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Abstract

Since Mandelbrot's seminal work (1963), alpha-stable distributions with infinite variance have been 

regarded as a more realistic distributional assumption than the normal distribution for some economic 

variables, especially financial data. After providing a brief survey of theoretical results on estimation 

and hypothesis testing in regression models with infinite-variance variables, we examine the statistical 

properties of the coefficient of determination in regression models with infinite-variance variables. 

These properties differ in several important aspects from those in the well-known finite variance case. 

In the infinite-variance case when the regressor and error term share the same index of stability, the 

coefficient of determination has a nondegenerate asymptotic distribution on the entire [0,1] interval, 

and the probability density function of this distribution is unbounded at 0 and 1. We provide closed-

form expressions for the cumulative distribution function and probability density function of this limit 

random variable. In an empirical application, we revisit the Fama-MacBeth two-stage regression and 

show that in the infinite variance case the coefficient of determination of the second-stage regression 

converges to zero asymptotically. 

Keywords: Regression models, alpha-stable distributions, infinite variance, coefficient of 

determination, Fama-MacBeth regression, Monte Carlo simulation. 

JEL classifications: C12, C13, C21, G12 



Nicht-technische Zusammenfassung 

Die Regressionsanalyse ist eine der am häufigsten verwendeten statistisch/ökonometrischen 

Methoden. Dabei wird üblicherweise die Normalverteilungsannahme für die Störprozesse getroffen. 

Für viele empirische Daten im Finanzmarktbereich, zum Teil auch in der Makroökonomie, erweist 

sich die Normalverteilung aber als unzutreffend, weil deren Verteilung typischerweise wegen 

übermässiger Ausreißer dickere Verteilungsenden besitzt als die Normalverteilung. Als Alternative 

bietet sich die sogenannte alpha-stabile Verteilung an, deren Eigenschaften durch den 

Stabilitätsparameter (Alpha) bestimmt werden. Diese Verteilung ist besser geeignet, das Verhalten 

solcher Variablen zu beschreiben; die Normalverteilung ist als Spezialfall enthalten. Insofern ist die 

Familie der alpha-stabilen Verteilungen als eine Verallgemeinerung der (restriktiven) 

Normalverteilung anzusehen und nicht als Alternative. 

Das Bestimmtheitsmaß ist eines der am häufigsten verwendeten Modellindikatoren. Es zeigt an, wie 

gut das Modell den Zusammenhang zwischen den erklärenden und erklärten Variablen beschreibt. In 

vielen empirischen Arbeiten wird diese Größe genutzt, um bestimmte empirische Aussagen treffen zu 

können. Fama und MacBeth (1973) haben beispielsweise eine sogenannte Zwei-Stufige-Regression 

vorgeschlagen, wobei das Bestimmtheitsmaß darüber Aufschluß gibt, wie eng Rendite und Risiko von 

Finanztiteln zusammenhängen.  Bei Verwendung der Zwei-Stufigen-Regression haben Fama and 

French (1992) die empirische Aussagekraft des Capital-Asset-Pricing-Modells (CAPM) geprüft und 

gefolgert, dass die konventionelle Sharpe-Lintner-Version des CAPM nicht in der Lage sei, den 

Zusammenhang zwischen Rendite und Risiko zu erklären. Sie nahmen dabei an, dass die Renditen des 

US amerikanischen Aktienmarktes normalverteilt sind. 

Wir untersuchen die asymptotischen Eigenschaften des Bestimmtheitsmasses im Rahmen von 

Regressionsmodellen. Dabei nehmen wir an, dass sowohl die Störvariable als auch die erklärende 

Variable alpha-stabil verteilt sind. Unsere theoretischen Ergebnisse zeigen, dass das asymptotische 

Verhalten des Bestimmtheitsmasses unter der alpha-stabilen Verteilungsannahme völlig anders ist als 

unter der Normalverteilungsannahme: die Unterschiede aus statistischer Sicht sowie in der 

ökonomischen Interpretation sind so groß, dass sich viele empirische Aussagen, die in der Literatur 

gemacht worden sind, als unzureichend, beziehungsweise falsch herausstellen. Zum Beispiel müssen 

die in der finanzwirtschaftlichen Literatur allgemein anerkannten empirischen Ergebnisse von Fama 

und French (1992) nach unserer asymptotischen Analyse grundsätzlich revidiert werden. 



Non technical summary

Regression analysis is one of the most widely used methods in econometrics and statistics; the 

disturbances of a regression are usually assumed to be normally distributed. However, the normality 

assumption is not appropriate for many economic variables, especially financial market variables and 

also, in some cases, macroeconomic variables. Financial data are typically fat-tailed and excessively 

peaked around zero. Alpha-stable distributions, whose shape is governed by the stability parameter, 

alpha, represent one alternative distribution assumption. They are better suited to describing such 

financial variables; the normal distribution is a special case of the alpha-stable distribution. To that 

extent, the family of alpha-stable distributions is more of a generalization than an alternative. 

The coefficient of determination is one of the most widely used goodness-of-fit measures for 

regression models. It shows how well a regression model describes the relationship between 

exogenous and endogenous variables. In many practical studies, this property is used to draw 

empirical conclusions. Fama and MacBeth (1973), for example, propose a “two-stage regression”, 

which is designed, based on the property of the coefficient of determination, to test for the existence of 

a significant relationship between risk and return. Fama and French (1992, Journal of Finance)

employ the two-stage regression to test the empirical performance of the capital asset pricing model 

(CAPM) and conclude that the conventional Sharpe-Lintner version of CAPM is not able to explain 

the relationship between risk and return. In so doing, however, they assume normality of US stock 

returns (CRSP data). 

We study the asymptotic properties of the coefficient of determination in the framework of regression 

models. For our analysis, we assume that disturbances and exogenous variables alike are alpha-stable 

distributed. Our theoretical results show that the asymptotic behaviours of the coefficient of 

determination under the alpha-stable distributional assumption are far removed from those under the 

normality assumption: the difference is so vast – both statistically and in terms of their economic 

interpretation – that many empirical conclusions in the literature prove insufficient and/or invalid. For 

example, the mostly-cited result of Fama and French (1992) in the financial market literature, which, 

according to our result has no asymptotic background, should be thoroughly revised – both statistically 

and in terms of their economic interpretation. 
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A note on the coefficient of determination in regression models with 
infinite-variance variables1

1. Introduction

Granger and Orr (1972) begin their article, “ ‘Infinite variance’ and research strategy in time series 
analysis,” by questioning the uncritical use of the normal distribution assumption in economic 
modelling and estimation:  

It is standard procedure in economic modelling and estimation to assume that random variables are 
normally distributed. In empirical work, confidence intervals and significance tests are widely used, 
and these usually hinge on the presumption of a normal population. Lately, there has been a growing 
awareness that some economic data display distributional characteristics that are flatly inconsistent 
with the hypothesis of normality. 

Due in part to the influential seminal work of Mandelbrot (1963), -stable distributions are often 
considered to provide the basis for more realistic distributional assumptions for some economic data, 
especially for high-frequency financial time series such as those of exchange rate fluctuations and 
stock returns. Financial time series are typically fat-tailed and excessively peaked around their 
mean phenomena that can be better captured by -stable distributions with 1 <  < 2 rather than by 
the normal distribution, for which  = 2.2 The -stable distributional assumption with  < 2 is thus a 
eneralization of rather than an alternative to the Gaussian distributional assumption. If an economic 
series fluctuates according to an -stable distribution with  < 2, it is known that many of the standard 
methods of statistical analysis, which often rest on the asymptotic properties of sample second 
moments, do not apply in the conventional way. In particular, as we demonstrate in this paper, the 
coefficient of determination a standard criterion for judging goodness of fit in a regression 
model has several nonstandard statistical properties when  < 2. 

The linear regression model is one of the most commonly used and basic econometric tools, not only 
for the analysis of macroeconomic relationships but also for the study of financial market data. Typical 
examples for the latter case are estimation of the ex-post version of the capital asset pricing model 
(CAPM) and the two-stage modelling approach of Fama and MacBeth (1973). The first purpose of the 
present paper is to survey theoretical results of estimation and hypothesis testing in regression models 
with infinite-variance distributions, and the second is to establish that infinite variance of the 
regression variables has important consequences for the statistical properties of the coefficient of 
determination. Third, we revisit the Fama-MacBeth two-stage regression approach and demonstrate 
that infinite variance of the regression variables can affect decisively the interpretation of the empirical 
results. The rest of our paper is structured as follows. In 2 we provide a brief summary of the 
properties of alpha-stable distributions and of aspects of estimation, hypothesis testing, and model 
diagnostic checking in regression models with infinite-variance regressors and  

1 Jeong-Ryeol Kurz-Kim: Corresponding author. Research support from the Alexander von Humboldt Foundation is gratefully 
acknowledged. Deutsche Bundesbank, Wilhelm-Epstein-Strasse 14, 60431 Frankfurt am Main, Germany; email: jeong-
ryeol.kurz-kim@bundesbank.de, Tel: +49-69-9566-4576, Fax: +49-69-9566-2982. Mico Loretan: Mailstop 18, Board of 
Governors of the Federal Reserve System, Washington DC 20551, USA; email: mico.loretan@frb.gov; Tel: +1-202-452-2219; 
Fax: +1-202-263-4850. The views expressed in this paper are solely the responsibility of the authors and should not be 
interpreted as reflecting the views of the staff of the Deutsche Bundesbank, the Board of Governors of the Federal Reserve 
System, or of any other person associated with the Federal Reserve System. We are grateful to Peter Phillips, Werner Ploberger,
and Jonathan Wright for valuable comments and to Zhenyu Wang for the data used in the empirical section of this paper. 
2 The normal distribution is the only member of the family of alpha-stable distributions that has finite second (and higher-
order) moments; all other members of this family have infinite variance. 
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Figure 1.  The functionC , 20
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Figure 2.  Probability density functions of ,~R
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Figure 3.  Cumulative distribution functions of ,~R
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