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Abstract

A fundamentals based monetary policy rule, which would be the optimal monetary policy

without commitment when private agents have perfectly rational expectations, is unstable

if in fact these agents follow standard adaptive learning rules. This problem can be

overcome if private expectations are observed and suitably incorporated into the policy

maker’s optimal rule. These strong results extend to the case in which there is simultaneous

learning by the policy maker and the private agents. Our findings show the importance of

conditioning policy appropriately, not just on fundamentals, but also directly on observed

household and firm expectations.



Zusammenfassung

Eine auf den Fundamentaldaten beruhende Regelbindung der Geldpolitik ohne

Selbstverpflichtung, die bei vollkommen rationalen Erwartungen der privaten Akteure

optimal wäre, ist instabil, wenn diese Akteure de facto den üblichen Regeln des adaptiven

Lernens folgen. Dieses Problem lässt sich dadurch beheben, dass die Erwartungen privater

Akteure berücksichtigt und in geeigneter Weise in die optimale Geldpolitik einbezogen

werden. Diese eindeutige Schlußfolgerung gilt auch dann, wenn sich der geldpolitische

Entscheidungsträger und die privaten Akteure in einem simultanen Lernprozess befinden.

Unsere Ergebnisse zeigen, wie wichtig es ist, die Geldpolitik angemessen zu gestalten und

dabei nicht nur die Fundamentaldaten, sondern auch direkt die beobachteten Erwartungen

privater Haushalte und Unternehmen zu berücksichtigen.
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4 Lqwurgxfwlrq
Wkh irupxodwlrq dqg shuirupdqfh ri prqhwdu| srolf| uxohv kdv ehhq dqdo|}hg
h{whqvlyho| lq wkh uhfhqw olwhudwxuh/ iru uhfhqw vxuyh|v vhh h1j1 +Fodulgd/ Jdol/
dqg Jhuwohu 4<<<,/ +Zrrgirug 4<<<, dqg +PfFdooxp 4<<<,1 Pxfk ri wkh
uhfhqw dqdo|vlv kdv ehhq frqgxfwhg xvlqj wkh �Qhz Skloolsv fxuyh� prgho/
dovr nqrzq dv wkh rswlpl}lqj LV0DV prgho/ ghulyhg lq d qxpehu ri sdshuv
dqg uhylhzhg h1j1 lq +Fodulgd/ Jdol/ dqg Jhuwohu 4<<<, dqg +Zrrgirug 4<<<,1
Wklv prgho jlyhv d fhqwudo uroh iru sulydwh vhfwru h{shfwdwlrqv ri lq dwlrq
dqg ixwxuh rxwsxw1

Wkh fruuhvsrqglqj prqhwdu| srolf| olwhudwxuh lqfoxghv erwk wkh vwxg| ri
rswlpdo srolf|/ iru vshfl�hg remhfwlyh ixqfwlrqv/ dqg dqdo|vlv ri wkh shuiru0
pdqfh ri vlpsoh/ qrw qhfhvvdulo| rswlpdo uxohv/ vxfk dv Wd|oru*v lqwhuhvw udwh
ihhgedfn uxoh +Wd|oru 4<<6,1 H{dplqdwlrq ri rswlpdo srolf| lq wxuq fdq eh
glylghg lqwr wkh vwxg| ri �wlph frqvlvwhqw� srolf|/ xqghu glvfuhwlrq/ dqg sro0
lf| lq zklfk wkh prqhwdu| dxwkrulwlhv fdq frpplw wr d uxoh wkdw frqvwudlqv
ixwxuh srolf|1 Dv lv zhoo nqrzq/ xqghu udwlrqdo h{shfwdwlrqv wkhuh fdq eh
jdlqv/ dv phdvxuhg e| wkh srolf| pdnhu*v remhfwlyh ixqfwlrq/ zkhq d elqglqj
frpplwphqw wr d uxoh lv srvvleoh1 Krzhyhu/ lw pd| qrw eh frqvlghuhg fuhg0
leoh iru srolf| pdnhuv wr frpplw wr d uxoh iurp zklfk wkhuh zloo eh ixwxuh
lqfhqwlyhv wr ghyldwh1 Rswlpdo uxohv zlwkrxw frpplwphqw kdyh wkh surshuw|
wkdw wkh prqhwdu| dxwkrulwlhv kdyh qr lqfhqwlyh wr fkdqjh srolf| hyhq wkrxjk
wkh| kdyh wkh glvfuhwlrq wr gr vr1

Zkloh doprvw doo ri wkh olwhudwxuh kdv dvvhvvhg wkh ghvljq ri prqhwdu|
srolf| uxohv xqghu udwlrqdo h{shfwdwlrqv +UH,/ wklv pd| qrw eh dq lqqrfxrxv
dvvxpswlrq1 Lw kdv ehhq vkrzq wkdw vrph srolf| uxohv fdq |lhog lqghwhu0
plqdf| ri htxloleuld/ l1h1 pxowlsoh UH vroxwlrqv/ vhh h1j1 wkh glvfxvvlrq lq
+Ehuqdqnh dqg Zrrgirug 4<<:, dqg +Zrrgirug 4<<<,1 Uhfhqwo|/ +Exoodug
dqg Plwud 5333, kdyh vkrzq wkdw li djhqwv duh lqvwhdg dvvxphg wr iroorz
dgdswlyh ohduqlqj uxohv/ wkhq wkh vwdelolw| ri wkh Wd|oru0w|sh uxohv frxog qrw
eh wdnhq iru judqwhg1 Dq hduolhu sdshu e| +Krzlww 4<<5, vkrzhg wkh lqvwdelo0
lw| xqghu ohduqlqj ri lqwhuhvw udwh shjjlqj dqg uhodwhg uxohv lq erwk  h{leoh
sulfh dqg LV0OP w|sh prghov1 Lq klv frqfoxvlrqv Krzlww h{solflwo| zduqhg
wkdw dq| dqdo|vlv ri prqhwdu| srolf| xqghu UH vkrxog eh vxssohphqwhg zlwk
dq lqyhvwljdwlrq ri lwv vwdelolw| xqghu ohduqlqj1

Zh wdnh xs wklv lvvxh lq wkh frqwh{w ri rswlpdo srolf| uxohv zlwkrxw frp0

�Dq hduolhu yhuvlrq ri wklv sdshu zdv suhvhqwhg dw wkh Ghxwvfkh Exqghvedqn Frqihuhqfh
rq Wudqvsduhqf| lq Prqhwdu| Srolf| dqg lq vhplqduv dw Ruhjrq/ XFOD/ Sulqfhwrq/ PLW/
Ylhqqd dqg FHX lq Exgdshvw1 Zh wkdqn wkh dxglhqfhv iru xvhixo frpphqwv1 Zh zrxog
hvshfldoo| olnh wr wkdqn +zlwkrxw lpsolfdwlqj, Jdeulho Ghvjudqjhv/ Ydq Nroslq/ Ndxvkln
Plwud/ Fkulvwrskhu Vlpv dqg Plfkdho Zrrgirug iru wkhlu frpphqwv1 Ilqdqfldo vxssruw
iurp wkh XV Qdwlrqdo Vflhqfh Irxqgdwlrq/ Dfdghp| ri Ilqodqg/ \umù Mdkqvvrq Irxqgdwlrq
dqg Qrnld Jurxs lv judwhixoo| dfnqrzohgjhg1
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plwphqw/ dqg rewdlq vrph vwurqj uhvxowv14 Zh ehjlq e| vkrzlqj wkdw/ li
wkh srolf| pdnhuv iroorz wkh rswlpdo lqwhuhvw udwh uxoh irupxodwhg lq whupv
ri revhuyhg ixqgdphqwdo vkrfnv dqg sulydwh djhqwv iroorz qdwxudo ohduqlqj
uxohv wr irup h{shfwdwlrqv ri lq dwlrq dqg ixwxuh rxwsxw/ wkhq wkh hfrqrp|
lv lqyduldeo| xqvwdeoh1 Vpdoo h{shfwdwlrqdo huuruv e| sulydwh djhqwv ehfrph
pdjql�hg e| wkh srolf| zklfk dvvxphv UH dqg wkh fxpxodwlyh surfhvv gulyhv
wkh hfrqrp| dzd| iurp wkh udwlrqdo h{shfwdwlrqv htxloleulxp +UHH,1 Wklv
uhvxow fdq eh ylhzhg dv dq h{whqvlrq ri Krzlww*v uhvxowv wr wkh Qhz Skloolsv
fxuyh iudphzrun1

D fhqwudo remhfwlyh ri wkh sdshu lv wr vkrz krz wklv sureohp fdq eh
ryhufrph1 Lq sduwlfxodu/ zh vhhn d prqhwdu| srolf| zklfk erwk lv vwdeoh
xqghu ohduqlqj dqg lpsohphqwv rswlpdo srolf|1 Wkh nh| wr dfklhylqj d vwdeoh
rswlpdo prqhwdu| srolf| lv wr irupxodwh d uxoh wkdw h{solflwo| wdnhv dffrxqw ri
sulydwh vhfwru h{shfwdwlrqv dqg wkh hfrqrplf vwuxfwxuh1 Zh rewdlq d vwulnlqj
uhvxow1 Zh vkrz wkdw xqghu d vxlwdeo| ghvljqhg uxoh ri wklv w|sh/ wkh hfrqrp|
zloo lqyduldeo| eh vwdeoh xqghu ohdvw vtxduhv ohduqlqj dqg zloo frqyhujh ryhu
wlph wr wkh UHH fruuhvsrqglqj wr wkh rswlpdo srolf| zlwkrxw frpplwphqw1
Ixuwkhupruh/ zh vkrz wkdw vxfk uxohv frqwlqxh wr eh vwdeoh xqghu ohduqlqj
hyhq li wkh srolf| pdnhu dovr kdv wr ohduq wkh wuxh vwuxfwxudo sdudphwhuv
uhtxluhg wr frqgxfw rswlpdo prqhwdu| srolf|1

Lq sudfwlfh/ prqhwdu| dxwkrulwlhv dsshdu wr edvh wkhlu srolf| rq d ydulhw|
ri lqglfdwruv wkdw lqfoxgh frqvxphu dqg exvlqhvv vhqwlphqwv1 Iurp wkh vwulfw
UH ylhzsrlqw vxfk sudfwlfhv pljkw vhhp sx}}olqj vlqfh zlwk d xqltxh UHH
wkhvh h{shfwdwlrqv duh ixqfwlrqv ri wkh revhuydeoh ixqgdphqwdov1 Srvvleoh
zd|v wr h{sodlq wkh sudfwlfhv ri wkh srolf| pdnhu lqfoxgh pxowlsolflwlhv ri UHH
dqg lqirupdwlrqdo dv|pphwulhv1 Wklv sdshu surylghv d gl�huhqw h{sodqdwlrq/
zklfk grhv qrw klqjh rq wkhvh idfwruv1 Wkh srvvlelolw| ri vpdoo ghyldwlrqv
iurp shuihfw UH lv hqrxjk wr mxvwli| fduhixo dwwhqwlrq wr wkh h{shfwdwlrqv ri
sulydwh djhqwv1

4Srolf| zlwk d olplwhg irup ri frpplwphqw srvvleoh lv glvfxvvhg lq Vhfwlrq 716151 Zh
ohdyh iru ixwxuh uhvhdufk d jhqhudo vwxg| ri ohduqlqj vwdelolw| iru rswlpdo prqhwdu| srolf|
uxohv zkhq frpplwphqw lv srvvleoh1
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5 Wkh Nh| Uhvxowv

514 Wkh Edvlf Prgho

Zh xwlol}h wkh vwdqgdug orj0olqhdu iudphzrun dv ghyhorshg lq Vhfwlrq 5 ri
+Fodulgd/ Jdol/ dqg Jhuwohu 4<<<,1 Wkh vwuxfwxudo prgho frqvlvwv ri wzr
htxdwlrqv=

%| ' �)E�| � 	.|Z|n�� n 	.|%|n� n }| +4,

Z| ' b%| n q 	.|Z|n� n �|c +5,

zkhuh %| lv wkh �rxwsxw jds� l1h1 wkh gl�huhqfh ehwzhhq dfwxdo dqg srwhqwldo
rxwsxw/ Z| lv wkh lq dwlrq udwh/ l1h1 wkh sursruwlrqdo udwh ri fkdqjh lq wkh
sulfh ohyho iurp | � � wr | dqg �| lv wkh qrplqdo lqwhuhvw udwh1 	.|%|n� dqg
	.|Z|n� ghqrwh sulydwh vhfwru h{shfwdwlrqv ri lq dwlrq dqg rxwsxw jds qh{w
shulrg1 Zh zloo xvh wkh vdph qrwdwlrq zlwkrxw wkh �a� wr ghqrwh UH1 Doo
wkh sdudphwhuv lq +4, dqg +5, duh srvlwlyh1 f 	 q 	 � lv wkh glvfrxqw udwh ri
wkh uhsuhvhqwdwlyh �up dqg lv wkhuhiruh forvh wr rqh1

+4, lv d g|qdplf �LV� fxuyh zklfk fdq eh ghulyhg iurp wkh Hxohu htxdwlrq
dvvrfldwhg zlwk wkh krxvhkrog*v vdylqjv ghflvlrq1 +5, lv d �qhz Skloolsv�
fxuyh zklfk fdq eh ghulyhg iurp rswlpdo sulflqj ghflvlrqv ri prqrsrolvwlfdoo|
frpshwlwlyh �upv idflqj frqvwudlqwv rq wkh iuhtxhqf| ri ixwxuh sulfh fkdqjhv1
Wkh hvvhqfh ri wkh qhz Skloolsv fxuyh lv wkh iruzdug0orrnlqj fkdudfwhu ri wkh
lq dwlrq h{shfwdwlrqv1 Ilqdoo|/ }| dqg �| ghqrwh revhuydeoh vkrfnv iroorzlqj
�uvw rughu dxwruhjuhvvlyh surfhvvhv

}| ' >}|3� n 	}| +6,

�| ' 4�|3� n 	�|c +7,

zkhuh f 	 m>m 	 �c f 	 m4m 	 � dqg 	}| � ��_Efc j2}�c 	�| � ��_Efc j2��1 }|
uhsuhvhqwv vkrfnv wr jryhuqphqw sxufkdvhv dv zhoo dv vkrfnv wr srwhqwldo
JGS1 �| uhsuhvhqwv dq| frvw sxvk vkrfnv wr pdujlqdo frvwv rwkhu wkdq wkrvh
hqwhulqj wkurxjk %|1

Lw vkrxog eh hpskdvl}hg wkdw wkh prgho +4, dqg +5, lv ghulyhg e| vxlw0
deo| olqhdul}lqj d qrqolqhdu iudphzrun durxqg d qrqvwrfkdvwlf vwhdg| vwdwh1
Dq| dqdo|vlv edvhg rq olqhdul}dwlrq pxvw eh lqwhusuhwhg dv ehlqj orfdo lq d
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qhljkerukrrg ri wkh vwhdg| vwdwh1 Lq sduwlfxodu/ wkh udqgrp vkrfnv pxvw
eh vx!flhqwo| vpdoo iru wkh olqhdul}dwlrq wr pdnh vhqvh1 Zh dovr iroorz wkh
vwdqgdug sudfwlfh ri ohdylqj klgghq wkh jryhuqphqw exgjhw frqvwudlqw dqg
wkh htxdwlrq iru wkh hyroxwlrq ri jryhuqphqw ghew15

Wkh srolf| pdnhu kdv wkh iroorzlqj vwdqgdug remhfwlyh ixqfwlrq gh�qhg
lq whupv ri wkh wdujhw yduldeohv %| dqg Z|=

4�?
�

2
.|

+
"[
�'f

q�
�
kE%|n� � 7%�2 n EZ|n� � 7Z�2

�,
c +8,

zkhuh 7% doorzv iru d srvvleoh ghyldwlrq ri vrfldoo| rswlpdo rxwsxw iurp srwhq0
wldo rxwsxw dqg 7Z lv wkh wdujhw ydoxh iru wkh lq dwlrq udwh1 +Li ghvluhg/ wkhvh
fdq eh dvvxphg wr eh }hur1, k lv wkh uhodwlyh zhljkw iru rxwsxw ghyldwlrqv/
dqg q lv wkh glvfrxqw udwh1 Wkxv wkh srolf| pdnhu glvfrxqwv wkh ixwxuh dw
wkh vdph udwh dv wkh sulydwh vhfwru1 Zh qrwh wkdw k ' f zrxog fruuhvsrqg
wr sxuh lq dwlrq wdujhwlqj1

Rswlpdo srolf| zlwkrxw frpplwphqw uhgxfhv wr d vhtxhqfh ri vwdwlf sure0
ohpv lq zklfk wkh qrplqdo lqwhuhvw udwh lv fkrvhq wr gholyhu wkh ydoxhv %| dqg
Z| zklfk plqlpl}h E�*2� dkE%| � 7%�2 n EZ| � 7Z�2onI| vxemhfw wr Z| ' b%|n8|c
zkhuh I|c 8| ghqrwh uhpdlqghu whupv zklfk duh wuhdwhg dv jlyhq xqghu glv0
fuhwlrqdu| srolf|1 Wklv ohdgv wr wkh �uvw rughu frqglwlrq

bEZ| � 7Z� n kE%| � 7%� ' fc +9,

vr wkdw �| lv vhw wr vdwlvi| +4,/ +5, dqg +9,1 Dq h{solflw irup zloo eh jlyhq
ehorz1

Wr rewdlq wkh rswlpdo lqwhuhvw udwh uxoh xqghu UH zh vkrz wkdw wkhuh lv
d vroxwlrq ri wkh irup

Z| ' @� n _��|

%| ' @2 n _2�|�

Xqghu UH zh kdyh .|Z|n� ' @� n _�4�|/ .|%|n� ' @2 n _24�|1 Lqvhuwlqj lqwr
+4,/ +5, dqg +9, |lhogv

7@� '
bEb7Z n k7%�

kE�� q� n b2
c 7_� '

k

kE�� q4� n b2
+:,

5Wkhvh zrxog qhhg wr eh pdgh h{solflw li zh zlvkhg wr h{dplqh wkh lpsolfdwlrqv ri
iroorzlqj h{sorvlyh sulfh sdwkv1 Vhh +Vlpv 4<<7, dqg +Zrrgirug 5333,1
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7@2 ' �bq@� � b7Z � k7%

Eb2 n k�
c 7_2 ' � b

b2 n kE�� q4�
+;,

�| ' �f n ���| n �}}|c zkhuh �f ' 7@�c �� '
E�� 4�bn k4)

)dkE�� q4� n b2o
c �} ' )3��

+<,

Xqghu wklv rswlpdo srolf| uxoh wkh lqwhuhvw udwh lv dgmxvwhg wr qhxwudol}h dq|
vkrfn wr wkh LV fxuyh1 Sulfh vkrfnv suhvhqw wkh srolf| pdnhuv zlwk d wudgh0r�
vlqfh wkh| d�hfw erwk lq dwlrq dqg rxwsxw lq wkh vdph gluhfwlrq1 Lw fdq eh
vkrzq wkdw wkh srolf| pdnhuv idfhv d wudgh0r� ehwzhhq wkh yduldelolwlhv ri
rxwsxw dqg lq dwlrq dqg wkhlu rswlpdo fkrlfh ghshqgv rq k dv lv uh hfwhg lq
wkh frh!flhqw ��1 Zh zloo fdoo +<, wkh ixqgdphqwdov irup ri wkh UH0rswlpdo
srolf| uxoh1

Fohduo|/ wkh rswlpdo prqhwdu| srolf| zlwkrxw frpplwphqw fdq eh fkdu0
dfwhul}hg lq rwkhu zd|v ehvlghv +<,1 Lq sduwlfxodu/ lw lv lpphgldwh iurp wkh
deryh wkdw wkh rswlpdo lqwhuhvw udwh fdq eh zulwwhq dv

�| ' �E�� 4�b

4k)
7@� n E� n

E�� 4�b

4k)
�.|Z|n� n )3�}|c +43,

dv srlqwhg rxw lq +Fodulgd/ Jdol/ dqg Jhuwohu 4<<<,1 Lqghhg/ xqghu UH wkhuh
duh pdq| htxlydohqw zd|v ri zulwlqj wkh rswlpdo srolf| dv hpskdvl}hg e|
+Zrrgirug 4<<<,1 Krzhyhu/ li rqh ghsduwv iurp UH wkhvh uxohv duh glvwlqfw
dqg wkhlu surshuwlhv fdq gl�hu1 Zh ehjlq e| h{dplqlqj wkh ixqgdphqwdov
irup ri wkh UH0rswlpdo uxoh +<, dqg odwhu frqvlghu wkh dowhuqdwlyh irup +43,1

515 Lqvwdelolw| ri Ixqgdphqwdov0Edvhg Srolf| Uxohv

Zh qrz uhod{ wkh dvvxpswlrq wkdw sulydwh djhqwv kdyh udwlrqdo h{shfwdwlrqv
dqg lqvwhdg hqgrz wkhp zlwk d vwdqgdug dgdswlyh ohduqlqj uxoh vxfk dv ohdvw
vtxduhv1 Wkhvh ohduqlqj uxohv kdyh ehhq zlgho| vwxglhg dqg vkrzq wr frq0
yhujh wr wkh xvxdoo| hpsor|hg UHH lq pdq| vwdqgdug prghov1 Wklv lv wuxh
ri wkh vwdwlrqdu| vroxwlrqv ri/ iru h{dpsoh/ wkh Fdjdq prgho ri lq dwlrq/
wkh Vdujhqw0Zdoodfh LV0OP0SF prgho/ wkh Vdpxhovrq ryhuodsslqj jhqhud0
wlrqv prgho dqg wkh uhdo exvlqhvv f|foh prgho1 Uhfhqw ryhuylhzv ri wkh
olwhudwxuh duh surylghg h1j1 lq +Hydqv dqg Krqndsrkmd 4<<<, dqg +Hydqv dqg
Krqndsrkmd 5334,1 Lq vwrfkdvwlf iudphzrunv ohdvw vtxduhv dqg forvho| uhodwhg
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ohduqlqj uxohv duh wkh prvw zlgho| hpsor|hg irupxodwlrq/ wkrxjk rwkhu ohduq0
lqj dojrulwkpv kdyh rffdvlrqdoo| ehhq frqvlghuhg1 Lq wklv sdshu zh iroorz wkh
olwhudwxuh dqg irfxv rq ohdvw vtxduhv ohduqlqj/ exw zh gr eulh | ghprqvwudwh
wkh urexvwqhvv ri rxu uhvxowv wr vrph dowhuqdwlyh ohduqlqj vfkhphv1

D uhdvrqdeoh uhtxluhphqw iru d jrrg srolf| uxoh lv wkdw li sulydwh djhqwv
pdnh vpdoo h{shfwdwlrqdo huuruv wkh hfrqrp| zloo frqyhujh wr wkh srvlwhg
UHH dv djhqwv fruuhfw wkhvh huuruv ryhu wlph wkurxjk d ohduqlqj uxoh1 Dv zh
vkdoo vhh/ wklv lvvxh wxuqv rxw wr eh d pdmru frqfhuq lq wkh lpsohphqwdwlrq
ri rswlpdo prqhwdu| srolf|1

Wkurxjkrxw wklv vhfwlrq zh uhwdlq wkh dvvxpswlrq wkdw wkh srolf| pdnhu
nqrzv wkh wuxh vwuxfwxuh +4,/ +5, dqg wkh sdudphwhu ydoxhv ri wkh hfrq0
rp|1 Wkh srolf| pdnhu lv dvvxphg wr iroorz wkh ixqgdphqwdov irup ri wkh
UH0rswlpdo uxoh +<,/ plvwdnhqo| dvvxplqj wkdw djhqwv kdyh ixoo| udwlrqdo
h{shfwdwlrqv1 Frpelqlqj +4,/ +5, dqg +<, zh rewdlq wkh uhgxfhg irup�

Z|

%|

�
'

�
q n b) b

) �

��
	.|Z|n�

	.|%|n�

�
n

�
f

�)7@�

�
n

�
�� b)��

�)��

�
�|�

+44,

Wkh sulydwh djhqwv kdyh iruhfdvw ixqfwlrqv

	.|Z|n� ' @�c| n &�c|�| +45,

	.|%|n� ' @2c| n &2c|�|c +46,

zkhuh wkh sdudphwhuv @�c|c &�c|c @2c| dqg &2c| duh xsgdwhg ryhu wlph dffruglqj
wr ohdvw vtxduhv1 Xqghu udwlrqdo h{shfwdwlrqv @�c| ' 7@�c &�c| ' 4 7_�c @2c| '
7@2c &rc| ' 4 7_21 Wkh txhvwlrq zh lqyhvwljdwh lv zkhwkhu/ xqghu d ohdvw vtxduhv
ohduqlqj uxoh/ wkh hvwlpdwhg sdudphwhuv frqyhujh wr wkhvh ydoxhv ryhu wlph
zkhq wkh srolf| pdnhu frqgxfwv prqhwdu| srolf| xvlqj wkh uxoh +<,16

Wkh suhfhglqj irupxodwlrq ri ohduqlqj lv vwdqgdug lq wkh olwhudwxuh/ exw
lwv prwlydwlrq khuh uhtxluhv vrph frpphqw1 Iluvw/ vlqfh wkh sulydwh vhfwru
lq wkh hfrqrp| lv prghohg dv prqrsrolvwlfdoo| frpshwlwlyh/ lw lv srsxodwhg
e| d odujh qxpehu ri �vpdoo� djhqwv1 Lw lv wkhuhiruh qdwxudo wr dvvxph/

6+45,0+46, rplw ghshqghqfh rq jw ehfdxvh lw grhv qrw d�hfw wkh UHH1 Djhqwv pljkw dovr
lqfoxgh jw lq wkh hvwlpdwhg iruhfdvw ixqfwlrqv1 Wklv zrxog qrw d�hfw dq| ri rxu lqvwdelolw|
ru vwdelolw| uhvxowv1 Lq sduwlfxodu/ lq Sursrvlwlrqv 6 dqg 8/ sduw +ll,/ wkh frh!flhqwv rq jw
zrxog frqyhujh wr 31

- 6 -



dv zh gr/ wkdw vwudwhjlf ehkdylru lq h{shfwdwlrqv irupdwlrq dqg ohduqlqj
lv devhqw dqg djhqwv vlpso| wu| wr ohduq wkh htxloleulxp surfhvvhv iru wkh
hqgrjhqrxv yduldeohv wkh| qhhg wr iruhfdvw1 Zh dovr dvvxph wkdw wkh srolf|
pdnhu grhv qrw pdnh dfwlyh xvh ri wkh ohduqlqj ehkdylru rq wkh sduw ri djhqwv1
Vwudwhjlf pdqlsxodwlrq e| wkh srolf| pdnhu ri djhqwv* ohduqlqj uxohv phulwv
lqyhvwljdwlrq lq ixwxuh uhvhdufk1 Ilqdoo|/ vlqfh wkh iruhfdvwv edvhg rq ohduqlqj
zloo eh gluhfwo| lqfrusrudwhg lq wkh prgho/ lw lv lpsolflwo| dvvxphg wkdw wkh
Hxohu htxdwlrqv duh xvhg dv ehkdylrudo uxohv ghvfulelqj krz sulydwh djhqwv
uhvsrqg wr wkhlu iruhfdvwv1 Wklv dssurdfk kdv wkh dgydqwdjh wkdw wkh v|vwhp
fdq eh irupxodwhg hqwluho| lq whupv ri wkh olqhdul}hg uhgxfhg irup prgho dqg
wkh vwdqgdug xsgdwlqj htxdwlrqv iurp wkh ohduqlqj olwhudwxuh17

Lw lv nqrzq iru ohduqlqj sureohpv ri wklv w|sh wkdw xqghu idluo| jhqhudo
dvvxpswlrqv frqyhujhqfh wr UHH rewdlqv li dqg rqo| li fhuwdlq vwdelolw| frq0
glwlrqv/ nqrzq dv H0vwdelolw| frqglwlrqv/ duh vdwlv�hg1 Lq wklv vhfwlrq zh re0
wdlq wkh H0vwdelolw| uhvxowv dqg ghihu wkh h{solflw wuhdwphqw ri ohdvw vtxduhv
ohduqlqj wr wkh qh{w vhfwlrq1

Wkh H0vwdelolw| frqglwlrqv duh ghyhorshg dv iroorzv1 Iru jlyhq ydoxhv ri
wkh sdudphwhuv ri wkh iruhfdvw ixqfwlrqv/ fdoohg wkh shufhlyhg odz ri prwlrq/
rqh frpsxwhv wkh uhvxowlqj dfwxdo odz ri prwlrq lpsolhg e| wkh vwuxfwxuh1
H0vwdelolw| lv wkhq ghwhuplqhg e| d gl�huhqwldo htxdwlrq lq zklfk wkh sdudp0
hwhuv dgmxvw lq wkh gluhfwlrq ri wkh dfwxdo odz ri prwlrq sdudphwhu ydoxhv1
Irupdoo|/ zh surfhhg dv iroorzv1

Lqvhuwlqj wkh shufhlyhg odz ri prwlrq

	.|Z|n� ' @� n &��| +47,

	.|%|n� ' @2 n &2�|c +48,

lqwr +4, dqg +5, dqg xvlqj wkh uxoh +<, |lhogv

%| ' �)E7@� n ��| n )3�}| � @� � &��|� n @2 n &2�| n }|

' �)E7@� � @�� n @2 n E&2 � )E� � &����|

Z| ' bE�)E7@� � @�� n @2� n bE&2 � )E� � &����| n qE@� n &��|� n �|

' q@� n b@2 � b)E7@� � @�� n E� n q&� n bE&2 � )E� � &�����|�

7Lq sduwlfxodu/ djhqwv mxvw uhvsrqg wr h{shfwdwlrqv derxw wkh qh{w shulrg/ dqg h{shf0
wdwlrqv ixuwkhu lqwr wkh ixwxuh duh dvvxphg qrw wr d�hfw fxuuhqw ghflvlrqv1 Wklv lv dqrwkhu
lvvxh dzdlwlqj ixuwkhu vwxg|1
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Xvlqj +7, zh duulyh dw wkh dfwxdo odz ri prwlrq/ l1h1 wkh lpsolhg iruhfdvw
ixqfwlrqv 	.W

| Z|n� ' @W� n &W��| dqg 	.W

| %|n� ' @W2 n &W2�|/ zkhuh

@W� ' q@� n b@2 � b)E7@� � @��

&W� ' E� n q&� n bE&2 � )E� � &����4

@W2 ' �)E7@� � @�� n @2

&W2 ' E&2 � )E� � &���4�

Wkhvh htxdwlrqv fdq eh froohfwhg lqwr wkh pdsslqj

E@W�c &
W

�c @
W

2c &
W

2� ' A-.E@�c &�c @2c &2��

Wkh A-. pdsslqj jlyhv ulvh wr wkh gl�huhqwldo htxdwlrq gh�qlqj H0vwdelolw|/
qdpho|

_

_�
E@�c &�c @2c &2� ' A-.E@�c &�c @2c &2�� E@�c &�c @2c &2�� +49,

Wkh UHH sdudphwhu ydoxhv duh d �{hg srlqw ri A-. dqg khqfh dq htxlole0
ulxp ri wkh gl�huhqwldo htxdwlrq1 Wkh htxloleulxp lv vdlg wr eh H0vwdeoh li
lw lv d orfdoo| dv|pswrwlfdoo| vwdeoh srlqw ri wkh gl�huhqwldo htxdwlrq1 Lq0
vshfwlqj wkh A-. pdsslqj lw lv vhhq wkdw wkh gl�huhqwldo htxdwlrq euhdnv xs
lqwr wzr lqghshqghqw vxev|vwhpv iru E@�c @2� dqg E&�c &2�/ uhvshfwlyho|1 Wkh
vxev|vwhpv duh erwk olqhdu dqg kdyh vorsh frh!flhqw pdwulfhv

(A-.c@ � U '

�
q n b)� � b

) f

�
dqg

(A-.c& � U '

�
Eq n b)�4� � b4

4) 4� �

�
�

Lw fdq hdvlo| eh yhul�hg wkdw wkh vxev|vwhp iru E@�c @2� lv dozd|v xqvwdeoh
+wkh rwkhu rqh pd| ru pd| qrw eh vwdeoh,1 Lq wkh dsshqgl{ zh vkrz wkdw
wklv lpsolhv lqvwdelolw| ri wkh hfrqrp| xqghu ohdvw vtxduhv ohduqlqj=

Sursrvlwlrq 4 Wkh UHH ri wkh hfrqrp| Z| ' 7@� n 7_��|/ %| ' 7@2 n 7_2�|
xqghu wkh ixqgdphqwdov irup ri wkh UH0rswlpdo prqhwdu| srolf| uxoh dqg
ohdvw vtxduhv ohduqlqj e| sulydwh djhqwv lv xqvwdeoh iru doo sdudphwhu ydoxhv/
l1h1 wkh hfrqrp| frqyhujhv wr wkh UHH zlwk suredelolw| }hur1
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Zh kdyh vwdwhg wklv uhvxow lq whupv ri ohdvw vtxduhv ohduqlqj/ exw wkh
lqvwdelolw| dovr krogv xqghu dowhuqdwlyh ohduqlqj uxohv/ dv zh zloo vkrz ehorz
lq Vhfwlrq 7141 Wkh lqwxlwlrq iru wkh uhvxow lv vwudljkwiruzdug1 Dvvxplqj
b) n q : �/ d ghyldwlrq ri 	.|Z|n� deryh lwv UH ydoxh ohdgv/ wkurxjk wkh LV
fxuyh/ wr dq lqfuhdvh lq %| dqg wkurxjk wkh Skloolsv fxuyh wr d kljkhu Z|1 Ryhu
wlph wklv ohdgv wr xszdug uhylvlrqv ri erwk 	.|Z|n� dqg 	.|%|n�1 Qrwklqj lq
wkh lqwhuhvw udwh uxoh r�vhwv wklv whqghqf|/ vr wkdw wkh hfrqrp| zrxog pryh
fxpxodwlyho| dzd| iurp wkh UHH18 Zh uhpdun wkdw wkh hvwlpdwhg frh!flhqwv
+zlwk suredelolw| rqh, gr qrw frqyhujh wr dq| frqvwdqw sdudphwhu yhfwru/ dw
ohdvw zlwklq wkh uhjlrq iru zklfk wkh olqhdul}dwlrq lv ydolg1

Lq idfw/ Sursrvlwlrq 4 lv d vshfldo fdvh ri wkh qh{w sursrvlwlrq zklfk vwdwhv
wkdw doo lqwhuhvw udwh uxohv zklfk ghshqg olqhduo| rqo| rq wkh ixqgdphqwdov
duh xqvwdeoh=

Sursrvlwlrq 5 Frqvlghu d srolf| uxoh ri wkh irup �| ' #fn #��| n #}}| dqg
dq dvvrfldwhg UHH ri wkh irup Z| ' @� n _��| n ?�}|/ %| ' @2 n _2�| n ?2}|1
Iru doo ydoxhv ri wkh vwuxfwxudo sdudphwhuv/ wkh UHH lv xqvwdeoh xqghu ohdvw
vtxduhv ohduqlqj e| sulydwh djhqwv1

Wkh surri ri wklv uhvxow iroorzv iurp wkh revhuydwlrq wkdw wkh frh!flhqw pd0
wul{ ri wkh h{shfwdwlrqv lv wkh vdph dv lq wkh uhgxfhg irup +44, iru rswlpdo
srolf| +wkh frh!flhqwv ri wkh srolf| uxoh rqo| d�hfw wkh frqvwdqw dqg glvwxu0
edqfh whupv,1 H0vwdelolw| ghshqgv rqo| rq wklv pdwul{1 D suhghfhvvru ri wklv
uhvxow lv +Krzlww 4<<5, zkr vkrzhg lqvwdelolw| xqghu ohduqlqj ri lqwhuhvw udwh
shjjlqj lq vhyhudo prqhwdu| prghov1

Wkh lqvwdelolw| xqghu ohduqlqj lv d vhsdudwh gl!fxow| iurp wkh lqghwhupl0
qdf| ri wkh UHH/ qrwhg e| +Zrrgirug 4<<<,/ Vhfwlrq 814/ xqghu srolf| uxohv
wkdw ghshqg vroho| rq wkh ixqgdphqwdo vkrfnv1 Wkh lqghwhuplqdf| phdqv
wkdw wkhuh dovr h{lvw rwkhu w|shv ri UHH zklfk fdq/ iru h{dpsoh/ ghshqg rq
vxqvsrwv l1h1 h{wudqhrxv yduldeohv d�hfwlqj wkh UHH rqo| yld h{shfwdwlrqv19

Wklv vwurqj lqvwdelolw| uhvxow udlvhv wkh txhvwlrq ri zkhwkhu wkhuh duh
dowhuqdwlyh prqhwdu| srolf| uxohv wkdw duh urexvw wr ohdvw vtxduhv ohduqlqj
dqg wkdw lpsohphqw wkh rswlpdo srolf| zlwkrxw frpplwphqw1

8Xvlqj +44,/ d pruh uh�qhg lqwxlwlrq fdq eh ghyhorshg iru wkh fdvh �*. � ? 41
9Wklv lv hdvlo| vhhq iurp wkh frh!flhqw pdwul{ ri wkh h{shfwdwlrqv lq +44,1 Wklv pdwul{

kdv rqh urrw lqvlgh dqg wkh rwkhu urrw rxwvlgh wkh xqlw flufoh dqg wkhuh duh qr suhghwhuplqhg
yduldeohv lq wkh prgho1
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516 Dq H{shfwdwlrqv Edvhg Rswlpdo Uxoh

Wkh lqvwdelolw| sureohp ri wkh suhfhglqj vhfwlrq uhvxowhg iurp wkh lpsolflw
dvvxpswlrq e| wkh srolf| pdnhu wkdw sulydwh djhqwv kdyh shuihfwo| udwlrqdo
h{shfwdwlrqv dw hyhu| srlqw lq wlph1 Li wkhuh lv d fkdqfh wkdw wkh| duh qrw
ixoo| udwlrqdo lw zrxog vhhp qdwxudo lqvwhdg wr edvh srolf| lq sduw gluhfwo|
rq h{shfwdwlrqv ri sulydwh djhqwv1 Lq wklv vhfwlrq zh dvvxph wkdw wkhvh h{0
shfwdwlrqv duh revhuydeoh dqg frqvlghu d srolf| uxoh wkdw ghshqgv sduwo| rq
wkhp1:

Wkh uhohydqw srolf| uxoh lv rewdlqhg e| vroylqj iru �| iurp vwuxfwxudo htxd0
wlrqv +4,/ +5, dqg wkh rswlpdolw| frqglwlrq +9,1 Zh rewdlq

�| ' Bf n BZ 	.|Z|n� n B% 	.|%|n� n B}}| n B��|c +4:,

zkhuh wkh frh!flhqwv duh

Bf ' �Eb2 n k�3�)3�Eb7Z n k7%�c

BZ ' � n Eb2 n k�3�)3�bq

B% ' )3�

B} ' )3�

B� ' Eb2 n k�3�)3�b�

Vlqfh wklv uxoh vdwlv�hv wkh vwdwlf rswlpdolw| frqglwlrq +9,/ wkh srolf| lv lq
idfw rswlpdo wdnlqj wkh h{shfwdwlrqv ri sulydwh djhqwv dv jlyhq1; Zh zloo uhihu
wr +4:, dv wkh h{shfwdwlrqv edvhg rswlpdo uxoh1

Wkh uhgxfhg irup lv�
Z|

%|

�
'

�
qkEb2 n k�3� f
�qbEb2 n k�3� f

��
	.|Z|n�

	.|%|n�

�
+4;,

n

� �)Bfb
�)Bf

�
n

�
�� )B�b
�)B�

�
�|�

Zh qrz wxuq wr wkh txhvwlrq zkhwkhu wkh hfrqrp| zloo frqyhujh wr wkh UHH
zkhq sulydwh djhqwv iroorz ohdvw vtxduhv ohduqlqj dv deryh1 Wkh shufhlyhg odz

:Dowhuqdwlyho|/ li wkh srolf| pdnhu nqrzv wkh ohduqlqj uxohv ri sulydwh djhqwv/ lw fdq
lqihu wkh h{shfwdwlrqv iurp rwkhu revhuyhg gdwd1

;Uhfdoo wkdw zh duh ljqrulqj wkh srvvlelolw| wkdw wkh jryhuqphqw pljkw dwwhpsw wr
h{sorlw wkh ohduqlqj uxoh ri wkh sulydwh djhqwv1
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ri prwlrq ri wkh sulydwh djhqwv lv dv ehiruh/ dqg lv wkxv jlyhq e| htxdwlrqv
+47, dqg +48,1 Xvlqj +4,/ +5, dqg +4:, zlwk wkh vshfl�hg frh!flhqwv zh jhw

%| ' Eb2 n k�3�Eb7Z n k7%� bq@��� bEb2 n k�3�Eq&� n ���| +4<,

Z| ' q@� n b2Eb2 n k�3�Eb7Z n k7%� q@�� +53,

nEq&� n ��E�� b2Eb2 n k�3���|�

Wkxv wkh pdsslqj iurp wkh shufhlyhg wr wkh dfwxdo odz ri prwlrq wdnhv wkh
irup

@W� '
b

b2 n k
Eb7Z n k7%� n

k

b2 n k
q@�

&W� ' 4
k

b2 n k
E� n q&��

@W2 '
�

b2 n k
Eb7Z n k7%� bq@��

&W2 ' �4
b

b2 n k
E� n q&���

Zulwlqj

E@W�c &
W

�c @
W

2c &
W

2� ' A.�E@�c &�c @2c &2�c

H0vwdelolw| lv gh�qhg/ dv ehiruh/ e| wkh gl�huhqwldo htxdwlrq

_

_�
E@�c &�c @2c &2� ' A.�E@�c &�c @2c &2�� E@�c &�c @2c &2�� +54,

Djdlq wkhuh duh wzr lqghshqghqw olqhdu vxev|vwhpv iru E@�c @2� dqg E&�c &2�
zlwk vorsh frh!flhqw pdwulfhv

(A.�c@ � U '

�
qEk*Eb2 n k��� � f
�qb*Eb2 n k� ��

�
dqg

(A.�c& � U '

�
qEk*Eb2 n k��4� � f
�qb4*Eb2 n k� ��

�
�

Lw fdq eh uhdglo| yhul�hg wkdw erwk ri wkhvh vxev|vwhpv duh joredoo| vwdeoh1
Lq wkh dsshqgl{ zh vkrz wkdw wklv lpsolhv frqyhujhqfh xqghu ohdvw vtxduhv
ohduqlqj=
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Sursrvlwlrq 6 Wkh UHH ri wkh hfrqrp| xqghu wkh h{shfwdwlrqv edvhg rswl0
pdo uxoh dqg ohdvw vtxduhv ohduqlqj e| sulydwh djhqwv lv vwdeoh iru doo sdudphwhu
ydoxhv/ l1h1 wkh hfrqrp| frqyhujhv doprvw vxuho| wr wkh UHH wkdw fruuhvsrqgv
wr wkh rswlpdo prqhwdu| srolf| zlwkrxw frpplwphqw1<

D sduwldo lqwxlwlrq iru wklv uhvxow lv wkdw/ iru h{dpsoh/ dq lqfuhdvh lq 	.|Z|n�

ohdgv wr dq lqfuhdvh lq �| zklfk pruh wkdq r�vhwv wkh gluhfw h�hfw ri 	.|Z|n�

rq %| vlqfh BZ : �1 Lq hfrqrplf whupv wkh uhdo lqwhuhvw lv lqfuhdvhg zklfk
uhgxfhv wkh rxwsxw jds1 Olnhzlvh/ wkh h{shfwdwlrqv edvhg uxoh wljkwhqv srolf|
lq wkh idfh ri kljkhu 	.|%|n�1 Wkh uxoh +4:, zlwk wkh vshfl�hg sdudphwhu ydoxhv
vxffhhgv lq jxlglqj wkh h{shfwdwlrqv ri sulydwh djhqwv dqg wkh hfrqrp| wr
wkh rswlpdo UHH1

Lw lv dovr eh hdvlo| yhul�hg wkdw wkh UHH lv ghwhuplqdwh xqghu wklv srolf|
uxoh=

Sursrvlwlrq 7 Wkh UHH ri wkh hfrqrp| xqghu wkh h{shfwdwlrqv edvhg rswl0
pdo uxoh lv ghwhuplqdwh1

Wklv uhvxow iroorzv iurp qrwlqj wkdw erwk urrwv ri wkh frh!flhqw pdwul{ ri
wkh h{shfwdwlrqv whup lq +4;, duh lqvlgh wkh xqlw flufoh1 Wklv sursrvlwlrq
hvwdeolvkhv wkdw xqghu wkh srolf| uxoh +4:, wkhuh lv d xqltxh UHH1 Wklv uhvxow
frqwudvwv vkduso| zlwk wkh �qglqjv ri +Ehuqdqnh dqg Zrrgirug 4<<:, zkr
dovr frqvlghuhg srolflhv wkdw ghshqg rq sulydwh h{shfwdwlrqv1 Wkh nh| wr
rxu uhvxowv lv wkdw wkh srolf| uxoh +4:, xvhv wkh hfrqrplf vwuxfwxuh dqg doo
dydlodeoh lqirupdwlrq143

Ri frxuvh/ irupxodwlqj wkh rswlpdo h{shfwdwlrqv edvhg uxoh uhtxluhv nqrzo0
hgjh ri wkh vwuxfwxudo sdudphwhuv1 Wkhuh duh wzr srlqwv wr eh pdgh1 Iluvw/
li wkh srolf| pdnhuv iroorz wkh uxoh +4:, zlwk sdudphwhuv ghyldwlqj iurp wkh
vshfl�hg ydoxhv e| vpdoo dprxqwv/ wkh hfrqrp| zloo frqyhujh ryhu wlph wr
dq UHH zklfk ghyldwhv iurp wkh rswlpxp e| vpdoo dprxqwv1 Vhfrqg/ wkh
srolf| pdnhu frxog wu| wr ohduq wkh wuxh ydoxhv ri wkh vwuxfwxudo sdudphwhuv1
Wklv udlvhv wkh lvvxh ri zkhwkhu vlpxowdqhrxv ohduqlqj e| sulydwh djhqwv dqg
wkh srolf| pdnhu fdq vwloo ohdg wkh hfrqrp| wr frqyhujh wr wkh rswlpdo UHH1
Zh wdnh wklv xs lq wkh qh{w vhfwlrq1 Ehiruh grlqj vr/ zh frqvlghu rqh rwkhu
irupxodwlrq ri rswlpdo prqhwdu| srolf|1

<Lq idfw/ irupdoo| wkh frqyhujhqfh ri ohduqlqj lv hyhq joredo/ l1h1 lw kdsshqv iru doo
lqlwldo sdudphwhu hvwlpdwhv1 Vlqfh wkh hfrqrplf prgho lv edvhg rq d orfdo olqhdul}dwlrq zh
gr qrw hpskdvl}h joredo vwdelolw| lq wkh sursrvlwlrq1

43Zh dvvxph dv d vlpsol�fdwlrq wkdw sulydwh djhqwv gr qrw dfw vwudwhjlfdoo| lq iruhfdvw0
lqj/ hyhq wkrxjk wkhlu iruhfdvwv hqwhu wkh uxoh +4:, ri wkh srolf| pdnhu1
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517 Dq Dowhuqdwlyh H{shfwdwlrqv Edvhg Uxoh

Uhwxuqlqj rswlpdo srolf| xqghu UH glvfxvvhg lq Vhfwlrq 514 lw zdv srlqwhg
rxw wkdw rswlpdo prqhwdu| srolf| +zlwkrxw frpplwphqw, fdq dovr eh zulwwhq
lq wkh irup +43,1 Wklv irup zklfk lv riwhq hpskdvl}hg e| +Fodulgd/ Jdol/ dqg
Jhuwohu 4<<<,/ vxjjhvwv dq dowhuqdwlyh h{shfwdwlrqv edvhg srolf| uxoh lq zklfk
udwlrqdo h{shfwdwlrqv .|Z|n� lv uhsodfhg e| revhuyhg sulydwh h{shfwdwlrqv
	.|Z|n�/ l1h1

�| ' �E�� 4�b

4k)
7@� n E� n

E�� 4�b

4k)
� 	.|Z|n� n )3�}|� +55,

Zh qrwh wkdw wkh ghulydwlrq ri wklv uxoh pdnhv xvh ri vrph udwlrqdo h{shfwd0
wlrqv dvvxpswlrqv zklfk holplqdwh wkh h{shfwdwlrqv ri wkh rxwsxw jds1 Lw lv
ri lqwhuhvw wr nqrz wkh surshuwlhv ri wklv uxoh1

Wkh uhgxfhg irup lv qrz�
Z|

%|

�
'

�
q � E�� 4�b2*4k b
�E�� 4�b*4k �

��
	.|Z|n�

	.|%|n�

�

n

� �7@�E�� 4�b2*4k
�7@�E�� 4�b*4k

�
n

�
�
f

�
�|�

Lw fdq eh yhul�hg wkdw wkh UHH lv H0vwdeoh/ vr wkdw rswlpdo prqhwdu| srolf|
zrxog dovr eh rewdlqhg dv|pswrwlfdoo| xqghu wklv h{shfwdwlrqv edvhg uxoh1
Wklv vwdelolw| uhvxow vkrzv wkh lpsruwdqfh ri vwurqj srvlwlyh ihhgedfn iurp
sulydwh lq dwlrq h{shfwdwlrqv wr lqwhuhvw udwhv1

Ghvslwh wkh vwdelolw| uhvxow wklv dowhuqdwlyh uxoh lv ohvv dsshdolqj wkdq rxu
sursrvhg uxoh +4:,1 Iluvw/ wkh rswlpdo UHH xqghu wkh dowhuqdwlyh uxoh lv qrw
qhfhvvdulo| ghwhuplqdwh1 Lqghwhuplqdf| lqyduldeo| dulvhv iru ydoxhv ri 4 forvh
wr }hur1 Wklv uh hfwv wkh yhu| odujh uhdfwlrq ri wkh lqwhuhvw udwh wr lq dwlrq
h{shfwdwlrqv/ vhh +43, ru +55,1 Vhfrqg/ wkh odujh frh!flhqw iru vpdoo m4m lv
wurxeolqj iru dqrwkhu uhdvrq= li 4 lv qrw nqrzq h{dfwo| dqg uhsodfhg e| dq
hvwlpdwh/ wkhq vpdoo hvwlpdwlrq huuruv fdxvh odujh ghyldwlrqv iurp rswlpdo
UHH1 Ilqdoo|/ wkh srolf| uxoh +55, odfnv wkh �vwdwlf� rswlpdolw| surshuw| ri
+4:,1 Wkh odwwhu lv h{solflwo| rewdlqhg dv wkh uxoh zklfk plqlpl}hv wkh srolf|
pdnhu*v shulrg remhfwlyh ixqfwlrq iru doo jlyhq sulydwh h{shfwdwlrqv 	.|Z|n�

dqg 	.|%|n�1 Iru wkhvh uhdvrqv zh irfxv rq +4:, lq wkh uhvw ri wkh sdshu1
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6 Ohduqlqj e| wkh Srolf| Pdnhu
Zh qrz frqvlghu dq h{whqvlrq ri wkh dqdo|vlv lq zklfk wkh nh| vwuxfwxudo
sdudphwhu ydoxhv duh xqnqrzq1 Wkh srolf| pdnhu lv dvvxphg wr nqrz wkh
vwuxfwxuh ri wkh hfrqrp| exw pxvw hvwlpdwh wkh sdudphwhu ydoxhv xvlqj re0
vhuyhg gdwd144 Lq rughu wr pdnh wkh hvwlpdwlrq sureohp pruh uhdolvwlf zh
lqwurgxfh xqrevhuyhg vkrfnv wr wkh prgho +4,/ +5,1

Wkh LV dqg Skloolsv fxuyhv wkxv wdnh wkh irup

%| ' �)E�| � 	.|Z|n�� n 	.|%|n� n }| n e%c| +56,

Z| ' b%| n q 	.|Z|n� n �| n eZc|c +57,

zkhuh qrz %|c Z|c e%c| dqg eZc| duh qrw revhuydeoh dw wlph |1 }|c �| duh revhuy0
deoh dw | dqg %|c Z| duh revhuyhg zlwk d odj1 e%c|c eZc| duh lqghshqghqw zklwh
qrlvh dqg }|c �|c e%c|c eZc| duh h{rjhqrxv dqg pxwxdoo| lqghshqghqw1 Wkh sul0
ydwh h{shfwdwlrqv duh dvvxphg wr eh revhuydeoh1 Zh dovr dvvxph wkdw wkh
glvfrxqw idfwru qc d sdudphwhu vkduhg e| sulydwh djhqwv dqg wkh srolf| pdnhu/
lv nqrzq1 kc 7Zc 7% lq wkh remhfwlyh ixqfwlrq duh/ ri frxuvh/ wdnhq wr eh nqrzq1
Krzhyhu/ wkh nh| vwuxfwxudo sdudphwhuv ) dqg b pxvw eh hvwlpdwhg1

Wr frpsohwh wkh ghvfulswlrq ri wkh h{whqghg prgho zh pxvw vshfli| wkh
ehkdylru ri wkh srolf| pdnhu1 Wkh remhfwlyh ixqfwlrq +8, uhpdlqv dv ehiruh/
exw zlwk rxu fxuuhqw lqirupdwlrqdo dvvxpswlrqv wkh �uvw rughu frqglwlrq eh0
frphv

bE.|Z| � 7Z� n kE.|%| � 7%� ' f� +58,

Lw fdq eh yhul�hg wkdw zlwk wkh xqrevhuyhg vkrfnv wkh UH vroxwlrq wdnhv
wkh irup

Z| ' 7@� n 7_��| n be%c| n eZc|

%| ' 7@2 n 7_2�| n e%c|c

zkhuh wkh sdudphwhu ydoxhv duh jlyhq lq +:, dqg +;,1 Wkh ixqgdphqwdov irup
ri wkh UH0rswlpdo uxoh uhpdlqv xqfkdqjhg/ l1h1 lw wdnhv wkh irup +<, dqg wkh
h{shfwdwlrqv edvhg uxoh frqwlqxhv wr eh ri wkh irup +4:,1

44Wkxv lq frqwudvw wr +Vdujhqw 4<<<, rxu srolf| pdnhu hvwlpdwhv d fruuhfwo| vshfl�hg
vwuxfwxudo prgho1
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Zh qrz wxuq wr wkh irupxodwlrq ri ohduqlqj1 Wkh sulydwh djhqwv iruhfdvw
ixqfwlrqv kdyh wkh vdph irup dv ehiruh +45, dqg +46,/ zkhuh wkh sdudphwhuv
duh hvwlpdwhg e| ohdvw vtxduhv1 Dw dq| jlyhq wlph/ wkh djhqwv uxq uhjuhvvlrqv
xvlqj wkh dydlodeoh gdwd dqg wkhuhiruh wkh| xsgdwh wkhlu sdudphwhu hvwlpdwhv
hdfk shulrg dv qhz gdwd ehfrph dydlodeoh1 Lq olqh zlwk wkh olwhudwxuh rq ohdvw
vtxduhv ohduqlqj zh jlyh wkh h{solflw htxdwlrqv lq uhfxuvlyh irup145

Ohw

1�c| '

�
@�c|
&�c|

�
c 12c| '

�
@2c|
&2c|

�
c L| '

�
�
�|

�
c

vr wkdw wkh iruhfdvwv fdq eh zulwwhq dv 	.|Z|n� ' 1��c|L| dqg 	.|%|n� ' 1�2c|L|1
Xqghu uhfxuvlyh ohdvw vtxduhv +UOV, ohduqlqj wkh sdudphwhu yhfwruv duh xs0
gdwhg dffruglqj wr wkh irupxodh

1�c| ' 1�c|3� n |3�-3�Lc|3�L|32EZ|3� � 1��c|3�L|32�

12c| ' 12c|3� n |3�-3�Lc|3�L|32E%|3� � 1�2c|3�L|32�

-Lc| ' -Lc|3� n |3�EL|3�L
�

|3� �-Lc|3���

Wklv uhfxuvlrq uhtxluhv vwduwlqj ydoxhv iru wkh sdudphwhuv dw wlph | ' f dqg
lw lv zhoo0nqrzq wkdw iru dssursuldwh vwduwlqj ydoxhv UOV lv htxlydohqw wr
wkh vwdqgdug ohdvw vtxduhv irupxod1 Lq wkh irupxodwlrq deryh wkh sdudphwhu
hvwlpdwhv dw wlph | xvh gdwd wkurxjk shulrg | � �146 Wkh wlph | iruhfdvwv
gr/ krzhyhu/ xvh wkh fxuuhqw revhuydwlrq ri wkh h{rjhqrxv yduldeoh �|1 Qrwh
wkdw wkh surfhgxuh xvhg e| sulydwh djhqwv hvwlpdwhv wkh sdudphwhuv ri wkh
uhgxfhg irup/ zklfk lv doo wkdw lv uhtxluhg iru iruhfdvwlqj sxusrvhv1

Wkh srolf| pdnhu xvhv UOV wr hvwlpdwh wkh vwuxfwxudo sdudphwhuv )c b
dqg 4/ zklfk duh uhtxluhg iru vhwwlqj rswlpdo prqhwdu| srolf|1 Ohw

+�c| ' %| � 	.|%|n� � }|

+2c| ' Z| � q 	.|Z|n� � �|

o| ' �| � 	.|Z|n��

45Wkh jhqhudo dssurdfk xvhg khuh zdv lqwurgxfhg e| +Pdufhw dqg Vdujhqw 4<;<,1 Vhh
+Hydqv dqg Krqndsrkmd 4<<<, iru d uhfhqw vxuyh| dqg +Hydqv dqg Krqndsrkmd 5334, iru
d ghwdlohg wuhdwphqw1

46Wklv lv frpprq sudfwlfh lq wkh olwhudwxuh1 Lqfoxglqj fxuuhqw gdwd zrxog fuhdwh d
vlpxowdqhlw| frpsolfdwlrq zklfk lv frqyhqlhqw wr dyrlg dqg zrxog qrw dowhu wkh fhqwudo
uhvxowv1
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Ehfdxvh o| ghshqgv gluhfwo| rqo| rq wkh yduldeohv }| dqg �|/ dqg %| ghshqgv
rqo| rq }|/ �| dqg e%c|/ frqvlvwhqw hvwlpdwhv ri ) dqg b fdq eh rewdlqhg e|
uhjuhvvlrqv ri +�c| rq o| dqg +2c| rq %|/ uhvshfwlyho|147 Wkxv wkh srolf| pdnhu
xvhv ohdvw vtxduhv wr hvwlpdwh

+�c| ' �)E�| � 	.|Z|n�� n e%c| dqg

+2c| ' b%| n eZc|�

Li uhtxluhg/ d frqvlvwhqw hvwlpdwh ri 4 fdq ri frxuvh eh rewdlqhg e| d uhjuhvvlrq
ri �| rq �|3�148

Lq uhfxuvlyh irup wklv ehfrphv49

	)| ' 	)|3� n |3�-3�oc|3�o|3�E+�c|3� n 	)|3�o|3��

-oc| ' -oc|3� n |3�Eo2|3� �-oc|3��

	b| ' 	b|3� n |3�-3�%c|3�%|3�E+2c|3� � 	b|3�%|3��

-%c| ' -%c|3� n |3�E%2|3� �-%c|3��

	4| ' 	4|3� n |3�-3��c|3��|3�E�| � 	4|3��|3��

-�c| ' -�c|3� n |3�E�2| �-�c|3���

Lw uhpdlqv wr vshfli| wkh prqhwdu| srolf| uxohv1 Wkh ixqgdphqwdov irup
ri wkh UH0rswlpdo uxoh edvhg rq hvwlpdwhg sdudphwhuv wdnhv wkh irup

�| ' 	@�c| n 	�|�| n 	)3�| }|c +59,

zkhuh 	@�c| '
	b|E	b|7Z n k7%�

kE�� q� n 	b
2

|

dqg 	�| '
E�� 	4|�	b| n k	4|	)|

	)|dkE�� 	4|q� n 	b
2

| o
�

Wkh h{shfwdwlrqv edvhg rswlpdo srolf| uxoh zlwk hvwlpdwhg vwuxfwxudo sdudp0
hwhuv lv

�| ' 	Bfc| n 	BZc| 	.|Z|n� n 	B%c| 	.|%|n� n 	B}c|}| n 	B�c|�|c +5:,

47Li h{>w dqg h�>w zhuh fruuhodwhg wkhq dq lqvwuxphqwdo yduldeoh hvwlpdwru zrxog eh
qhhghg wr rewdlq d frqvlvwhqw hvwlpdwru ri �1

48Dq hvwlpdwh ri � lv qhhghg iru wkh UH0rswlpdo srolf| exw qrw iru wkh h{shfwdwlrqv
edvhg rswlpdo srolf|1

49Wkh irupxodwlrqv iru a*w dqg a�w ydu| voljkwo| iurp ohdvw vtxduhv vlqfh zh kdyh dvvxphg
wkdw zh kdyh lqwurgxfhg dq dgglwlrqdo odj lq wkh htxdwlrqv iru Uu>w dqg U{>w1 Wklv lv
frqyhqlhqw iru h{suhvvlqj wkh v|vwhp lq vwdqgdug irup dv d vwrfkdvwlf uhfxuvlyh dojrulwkp1
Qrwh wkdw wkh uhjuhvvlrq ri |4>w rq uw jlyhv dq hvwlpdwh ri �*1 Wklv h{sodlqv wkh soxv lq
iurqw ri a*w�4 lq wkh �uvw uhfxuvlrq ehorz1
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zkhuh wkh frh!flhqwv duh

	Bfc| ' �E	b
2

| n k�3�	)3�| E	b|7Z n k7%�c

	BZc| ' � n E	b
2

| n k�3�	)3�|
	b|q

	B%c| ' 	)3�|
	B}c| ' 	)3�|
	B�c| ' E	b

2

| n k�3�	)3�|
	b|�

Jlyhq sdudphwhu hvwlpdwhv dqg iruhfdvwv/ wkh whpsrudu| htxloleulxp lv gh0
whuplqhg e| +56,/ +57, dqg wkh srolf| uxoh +59, ru +5:,/ uhvshfwlyho|1

Lq wkh dsshqgl{ zh ghprqvwudwh wkh iroorzlqj uhvxow=

Sursrvlwlrq 8 Vxssrvh wkdw erwk wkh srolf| pdnhu dqg wkh sulydwh djhqwv duh
ohduqlqj zlwk sdudphwhu hvwlpdwhv xsgdwhg dffruglqj wr wkh UOV dojrulwkpv
vshfl�hg deryh1 Wkhq
+l, Li srolf| pdnhuv iroorz wkh ixqgdphqwdov irup ri wkh UH0rswlpdo uxoh
+59,/ wkh UHH lv xqvwdeoh iru doo sdudphwhu ydoxhv1
+ll, Li srolf| pdnhuv iroorz wkh h{shfwdwlrqv edvhg rswlpdo uxoh +5:, wkhq/
iru doo sdudphwhu ydoxhv/ wkh hvwlpdwhv E	)|c 	b|� frqyhujh orfdoo| wr E)c b�/ wkh
h{shfwdwlrqv ri sulydwh djhqwv frqyhujh orfdoo| wr UH ydoxhv/ dqg wkh hfrqrp|
frqyhujhv orfdoo| wr wkh UHH wkdw fruuhvsrqgv wr wkh rswlpdo prqhwdu| srolf|
zlwkrxw frpplwphqw1

Wkh qrwlrq ri orfdo frqyhujhqfh kdv vhyhudo suhflvh lqwhusuhwdwlrqv/ dv
glvfxvvhg lq wkh dsshqgl{1 Lw lv qrw vxusulvlqj wkdw frqyhujhqfh lv qrw jxdu0
dqwhhg xqohvv wkh srolf| pdnhu kdv vrph d sulrul lqirupdwlrq frqfhuqlqj wkh
srvvleoh ydoxhv ri wkh vwuxfwxudo sdudphwhuv1 Sursrvlwlrq 8 vkrzv wkdw wkh
ixqgdphqwdo frqwudvw ehwzhhq wkh lqvwdelolw| uhvxow lq sduw +l, dqg wkh vwd0
elolw| uhvxow lq sduw +ll, frqwlqxhv wr krog zkhq wkh srolf| pdnhu lv ohduqlqj
wkh vwuxfwxuh ri wkh hfrqrp|1

Rxu uhvxowv looxvwudwh wkh srwhqwldo ihdvlelolw| ri rswlpdo prqhwdu| srolf|
zkhq sulydwh h{shfwdwlrqv duh revhuydeoh dqg wkh uxoh lv irupxodwhg wr uhdfw
wr wkhvh h{shfwdwlrqv1 Hyhq zkhq wkh vwuxfwxudo sdudphwhuv duh xqnqrzq wr
srolf| pdnhuv dqg djhqwv duh qrw hqgrzhg zlwk udwlrqdo h{shfwdwlrqv/ wkh
hfrqrp| lv +orfdoo|, vwdeoh zkhq erwk sduwlhv iroorz qdwxudo surfhgxuhv wr
hvwlpdwh wkh nh| sdudphwhuv1
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7 H{whqvlrqv
Lq wklv vhfwlrq zh wdnh xs vhyhudo h{whqvlrqv1 Iluvw zh vkrz wkdw rxu fhqwudo
uhvxowv h{whqg wr yduldwlrqv lq wkh ohduqlqj uxohv xvhg e| sulydwh djhqwv1 Qh{w
zh h{dplqh wkh urexvwqhvv ri rxu uhvxowv wr revhuydwlrq huuruv1 Ilqdoo|/ zh
frqvlghu d qxpehu ri yduldwlrqv wr wkh prgho ru wkh irupxodwlrq ri prqhwdu|
srolf|1 Iru vlpsolflw|/ lq wklv vhfwlrq zh dvvxph wkh srolf| pdnhu nqrzv wkh
wuxh sdudphwhu ydoxhv1

714 Dowhuqdwlyh Ohduqlqj Uxohv

Dowkrxjk wkh olwhudwxuh rq dgdswlyh ohduqlqj lq vwrfkdvwlf prghov kdv irfxvhg
rq ohdvw vtxduhv ohduqlqj/ d qxpehu ri dowhuqdwlyhv kdyh dovr ehhq frqvlghuhg1
Zh khuh vkrz wkdw rxu nh| uhvxowv duh qrw olplwhg wr wkh ohdvw vtxduhv iudph0
zrun14:

Zh �uvw frqvlghu ohduqlqj edvhg rq VJ +vwrfkdvwlf judglhqw, dojrulwkpv1
Wkhvh kdyh ehhq sursrvhg e|/ dprqj rwkhuv/ +Vdujhqw 4<<6, dqg +Nxdq dqg
Zklwh 4<<7,1 Wklv dojrulwkp dwwhpswv wr plqlpl}h wkh h{shfwhg vxp ri
vtxduhg iruhfdvw huuruv1 Lq wkh fxuuhqw frqwh{w/ sulydwh djhqwv zrxog xsgdwh
sdudphwhuv dffruglqj wr

1�c| ' 1�c|3� n |3�L|32EZ|3� � 1��c|3�L|32�

12c| ' 12c|3� n |3�L|32E%|3� � 1�2c|3�L|32��

Wklv dojrulwkp lv vlpsohu wkdq UOV lq wkdw wkhvh xsgdwlqj htxdwlrqv duh
qrw ghshqghqw rq wkh pdwul{ ri vhfrqg prphqwv ri wkh uhjuhvvru L|1 Iru
uhjuhvvlrq vhw0xsv zlwk �{hg sdudphwhuv dqg vwdqgdug dvvxpswlrqv/ wkh VJ
dojrulwkp zloo surylgh frqvlvwhqw hvwlpdwhv ri wkh sdudphwhuv/ wkrxjk lw grhv
qrw srvvhvv wkh rswlpdolw| surshuwlhv ri ohdvw vtxduhv1 Lw grhv/ krzhyhu/ kdyh
wkh dgydqwdjh ri ehlqj vlpsohu dqg idvwhu wr frpsxwh wkdq ohdvw vtxduhv1

Wkh dqdo|vlv lq +Hydqv dqg Krqndsrkmd 4<<;, fdq eh dssolhg khuh1 Lw lv
vkrzq wkhuh wkdw wkh frqyhujhqfh frqglwlrqv iru VJ ohduqlqj iru d fodvv ri
prghov lv jlyhq e| wkh H0vwdelolw| frqglwlrqv wkdw dovr jryhuq frqyhujhqfh ri
ohdvw vtxduhv ohduqlqj1 +Wkh iudphzrun ri +Hydqv dqg Krqndsrkmd 4<<;, kdv

4:Lw fdq eh vkrzq wkdw wkh vwdelolw| uhvxowv lq Sursrvlwlrqv 6 dqg 8 dovr krog iru rwkhu
vwdelolw| fulwhuld xqghu ohduqlqj wkdw kdyh ehhq sursrvhg lq wkh olwhudwxuh1 Iru h{dpsoh/
wkh UHH lv erwk vwurqjo| dqg lwhudwlyho| H0vwdeoh/ vhh h1j1 +Hydqv dqg Krqndsrkmd 5334,/
Fkdswhuv < dqg 48 iru wkhvh frqfhswv1
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h{shfwdwlrqv ri fxuuhqw udwkhu wkdq ixwxuh yduldeohv1 Krzhyhu/ ehfdxvh khuh
zh frqvlghu UH vroxwlrqv ri dq dqdorjrxv irup/ wkh vdph dujxphqw fdq eh
dssolhg1, Lw iroorzv wkdw erwk rxu lqvwdelolw| dqg vwdelolw| uhvxowv fduu| ryhu
wr VJ ohduqlqj1

Dv d vhfrqg h{dpsoh/ zh frqvlghu d vlpsoh plvvshfl�hg ohduqlqj uxoh1
Vxssrvh wkdw sulydwh djhqwv ljqruh wkh ghshqghqfh ri Z| dqg %| rq �| dqg
iruhfdvw hdfk yduldeoh xvlqj vlpsoh dyhudjhv1 Irupxodwlqj wklv uhfxuvlyho| zh
kdyh 	.|Z|n� ' @�c| dqg 	.|%|n� ' @2c| zkhuh

@�c| ' @�c|3� n |3�EZ|3� � @�c|3��c

@2c| ' @2c|3� n |3�E%|3� � @2c|3���

Dv lq Vhfwlrq 6 wklv fdq eh vhw xs dv d vwrfkdvwlf uhfxuvlyh dojrulwkp1 Lw lv
vwudljkwiruzdug wr vkrz wkdw wkh v|vwhp uhpdlqv xqvwdeoh xqghu wkh ixqgd0
phqwdov edvhg prqhwdu| srolf| uxoh dqg wkdw wkh hfrqrp| lv vwdeoh xqghu
wkh h{shfwdwlrqv edvhg srolf| uxoh1 Lq wkh odwwhu fdvh sulydwh h{shfwdwlrqv
E@�c|c @2c|� zloo frqyhujh wr E7@�c 7@2� dqg wkh hfrqrp| frqyhujhv wr d �uhvwulfwhg
shufhswlrqv htxloleulxp1�4; Lq wklv htxloleulxp sulydwh vhfwru h{shfwdwlrqv
duh htxdo wr wkh xqfrqglwlrqdo pdwkhpdwlfdo h{shfwdwlrqv ri Z| dqg %|1 Krz0
hyhu/ wkh| duh qrw ixoo| udwlrqdo +zkhq 4 9' f, vlqfh wkh| ljqruh wkh ghshq0
ghqfh rq �| dqg duh wkhuhiruh qrw htxdo wr wkh frqglwlrqdo pdwkhpdwlfdo
h{shfwdwlrqv1 Qhyhuwkhohvv/ wkh h{shfwdwlrqv edvhg srolf| uxoh frqwlqxhv wr
surylgh wkh rswlpdo prqhwdu| srolf| zlwkrxw frpplwphqw/ jlyhq wkh zd|
djhqwv irup wkhlu h{shfwdwlrqv1

715 Revhuydwlrq Huuruv

Zh qh{w frqvlghu wkh lvvxh ri revhuydwlrq huuruv/ vwduwlqj zlwk wkh fdvh lq
zklfk wkh h{rjhqrxv yduldeohv }|c �| duh vxemhfw wr phdvxuhphqw huuru1 Zh
xvh wkh vhw0xs +56,0+57,/ exw dvvxph wkdw srolf| pdnhuv nqrz wkh ydoxhv ri
wkh vwuxfwxudo sdudphwhu1 Iru vlpsolflw| zh uhvwulfw dwwhqwlrq wr wkh fdvh
zkhuh }| dqg �| duh vhuldoo| xqfruuhodwhg1 Vxssrvh wkdw wkh srolf| pdnhu
revhuyhv �}| dqg ��|/ zkhuh

�}| ' }| n 0|c zkhuh 0| � ��_Efc j20�

��| ' �| n �|c zkhuh �| � ��_Efc j2���

4;Wklv lv wkh whuplqrorj| zh xvh lq +Hydqv dqg Krqndsrkmd 5334,1 Wkh skudvh �vhoi0
frq�uplqj htxlolelxp� lv dovr xvhg/ h1j1 vhh +Vdujhqw 4<<<,1
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Surylghg wkh yduldqfhv duh nqrzq/ wkh srolf| pdnhu idfhv d vljqdo h{wudfwlrq
sureohp zlwk d vwudljkwiruzdug vroxwlrq1 Wkh olqhdu surmhfwlrq ri }| rq �}| lv
jlyhq e|

� d}| m �}|o ' l}�}|c zkhuh l} '
j2}

j2} n j20
�

Dqdorjrxvo|/ wkh olqhdu surmhfwlrq ri �| lv

� d�| m ��|o ' l���|c zkhuh l� '
j2�

j2� n j2�
�

Wkh �uvw rughu frqglwlrq iru rswlpdo srolf| lv djdlq jlyhq e| +58,1 Xqghu
rswlpdo srolf| wkh UHH wdnhv wkh irup

Z| ' @� n K�}| n S�0| n _��| n s��| n be%c| n eZc|

%| ' @2 n K2}| n S20| n _2�| n s2�| n e%c|c

zkhuh

@� ' 7@�c @2 ' 7@2

K� ' bE�� l}�c K2 ' �� l}
S� ' �bl}c S2 ' �l}

_� ' �� Ek n b2�3�b2l�c _2 ' �Ek n b2�3�bl�
s� ' _� � �c s2 ' _2�

Zh qrwh wkdw/ xqghu rswlpdo srolf|/ %| dqg Z| qrz uhvsrqg wr }| dv zhoo
dv �| vkrfnv ehfdxvh ri wkh phdvxuhphqw huuru1 Wkh dqdo|vlv ri ohduqlqj lv/
krzhyhu/ yluwxdoo| xqfkdqjhg dqg wkh nh| uhvxowv fduu| wkurxjk dv ehiruh=
wkh hfrqrp| lv xqvwdeoh xqghu wkh UH rswlpdo srolf| uxoh dqg vwdeoh xqghu
wkh h{shfwdwlrqv edvhg rswlpdo uxoh1

Dqrwkhu srwhqwldoo| lpsruwdqw frpsolfdwlrq dulvhv lq frqqhfwlrq zlwk wkh
h{shfwdwlrqv edvhg uxoh li sulydwh vhfwru h{shfwdwlrqv duh phdvxuhg zlwk hu0
uru1 Fohduo| wkh rswlpdolw| surshuwlhv ri rxu uxoh zrxog eh xqghuplqhg li
wkhvh huuruv duh vl}hdeoh/ exw zh fdq vkrz wkdw rxu uxoh lv urexvw wr vpdoo
phdvxuhphqw huuruv lq sulydwh h{shfwdwlrqv1 Wkxv vxssrvh wkdw wkh h{shfwd0
wlrqv edvhg srolf| uxoh +4:, lv prgl�hg wr eh

�| ' Bf n BZE 	.|Z|n� n �Zc|� n B%E 	.|%|n� n �%c|� n B}}| n B��|c
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zkhuh �Zc| dqg �%c| ghqrwh zklwh qrlvh phdvxuhphqw huuruv zlwk �qlwh ydul0
dqfhv1 Wkh sdudphwhu ydoxhv ri wkh uxoh duh xqfkdqjhg1 Iru sulydwh djhqwv
zh frqwlqxh wr dvvxph shufhlyhg odzv ri prwlrq ri wkh irup +47,0+48,1 Iru
wkh edvlf prgho +4,0+5, ri Vhfwlrq 516/ wkh vwrfkdvwlf surfhvvhv iru %| dqg Z|

jhqhudwhg e| wkhvh iruhfdvw uxohv dqg wklv srolf| uxoh duh jlyhq e| +4<,0+53,
dxjphqwhg e| dgglwlyh olqhdu whupv lq �%c| dqg �Zc|1 Wkh pdsslqj iurp wkh
shufhlyhg wr wkh dfwxdo odz ri prwlrq lv wkhuhiruh lghqwlfdo wr wkdw jlyhq lq
Vhfwlrq 5161 Wkhuhiruh wklv h{shfwdwlrqv edvhg srolf| uxoh uhpdlqv vwdeoh/
zlwk sulydwh djhqwv frqyhujlqj wr udwlrqdo h{shfwdwlrqv1 Wklv uhvxow krogv
hyhq li wkh revhuydwlrq huuruv �%c| dqg �Zc| duh odujh/ wkrxjk zlwk odujh revhu0
ydwlrq huuruv wkh uhvxowlqj htxloleulxp zrxog eh idu iurp rswlpdo1 Krzhyhu/
lw lv hdvlo| vhhq wkdw li �%c| dqg �Zc| kdyh vpdoo yduldqfhv wkhq wkh hfrqrp|
xqghu wkh h{shfwdwlrqv edvhg uxoh lv forvh wr wkh ryhudoo rswlpxp1

Wkh suhfhglqj sdudjudsk dvvxphg wkdw wkh srolf| pdnhuv nqrz wkh wuxh
vwuxfwxudo sdudphwhuv1 Li lqvwhdg wkh| hvwlpdwh vwuxfwxudo sdudphwhuv xvlqj
UOV dv lq Vhfwlrq 6 wkhuh lv wkh dgglwlrqdo frpsolfdwlrq wkdw/ zkloh 	b| uh0
pdlqv frqvlvwhqw/ wkh hvwlpdwru 	)| ehfrphv lqfrqvlvwhqw gxh wr phdvxuhphqw
huuru lq wkh uhjuhvvru o|1 Krzhyhu/ li �Zc| kdv d vpdoo yduldqfh wkhq wkh lq0
frqvlvwhqf| zloo eh vpdoo dqg wkh htxloleulxp zloo eh dssur{lpdwho| rswlpdo
dv|pswrwlfdoo|1 Dowhuqdwlyho|/ srolf| pdnhuv frxog rewdlq d frqvlvwhqw hvwl0
pdwh ri ) xvlqj uhfxuvlyh lqvwuxphqwdo yduldeohv zlwk odjjhg phdvxuhg o| dv
lqvwuxphqw1

Lq vxppdu|/ dowkrxjk revhuydwlrq huuruv ri wkh ixqgdphqwdo vkrfnv ru
sulydwh h{shfwdwlrqv lqwurgxfh frpsolfdwlrqv iru rxu sursrvhg srolf| uxoh/
zh kdyh vhhq wkdw wkhvh gl!fxowlhv fdq eh odujho| ryhufrph1 Wkh fdvh ri vxe0
vwdqwldo phdvxuhphqw huuruv lq sulydwh h{shfwdwlrqv lv vx!flhqwo| lpsruwdqw
wr zduudqw d vhsdudwh wuhdwphqw dqg lv wkh vxemhfw ri fxuuhqw uhvhdufk1

716 Rwkhu Gluhfwlrqv

71614 Rxwsxw Lqhuwld

D qxpehu ri yduldwlrqv ri wkh qhz Skloolsv fxuyh prgho kdyh ehhq wdnhq xs lq
wkh srolf| olwhudwxuh/ lqfoxglqj hqgrjhqrxv lq dwlrq dqg rxwsxw lqhuwld1 Zh
frqvlghu eulh | wkh pruh vwudljkwiruzdug fdvh ri rxwsxw shuvlvwhqfh gxh wr
frvwv ri dgmxvwphqw1 Dv vkrzq lq +Fodulgd/ Jdol/ dqg Jhuwohu 4<<<,/ Vhfwlrq
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9/ zlwk rxwsxw shuvlvwhqfh wkh LV fxuyh ehfrphv

%| ' �)E�| � 	.|Z|n�� n w%|3� n E�� w� 	.|%|n� n }|c +5;,

zkhuh f 	 w 	 �1 Wkh fruuhvsrqglqj h{shfwdwlrqv edvhg srolf| uxoh lv wkhq

�| ' Bf n BZ 	.|Z|n� n B%E�� w� 	.|%|n� n )3�w%|3� n B}}| n B��|c +5<,

zkhuh wkh sdudphwhuv B� iru � ' fc Zc %c }c � duh wkh vdph dv lq +4:,1 Zh
uhvwulfw dwwhqwlrq wr wkh fdvh 4 ' f/ dv gr +Fodulgd/ Jdol/ dqg Jhuwohu 4<<<,1
Lq wklv fdvh wkh sulydwh vhfwru iruhfdvwv xqghu udwlrqdo h{shfwdwlrqv duh ds0
sursuldwh frqvwdqwv1

Xqghu rxu uxoh +5<, wkh uhgxfhg irup lv

%| ' Eb2 n k�3�Eb7Z n k7%�� bq

k n b2
	.|Z|n�

Z| ' Eb2 n k�3�bEb7Z n k7%� n
qk

k n b2
	.|Z|n� n �|1

Dvvxplqj qrz wkdw djhqwv irup wkhlu iruhfdvw 	.|Z|n� dv wkh dyhudjh ri sdvw
lq dwlrq udwhv/ lw lv hdvlo| yhul�hg wkdw iruhfdvwv frqyhujh wr udwlrqdo h{shf0
wdwlrqv dqg wkh hfrqrp| frqyhujhv wr wkh rswlpdo htxloleulxp1 Wkxv rxwsxw
shuvlvwhqfh suhvhqwv qr gl!fxowlhv1 Wkh fdvh ri lq dwlrq shuvlvwhqfh lv pruh
frpsolfdwhg dqg lv wkhuhiruh rplwwhg1

71615 Srolf| Xqghu Olplwhg Frpplwphqw

Rxu glvfxvvlrq ri rswlpdo srolflhv kdv ehhq xqghu wkh dvvxpswlrq wkdw wkh
srolf| pdnhu grhv qrw kdyh frpplwphqw srzhu1 Wkh delolw| wr frpplw wr d
jlyhq uxoh udlvhv vhyhudo dgglwlrqdo lvvxhv/ dv glvfxvvhg Vhfwlrq 7 ri +Fodulgd/
Jdol/ dqg Jhuwohu 4<<<,1 Iru euhylw| zh dvvxph khuh wkdw 7% ' f ' 7Z/ vr wkdw
wkh fodvvlf lq dwlrqdu| eldv lvvxh grhv qrw dulvh1 Qhyhuwkhohvv/ frpplwphqw
fdq vwloo uhvxow lq jdlqv ryhu wkh glvfuhwlrqdu| htxloleulxp1

+Fodulgd/ Jdol/ dqg Jhuwohu 4<<<,/ Vhfwlrq 71514 dujxh wkdw d vlpsoh idplo|
ri uxohv |lhoglqj dq UHH ri wkh irup

%| ' /�|

fdq grplqdwh wkh rswlpxp zlwkrxw frpplwphqw1 +Qrwh wkdw zlwk 7% ' f ' 7Z
wkh rswlpdo UHH zlwkrxw frpplwphqw dovr kdv wklv irup1, Vxssrvh wkdw
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srolf| pdnhuv kdyh olplwhg frpplwphqw srzhu lq wkdw wkh| duh deoh rqo| wr
frpplw wr srolflhv wkdw wdnh wklv irup1 Wkh rswlpdo srolf| zlwk frpplwphqw
lq wklv fodvv lv irupdoo| lghqwlfdo wr wkh prgho zlwkrxw frpplwphqw zkhq wkh
uhodwlyh zhljkw rq rxwsxw k lv uhsodfhg e| d vpdoohu ydoxh kS ' kE��q4�1 Lw
lv wkxv dssduhqw wkdw rxu lqvwdelolw| dqg vwdelolw| uhvxowv fdq eh dssolhg iru
wklv idplo| ri uxohv zlwk olplwhg frpplwphqw1

Rswlpdo srolf| xqghu ixoo frpplwphqw srzhu grhv qrw jhqhudoo| kdyh
wklv irup/ dv hpskdvl}hg e| +Zrrgirug 4<<<,1 Wkh jhqhudo dqdo|vlv ri lvvxhv
udlvhg lq wklv sdshu iru prqhwdu| srolf| zlwk ixoo frpplwphqw zloo uhtxluh d
vhsdudwh vwxg|1

71616 Uxohv Edvhg rq Lq dwlrq dqg Rxwsxw Gdwd

D qdwxudo txhvwlrq wr dvn lv zkhwkhu lw lv srvvleoh wr ghylvh prqhwdu| srolf|
uxohv wkdw duh edvhg rq lq dwlrq dqg rxwsxw gdwd/ udwkhu wkdq rq revhuyhg
sulydwh h{shfwdwlrqv/ dqg zklfk duh vwdeoh xqghu ohduqlqj dqg ohdg wr wkh
rswlpdo srolf| zlwkrxw frpplwphqw1 Wkdw lv/ fdq rqh vlgh0vwhs wkh dssduhqw
qhhg wr revhuyh sulydwh h{shfwdwlrqv lq rughu wr lpsohphqw wkh rswlpdo srolf|
uxohB Wkhuh duh wzr vhsdudwh lvvxhv/ zklfk zh wdnh xs lq wxuq1

Iluvw/ lv lw srvvleoh xvlqj revhuyhg fxuuhqw gdwd wr lqihu wkh ydoxhv ri
sulydwh h{shfwdwlrqv dqg lqvhuw wkhp lqwr +4:, wr rewdlq dq rswlpdo srolf|
zklfk lv vwdeoh xqghu ohduqlqjB Wkhuh duh vhyhudo sureohpv zlwk wklv1 Wkh
prvw whoolqj gl!fxow| dulvhv ehfdxvh ri wkh vlpxowdqhlw| lpsolhg e| xvlqj
revhuydwlrqv rq %|c Z|c �|c �|c }| wr ghgxfh sulydwh h{shfwdwlrqv zkloh vhwwlqj
�| dv d ixqfwlrq ri wkhvh sulydwh h{shfwdwlrqv1 Frqvlghu wkh edvlf iudphzrun
+4,0+5, zlwk nqrzq vwuxfwxudo sdudphwhuv1 Xqghu wkh lqwhuhvw udwh uxoh +4:,
zh duh ohg wr d uhgxfwlr dg devxugxp= lw lv lpsrvvleoh wr lqihu wkh ydoxh ri
	.|%|n� ehfdxvh xqghu wkh uxoh +4:, wkh h�hfwv ri 	.|%|n� duh frpsohwho| r�vhw
dqg kdyh qr h�hfwv rq revhuydeohv14<

Zh gr qrw zlvk wr ryhuvwdwh wklv sduwlfxodu dujxphqw1 Zlwk dgglwlrqdo
dx{loldu| dvvxpswlrqv lw pd| eh srvvleoh wr ghgxfh wkh ydoxhv ri sulydwh
h{shfwdwlrqv iurp wkh klvwru| ri gdwd1 Iru h{dpsoh/ li lw zhuh nqrzq wkdw doo
djhqwv irup h{shfwdwlrqv e| iroorzlqj wkh ohdvw vtxduhv ohduqlqj uxohv wkdw
zh kdyh dqdo|}hg/ wkhq lw zrxog eh vwudljkwiruzdug wr xvh wklv lqirupdwlrq
wr lqihu 	.|Z|n� dqg 	.|%|n� dqg lpsohphqw +4:,1 Vxfk d srolf| zrxog eh
hqwluho| lq wkh vslulw ri wklv sdshu1 Exw zkhwkhu vxfk dq lqihuhqfh lv srvvleoh

4<Rwkhu sudfwlfdo gl!fxowlhv duh wkdw wkh ydoxhv ri vwuxfwxudo sdudphwhuv pd| eh xq0
nqrzq dqg wkdw wkhuh pd| eh xqrevhuyhg vkrfnv dv lq +56,0+57,1
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lv d gholfdwh pdwwhu wkdw ghshqgv rq ghwdlov ri wkh prgho/ wkh lqirupdwlrq
vwuxfwxuh dqg dx{loldu| dvvxpswlrqv1 Lw zrxog dsshdu suhihudeoh wr rewdlq
gluhfw revhuydwlrqv rq h{shfwdwlrqv1

Dqrwkhu txhvwlrq lv zkhwkhu mxglflrxv xvh ri wkh udwlrqdo h{shfwdwlrqv
dvvxpswlrq fdq eh xvhg wr vxevwlwxwh revhuydwlrqv ri dfwxdo lq dwlrq dqg
rxwsxw jds iru h{shfwhg lq dwlrq dqg h{shfwhg rxwsxw jds lq wkh rswlpdo
lqwhuhvw udwh uxoh1 Zh frqvlghu wzr srvvlelolwlhv zlwklq wkh frqwh{w ri wkh
edvlf prgho ri Vhfwlrq 5141 Xqghu udwlrqdo h{shfwdwlrqv dqg rswlpdo srolf|
zh kdyh Z| ' 7@� n 7_��| dqg %| ' 7@2 n 7_2�|1 Iurp .|Z|n� ' 7@� n 7_�4�|
dqg .|%|n� ' 7@2 n 7_24�|1 lw iroorzv wkdw .|Z|n� ' 7@� n 4EZ| � 7@�� dqg
.|%|n� ' 7@2 n 4E%| � 7@2�1 Xvlqj wkhvh h{suhvvlrqv wr uhsodfh 	.|Z|n� dqg
	.|%|n� lq wkh h{shfwdwlrqv edvhg uxoh +4:, vxjjhvwv wkh srolf|

�| ' B�f n BZ4Z| n B%4%| n B}}| n B��|c +63,

zkhuh wkh ydoxhv ri B�c � ' Zc %c }c � duh dv lq htxdwlrq +4:, dqg B�f lv dq
dssursuldwh frqvwdqw1 Dowhuqdwlyho| rqh frxog vwduw zlwk wkh ixqgdphqwdov
edvhg uxoh +<, dqg xvh wkh uhodwlrqvkls �| ' 7_3�� EZ|� 7@�� wr rewdlq wkh srolf|
uxoh

�| ' ��f n
�
)3�k3�bE�� 4� n 4

�
Z| n )3�}|c +64,

zkhuh ��f lv dq dssursuldwh frqvwdqw1
Qhlwkhu ri wkh srolf| uxohv +63, ru +64, uhtxluh revhuydwlrqv ri sulydwh

h{shfwdwlrqv/ exw hdfk zdv rewdlqhg pdnlqj vrph xvh ri wkh udwlrqdo h{shf0
wdwlrqv dvvxpswlrq1 Zloo wkhvh uxohv eh vwdeoh xqghu ohdvw0vtxduhv ohduqlqj
e| sulydwh djhqwvB Lw lv hdvlo| hvwdeolvkhg wkdw vwdelolw| lv qrw jxdudqwhhg1
Iru wkh fdvh 4 ' f wkh uxoh +63, uhgxfhv wr �| ' B�f n B}}| n B��|1 Exw zh
kdyh douhdg| hvwdeolvkhg lq Vhfwlrq 515 wkdw dq| srolf| wkdw ghshqgv olqhduo|
rqo| rq wkh ixqgdphqwdo vkrfnv fdqqrw eh H0vwdeoh dqg khqfh lv xqvwdeoh
xqghu ohdvw vtxduhv ohduqlqj1 Xvlqj frqwlqxlw| ri hljhqydoxhv/ lw iroorzv wkdw
wkh lqvwdelolw| uhvxow krogv iru doo qrq}hur m4m vx!flhqwo| vpdoo1 D vlplodu
dujxphqw dssolhv wr wkh uxoh +64, iru b*k dqg m4m vx!flhqwo| vpdoo1 Lq frq0
wudvw/ wkh h{shfwdwlrqv edvhg uxoh +4:, lv vwdeoh xqghu ohduqlqj iru doo srvvleoh
sdudphwhu ydoxhv1

Wkh uxohv +63, dqg +64, duh sduwlfxodu fdvhv ri uxohv edvhg rq dfwxdo
lq dwlrq dqg rxwsxw jds gdwd1 Wkhuh duh d qxpehu ri vlpsoh lqwhuhvw udwh
uxohv dorqj vxfk olqhv wkdw gr qrw h{solflwo| dlp iru rswlpdo srolf|1 +Exoodug
dqg Plwud 5333, frqvlghu ydulrxv jhqhudo fodvvhv ri vxfk uxohv dqg ghulyh
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frqglwlrqv rq srolf| uxoh sdudphwhu ydoxhv wkdw |lhog vwdelolw| xqghu ohduqlqj1
Dqrwkhu fodvv ri uxohv lv edvhg rq frqwuroolqj wkh prqh| vwrfn/ dqg rqh frxog
dovr frqvlghu wkh vwdelolw| xqghu ohduqlqj ri wkh UHH iru prqhwdu| ihhgedfn
uxohv1 Vhh Sduw LLL ri +Hydqv dqg Krqndsrkmd 5334, iru h{dpsohv ri wkh
odwwhu1 Wkhvh h{dpsohv gr qrw h{kdxvw wkh olvw ri srolf| uxohv wkdw kdyh
ehhq sursrvhg lq wkh uhfhqw olwhudwxuh1 Zh hpskdvl}h wkdw lw lv lpsruwdqw wr
dqdo|}h/ iru dq| sursrvhg srolf| uxoh/ zkhwkhu wkh UH htxloleulxp ri lqwhuhvw
lv urexvw wr h{shfwdwlrqdo huuruv/ l1h1 lv vwdeoh xqghu ohduqlqj1

8 Frqfoxvlrqv
Wkh fhqwudo phvvdjh ri wkh sdshu lv erwk vlpsoh dqg ixqgdphqwdo1 Iluvw/
rswlpdo prqhwdu| srolf| vkrxog qrw dvvxph shuihfwo| udwlrqdo h{shfwdwlrqv
rq wkh sduw ri sulydwh djhqwv= Hyhq li wkh lqlwldo ghyldwlrqv iurp shuihfw
udwlrqdolw| duh vpdoo/ wkh hfrqrp| zloo glyhujh zkhq wkh ixqgdphqwdov irup
ri wkh UH0rswlpdo srolf| uxoh lv iroorzhg1

Vhfrqg/ wkh lqvwdelolw| sureohp fdq eh ryhufrph li wkh vhw ri frqglwlrqlqj
yduldeohv lv dxjphqwhg wr lqfoxgh revhuyhg sulydwh h{shfwdwlrqv1 Zh kdyh
vkrzq krz wr xvh wkh hfrqrplf vwuxfwxuh wr ghylvh dq h{shfwdwlrqv edvhg
rswlpdo srolf| uxoh1 Xqghu wklv srolf| uxoh wkh hfrqrp| frqyhujhv wr wkh
UHH fruuhvsrqglqj wr wkh rswlpdo srolf| uxoh zlwkrxw frpplwphqw1

Wkhvh uhvxowv krog hyhq zkhq wkh srolf| pdnhu lv ohduqlqj wkh uhtxluhg
ydoxhv ri wkh vwuxfwxudo sdudphwhuv dw wkh vdph wlph wkdw sulydwh djhqwv duh
iroorzlqj ohdvw vtxduhv ohduqlqj1 Wkh sursrvlwlrqv kdyh ehhq ghprqvwudwhg
xqghu wkh vwdqgdug dvvxpswlrq wkdw sulydwh h{shfwdwlrqv duh uhylvhg lq df0
frugdqfh zlwk ohdvw vtxduhv ohduqlqj dv zhoo dv xqghu vrph rwkhu qdwxudo
ohduqlqj dojrulwkpv1

Rxu dqdo|vlv kdv ehhq frqgxfwhg xqghu wkh dvvxpswlrq wkdw dffxudwh gdwd
rq sulydwh h{shfwdwlrqv duh dydlodeoh1 Wklv doorzv xv wr suhvhqw vkdus dqg
srzhuixo uhvxowv1 Dssursuldwho| frqglwlrqlqj srolf| rq sulydwh h{shfwdwlrqv
jlyhv gxh zhljkw wr wkh uroh ri wkhvh h{shfwdwlrqv lq ghwhuplqlqj wkh g|qdplfv
ri wkh hfrqrp|/ zklfk wkh dvvxpswlrq ri shuihfw UH vxssuhvvhv1 Rewdlqlqj
dffxudwh gdwd rq sulydwh h{shfwdwlrqv vkrxog wkhuhiruh eh d kljk sulrulw|
iru prqhwdu| srolf| pdnhuv1 Ilqglqj wkh dssursuldwh irup ri ghshqghqfh ri
srolf| rq sulydwh h{shfwdwlrqv lv dovr fuxfldo/ vlqfh qrw doo uxohv wkdw ghshqg
rq sulydwh iruhfdvwv ohdg wr vwdelolw| xqghu ohduqlqj1
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Dsshqgl{
Lq wklv dsshqgl{ zh jlyh wkh surri ri Sursrvlwlrq 8 dqg frpphqw rq wkh

prgl�fdwlrqv iru wkh surriv iru Sursrvlwlrqv 4 dqg 61 Frqvlghu wkh fdvh ri
wkh h{shfwdwlrqv edvhg srolf| uxoh +5:,1 Frpelqlqj wklv htxdwlrq zlwk wkh
LV fxuyh +56, dqg wkh sulydwh djhqw iruhfdvw uxohv +45,0+46, zh rewdlq wkh odz
ri prwlrq iru %| xqghu ohduqlqj=

%| ' �)	)3�| E@2c| n &2c|�|�� )	)3�| }|

�)	)3�| E	b
2

| n k�3�
�
	b|qE@�c| n &�c|�|�� 	b|E�| n 7Z�� k7%

�
n@2c| n &2c|�| n }| n e%c|c

zklfk lv ri wkh irup

%| ' %E	)|c 	b|c 1�c|c 12c|(�|c }|c e%c|c eZc|��

Vlploduo|/ xvlqj dovr wkh SF fxuyh +57, dqg wkh gh�qlwlrqv ri o|c +�c| dqg +2c|
zh fdq rewdlq

Z| ' ZE	)|c 	b|c 1�c|c 12c|( �|c }|c e%c|c eZc|�

o| ' oE	)|c 	b|c 1�c|c 12c|( �|c }|c e%c|c eZc|�

+�c| ' +�E	)|c 	b|c 1�c|c 12c|( �|c }|c e%c|c eZc|�

+2c| ' +2E	)|c 	b|c 1�c|c 12c|( �|c }|c e%c|c eZc|��

Gh�qh wkh sdudphwhu yhfwru

w�| ' E	)|c 	b|c 1
�

�c|c 1
�

2c|c -%c|c -Zc|c �iUE-Lc|��

dqg wkh vwdwh yhfwru

f| ' E�|c �|3�c �|32c }|3�c e%c|3�c eZc|3���

Wkh uhfxuvlyh htxdwlrqv iru wkh sdudphwhu hvwlpdwhv fdq wkhq eh zulwwhq lq
wkh irup

w| ' w|3� n |3�KEw|3�cf|�c

vr wkdw wkhruhpv rq wkh frqyhujhqfh ri vwrfkdvwlf uhfxuvlyh dojrulwkpv fdq
eh dssolhg/ h1j1 sduw LL ri +Hydqv dqg Krqndsrkmd 5334,1 Wkhvh uhvxowv
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vwdwh wkdw/ xqghu dssursuldwh uhjxodulw| frqglwlrqv/ frqyhujhqfh ri wkhvh do0
jrulwkpv lv jryhuqhg e| wkh vwdelolw| ri wkh dvvrfldwhg ruglqdu| gl�huhqwldo
htxdwlrq +RGH,

_w

_�
' �Ew� zkhuh �Ew� ' *�4

|<"
.KEwcf|��

Iru wkh fdvh ri wkh h{shfwdwlrqv edvhg rswlpdo srolf| rqh fdq frpsxwh
iru wkh srolf| pdnhu*v sdudphwhu hvwlpdwhv
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|32 �-L �

Lw fdq eh yhul�hg wkdw wklv v|vwhp kdv d xqltxh htxloleulxp srlqw wW dw zklfk

	) ' )c 	b ' bc 1� ' 71� � E7@�c 7&��
�c 12 ' 712 � E7@2c 7&2�

�c

-o ' .o|3�Ew
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|32�

Lw fdq eh vkrzq wkdw orfdo vwdelolw| lv jryhuqhg e| wkh iroorzlqj �vpdoo�
RGH
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Fohduo| wkh vxev|vwhp lq E	)c 	b� lv vwdeoh zlwk 	) $ )c 	b $ b1 Khqfh orfdo
vwdelolw| ri wkh UHH lv ghwhuplqhg e| wkh RGH
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zklfk lv lghqwlfdo wr wkh H0vwdelolw| htxdwlrq +54, zklfk zdv vkrzq lq vhfwlrq
516 wr eh dv|pswrwlfdoo| vwdeoh1
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Wkh vwdqgdug uhvxowv iurp wkh ohduqlqj olwhudwxuh fdq eh qrz dssolhg1
Wkh uhjxodulw| frqglwlrqv rq wkh ixqfwlrq KEwcf|�c dqg erxqghg prphqw
frqglwlrqv iru wkh h{rjhqrxv lqqrydwlrqv/ uhtxluhg iru wkh orfdo frqyhujhqfh
uhvxowv lq Fkdswhu 9 ri +Hydqv dqg Krqndsrkmd 5334,/ duh hdvlo| vhhq wr eh
vdwlv�hg1 Deryh zh vdz wkdw wkh htxloleulxp ri wkh odujh RGH wW lv orfdoo|
dv|pswrwlfdoo| vwdeoh1 Khqfh wkh edvlf orfdo frqyhujhqfh wkhruhpv dsso|1
Wkhuh duh ydulrxv vhqvhv ri orfdo suredelolvwlf frqyhujhqfh1 Iru h{dpsoh/
doprvw vxuh frqyhujhqfh rewdlqv li wkh dojrulwkp lv dxjphqwhg wr kdyh d
surmhfwlrq idflolw| frqvwudlqlqj hvwlpdwhv wr d qhljkerukrrg ri wkh UHH1
Iru ghwdlov vhh Fkdswhu 9 ri +Hydqv dqg Krqndsrkmd 5334, ru +Hydqv dqg
Krqndsrkmd 4<<<,1 Wklv suryhv sduw +ll, ri Sursrvlwlrq 81

Wkh surri ri sduw +l, ri Sursrvlwlrq 8 iroorzv d vlplodu vhtxhqfh ri vwhsv/
exw zlwk wkh dowhuqdwlyh srolf| uxoh wr rewdlq odz ri prwlrq iru %|c Z|c o|c +�c|
dqg +2c|1 Iru wklv uxoh wkh sdudphwhu yhfwru w| pxvw eh dxjphqwhg wr lqfoxgh
	4| dqg -�c|1 Wkh vwdelolw| surshuwlhv ri wkh dvvrfldwhg RGH fdq eh vkrzq wr
eh ghshqg rq wkh H0vwdelolw| surshuw| ri wkh vpdoo RGH1 Wkh odwwhu lv orfdoo|
xqvwdeoh dqg wkh qrqfrqyhujhqfh uhvxowv irxqg lq Fkdswhu 9 ri +Hydqv dqg
Krqndsrkmd 5334, ru +Hydqv dqg Krqndsrkmd 4<<<, fdq eh dssolhg1 Wkhvh
uhvxowv vwdwh wkdw w| frqyhujhv wr wW +ru wr dq| rwkhu srlqw, zlwk suredelolw|
}hur1

Wxuqlqj wr Sursrvlwlrqv 4 dqg 6 wkh sdudphwhu yhfwru w| lv qrz
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Lw fdq eh vhhq wkdw iru wklv v|vwhp wkh htxloleulxp srlqw

EwW�� ' E71
�

�c
71
�

2c �iUE.L|32L
�

|32��

lv joredoo| dv|pswrwlfdoo| vwdeoh1 Lw fdq eh yhul�hg wkdw wkh dvvxpswlrqv
duh vdwlv�hg iru wkh joredo vwdelolw| uhvxow irxqg lq Fkdswhu 9 ri +Hydqv dqg
Krqndsrkmd 5334, ru +Hydqv dqg Krqndsrkmd 4<<<,/ zklfk vkrxog eh frq0
vxowhg iru ixuwkhu whfkqlfdo ghwdlov1 Lw iroorzv wkdw w| $ wW zlwk suredelolw|
rqh/ surylqj Sursrvlwlrq 61 Iru wkh ixqgdphqwdov irup ri wkh UH0rswlpdo
uxoh zh rewdlq d gl�huhqwldo htxdwlrq v|vwhp lq E_1�

_�
c _12
_�
c _-L

_�
�/ zklfk lv orfdoo|

xqvwdeoh dw wW1 Wkxv w| $ wW zlwk suredelolw| }hur/ hvwdeolvklqj Sursrvlwlrq
41
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Uhihuhqfhv
Ehuqdqnh/ E1/ dqg P1 Zrrgirug +4<<:,= �Lq dwlrq Iruhfdvwv dqg Prq0
hwdu| Srolf|/� Zrunlqj sdshu/ QEHU ZS948:1

Exoodug/ M1/ dqg N1 Plwud +5333,= �Ohduqlqj Derxw Prqhwdu| Srolf|
Uxohv/� plphr1

Fodulgd/ U1/ M1 Jdol/ dqg P1 Jhuwohu +4<<<,= �Wkh Vflhqfh ri Prqhwdu|
Srolf|= D Qhz Nh|qhvldq Shuvshfwlyh/� Mrxuqdo ri Hfrqrplf Olwhudwxuh/
6:/ 4994�4:3:1

Hydqv/ J1 Z1/ dqg V1 Krqndsrkmd +4<<;,= �Vwrfkdvwlf Judglhqw Ohduq0
lqj lq wkh Frezhe Prgho/� Hfrqrplf Ohwwhuv/ 94/ 666�66:1

+4<<<,= �Ohduqlqj G|qdplfv/� lq +Wd|oru dqg Zrrgirug 4<<<,/
fkds1 :/ ss1 77<�8751

+5334,= Ohduqlqj dqg H{shfwdwlrqv lq Pdfurhfrqrplfv1 Sulqfhwrq
Xqlyhuvlw| Suhvv/ iruwkfrplqj/ Sulqfhwrq/ Qhz Mhuvh|1

Krzlww/ S1 +4<<5,= �Lqwhuhvw Udwh Frqwuro dqg Qrqfrqyhujhqfh wr Udwlrqdo
H{shfwdwlrqv/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ 433/ ::9�;331

Nxdq/ F10P1/ dqg K1 Zklwh +4<<7,= �Dgdswlyh Ohduqlqj zlwk Qrqolqhdu
G|qdplfv Gulyhq e| Ghshqghqw Surfhvvhv/� Hfrqrphwulfd/ 95/ 43;:�44471

Pdufhw/ D1/ dqg W1 M1 Vdujhqw +4<;<,= �Frqyhujhqfh ri Ohdvw0Vtxduhv
Ohduqlqj Phfkdqlvpv lq Vhoi0Uhihuhqwldo Olqhdu Vwrfkdvwlf Prghov/� Mrxu0
qdo ri Hfrqrplf Wkhru|/ 7;/ 66:�69;1

PfFdooxp/ E1 W1 +4<<<,= �Lvvxhv lq wkh Ghvljq ri Prqhwdu| Srolf| Uxohv/�
lq +Wd|oru dqg Zrrgirug 4<<<,/ fkds1 56/ ss1 47;6�48631

Vdujhqw/ W1 M1 +4<<6,= Erxqghg Udwlrqdolw| lq Pdfurhfrqrplfv1 R{irug
Xqlyhuvlw| Suhvv/ R{irug1

+4<<<,= Wkh Frqtxhvw ri Dphulfdq Lq dwlrq1 Sulqfhwrq Xqlyhuvlw|
Suhvv/ Sulqfhwrq QM1
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Vlpv/ F1 D1 +4<<7,= �D Vlpsoh Prgho iru Vwxg| ri wkh Ghwhuplqdwlrq ri wkh
Sulfh Ohyho dqg wkh Lqwhudfwlrq ri Prqhwdu| dqg Ilvfdo Srolf|/� Hfrqrplf
Wkhru|/ 7/ 6;4�6<<1

Wd|oru/ M1 +4<<6,= �Glvfuhwlrq yhuvxv Srolf| Uxohv lq Sudfwlfh/� Fduqhjlh0
Urfkhvwhu Frqihuhqfh Vhulhv lq Sxeolf Srolf|/ 6</ 4<8�5471

Wd|oru/ M1/ dqg P1 Zrrgirug +hgv1, +4<<<,= Kdqgerrn ri Pdfurhfr0
qrplfv/ Yroxph 41 Hovhylhu/ Dpvwhugdp1

Zrrgirug/ P1 +4<<<,= �Rswlpdo Prqhwdu| Srolf| Lqhuwld/� Zrunlqj sd0
shu1
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