigenvalue of their threshold estimator is positive,

Amin (VPOET) > 0. The consistency rate of the CL estimator is Comy+/log (N) /T under the spectral

norm of the error matrix (\7 POET — V).

We perform a grid search for the choice of C over a specified range: C = {¢: Cpin < ¢ < Cpnax }-
We set Cppin = 0 and Chax = 4, and impose increments of ¢/N. In each point of this range, ¢, we

use Ui, @ = 1,2,...,N, t = 1,2,...,T and select the N x 1 column vectors @y = (U1¢, Uz, - - uNt) ,
t=1,2,... ,T Wthh we randomly reshufﬁe over the t-dimension. This gives rise to a new set of N x1
column vectors ﬁgs) = (ﬁ(t), Aét)7 . ugji) for the first shuffle s = 1. We repeat this reshuffling S

times in total where we set S = 20 (as suggested by FLM). We consider this to be sufficiently large. In
each shuffle s = 1,2, ..., S, we divide ®) = ('&(S) '&(S), . '&(S)) into two subsamples of size N x T}

and N x Ty, where Ty = T — Ty where we set Ty = 2L and T, = % Let V;S)OETl = (&%) , with
elements O'g z)J =T Z A(t)u(‘z), and Vés) = (c}ész)]) with elements 0( ) =15 Zt 711 Agt)uﬁ),
i,7 = 1,2,..., N, denote the sample covariance matrices generated using T1 and Ty respectively, for

each split s. We threshold Vg)o pry as in (M.15) using I (.) as the thresholding function, where both
¢;; and wr are adjusted to
) _ L (9o () (s
P1,ij :?1 pon (U U() (,u) )
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and

Then (M.15) becomes

VE;())ETl (c) = (CAfgfz I [ ffﬁ) 2 71,27‘ (C)D

for each ¢, where

i (€)= \@iwn (0) > 0,
and gpl zj and wyy, (¢) are defined above.

The following is then computed
1) ORI
Z VP0ET1 VPOETQHF (M.16)

for each ¢, and . A

C =arg deﬂngncr%me G (c), (M.17)

where Cpq is the lowest ¢ such that Ayin <\7 POET (de)> > 0 (To ensure that the threshold estimator

is positive definite) and € is a small positive constant. We do not conduct thresholding on the diagonal
elements of the covariance matrices which remain intact.

Gungor and Luger (2009) SS and WS tests

These tests allow the error distribution to be non-normal but require it to be conditionally symmet-
ric around zero.M! These tests are relatively easy to compute and are applicable even when N > T.
However, they are constructed for models with a single factor and their validity is established only
under N < T.

The SS test is based on the sign statistic

N
SSN = Zi:l S2, (M.18)

e S > 0)] - 7/2
T/4

S =

)

I(A) is the indicator function as defined by (56),

2t = (y”” - yt) (ft ft”) t=1,2,..,7,
Jiver St feferr

7 is the nearest integer part of T/2. The WS test is based on the Wilcoxon signed rank statistic

N
Wsy =Y W, (M.19)

where
S0 T (200 > 0) Rank(|2al)| = T (T +1) /4
VT (T+1)(2T +1) /24

Rank(|z;¢]) is the rank (natural number) of |z;| when |z;1|, |zi2], ..., |zi7| are placed in an ascending
order of magnitude. Gungor and Luger (2009) show that under the null hypothesis, a;; = 0 for all 4, both
S; and W, statistics have limiting (as 7" — oo) standard normal distributions. Under the additional
assumption that the errors in the CAPM regressions are cross-sectionally independent, conditional on
the values of the single factor (fi, fa, ..., fr), SSy and WSy follow 3 distributions.

W, =

)

Gungor and Luger (2016) Fi,,x test

MlSee equation (13) in Gungor and Luger (2009) for the definition of SS and WS test statistics.
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Their test is based on the F-statistic

 RRSS; — URSS;
" T URSS/(T-m—1)

where RRSS; and URSS; are restricted (imposing a; = 0 for all 4) and unrestricted sum of squared
residuals of the i*" regression. They consider various versions of the test, and recommend the use of
the maximum test

which we will consider in our Monte Carlo exercise.M? They claim that their resampling test procedure
is robust against non-normality and cross-sectional dependence in specific errors. Their test is effectively
based on wild bootstrap resampling in such a way that the sample residual cross-sectional correlation
will be preserved, and unconsidered nuisance parameters are dealt with introduction of bounds test.
Their test procedure is computable where N > T and it allows the error distribution to be non-normal.
Specifically, their test procedure is as follows:
1. Obtain the N x 1 b*" bootstrap error vector ugb) = @)y, where @; = (@, dog, ..., Une) is the
residual vector consisting of the restricted regression (imposing no intercept), y;; = f} ,73'2 + U,

and x, is IID random variable over ¢ which takes +1 or -1 with 1/2 chance, b = 1,2,...,B — 1.

Then, obtain the bootstrap sample using ygb) = ft’,éi + ugb).

) B-—R41
B

2. Compute the liberal p-value (p”) and the conservative p-value (p®), where p¢ =

and p¥ = BB with RO = 14+ Y5 T B > F ] + S0 [Fone = F |

I[Us > Uy, RE=1+57 1 [Fmax > nggm} T [Fmax = Fé’ﬁlax} I [Up > U], where
RRSS;—URSS™"
URSS®™ /(T—m—1)’

o O () _ RRSS®™_URSs® T -
= mMaXj<i<N Fi,L with F’i,L = m, RRSSZ = Zt:l U?t, RRSS(b) and

URSS® are bootstrap restricted and unrestricted sum of squared residuals.

b)

Up ~ ii.d.Uniform[0,1],b=1,2, .., B, Faun.. = maxi<i<y F\ o, with F, o =

C max

3. Follow the bounds test procedure: "Reject" Hj if conservative bootstrap p-value, p¢ < a,
"accept" Hy if liberal bootstrap p-value, p” > «, otherwise "inconclusive", where « is the
significance level.

M2We are grateful to Richard Luger for sharing the code to compute the resampling test discussed in Gungor
and Luger (2016).
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M1.3 Supplementary Monte Carlo results

Table M1: Frequencies of Inconclusive Results of Gungor and Luger (2016) test

for Table 2
Panel A: Normal Errors
0, =1/4 d,=1/2 0,=3/5
(T,N) 50 100 200 500 50 100 200 500 50 100 200 500
Size: «; = 0 for all ¢
Fiax 60 33 31 46 27 32 37 43 35 42 3.0 34 3.7
(Inconclusive) 1) 42 38 40 39 36 39 39 38 3.7 38 43 33
Power: a; ~ I[IDN(0,1) for i = 1,2,..., N, with N, = |[N* |, X\, = 0.8 otherwise a;; = 0
Finax 60 29.3 359 403 455 306 34.1 39.6 445 274 36.3 389 46.0
(Inconclusive) 10 39.0 40.0 36.7 29.1 36.8 39.0 37.7 294 370 399 358 29.3
Panel B: Non-normal Errors
6, =1/4 dy=1/2 9, =3/5
(T,N) 50 100 200 500 50 100 200 500 50 100 200 500
Size: «; = 0 for all 4
Froax 60 42 37 48 52 45 48 40 4.9 43 38 48 5.1
(Inconclusive) — 1()() 44 36 50 38 43 40 44 5.0 45 39 48 5.0
Power: a; ~ [IDN(0,1) fori = 1,2, ..., N, with N, = [N*=|, A\, = 0.8 otherwise a;; = 0
Finax 60 31.1 35.8 40.1 46.0 30.7 349 39.8 46.5 28.6 34.5 39.6 455
(Inconclusive) 10 373 39.1 37.7 286 39.0 38.8 35.8 279 375 389 36.1 31.7

See notes to Table 2 in the body paper.

M6



Table M2: Size of the .J, test using the estimator of (N — 1)p?V’T based on the

elements in Vpogr

This table summarises the size of the .J, test using the estimator of (N — 1)p?V7T based on the
elements in POET estimator of V proposed by FLM. Specifically, the test statistic is defined by

— N v v v— A ~ N i—1 4
N2EN (8 = 25) A (525) VB 1+ (N = Diborr] )}, where phogr = wpdr S, Simt

. ~ _ GPOET,ij
with PPOET,ij = Verost.i\/Gront.y;
in the notes to Table 2. Values of the tests are compared to a positive one-sided critical value of the
standard normal distribution. The test is conducted at the 5% significance level. Experiments are
based on 2,000 replications.

where Vpopr = {6poEr,i;}. The data is generated as described

§,=1/4 0, =1/2 6,=3/5
(T,N) 50 100 200 500 50 100 200 500 50 100 200 500
Normal Errors
T=60 76 56 6.2 53 10.3 9.5 9.4 10.1 12.5 122 15.0 17.1
T=100 68 53 55 56 6.8 95 93 9.7 9.0 14.0 15.7 15.7
Non-normal Errors
T=60 6.7 70 6.1 6.9 10.4 109 116 11.8 13.6 15.0 14.6 18.1
T=100 58 69 6.7 75 8.2 10.2 11.3 12.6 11.9 14.5 153 16.2

Table M3: Size of the J, test using the mean 1 in the place of v/(v—2) to
standardise t?

This table summarises the size of J, test using the mean 1 to standardise. Specifically, the test statistic
. _ N v v— ~ .

is defined by N=1/23>7 (¢2 —1) /{(U_2> 2((1)_41)) [14 (N —1)p%.r]}. The data is generated as
described in the notes to Table 2. Values of the tests are compared to a positive one-sided critical value

of the standard normal distribution. The test is conducted at the 5% significance level. Experiments
are based on 2,000 replications.

5, =1/4 5, =1/2 8, =3/5
(T,N) 50 100 200 500 50 100 200 500 50 100 200 500

)

Normal Errors
T=60 84 88 99 1438 75 84 95 11.7 8.0 80 86 88
T=10 74 76 85 10.3 77 82 82 78 6.9 7.7 75 84
Non-normal Errors
T=60 74 9.0 103 15.1 82 81 9.0 13.1 7.5 87 88 10.1
T=10 79 79 85 102 6.9 7.0 87 81 71 81 7.7 7.3

\Y i

2
POET,ij



Table M4: Size and power of SS and WS tests in the case of models with a single
factor

The data is generated as yix = a; + By, f1e + wi, @ = 1,2, N;t = 1,2, T, fiy = ppy + pprfre-1+
Vhit Gy i = gy + puahii1 + ponaCl 1y i ~ IIDN(0,1), £ = —49,...,0,1,.., T with fi 50 =
hi,—50 =0, iy = 0.53, pyy = 0.06, 1y = 0.89, pyp,; = 0.85, pypy = 0.11. For the size of the test, a; =0
for all 4, and for the power of the test, a; ~ IIDN(0,1) for i = 1,2,..., N, with N, = [ N*=|, A\, = 0.8,
otherwise o; = 0, where |A] is the largest integer part of A. We generate the idiosyncratic errors,
w; = (u1g, Ung, ..., unt ), according to u; = Qe,, where e; = (14, €2¢, ..., ), and Q = D'?P with D =
diag(o%,03,...,0%) and P being a Cholesky factor of correlation matrix of u;, R, which is an N x N
matrix used to calibrate the cross correlation of returns. R = Iy +bb’ —B2 where b = (by, ba, ....,bx)’,
B = diag(b), we draw the first and the last N, (< N) elements of b as Uniform(0.7,0.9), and set
the remaining middle elements to 0. We set N, = [N°|. We examine 6, = 1/4,1/2 and 3/5. For
non-normal case, u;; are generated following steps 1-4 of the procedure in Appendix B. §S and WS
are the signed and singed rank tests of Gungor and Luger (2009), which are distributed as x% and
applicable for one-factor model (see Section M1.2 for more details) All tests are conducted at the 5%
significance level. Experiments are based on 2,000 replications.

Panel A: With Single Factor, Normal Errors

5, =1/4 5y =1/2 5y =3/5
(T,N) 50 100 200 500 50 100 200 500 50 100 200 500
Size: «; =0 for all 4

SS 60 43 52 43 5.1 7.0 77 85 7.8 9.1 9.7 126 124
100 4.5 4.7 5.3 5.1 7.4 7.9 8.3 7.7 10.5 10.0 11.5 12.2

WS 60 43 48 44 46 76 82 90 86 98 9.9 13.1 132
100 3.8 53 5.2 5.1 79 8.1 8.1 7.8 104 114 129 134

Power: a; ~ [IDN(0,1) fori = 1,2, ..., N, with N, = [N*=|, A\, = 0.8 otherwise a; = 0.

SS 60 20.8 26.2 34.9 479 22.2 255 352 48.9 21.1 28.2 354 45.7
100 36.6 47.0 62.8 80.7 35.1 45.6 59.9 779 35.3 445 56.8 72.6

WS 60 23.4 323 43.0 59.2 25.4 30.8 40.4 58.2 25.5 324 413 52.1

100 44.3 58.7 74.0 90.3 42.0 553 70.9 876 41.5 51.9 67.2 833
Panel B: With Single Factor, Non-normal Errors

Size: «; = 0 for all 4

SS 60 10.3 13.8 199 334 11.8 14.0 18,5 334 11.8 174 228 32.2
100 16.3 23.7 35.2 63.3 155 21.3 338 57.2 18.4 245 326 499
ws 60 83 11.5 16.5 24.9 12,7 12.7 169 26.8 13.1 16.5 19.1 28.7

100 14.0 18.3 27.1 51.6 16.0 18.6 28.2 44.1 172 20.8 28.3 39.0
Power: a; ~ [IDN(0,1) for i = 1,2,..., N, with N, = [N*= |, X\, = 0.8 otherwise a; = 0.

SS 60 31.8 43.5 57.7 83.2 30.6 42.1 57.0 79.8 29.2 41.0 54.8 74.1
100 55.9 73.6 90.6 99.2 51.5 67.1 88.0 98.8 50.6 64.7 81.8 97.5
WS 60 33.3 46.2 62.6 87.1 322 446 61.2 815 32.3 43.3 558 76.1

100 99.1 772 92.6 99.6 55.4 70.5 90.7 99.3 92.5 683 84.6 98.0
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Table M5: Size and power of J, test with mixed spatial-factor models with the
value of spatial parameter p,. = 0.8

DGP is identical to that for the results reported in Table 5 except p. = 0.8. Also see notes to Table 2.

Panel A: Normal Errors with p, = 0.8

Size Power

(T,N) 50 100 200 500 1000 2000 5000 50 100 200 500 1000 2000 5000

Pure spatial models (y = 0)

Ja 60 66 70 73 78 75 66 7.3 38.6 52.1 68.9 86.8 965 99.2 998
100 70 71 69 64 55 56 5.7 68.1 82.8 945 99.5 100.0 100.0 100.0
Ja(0) 60 15,8 185 178 19.1 184 16.5 19.0 61.4 73.6 87.6 951 99.2 99.8 999

100 183 174 16.7 171 16.7 165 176 84.9 94.3 985 100.0 100.0 100.0 100.0

Mixed spatial-factor models (4., = 1/4)

Ja 60 5.8 6.0 65 70 HT7T T3 6.6 39.4 51.3 675 874 964 99.5 100.0
100 70 78 67 71 54 60 6.1 66.6 81.6 94.8 99.4 100.0 100.0 100.0
Ja(0) 60 16.3 164 16.3 177 16.5 16.9 16.8 61.8 724 84.7 956 98.6 100.0 100.0

100 172 189 176 174 153 181 178 84.8 93.5 98.8 100.0 100.0 100.0 100.0

Mixed spatial-factor models (6, = 1/2)

Ja 60 66 76 69 71 60 67 538 39.1 50.7 66.6 858 95.6 98.8 100.0
100 68 61 72 67 61 69 6.3 66.4 83.1 944 99.6 100.0 100.0 100.0
Jo(0) 60 172 179 16.8 189 18.0 17.7 16.5 60.0 729 86.1 952 994 99.8 100.0

100 175 176 176 194 170 189 18.6 85.3 94.5 98.6 100.0 100.0 100.0 100.0

Mixed spatial-factor models (6, = 3/5)

Ja 60 64 75 58 76 78 79 75 38.2 513 675 852 962 993 999
100 68 64 70 70 55 64 59 67.9 824 943 99.7 100.0 100.0 100.0
Jo (0) 60 157 187 168 195 173 19.1 183 60.0 74.1 8.6 954 99.1 99.9 100.0

100 175 173 182 173 177 177 18.1 86.2 93.5 98.8 100.0 100.0 100.0 100.0

Table M5 —Continued

Panel B: Non-normal Errors with p, = 0.8

Size Power
(T,N) 50 100 200 500 1000 2000 5000 50 100 200 500 1000 2000 5000
Pure spatial models (y = 0)

Ja 60 89 75 75 69 81 80 86 35.5 453 60.0 787 914 970 99.7
100 73 60 70 64 71 64 64 57.8 72.1 89.2 97.8 99.8 100.0 100.0
Jo(0) 60 187 182 184 183 181 203 20.2 57.1 66.0 79.0 91.9 971 99.5 99.8

100 16.6 17.1 18,5 189 188 20.2 17.9 789 88.7 96.5 99.7 100.0 100.0 100.0
Mixed spatial-factor models (4., = 1/4)

Ja 60 74 64 84 71 70 74 75 35.9 43.0 58.7 775 893 970 99.7
100 63 63 71 54 62 71 69 58.3 73.6 87.5 984 99.6 100.0 100.0
Jo(0) 60 16.5 16.2 196 18.1 18.0 19.1 19.2 56.4 65.0 79.8 923 969 994 99.9

100 16.3 16.6 17.7 175 19.0 18.8 19.0 77.2 88.4 96.4 99.7 100.0 100.0 100.0
Mixed spatial-factor models (6, = 1/2)

Ja 60 82 69 73 70 70 83 76 32.9 433 57.7 77.8 909 971 99.7
100 68 67 70 71 65 71 70 55.7 73.5 88.1 982 99.8 100.0 100.0
Jo(0) 60 16.7 16.8 188 188 21.2 20.5 20.1 54.5 66.1 78.0 91.0 972 99.3 100.0

100 17.8 170 18.3 188 199 19.1 20.5 76.9 89.5 97.0 99.8 100.0 100.0 100.0
Mixed spatial-factor models (4., = 3/5)

Jo 60 72 79 64 64 84 74 718 31.8 44.0 58.1 769 898 96.9 99.6
100 72 66 79 66 69 70 6.7 58.0 73.0 86.7 98.5 99.7 100.0 100.0
Jo(0) 60 16.7 18.0 18.0 189 20.9 186 19.9 94.5 67.0 79.2 91.0 96.5 99.0 100.0

100 177 164 187 181 19.2 193 186 77.9 88.9 96.0 99.8 100.0 100.0 100.0
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