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A DIRECTIONAL
SHADOW ELASTICITY OF SUBSTITUTION

BY
PETTER FRENGER

ABSTRACT

This paper defines and analyzes the properties of a directional shadow elastici-
ty of substitution, i.e. an elasticity of substitution defined for an arbitrary
price change. The concept generalizes various measures of the elasticity of sub-
stitution such as the shadow elasticity of substitution, the "own" Allen-Uzawa
(partial) elasticity of substitution, and the elasticity of substitution between
factor groups. It permits a generalization of the traditional factor share lem-
ma to production functions involving more than two inputs, and provides a logi-
cal relationship between the elasticities of substitution defined on the produc-

tion and on the cost side.

Not to be quoted without permission from author(s). Comments welcome.
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INTRODUCTION

This paper defines and analyzes the properties of a directional
~shadow elasticity of substitution, i.e. an elasticity of substitution
defined for an arbitrary price change. The concept generalizes.
various measures of the elasticity of éubstitution such as the shadow
elasticity of substitution, the "own" Allen-Uzawa (partial) elasti-
cities of substitution, and the elasticity of substitution between
factor groups. It permits a generalization of the traditional factor
share lemma to production functions involving more than two inputs,
and provides a logical relationship between the elasticities of sub-

stitution defined on the production and the cost side.

The elasticity of substitution was originally defined by Hicks (1932)

for the case of only two inputs, and generalizations to an arbitrary
number of inputs have been presented by Allen (1938), Uzawa (1962)

and McFadden (1963). The definition of the directiomnal shadow elasticity
of substitution (DSES) is due to Frenger (1978), and the present paper
extends that work by providing alternative definitions of, and justi-

fications for, the use of the DSES.

Most of this paper was written in 1975/1976. Recent work on the estimation
of Generalized Leontief cost functiomslead to the idea of using the DSES

to test for the concavity of the cost function, and this test is presented

in the new‘section 1.4. The DSES gives us, in contrast to the eigenvalues

of the Hessian of the cost function, an economically meaningful measure

of whether the cost function is concave or not, and the extent of varia-

tions of its curvature at an arbitrary point in the price space. An emprical

application of this procedure is presented in Frenger (1985).



PFr/WDr, 4/3-76

Sec. 1 A DIRECTIONAL SHADOW ELASTICITY OF SUBSTITUTION

1.1 The Cost Function

Let P" be the positive orthant of the n-dimensional Eucliedian space Rn, i.e.
n . -
P* = {plp = (py».-sp)s By > 0, i=l,...,n}
and let

C(y,p) (1)

be a cost function defined on an open subset DeP" for each level of “
output vy. Pg will be called the price space. Since C(y,p) is . a cost

function, we know that it isl):

Cl - nondecreasing function of y and p
C2 - linearly homogeneous in p

C3 = concave in p

In the following it will additionally be assumed that C(y,p) is:

2)

C4 - twice continuously differentiable

C5 = strictly increasing in p

The last two conditions are necessary in order to be able to define both

the usual and the directional shadow elasticities of substitution. When- "
ever we talk about a cost function in the following, we will assume that

it possesses properties Cl tﬁrough C5.
From Shephard's Lemma (Shephard 1953) we know that:

3C(Ysp)
s

Pi

= xi(y,p) >0 (2)

1) Standard references are Shephard (1953), Uzawa (1964), Diewert (1971),
and McFadden (1978). These are also standard references on duality
theory. For a survey of duality theory see Diewert (1974,1982).

2) Differentiability removes the possibility of having "cormners" on the
factor price frontier, or "flats" on the isoquants (see McFadden,
1978). It does not exclude the Leontief (fixed coefficients) pro-
duction function. '



i.e. that the derivative of the cost function with respect to the price
of the i'th input gives the cost minimizing demand for that input. Con-
dition C4 insures that the derivative exists, and condition C5 insures

that it will be strictly positive.

Let Ci and Cij be the first and second order derivatives of the cost
function with respect to P;> and P; and pj, respectively. Then the Shadow

Elasticity of Substitution (SES) was defined by McFadden (1963) as

C.. C.. C..
...._1_].:.4. 2—1]____-Ll.
c? c.c. c?%
g.. = L 1] 1 ’ i,j=1,...,n, (3)
1] 1 1
piCi ijj
holdingvthe output rate, total cost, and P> k#1, ] constant.3) oij

measures the possibility of substituting the i'th input for the j'th as
fheir relative prices change, and is a measure of the curvature of the
féctor price frontier in a plane through p parallel to the i'th and the
j'th coordinate axes. The factor price frontier, a concept introduced
by Samuelson (1962), is defined as the set M of all price vectors, given

which a given output rate yo can be produced at the same cost Co, i.e.
M= M@y°,c0) = {p|peD, C(yo,p) =c%} - (4)

M(y°,c°) is an (n-1) dimensional manifold in the price space. When

pEM(yO,CO), we will call M=M(y°,CO) the factor price frontier through p,

and will denote it by M(p) (the output rate yo will generally be a con-

stant, and will be ignored notationally as an argument).

For each point peM, the gradient vector VC(y,p) = x(y,p) will be perpen-
dicular to M and to the tangent plane T(p)a) at p, where

T(p) = {v]|vx=0, x=x(y,p) and veRn, v#0 } . (5)

3) 9. will in general be a function of the output rate y and the prices
p,Jeven though these arguments have not been written explicitly.

4) T(p) U {0} is an affine subspace of dimension (n-1). The exclusion of
{0} from T(p) facilitates the exposition below.



Assume that only P; and pj are allowed to change. The condition on v

implied by (5), becomes

voR * ijj =0, vk=0, k#1,] (6)

and there is only one direction - vector v (up to a factor of propor-
tionality) which satisfies condition (6): this is the direction in which

Oij is defined. 1In the next subsection, we will define a measure of the

curvature of M(p) in an arbitrary direction veT(p).



1.2 Definition of Directional Shadow Elasticity of Substitution (DSES)

Assume that we are given a production process producing a fixed level of

output with only two inputs, and that the input prices change such as to

1)

keep total cost constant ', i.e. xlApl + XZAPZ = 0. We can then determine

the shadow elasticity of substitution betw=en inputs 1 and 2 from:

1__2
X X

PR @
P Py

This is in fact one of the definitions of the SES.

However if there are more than two inputs, and prices change, while keeping

total cost constant, what can we then say about the ease or degree of

substitution? It becomes impossible to say something about the individual
SES, but we can say something rather specific about the curvature of the

factor price frontier in the direction of the observed price change.

Four alternative expressions for this directional shadow elasticity of
substitution (DSES) are given in this subsection, the first of which
emphasizes the analogy with (1) above:

DEFINITION: Let veT(p), then the Directional Shadow Elasticity of Sub-

stitution at p in the direction v, written DSES(v), is defined as:

dx.
I x.v, —
. 11 X.
DSES(v) = = *——rr (2)
T x.v, —=
i 1P

holding the output rate y constant.

The denominator will be positive as long as v is not identically zero,
in which case the DSES is not defined. All summations are from 1 to n

unless otherwise specified.

1) Because of the linear homogeneity of the cost function, there always
is such a generalization.



The DSES(v) is just the ratio of a weighted average of the percentage
change in the cost minimizing inputs to the weighted average of the per-
centage change in the input prices, the weight of each input being the
change in value of the input. _Since total cost and the

output rate were assumed constant, the DSES(v) represents a measure of
the curvature of the factor price frontier in an arbitrary direction v

tangent to the frontier.

We can express the change in the input vector dx as a function of the

second derivatives of the cost function since
n .
dxi =l =v. = L C.. V. : (3)

and we can therefore rewrite the definition of the DSES as
X C.. v.v.
, i3 ij 1] . :
DSES(v) = - E———— , veT(p) - (4)

1
L x, v, —

i *tP;
Since the cost function is linearly homogeneous in prices, we can express
the second derivatives Cij as functions of the shadow elasticities of
substitution Gij’ i,j=l,...,n. Let
.X.
Pi¥;

i .
> 1=1,e..,n; and C = Zp
1f;'pkxk. . Kk

Q. =
1

then we can write (by definition Gii=0; i=l,...,n):2)

C.. a.+0.
S EED S i
X,X, 2C |a.0. ij
i] i3

1
k-a—. Z(a.+ak

)o.
jr d

1
o e+ )0, ik

ik ,
(5)

+ LZ(a, +0,)0
K k 277k

and the numerator of (4) becomes

i=1l j=1 7i7j i%]
= HIZ(a.+0.)0,. - IZ(a.+a )o.. —(Za., =)
217, . . .. .
ij + 4711 PPy g 1ok ikopy o Py

2) See Frenger (1976), sec. 1.2.



v v, v, V.
- IZ(a.+a )0, —L(Za, =) + II(a +a,)0 Zzaia' S}__J} =

.. . LA . D.
jk ] kTIk pJ i Pi k& k 47k ij 1Py pJ
1 v, V. v, Ve v. Vi
= 5 IL(p,x,+p.x.)0. <L 1. J-(Zak =) - —l(Zcxk =)
ij 11311 ] Pi Pj Pi k pk pj k pk
v v
+ (To, —E)(Zak X =
kP S Pk
V. v, V. v :
1 1 k k '
= = LI(p.X.+p.x,)0,. (= - Lo, —) (=L - o, =) (6)
Zij 117537y ko P; kakpk
Yk
and since veT(p) implies that Zo, — = 0, we have that
k p
k k
1 v, V.
£2C..v.v. = = LZ(p.x.+p.x.)0,, — veT (7
.. 1] 1] 2 ..(pl i pj J) 1] p; pj (») )

1] 1]
Thus we have a third expression for the DSES(v) this time expressed as

a function of the shadow elasticities of substitution, since (4) and (7)

give,
V.V,
Lz ,X.+p.X.)0, , ——i
1 i3 (plxl pjxf ije.p,
DSES(v) = -3 ] = 1 veT(p) (8)
L x.v, —
i * 1P

A more intuitive measure of the DSES may be provided by the following

argument. In differential geometry the curvature of a surface in a given

3)

direction veT(p) is measured by the "normal curvature". In the case of
the factor price frontier M (see eq. 1.1.4) at p it is given by

V.

- 1

kK(u) = X C.. u.u, = 12

i Mo ° i

evaluated at p. It measures the curvature of the curve generated by the
intersection of M and the plane formed by x and v. u is_ the unit vector

in the direction v.

The Cobb-Douglas cost function is characterized by the fact that its

shadow elasticities of substitution are everywhere equal to unity, and in

3) See e.g. 0'Neill (1966), p. 196. I have yet to find a reference which
gives such a definition for spaces of dimension greater than 3.



fact its DSES(v) is also equal to unity in every direction v in the

4)

tangent plane. We can use this fact as a yardstick by which to measure

the DSES of arbitrary cost functions.

DEFINITION: LET C(y,p) be any cost function defined on De P".

o o szz
Let x = VC(y,p) , and O, = s
(o] 1 [oJe]
P=P Zpkxk
k
then
al
CDh, o 1
C(y ,p) =y° Mp, (10)

1

is the best approximating Cobb Douglas cost function to C(y,p) at (yo,po)s)

CD . .
C " (y,p) best approximates C(y,p) at (yo,po) in the sense that 1n CCD(y,p)
is the first order Taylor expansion of ln C(y,p) in terms of ln y and

1n P> i=1,...,n, i,e.

: . o O
. P.X. .
la C(y°,p) = 1n C(y°,p°) + I —=——(ln p; - 1n p})
. . [o] 1 1
iC(y »p)
or
o (e} o o
o Cy',p)_af  of
C(y ,P) = '——_'o_npi =Yy le
11670 Ml t

The normal curvature at (yo,po) of the best approximating Cobb Douglas

cost function in the direction veT(po) is given by (see eq. 9): .

€ Py = =L 55c¢Py v, =
lvi? 43 1
[oJe] Q
_c°,p9) @;%5 1.%.22
= 5 z v.v., + L(1- —) (—) v,
lol® i1 p505 * 4 1 o p0 *
i3 i i
(o]
1 1 o o X2
= 5 Y Zinvix.v. -2z v
lvl“lcty ,p ) ij 33 P;
1 o Vi
= - —gixvy (11)
vl =1 Ps

4) See lemma 4 of sec. 1l.3.

o . . . . . .
5) The output rate y is assumed constant in taking this approximation.




LEMMA: The Directional Shadow elasticity of Substitution of the cost
function C(y,p) at a point po in the direction VET(pO), is given by the
ratio of the normal curvature of C(y,p) at po to the normal curvature of
the best approximating Cobb Douglas cost function to C(y,p) at po, i.e.
DSES(v) = —u)_ (12)

kD ()

This section has given us four alternative ways of defining the directio-
nal shadow elasticity of substitution (see eqs. 2, 4, 8, and 12)6). They
will all be used in the following sections when studying the properties

and possible uses of the DSES.

It may be noted that definition (12) is the most specific in that it speci-

n)7)

fies the curve ('the normal section along which the curvature is
to be measured. For any direction v, this is the curve formed by the
intersection of the factor price frontier and the affine plane generated
'by % and v (both x and v are "attached" at p). The intersection of the
factor price frontier and any other affine plane containing v would

8)

generate another curve through p. The shadow elasticity of substitution,
for example, is generally defined in terms of the curve generated the inter-
section of the factor price frontier and the (Vi’vj) affine plane, a plane

which will in general not contain X.

6) A fifth definition is given in Frenger (1978). This was the first
definition to be proposed, and relies om a different argument
than those which lead to the four expressions above.

7) See 0'Neill (1966), p. 197.

8) Would these curves have the same curvature, but different torsion?
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1.3 Properties of the DSES

We can now prove the following properties of the Directional Shadow

Elasticity of Substitution
LEMMA 1. For every A, DSES(Av) = DSES(v) |,

The result follows directly from (1.2.4), and implies that DSES is homogene-
ous of degree zero in v and that DSES(v) = DSES(-v). The homogeneity
property implies that the values of DSES(v) are determined by its

values for uv" =1.

LEMMA 2. Assume that conditions Cl, C2, C4 and C5 hold. Then
the cost function C(y,p) is concave in p if and only if DSES(v) 20

for every v e T(p), v # 0.

Proof: Let C(y,p) be concave, then the quadratic form in the numerator
of (1.2.4) is negative semidefinite, while the denominator is strictly
positive, and DSES 2 0. Conversely, DSES(v) = O for all v # 0

implies that the quadratic form in (1.2.4) is negative semidefinite

and thus that C(y,p) is concave.

The lemma is useful since it gives us an alternative way of determining
whether the cost function is concave, since concavity will follow

if we can show that DSES(v) 2 0 for all v, or equivalently that the
minimum of DSES(v) over veT(p) is non-negative. Such a test will

be developed in the next subsection.

Let Vi be a vector in T(p) with only the i'th and j'th component diffe-
rent from O, i.e. the price change is limited to the i'th and the j'th
prices, all other prices being constant. Then the definition of the DSES

reduces to the definition of the shadow elasticity of substitution cij,i.e.
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LEMMA 3: Let Vij be defined as ‘above, then QSES(vij) = cij
Proof: Apply definition (1.2.8) remembering that X, v, o+ v o= 0 and

vk=0, k#i,j.

|
. . . 1)
Let us define the coefficients
Vivj
(x.p.+x.p.)
1 PiT%4P; PP, .
aij(v) =-3 - i,j=1,...,n
T xv —
S sp
n n _
Then £ I a..(v) =1 (4) -
i=1 j=1 1J
j#L
and we can rewrite the DSES as an affine combination of the Oij
DSES(v) = ZZa..(v) O.. (5)
.. 1] ij

1]

where the "weights'" are not necessarily between 0 and 1.

LEMMA 4: At any given point peP, the DSES(v) has the same value in
every direction veT(p) iff the shadow elasticities of substitution are all

equal, i.e.'dij = 0 for every i#j.

Proof: 1If Gij = 0 for every i#j, then it follows from (4) and (5) that
DSES(v) = g. If DSES(v) = 0 for every veT(p) then, from lemma 3, DSES(vij)

=(0,. = 0 since vijeT(p).

1] .

McFadden (1963) analyzed the family of functions that have constant shadow
elasticities of substitution for every p in the price space. A function
which is to have all the DSES(v) constant, must have the SES constant and

hence must belong to a subset of the functions defined in McFadden (see

1963, p. 76).

1) Should one define aii=0’ i=l,...,n, or use above definition? Note

that ZZaij = 0 if the above definition is used.
ij
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1.4 Using the DSES to test for concavity

4This section will utilize the fact that the cost function is concave
if and only if the DSES(v) is non-negative for every vl) to formalize a
test for the concavity of the cost function. The test procedure is closely
'related to finding the eigenvalues of the Hessian of the cost function,
but the use of the bSES gives the test a more intuitive economic interpre-
tation.

Partial tests for concavity are provided by the own first derivatives
of the cost function which should be non-positive and by the shadow elastici-
ties of substitution, which should be non-negative. Complete tests may
be obtained by éomputing all higher order principal minors of the Hessian
of the cost function, or .by computing its eigenvalues. These tests, as
well as the test developed below, may be called deterministic since they deter-
mine whether or not the estimated, or fitted, cost function is concave.
Statistical tests for the concavity of the true cost functions are developed
by Lau (1978) using the Cholesky factorization of a real symmetric matrix.

The basic idea of the test is to determine the minimum value of
DSES(v) for v in T(p) - If this minimum is non-negative, then the cost
function is concave. As a biproduct we will also determine the maximum value
of DSES(v), and the directions in which the maxima and the minima are obtained.

Define the variables

o 1/2 ) 1/2
G,, = - (= c.. (=) , (1)
1] X, ij 'x,
i ]
x, 1/2
r, = (— v, . (2)
i P i

1) See lemma 2 above.
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The definition (1.2.4) of the directional shadow elasticity of -substitution

can now be written

DSES(r) = > , (3)
while the requirement that v € T(p) becomes the condition

r eR(p) = {r e =0, 40}. , (4)

1/2 1/2)

where r" =((p1x1) ,...,(pnxn) . Finding the extreme values of DSES(v)

“over T(p) is equivalent to finding the extreme values of DSES(r) over R(p).

But equation (3) represents the Rayleigh quotient of the matrix G, and its

critical values over R" are given by the eigenvalues A.,...,A_ of G.Z)
1 n

And " is an eigenvector of G associated with the eigenvalue An = 0 since
Grn= O.

This implies that R(p) is spanned b; the remaining n-1 eigenvectors

n-1 of G3)

T ,...T , and that the critical values of DSES(r) restricted to R(p)

are given by the n-l1 associated eigenvalues Ayse-+sA 1+ Using (2) we see

that the critical points of DSES(v) are given by

v = dr |, i=1l,...n-1, (5)

N 1/2

where d is a diagonal matrix with d = ((pl/xl) 1/2

,...,(pn/xn) ) on the

-

diagonal.

2) See Hestenes (1975, p.73).
3) Or in the case of multiple roots, by a set of n-1l orthogonal eigenvectors
of G, which are also normal to r”,
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Finding the extreme values of DSES(r) on R(p), or equivalently the
extreme values of DSES(v) on T(p), means finding the smallest and the largest
émong the n-1 eigenvalues {Al,...,kn l}. Denote these by A and X respectively.

We have shown that

LEMMA 1: The cost function C(y,p) is concave at p if and only if A 2 0, and
< -
A = DSES(v) SR for every v € T(p).

<

WA

a..
1]

i.e. that all the shadow elasticities of substitution lie in the interval

It follows in particular that A X for i,j =1,...,n, i#j,

[i,i]. The directions in which the extreme values are obtained can be deter-

4)

mined by using (5) to find the v’ vectors associated with A and X.

4) See Frenger (1985) for an empirical application of the proposed procedure.
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Sec. 2 OTHER ELASTICITIES OF SUBSTITUTION

2.1 Shadow Elasticity of Substitution between Input Groups

We can use the definition of DSES(V) to define the elasticity .of substitu-
tion between two inputs groups. Let A and B be two disjoined sets of
inputs, i.e. A<N, BeN, AnB =0, N ={1,2,...,n}. Assume that the prices
change proportionately within each input group, and that all other prices

remain unchanged such as to leave us on the same factor price frontier, i.e.

for every i€A

1}
<

Vi
i) =
) P,

for every ie€B ) (L

[}
<

vi
ii) r
i

iii) v, = 0 for every.iEAuB

iv) v, £ x.p. + Y, L x.p, =Y,0, +Y, 0 =0
AieA 11 BieB i71 A"A B B

where YA and YB are the factors of proportionality and

L xX.p. L X.p.
jea T 1t ieB *
O, = ———— O, = ———— (2)
A L X.p. B L X.p.
i1 i1

ieN ieN
Let VAR be the direction vector given by (1), then:

DEFINITION: The Elasticity of substitution between two disjoined input

groups A and B at a point p is given by:

SESAB = DSES(VAB) (3)

Given the two input groups A and B, there is for each point in the price
space a unique (except for sign) direction vector VaB wich satisfies con-
dition (1). We can therefore remove any reference to the direction vector
1

AB ° by rewfiting the definition (1.2.8)

v from the expression for the SES

with v = Vyp*
1) This is what is done in the definition (1.1.3) of the shadow elasticity

of substitution. 1In fact, SES, g =(%j when A = {i}, and B = {j}.
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The numerator of (1.2.8) becomes:

Vl v,
I I (x.p.+x. p) ==l =
ieN jen T 1 373 iie; ey
= CYZ I L (a.,+0.)0.. + 2CY, Y, L L (a.+0.)o,. + Cyz I I (o.+0a.)0,
AlEA jEA 17371 A BlEA j€B L7374 . ieB j€B i

a
3 -
CcY.Y {} — I I (o.+a.)o,. + 22X I (a.+a.)0,.

ABL %) jea jea * 17 H icA j€B 1]

- 'z Z (a.+a.)0. }
( 1 J) ij

i€B j€B
where by definition Uii=0, i=1,...,n. And the denumeratér becomes: '.
z x.v.Zi =CZ a.Yz +CZ d.yz - CY,Y Ex +Q J‘
jeN L 1 pl ieA ! A :ep L B "A'B| A B

SEsAB-%a:A-Tg—{-izz I (a,+a,)0,, + I I (a,+x,)0,
AOB OLAieAjeAlJ 13 %A% iea jEB i]

1
-L oz (a.m.)a..} (4)
ag ieg jeg * 1 1J

It will be shown in sec. 4 that this definition of the elasticity of sub-
stitution between two input groups, coincides with the natural definition

in terms of price aggregates when the function is separable.

Assume that A = {i} and that B = N-{i}, i.e. that the i'th price increases
(decreases) while all the other prices change proportionately so as to

keep the price change in the tangent plane. We will call this the shadow
elasticity of substitution of the i'th input (SESi). Applying (4) directly

gives
SES, = %ai(l-'ai)[a—ﬁz-ﬂzw +0 )0, - —l—7zz(a +0,)0, J
i ikt e K

l-a a, ik ik

o. ‘
~_|— Z(a.+a )o. zzm TN (5)
ik 20



17

2.2 DSES for arbitrary Price Change

The shadow elasticity of substitution as defined by McFadden (1963) and
the more general directional shadow elasticity of substitution defined in
sec. 1.2 above required that any change in the prices be such aé to keep
total cost constant: if some prices increased there had to be offsetting
reduction(s) in some other prices.

But since the cost function is linearly homogeneous in prices, or, by the
old adage, since "only relative prices matter', we can always deflate any
price change so as to keep us on the same factor price frontier. In this
section, we will use this procedure to define the directional shadow

elasticity of substitution for an arbitrary price change v' = (vi,...,v;).

Let v' be any vector in Rn, and define the normalized price change variable
- v by

V'

k
v, = v! -p. Zo, — (1)
1 i 1, k Py

Then v has the following two properties

1) veT(p), i.e. to the tangent space at p, since

1

v
k

Ix.v. = Ix.v! - (Zx.p.)(Zo, —) = 0

;11 ;LT ;T k Py

2) v and v' give rise to the same change in the demand for factors, since

dx.(v') = I Efiv. = IC,.v!
i ; 3pj b j 1]
and
dx.(v). = .a._}.(_i_'.v = xC..v' - (ZC ) )(Z -\:1.'(.) = YC..v!
i PECITAE TS SIS Pt LS TR N S A

Equation (1) shows that the vector v can be written as a linear combination
of p and v', or alternatively that v' lies in the two-dimensional subspace

generated by p and v.
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We will define the DSES for an arbitrary price vector v', by associating
with v' the economically equivalent vector v, which lies in the intersec-

tion of the plane generated by p and v', and the tangent plane T(p). Hence

1 1 1

v v v! v
J

' . %
5T (p.x.+p.y.)0.. (== =La, —) (=% =Za, —)
L5 (p1 : prJ) i (pi kak pk)(pj e Ty

DSES(v') = -5 ; = (2)

v
i 2
Ipx, (== -Zay )
i Pi k" Pk
This implies that any price change vector v' in the plane generated by p
and v will have the same DSES as the vector v, though there will be a change

in cost for any v'éT(p).

There is something artificial about the definition of the SES for n23: why
should the situation when two prices change in opposite direction so as to
keep cost constant be of special interest (the case for the DES is probably
_somewhat more intuitive) except that mathematically it has the great advan-

tage of reducing everything to the two factor case?

It would seem that the following question gets closer to the intuitive idea
of substitution: assume that the price of the i'th good changes (all
other prices remaining constant), at what rate can we substitute good i for

1Y)

the other goods, while output remains constant? But this is exactly

what is measure by DSES(v') for

v! =1 k=iz)
v' =
Vﬁ =0 k=1,...,n; k#i..

The reader may convince himself by applying (2) that:
DSES(v') = SES; (3)

where SESi is given by (2.1.5), i.e. the shadow elasticity of substitution

between the input groups {i} and N-{i}.

1) This is obviously a case of designing a question to fit the answer, but
does that make the question less important?

2) Vi=1 just represents an arbitrary normalizationm.
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2.3 The Allen-Uzawa Elasticity of Substitution

The Allen-Uzawa (partial) elasticity of substitution (AUES)l) assumes that
only one price, e.g. pj, changes, while all other prices and the output
rate (though not cost) remain constant. Expressed in terms of the cost

function (1.1.1), the AUES between the i'th and the j'th input becomes:

Bxi(y,p) C(y,p) .C

= j
ij Bpj xi(yyp)xj(y,p) lCJ

Cl
o i,j=l,...,n (1)

The AUES has a very simple relationship to the price elasticity of demand

of the factor inputs:

9x. (y,p) P. C.. :
E,, = —s—— L = 2lx p. = oAUES,, i,j=l,...,n  (2)
ij 8pj X Cicj 373 b ij

It turns out that there is also a very simple relationship between the
AUES i the E i and the SES ‘as’ given in (2.1.5) and (2.2.3). Substituting

the deflnltlon of the SES in terms of the second derivatives of the cost

function (see 1.1.3) for sz in the expression for the SESi gives 2,3)
% CCis % ii
SES; = "1 T2 T T T AUESy T T 1w, ()
iox : i i

1) The AUES was defined by Allen (1938, p. 504) in terms of the produc-
tion function. The above formulation in terms of the cost function is
due to Uzawa (1962). Neither Allen nor Uzawa give any economic justi-
fication for choosing the AUES as a measure of the degree of possible
factor substitution. The best justification is probably that the AUES
reduces to the SES (and to the direct elasticity of substitution (for
definition, see McFadden, 1963)) when n=2, or when the function is
separable.

2) Using the notation of Frenger (1976), and equations (1.2.4), (1.2.11),
(1.2.12), and in the second step (1.2.9), of that paper give:

Q. C!
l =
DSES; l—ai(Ti D 1-oT C8;;

3) Since the AUES may be negative, and the DSES may not, there is in
general no directionm v such that the DSES(v) = AUES.., i,j=1l,...,n.
But an unresolved question is whether there exists a”simple relatlon—
ship between AUES ; and the DSES(v) for some v.
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2.4 TFactor Shares

» of substitution
When the concept of the elasticitwaas originally introduced by Hicks

(1932), it was to study what happened to the relative share of a factor
as its supply increased. The purpose of this section is to show that
Hicks' conclusion (1932, p. 247) for the case n=2, has its natural exten-

1"

sion to n23, when the elasticity of substitution is "properly" defined.

We will look at the factor share a, of the i'th input:

P.X
;_.a' =a—8-_zl 1 =
P; 1 Py “P%

- -2 :
- [Epkxk] &ipkxk)(xi+picii) - pixi(ipkcki+xi%

= [Zp ]-1{%. + p.C.. = O.X }
. % i T Pi%i T M%

since Zkaki = 0 by linear homogeneity

k
% i % |
=—l+p.x. = =-0a,| = —[(l-a, . .
p.[. Pi%*i 32 al} P. El 0Ll) * alAUESi;]
i X. i
i
and applying (2.3.3)
a, .
= E;(l—ai)(l - SESi) 9

The share of the i'th factor will increase as its price decreases (its
supply increases) if the SESi > 1, and it will decrease if the SESi < 1.

When n=2, SESi = 0 and we have the traditional result.
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Sec. 3 DUALITY OF DIRECTIONAL ELASTICITIES OF SUBSTITUTION

3.1 A Directional Direct Elasticity of Substitution

Thus far the discussion has been entirely in terms of the cost function
and the shadow elasticities of substitution. But with the duality between
cost and production functions, and between the shadow elasticity of sub-
stitution and the direct elasticity of substitution, it is a straight-
foreward matter to define a directional direct elasticity of substitu-
tionl) (DDES) .

Let the production function
y = £(x , (1)
be defined on Pn, now called the input space, and assume that:

Pl - f£(x) is nondecreasing in x

P2 - f£(x) is quasiconcave

In order to be able to define the direct elasticity of substitution, and

to insure its existence everywhere we will further assume that:

P3 - £(x) is twice continuously differentiable
P4 - f£(x) is strictly increasing in x

the

In/following f(x) will always be the production function dual to the

cost function C(y,p) defined in sec. 1.1.2)

At any given point x in the input space, let S(x) be the hyperplane

tangent to the isoquant at x, i.e.

S(x) = {u|u=(u1,...,un), Zifiui =0, f, = —i} (2)

1) Perhaps not the most fortunate choice of name?

2) For references see footnote 1 of sec. 1.1. It is probable that twice
continuous differentiability and quasiconcavity of both C(y,p) and
f(x) imply that both functions are strictly quasiconcave, and that

in this case Cl through C5 imply Pl through P4 and vice versa. See
McFadden (1978).



DEFINITION:

stitution at x in the direction u is:

) df -1
? AT
DDES (u) =| - ;
Y f.u. -
. 1 1 X.
1 1

This definition is dual to the definition of the directional shadow

elasticity of substitution in the direction v of sec. 1.2.
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Let ueS(x), then the directional direct elasticity of sub-

(3)

Analogously

‘to that section we have the following two equivalent expressions for the

DDES:
I f..u.u, 1
i 13 i7]
DDES(u) = | - —
'z f.,u, =
. 11 X
1
and
I -1 %Y
_ LL(x, £.+x.f.)u, ., —i
1 i3 171 317317713 Xix'
DDES(u) = | - 3 Bl
u.
X f.u, e
1 1 X
L 1 i

-

ues (x)

ueS (x)

(4)

(5)

where U,., is the direct elasticity of substitution between the i'th and

the j'th input3’4’5)

3) Because of the inversion necessary to express the f.. as functions
of the ui., it is believed that f must be homothetic” for this inver-

sion to be possible.

(see sec. 1.2 of Frenger, 1976).

Intuitively, when f is not homothetic the matrix
of second derivatives has more than n(n-1)/2 degrees of freedom

4) The DDES has the same properties as those described in lemmas 1 through
4 of sec. 1.3, when these are suitably reinterpreted.

5) There is of course also an obvious analogue to (1.2.12).
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3.2 Duality of DSES and DDES

We will now analyze some of the relationships that exist between the

DSES evaluated at p, and the DDES evaluated at the dual point x(p).
For the special case of the SES and the DES we know that:
LEMMA 1: DEsij[x(p)] < SESij(p) i,j=l,...,n

with equality if and only if the i'th and j'th inputs are weakly sepa-
1)

rable ™’ from all the other inputs, i.e.

|

—33— =0 k=1,...,n, kéi,j.>)
Py |

N

]

Why is the DESij = SESij when the functions are ;eparable? The follow—
ing breef argument will make the lemma more intuitive. Let us look upon
the changes in dxk, k=1,...,n as caused by a change in the i'th and the
j'th price, which is such as to leave us on the same factor price
frontier, i.e. xidpi+xjdpj = 0. Changing prices will leave the level

of output constant, and will therefore represent a movement along the

isoquant.

1) {pi,p.} will form a weakly separable input set in the cost function
if and omly if {xi,xj} form a homogeneously separable input set in
the production function (see Lau, 1969, p. 385).

2)  The inequality, and the fact that separability implies equality is
proved in Frenger (1975, pp. 68-73). On the other hand, if DEsij =
SEsij’ then the term

H. H. -1 H. H.
- Py L.l
(x. x.)(H ) (x. x.)
i b i B BB
in eq. 9, p. 72 (Frenger, 1975) must vanish. But since H 1is
H. H.
negative definite, this will only occur if (;5 - ;l) =0, i.e. if
i b

the cost function is separable.
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The inputs will change as a response to changing relative prices, and

since dpk=0, k#1,j, and xjdpj = —xidpi we have that

C, . C, . ‘ :

ki k Lt
d = LC,dp, = x - =L} x.dp.  k=l,...,n (1¥s&
*x 3 k&L k XX, xkxj i1 -

But for k#i,j the expression inside the square brackets is 0 by separa-

bility and dxk=0 for k#1,j. And since total output is unchanged

12( £ dx, = f.dx, + fjdxj =0 . (2)
The induced cost minimizing input change.is exactly a change in the
direction in which the DES]..j is defined, and we must therefore have

that DES]..j = SESij or stated slightly differently the DESij will normally
be less than the SESij because the DESij stipulates that all inputs
levels, except X and xj, remain fixed, while the SESij allows all in-
puts to respond to the new price structure. When the production struc=
ture is separable, however, this does not make any difference because

the X k#1i,j, remain at thgir optimal (cost minimizing) level even

after the price change.

In terms of the directional derivatives, this argument can be generalized
to non-separable functions, and the following duality theorem for direc-
tional elasticities of substitution. Any price change vector veT(p),
i.e. tangent to the factor price frontier at p, will induce a change in
the input vector. Call this change dx(v), where v has been included as
an argument to emphasize the dependence of dx upon the price change.
Since there is no change in the output rate, we must have dx(v)esfx(p)],

the tangent hyperplane to the isoquant at x(y,p).

THEOREM: Let veT(p), then
DDES [dx(v)] = DSES(v)

where DSES(v) is to be evaluated at p and DDES[dx(v)] is to be evaluated
at the dual point x(y,p).

Proof: Incomplete (the theorem ought to be regarded at present as a

conjecture).
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Sec. 4 AGGREGATE ELASTICITY OF SUBSTITUTION

In sec. 2.1 we showed how the definition of a directional elasticity of
substitution could be used to define the elasticity of substitution
between two input groups. In this section we will show that this latter

concept is closely related to the aggregate elasticity of substitution.

Let C(y,p) be the cost function given in 1.1.1, and assume that it is

weakly separable with respect to the partition {Ni:i=l,...,r} of the index
set N={1,2,3,...,n}. It is further assumed that there exists linearly
homogeneous (consistent) price aggregates pV = pV(pV), where pVvV = {pk!kst}l);
so that the cost function may be written in terms of these aggregates

only, i.e.
C,p) = Blysoth), 02D, ..ns o5 (D] W

Regarding € solely as a function of the price aggrégates we define the

aggregate shadow elasticity of substitution between the i'th and the j'th

separable input groups (i#j) as:z)
e.. e e..
_,_lé + 02—l _ _%l
e’ e.e. €
.= 1 1] 1 (2)
1]
. ‘ :. + jl
P 5 ¢ %j

where éi and ﬁij are the partial derivatives of € with respect to the
consistent price aggregates.

Let us express the aggregate elasticity of substitution as a function of
the unaggregated elasticities. Since C and € represent the same functions
with respect to the P> i=1l,...,n, their derivatives with respect to these

3)

price variables must coincide, and therefore

e .3 o
i Bpk 3pk p;

for every k&:Ni

1) This is often called homogeneous separability condition. For cost
functions this is implied by the linear homogeneity of € . See
footnote 1, sec. 3.2.

2) See (1.1.3) for the definition of the (unaggregated) shadow elasticity
of substitution.

3) See Frenger (1975) pp. 58-65 for more complete derivation.
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i3 x, C
€. = 5 ag gp gp = X? %( ki ) for every keNi, 2eN., i#]
MR SR TPy o) TR , ]

X, z pkas
EN{
€. = (—.—)2 L EE for every keN. (3)
ii ol X z P X, i
k saNi )

Because of separability we can define

€ Cre .
L.. = %(é = - for every keNi, 2eN., 1#j (4)
t i3 ) J
and
z C
Lo G aseysks v G
\a's 2 L px - s X X
tv X SseN s s seNV xk s
v
for every kst; v=1,...,r (5)
where
v psxs
O = ——
s L p X
seN s
v

Bacause of the homogeneous separability condition, va is independent of

the index kENv appeafin%{(S). Since the variables Dv are linearly homo-

geneous:

z pv =

v
pe = P z P
kel k'k kevik k

v

P |

and the aggregate elasticity of substitution can be rewritten

T 1 + 1 - -L.. +2L.. - L {6)
ij L p T P ii ij i]
keN, Kk kel Kk

It remains to express the Lij's as functions of the Oij's. Let

8§, =p and C' = I p
k- Pk kevaxk
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and evaluate the following two double summations:

IL (8#8)o, = I I 86,(- L ‘f - 222) 143
keN. LeN, KEN. ReN. x 5% x
1 ] i ] k 2
' ) o o ) C
=-c z 5k—k2k £ 235 % 5k52-——kxl BRI ——’L,f
keN, © x KkeN., LeN, ) 2eN. X
i i ] ] L.
.. . C . C
= ¢*c? [— 5 “12 —“25 + oL - 2 o) —%}
k&:Ni xk leNj le,
and solving the expression for Lij gives
. C . C
1 , i “kk i L
2L.. = —— L I (8,48 )0 + I o — + I o) —= (7)
13 clcd ken, gen, K ¥ K ey K xi LeN, ¥ x2
, i 3 i ] 2
Similarly
o C o
I I (8800, = I I 86, (- L ff - 222)
keN. ReN. keN. LeN, M0 x
1 1 1 1 k 2
. 2 . . C . . C
=2(cH| 2 oz a;-k—}f'- (£ ap L a;—%‘i
keN. “geN. ©~ k2 26N, = keN. © x
1 1 1 1 k
. 2 . C
=2(chH ﬁ“i -z a; -%;}
L keN. X
1 k
which, when solved for Lii’ gives:
1 i Cxk
L., = - z L (§,+§,)0 + I o — (8)
i1 45 ciy? KeN, LeN, k7KL keN, k xi

Setting this into the expression for the aggregate elasticity of substi-

tution (eq. 6) gives

1 c*cd 1 2
L, = sc=—r|- — z T (o, +a,)0 + —_— I L (o +a,)0
ij 2 C1+C3‘i (Cl)z keNi 2€Ni k 277kL k 477k

ctcd keN. feN.
i

1
- z L (o +a,)0 (9)
COREEREE R ]
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which (except for multiplying numerator and denominator by C2) is seen

to be identical to eq. 4 of sec. 2.1.

The definition of an elasticity of substitution between input—-groups

(SES,, of sec. 2.1) represents therefore a generalization of the concept

AB
of an aggregate elasticity of substitution, which can be defined unambigu-

ously only for separable cost functions.
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