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Abstract

We analyze linear McKean-Vlasov forward-backward SDEs arising in leader-follower games with
mean-field type control and terminal state constraints on the state process. We establish an existence
and uniqueness of solutions result for such systems in time-weighted spaces as well as a convergence
result of the solutions with respect to certain perturbations of the drivers of both the forward and the
backward component. The general results are used to solve a novel single-player model of portfolio
liquidation under market impact with expectations feedback as well as a novel Stackelberg game of
optimal portfolio liquidation with asymmetrically informed players.

AMS Subject Classification: 93E20, 91B70, 60H30

Keywords: mean-field control, Stackelberg game, mean-field game with a major player, McKean-Vlasov
FBSDE, portfolio liquidation, singular terminal constraint

1 Introduction and overview

Mean field games (MFGs) are a powerful tool to analyze strategic interactions in large populations when
each individual player has only a small impact on the behavior of other players. Introduced independently
by Huang, Malhamé and Caines [18] and Lasry and Lions [23], MFGs have received considerable attention
in the probability and stochastic control literature in the last decade. A probabilistic approach to solving
MFGs was introduced by Carmona and Delarue in [11]. Using a maximum principle of Pontryagin type,
they showed that solving the MFG reduces to solving a McKean-Vlasov forward-backward SDE (FBSDE)
of form,
dX; = b(t, Xy, Yy, L( X4, Y2)) dt + o dWy,
—dY; = h(t, Xy, Yy, L(X, V7)) dt — Zy dWy, (1.1)
XO = X, YT = l(XT,,C(XT)),

where X is the state of the representative player, Y is the adjoint variable, and £(-) denotes the law of a
stochastic process. In MFGs with common noise [2, 3] the dependence of the coefficients on the law of the
process (X,Y) is of conditional form. FBSDEs of the form (1.1) also arise in mean-field control (MFC)
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problems [1, 4, 12] and in MFGs with a major player [8, 9, 13] when formulating stochastic maximum
principles. MFGs with a major player are a special class of leader-follower games with mean-field control.
In such a game, the leader’s optimization problem can be viewed as MFC control problem where the
state dynamics follows a controlled FBSDE that characterizes the representative minor agent’s optimal
response to the leader’s control. We study a novel class of leader-follower games with mean-field control
and terminal state constraint on the state processes that naturally arise in Stackelberg games of optimal
portfolio liquidation with asymmetrically informed players.

1.1 McKean-Vlasov FBSDE with terminal state constraint

Let W = (W, W?) be a multi-dimensional Brownian motion generating the filtration F = (F});>0 and
let FO = (F?)i>0 be the filtration generated by WP. In this paper, we consider linear McKean-Vlasov
FBSDEs of the form

dQi = (—A;Ry — AJE [v,Q| F] + f,) dt,
—dRy = (A}Q: + AJE[G R\ FY) + AEl0iQil F{) +3,) dt — Z, dWh, 2
QO =X, QT = O’

with given initial and terminal condition for the forward, and unspecified terminal condition for the back-
ward process. FBSDEs of this form arise in linear-quadratic MFGs, MFC problems, and leader-follower
games under a terminal state constraint on the state process when formulating stochastic maximum
principles. Under a terminal state constraint on the state sequence the terminal value of the adjoint
process is unknown. The special case A2 = A% = A% = f = § = 0 arises in the single player portfolio
liquidation models under market impact studied in, e.g. [5, 17]. The special case A2 =A% = f =g =0
was recently analyzed in [14] in the framework of a MFG of optimal portfolio liquidation.

We prove a general existence and uniqueness of solutions result for the system (1.2) under boundedness
assumptions on the model parameters that allows us to solve single player portfolio liquidation problems
with private information and expectations feedback. The existence and uniqueness result is comple-
mented by a convergence result for the solution of (1.2) with respect to the parameters (f,g) that allows
us to formulate a stochastic maximum principle for leader-follower games of portfolio liquidation with
asymmetrically informed players.

The existence and uniqueness of solutions to (1.2) is obtained via two nested continuation arguments.
Standard continuation methods for McKean-Vlasov FBSDEs established in, e.g. [3, 10] do not apply to
the system (1.2), due to the unknown terminal value of the backward process. In order to overcome this
problem we make a linear ansatz R = AQ + H, from which we derive an exogenous BSDE with singular
terminal condition for the process A, and a BSDE with known asymptotic behavior at the terminal time
for the process H. The driver of the latter BSDE depends on the unbounded process A. The nature of
the FBSDE for (Q, H) is different from [14] where a similar ansatz gave a BSDE with known terminal
condition. Analyzing simultaneously the triple (Q, H, R) allows us to prove the fixed-point condition
arising in the application of the continuation method in a suitable space.

Our second main result is a convergence result for the solution (@, R) to the system (1.2) with respect
to the “input” (f,g). Our convergence is not in the L? sense as in the standard FBSDE literature
[24, 27] but rather in the L” (1 < v < 2) sense. Specifically, we consider the convergence of the solutions
(Q™, R") to a penalized version of (1.2) under a uniform L? boundedness assumption on the sequence
(F",3"). For such inputs a result of Komlés [21] guarantees the Cesaro convergence of (f,3") along a
subsequence in L” (1 < v < 2). We prove the convergence of the solutions in the same sense. To this
end, we define auxiliary processes to decouple the system (1.2) and then show that these processes solve
the system (1.2) in the right spaces. The convergence result then follows from the previously established
uniqueness result.



1.2 Applications to optimal portfolio liquidation

Models of optimal portfolio liquidation have received substantial attention in the financial mathematics
and stochastic control literature in recent years; see [5, 15, 16, 17, 22, 26] among many others. In such
models, the controlled state sequence typically follows a dynamic of the form

t
Xt:x—/ & ds,
0

where x € R is the initial portfolio, and ¢ is the trading rate. The set of admissible controls is confined
to those processes ¢ that satisfy almost surely the liquidation constraint X, = 0. It is typically assumed
that the unaffected price process against which the trading costs are benchmarked follows some Brownian
martingale S and that the trader’s transaction price is given by

t
Sy =85 — / ks&s ds — 1.
0

The integral term accounts for permanent price impact; the term 7;£; accounts for instantaneous impact
that does not affect future transactions. The trader’s objective is then to minimize the cost functional

ﬂQElA?%&XSHM&F+&$f)@1

over all admissible liquidation strategies. We refer to [5, 17] for an interpretation of the processes 7, k, A.

1.2.1 Single player model with expectations feedback

Standard portfolio liquidation models assume that a trader’s permanent price impact is driven by his
observable transactions. If the transactions are not directly observable, then it is natural to assume that
the permanent impact is driven by the market’s expectation about the trader’s transactions as in [1, 6],
given the publicly observable information.

In Section 3 we solve a single-player liquidation model with expectations feedback where uncertainty
is generated by the multi-dimensional Brownian motion W = (W, W?°). The Brownian motion W°
dtransaction escribes a commonly observed random factor that drives market dynamics; the Brownian
motion W is private information to the trader. Specifically, we assume that the trader’s transaction price
is given by

t
Si=5i- [ {nEIGIF+3.) ds - s (13)

0
where S is an FO martingale, E[£,|F?] is the market’s expectation about the trader’s strategy, and g is

an F0-adapted process that will be endogenized in the next subsection. Assuming a standard quadratic
running cost function as in [5, 16, 17], the objective of the trader is then to minimize the functional

T
J(E&)=E / ke XeB[E | FD) + 96 Xy + me&? + N X2 dt | (1.4)
0

subject to the state dynamics

dX, = —& dt

(1.5)
X() =X, XT =0.

We allow the cost coefficients to be private information, i.e. to be F adapted. This justifies the conditional
expectation term in the price dynamics. A standard stochastic maximum principle suggests that the
optimal strategy is given by

Y, — E[re Xo| F7)

gt = 277t

(1.6)



where X is the portfolio process, Y is the adjoint variable, and (X,Y) solves (1.2) with f =0, g =g:

Y, - E[re Xo| ) d
2,

Y, 1 _
(m@ {27; ff} — ke [277‘ ff} Bk X¢| FO] + 20 Xt + gt> dt — Zy dWs,
t t

Xo=1z, X7 = 0.

dXy = t

3

4y, (L.7)

If the terms E[x; X;|F}] and k,E {2%“‘ .Fto} E[x;X¢|F}] drop out of the FBSDE system, then the system

reduces to that arising in the MFG analyzed in [14]. In the next subsection we introduce a model
extension where the privately informed trader is the follower in a Stackelberg game of optimal portfolio
liquidation. As a byproduct we obtain an extension of the MFG in [14] to a MFG with a major player.
A related model without liquidation constraint and without any feedback of the major player’s strategy
on the minor players’ transaction price has been considered in [19].

1.2.2 Mean-Field type Stackelberg game with asymmetric information

In Section 4 we solve a Stackelberg game of optimal portfolio liquidation with asymmetrically informed
players. The leader (she) has the first-mover advantage while the follower (he) has an informational
advantage.

We assume again that uncertainty is generated by the multi-dimensional Brownian motion W = (W, W?)
and that W9 describes a commonly observed market factor while W is private information to the follower.
For a given FP-adapted strategy £° of the Stackelberg leader, we assume that the follower’s liquidation
problem is the same as in the previous subsection with
g —_ %060

for some FY-adapted process &° that measures the impact of the leader on the follower’s transaction price.
Let £*(-) be the follower’s optimal response function to the leader’s strategy and put pu* := E[¢*(-)|F?].
Following the standard approach we assume that the leader’s transaction price is

t t
S0 =5 [ urds— [ wetds e (18)
0 0
for FO-adapted coefficients n°, k%, %°. The difference is that now the leader controls the transaction price
both directly and indirectly through the dependence of the follower’s optimal response on her trading
strategy. We furthermore assume that the leader’s cost functional is given by
T —
P =B | [ (R X0+ XD+ € + NP+ Ru)?) ] (1.9
0

where X© denotes her portfolio process and A, X are F0-adapted. Her control problem is then a MFC
problem with state process (X%, X,Y), where (X,Y) solves (1.7) with g = k°¢° and
dX) = &) dt

1.10
Xg ==z, X3 =0. (1.10)

We establish a new maximum principle for this control problem from which we derive an explicit repre-
sentation of the major player’s optimal control £%* as

_ pe+ E[R{q| 7] — KX
2n)

& (1.11)



in terms of the state equation (1.10) and the adjoint equations:

Y, 1
—dp; = (@E [27; t] —®E [277 ’ f?] Elke X¢|FY] + 6960 + 2ASX$> dt — Z, dW; (1.12)
t t
and
Tt 0 1 —
—dg; = | —— —E —_— dt
@ ( 2n, [reail 7] 5 o ft) ’
0 (1.13)
_dT‘t = 2/\tQt —+ K‘,t]E 277 =+ K‘,tE -_— ]:t tht|.7: ] +7q gt dt Zt th,
g =0, qgr =0,
where 00
- R X )\t [ Y, :| At { 1 0:| 0
= + — —E | —| F | E[x: X¢|F,
It o o o | T [kt X | 7]
and

G, = —rE [’fo] ROX0 — 2)\ kB [
21,

! (23l 7] -2 a7 i)

Here, p is the adjoint variable to X° and (q,r) are the adjoint variables to (Y, X). The system (1.13) is
again a special case of (1.2).

In order to establish our maximum principle we first consider a sequence of unconstrained optimization
problems where the liquidation constraints are replaced by increasingly penalized open positions at the
terminal time. The resulting optimal strategies for the Stackelberg leader turn out to be L? bounded,
hence they have Cesaro convergent subsequence. From this we deduce that the sequence of state-adjoint
equations for the penalized problems Cesaro converges to the system (1.7), (1.10), (1.12) and (1.13).

To the best of our knowledge no numerical methods for simulating the mean-field FBSDEs arising in
our Stackelberg game are yet available. In order to get some quantitative insight into the equilibrium
dynamics we therefore simulate a deterministic benchmark model with constant coefficients. In this case,
our conditional mean-field FBSDEs reduce to deterministic forward-backward ODEs for which numerical
methods exist. Our simulations suggest that the solution to the Stackelberg game is very different from
the solution to single player models. In particular, beneficial round-trips may exist for the follower. This
is not the case in deterministic single player models; in the Stackelberg game the follower may act as a
liquidity provider for the leader. Furthermore, depending on the strength of interaction the presence of
the follower may (or may not) reduce the leader’s trading cost.

The rest of this paper is organized as follows. Our general existence, uniqueness and convergence results
for the FBSDE (1.2) are established in Section 2. The MFC problem and the Stackelberg game of optimal
portfolio liquidation introduced above are solved in Section 3 and Section 4, respectively. Our numerical
simulations are reported in Section 4.3.

NOTATION AND CONVENTIONS. Throughout, we work on probability space (£2,P, F), on which there
exist two independent Brownian motions W and W. We denote by FO = (F?)o<i<r and F = (F;)o<i<T
the filtrations generated by W and W, augmented by the P null sets, respectively, where W = (W, W0).
For a space I and a filtration G we introduce the following spaces:

L2([0,T) x 1) ={X : X : [0,T] x Q@ — T and X is G progressively measurable and T valued}

T
/ |thdt] <oo}, E>1
0

LE([0,T) x ;1) =4 X € LL([0,T] x 1) esssup | Xi(w)] < oo p.
(t,w)€[0,T]xQ

LE([0,T) x ;1) = {X € L2([0,T) x 1) : E




1/k
The spaces L% are equipped the norm || X ||« = (E [fOT | X, |* dtD . The spaces

SZ([0,T] x ;1) = {X e LL([0,T) x ;1) : E [ sup |Xt|2} < oo}
0<t<T

S’é’_([O,T) x 1) = {X € LL([0,T) x ;1) : supE [ sup Xt|2] < C}
>0 [0<t<T—e

are equipped with the respective norms

1/2 1/2
| X|s2 := <]E { sup |Xt|2]> i |1 X || g2.- :=sup <E [ sup |Xt|2]> ,
0<t<T >0 0<t<T—e

and for > 0 we introduce the space
5 971\ 1/2
1 <oo} with [| X||g := (E ‘|> .

For ¢ € LF([0,T] x 2;I), we denote by ||¢| and ¢, its upper and lower bounds, respectively. Finally,
we adopt the convention that a positive constant C' may vary from line to line.

Xy
T

| X

sup 7(T — t)ﬁ

te[0,T)

sup

Hp = {X € SA([0,T] x 1) : E
0<t<T

2 The McKean-Vlasov FBSDE

In this section, we prove a general existence and uniqueness of solutions result (in a suitable space) for
the FBSDE (1.2) along with the convergence result with respect to the processes (f,g). We assume
throughout that the system coefficients satisfy the following assumption.

Assumption 2.1. i) The stochastic processes 7, ¢, o and A* (i = 1,--- ,5) belong to L.

ii) There exist constants 6; > 0 (i = 1, 2) such that

A%2 AR
o lIAze
( 20, 20, ). 7"

and 6 A%
Y
(A4 _ Iy 1A%e ||A5||||g||) >0,

*

iii) The initial condition y belongs to L2 and (f,g) € S2 x L2.

The linear ansatz R = AQ + H on [0,7T) results in the following FBSDE for the triple (Q, H, R):
—dHy = (=AjAH, — N AR Qi FY) + Acf, + AJE[G R FY)
+AJE[0:Qi| FY] +7,) dt — Zy AWy,

(2.1)
—dR; = (A{Qi + APE[Q R |F] + AJE[0iQu| FP] + Gy) dt — Z, dW,
R = AQ+H7 te [OvT)a
QO =X QT = 07
where A satisfies the singular BSDE
—dA; = (A} — ALAD) dt — Zy dWV, tli/rr% Ay = 0. (2.2)



It has been shown in [5, 17] that the equation (2.2) is well-posed under Assumption 2.1 and that the
following estimate holds:

1 1 !
<A< ——F / — + (T —u)?AL du| F; | . (2.3)
E{ftTA}Jdu’}'t} (T —1) r AL
It follows from (2.3) that A is nonnegative and that for all 0 < ¢; < t2 < T,
B T
¢ Tt Tt
e Jil Adsds < o 2) <c 2) . where B:=Al/|AY and 0 <7 < 8. (2.4)
T—1 T—-1t

2.1 Existence and uniqueness of solutions

In view of [14], we expect to find a solution (Q, H, R) to (2.1) such that (Q,R) € H, x L for some
a > 0. Unlike in [14] the process H is only defined on [0, 7). The following heuristics suggests that if we
can find a solution such that (Q, R) € H, x L2, then H € SI?’*. In fact, by the general solution formula

ft‘|7

for linear BSDEs, for any 0 <t < T < T,
Ko = (—AJAE:QulFJ) + A + ME[GR| FJ] + AJE[0.Qs| FJ] + 7, -
If we knew that

. T
T Al s Al
— A, A, d - AN, A, d
Hze oA “-l—/ em Ji M Avdu g g
t

Ht:]E

where

limsup E[|Hz|?] < oo, (2.5)
T /T

then taking the limit 7' 2 T and using the estimate (2.4),

T
H,=E [/ e~ [T MAvdupe g
t

}}] . (2.6)
From this and using (2.4) again, we obtain a constant C' > 0 such that for any € > 0,

E[ sup Hﬂ < C (1Qlla + [Flls2 + 1Rllze + 7ll22)
0<t<T—e

Since (2.5) holds for H € SEQ-’* our goal is to establish the existence and uniqueness of a solution
(Q,H,R) € Ho X 55’7 x L2. To this end, we apply a nested continuation method to the system:

dQy = (=AM R — AJE [vQ:| FY] + [,) dt,
—dH; = (—AAH; — A AER Qi FY] + Acfy + pPATE[G R | FY)
+PAJE[0:Qe| FY] + G, + fi) dt — Zy AWy,
—dR; = (A?Qt + pATE[G R FY] + pATE[0:Qi| FY) + 7, + ft) dt — Zy dWr,
R=AQ+H, tel0,T),
Qo=x, Qr=0.

(2.7)

In a first step, we prove the existence of a unique solution to the above system for p = 0. Subsequently,
we show that the solution result extends to p = 1.

Lemma 2.2. Ifp =0, then the FBSDE (2.7) has a solution in H,, X S]g’* x L2 for any f € L%, where
0<a<pb.



Proof. Notice that the system (2.7) is still coupled for p = 0. To solve it, we apply a continuation method
to the following system:
dQ; = (—A{Ry — PAJE [ Q| FY] + f, + b)) dt,
—dH; = (—AJAcHy — PA] AR Qu| FY) + Acfy + Gy + fo + f1) dt — Zy dW,,

—dRy = (AfQ¢ + Ty + fi + f| — Asb}) dt — Z, AW, (2.8)
R=AQ+H, tc[0,T),
Qo=x, Qr=0.

Step 1. Forp =0, the system (2.8) is solvable in Ho x Sg'~ x L2 for any (V' f') € Hao X Ha—1.

If p = 0, then the system (2.8) is decoupled and we let H be

T
H, =FE / e J& Ay A du (Asfo+7s + fs+ f2) ds ft] ,0<t<T. (2.9)

t

Moreover, by the estimate (2.4) and Doob’s maximal inequality, we have for any € > 0,

E { sup IHt|2] < C(Iflls2 + lIgllee + 1f ez + 11 Na=1) , (2.10)
0<t<T—e¢

where C' is independent of €. Thus, H belongs to S];“f’* and satisfies the SDE in (2.8).

We now turn to the process . Taking R = AQ + H into the SDE for @ yields,

t
Q= xe Jo AuAudu +/ e oA (N L ) ds, 0< ¢ <T. (2.11)
0

Using monotone convergence and the estimate (2.10) this implies,

2]

<ol |( [ e 1 7o+

< L e a
o (T'—s)®

¢ [ Ixlle: + imE /TE'HSds | s e 4191
L2 o0 o (T —s) 5 .

e + lim E [ sup |Ht|2} Tl + ||b'||a)
N0 0<t<T—e

Q:

" T—0)e

sup
0<t<T

(2.12)

<C
< C(llxllizz + 1fls> + llgllez + 1 f 2 + 1 a1+ 16"]la) -
H

This shows that @ € H,. Integration by parts for the product QR on [0,T — €] yields,

Hr_Qr—c < Ar_Q3_ .+ Hr—Qr—c = Qr_eRr_.

T—e€ T—e
<—/ (@2 + R2) dt+CA0X2+|XHo|+C/ Qullg, + i + L+ Al dt
0 0

T—e
+ Q1 Zy dW ..
0



Taking expectations on both sides we have

T—e
E / (Q7 + RY) dt
0

T—e¢
E[CA0X2]+E[|XH0H+CE/ Qullg, + fie + fi + Abi| dt| + E[|Hr_ Q]
0

< C (E[Aox®] + CE[|xHo[] + | Qlla)
+C (g2 + 1 fllce + 1 f lam1 + 1'lla) + E[[ Hr—eQr—c[],

Thus, by taking € — 0, from (2.3), (2.10) and (2.12) we get R € LZ.

Step 2. If (2.8) admits a solution for some p € [0,1] and for any (', f') € Ho X Ha—1, then the same
holds for p + 0 for some constant 0 that does not depend on p.

For fixed @ € H,, since
—N’E Q| F°] + b € Ha, —INAENQ|F] + f € Ha-1,

there exists a solution (Cj7 f[, E) € Hq X Sf"* x L2 to the following system:

aQu = (—A} R~ FAZE [Q| 77| — OAZE [2Qul FO) + F, +0}) dt,
—dH, = (—A%Atﬁt — PAT AR Qi FY] — 0A7 AE[1, Q| FY]
HAS + G+ fo+ fr) dt — Zy dW, (2.13)
—dR; = (A?Q} VG St S Atbg) dt — Z, dW,,
R=AQ+H, te0,T),
Qo=x, Qr =0.

It remains to prove that the mapping ® : Ho — Ha, Q — Q is a contraction when 0 is small enough and
independent of p. For any @, Q’ € Ha, let (Q H R) and (Q’ H' R ) be the corresponding solutions.
Integration by parts for (Q — Q')(R — R') on [0,T — ¢] implies,

T—e T—e
[ (- ) @ | [ (- PR -

/OT_6 (ES - ]72’5)2 ds /OT_E(Qt -Q))? dt] .

Letting € — 0 and choosing € small enough, Assumption 2.1 yields,

E

< CE [I@T%flpg@ + ek + COE

T T T
E [/ (Qs — Q) dts| +E / (Rs — R;)2d51 < COE / (Qr— Q;)2dt] . (2.14)
0 0 0
Considering the SDE for Q in terms of R, by (2.14) we have
o T
E [ sup_ |0 — @;F] <ca | [ Q- dt] . (2.15)
0<t<T 0

Since H € S’I?’_, we have the following expression:

T
Hy=E / e SN (CpAZ A B Q| Y] — SN AE Qi F)

t (2.16)
+Af G+ o fL) dt)| R




From (2.16), Doob’s maximal inequality and (2.15) yield that for any € > 0

E [ sup \FIt — f[ﬂﬂ
0<t<T—e¢
2

<CE! swp |E /T@_S)B_lﬂg“@ _@’H}'O]ds‘]:
- ogth ¢ (T—t)P ’ e t
_ T (T - S)’B_l / 0 i
+ CoE (¢ sup |E / 7BE[\Q5—QS||Fs]d‘9|ft
0<t<T ¢ (T—1)
(2.17)
2
< C’IE{ sup |E { sup E[@s —QVLH}-S} ]:t} }
0<t<T| lo<s<T
2
—|—C’]E{ sup E{sup EHQS_Q;LFS”‘Ft] }
0<t<T | |0<s<T

T
< COE /0 Qe —Q))?dt

+ COE [ sup |Q¢ — Q2|2] ,
0

<t<T

where C' is independent of €. Finally, considering the SDE for @ in terms of H , by (2.15), (2.17) and the
same argument as (2.12), we have

1Q = Q'lla < CYQ = Q|-

Thus, when 0 is small enough, ® is a contraction. Iterating the argument finitely often and letting
f' =¥ =0 yields the desired result. O

Theorem 2.3. The FBSDE system (2.1) admits a unique solution (Q,H, R) € Hqs X SI?’_ x L2, where
0 < a < fB; the constant B was defined in (2.4).
Proof. We first prove the existence of a solution. In a second step we prove the uniqueness of solutions.

Step 1. Ewmistence of a solution. By Lemma 2.2, the FBSDE system (2.7) admits a solution (Q, H, R) €
Ho x Sp'” x L2 when p = 0, for any f € L2. Hence it remains to prove that if for some p € [0,1] the
system (2.7) admits a solution for any f € LIQF, then the same result holds true for p + 0 for some small
enough constant 0 that is independent of p. The proof is similar to proof of Lemma 2.2.

For any fixed (Q, R, f) € Ho x L2 x L2, we introduce the following system:

dét = (_A%Et - AfE [%@t

f,?} + ?t) dt,

—dH, = (_A%Atﬁt — A?AtE[7t©t|-7:?] + A, + PA?E[QEH}—?] + PA?E[Qt@t|f?] +§t> dt,
+ (fe + OATE[C R FY) + 0A B[00 Q| FY]) dt — Zy W,
ARy = (A}Qu -+ PATEIG R FY) + OATEICRu|FO) + pATE[0iQul 7Y + 0ATE[ 0, Qul FY) (2.18)

+G, + fi) dt — Zy dWs,
R=AQ+H, te0,T),
@0 =X, QVT =0.

Since f + 0ASE[CR|FO] + 0ASE[pQ|F?) € L2, there exists a solution (Q, H,R) € Hq X S2™ x L2 by
assumption. This defines a mapping

®:(Q,R) € Ho x L2 — (Q,R) € Ho x L2 (2.19)

10



It is sufficient to prove the existence of a fixed point of ®. To this end, for any Q, Q' € Hqa, R, R’ € L3,
by integration by part and using the same arguments leading to the estimate (2.14),

T _ _ T _ _
/ (Ry — R)*dt| + E / (Qr — Q)2 dt
0 0

T T
| @-aya | - mya
0 0
The preceding estimate allows us to estimate C~2 in terms of R as follows

E[ sup @t—égﬂ

0<t<T
/ R, — R,|*ds +C/ Q — Qs } (2.21)
T
/ﬂ@-@fﬁ /Xm—mfﬁ
0 0
By (2.21), a similar argument as in (2.17) yields the existence of a uniform C' such that for any e > 0,

T ~ ~
/ |R; — R}|*dt
0

T
/ |R; — R}|? dt
0

Now we return to the expression of Q in terms of H, from which we have by (2.21), (2.22) and the same
argument as in (2.12) that,

E

(2.20)

<oCE +oCE

< CE

<CE +0CE

E [ sup ﬁt — ﬁ;
0<t<T—e

1 < CE { sup Qs —QQZ} + CE

0<s<T

(2.22)

+ CoE [ sup |Qs — Q'S|1 + COE
0<s<T

Qi — Qt

< N2
Tt | S C0lQ- Q5+ CoE

E | sup (2.23)

0<t<T

T
/ |R; — R,|>at
0

By the estimates (2.20) and (2.23), when ? is small enough we have a fixed point which is a solution to
(2.7) when p is replaced by p 4 0. Iterating the argument finitely often and then taking f = 0 yields the
existence of a solution.

Step 2. Uniqueness of solutions. Let us assume to the contrary that there exist two solutions (Q, H, R) €
Ha X S;ﬁ x L% and (Q',H',R') € Ha X S[?’* x L% to (2.1). As in the proof of Step 1. integration by
part for (Q — Q')(R — R’) yields,

T
2| [ (- R+ Q- Q) dt] 0. (2.24)
0
Secondly, by the expression of (Q — Q') in terms of R — R/, (2.24) yields that
E [ sup |Q; — Q;|2] =0. (2.25)
0<t<T
Thirdly, the expression for (H — H’), (2.24) and (2.25) yield that for any ¢ > 0
E [ sup |H; — HgP] =0. (2.26)
0<t<T—e

Finally, by the expression for (Q — Q') in terms of (H — H'), (2.24), (2.25), (2.26) and arbitrariness of €
yield that
Q: —

8 Tt

sup
0<t<T

T = 0. (2.27)
O
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Remark 2.4. From the proof of Lemma 2.2 and Theorem 2.3 (see e.g. (2.9) and (2.11)), we see that for
f =0, the regularity of the solution can be increased to (Q, H) € Hp x H, where ¢ < % A B. This is the
case in [14].

The following corollary is important for the analysis of our leader-follower game of optimal portfolio
liquidation analyzed below. It implies that the follower’s optimal response function is linear convex and
hence that the leader’s control problem is convex.

Corollary 2.5. The mapping (f,g) € 82 x L2 — (Q, H, R)(f,7) € Ha x Sp'~ x L2 is well defined and
convez.

Proof. By Theorem 2.3, for each (f,g) € S2 x L2, there exists a unique solution (@, H, R). Thus, the
mapping is well defined. Moreover, by the uniqueness again, we have for p € [0, 1]

(Q?Hv R)(p(?,?) + (1 - p)(?lvg/)) = p(Qa Ha R)(?7§) + (1 - P)(Q,H, R)(?lvgl)
O

Using the same arguments as in the proof of Theorem 2.3 we can also get existence of a unique solution
to the “penalized version” of (2.1) where the terminal state constraint on the forward process is replaced
by the terminal condition of the backward process Ry = 2n@Qr. To this end, we introduce the BSDE,

—dA} = (A} — A{(AD)?) dt — Z, dW,, Al = 2n.

Existence and uniqueness of a solution to this equation has been established in [5]. Moreover, for each
tel0,T),
lim A} = A, as.. (2.28)

n—oo
When the terminal state constraint is replaced by the penalty term introduced above, the system (2.1)
translates into the following system:
dQy = (—ALR} = AZE [3Qp| FY) + T ) dt,
—dH = (—AJA} — N ATE[ Q7 IFY) + ATT) + AYE(GRY|FY)
+APE[0: Q7| FY] +57') dt — Zy dW:,
—dR} = (MQ} + AE[GRY|F] + ATE[0iQ7 | 7] +37) dt — 2, dW,
Qo = x, Hy =0, Ry = 2nQ7,

Corollary 2.6. Assume that for each fired n € N, (?n, g") € SEx L%. Then, for eachn € N the FBSDE
(2.29) admits a unique solution (Q™, H", R™) € Han X Sz x L2, where

Q]W}.

Remark 2.7. Note that in (2.29), the terminal condition for H™ is 0 so H™ is defined on [0,7]. In (2.1)
the process H is only defined on [0,7T), due to to the singularity of the process A at the terminal time.

(2.29)

Xy

su —_——
YT —t+ L)

0<t<T

Han = {X:]E

2.2 Convergence

We now prove an approximation result for the system (2.1) in terms of the systems (2.29) as n — oo.
The convergence result is established under the additional assumption that for any 0 <t} <ty < T,

t T — t n T—1
e ot Mududu o C'i752 and ¢~ Ji MuATde < 0Z 2 T i

2.30
T-t T—1t+ ( )

3=[3 1=

12



We refer to [14] for sufficient conditions on the model parameters under which this assumption is satisfied.
The proof of the following lemma can be found in [14, Lemma 4.4].

Lemma 2.8. Let ?n € S2 and g" € L2 be two sequences of progressively measurable stochastic processes
and (Q™, H™, R"™) be the solution to the system (2.29). If the sequences 7" and §" are bounded in SZ
and L2 uniformly in n, respectively, then

—n -
sup [|Q" |s2.~ +sup ||R"|[z: < C (sup £ |ls> + sup ||9”L2> < 0.
n n n n

Lemma 2.9. Let ?n and g" be two sequences of stochastic processes satisfying the conditions in Lemma
2.8. Then there exists f € L2, g € L% and a convex combination of a subsequence of (7”@") converging
to (f,g) in LY with 1 <v <2, i.e.,

lim E [/
N—o00 0

Proof. Since the sequence (fn,gn) is L2 uniformly bounded, the proof of [7, Theorem 2.1] tells us there
exists a subsequence of (?n,gn) and a progressively measurable stochastic processes (f, ) such that

N v

N
3 1 T —ny T F) —
ngnooﬁkz_:l(f ,G") = (f,9) =0, ae. as. on[0,T] x Q.
Fatou’s lemma implies that
T N
El/ (f1: 30 dt] <hm1nf Z [/ ?k,?k)zdt‘| < ©o0.
0 k=1
Thus, Vitali’s convergence result implies (2.31). O

The following theorem proves a convergence result for the FBSDE systems associated with the uncon-
strained penalized control problems to the system associated with the constrained one. The result is key
to our maximum principle for the leader-follower game introduced above.

Theorem 2.10. Let (f,§") be a sequence satisfying the conditions in Lemma 2.9 and (f,7) € L2 x
L% be the limit. Let (Q",H",R") and (Q,H,R) be the solution to (2.29) and (2.1), respectively.
We further assume the limit f € S2. Then there exists a conver combination of a subsequence of

(% Zszl Q" % foﬂ H™, % Zszl R""') converging to (Q, H, R) in S¥ x Li x L¥%, i.e.,

- v

Nl/iLnOOE sup N’Z ZQ =0,

0<t<T - N; Py

T
lim E / H — Hy| dt| =0,
Jm E| ] N/; Z

r v

Jim E /OT Z ZR”k Ry| dt| =0.

j=1 3k1

Proof. The uniform boundedness of fn and g" implies the uniform boundedness of R™ in L? (Lemma 2.8)
and the uniform boundedness of & Eszl R™ in L?. Thus, [7] again yields the existence of a progressively
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measurable process R € L2 and a subsequence of % Zgzl R™ such that

v

Nl/iglooE/O N,Z ZR —R,| dt| =o. (2.32)

j=1 ]kl

By (2.31), the convergence of the same convex combination holds for (?n,gn):

v

. TNk —n, _
Nl/linooE /0 N Zl Z 59 — (f,9,)| dt]| =0. (2.33)
J
Define @ as the unique solution in SZ to the following mean field SDE in terms of the limits f and R:

t
Qi=x+ / (AR, — N2E[, Q| +7.) d. (2.34)

Standard SDE estimates, (2.32) and (2.33) yield,

v

lim E | sup N/Z ZQ =0. (2.35)

N’—o00
0<t<T j=1 Nj

Now define H in terms of the limits f, R and Q as

t (2.36)

T
H, =E [ / e FT A A (N2 A By Q| FO] + Agf, + NPE[CRy|FY]

Thus, by (2.3), (2.30) and Hoélder inequality,

N’

E IS W

j=1 ]kl

67 fts A‘l 7Lk duAnk _— 67 f u ’U.

0

\_/
[\)
!

x (E[ sup [E[Q™|F)2 + sup (F.5)?

0<s<T 0<s<T

+ ﬁ Z 7 Z (E / ‘e— f: AuAu’” du — e f: AuAu du‘ dS ]:t‘| ) (E / |§';Lk |2 dS ft] )
j=1"" k=1 t t

v v

g - 1 1 _
- - ng __ 0 ng
(T*t)% E /0 A N/Jz; ]’;Qk s ]:s + N’ZN ka 5 ds ]:t

j=1"" k=1

) (E [ / E[(R™)? + (Q)?|F9) ds

T 1 N’ Ny o
+CE /O E[Nz JkZR“k R, +N,Z ZQM—QS Fo| ds| 7

T
1 A"k 1
/‘e JoruAst _ e fAuAu ds
t

Fi

j=1 j=1 Jk 1
T4 N’ 1 N
t j=1""7 k=1
J
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Applying Holder’s inequality again along with Doob’s maximal inequality, the uniform boundedness of
(@™, R",fn,yn) and the dominated convergence theorem we get,

T4 N’ 1 N
. - = Nk 7* —_
Jim E /0 N’; N, ];Ht H,| dt| =o0. (2.37)

Let R = AQ + H. For any T < T, by (2.35) and (2.37) we have

G I iy -
. 1o Do _
Jim E /O N,; NJ_;Rt Ryl dt| =0.

Thus, (2.32) implies that for any T < T,

T/\ JR—
E / By~ Ryl dt| =o0.
0

This proves that

~

R =R, ae. as. on [0,7] x Q.

Thus, the limit (Q, H, ﬁ) satisfies the system (2.1). Moreover,
(Q,H,R) € Ho x S~ x L2.

Indeed, since R € L2 and R = R a.e. a.s. on [0,T] x €, we have that Re L2. Moreover, (2.34) implies
that Q € S2, from which (2.36) implies H € Sy~ and taking R = AQ + H into (2.34) yields Q € Ha.
Hence, the uniqueness of solutions in H, X S]P%"* x L2 yields the desired convergence result. O

3 A MFC problem of optimal portfolio liquidation

In this section, we solve the single-player portfolio liquidation model with expectations feedback intro-
duced in Section 1.2.1. We make the following assumption which implies Assumption 2.1.

Assumption 3.1. The process g belongs to LZ. The progressively measurable stochastic processes 7, £
and A are nonnegative and essentially bounded. Moreover, there exists some 6’ > 0 such that

_ =l

e Sgr > 0, A — ||K]|€0" > 0.

The trader’s objective is to minimize the cost function J(-) introduced in (1.4) over the set of admissible
controls

T
Ar(z) == {{ € L([0,T] x 4 R) : / Esds = :I:}
0
A standard stochastic maximum principle suggests the candidate optimal strategy is given by

Y, — E[r Xo| F7]
* 3.1
6 o (31)
where (X,Y) € H, x L2 is the unique solution to the FBSDE system (1.7). Standard arguments show
that £* € Ap(z). To prove that £* is indeed the unique optimal control, we establish an auxiliary result
that substitutes for the lack of convexity of the Hamiltonian for our MFC problem.
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Lemma 3.2. For every t € [0,T), we have

E [ﬁtXtE[ftu:to] + m€F + /\tXtQ] —E [meJEKZ‘If?] + (&) + /\t(Xt*)Q]

* 0 * * * * * * 0 (32)
> E [(E[“tXt |Fy]+ 277t§t) (& — &) + 20 X7 (Xy — X7) + ke (X — X7)E[E] | F ]] .

Moreover, the above inequality becomes an equality if and only if & = & a.s..

Proof. To prove (3.2), it is equivalent to show

E [ne(& — &) + M(Xe — X)) + E[(& — &) FNE[ke (X — X[ F]] > 0.

Note that
B [E[(& — &)IF ke (X: — X7)IF]] |
< |IKIE [E[l¢: — &I FPIENX: — X7 [1F7]]
K k|0
< Ve [(mie - 172)°] + 1% [(m1x, - X717
Thus,

E [ne(& — &% + M(Xy — X7)? + E[(& — &) FE R (Xe — X7)|F]]

> 5 |(n- 1) @ - ey (- ) G- 02 - petste - nienxG - x7172)

20
+ Wl g, — gy + 1 g o, - 797
2B (- B} 60— 607+ (0 - 1) - 02 - pelmtis - 070lm0xs - X079
+ W (g6, - 11707 + 108 (i1, - X127
25 |(n- B ) @-ar e (- 150 -0
> 0.
The second claim is obvious from the above estimate. O

We are now ready to state and prove the main result of this section.
Theorem 3.3. Under Assumption 3.1 the process £* defined in (3.1) is the unique optimal control to
the MFC problem (1.4)-(1.5).

Proof. To prove the optimality of the candidate strategy &* we fix an arbitrary control £ € Ap(z) and
denote by X* and X the corresponding state processes. For any € > 0, it follows from Lemma 3.2 that

T—e
E / ke XGE[E TP+ G X 4+ me&f + M X7 dt]
0

T—e¢
-E V e XTEIG | FE] + GeXT +m(60)? + Me(X7)? dt] (3.3)
0

T—¢
> / (Bl X7 1F0) + 20060) (6 — €) + (20X + weEIEHF) 4+ 50) (X — X7)dt |
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Integration by part yields,

E [Yr o(Xr— — X7_,)]

T—e¢ T—e Y
=—E / Yi( —&)dt| —E / (Xe — X7) [ KE | 22| F
0 0 2m
1 0 * | 0 * o~ (3-4)
—[{t]E % ‘Ft E[KltXt |‘Ft] + 2)\tXt + gt dt
t
T—e T—e
= -E / Yi(& —&)dt| —E / (Xe = X7) (W [&FY] + 20 X[ + Gr) dt} :
0 0
Putting (3.4) into (3.3), we have
T—e
E [/ ke X BIG | FP] + GeXe + m&G + N X7 dt
0
T—e¢
E| [ RXCEIGIE ¢ 5 ) () e .
0 .

+E [Yr—o(Xr—e — X7_.)]
>E l/()T_€ (E[re X7 | FP] 4 2m&F — Va) (& — &) dt] =0.
Letting € — 0, a similar argument as the proof of [14, Theorem 2.9] yields that
lim E[Yr—o(Xr— = X7_)] = 0.

Thus, (3.5) implies
J(&) = J(E).

In order to prove the uniqueness of optimal controls, let £’ be another optimal control. Then, (3.5) yields

0=E

T
/ ke XGBIEFY] + G XT 4 me(60)% + M (X])? dt]
0

—-E

T
/ e XTEIE T+ G X 4+ ne(€) + M(X))? dt]
0

T
> E /0 (E[re X7\ FP] 4 2me&f = V) (& — &) dt| = 0.

Thus, (3.3) holds with an equality. The second claim in Lemma 3.2 implies the uniqueness. O

4 A Stackelberg game of optimal portfolio liquidation

In this section, we solve the Stackelberg game of optimal portfolio liquidation introduced in Section 1.2.2
above. We make the following assumption which implies Assumption 2.1 and Assumption (2.30).

Assumption 4.1. (1) The processes &%, k, 1, 1/1 and X belong to L°([0,T] x £2; [0, 00)).

2) The processes &°, k2, n°, 1/n° and X belong to L35 ([0, T] x ;[0, c0)).
i
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(3) For some positive constants #’, 6 and 6,

%]l

Ny — ﬁ > 0, Ay — ||KZH9/ > 0.
and 0 0 0119 0
0 R0 — |r
L B L O 2
(4) Forany 0 < s <t <T,
— [t A du <C Tt
¢ - T—s

and

n _ 1
o Il du T-t+y )
- T—s—&-%

The problem of the Stackelberg leader is to minimize the cost functional (1.9) over the set of admissible
controls

T
Apo (2°) := {50 € L% ([0,T] x 4 R) - / ds = 1:0} .
0

The follower’s optimal response function is given by

Yi(€°) — B[k X, (€°)| D)

€ o ¢ (¢0y .
E = E(€) = o

, (4.1)

where (X,Y) is the solution to (1.7) with g = £°£°. We will occasionally drop the dependence on &0 if
there is no confusion. Under Assumption 4.1 the solution (X,Y") enjoys better regularity properties, due
to Remark 2.4 and the estimate (2.3).

Corollary 4.2. Under Assumption 4.1, the solution to (1.7) belongs to H1 x Sz. Moreover, Y = AX +B
with B € H..

In the next section we first prove that the leader’s problem has a unique solution if the terminal state
constraints are replaced by finite penalty terms and establish a necessary maximum principle for the
penalized problem. Subsequently we prove the convergence of the state and adjoint equations of the
penalized problems as the degree of penalization tends to infinity.

4.1 The penalized problem: existence and maximum principle

The penalized optimization problem is obtained by replacing the terminal state constraint on the leader’s
and follower’s state process by a finite penalty term. The leader’s problem consists in minimizing the
cost functional

T
(€)= | [ BRI ¢ R B XY 4 KGR (| 4
0

over all controls &9 € LIQFO subject to the state dynamics

dx? = —&Vat,
ix, = — nZElmXid 7] E[;tX’f‘FP] dt,
. 't X (4.3)
—dY; = (mtIE [27; f?} — B [277‘ ff} E[rks X¢|Fe] + 20 Xt + %Qg,?) dt — Z, dW,,
t t
Xo =1z, X0 =12° Yy =2nXr,
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where the optimal response for the penalized follower € is defined as follows in terms of (X,Y) in (4.3)

. Y — E[xX|F°)
T
We are now going to show that the penalized optimization problem has a unique solution. Similar

arguments could be used to prove the existence of an optimal control for the original problem. They
would not, however, give us an open-loop characterization of the optimal control.

Theorem 4.3. For each n € N, the penalized optimization problem (4.2)-(4.3) admits a unique optimal
control in L]f_o.

Proof. In view of Corollary 2.6 the systems (4.3) is well-posed for each fixed ¢° € L%O. The representation
of the cost functional

J(E)

T _ ]E{ft
- Rl Vgxop L
[5x4

2
Y £9 2 70 k%
+5 (\/éXE + \/%) + (A? -4 - t) (XP)?

(- ) e+ (Ro- 20) (e [E] A1) deemxgy]

along with Corollary 2.5 and Assumption 4.1 shows that J%" is strictly convex. Uniqueness of the
optimal strategy follows.

Let J* = inf{OgL;O JO(£%). Then J* < oo because J*"(z"/T) is bounded. Let {¢"™™} C L2, be a
sequence such that
lim JOm(E0mm) = J*.

m— 00

By Assumption 4.1 this implies,

sup F
m

/0 T(ggvn»mﬁ ds} < C. (4.4)

Thus, Lemma 2.9 implies the existence of some £%™* ¢ LR%O such that

i

. =0,n,N
lim E &g

N—o0

th] 0, l<v<?2, (4.5)

where
N
EOJL,N _ i Z go,n,mk
N
k=1

Let (X0m* X™* Y™*) be the solution to (4.3) associated with £%™*. Then the same argument as in
the proof of Theorem 2.10 implies,

v

T N Ny
. 1 1 n,mg n,mg % n,*
Jim E /0 — ;:1 W, k§71(Xt YT — (X Y| dt| =0, 1< v < 2.

Moreover, (4.5) yields,

1 X1
lim E| sup |[=) — ) xomme _ xOnxl gl —q,
N—oo ogth N Z ¢ ¢
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Thus, Fatou’s lemma and the convexity of J%™ imply that
N N N;

Z OnN’ < lim inf :Z Z JOm (0mmay = g,

Jj=1 Jj=1 =1

J(],n(é-(),n,*) < liminf Jon

N—o00

==

O

From now on, we denote by £%™* the unique optimal control for the penalized optimization (4.2)-(4.3).

The following theorem provides a characterization of &%,

fo,n,*

Theorem 4.4 (Necessary maximum principle). The optimal control admits the following repre-

sentation: o . 0.
" P+ E[RVqr|FP] — kOX,™"
g — pi + ERgr | FY] — ki . a.e. a.s. on [0,T] x Q, (4.6)
27lt
where XO™* p" and q" satisfy the following FBSDE system:
dXy™ = g dt,

AXI = e,
_dYtn’* (HtE gzz*u:o +2)\tXn* toé-On*) dt — Z, dW,,

—dp = (ROE [6"|F0] + R{EX™" + 200 X0 ) dt — Z, dWY, o
. .
—d (& Fy + >
q = < 277t tqy'| ] 20 ft
—d’/‘? < 2>\tqt + /QtE |:217 :| + K;tE |:‘ ./T"t :| K’tqt |]:0] + g?) dt Zt th,
XJ =2 Xo=ua, Y'" =2nX}", pr2nX0”*, = —2nq}, q =0,
where YO ey XI|FO)
n,* ¢ T RlRe AT Sy
= , 4.8
? a (18)
—0 v 0,n,% Y
—n I’it Xt’ ? At "% 0
= — + iE ? ‘7: 3 4'9
It 2, e [ £ t] (4.9)
and
7= —rE [ o ] [0, SRl ) W ) { ?} E [& 7] . (4.10)

Proof. A unique optimal control £%™* exists, due to Theorem 4.3. It is to be viewed as an exogenous
input to the FBSDE system (4.7). Thus, the system (X™*,Y™*) is a special case of (2.29) by taking
(4.8) into account. Corollary 2.6 implies that the system is well-posed. Considering fn and g" as inputs,
the system (¢",r™) is well-posed, again due to Corollary 2.6. The characterization (4.6) is then a direct
result of stochastic maximum principle for control of FBSDE with partial information; cf [25]. O

The ansatz p™ = A" X0 +p" shows that the equation for p™ could be dropped from the above system.
It yields the following BSDEs for the processes A" and p" that will be used in the next subsection:

— Zn 2 A el
—dA] = ! fo) dt — z24 aw?,
2n; 2?7 (4.11)
Z? =2n
and
7 APy AE[RY|FO) 0, _ o
_dpn: a2 4 t 4t t 05 n,* I{OE é—’ﬂ,* J—_-O dt—Zp dWO,
! ( 21 217 Bl Lo (4.12)

pTZO.
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4.2 The optimal solution to the Stackelberg game

Let us recall that £€%™* denotes the leader’s optimal control for penalized optimization with index n € N.
The uniform boundedness of J%"(2°/T) in n € N implies,

T
supE / ‘ggan,*
n 0

Thus, the same arguments as in the proof of Lemma 2.9 yield the existence of a progressively measurable
process

2
dt + n(X:OF’"’*)Q] < 0. (4.13)

9% € L2,(Q x [0, T]; R) (4.14)
such that

v

dt| =0, 1<v<2. (4.15)

T
lim E l/
N—oo 0

Our goal is to prove that £%* is the leader’s unique optimal strategy in the original state-constrained

1 N
0,np % 0,
N E gt " _gt :
k=1

Stackelberg game. To this end, we first establish a representation of £%* in terms of the solution to
the system (1.10), (1.12) and (1.13) by proving that the solutions to the system of state and adjoint
equations (4.7) for the unconstrained penalized MFC problem Cesaro converge to the solutions to the
systems (1.7), (1.10), (1.12) and (1.13). From this, we then deduce a sufficient maximum principle for
the leader’s MFC problem from which we conclude the optimality of the candidate strategy £%-*.

4.2.1 Approximation

With the limit £%* at hand, we can consider the FBSDE system (1.7), (1.10), (1.12) and (1.13) with &°
replaced by ¢%*. The system (1.7) for (X*,Y™*) is well-posed, due to Corollary 4.2. The system for (q,r)
is well-posed, due to the following corollary.

Corollary 4.5. If we take x =20, Al = A2 =(=1/2n, v = A3 = o=k, A* =2\, A’ = sxE {%‘]—'0},
Q:7Q;

_ K0 X 0% X
f= + ZE [¢*|F° 4.16
ot R E €] (119
and ) )
g=—kE|— ROXY* —2XkE | —| FO| E [¢*|F° 4.1
g K [277‘]:0}& AK {277‘]:} [§|.7-"}, (4.17)
where v )
* L = * 0
€= 5, = g Bl X7 (4.18)

Then the system (1.2) reduces (1.13). Hence, existence and uniqueness of a solution holds for (1.13).
Moreover, r = —Aq + D with D € Sﬂ%’_.

We now introduce two BSDEs that we expect to be the limits to the equations (4.11) and (4.12):

—9 —
__ A KVA
—dA; = | -2t 4 2 L oN0 ) gt — Z, AW

! (277?+277?+ ! LWy

(4.19)
lim A; = oo,
t AT
and . . : o | 0]
Aipy  AE[R @] 7 040, | —0 0 B 7y1/0
—dp?z(— — + K&+ R E|E|F dt — 7P dw?,
t 277? 27’? t St t [ t t} t t (420)

pr = 0.
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where ¢* and £%* are defined in (4.18) and (4.14), respectively. The following lemma confirms our guess.
It shows that the solutions to the FBSDE system (4.7) converge to the solutions to the FBSDE systems
(1.7), (1.10), (1.13) and (4.20) in the same sense as the optimal solutions to the unconstrained penalized
problems converge to the candidate solution of the constrained problem.

Lemma 4.6. For 1 < v < 2, it holds that

lim E | sup
N—o0 0<t<T

1 N
= Y oXPmr - X | =0, (4.21)
k=1

T
1
JimE/ Z ZX"’“ —X;| dt| =0, (4.22)
0

N—o0

lim E /T 1ZN:1§:Y"’“*Y* dt| =0 (4.23)
N — 00 0 szle P t t | ) .
lim E | sup iié 3 1 S q't — ¢ ] =0, (4.24)
N—oo  |o<t<T | N ‘= Ni Nj =~

o & T o]
ngnooE /O ﬁ;ﬁijzlﬁjkzlrt — 7| dt| =0, (4.25)
oI & B, ]
ngnooE /O ﬁ;ﬁjzlﬁuzlpt —p,| dt| =0. (4.26)

Proof. The convergence (4.21) follows immediately from the convergence (4.15) and the definition of
XO0* Taking x =z, ( =A'= —A2=1/2n, v =A3 = o=k, A* =2\ A5 = —kE [%‘]—'0}, fn =0 and
g™ = RKO¢O™* in (2.29) the convergence (4.22) and (4.23) follows from Theorem 2.10, due to the uniform
boundedness of g" in L2.

n(2.29), let x =20, Al = A2 =(=1/2n, v =A% =0 =k, A* =2\, A> = skE {21—”’]:0}, Q" = —q"™ and
(F",3") as in (4.9) and (4.10). It follows from (4.21)-(4.23) that

v

lim E / Z Z g™ = (Fog0)| dt| =0, (4.27)

N—o00 ]
]1 k=1

where f and g are defined as in (4.16) and (4.17), respectively. By Corollary 4.2 and the estimate (2.3),
we have f € S2 and g € L2. So (4.24) and (4.25) follow again from Theorem 2.10. By (4.15), (4.22),
(4.23) and (4.24) we also have (4.26). O

The preceding approximation lemma yields a representation on the candidate optimal strategy in terms
of the candidate optimal state and adjoint processes akin to the maximum principle for the penalized
problem.

Theorem 4.7. The limit £%* in (4.15) admits the following representation:

pe + E[R)q | F7] — ”?X?*

5 , a.e. a.s. on [0,T] x Q, (4.28)
2ny

50,* _
L=
where p := AX%* + . Moreover, £9* € Ap(2°) and p satisfies the dynamic (1.12).
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Proof. The characterization (4.28) follows immediately from Theorem 4.4 and Lemma 4.6. It remains
to verify the admissibility of £%*. The fact that £%* belongs to L, is due to (4.14). By the uniform
boundedness (4.13),

By (4.21),
N N, N; v
1 1 =1
lim E||=Y =Y =Y X" - x| | =0
N —o0 N i=1 3 j=1 J =1
Thus,
0,% v
E[lX77"]
1\7 Nz Nj Y N Nt Nj
1 1 1 0,np,* 0,% 1 1 1 0.1m0 %
< 2E sz — XT’ k> XT’ _|_2sz . E|:|XT’ k> V}—)O,
N N3N o NiZ N3 N =

which implies X3* = 0 a.s.. Finally, starting from p := AX%* 4 p by integration by parts and taking
into account the characterization (4.28), we know p satisfies (1.12). O

4.2.2 Sufficient maximum principle
In this section, a sufficient maximum principle is established, from which we obtain the optimality of

£9* for the leader’s MFC problem.

Theorem 4.8 (Sufficient maximum principle). Under the Assumption 4.1, £%* given by Theorem 4.7 is
the unique optimal strategy to the leader’s optimization problem.

Proof. We denote by (X%*, X*,Y*) the states corresponding to £* and by (X°, X,Y) the states corre-
sponding to a generic strategy £° € L%a- The verification is split into three steps.

Step 1. By Corollary 2.5, X and Y are convex in £° in the sense that

(X (p€% + (1= p)€™), Y (€ + (1= p)€”) = p(X(£°), Y (7)) + (1 = p) (X (€”), Y (£”)).
Thus, JO is strictly convex in £°. As a result, there is at most one optimal strategy.

Step 2. Integration by part for (X° — X%*)p, (X — X*)r and (Y —Y*)q on [0,T] for 0 < T < T yields,

E[(X§ - X")pz| + E[(X7 - Xp)rz] + B [(Vz — YE)ag]

T
= —E / (X7 — X7) (E?]E (&1 F7) + K060 + 2>\‘2Xt°’*) dt]
0

[ T—¢ 1 i 1
—-E / Ers (Xe — X7)|FY] (-@E [‘]—"f] X2 —2\E [‘f?] E[gﬂff]) dt
0 277t 277t

_E /TE[Yt_Yt*
0 2n,

ff} (RexP" + 2NE [¢7177)) dt]

T
—E / (pt+E[%?qt|f?])(€?—§?’*)dt]7
0

where we recall £* is defined in (4.18).
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Step 3. To prove the optimality of the strategy (4.28) we define, for any T < T the cost functional
T
Y, 1
J; 7 (2 el 7] -]
0 2, 21,
Y; 1
E [QW t] -E {27%‘}}0} ke X¢| 7/
By direct calculation we have
JOE") = 06"
T—e
[ oo = i) (RELEE 1) + ) + 20060 dt]
0

[ T—¢
Y,-Y*
+E / ]E[ ¢ ¢
0 2ny

T—e 1 _ 1
cu| [ Bl X1 (—H?E []f?] X0% —9NE [\f?] E[&*Iﬁ?]) dt
/o 2y 20y

jO(EO) =FE

t]]E[”tXtu:to}) +Ht€tX0+nt(§t)

2
dt] |

AP (XD)? + N

> E

— 0,* 5% *
f?} (H?Xt +2AtE[£t|f?]) dt] (4.29)

[ ,T—e
+E| [ - ) (sxt + 200l dt]
0
Plugging the result in Step 2 into (4.29) and taking into account the characterization (4.28), we have
T(E) = T(E™) + B[ (X3 - X2"pz| +E |(Xz — Xp)rz| + E |V — Yidag] > 0.
The same estimate as in the proof of [14, Theorem 2.9] yields that

lim E‘(XO ~ X% ‘ ~0.
T AT

Moreover, Corollary 4.2 and Corollary 4.5 imply that
E (X7 - X3)rz] +E[(Vz - Y3)ag]
=E [<Xf — X7)(=A7q5 + D7) + (Afo + By — A X% — B%) qf}
~E [(X ~ X5)Dj + (Bj — B )qT}
— 0, as T NT.

Thus, letting T T, dominated convergence yields JO(£%) — JO(£%%) > 0. O

As a corollary, we obtain that a convex combination of the value functions for the penalized optimization
problems converges to the value function of the constrained problem.

Corollary 4.9. There exists a convex combination of the value functions converging to J°(£%*), i.e.,

N;

N N;
1lim ZWZ; JO (D) = JO(E0).

Proof. Recall that X%™* and £"+* are the optimal state of the leader and the optimal strategy of the
follower corresponding to £%7*, respectively. Due to the additional penalty term in the definition of
JO%m and because £°* is an admissible strategy for the penalized problem,’

JO 0,np % <‘]0,’r7,7C 0,mp,% — H f JO,nk <JO 0,%
(@) S TEN) = Lt IO <€)

INotice that JO(£%mk:*) is well-defined even though £%7k:* may not not admissible for the constrained optimization
problem.
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Denote by K(ﬁ) the cost functional with (¢°, X0, ¢) in J° replaced by

S S S B
N3 Ni j=1""7 k=1 N3 Ni j=1 N o= ‘N i=1 Ni j=1 Nj o=
By the convexity, we have
_ 1 N 1 N; 1 N;
K(N) < =) =D D J™ ™) < %)
N3 =1 N; k=1
By Lemma 4.6, (4.15) and Fatou’s lemma,
JO(€%*) < liminf K (N ) < liminfii é S 1 3 JO(E0m*) < g0 (%)
N—oo Nooo N/ Ni i Nj = -

4.3 Numerical simulations

We close this paper with a preliminary numerical analysis of the Stackelberg game previously analyzed.
To the best of our knowledge no numerical methods for simulating the mean-field FBSDEs arising in
our game are yet available. We therefore simulate a deterministic benchmark model with constant
coefficients. In this case, the conditional mean-field FBSDESs reduce to deterministic forward-backward
ODEs that can be solved numerically using the MATLAB package bvpsuite [20]. Figure 1 (left) shows
the optimal positions for the leader (solid) and follower (dashed) for the parameter values n = 0.5,k =
0.5,) =2,k = 0.5,k0 = 0.5,7° = 0.5,7&\6 =1, =2 =1 and T =1,z2° = 8,z = 0. In particular,
we see that a beneficial round trip exists for the follower. The right plot shows the leader’s cost as a
function of the initial portfolio for the same parameter in a model with follower (solid) and a benchmark
model without follower (dashed). For these choices of model parameters, the leader benefits from the
presence of the follower. Figure 2 shows the same quantities as Figure 1, except that the impact of the
leader on the follower is now much stronger: k% = 10. In this case, the leader suffers from the presence
of the follower.
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Figure 1: Left: optimal position for the leader (solid) and follower (dashed); right: leader’s cost function
in a model with (solid) and without follower (dashed). Weak impact of leader on follower

5 Conclusion

We established existence and uniqueness of solutions results for linear McKean Vlasov FBSDEs with
a terminal state constraint on the forward process. The general results were used to solve novel MFC
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Figure 2: Left: optimal position for the leader (solid) and follower (dashed); right: leader’s cost function
in a model with (solid) and without follower (dashed). Strong impact of leader on follower

problems and mean-field leader-follower games of optimal portfolio liquidation. For the leader-follower
game it could be viewed as a MFC problem where the state dynamics follows a controlled FBSDE. For
such problems we proved a novel stochastic maximum principle. The proof was based on a approximation
method. We proved that both the sequence of optimal solutions and the sequence of state and adjoint
equations associated with a family of penalized problems Cesaro converge to a unique limit that yields
the optimal solution, respectively, the adjoint equations to the original state-constrained problem. To the
best of our knowledge, no numerical methods for simulating the solution to conditional McKean-Vlasov
FBSDEs are yet available. It would be desirable to develop such methods in order to study the interplay
between the leader’s and the follower’s equilibrium strategies in greater detail.
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