
Juma, Mussa; Lee, Min Cherng; Chin, Seong Tah; Liew, Kian Wah

Article

Evaluation of variable annuity guarantees with the effect
of jumps in the asset price process

Cogent Economics & Finance

Provided in Cooperation with:
Taylor & Francis Group

Suggested Citation: Juma, Mussa; Lee, Min Cherng; Chin, Seong Tah; Liew, Kian Wah (2017) :
Evaluation of variable annuity guarantees with the effect of jumps in the asset price process, Cogent
Economics & Finance, ISSN 2332-2039, Taylor & Francis, Abingdon, Vol. 5, Iss. 1, pp. 1-17,
https://doi.org/10.1080/23322039.2017.1326218

This Version is available at:
https://hdl.handle.net/10419/194687

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dürfen die Dokumente nicht für öffentliche oder kommerzielle
Zwecke vervielfältigen, öffentlich ausstellen, öffentlich zugänglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfügung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewährten Nutzungsrechte.

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

  https://creativecommons.org/licenses/by/4.0/

https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://doi.org/10.1080/23322039.2017.1326218%0A
https://hdl.handle.net/10419/194687
https://creativecommons.org/licenses/by/4.0/
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/


Juma et al., Cogent Economics & Finance (2017), 5: 1326218
https://doi.org/10.1080/23322039.2017.1326218

FINANCIAL ECONOMICS | RESEARCH ARTICLE

Evaluation of variable annuity guarantees with the 
effect of jumps in the asset price process
Mussa Juma1, Min Cherng Lee1*, Seong Tah Chin1 and Kian Wah Liew2

Abstract: Financial crisis in 2007–2008 have caused losses to life insurance 
companies issuing variable annuities with guarantees. This is partly due to failure 
of variable annuity (VA) issuers to anticipate the large variations in asset prices 
during the financial crisis times in their pricing framework and also setting a higher 
guaranteed rate. This study aims to investigate the pricing of the guaranteed 
minimum death and accumulation benefits embedded in flexible premium VA. 
We compare the prices from calibrated Black–Scholes model to that of calibrated 
jump-diffusion model. Although both models assume constant volatility, the fact 
that Black–Scholes model ignores abnormal asset price changes due to jumps is 
likely to under-price the VA. We also conduct a case study to analyse the impact on 
guarantee fees for different stock market performance and regional mortality rates.

Subjects: Actuarial & Accounting Mathematics; Insurance; Pensions

Keywords: jump-diffusion model; variable annuity

1. Introduction
A variable annuity (VA) is an agreement between the life insurance company and the annuitant for 
the writer to pay periodical income in exchange for premium payment from the holder. They are of 
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two types according to premium payment: single premium variable annuity (SPVA) and flexible pre-
mium variable annuity (FPVA). FPVA is a VA with periodical premium payments or instalment during 
the deferred period or accumulation period (Bernard, Cui, & Vanduffel, 2016; Chi & Lin, 2012). The 
policyholder makes many payments during the life of the policy (Costabile, 2013). The periodical 
payment can be constant, increasing or decreasing. In SPVA only one payment is paid during incep-
tion. VAs are known by various names like segregated funds (Canada) and Unit- or equity- or fund-
linked (UK).

The investments of the VAs are in mutual funds. Equity-linked life insurance products enable the 
annuitants’ contributions to be invested in equity market. This means that the returns on invest-
ments are directly linked to a particular equity fund of the annuitants’ choice. Upon selection, the 
premiums are transferred to a third-party fund manager by the insurer. Alternatively the invest-
ments can be linked to the performance of an index rather than a stock, in this case they are known 
as Equity-Indexed Annuities or simply Indexed Annuities (EIA) rather than Equity-Linked or Unit-
Linked Annuities (ELA).

VAs have embedded options which provide protection against the downside of the stock market 
performance (during the bear market, poor performance and investment during the bull market, 
good performance) and outliving the annuitant`s income due to longevity risk. The embedded op-
tions include guaranteed minimum death benefits (GMDB) and guaranteed living benefits (GLB). GLB 
comprise guaranteed minimum income benefits (GMIB), guaranteed minimum accumulation bene-
fits (GMAB), guaranteed minimum withdrawal benefits (GMWB) and guaranteed lifetime withdrawal 
benefits (GLWB). For detailed explanation please refer to (Hardy, 2003; Stone, 2003). Many studies 
on evaluation of guarantees are based on guarantees embedded in SPVA (Bacinello, Millossovich, 
Olivieri, & Pitacco, 2011; Milevsky & Posner, 2001). The implication of the SPVA is that it is mainly 
meant for adults in their 50s and above who have earned enough from their work to make only one 
payment (Bacinello, Millossovich, Olivieri, & Pitacco, 2012; Bauer, Kling, & Russ, 2008).

Insurance companies charge a fee to fund the guarantees. The fee is known as mortality and ex-
pense fee (M&E fee) or insurance risk charges or insurance fees. If the fees are too high relative to 
the fund performance, the annuitant can terminate or surrender the guarantee and if the fee are too 
low relative to the fund performance then the life insurance company stands to suffer losses. Hence 
the fee should be fair.

Many writers of VAs suffered losses during the global financial crisis of 2007–2008 and other crisis 
which affected specific regions in previous times. Equitable life UK is an example of failure to incorporate 
jumps in the asset prices and time-varying volatility in pricing of the guarantee. The Company 
guaranteed a very high guaranteed rate when inflation was high in the early 1970s. After decades of 
operations, the economic changes slowed down the inflation. This caused the Company to suffer losses 
and forced to close for new business by December 2000. Fluctuation of asset prices in such times 
becomes high which made the value of the guarantees more expensive than previously calculated.

Many literature use Black–Scholes model to price the guarantees embedded in VAs. Black–Scholes 
approach assumes a geometric Brownian motion (GBM) for the asset price which fails to reflect the 
leptokurtic distribution of asset returns, the volatility smiles and the variation of asset returns due to 
abnormal changes in asset price or jumps in the price process (Merton, 1976). Because of their long-
term nature and importance to the retirees, it is necessary for the writers to incorporate volatility 
smiles in their evaluation. It has been shown that deterministic volatility including the constant volatil-
ity models does not take into account the fat tails and volatility smile behaviours of the asset returns.

Many studies have been done to improve the Black–Scholes model. They include:

•  Incorporating jumps in the price process assuming constant volatility as in BS model (Hanson & 
Westman, 2002; Kou, 2002; Merton, 1976).
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•  Assuming a constant elasticity of variance (Cox & Ross, 1976).

•  Assuming a stochastic volatility without jumps in the asset price process (Amin & Ng, 1993; 
Heston, 1993; Hull & White, 1987; Stein & Stein, 1991).

•  Assuming a stochastic volatility and jumps in the asset price dynamics (Bates, 1996; Scott, 1997).

Black–Scholes model ignores the jumps in the asset prices caused by over or under reaction due 
to good or bad news coming from the market or an individual company. Hence it doesn’t consider 
the impact of information arrival on the asset price changes. It only considers normal asset price 
changes but not abnormal.

By assuming the impact of market or company news arrival in specific discrete times which are 
random (jumps in asset prices), the GBM of the Black–Scholes model is transformed into a leptokurtic 
distribution with volatility smiles. Jump models have better analytical tractability than stochastic 
volatility models specifically for path-dependent options. They capture short-term characteristics or 
behaviour of the financial market better than stochastic volatility models (Yan & Hanson, 2006). In 
other words, they handle short-term smiles better.

The plots of time series of the market data whether market index prices, refer Figures 1–4 or indi-
vidual company price movements show such presence of jumps. Also plots of times series of the 

Figure 1. FBMKLCI index price.

Figure 2. DARSDSEI index price.
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asset returns whether market index returns, refer Figures 5–8 or individual company returns depict 
the presence of upward and downward jumps. Figures 1–4 shows the stock market index price 
movements for the Tanzania, Malaysia, Canada and USA markets and their corresponding stock 
market index returns are shown in Figures 5–8 for the dates 1 January 2005–1 October 2016. Good 
news from the market or individual company causes upward jumps, while bad news causes down-
ward jumps. Big and very big downward jumps relate to financial crisis and cause the financial mar-
ket to crash. Big downward jumps in history include 1987, 2000–2002 and 2007–2008. In their 
papers, Kou (2002, 2007) showed that the addition of jump in the Black–Scholes model generates 
high peak (under-reaction) in the asset return leptokurtic distribution and heavy tails (over-reac-
tion). In his paper, Merton (1976) assumed that the extra randomness of the underlying asset price 
due to jumps can be diversified away. By modelling jumps, the smiles can better be fitted.

Because of the 2007–2008 financial crisis and the previous 1987, 2000–2002 we intend to investi-
gate whether a Black–Scholes model is appropriate to calculate the M&E fee for the combined guar-
anteed minimum death and accumulation benefits (GMDB&GMAB) embedded in a FPVA in such 
times of financial crashes. We hypothesize that the financial crisis in that period was due to jumps 
in the asset prices, especially downward jumps, caused by abnormal changes in the asset prices. We 
use stock market indices from 2005 to 2016 (which includes one of the global financial crisis period) 
to calibrate the jump-diffusion model and the diffusion model. Then we conduct a case study to 

Figure 3. SPTXS index price.

Figure 4. S&P500 index price.
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Figure 5. S&P500 index returns.

Figure 6. SPTXS index returns.

Figure 7. FBMKLCI index 
returns.
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determine the impact of investing into various stock markets by the life insurance company writing 
VAs on the M\&E fees and the impact of regional mortality differences on the combined guarantees 
fees when the VA writer issues the product to annuitants of different regions (countries).

The study seeks to address the following questions:

•  What is the impact of jumps in the underlying asset price process on the guarantee fees?

•  Will the insurance company charge the same price when the premium is invested in a foreign 
stock market as in a local stock market?

•  Will the insurer charge the local policyholder same price as the foreign policyholder when the 
insurer issues the VA to both local and foreign annuitants?

The contribution of the study is three fold:

•  To evaluate the impacts of jumps in the underlying asset price process on the guarantees fees.

•  To analyse the impact of investment in a foreign stock market on the costs of GMDB and GMAB 
embedded in FPVA.

•  To assess and evaluate the impacts of entering a foreign VA market on the price of the GMDB 
and GMAB embedded in FPVA.

The organization of the remaining part of the paper is as follows: section two explains the meth-
odology while section three addresses the results and discussion of the findings. Section four con-
cludes the study.

2. Methodology
In this section we outline the models used and the experiments conducted under different cases, we 
explain the data used and the calibration procedure of the diffusion and jump-diffusion models.

2.1. Underlying asset price dynamics
We propose a new model, jump-diffusion model, which takes into account the large, infrequent and 
abnormal variations of asset price caused by market news arrival in addition to normal changes of 
asset price due to disequilibrium in market demand and supply. We extend the work of Milevsky and 
Posner (2001) by allowing jumps in the underlying asset price process.

Figure 8. DARSDSEI index 
returns.
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Compared to Black–Scholes model which considers only normal asset price changes, jump-diffu-
sion model considers both normal and abnormal asset price changes and hence makes it a better 
model. Different from stochastic volatility models, jump-diffusion models have better analytical 
tractability specifically for path-dependent options and capture short term characteristics or behav-
iour of the financial market better (Yan & Hanson, 2006). In other words, they handle short-term 
smiles better.

We evaluate the guarantee fees using this proposed model and compare to the fees evaluated 
using the Black–Scholes model which only considers risk to the life insurer brought by normal 
changes of asset price caused by the imbalance of market demand and supply.

In the proposed new model, jump-diffusion model, the value of an asset at time t, (St) follows a 
GBM and a jump process outlined by Poisson process, Nt. The asset price follows GBM between jumps.

 

where Nt is a Poisson process with an intensity of λ given by:

St is the asset price at time t, Bt is a standard Brownian motion, J (is a function which causes a jump 
of stock price) is the jump size or magnitude which are i.i.d r.vs. The study by Merton (1976) considers 
the case where the jump sizes are normally distributed (J~N (μ, σ)).

Under the Black–Scholes model, the dynamics of the stock price (St) follows a GBM and is given by 
the following SDE:

 

2.2. Account value dynamics
At and c are denoted as the sub account value at time t and the M&E fee payable continuously, re-
spectively, and k is the subsequent contributions. Under the Black–Scholes model assumptions, the 
sub account is given by:

While in the proposed jump-diffusion model assumptions, the sub account is given by:

2.3. Guarantee benefits dynamics
The study considers combined guaranteed minimum death and accumulation benefits (GMDB&GMAB) 
with roll-up premiums. A pre-agreed guaranteed interest rate g ≥ 0 is chosen in such a way that 
g < r. The guarantee benefit, Gt, is given by:
 

The guarantee benefits considered resemble the arithmetic Asian put option where the account 
value, At, becomes the underlying asset. Their pay-off function, P(t), is given by:

(1)dSt = �Stdt + �StdBt + JStdNt, S(0) = S
0

(2)P{N(t) = n} =
(�t)n

n!
e−�t

(3)dSt = �Stdt + �StdBt, S(0) = S
0

(4)dAt = (� − c)Atdt + �AtdBt + kdt, A(0) = A
0

(5)dAt = AtdSt∕St − cAtdt + kdt

(6)= (� − c)Atdt + �AtdBt + AtJdNt + kdt, A(0) = A
0

(7)G(t) = A
0
egt +

k(egt − 1)

g
, forg > 0, G(0) = A

0
, G(t) = A

0
+ kt, for g = 0

(8)P(t) = [G(t) − At]+ = max{G(t) − At, 0} for t ≤ T
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2.4. Guarantee benefits evaluation
Cash outflow less cash inflow constitutes the guarantee benefits loss function. The cash outflow is 
composed of the GMAB and GMDB pay-out and cash inflow is comprised of the guarantee benefits 
fee (Stone, 2003). The present value of the loss function (L0) is given by:
 

The expected present value of the loss function as a function of the M&E fee is given by:

where

 

is the price of the put option and

is the T-year temporary life annuity payment payable continuously for a life aged x with rate r and c. 
The fair M&E fee, c* is such that the expected present value of loss is zero. i.e.

3. Data used
Mortality tables, stock exchange market indices and returns, criteria for data extraction and source, 
calibrated diffusion (Black–Scholes) and jump-diffusion model parameters values are used as inputs 
in our study.

The selection of the stock markets and VA markets is based on the following criteria:

•  Popularity of the VA (most popular countries, less popular countries and least popular 
countries).

•  National and individual income (High income countries, middle income countries, low income 
countries).

•  Stock market performance (highest to lowest stock market performance).

Individual countries in the same categories exhibit similar behaviours in terms popularity of the 
VA products, income and stock market performance, mortality and health risks. USA and Canada are 
most popular in VA products, Malaysia is medium, while Tanzania has less popularity of the 
products.

With respect to National and individual income, USA and Canada have the highest income. They 
are from the highly developed or first world countries. Malaysia is from the second world countries 
with middle income, while Tanzania is from the third world countries with low income.

In terms of stock market performance, USA has the highest performance followed by Canada, 
then Malaysia and the least performance is Tanzania stock market, refer Table 1.

(9)L
0
=

T

∫
0

e−rtP(t)tpxux+tdt + e
−rTP(T)Tpx − c

T

∫
0

e−rtA(t)tpxdt

(10)L
0
(c) =

T

∫
0

∏
(0, t)tpxux+tdt +

∏
(0, T)Tpx − cA0āx:T̄|C −

kc

r − c

(
āx:T̄|C − āx:T̄|r

)

(11)
∏

(0, t) = e−rtEP(t) = e−rtE([G(t) − A(t)]
+
), t ≤ T

(12)āx:T̄|r =

T

∫
0

ert tpxdt, āx:T̄|c =

T

∫
0

ect tpxdt

(13)L
0
(c∗) = 0
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Table 1 shows the mean returns and standard deviations in the four stock markets of USA, Canada, 
Malaysia and Tanzania.

The criteria for selecting the dates of the daily asset prices:

•  To include the recent global financial crisis of 2007–2008.

•  To match the accumulation period of 10 years used in the study.

The time for the daily asset price is from 1 January 2005 to 1 October 2016.

The criteria for using market index prices rather than individual asset prices:

•  In order to calculate market risk.

•  The index reflects the overall movements of a group of securities (tracks the portfolio perfor-
mance, many different stocks).

•  An index consists of many capitalized shares at the exchange market.

•  Indices are excellent instruments for reducing risk exposure or increasing yields.

The study used Malaysian mortality table (M9903), Canadian Mortality table (CIA9704) and 
Tanzanian mortality table (T2000), refer Tables 2–4, respectively.

The study used stock exchange market index prices from Malaysia, Tanzania, Canada and USA, 
refer Figures 1–4. The data were collected from Bloomberg database for the dates 1 January 2005 to 
1 October 2016.

The daily asset return, Ri distribution, refer Figures 5–8 is obtained from the daily closing price, St 
of the four market indices using the following equation:

 

where ln St is the natural logarithm of the asset price St at time t.

The Black–Scholes model is calibrated using Gibbs Sampling procedures (Chan & Wong, 2015) to 
four stock exchange market indices and the resulting μ and σ parameters are tabulated in Table 5 
Since g < r and μ is taken as the risk free rate, r then the study takes g as 50% of the mean rate in 
each of the four stock markets except DARSDSEI which uses 86%.

The Jump-diffusion model is calibrated to four stock exchange market indices using Gibbs 
Sampling procedures (Chan & Wong, 2015) and the resulting μ, σ, λ, μJ, σJ and g parameters are 
tabulated in Table 6. Since g < r and μ is taken as the risk free rate, r then the study takes g as 50% 
of the mean rate in each of the four stock markets except DARSDSEI which uses 86%.

(14)Ri = ln St − ln St

Table 1. Stock market mean returns and standard deviations
Index market Mean return (%) Standard deviation (%)
DARSDSEI (Tanzania) 3.2 1.8

FBMKLCI (Malaysia) 9.2 9.3

SPTXS (Canada) 17.6 12.7

S&P500 (USA) 17.6 12.1
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Table 2. Malaysian mortality table
Attained age Mortality rates Attained age Mortality rates

Male Female Male Female
45 0.00240 0.00126 63 0.01580 0.00829

46 0.00268 0.00140 64 0.01757 0.00926

47 0.00299 0.00155 65 0.01951 0.01033

48 0.00334 0.00172 66 0.02163 0.01151

49 0.00372 0.00191 67 0.02394 0.01280

50 0.00413 0.00212 68 0.02645 0.01421

51 0.00458 0.00235 69 0.02919 0.01575

52 0.00507 0.00260 70 0.03217 0.01743

53 0.00559 0.00288 71 0.03540 0.01927

54 0.00614 0.00319 72 0.03890 0.02126

55 0.00674 0.00355 73 0.04269 0.02344

56 0.00737 0.00397 74 0.04680 0.02580

57 0.00804 0.00444 75 0.05123 0.02836

58 0.00875 0.00499 76 0.05602 0.03114

59 0.01015 0.00522 77 0.06118 0.03414

60 0.01137 0.00588 78 0.06675 0.03740

61 0.01271 0.00660 79 0.07274 0.04091

62 0.01419 0.00741 80 0.07918 0.04471

Table 3. Canadian mortality table
Attained age Mortality rates Attained age Mortality rates

Male Female Male Female
45 0.00148 0.00105 63 0.01028 0.00929

46 0.00162 0.00117 64 0.01160 0.01040

47 0.00178 0.00130 65 0.01304 0.01152

48 0.00196 0.00144 66 0.01462 0.01265

49 0.00216 0.00162 67 0.01632 0.01377

50 0.00238 0.00181 68 0.01816 0.01489

51 0.00263 0.00204 69 0.02013 0.01602

52 0.00291 0.00229 70 0.02225 0.01715

53 0.00323 0.00259 71 0.02450 0.01827

54 0.00359 0.00292 72 0.02691 0.01940

55 0.00400 0.00329 73 0.02946 0.02053

56 0.00445 0.00371 74 0.03216 0.02166

57 0.00498 0.00419 75 0.03501 0.02278

58 0.00558 0.00472 76 0.03802 0.02391

59 0.00626 0.00530 77 0.04119 0.02504

60 0.00705 0.00595 78 0.04453 0.02617

61 0.00801 0.00706 79 0.04802 0.02729

62 0.00908 0.00817 80 0.05169 0.02842
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3.1. Experiments
We evaluate the combined guarantee minimum death and accumulation benefits M&E fee using 
Black–Scholes model and jump-diffusion model for male and female annuitants aged 45–69. We 
consider a life insurance company based in Malaysia writing the VA to Malaysian annuitants and 
invests the premiums in the Malaysian stock exchange market. We also carry out a case study to 
determine the impact of stock market performance and regional mortality rates on the combined 
guarantee M&E fee. We consider the following cases:

•  A local life insurance company issuing the guarantee to local and or foreign annuitants and in-
vesting into the local stock market. A Malaysian-based life insurance Company issuing the guar-
antee to annuitants of Malaysia, Tanzania and Canada.

•  A local life insurance company issuing the guarantee to local annuitants and investing into dif-
ferent stock markets.

○  A Malaysian-based life insurance Company issuing the guarantee to Malaysian annuitants 
and invests the contributions into Malaysia, Tanzania, Canada and USA stock markets.

○  A Canadian-based life insurance company issuing the guarantee to Canadian annuitants 
and invests the contributions into Malaysia, Tanzania, Canada and USA stock markets.

Table 4. Tanzania mortality table
Attained age Mortality rates Attained age Mortality rates

Male Female Male Female
0–1 0.089699 0.080493 50–54 0.015640 0.013854

1–4 0.013899 0.013899 55–59 0.021106 0.014641

5–9 0.005855 0.005504 60–64 0.028290 0.020588

10–14 0.003131 0.003070 65–69 0.038868 0.032480

15–19 0.003682 0.003392 70–74 0.060049 0.052626

20–24 0.006069 0.006159 75–79 0.095084 0.084197

25–29 0.010988 0.015461 80–84 0.164111 0.147358

30–34 0.014279 0.016065 85–89 0.250214 0.223177

35–39 0.017673 0.016012 90–94 0.365264 0.320709

40–44 0.016207 0.012830 95–99 0.511382 0.441152

45–49 0.015416 0.013037 100+ 0.660961 0.582228

Table 5. Calibrated diffusion model parameters
Index μ σ g
DARSDSEI (Tanzania) 0.032045 0.018269 0.027550

FBMKLCI (Malaysia) 0.092161 0.093089 0.046061

SPTXS (Canada) 0.176643 0.126744 0.088322

S&P500 (USA) 0.175795 0.121167 0.087898

Table 6. Calibrated jump-diffusion model parameters
Index μ σ λ μJ σJ g
DARSDSEI (Tanzania) 0.032231 0.018257 66.208454 0.000905 0.019716 0.027718

FBMKLCI (Malaysia) 0.092041 0.093049 11.114209 −0.003253 0.032613 0.046020

SPTXS (Canada) 0.177217 0.126589 19.595428 −0.005650 0.034590 0.088609

S&P500 (USA) 0.175513 0.121152 30.078617 −0.003544 0.031558 0.087757
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4. Results and discussion

4.1. Jump-diffusion model vs. Black–Scholes model
Figures 9 and 10 show M&E fee for Malaysian male and female annuitants, respectively, where the 
FPVA premiums are invested in Malaysia stock market. The fees are calculated using Black–Scholes 
model and jump-diffusion model.

Black–Scholes model ignores the jumps in the asset prices caused by over or under reaction due 
to good or bad news coming from the market or an individual company. Hence it doesn’t consider 
the impact of information arrival on the asset price changes. It only considers normal asset price 
changes but not abnormal. By assuming jumps in asset prices, the risks modelled in the jump-diffu-
sion models are higher compared to the risks modelled in the Black–Scholes model. This makes the 
prices obtained using jump-diffusion model to be higher than the prices obtained using Black–
Scholes model, refer Figures 9 and 10.

Figure 9. M&E fee for Malaysian 
male annuitants for different 
volatility models.

Figure 10. M&E fee for 
Malaysian female annuitants 
for different volatility models.



Page 13 of 17

Juma et al., Cogent Economics & Finance (2017), 5: 1326218
https://doi.org/10.1080/23322039.2017.1326218

The nature of the changes of the asset prices determines the various features of the financial as-
set returns (returns distribution, asymmetry, volatility smile). There are many sources which deter-
mine the nature of the change of the asset prices. Some of these include: normal asset price changes 
due to disequilibrium in supply and demand on the market; abnormal asset price changes due to 
infrequent events caused by large-scale imbalance in the national or international market economy. 
VA pricing models strive to capture the various important features of the asset returns. Indirectly 
pricing models quantify the risks presented by the various sources.

Some models consider only one category of risk, while other models consider a combination of 
many sources of risk which an investor is exposed to in the stock market. In our study, we consider 
two models: the Black–Scholes model considers the risk of loss to the insurers due to normal changes 
of asset price; and the jump-diffusion model considers the risk of losses from normal and abnormal 
changes in the asset price.

Many sources of risks expose the investor to a significant risk of loss compared to few sources of 
risks. This in turn will compel the life insurance company issuing the VA with guarantees to charge 
high guarantee fees when using a pricing framework which accounts for many sources of risk of loss 
compared to a pricing model which takes into account few sources of risks of loss. Black–Scholes 
model produces lower guarantee fees than the jump-diffusion model because it accounts for only 
sources of risk of loss due to normal changes of the asset price, while jump-diffusion model accounts 
for risks of loss due to normal and abnormal changes in the asset price, refer Figures 9 and 10.

In reality there are many sources of risks of losses to the investor operating in the stock market. 
The modelling framework which considers many sources of risk will place the investor in a good posi-
tion of reducing the risk of losses but at the expense of high fees! This is a challenge to the competi-
tiveness of the company in attracting new annuitants.

4.2. Issuing VA to annuitants of different countries
Figures 11 and 12 show M&E fee for male and female annuitants, respectively, of Malaysia, Tanzania 
and Canada when the investment of the contributions is done in Malaysia stock exchange market.

Mortality rates explain the level of mortality risk which individual annuitants bring into the group. 
To be fair, the life insurance company should charge the annuitants according to the risk they bring 
into the group. When the life insurance company charges same price to all annuitants of the same 
age regardless the region or country they come from, good risks (annuitants with lower mortality 
rate at same age) will feel they are overcharged and hence terminate the contract and surrender it 
while bad risks (annuitants with high mortality rates at same age) will feel that they are under-
charged. In addition the company will be attracting bad risks and chasing away good risks. This will 

Figure 11. M&E fee for male 
annuitants in Malaysian stock 
market.
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lead to an adverse selection problem which puts the company in a high risk of losses. To avoid this, 
the M\&E fees should depend on the mortality rates of an individual person, refer Figures 11 and 12 
and explained in detail in Juma, Lee, Goh, Chin, and Liew (2016) and Juma and Lee (2017). The 
higher the mortality rate of an individual, the higher the fees irrespective of the region although the 
mortality table of the region is used in the calculation of the fees.

4.3. Investment of the premiums into different stock markets
Figures 13 and 14 show M&E fee for male and female annuitants, respectively, of Malaysia when the 
investments are made in Malaysia, Tanzania, Canada and USA.

Figure 13. M&E fee for 
Malaysian male annuitants in 
various stock market.

Figure 12. M&E fee for female 
annuitants in Malaysian stock 
market.

Figure 14. M&E fee for 
Malaysian female annuitants in 
various stock market.
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Figures 15 and 16 show M&E fee for male and female annuitants, respectively, of Canada when 
the investments are made in Malaysia, Tanzania, Canada and USA.

Mean return from investments and its dispersion are the two variables used to characterize the 
stock market performance. They are also risk factors used in the pricing of guarantees. High-
performing stock markets are characterized by high investment mean returns, while low performing 
stock markets are characterized by low investment mean returns. Since returns and volatility are 
negatively related, high-performing stock markets have lower volatility and vice versa. Volatility is a 
proxy measure of market risk; therefore high-performing stock markets have lower risk of loss to the 
investor. Also lower risk of the sub accounts falling below the guaranteed amount. In other words, it 
has lower risk to the life insurance company of paying the guarantee before it has accumulated 
enough. This will lower the guarantees fees, a situation which makes the company attractive, com-
petitive and leads to the increase in sales and profitability.

Charging the same guarantees fees in every stock market the company invests the premiums, 
exposes the company to high risks of losses because low performing stock markets have high mar-
ket risks which might outweigh the low market risks in high-performing stock markets. This also will 
reduce the incentives of expanding into foreign stock markets as well as reduction of guarantees 
fees in order to attract more annuitants, sales and profits. In order to fulfil the mission of expanding 
into international business, life insurance companies should charge lower guarantee fees when in-
vesting in high-performing stock markets and high guarantee fees when investing into low perform-
ing stock markets, refer Figures 13–16.

Figure 15. M&E fee for Canadian 
male annuitants in various 
stock market.

Figure 16. M&E fee for Canadian 
female annuitants in various 
stock market.
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5. Conclusion
Following the financial crisis periods of 2007–2008 where asset returns are highly negative, this study 
sets to investigate the appropriateness of the Black–Scholes model in pricing the guaranteed minimum 
death and accumulation benefits embedded in FPVA. The study also conducted a case to examine the 
influence of stock market performance and regional mortality rates on the combined guarantee fees.

The results showed that the Black–Scholes model ignores jumps in the asset prices, in other words 
it doesn’t take into account the good or bad market information arrivals at discrete times which are 
random. This makes the jump-diffusion model appropriate in capturing the short-term smiles and 
leptokurtic distribution of the asset returns during the time of financial crisis where there are big 
downward jumps. Because the Black–Scholes model considers only normal asset price changes, it 
fails to model market risks brought by abnormal asset price changes and therefore under-prices the 
combined guarantee. This framework can also be extended to incorporate different volatility models 
such as those mentioned by Cheong, Cherng, and Yap (2016) and Chin, Lee, and Yap (2016a, 2016b).

For the case when the life insurance company issues the VA to annuitants of different countries, 
the study found that the life insurance company has to charge different guarantee fees in order to 
be fair and to avoid adverse selection problem which results from charging same guarantee fees 
regardless of the differences in regional mortality rates. The adverse selection problem increases the 
risk of attracting bad risks (annuitants with high mortality rates at the same age) and chasing away 
good risks (annuitants with low mortality rates at the same age). This phenomenon increases the 
possibility of losses to the life insurance company.

With respect to investment in different stock markets, the study found that the life insurance 
company has to charge lower guarantee fees when it invests the annuitants’ premiums in high-
performing stock markets and charge higher guarantee fees when investing into a low performing 
stock market. Charging same guarantee fees regardless of the stock market performance leads to 
over-pricing or under-pricing the guarantee. This increases the risk of losses to the company and 
reduces the competitiveness in attracting new annuitants. It also reduces the strategic motives of 
expanding into an international market. Specifically, Life Insurance Company should look to invest 
in stock markets which reduce the guarantee fees so that its strategy of competitiveness and at-
tracting new annuitants is achieved.
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