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Speculative bubbles and crashes: Fundamentalists
and positive-feedback trading

Po-Keng Cheng* and Young Shin Kim?

Abstract: In this paper, we develop and examine a simple interactive agent-based
model, where the distribution of returns generated from the model takes into ac-
count two stylized facts about financial markets: fat tails and volatility clustering.
Our results indicate that the risk tolerance of fundamentalists and the relative fund-
ing rate of positive-feedback traders vs. fundamentalists are key factors determin-
ing the path of price fluctuations. Fundamentalists are more able to dominate the
market when they are more willing than positive-feedback traders to take risks. In
addition, more crises occur as positive-feedback traders face higher funding costs
compared to fundamentalists. Our model suggests that fundamentalists cause
heavier tails, and positive-feedback traders cause the formation of speculative
bubbles. Our model also indicates that traders’ attitudes toward risk vary across
time and market. The generally low level of risk bearing by fundamentalists could
explain the frequent occurrence of bubbles.

Subjects: Quantitative Finance; Probability Theory & Applications; Stochastic Models &

Processes
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Why do we observe ups and downs in stock
markets? Does there exist a model to explain price
fluctuations in financial markets? To answer these
complicate questions, we propose a simple model
but also rich enough to explain price movements in
financial markets. We investigate various potential
factors which could have impact affecting the
path of price fluctuations. We also propose a new
method to estimate key parameters in our model.
Our simulations and empirical results indicate

the importance of risk-taking attitudes from
fundamentalists in the market. As fundamentalists
are more willing to take risks, the observed asset
prices would be more close to their true values.
Meanwhile, we would observe less speculative
bubbles occurred in the market.
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1. Introduction

Economists have investigated if rare events could explain the equity premium puzzle originally iden-
tified by Mehra and Prescott (1985).! De Long, Shleifer, and Summers (1990a) proposed that the
existence of noise traders could lead to a divergence between market prices and fundamental val-
ues such that the equity premium could be explained by noise-trader risk. Shleifer and Summers
(1990) explained that the limits of arbitrage and movements in investor sentiment are important
determinants of price movements. Frankel and Froot (1990, 1991) showed that investors have het-
erogeneous expectations and shift from fundamentalists to chartists (technicians), potentially influ-
encing price movements. Heterogeneous agent models which generate stylized facts of financial
returns (unpredictability, fat tails, and volatility clustering) have been introduced and developed by
several researchers.? Several studies since 2005 have focused on the estimation of the parameters
of agent-based models, comparing estimated findings to that of observed historical data.?

In this paper, we extend the models of Frankel and Froot (1990, 1991) and Kaizoji (2002, 2004),
and examine the simple interactive agent-based model* in which the distribution of returns has fat
tails and volatility clustering. The heterogeneous agent model of stock markets proposed by Kaizoji
(2002, 2004) predicts complicated endogenous price fluctuations leading to return distributions that
are characterized by fat tails. In contrast to the model proposed by Kaizoji (2004), fundamentalists
in our model are able to survive in the market with the existence of noise traders. Moreover, we are
able to simulate the scenarios of speculative bubbles and crashes. We examine the consistency of
our model under shocks with different distributions, and search for key parameters which determine
the path of price fluctuations. We then use historical data to estimate the key parameters of our
model.

Our analysis is in line with those reported by Greenwood and Shleifer (2013) and Edelen, Marcus,
and Tehranian (2010) who show that the relative risk tolerance between fundamentalists and posi-
tive-feedback traders determines the path of price fluctuations. Instead of emphasizing intensity of
choice to switch strategies which creates chaotic behaviors of price fluctuation, we focus on the
impact of the risk tolerance of fundamentalists and the relative funding rate of positive-feedback
traders versus fundamentalists on the path of price fluctuations. We introduce Shannon entropy® as
a measure to investigate the differences of behaviors between fundamentalists and positive-feed-
back traders. Kirchler and Huber (2007) argued that heterogeneous fundamental information is the
source of fat tails. Our results indicate that fundamentalists could be the source of heavier tails, and
positive-feedback traders would cause the formation of speculative bubbles. We then propose a
novel approach to estimate key parameters in our model. We find that traders’ attitudes toward risk
may vary across time and markets, and the generally low level of risk bearing by fundamentalists
could explain the frequent occurrence of bubbles.

The remainder of the paper is organized as follows. Section 2 reviews some more literature.
Section 3 presents the interactive agent-based model. Section 4 introduces the methodology for
searching and estimating key parameters. Section 5 discusses the simulation and estimation results.
Section 6 provides some more discussions. Section 7 concludes.

2. Related literature

Blanchard and Watson (1982) defined rational bubbles as the difference between stock prices and
the cumulative discounted value of future dividends. In contrast to rational bubbles, speculative
bubbles are caused by amplification mechanisms® in which rational speculators jump on the band-
wagon, buying stock ahead of positive-feedback traders, and expecting to sell at a higher price later
(De Long et al., 1990a). Well-known speculative bubbles include the Dutch Tulip Mania of the 1630s,
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the Mississippi Bubble and South Sea Bubble of the 1720s, the Roaring Twenties of 1920s, the Dot-
com Bubble in 2000, and most recently the speculative real-estate bubble in 2007.

Several studies have sought to identify the causes of speculative bubbles and the roles the differ-
ent types of traders play in the financial market. De Long, Shleifer, Summers, and Waldmann (1990b)
claimed that the existence of rational speculators with positive-feedback traders in the market
would destabilize asset prices. Abreu and Brunnermeier (2003) provided explanations in which an
asset bubble persists with the presence of rational arbitrageurs. Brunnermeier and Nagel (2004)
found that riding a bubble can be the optimal strategy for sophisticated traders. Griffin, Harris, Shu,
and Topaloglu (2011) suggested that institutional investors drove and burst the 1997-2000 hi-tech
bubble. If fundamentalists are more responsive to price changes, Greenwood and Shleifer (2013)
found that the forces of these market participants would push prices back to near-fundamental
levels.

Some research has focused on how investor sentiment could affect the financial market. Qiu and
Welch (2004) shared the same opinion that sentiment plays a role in the financial market. While
consumer confidence qualifies as a proxy for investor sentiment, closed-end fund discounts may be
the wrong measure of sentiment. Baker and Wurgler (2007) measured investor sentiment in the
market and developed an index of sentiment levels. They argued that the wave of investor senti-
ment impacts individual firms and the entire stock market. Edelen et al. (2010) showed that the
sentiment of retail investors relative to that of institutional investors is a primary driver of equity
valuations beyond that which can be explained by fundamentals.

3. Model

To extend the models of Kaizoji (2004) and Frankel and Froot (1991), we assume that there is a sin-
gle stock in the market that is populated with three types of traders: fundamentalists, positive-
feedback traders, and noise traders.” All traders in the market are myopic and possess beliefs on
next period’s price for the stock. In contrast to the infinitely lived traders who maximize their ex-
pected utilities in Barberis, Greenwood, Jin, and Shleifer (2015), traders in our model are short-sight-
ed, only maximizing their expected utilities for next period. Traders (both fundamentalists and
positive-feedback traders) maximize their utilities according to their beliefs. The expected utility for
the next period is a function of profits, wealth, and costs, and the utility function is increasing and
concave with respect to the demand for the stock. Traders are rationally bounded by identifying their
own specific utility function: they are only able to observe and sum up marginal utilities of profits,
wealth, and costs as a criteria for their utilities intuitively. In addition, there is a banking system to
finance traders’ transactions. When traders do not trade, their next period’s expected utility is zero.
An analysis of expected utility functions for fundamentalists and positive-feedback traders is pro-
vided in Appendix A.

3.1. Noise traders

Different definitions of noise traders were introduced in several studies.®? We refer to noise traders as
the aggregation of liquidity traders (Glosten & Milgrom, 1985; Kyle, 1985), traders with biased belief
or sentiments (De Long et al., 1990a), and also the shock terms. The noise traders in Bloomfield et al.

(2009) are more like the positive-feedback traders in our model.®

The accumulated noise traders’ demand for stock X? is as follows:
X; = ye,, wWhere ¢, = €1, €, (1)
€10t ii.d,; E(‘Sl,t) =0; E(Ez,t) =0

E<£t) = E(El,t) + E(‘Ez,t) =0 (2)
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where y denotes the strength of noise traders’ reaction to noisy information and ¢, , is related to the
demand for the stock from liquidity traders and traders with biased belief or sentiments. In real-
world markets, liquidity traders tend to sell stocks for smoothing their consumptions, whereas trad-
ers with biased belief or sentiments tend to buy stocks when the market is agitated. Therefore,
based on the law of large numbers and the central limit theorem, we assume that ¢, , is normally
distributed. ¢, , represents the shock terms resulting from changes of policies and rare events. The
changes of policies could arise as a result of unexpected dividend announcements, tight monetary
policies, or restrictions on exports and imports; rare events could be the occurrence of severe snow
storms, volcanic eruptions, earthquakes, or terrorist attacks. We allow the shock term ¢, , to vary
with different probability distributions. ¢, , is public information to all traders in the market, but only
fundamentalists and noise traders take the impacts of ¢, , into account. The accumulated noise trad-
ers’ demand for stock X? is positive when ¢, > 0, and X? is negative when ¢, < 0.

3.2. Traders’ adaptive processes
Fundamentalists’ and positive-feedback traders’ adaptive processes are as follows. The adaptive
process for a fundamentalist can be written as

t
Pla=p+v(p; =P, v>0, pi=p + Y e, 3)

t=1

where p* denotes the initial fundamental value of the stock. The fundamental value here is a mar-
tingale, so the best prediction for next period’s fundamental value is the current observed funda-
mental value.® Fundamentalists believe that the market price move toward their fundamental
value.’ The parameter v captures the speed at which fundamentalists expect the market price to
move back to fundamental value. In contrast to Kaizoji (2004) who sets fundamental value as a
constant across time, we assume that fundamentalists are able to observe information about policy
changes and rare events but are not able to receive information regarding liquidity traders’ demand
and noise traders’ biased beliefs and sentiments in the market. Thus, the fundamentalists correct
their fundamental value each period by the shock term ¢, ..

For a positive-feedback trader, the adaptive process is

Pt = Pf + u(p, = Pf), 1 >0 ()

where p is the error correction coefficient which represents how sensitive positive-feedback traders
are in correcting their expected stock price for the next period.

Both fundamentalists’ and positive-feedback traders’ adaptive processes are similar to a first-or-
der autoregressive process AR(1), except that fundamentalists adjust their belief by the differences
between the fundamental value p; and the current stock price p, while positive-feedback traders
adjust their belief by the differences between the last period expected price pf and the current stock

price p,.

3.3. Fundamentalists

Fundamentalists buy stocks when prices are below their expected price and sell stocks when prices
exceed their expected price. They form their expected price based on the differences between fun-
damental value and current market price, and adjust their expected price each period.
Fundamentalists maximize their expected utility for the next period as follows:

ngxE(Uf) = o/(p;1 - pt>xtf - (1 + rfptxf) In (1 + rfptx{), >0 >0 5)
where of is the parameter indicating the eagerness of fundamentalists toward profits??, and rf is the
funding rate fundamentalists face for financing their positions. The first term of the expected utility

function represents the expected profits realized in the next period and the second term is related
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to the costs which fundamentalists must pay for their transactions.’> One can view fundamentalists
as sophisticated traders (institutional investors) who care only about their performance.
Consequently, there is no wealth effect on the fundamentalists’ expected utility function.

The fundamentalists’ demand for stock X{ can be obtained by solving Equation (5):

-1 (6)

f
t

pr > <1+;—ff>pt, and xf is negative when they anticipate a decline in the stock price,

We can see that x; is positive when fundamentalists expect stock prices to go up for certain,

p{H < (1 + ;—;)pt. Moreover, the expected utility for the next period E<Uf) >0.

3.4. Positive-feedback traders

According to De Long et al. (1990a), positive-feedback traders chase market trends, buying stocks
when they anticipate price appreciation for the next period and selling stocks when expecting price
depreciation. They adjust their forecasts based on the difference between the predicted price of the
market trend and the current market price, correcting their prediction each period.

To see how positive-feedback traders maximize their expected utility for the next period, we dis-
cuss two cases. In Case 1, we assume that the wealth effect is linear, meaning that utility does not
diminish as wealth increases. Case 2 considers the diminishing gains of utility from increases in
wealth, where we assume that the wealth effect exhibits constant relative risk aversion (CRRA).™*

3.4.1.Case 1
In Case 1, positive-feedback traders maximize their expected utility for the next period as follows.

Max E(U) = a(pf,; — P)X; + BPg, X — (1+rpxg) In(1+rpx;), a© >0, r°>0 )
Xt

where o is the parameter showing positive-feedback traders’ eagerness toward profits, 3 is the coef-
ficient of the wealth effect, and r< is the funding rate positive-feedback traders pay for their transac-
tions. The first term of the expected utility function given by Equation (7) is the expected profits
realized in the next period, the second term is related to the wealth effect, and the third term indicates
the costs positive-feedback traders face for their transactions. One can view positive-feedback traders
as individual traders (retail investors) where the wealth effect plays a role in their decision-making.*®

Solving Equation (7), we have the positive-feedback traders’ demand for stock Xf in Case 1:

c C _ + (o
X< = rclp {exp la (pt+l pt) PP _ 1] _ 1} @)

C
t rpt

We can see from Equation (8) that Xf is positive when positive-feedback traders expect the price to
increase and the wealth effect can compensate for the transaction costs, p;,; > (%)pt ; X;is
negative when positive-feedback traders anticipate price depreciation, pf+1 < <%)pt. The ex-
pected utility for the next period E (U¢) > 0.

3.4.2. Case 2
In Case 2, positive-feedback traders maximize their expected utility for the next period as follows:
€ X +1 1-p
Max E(U%) = a®(pf,q = i) + % = r'pex;, @ >0, 1°>0 ©
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Similar to Case 1, the first term of the expected utility function given by Equation (9) is the expected
profits realized in the next period, the second term is the wealth effect, and the third term shows the
transaction costs.

Solving Equation (9), we have the positive-feedback traders’ demand for stock Xf in Case 2:

1 [ Pt ] Pta—Pe < r
Xp=( P | Lrpee (PM—P,) P, o (10)

otherwise

We require next perlod expected returns of positive-feedback traders equal to p‘*; P > —as the

at+r¢

regularity condition.® X is positive when < )pt < pt+1 < ( )pt, and X is negative when

Priq < (“ - )pt We can see that as p increases, positive-feedback traders trade more cautiously.

Both Case 1 and Case 2 share similar properties. From now on, we will focus on the results for Case
1 and discuss Case 2 in detail in Section 6.

3.5. Market maker

Similar to the portfolio manager in Frankel and Froot (1991), we assume that there exists a market
maker whose role is to announce an execution price and to execute transactions. Let us assume the
supply of stock in the market is fixed, so the stock prices are driven by traders’ demand for stock in
the market. The market price each period is determined by the following process:

Piy1 =P = 0n[(1 - K ‘f)xtf + K, X; +EX{ (11)

where 0 represents the market sensitivity by market makers in responding to changes in the demand
for stocks, nis the total number of traders in the market, and «, is the proportion of positive-feedback
traders in the market at each period. We also assumed that noise traders exist in the market in a
fixed weight £.7 The population fraction of fundamentalists in the market is equal to 1 —«, - &.

The market maker adjusts the price according to the orders received at the beginning of each
period. There is a transaction cost associated with engaging a market maker to execute the orders.
The rents that the market maker gains is related to the current stock price p,.*8

3.6. Strategy switching

Several studies have investigated strategy switching between different types of traders.’® In Lux and
Marchesi (2000), strategy switching plays an important role resulting in asset returns with heavy
tails and volatility clustering. Furthermore, Boswijk et al. (2007) and de Jong et al. (2010) demonstrate
the regime shift of trading strategies using observed market prices.

The population fractions of fundamentalists and positive-feedback traders are updated each
period as follows:

1 5 t t
K1 = Z X (Pryr — Z X; (Peyr = (12)
f )) = =

1+exp( <7r -7

where ¢ is the intensity of choice to switch strategies, and ¢ > 0. Higher values of ¢ represent the
situations in which agents switch more rapidly to a best-performing strategy, whereas lower values
of ¢ indicate agents are reluctant to switch strategy unless they observe large differences in the
profits made between the strategies. thf, 7, are the cumulative profits realized by fundamentalists
and positive-feedback traders, respectively, each period. In contrast to Kaizoji (2004),% in our model,
fundamentalists and positive-feedback traders switch strategies based on the cumulative trading
profits they made, thereby enabling us to generate different scenario.?
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4. Methodology

To identify each parameter’s role in our model, we fix all the parameters at the initial settings?? and
allow the chosen parameter to vary within the considered range. We then observe the impact of
each parameter in the artificial market under different shock terms based on the normal, student t
(t), and a-stable distributions, or GARCH processes. Table 1 shows our initial settings.

The initial settings mostly follow those used by Kaizoji (2004). We can see in Table 1 that the initial
population fractions of fundamentalists and positive-feedback traders are equal to 0.35. We start
the simulations in which the fundamental value of the stock is equal to the market price. The exist-
ence of noise traders triggers the price fluctuations beyond the equilibrium.?* We run simulations for
10,000 steps and analyze the distribution of asset returns in the artificial market.

We then select the key parameters identified from our simulations and estimate their coefficients
from January 1985 to September 2015. We move the window from January 1983 to September 2015
and estimate the coefficients of key parameter for each window. We set the window size equal to
500 trading days and the interval between each window equal to 20 trading days.?* Thus, the coef-
ficients we estimate capture the monthly change of the chosen parameters. If the size of the simu-
lated data is less than 500, we resample the historical data such that the size of the simulated data
and the historical data is the same. The procedure is similar to a back-testing process, where we
estimate the coefficients based on the information of the past 500 trading days at the time period
we observe the market.

Within the chosen parameters space, we run the simulations and apply the two-sample
Kolmogorov-Smirnov test and Anderson-Darling test with historical returns as the benchmark for
estimating the coefficients of the parameters. Our null hypothesis is that the distribution of asset
returns in the simulated data has the same continuous distribution as those for the historical data.
We set the confidence interval equal to 95% and « = 5, and then run 500 trials. We then chose the
set of parameters that minimizes the number of trials that reject the null hypothesis. If the number
of trials where the null hypothesis is rejected is the same between two sets of parameters, we com-
pare their average p-value for the null hypothesis and choose the set with a larger average p-value.

5. Results

We fix all the parameters at the initial settings as shown in Table 1 and observe the impact of each
parameter in the artificial market. In our model, we find that (1) the risk tolerance of fundamental-
ists (af) and the relative funding rate of positive-feedback traders (r°) versus fundamentalists are key

Table 1. Initial settings

Parameter Value
Fundamentalists’ eagerness toward profits (a) 1
Positive-feedback traders’ eagerness toward profits () 1
Wealth effect (B) 0.3
Funding rate (1, r9) 0.1
Adjustment scale to expected price (v, ) 0.5
Intensity to switch strategy (¢) 0.1
Noise traders’ reaction strength (y) 3
Noise traders’ proportion in the market () 0.3
Market’s sensitivity to the demand of stock (6) 0.001
Total number of traders in the market (n) 1,000
Initial positive-feedback traders’ proportion in the market (k) 0.35
Initial fundamental value (py) 100
Initial stock price (p,) 100
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Figure 1. Scenarios for bubbles,
crashes, and normal times.

parameters determining the path of price fluctuations, (2) fundamentalists most likely cause heavier
tails, (3) positive-feedback traders cause the formation of speculative bubbles, and (4) the existence
of noise traders increases the probability that fundamentalists dominate the market. Moreover, the
parameters which directly relate to traders’ desire toward wealth or profits, as measured by the
wealth effect (5) and intensity to switch strategy (¢), would also affect the path of price fluctuations.
The more wealth effect or expected profits affect traders’ next period’s expected utility, the higher
the likelihood that those traders are able to dominate the market as a consequence. In addition, we
then find that initial price (p,),> positive-feedback traders’ adjustment scale to expected price (u),
and initial positive-feedback traders’ proportion in the market (x,)** do not have a significant influ-
ence in traders’ dominance of the market.?”’

5.1. Simulation results

We are able to generate the scenarios of bubbles, crashes, and normal times in our model. In our ar-
tificial market, we define bubbles as occurring when the stock price is more than eight times its fun-
damental value; crashes are defined as occurring when the stock price is (1) less than three, or (2) less
than 57% of its fundamental value. Figure 1 presents the scenarios for bubbles, crashes, and normal
times. There are two situations in the normal time scenario. One situation (normal time-no deviation)
is the stock price close to its fundamental value and another situation (normal time-deviation) is that
the stock price deviates from its fundamental value but does not form a bubble.

We are also able to generate jump processes as shown in Figure 2. Jump processes tend to occur
when fundamentalists or positive-feedback traders rapidly dominate the market in the beginning of
trading periods. The jump processes generated here are similar to a self-exciting process. In our
model, simulated returns are weakly autocorrelated while the absolute simulated returns display a
positive, significant, and slowly decaying autocorrelations.? Table 2 presents the results of unit root
tests, where the simulated returns are stationary.?

The relative-risk aversion with respect to traders’ demand for stock in the market is equal to
ad (X’). Equations (13), (14), and (15) below represent the relative-risk aversion coefficients of fun-

U'(x)
damentalists and positive-feedback traders in Case 1 (linear wealth effect) and Case 2 (CRRA wealth
effect), respectively.

2
(rf pt) xf

(1 + rfptxtf) [af (er1 - pt> —rfp,In (1 + rfptxtf) - rfpt] (13)

RRA, =
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Table 2. Unit root test results

Bubble Crash Normal—no deviation Normal—deviation
Augmented Dickey-Fuller test
p-value 0.001 0.001 0.001 0.001
Test statistics -30.559 -51.435 -107.790 -100.318
Critical value for the test -2.866 —2.864 -2.861 -2.861
Phillips-Perron test
p-value 0.001 0.001 0.001 0.001
Test statistics -30.849 -51.436 -107.786 -100.692
Critical value for the test -3.416 -3.414 -3.412 -3.412
Kwiatkowski-Phillips-Schmidt-Shin test
p-value 0.100 0.100 0.100 0.010
Test statistics 0.093 0.030 0.052 0.577
Critical value for the test 0.146 0.146 0.146 0.146
cpn V2 C
RRAC Casel = C C C C (r ptC) Xt C C C C (14)
Y (1 +r ptxt)[a (pt+1 - pt) + ﬂpt+1 — Py In (1 +r ptxt) -r pt]
RRA — ﬁ(pfﬂ)zxf
¢, Case 2 (15)

(14 p5x0) {0 (pE1 = P) + PalPfaXs + 1] = P }

In Case 1, fundamentalists perform better when they are more willing to take risk than positive-
feedback traders (of increases while o€ remains the same).?° Similarly, fundamentalists perform bet-
ter than positive-feedback traders do in Case 2 when of is larger.!

To be more clear, let us look at the partial derivative of the relative-risk aversion of fundamental-
ists’ demand for stock with respect to of.
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Figure 3. Occurrence that

fundamentalists dominate as of

vary (Case 1).

Figure 4. Occurrence of bubbles
(left) and crashes (right) as af

vary (Case 1).

(72 (-0}
ool (1 + rfptxtf) [af <p{+1 - pt> - rfpt In (1 + rfptxf) - rfpt]2
JRRA

" —-L < 0 when X > 0 since pt 1 pt > 0. When Xf <0, p';H — p, tends to be less than zero.

RRA
Thus, d—f tends to be negative when x < 0. Anincrease in of causes the fundamentalists to be less
risk-averse and perform better by taklng more risk than positive-feedback traders.

We can see in Figure 3 that fundamentalists are more able to dominate the market when of in-
creases with shock terms having different distributions.?? Figures 4 and 5 show the number of trials
in which bubbles, crashes, and normal times (no deviation) occur. If the shock terms are a-stable
distributed or follow a GARCH process, crashes happen less as af increases. We can observe more
normal times (no deviation) when of increases up to a threshold. However, when af exceeds the
threshold, bubbles resulting from the jump processes caused by fundamentalists occur frequently.
In Figure 6, we can see that as fundamentalists dominate the market, the generated returns in our
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model have heavier tails and less volatility clustering,®® indicating that fundamentalists most likely
cause heavier tails, and positive-feedback traders may cause the formation of speculative bubbles.

In our initial settings, fundamentalists and positive-feedback traders trade against each other. As
fundamentalists have more opportunities to dominate the market (af increases), the Pearson’s cor-
relation coefficient of stock demands between these two types of market participants increases (see
Figure 7).3% This indicates that the best strategy for fundamentalists would not be trading against
positive-feedback traders. Instead, fundamentalists are better off when they take advantage of
positive-feedback traders.

Entropy measures the variability of a sequence of discrete numbers. We measure the Shannon
entropy of fundamentalists’ and positive-feedback traders’ demand for stock.*® Figure 8 shows the
entropy measures of fundamentalists (H)) versus positive-feedback traders (H). We can see that
when the fundamentalists are more determined (demand for stock is less variable relative to the
positive-feedback traders), they are more able to dominate the market. When fundamentalists
trade against positive-feedback traders (i.e., when of is smaller), the average distance between Hf
and H_is smaller compared to the average distance |Hf - Hc| when of is larger (see Figure 9).
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Figure 10. Occurrence of
crashes (left) and normal
times-no deviation (right) as r*
vary (Case 1).

Figure 11. Occurrence that
fundamentalists dominate
(left) and bubbles (right) as rc
vary (Case 1).

A crisis occurs when market participants sell the stock and are reluctant to subsequently repur-
chase it. According to Thurner, Farmer, and Geanakoplos (2012), leverage could cause fat tails and
clustered volatility in the financial market. We then turn to examine the impact of funding costs in
the artificial market. In our model, as the relative funding cost of positive-feedback traders versus
fundamentalists increases, more crashes occur (see Figure 10) and the fundamentalists are more
capable of dominating the market during the crisis (see Figure 11).

Recall that the demand by positive-feedback traders for stock Xtc is positive when pf+1 > (% )pt

)pt in Case 2. An increase in their funding rate () would reduce their

at+r¢
1+a€
demand for a stock and at the same time reduce the liquidity of stock, leading to a higher probability
of a crisis occurring. Although increasing the funding cost of positive-feedback traders could pre-
clude the formation of a speculative bubble and increase the probability that the stock price will
trade close to its fundamental value, the trade off is the more frequent occurrence of crashes.

in Case 1 and pg,, > (

To investigate the dominance of fundamentalists as r* increases, we look at the partial derivative
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If Xicaser 20 then e < 0 since {exp [T -1/-1;>0 and

a® (P, = Py) + BPgoy 2 1Py > 0. If X{ ooy <O, we can see that the first term is negative
a|x;

t, Case 1

({exp [M - 1] - 1} < O) and the second term tends to be positive. Then ——=

r'p;
tends to be positive when rc is small (i.e. *=0.1) but tends to be negative when r< is large (i.e.
re=0.9).3 In other words, positive-feedback traders sell more aggressively when r¢ is small and in-
creasing, but sell less aggressively when reis large and increasing when xf’ case1 < 0. As reincreases,
positive-feedback traders are less active, which causes them to lose their influence on the market

and perform worse than fundamentalists.

1
c --1 3
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is as x©

C
smaller as x t,Case 2

c
O X caseo |
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, < 0than > 0.7 Thus, positive-feedback traders also tend to

be less active as r¢ increases.

The existence of noise traders would increase the probability that fundamentalists dominate the
market. We can see in Figure 12 that fundamentalists require larger of to dominate the market when
the population fraction of noise traders in the market is smaller.

Other parameters related to profits and wealth (wealth effect, ; intensity to switch strategy, ¢3¢)
show that when profits and wealth are more desirable toward traders, traders have more opportuni-
ties to dominate the market. We will discuss other parameters in more detail later in Section 6.

Figure 12. Occurrence that Case 2
fundamentalists dominate as
Evary in Case 1 (left) and Case

2 (right).
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Figure 13. Fundamentalists’
eagerness toward profits over
time (based on KS test).

5.2. Empirical results

In this section we present the model’s estimate for the fundamentalists’ eagerness toward profits
(af), positive-feedback traders’ funding rate (rc), and noise traders’ reaction strength (y) in the US
equity market as proxied by the Standard & Poor’s 500 index (S&P 500), the German equity market
as proxied by the Deutsche Boerse AG German Stock Index (DAX), the British equity market as prox-
ied by the Financial Times Stock Exchange 100 Share Index (FTSE 100), the French equity market as
proxied by the Cotation Assistée en Continu quarante (CAC 40), the Swiss equity market as proxied
by the Swiss Market Index (SMI), the Japan equity market as proxied by the Nikkei Stock Average
(Nikkei 225), the Korean equity market as proxied by the Korea Composite Stock Price Index (KOSPI),
the China equity market as proxied by the Shanghai Stock Exchange Composite Index (SSE), and the
Hong Kong equity market as proxied by the Hang Seng Index (HSI). The time period covered is
January 1985 to September 2015.3 We use the S&P 500, DAX, FTSE 100, CAC 40, SMI, Nikkei 225,
KOSPI, SSE, HSI adjusted closing price from Bloomberg and adopt Case 1 (linear wealth effect) with
t-distributed shock terms to estimate the model.

Our estimating procedure is similar to a back-testing process, where we estimate the coefficients
based on the information of the past 500 trading days for the time period we estimate the coeffi-

cients of the market.

Our chosen parameter space is:

Parameter Range

Fundamentalists’ eagerness toward profits (a) {0.1,0.3,0.5,0.7,09,1, 3,5, 7,9, 11, 13, 15}

Positive-feedback traders’ funding rate (r¢) {0.1, 0.3, 0.5, 0.7, 0.9}

Noise traders’ reaction strength (y) {1,3,5,7,9}

The calibrations in Section 5.1 suggest that as fundamentalists are more willing to take risks than
positive-feedback traders in the market up to some threshold, we are more able to observe asset
prices as fundamental values. In Figure 13 where we present the of estimated for the nine markets,
the dotted lines represent the estimated of by the Kolmogorov-Smirnov (KS) test, and the solid lines
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are the stock index in the nine markets. We can see that fundamentalists did not have a large im-
pact on the market before 1995, where fundamentalists traded actively without observing large
trends in markets. This could be the result of the popularity of mutual funds and the growth of pro-
prietary trading by banks after 1995. From Figure 13, we can see that the general level of risk bearing
of fundamentalists was low during the periods January 1985 to September 2015 where stock prices
increased, and that the fundamentalists traded aggressively after the burst of the Dot-com Bubble
(March 2000) and the announcement of the bankruptcy of Lehman Brothers (September 2008). The
result is in line with the findings of Griffin et al. (2011) who suggest that institutional investors drove
and burst the 1997-2000 hi-tech bubble. The fundamentalists became risk-averse and rode the bub-
ble once the market price rebounded. Compared to the results estimated by the KS test, the results
estimated by the AD test are more sensitive.

Looking at the impact of fundamentalists on markets with respect to stock prices, returns, and
absolute returns after 1995,%° our results indicate that they vary across markets. For example, we
can see in Table 3 that the of is negatively correlated with stock prices for the CAC 40, but the of is
positively correlated with stock prices for the Nikkei 225. In general, of tends to be negatively
correlated with stock prices and returns except when fundamentalists strongly buy the stocks
when the stocks’ prices are extremely undervalued. Moreover, the generally positive correlations
between of and absolute stock returns indicate fundamentalists have a significant impact on
markets.

Figure 14 presents the estimated relative positive-feedback traders’ funding rate (r¢) versus funda-
mentalists for the nine markets based on the KS test. r¢ indicates the instability of the financial
market.*! Figure 15 compares the estimated rc with the U.S. federal funds effective rate from January
1985 to September 2015. Our results for rc identify the periods where positive-feedback traders
would face higher funding rate than fundamentalists.

Table 3. Correlations between estimated af and stock prices, returns, or absolute returns

Prices Returns Absolute returns

KS AD KS AD KS AD
S&P 500 lead- n - - + +
DAX lag - lag - lead +/lag - | lead +/ lag+then— | lead - lead —/ lag +
FTSE 100 lead ~/lag+ |lead - | - - lead +/ lag - lead +
CAC 40 - - lead + lead + n lead —/lag +
SMI lead ~/lag+ | - - - lead +/lag + then - lead +/ lag -
Nikkei 225 | + + n lag - n n
KOSPI - - - - lead + lead +
SSE lead + lead+ | lead +/lag— | lead + lead +/ lag - -
HSI - lag - lead +/lag - | lag +then — lead —/ lag + lag +

Notes: “+” represents positively correlated, “=” represents negatively correlated, and “n” indicates insignificant, “lead”
means that of is a leading variable, and “lag” means that af is a lag variable.
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Figure 14. Positive-feedback
traders’ funding rate over time
(based on KS test).

Figure 15. Positive-feedback
traders’ funding rate versus Fed
effective rate (S&P 500).
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Figure 16 presents the estimated noise traders’ reaction strength (y). The thick dotted and dotted
lines represent the estimated y by the KS test and the AD test, respectively, and the solid lines are the
stock index in the nine markets. y reflects noise traders’ reaction strength to news (e.g. the informa-
tion they receive). Noise traders tend to be more active in markets exhibiting an upward trend, but
are reluctant to trade during the downward trends. For instance, the rising price level of the S&P 500
ignited noise traders’ desire to purchase stocks, but the negative news after the burst of the Dot-com
Bubble and the announcement of Lehman Brothers bankruptcy greatly reduced their desire to pur-

chase stocks.*?
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Figure 16. Noise traders’
reaction strength over time.

Figure 17. Occurrence that
fundamentalists dominate
as af vary (Case 1, 2, and 3;
t-distributed).
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6. Discussions

6.1. Simulation results Case 2 (CRRA wealth effect)

Similar to the simulation results in Case 1 (linear wealth effect), fundamentalists are more able to
dominate the market when of and re increase. An increase of r° could preclude the formation of a
speculative bubble and increase the probability that the stock price will trade close to its fundamen-
tal value, but the trade off is the frequent occurrence of crashes. In addition, an increase of of does
not reduce the formation of a speculative bubble, which could result from the more aggressiveness
of positive-feedback traders in Case 2 than Case 1.

Let us consider the situation that fundamentalists would short the stock when they expect its
price to fall and positive-feedback traders have linear wealth effect, which we refer to as Case 3.
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Equations (19) and (20) show fundamentalists’ demand for stock XI and positive-feedback traders’
demand for stock x;.

1 af(piﬂ—pt) f

g Pl —P <0

C C _ + C
X; = rclp {exp l“ (Pias ~P) + FPi —1] —1} (20)

C
t rpt

Fundamentalists in Case 3 are more aggressive than the fundamentalists in Case 1, and positive-
feedback traders in Case 2 are more aggressive than the positive-feedback traders in Case 1.4 As a
result, larger of is required for fundamentalists to dominate the market in Case 2 than in Case 1. In
addition, the relative risk-bearing between fundamentalists and positive-feedback traders in Case 2
does not affect the outcomes. Figure 17 compares the results of Cases 1, 2, and 3 as «f vary.

6.2. Other parameters

6.2.1. Wealth effect and strategy switching intensity

Positive-feedback traders are less risk-averse when g is larger in Case 1 or g is smaller in Case 2.4
When the wealth effect restricts positive-feedback traders in Cases 1 and 2 or when the intensity of
choice to switch strategies ¢ is larger in Case 1, we are able to observe the stock prices reflecting
fundamental values with fundamentalists dominating the market.

6.2.2. Speed of adaptive process

We can think of the adjustment scale to expected price (v, u)*® as how fast information spreads
among the same type of traders. Let us assume that of is equal to 30 in Cases 1 and 2, so that fun-
damentalists have a greater chance to dominate the market than our default setting.”
Fundamentalists gain advantages when the information spreads more quickly among their group,
and we are more able to observe stock prices as its fundamental value when v increases up to a
threshold in Case 1. However, the changes of p do not have a significant impact on the market.

6.2.3. Noise traders’ reactions

In general, fundamentalists are able to dominate the market when markets are more agitated (i.e.
yand & are larger). Moreover, as y and £ become larger, we observe more violations of the regularity
condition of positive-feedback traders in Case 2.

6.2.4. Fundamentalists’ funding costs and market sensitivity to demands
Let us suppose of equals 30 in Cases 1 and 2, so that fundamentalists have a greater chance to domi-
nate the market than our default setting. An increase in funding costs (rf increases) would deter
fundamentalists from trading against positive-feedback traders. In addition, when the demand for
stock has more impact on the stock price (market’s sensitivity to the demand of stock ¢ increases),
positive-feedback traders have a greater influence on the market in Case 1.

6.3. Goodness of fit, stability test, and identifiability of the model

Table 4 shows the statistics for rejecting the null hypothesis in our empirical results. We can see that
the goodness of fit based on the AD test has larger deviations than based on the KS test. We utilize
the same methodology twice for the S&P 500 and look at the correlation between first-trial and
second-trial estimated results. We can see in Table 5 that the estimated of is not stable. Figure 18
provides an example of estimating the parameters of the same window for several trials. We can see
that our methodology tends to be efficient (i.e., the same estimated results are obtained).
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Figure 18. Estimate the
parameters several trials.

Table 4. Statistics for rejecting the null hypothesis

S&P 500 DAX FTSE 100 | CAC 40 SMI Nikkei KOSPI SSE HSI
225

KS test

Mean 353.34 362.18 361.67 340.38 361.69 331.81 37098 | 387.81 | 364.67
Std 46.62 64.38 54.14 62.82 52.56 69.68 72.59 61.24 58.78
AD test

Mean 374.29 370.77 387.32 362.34 391.61 357.68 358.80 | 287.31 | 320.89
Std 97.49 112.18 77.72 106.04 62.21 102.40 131.65 | 147.29 | 128.44

Table 5. Correlations between first-trial and second-trial estimated parameters

KS test
Correlation | 0.43 | 0.76 | 0.84
AD test
Correlation | 0.23 | 0.81 | 0.84
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Figure 19 provides an example of the likelihoods of rejecting the null hypothesis, where we fix two
of the optimal estimated parameters and allow the rest one parameter to vary within our parameter
choices. We can see that our estimated results are significant (i.e. the optimal estimated parameters
have better fitness compared to alternative choices). To see the identifiability of the model, we use
the estimated parameters, simulate the logarithmic returns, and compare the results to the real
data. When of is less than 3.5 or r exceeds 0.3, our model tends to generate more rare events in the
tails compared to the historical data (see Figure 20).4®
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Figure 19. Likelihoods of
rejecting the null hypothesis
fixing two of the optimal
estimated parameters.

Figure 20. Q-Q plot of historical
returns versus simulated
returns.
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7. Conclusions

In this paper, we develop and examine a simple interactive agent-based model, where the distribu-
tion of returns generated from the model take into accounts two stylized facts: fat tails and volatility
clustering. Our simulation results indicate that the risk tolerance of fundamentalists and the relative
funding rate of positive-feedback traders versus fundamentalists are key factors determining the
path of price fluctuations. Fundamentalists are more able to dominate the market when they are
more willing than positive-feedback traders to take risk. In addition, fundamentalists could be the
source of heavier tails, and positive-feedback traders cause the formation of speculative bubbles.

We provide a novel approach using a moving window methodology and applying the two-sample
Kolmogorov-Smirnov and Anderson-Darling tests to estimate the fundamentalists’ eagerness to-
ward profits, positive-feedback traders’ funding rate versus fundamentalists, and noise traders’ re-
action strength in the markets over time. Our empirical results for the nine equity markets we choose
are able to reflect market situations (e.g. bursting of the Dot-com Bubble and the announcement of
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the Lehman Brothers bankruptcy). The generally low level of risk bearing by fundamentalists in the
nine markets could explain the frequent occurrence of bubbles during the period from January 1985
to September 2015.

Our work shows the potential of agent-based models’ application in finance, such as risk manage-
ment and high-frequency trading. Future research would be to generate a more general heteroge-
neous agent model and develop a more stable estimation methodology.

Supplementary material
Supplementary material for this article can be accessed
here https://doi.org/10.1080/23322039.2017.1381370.
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. See, for example, Rietz (1988), Barro (2006), and Julliard

and Ghosh (2012).

. See, for example, Youssefmir and Huberman (1997),

Brock and Hommes (1998), Lux (1998), LeBaron, Arthur,
and Palmer (1999), and Lux and Marchesi (1999, 2000).

. See, for example, Alfarano, Lux, and Wagner (2005),

Boswijk, Hommes, and Manzan (2007), and de Jong,
Verschoor, and Zwinkels (2010).

. See, for example, Tesfatsion and Judd (2006), Hens and

Schenk-Hoppé (2009), LeBaron (2000, 2012).

. See, for example, Sims (2003), Peng (2005), Van Nieu-

werburgh and Veldkamp (2010), Backus, Chernov, and
Zin (2014).
See, for example, Harrison and Kreps (1978).

. The existence of two expectation regimes, fundamental-

ists and trend following regimes, in the market is identi-
fied by Boswijk et al. (2007) and de Jong et al. (2010).

. See, for example, Glosten and Milgrom (1985), Kyle

(1985), Black (1986), De Long et al. (1990b), and Bloom-
field, O’Hara, and Saar (2009).

. Positive-feedback traders are viewed as noise traders

in most studies. However, in order to identify the role
of each type of trader in the market, here we classify
traders into three groups: fundamentalists, positive-
feedback traders, and noise traders.

10.

11.

12

13.

14.

15.

16.

17.

18.

19

20

21.

22

24

If the fundamental value is a submartingale, traders
will buy the stock. Conversely, if the fundamental value
is a supermartingale, traders will sell the stock.

Note that the best strategy for fundamentalists
wouldn’t be to have their price belief equal to the
fundamental value. Because of the existence of other
types of traders, the market price wouldn’t move back
to fundamental value in next period.

. We can also interpret of as how sensitive fundamental-

ists are to the differences between their next period
expected price and the current stock price.

The logarithmic term for costs is to enable the ex-
pected utility function to be concave with respect to
the demand for the stock. In practice, one can use the
methodology introduced in Section 4 to find best fitted
model for historical data.

Note that traders here are rationally bounded and
intuitively sum up marginal utilities of profits, wealth,
and costs as a criteria for their utilities.

If =0, then the positive-feedback traders are not
affected by the wealth effect. The existence of the
wealth effect causes the positive-feedback traders

to be less risk-averse and trade more aggressively
compared to fundamentalists. The wealth effect

could be the reason why the individual investors

trade frequently and overconfidently. For discussions
related to overconfidence, see , for example, De Long,
Shleifer, Summers, and Waldmann (1989), De Long et
al. (1990b), De Long, Shleifer, and Summers (1991),
Odean (1998), Barber and Odean (2000), Hirshleifer
and Luo (2001), and Chuang and Susmel (2011).

The regularity condition is rarely violated in our simula-
tions.

From our simulation results, & does not have a
significant impact on the type of traders who would
dominate the market when & < 0.5. However, as there
are more noise traders in the market, fundamentalists
perform better.

We can see in the utility function of fundamentalists in
Equation (5) and positive-feedback traders in Equations
(7) and (9) that their transaction costs increase as p,
increases.

. See, for example, Lux (1998), and Lux and Marchesi

(1999).

. Fundamentalists and positive-feedback traders switch

strategies based on the prediction errors in Kaizoji
(2004).

For intuitions about different utility functions of
fundamentalists and positive-feedback traders, one
can consider the inflows and outflows of mutual funds
in which traders can trade by themselves or invest in
mutual funds.

. We will discuss the special cases in Section 6.
23.

The equilibrium here means the stock price is equal
to its fundamental value, which is different from the
meaning of an equilibrium price cleared by the market.

. We choose the window size being equal to 500 trading

days from a statistical point of view. Further studies
would be to investigate robustness and significance of
the impact resulted from different window sizes. For
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descriptions of goodness-of-fit tests, see for example,
Darling (1957), Stephens (1974), Crutcher (1975), Dal-
lal and Wilkinson (1986) and Chernobai, Rachev, and
Fabozzi (2007) Chapter 10.

25. When the initial price is less than half of its fundamen-
tal value, the outcomes are different. This situation is
similar to a crisis occurring where fundamentalists are
more able to dominate the market.

26. We restricted the population fractions of positive-feedback
traders ranging from 0.05 to 0.65 in the initial periods, but
observed the same outcome. Different outcomes could
occur only when the performance differentials between
the strategies are large enough such that the traders in
the market all switch to the best performing strategy.
However, this requires restricting the population fractions
of each type of trader for a long time.

27. Because of space constraints, we cannot report all of
the simulation results here. The codes are available
from the authors.

. All the simulation and estimation results are available
from the authors.

. We first find the best fitted AR process for the simu-
lated returns, and then run unit root tests.

. If af increases and «¢ also increases equally (af/a¢
remains the same), then the result would not change.
For example, the results are similar when af = a¢ = 6.5
and of = ac=1.5.

. In Case 2, the magnitude of acdoes not have significant
impact on the outcomes.

32. Here we sete, , ~ N(O, 1) and e, , varies with different

distributions:N(0, 1), t(v = 5),

stable(a = 1.5, =0, 6 =1, u =0), GARCH normal
with @, =0, a, = 0.9, #, = 0.05, GARCH t

withv =5, 4, =0, a, = 0.9, g, = 0.05, GJR t withv =5,
a,=0,a,=0.9,p, =0.05y=0.1,

FIGARCH (1,d,1) normal with @ = 0.05, = 0.05, d = 0.4,
A =0.45 and FIGARCH (1,d,1) t

withv =5, @ =0.05, & =0.05,d = 0.4, = 0.45.

33. We use the ARCH test for the presence of volatility
clustering.

34. When fundamentalists dominate the market, positive-
feedback traders update their price beliefs based on
the market prices which fundamentalists have had an
influential impact.

35. Here we measure the Shannon entropy by divid-
ing the demand for stock into 10 levels at the range
[min(xf,xf), Mox(x[, xf)]

2

(o]

2

Xe]

3

o

3

—_

3

D

. If reis small (large), the secondc(ﬂrst) term ofw

would determine the sign of ﬂxf;’%ﬁl

. Observe that the range of x{ ., is much shorter when
X; case2 < 0 compared to the range of x{ ..., when
Xtc, Case 2 2 0

38. Intensity to switch strategy would also be a key factor
causing a heavy tail and volatility clustering, but the
investigation and estimation of the parameter are
beyond the scope of this paper because our focus is
on how risk aversion affects the behavior of traders in
the market.

39. The time period covered in different markets vary
due to the availability of data from Bloomberg. For
instance, the adjusted closing prices for the SSE index
are available since 12/19/1990.

40. From Figure 12, we know that fundamentalists did not

have a large impact on the market before 1995.
. Recall that crises have higher probability of occurrence
when r¢> 0.2 (see Figure 10).

42.y may have predictive power on next period’s price
level of stocks, which is in line with Barber, Odean, and
Zhu (2009) who argue that retail investors push prices
over short horizons.

43. The analysis is provided in Appendix A.

3

~

4

—_

44, Taking the partial derivative of the relative risk aversion
of positive-feedback traders’ gemand for stock with
respect to g, we observe that —<=L tends to be
negative and %ﬁz tends to be positive.

c 2 (4 C

(‘ Ut) Pry1Xt

(1+r°ptxf)[at (pr —pt)+ﬁpf+1 —rtpt In (1+r°prxf)—r6pt]2

ORRAC case1 _ _
P

when x; >0, but Zace1 g positive when x{ < 0
since (r'p,)> = 0.and T+ rp,x¢ is positive. How-
ever, we can see that the range of x{ when x{ < 0
is much smaller compared to the range of x;
when x; > 0, which restricts the positive-feed-
back traders to trade aggressively when x{ < 0.

REA ey _ (i) 5 100 (149,05

I v i T L

The first term ofaRRA;ﬂ tends to be posi-

tive if xp > Osince 1+ pf,,x; > O from the
regularity condition and the two terms,

(1= 510 (1+P5)], [a° (pFa = p) +PE (PEaXE +1)7 =P )

tend to be negative. If x{ < 0, the first term of

ORRA H H
_;,ﬁ@sez tends to be negative since the two terms,

[1= 810 (1+p5,)], [0 (PE = Po) + P (PEXE+ 1) =P}
. RRA .

tend to be positive. The second term of Zeaccese2 jg

positive when x{ > 0 but is negative when x{ < 0.

Alternative way to analyze is to look at the partial

P . c X case s
derivative of the magnitude of X} coge5 =57

1
< 7 c
1 Pl | ( Pit ) .
- n X >0
. ’ ’ t,Cose2 =
9 cosea| _ < i [r(p;ﬂ‘(pfﬂ—p‘) ,tpriac(pfﬂipr) ase
- 1
dﬂ < 7 <
1 Prey 1l Pty c
n ;X <0
P [f‘pru‘(ofﬂfpt)] P (Pa-pr) tCase 2

Y ) o
Prbcoseal i negative when X{ ..., > 0 but is positive

when x{ ..., < 0. However, we know that the range of

Xt case2 is much smaller when X; case2 < 0 cOmpared to

the range of x{ .., When x{ ..., > 0. Positive-feedback
traders tend to be more risk-averse when Bincreases
in Case 2.

45. Higher values of ¢ represent situations in which agents
switch more rapidly to a best-performing strategy.

46. Recall that v captures the speed at which fundamen-
talists expect the market price to move back to funda-
mental value and p is the error correction coefficient
related to how sensitive positive-feedback traders
correct their expected stock price for the next period.

47. When af is equal to 1, the results are not significant.

48. Recall that bubbles occur when fundamentalists are
risk-averse and crashes occur when reis larger than 0.2
in our model.
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In this appendix, we provide an analysis of the expected utility function for fundamentalists and

positive-feedback traders for Cases 1, 2, and 3.

Fundamentalists maximize their next period expected utility according to

Max E(Uf) = af<p';+l —pt>xir - (1 +rfptx{) In (1 +rfptxtf), o >0, >0

(A1)

From the first-order necessary condition (FOC), we can derive the fundamentalists’ demand for stock
x{. We then check the second-order necessary condition (SOC) of xtf. The derivations are provided

below.

Letf(x[) =E(U"),

then f’(xf) = ozf(pf+1 - pt) —rfp,In (1 + rfptx{> —rp, f" <xtf) = ;E:ff‘;’i;

(i) FOC

of (L. =p,
Let f’(xf) =0, thenx = rfipt{exp [—(pr‘f*; »)

(i) soc

)

Letf"(x) <0, then x! > — L, which holds for FoC.
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(iii) xtf > Owhen p{“ > (1 + :—rf)pt, and xf < Owhen pfﬂ < (1 + :—ff>pt.

oof
1+rpxl = exp [M—l],

rp,

then

f f f f

£\ f(of f af<pf+1_pf) “f<pt+1_pf) “f(pm_pt) “f<Pz+1—Pr)

E(U):a(Pm—pt)xt—exp -1 —1|=exp 1= .

rp, rp, rp, rp,

“f(ptfu*pr) x-1 ’ x—1 " x—1 [T

Letx= ————=andg(x) =€ — X, theng' (x) =e"" —1and g"(x) = € > 0, which indicates

r'p,

that g(1) = Oiis the minimum. Thus, E(Uf) > 0.

Let us consider the situation that fundamentalists would short the stock when they expect its
price to fall in Case 3 and compare the xf when p{+1 —p, < 0.We can see that x{‘ in Case 3 is larger
than |X{‘ in Case 1, which indicates that fundamentalists are more aggressive in Case 3 than they are

in Case 1 when of > 1. Following is the proof.

prfﬂ -p, <0,

f f
f f of 1 af<pt+1 _pt) 1 f “f(pt+1 _pt>
Xt coses ~Xpcase1 =~ 5=~ 7P| ——F—— - 1|-1p=——q-d —exp| ———— -1[+1¢
rp,  r'p, rp, rp, rp,
ifaf > 1, x xf <0

t Case3 ~ “'t,Casel =

Positive-feedback traders maximize their next period expected utility as (A2) in Case 1 and (A3) in
Case 2.

Max E(U°) = a“(p5,q — P )Xi + BPsaXs — (L+rpxg) In(1+rpx;), a€>0,r°>0 (A2)

[Pf_,,le + 1] 1_ﬂ

MaxE(U°) = a®(pt,, — Pe)X; + 1-5

c
X

—r'px;, a“ >0, r>0 (A3)

Similar to the procedures that we derive for fundamentalists’ demand for the stock, we derive the
positive-feedback traders’ demand for stock Xf by FOC and check SOC for the Xf we derived. The fol-
lowing provides the derivations.

Case 1

Max E(U%) = a“(pf,q — P)Xs + BPsaXs — (1 +rpexi) In (1+rpx;), a© >0, 1> 0

t

Let f(x¢) = E(UF),

— _(rcpz)z
T o14rpx¢

then f'(x;) = a*(PLyy = P) + APty = P In (1+r'pxp) = r'py, £7(X;)
(i) FOC

Let '(x{) = 0, then x¢ = A {exp [TEu2d ¥ _q] 4}
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(i) SOC
Letf”(x{) < O, then x; > — WhICh holds for FOC.

(iii) x; > Owhenpg,, > ( )pt, and x; < Owhen pg,; < (a + )Pt-

a+p

1+rpx; = exp [—“ (PP OPLs _ 1],

r‘p,
then
(o} C _ + C C C _ + C
E(UC) — ac(pfﬂ _pt)xtc+ﬂpf+1xtc _ a (pt+1 cpt) ﬁpt+1 -1 EXp a (pt+1 Cpt) ﬂpt+1 -1
I py Py
_ exp @ (Pia =P +Pes | _ [ (Pha =P +APL |
r'p, r'p,

Let y = ZEPIP g0 hy) = &1 -y, then W(y) = & — 1and h"(y) = &~ > 0, which
indicates that h(1) = Ois the minimum. Thus, E(U°) > 0.
Case 2

[t x+1]"

Max E(U°) = a®(pi,, — p)X; + 245

Let f(x¢) = E(U°),

—r'pXxg, a“>0,r">0

! C (o} C C C C - C " C C 2 (o C P
then f'(x;) = a®(p,; = Py) + Proa [Praa Xt + 1] P —r Po [ (%) = =B(PLa) " [PEaX; + 1] .

1 [ P ]
Pt r'p—a (pz+1_pz)

Let f”( ) < 0. We require p;, . x; + 1 > 0 as regularity condition,

(i) FOC

Letf'(x;) = 0,then x; =

(i) socC

thenrp, — a“(p,; —p;) > 0 =p;,; < <“+’ )pt = Bah o 2

P: ®
(i) We can see that SOC holds either for x; > 0orx; < 0. Consider regularity condition

+ ¢ +
Priq < (“ - )pt, then x; >0 when (‘;M’ )pt < Pry < (“ s )pt,
and x; < Owhen pj,; < (‘;:ﬂ’ >pt.

c c Pia
X, +1= [ — ]
pt+1 t r'p—a (pr+1 pz)

then

1

P c/nc c ;
[’Epr_"((an_Pr)] c c [a (pt+1 B pt) —r pt] p§+1 _1
r'p Po)

—-rp = C(C
1-5 o [ « (pt+1_

-l
<

E(U%) =a(PLy = Po)X; +
14

+ 1 |: pt+1 :|/"
1-p|rp - ac<ptc+1 _pt>
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cy _ _ 1, p _ Pfa fooN =2 2k
LetE(US) =k@)=z""+ 15527 wherez = P thenk'(z)=-z7*4+2z7 =z"%(z1 —1),

My =273 + T — 3 (24 B2
K'(z)y=2z7°+ Sz =2 (2+ ﬂZ/').
K'(1) = 0 with k(1) = 7 > 0, so that E(U°) > 0.

Comparing Xf in Case 1 and Case 2, we can see that positive-feedback traders are more aggressive
in Case 2 than they are in Case 1 when 0 < < 1. The explanation is as follows.

C(npC c (4 %
XtCCusel = cl{exp |:(x (le cpt) +ﬂpt+1 - 1:| -1 }’ XtCCuseZ = cL |:+:| -1
' rp; rp; ' Pepi | [rp—« (pt+1 - pt)

—- c (r'p=ppE) c c (*p—PL1)
(i) Xt,Caselc > Owhenp;, , —p, > — (2nd Xt case2 > Owhenpi , —p, > —
then X; coee; > O'is less restrictive than X; ¢, > Owhen0 < g <1

When Xf < 0, the magnitude of their minimum are far less than their maximum as Xf > 0.

Thus, Xf > 0 would be the situation we like to emphasize.

0 M _ ot o [@ P P) | g
AP =P)  (rp,)’ r'p,
X case2 _ at Piit i 0
0Pt =P prp, — o (pLy — py)]* LFPe = (Ph = Py)
o0x¢

Xt .
ﬁ tends to be larger than ﬁwhen Pr.1 — Py > 0, then the change of differences
t+1~ Pt t+17 Pt

between p;,, and p, would have larger impacts on x;

C
t case1 than on X

t,Case 2’
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