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ENDOGENOUS WORST-CASE BELIEFS IN FIRST-PRICE AUCTIONS

VITALI GRETSCHKO AND HELENE MASS
ZEW MANNHEIM AND UNIVERSITY OF COLOGNE

ABSTRACT. Bidding in first-price auctions crucially depends on the beliefs of the bidders about
their competitors’ willingness to pay. We analyze bidding behavior in a first-price auction in
which the knowledge of the bidders about the distribution of their competitors’ valuations is
restricted to the support and the mean. To model this situation, we assume that under such
uncertainty a bidder will expect to face the distribution of valuations that minimizes her expected
utility, given her bid is an optimal reaction to the bids of her competitors induced by this distri-
bution. This introduces a novel way to endogenize beliefs in games of incomplete information.
We find that for a bidder with a given valuation her worst-case belief just puts sufficient proba-
bility weight on lower valuations of her competitors to induce a high bid. At the same time the
worst-case belief puts as much as possible probability weight on the same valuation in order to
minimize the bidder’s winning probability. This implies that even though the worst-case beliefs
are type dependent in a non-monotonic way, an efficient equilibrium of the first-price auction
exists.

JEL classification: D44, D81, D82

Keywords: Auctions, mechanism design, beliefs, uncertainty

1. INTRODUCTION

Consider a company preparing a bid for a first-price procurement auction. The company’s
optimal bidding strategy will crucially depend on their belief about the costs of its competitors.
Typically, this company would spend a considerable amount of resources to reverse-engineer the
products of their competitors and learn about their cost structure. However, such learning has
its limits. For example, reverse-engineering may inform the company about the used components
and the general complexities in producing this part. But it cannot inform about the production
processes and the used equipment of its competitors. Thus, it is reasonable to assume that
learning about the distribution of the competitors’ costs is not perfect and just specifies some
summary statistic of the underlying distribution like the support and the mean. How to weigh
the probabilities of certain costs within this support is subjective and hard to objectify. Thus,
in order to submit a bid in the auction, the company has to form a subjective belief.

In this paper we consider the problem of a bidder in a first-price auction whose only informa-
tion about the valuations of her competitors is the support and the mean of their distribution.
Given such a large uncertainty, it seems natural for this bidder to prepare for the worst case.'
Thus, we assume that for a given bidding strategy of her competitors the bidder will tailor her
From our own experience in consulting bidders in high-stakes (procurement) auctions, it is a typical approach

taken by bidders to generate several scenarios with respect to the valuations (costs) of their competitors and
than to tailor their strategy to the worst-case.



ENDOGENOUS WORST-CASE BELIEFS IN FIRST-PRICE AUCTIONS 2

bid to be optimal given that she expects to face the worst distribution of of her competitors’
valuations among all distributions with the same support and mean. Worst distribution, in this
context, means the bidder will expect to face the distribution of valuations that minimizes her
expected utility, given her bid is an optimal reaction to the bids of her competitors induced
by this distribution. In other words, the worst-case belief of a bidder minimizes her maximum
possible expected utility. We assume that every bidder in the auction follows a similar logic
when preparing her bid. In this case, a profile of bids is an equilibrium if each bidder chooses
her optimal bid given her valuation (type), the bidding strategy of her competitors, and the
worst-case belief as defined above. In particular, this implies that the worst-case belief of a
bidder will crucially depend on her type (valuation) in a non-monotonic way.

Our contribution is threefold. Our first contribution is to introduce a novel way to model
endogenous beliefs in a first-price auction. Endogenous, in this case, means that a bidder’s
beliefs about the valuations of the competitors are not assumed as a primitive of the environment
but arise naturally as worst-case beliefs from the game induced by the rules of the first-price
auction.? This can be viewed as a relaxation of the paradigm of symmetric independent private
value (IPV) auctions that each bidder’s valuation for the object is drawn from a distribution
that is common knowledge among all bidders. Moreover, our solution concept constitutes a novel
way to analyze games with asymmetric information and can be straightforwardly extended to
any kind of such game.

Our second contribution is to show that even though the endogenous beliefs that arise from
our solution concept are type dependent in a non-monotonic way, an ex-post efficient equilibrium
exists. That is, even though the worst-case beliefs of bidders with a higher valuation do not
imply that they believe to face a stronger competition in the auction than bidders with a lower
valuation, in equilibrium the object is allocated with probability one to the bidder with the
highest valuation.

Our third contribution is to introduce a novel proof method that we use in order to derive
the worst-case strategies and beliefs in the efficient equilibrium. The method encompasses an
elegant way to compare the solutions of an infinite set of minimization problems. To fix ideas
and to gain some intuition for our results, consider the case that the valuation of a bidder can
take one of three valuations 0, § and 1. Suppose furthermore that it is common knowledge
among the bidders that the mean of the distribution of valuations is p with g < 6. In this case,
the efficient equilibrium takes the following form: all bidders with valuation 0 bid 0, all bidders
with valuation 6 mix between 0 and some bg, and all bidders with a valuation of 1 mix between
bp and some b;. The beliefs of a bidder with valuation 0 are arbitrary as she will always bid

0 and expect a utility of 0. A bidder with valuation 6 believes that she is facing only bidders

2A different auction format would generate different worst-case beliefs.
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with valuations 0 and 6 with probabilities such that the mean of her belief is u. A bidder with
valuation 1 believes that she is facing bidders with valuations 0, 6, and 1 with probabilities
such that she is indifferent between mixing in [59,51] and bidding 0 and such that the mean
of her belief is pu. Given their beliefs, all bidders best reply to the bidding strategies of their
competitors. Given the bidding strategies, the beliefs make each bidder worst off given her type.
It may appear counterintuitive that, given her bid, the worst-case scenario for a bidder with
valuation 6 is that she is the strongest bidder. However, given the bidding strategies in the
efficient equilibrium, the utility of a bidder with a valuation of # depends only on the probability
that she is facing bidders with a valuation of 0. Given that the mean of the belief is fixed, this
probability is minimized if the probability of facing bidders with a valuation of 1 is zero. In
other words, for a bidder with a valuation of 8 it is the worst-case that the probability that she
will face only bidders with a valuation of 0, against whom she will win for sure, is minimized.

For bidders with a valuation of 1, the worst-case is determined by minimizing her winning
probability while keeping the incentives intact to bid above by. Thus, the belief of a bidder with
a valuation of 1 puts just enough probability weight on 0 and € such that she will bid above the
highest bid of a bidder with a valuation of # and then as much probability as possible on 1.

The intuitions from the case with three types carry over to the general model. In particular,
the worst-case belief of a bidder with a given valuation just puts enough probability weight on
lower valuations to induce that for this bidder it is optimal to outbid each bidder with a lower
valuation. The remaining probability weight is put on the valuation of the bidder in question in
order to minimize her winning probability. It follows directly that such beliefs induce bidding
that leads to an efficient allocation.

In order to show that the proposed strategies indeed constitute an equilibrium with worst-
case beliefs, it remains to show that there is no other belief that would induce a bid that would
make a bidder worse off than in the proposed equilibrium. For this we introduce a novel proof
method. The underlying idea of the proof is to show that we can switch from comparing different
beliefs and their induced utilities to comparing different bids and their induced utilities. This
is due to the fact that a given best reply b can be induced by a multitude of beliefs (given the
bidder’s valuation and the other bidders’ strategies). It follows that every bid b can be identified
by a minimization problem: among all distribution functions with mean g which induce bid
b as a best reply it suffices to consider the belief which leads to the minimum utility. Using
this concept, we can map every bid to a belief and a corresponding utility. Therefore, checking
whether the utility induced by b is lower than the utility induced by some other b’ establishes a
transitive total order on the set of bids.

We use three different tools with which we can compare different bids with respect to the

introduced transitive order. The first tool is to show that for certain types there exists only
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one distribution which induces a particular bid. This allows to directly compute the minimum
expected utility which can be induced by this bid for these types. The second tool constitutes
a connection between binding constraints in the minimization problem corresponding to a bid b
and bids which are lower than b with respect to our order. Third, we show that for a given type
there exist bids which can never be a best reply independent of the subjective belief. Hence,
these bids cannot be possible deviations from the proposed worst-case equilibrium for the given
type. Using these three tools, we construct a chain where all bids are arranged with respect to
our order and the efficient equilibrium bids are the lowest. Due to the transitivity of our relation,
this excludes all other bids as possible deviations from the proposed equilibrium strategy.

Besides specifying an efficient worst-case belief equilibrium, we provide a comparison of ex-
pected revenues of a second-price auction and a first-price auction under endogenous worst-case
beliefs for the case where bidders can have three discrete valuations 0, # and 1. We show that for
certain parameter constellations of 6 and p the first-price or the second-price auction perform
better in terms of expected revenue independent of the true valuation distribution. There also
exist parameters 6 and p such that the revenue-maximizing choice of the auction format depends
on the true valuation distribution.

The remainder of the paper is organized as follows. We conclude the introduction with an
overview over the related literature. The second section contains the formal model including the
formal description of our solution concept, the worst-case belief equilibrium. In the third section
we show the existence of an efficient worst-case belief-equilibrium and derive the corresponding
beliefs and strategies for the special case of two bidders and three types. We consider this
special case in order to focus on the intuition of the results and to illustrate the techniques of
our proof. In the fourth section we conduct the revenue comparison between the first-price and
the second-price auction under endogenous worst-case beliefs for the case of two bidders and
three valuations. The fifth section contains the formal model and an outline of the proof for
the general case with an arbitrary number of bidders and discrete valuations. We conclude in
section six and section seven provides an overview over the most used notation and definitions.
The appendix contains the proofs not provided in previous sections. We provide all proofs in
the Appendix for the case of two bidders and three valuations and the general case separately.
The proofs for the special case are provided in order to give an intuition for the general case.
However, the model for the general case in the fifth section as well as the proofs for the general

case can be also understood without reading the special case first.

Relation to the literature. Our paper complements two strands of literature: the literature
on robust auction design and the literature on first-price auctions with non-standard priors.
Both strands of literature relax the typically strict assumptions that are placed on the beliefs of

the designer and the participants of an auction.
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Contrary to the literature on robust auction design that focuses on the problem of the designer
who does not have precise beliefs about the bidders, we focus on the problem of the bidder who
does not have precise beliefs about her competitors. Departing from the ideas posed in this
literature, we propose that not only the designer may be uninformed about the environment
but also the bidders, if they do not interact frequently, may have some uncertainty. We then
use modeling techniques developed in this literature and develop a novel solution concept to
analyze this problem. For example, ? consider optimal monopoly pricing under uncertainty
about demand distribution with a seller who either maximizes worst-case expected utilities
or minimizes the maximal regret. They find that the optimal pricing policy hedges against
uncertainty by randomizing over a range of prices. Buyers with low valuations cannot generate
substantial regret and are priced out of the market. ? consider a robust version of the classic
problem of optimal monopoly pricing with incomplete information. The seller faces model
uncertainty and only knows that the true demand distribution is in the neighborhood of a given
model distribution. They find that the equilibrium price under either criterion is lower then
in the absence of uncertainty. The concern for robustness leads the seller to concede a larger
information rent to all buyers with valuations below the optimal price without uncertainty.
? analyze the optimal selling mechanism if the seller maximizes worst-case expected profits
and is only informed about one moment of the distribution of the buyer’s valuations. They
show that the optimal mechanism entails distortions at the intensive margin, e.g., except for
the highest valuation buyer, sales will take place with probability strictly smaller than one.
The seller can implement such allocation by committing to post prices drawn from a non-
degenerate distribution, so that randomizing over prices is an optimal robust selling mechanism.
? considers the mechanism design problem of a seller who is uninformed about demand, while
potential buyers are well-informed. The seller’s goal is to maximize the minimum ratio between
expected revenue and the expected efficient utility. He characterizes simple mechanisms that
maximize the minimum extraction ratio. In these mechanisms, the seller runs a second-price
auction and simultaneously surveys the beliefs of buyers about other’s valuations. 7 considers
a moral hazard problem where the principal is uncertain what the agent can and cannot do:
She knows some actions available to the agent, but other, unknown actions may also exist. The
principal demands robustness, evaluating possible contracts by their worst-case performance,
over unknown actions the agent might potentially take. He finds that the optimal contract from
the point of view of the principal is linear.

The literature on first-price auctions with non-standard priors relaxes the assumptions placed
on the priors of the bidders by the standard IPV model. For example, ? consider parametric
examples of symmetric two-bidder private valuation auctions in which each bidder observes her

own private valuation as well as noisy signals about her opponent’s private valuation. They show
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that in such environments the revenue equivalence between the first and second-price auction
(SPA) breaks down and there is no definite revenue ranking; while the SPA always allocates
efficiently, the first price auction (FPA) may be inefficient; equilibria may fail to exist for the
FPA. ? study auctions in which bidders may know the types of some rival bidders but not others.
They show that the first-price auction results in an inefficient allocation and that this inefficient
allocation translates into a poor revenue performance. 7 characterize the set of all possible
outcomes that may arise in a first-price auction under any given information structure among the
bidders. They find that revenue is maximized when buyers know who has the highest valuation,
but the highest valuation buyer has partial information about others’ valuations. Revenue
is minimized when buyers are uncertain about whether they will win or lose and incentive
constraints are binding for all upward bid deviations. Contrary to this literature, we do not
assume an exogenously given prior but rather introduce a novel way to model endogenous beliefs
that will depend on the specific game structure. We find, in contrast to most findings in this

literature, that the first-price auction allocates efficiently.

2. MODEL

2.1. Setup. There are n risk-neutral bidders competing in a first-price sealed-bid auction for
one indivisible object. Before the auction starts, each bidder i € {1,...,n} privately observes
her valuation (type) 6; € © = {0 =0%0%,...,0m 1 1= 9m}. The valuation distributions are
unknown to the bidders. However, it is common knowledge among the bidders that the mean
of this distribution is u. Hence, every bidder knows that the probability mass function of the

other bidders’ valuations is an element from

m
ﬁ[f*l = fiX X fuo1: O 5 [0,1] Ziji (0) =pforallie{l,....n—1} 3,
j=1
where for every i € {1,...,n — 1} and every j € {1,...,m}, f;(67) denotes the probability with
which valuation 67 occurs according to the probability mass function f;. In other words, this is
the set of all probability mass functions of independently drawn valuations from the set © for
n — 1 bidders with mean p. For a shorter notation we will use the term probability function

instead of probability mass function.
In the auction the bidders submit bids, the bidder with the highest bid wins the object and
pays her bid. In addition, we assume an efficient tie-breaking rule®. Thus, the utility of bidder

1 with valuation 6; and bid b; given that the other bids are b_; is denoted by 4

3We assume an efficient tie-breaking rule since it simplifies notation. With a random tie-breaking rule one would
need to assume a discrete bid grid (which may be arbitrarily fine) in order to ensure equilibrium existence.
However, the equilibrium strategies under both tie breaking rules would differ by at most one bid step in the bid
grid.

4For a vector (v1,...,vn) we denote by v_; the vector (vi,...,Vi—1,Vit1,...,0n).
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0; —b; if b; > maxb;
J#
0; — b; if b; = max b; and 6; > max{6; | b; = b;}
J#i J#i
w; (0;,0i,0-) =<0 if b; = max b; and 0; < max{6; | b; = b;}
J#i J#i
L9, —b, if b; = maxb; and 6, = max{6; | b, = b;
7 ( ) X 0i e {05 1 b; }
0 if b; < maxb;
J#i

where 6; denotes the valuation of bidder j with bid b; for j € {1,...,n} and k = #{max{0;|b; =
bi}}.

A (mized) strategy B; of a bidder ¢ maps the valuation (type) of a bidder to a distribution of
bids:

Bi 1O = ART
0; — Bi (0:)

where ART is the set of all probability distributions on R™. For bidder i with valuation 6; it is
a cumulative distribution function of bids, denoted by Gg: with corresponding density 995 and

support supp (5;(0;)). A pure strategy of bidder ¢ with valuation 6; is a mapping
ﬁi 10— R+

0; — Bi (0:),
i.e. this is a mapping from the set of valuations to the set of bids.® The expected utility of
a bidder ¢ with valuation 0;, belief f_; € ff;}fl and bid b; given that her competitors employ
bidding strategies B_; can be written as

Us (03, £, bir Bs) = /9 / i (05, b1, b5) T 022 (b5)d6_5 £ (6-5) o .
=i b j#i

2.2. Solution Concept. We are interested in the bidding behavior of a bidder who apart
from the support and mean has no information about the distribution of the valuations of her
competitors. Thus, in order to derive a bid, the bidder has to form a subjective belief. We
assume that this bidder will prepare for the worst case. Prepare means that the bidder will
choose her optimal bid given she expects to face the worst-case distribution of valuations. That
is, the bidder will expect to face the distribution of valuations that minimizes her expected utility,

given her bid is an optimal reaction to the bids of her competitors induced by this distribution

5A pure strategy can be interpreted as distribution of bids which puts probability weight 1 on one bid. We abuse
notation since in the case of a pure strategy, 3; (6;) denotes an element in RT while in the case of a (mixed)
strategy f; (6;) denotes an element in AR'. However, in the following it will be clear whether §; is a pure or a
mixed strategy. In addition, we will also use the notation Gg: instead of (3;(6;) in case of mixed strategies.
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and their bidding strategy. We will introduce the concept in several steps. First, we define the
best reply of bidder ¢ to a given belief f_; and a given bidding strategy of the competitors 5_;.
Second, we introduce the worst-case belief for a given bidding strategy of the competitors 5_;.
That is, we derive the belief that minimizes the expected utility of bidder ¢ given her best reply
to this belief and the bidding strategy of her competitors. Third, we will define the worst-case
belief equilibrium in which each type of each bidder bids the optimal bid given her worst-case
belief and the bidding strategy of her competitors.

Best reply to a belief and the competitors’ strategies. For bidder ¢ with valuation 8; and
for each belief f_; about the other bidders’ valuations and bidding strategies 5_;, the set of best

replies of bidder ¢ is given by
B (0i, f—i, 8-i) = arg max Ui (03, f—i, iy B—i) -
Bidder i’s best reply induces an expected utility of
U (0, f-i, b5 (0:, f—i, B—i) , B—i)

for b7 (0, f—i, B—i) € B} (0i, f—i, i) -

Worst-case belief given a best reply and the competitors’ strategies. As argued before,
we will assume that a bidder prepares for the worst case, i.e. she will assume that the distribution
of her competitors’ valuations induces the worst utility given her best reply and the bidding
strategy of her competitors. Since after forming a belief, a bidder will choose an optimal bid
given this belief, a distribution induces the worst outcome for a bidder if it minimizes the
expected utility of a bidder given her optimal bid. That is, the worst-case belief minimizes
the maximum expected utility of the bidder. Formally, a worst-case belief ff’z of bidder ¢ with
valuation 6; is given by

fﬂzz - argmin U’L (0Z7 f—i7 br (917 f—iv 5—1) 7ﬁ—i>

-1
f—i€Z))

= argmin max U; (0;, f—i, b;, f—;) .
foiegiTt b

Given the other bidders’ strategies S_;, a bidder ¢ with type 6; calculates her best reply
to each belief in ﬁ;}‘l and the corresponding utility. The worst-case belief of bidder 7 is the
one inducing the lowest utility. In other words, the worst-case belief minimizes the maximum
possible expected utility of a bidder given her valuation and the other bidders’ strategies. Note
that a worst-case belief is not necessarily unique but every worst-case belief yields the same
utility.

Worst-case belief equilibrium. In equilibrium, after forming a worst-case belief as described

above, each bidder will choose an optimal bid given her valuation, her worst-case belief and
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the other bidders’ strategies. That is, in equilibrium it has to hold for every valuation of every
bidder that

(i) Given her valuation, her belief, and the other bidders’ strategies the bid of a bidder
maximizes her expected utility.
(ii) For every bidder there does not exists another belief such that a best reply to this belief

induces a lower expected utility.

This leads to the following definition.

Definition 1 (Worst-case belief equilibrium). A profile of bidding strategies (1, ..., 0Bn) to-
gether with a profile of beliefs ([ffll, e, f”f’l, 7, [ffln, - fﬁ”ﬁflffm) € (ﬁg_l)m form
a worst-case belief equilibrium if for all i € {1,....n}, all 6; € ©, all f_; € 37;’_1 and all
b, € supp (B:(0;)) it holds that

M bi € BY (61, 1%, 8-1)
and
(2) Ui (9i:f€iiabz‘75—i) < Ui (0;, f=i, 0" (035 f—is B=i) , B=i) -

In the following we will refer to the first condition as the best-reply condition and to the second

condition as the worst-case belief condition.

3. WORST-CASE BELIEF EQUILIBRIUM: TWO BIDDERS, THREE VALUATIONS

This section focuses on our main result which states that an efficient worst-case belief equilib-
rium exists. We characterize the beliefs and strategies in the worst-case belief equilibrium and
illustrate the techniques of our proof. We start our analysis with the case of two bidders, A and
B and and three possible valuations 0,60 and 1. This allows us to focus on the main features of
the concept without complex notation. The general case with n bidders and m types is analyzed

in section ?7.
3.1. Efficient worst-case belief equilibrium.
Theorem 1. In a first-price auction there exists an efficient worst-case belief equilibrium.

In order to prove the existence of an efficient worst-case equilibrium, we specify a profile of
increasing strategies and beliefs and show that they constitute a worst-case belief equilibrium.
The underlying idea of the proof is to show that we can switch from comparing different beliefs
and their induced utilities to comparing different bids and their induced utilities. This is due to
the fact that a given best reply b can be induced by a multitude of beliefs (given the bidder’s
valuation and the other bidders’ strategies). It follows that every bid b can be identified by
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a minimization problem: among all distribution functions with mean p which induce bid b as
a best reply it suffices to consider the belief which leads to the minimum utility. Using this
concept, we can map every bid to a belief and a corresponding utility. Therefore, checking
whether the utility induced by b is lower than the utility induced by some other b’ establishes a
transitive total order on the set of bids.

We use three different tools with which we can compare different bids with respect to the
introduced transitive order. The first tool is to show that for certain types there exists only
one distribution which induces a particular bid. This allows to directly compute the minimum
expected utility which can be induced by this bid for these types. The second tool constitutes
a connection between binding constraints in the minimization problem corresponding to a bid
b and bids which are lower than b with respect to our order. Third, we show that for a given
type there exist bids which can never be a best reply independent of the belief. Hence, these
bids cannot be possible deviations from the proposed worst-case equilibrium for the given type.
Using these three tools, we construct a chain where all bids are arranged with respect to our
order and the efficient equilibrium bids are the lowest. Due to the transitivity of our relation,
this excludes all other bids as possible deviations from the proposed worst-case strategy.

We start with the formal description of the strategies and beliefs we claim to constitute a

worst-case belief equilibrium. We will consider two possible cases: 8 < p and 6 > p.

3.2. Characterization of the efficient worst-case belief equilibrium for 8 < p. We start
with the simpler case # < u and claim that the following strategies and beliefs constitute a worst-
case belief equilibrium. The proof of this claim is provided in section ?7. Since both bidders
will have symmetric beliefs and strategies, we omit the identity of the bidder in the notation of
beliefs and strategies.

We denote the strategy which we claim to be played in a worst-case belief equilibrium by 5*.

We define
(3) BT(0)=0, B*(0)=0, B*(1)=0GT.

That is, a bidder with valuation zero bids zero, a bidder with valuation 6 bids 6 and a bidder
with valuation 1 plays a mixed strategy on the interval [0, ;] according to a continuous bid
distribution G}. We will calculate G} and the exact valuation of by further below. One can
immediately see that these strategies constitute an efficient equilibrium, that is, the bidder with
the highest valuation wins the auction with probability 1.

We will denote the belief which we claim to constitute a worst-case belief equilibrium together

with the strategies specified above, by fé’* = ( g’*,fg’*, 10’*) for 0 € {0,6,1}.5 That is, fg’*

6In the following we will refer to f* and fé* as the worst-case strategy and the worst-case beliefs.
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denotes the probability with which bidder A with valuation 0 believes that bidder B has valuation
zero (and analogously for other valuations and bidder B).

The subjective worst-case beliefs are defined as follows. Type zero can have any belief from
the set # ﬁ“l. A bidder with valuation 6 has the subjective worst-case belief that the probability
weight in the other bidder’s probability function is solely distributed between valuations 6 and
1. Since probabilities have to add up to one and the mean has to be preserved, it must hold
that

0" LT =1

and

0,% 6,% 0,
0 0+ fg 0+ fi71=p.

In the following we will refer to these two constraints as the first and second probability constraint.

If it holds that fg ™ =0, it follows from these constraints that

0, o0 1—p . p—0
4 = V= — V= —
() 0 Oa fa 1_97 1 1_0

We define the subjective worst-case belief of a bidder with valuation 1 to be the solution of the
following minimization problem which we denote by Mie:

min +
(f0>f97f1) (fo fe)

sit. f;> 0 for all 6 € {0,0,1}
Jfo+fo+ =1
fo0 + fr=n
(fo+ fo) (1= 0) = fo."

The second and third constraints are the above described probability constraints. The last
constraint ensures that bidding 6 is weakly better for a bidder with valuation 1 than bidding
any lower bid given the other bidder’s strategy.® That is, there is just enough probability weight
on lower types in order to induce a bid of at least 8 for type 1. It is sufficient to consider only a
possible deviation to bid 0 because all bids in the interval (0, #) are placed with zero probability
and therefore are never best replies. Note that the feasible set of this minimization problem is

not empty since the worst-case belief of type 6 is an element of the feasible set.

"We use the expression “the solution” instead of “a solution” since we will show that this minimization problem
has a unique solution. Also in the remainder of the paper we will use the term “the solution” in order to indicate
that we will show that the particular minimization problem has a unique solution.

8In the following we will use the notation with subscript "<" like in M’, in order to indicate that a minimization
problem does not contain all possible constraints but only the constraints which ensure that bidding a given bid
is weakly better than bidding any lower bid.
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In the case with three types such that 8 < pu the solution of minimization problem Mie can

be obtained directly. Consider the minimization problem

min +
(fo,fo,f1) (fO f@)

s.t. f >0 for all 0 e{0,0,1}
fotfot+fi=1
Jol + f1 = p.

The solution of this minimization problem puts zero probability weight on type 6. Such a

solution does not fulfill the constraint

(fo+ fo) (1 =0) > fo.

Since this is the only constraint besides the probability constraints, this constraint has to be
binding in minimization problem Mie. Therefore, the solution of minimization problem Mig is

the unique solution of a system of three linear equations with three unknowns. It holds that

1,*_1_N 1,*_6(1_M) 1,*_M_02
(5) o =Tl = —m o =T
1+6 1—6 1-6

Given the subjective worst-case belief of a bidder with valuation 1, one can compute the upper

endpoint of her bidding interval, denoted by by, and the bid distribution, denoted by G;.° The

upper endpoint of this bidding interval is defined by

(o + 477 ) (1= 0) = 1=y,

B p—0%+6— puf O+ p
a 1— 62 146
The bid distribution is defined such that bidders A and B with valuation 1 make each other

Shi=fm 40 (S +137)

indifferent between any bid in their bidding interval. For every s € [0, b;] it holds that

(6) (fo"+ 5"+ 117G () A =s) = (£ + £7) (1 =0).

3.3. Proving the best-reply and the worst-case belief condition for 8 < p. After spec-
ifying the worst-case beliefs and strategy, we have to show that these indeed constitute a worst-
case belief equilibrium. That is, we have to show that the best-reply and the worst-case belief

condition are fulfilled.

9Since according to the worst-case strategy the support of the bid distribution for every type is an interval
(which may consists only of one point), we use the term "bidding interval" for the support of the bid distribution
prescribed by the worst-case strategy for a given type.
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Proposition 1. Given the worst-case strategy as defined in (77) and the worst-case beliefs as

defined in (??) and (??), it holds for all § € {0,0,1} that

(i) The best-reply condition given by
by € B (é, f‘97*,6*) for all by € supp (6* (é))

1s fulfilled, i.e. every bidder plays a best reply given her valuation, her worst-case belief

and the other bidder’s worst-case strategy.

(ii) The worst-case belief condition is fulfilled, i.e. for all by € supp (ﬂ* (é)) it holds that
U (0,17,5.8") U (0.£,67 (0.£,8") ,8) for all f € 7,10

That is, there does not exist another belief such that a best reply to this belief induces a

lower expected utility than the worst-case belief.

Proof. Part (i): Due to the symmetry of beliefs and strategies, it is sufficient to show the best-
reply condition for bidder A. The result is obvious for a bidder with valuation zero. Given
the subjective worst-case belief of bidder A with valuation 6 as defined in (??) and bidder
B’s strategy, bidder A with valuation 6 considers 6 to be the lowest bid placed by bidder B.
Therefore, she expects a utility of zero and bidding 6 is a best reply. It follows from the definition
of the worst-case belief of bidder A with valuation 1 as defined in (??) that she does not earn
a higher expected utility by bidding any bid lower than 6. Bids in the interval (0, ) are never

played according to $* and therefore cannot be a best reply. The constraint

(fo+fo) (1 —0) > fo

in minimization problem M i@ ensures that bidding zero does not induce a higher expected utility
than bidding €. Since bidder B does not place bids above by, it cannot be a best reply for bidder
A to bid above b. The bid distribution G is constructed in a way which makes bidder A with

valuation 1 indifferent between any bid in [0, b;] which completes the proof of part (3). O

The remainder of this section is dedicated to proving the worst-case belief condition. That
is, for every type we have to consider all probability functions over the valuations 0, # and 1
with mean p and have to show that none of these probability functions induces a lower expected
utility than the worst-case beliefs of the given type. Before we can complete the proof of part
(ii), we need to introduce several proof techniques.

As a first step, we will introduce the concept of minimizing probability functions which enables

us to switch from comparing the induced utility of probability functions to comparing the induced

10gince utility functions are symmetric among bidders, we will omit the identitiy of the bidder in the notation
of utility functions.
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utility of bids. Afterwards, we will introduce different tools with which we can compare the utility
induced by different bids and therefore exclude bids as possible deviations from the proposed

worst-case strategy.

Minimizing probability functions. Consider the list of possible subjective beliefs from which
bidder A chooses. Given the type of bidder A and bidder B’s strategy, every probability function
induces a best reply for bidder A. The best reply induces an expected utility:

probability function fp — best reply b" (04, fB, 55) — expected utility U (04, fB,b", 5B)
f% b® (eAaf%aBB) U(eAafgvbavﬁB)
f% bb (HAaf%7ﬁB) U(eAaf%abwaB)

Here 64 € {0,6,1} denotes a valuation of bidder A and f, f]%, ... denotes a list of probability
functions of bidder B’s valuations among which bidder A chooses her subjective worst-case belief.
Note that different probability functions can induce the same best reply. Therefore, the list can

be rearranged by grouping those probability functions together which induce the same best reply:

probability function fp — best reply 0" (04, fB,88) — expected utility U (04, f5,b", BB)

flcé b* (eAﬂfgvﬂB) U(9A7f§,ba753)

i v (04, 15 85) U (64, f3.0% 85)
% bb (6A7f%763) U(9A7f%7bb7ﬁ3)
b (04, 4. Bz) U (04 1%.0" B5)

Among the probability functions which induce the same bid, it is sufficient to consider the
probability functions which induce the minimum expected utility. That is, it is sufficient to
select the probability functions inducing the minimum expected utility from each group and
compare the induced utilities. Hence, we can switch from comparing probability functions to
comparing bids. This is formalized in the following definition and observation which we provide

for bidder A to simplify notation.
Definition 2. For bidder A with valuation 04 € {0,0,1}, a bid by and the competitor’s strategy
BB, the set of probability functions F™" (04,ba, Bg) given by

FMIN (94 ba, Bp) = argmin {U (64, f5,ba, B5) | ba € B" (04, f5, 85)}

fBEZ L
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is called the set of minimizing probability functions of bid ba for a bidder with valuation 64
given the other bidder’s strateqy Bp. Among all probability functions which induce bid ba as a
best reply, a minimizing probability function is a probability function which induces the minimum

utility.

Observation 1. Let Sk be a strategy of bidder K for K € {A, B} and (f%, f%, f}g) be a profile
of beliefs bidder A has about bidder B’s valuation. For a valuation 64 € {0,60,1} of bidder A
and a bid ba € supp (Ba(04)) the worst-case belief condition for bid by, given by

U (04, 15,b4,88) < U (0a, [, (0, [, B5) , Bi)
for all fp € F,, is equivalent to the following two conditions:

(i) The belief ng is an element in F™" (04,ba, BB), i-e. a minimizing probability function
of bid ba for a bidder with valuation 04 given B’s strategy Op.
(ii) Let by be a bid and fg be an element in F™" (04,4, BB), i.e. a minimizing probability

function of bid by for a bidder with valuation 64 given Sp. Then it holds

U <9A7ng7bA7/BB> < U (0A7f37b£47ﬁ3) .

Clearly, a belief cannot be a worst-case belief of a given type if this belief induces a bid as a
best reply for this type but there exists another belief which induces the same bid but with a
lower expected utility. Therefore, a worst-case belief has to be a minimizing probability function
for all bids in the support of bidder A’s bidding strategy, as stated in the first condition of the
observation. Moreover, for every type and every bid in the support of the given type there cannot
exist another bid which induces a lower expected utility together with a minimizing probability
function for this type and this bid, as stated in the second condition. In other words, if we
group together all probability functions which induce the same bid and consider the minimizing
probability function in every group, we can compare the expected utility induced by bids instead
the expected utility induced by beliefs.

That is, it is sufficient to compare bids if we compare them with respect to the expected
utility they induce together with their minimizing probability function. In order to apply this

technique, we need the following definitions.

Definition 3. For a bidder with valuation 1 minimization problem M} of a bid b € [0,b1] is the
minimization problem corresponding to its minimizing probability functions, i.e. all solutions of
minimization problem Mb1 are minimizing probability functions of b for a bidder with valuation

1 given the other bidder’s worst-case strategy 8*. Formally, minimization problem Mb1 s given
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min + fo+ f1G1 (b)) (1 =0
(vafG’fl) (fo fe fl 1< ))( )
sit. f3>0 for all § € {0,6,1}
fotfo+fi=1
fob + fi = p
(fo+ fo+ f1G1 (D)) (1 = b) > (fo + foGo (s)) (1 —s) for all s € [0, by]
(fo+ fo+ [1G1 (D)) (1 = b) = (fo+ fo + f1G1(5)) (1 = 5) for all s € [bg, by].

In other words, among all probability functions which induce bid b for type 1 as a best reply,
the solutions of minimization problem M, bl induce the minimum expected utility. Note that since

bids above b; are never a best reply, it is not necessary to include constraints which ensure that

bidding b induces at least the same expected utility as bids above b;.
Definition 4. Apart from the constraints
;>0 for all § € {0,6,1}

fot+tfot+fi=1
o0+ fr=n

every constraint in minimization problem Mb1 compares the utility of bidding b to the utility of

bidding some other bid b', which is formalized by

U(1,fb,8%>U(@1,fV,6).
We call such a constraint an incentive constraint corresponding to bid b'.

Definition 5. For a type 0 € {0,0,1} and bids b,/ we use the notation b <0y if for the
é—type bid b’ does not induce a strictly lower expected utility than bid b together with their

minimizing probability functions given the other bidder’s worst-case strategy 8*. Formally, let

pmin (9 b ﬂ*) grmin (9 b ,3*) and fmin (9 b ﬁ*) grmin (9 % ﬁ*) . Then it holds that
( , fmin (é 5*) b, B*) <U (é,f’m‘" (é, b’,ﬁ*) ,b’,ﬁ*) =<0y,
( | fmin (é ﬁ*) b, ,3*) <U (é, fmin (é,b’,ﬁ*) ,b’,ﬁ*) =<0
and
U (é, pmin (é,b, 5*) b, 5*) —U (é, pmin (é, b’,ﬁ*) ,b’,ﬁ*) —p=0y.
We also use the notation b <? ¥ if b does not have a minimizing probability function given

6 because it is never a best reply for a bidder with valuation 6, but b does have a MINIMIzing
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probability function. We use the notation b Oy if neither b, nor ' have a minimizing probability

function.

Given the notation provided in this definition and Observation ??, we can state a condition

which is equivalent to the worst-case belief condition but is more tractable:

Observation 2. The worst-case belief condition for a bidder with valuation 6 c {0,0,1}, bid
by € supp (5* (é)) and the other bidder’s strateqy B* given by

U (é, fé’*,bé,ﬁ*) <U (é,f, b (é,f, 5*) ,,3*) for all f € F,
1s equivalent to
(i) fi= e Fmin (8,0, 87)
(i1) b <0V forall¥f € [0, b1].

In order to apply this observation, we will make use of the fact that the relation Sé constitutes

a transitive order which allows us to build chains of the form
b, Sé by--- Sé by,

and exclude all bids by, ..., b as bids which could induce a lower expected utility.

After reframing the worst-case belief condition, we prove two lemmas which correspond to
two different tools with which we can compare the utility induced by different bids and therefore
exclude bids as possible deviations from the proposed worst-case strategy.!' The first tool is to
show that for every bid in the interval (6,b;) there exists only one probability function which
induces this bid as a best reply for the 1-type. As a consequence, one can directly compute
the minimum utility which can be induced for a bid in the interval [6,b;] and show that the
minimum utility is equal for all bids in the interval [#,b;]. This is formalized in the following

Lemma and Corollary.

Lemma 1. Let b € (6,b1) be such that b is an element in B" (l,flﬁb,ﬁ*) for f1b € Z,. Then

b equals to f1* = ( 01’*, fel’*, 11*>, the worst-case belief of a bidder with valuation 1.

The intuition behind this is that the worst-case belief of a 1-type together with the strategy
of the other 1-type makes her indifferent between any bid in the interval [#,b;]. Any change
of the worst-case belief makes either a deviation to @ or to b; more profitable. Hence, a bid
be (9,51) cannot be induced by a belief different from the worst-case belief of the 1-type. The

formal proof is relegated to Appendix ?7.

Corollary 1. For every b € [0,by] it holds that 6 =' b.

HWe will need a third tool in the case 0 > I
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That is, every bid in the interval [#,b;] induces the same expected utility together with a

minimizing probability function.

Proof. As defined in (??), the worst-case belief of a bidder with valuation 1, denoted by f*, is
the solution of minimization problem Mie. Since we have shown that the best-reply condition
is fulfilled for type 1, it holds that f1* is an element of the feasible set of minimization problem
Mel. Since the constraints of minimization problem Mie are a subset of the constraints of
minimization problem M}, it follows that f%* is a solution of Me1 It follows from Lemma 77
and the definition of the worst-case belief of the 1-type that every bid in [6, b1) together with its

unique minimizing probability function induces the same expected utility given by

(3" + 1) -0

Independent of the probability function the expected utility of bidding b; is equal to 1 —b; which
is equal to ( 3’* + f;”") (1 — 6). Therefore, it holds for all b € [0, b;] that

0="0
O
The second tool constitutes a connection between binding incentive constraints in minimiza-

tion problem M, bl and bids which are lower than b with respect to the introduced transitive order

<1,

Lemma 2. Let b be a bid and f'° a solution of minimization problem Mbl. If there exists a

binding incentive constraint with corresponding bid l;, i.e.
U (1, 510,87) = U (1,£,5,67).
then it holds that b <'b.
Proof. Let L} and L% be the feasible sets, f1* = ( g’b,fl’b, f’b) and flvi’ = ( gvi’,flj’, 1178)
solutions and U (1, b b, B*) and U (1, flj’, 13, B*) the values of the objective functions of min-

imization problem ]\41)1 and ]\451 respectively. In minimization problem Ml;1 for every s € [6,b1]

the incentive constraint corresponding to bid s given by
U (1. £6.8) 2U (1, f,5.87)
is fulfilled for f = f1® because it holds that

U (1, FLep, 5*) —U (1, FLep, B*) > U (1, FLe B*) .
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The equality follows from the fact that the incentive constraint corresponding to bis binding in

minimization problem Mbl. The inequality

U (1’ fl,b’b’ﬁ*) > U (1’ s s,ﬂ*)

holds because f1? is a solution of minimization problem Mbl. Since every constraint in MBl is
fulfilled by f%°, it holds that f%* is an element of L%. This also shows that the feasible set of
minimization problem MBl is not empty. Therefore, in Mi;l the solution of minimization problem
Mg has to induce a lower or equal utility than the solution of minimization problem Mb1 and it
follows that
U (1, N 5*) <U (1, P10 p /3*) —U (1, P10 p, 5*) .
We conclude that bid b together with a minimizing probability function does not induce a

lower expected utility than bid b together with a minimizing probability function and it therefore

holds that b <! b. O

After introducing two tools with which we can compare bids with respect to the introduced

transitive order, we can prove the second part of Proposition 77.

Proof. Since by bidding zero a bidder with valuation zero expects a utility of zero and this is
the lowest possible utility, the worst-case belief condition is fulfilled for type zero. The expected
utility of a bidder with valuation 6 induced by her worst-case belief and the other bidder’s
strategy is zero and therefore, the worst-case belief condition is fulfilled for type 6. It is left
to show the worst-case belief condition for type 1. As stated in Observation 77, the worst-case

belief condition for type 1 is equivalent to
(i) fhr e 7mn(1,b, 5%)
(ii) b <tV for all b € [0,b]

for all b € [0, b1]. Analogously as in the proof of Corollary ??, one can show that the worst-case
belief of type 1 is a solution of minimization problem M} for all b € [bg,b1]. It follows from
Lemma ?? that condition (i) is fulfilled for all bids in [by,b1). By definition of the worst-case
belief of type 1, this belief induces b; as best reply for a bidder with valuation 1. Since any
probability function which induces b; as a best reply for the 1-type yields an expected utility
of 1 — by, any probability function with this property is a minimizing probability function.
Therefore, condition (i) is also fulfilled for bid b;. Given the result in Corollary ??, condition

(ii) reduces to

(7) 6 <'bforall b € [0,0).
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The only candidate for a bid in the interval [0, #) which could induce a lower expected utility than
bid 6 is 0 since all other bids cannot be a best reply independently of the belief. A minimizing

probability function of zero is a solution of minimization problem M:

min  fy
(fo,fe,f1)

s.t. f3 >0 for all 0 e{0,0,1}
fotfo+fi=1
fod+fi=1=p
fo> (fo+ fo+ f1G1(s)) (1 —s) for all s € [0, b1].
Note that it is not necessary to include incentive constraints with corresponding bid in the
interval (0, 6) since such a bid is never a best reply. If only the constraints

s.t. fz > 0 for all 0 e{0,0,1}

fot+tfot+fi=1
fo+fi=1=p

would be considered, it would hold for the solution of Mg that f; = 0. But then the constraint

fo > (fo+ fo)(1—10)

would be violated. Therefore, one of the incentive constraints in Mg has to be binding. Let b be
the bid such that the corresponding incentive constraint is binding. It follows from Lemma 77
that b <' 0. Since bids in the interval (0,6) are never a best reply, it must hold that b € [0, b].

Using the transitivity of the relation <!, we conclude that

~

0<'bp='og.

S

Thus, we have shown (??) which completes the proof. O

After proving the best-reply and the worst-case belief condition, we conclude that the strate-
gies and beliefs specified in 77 indeed constitute a worst-case belief equilibrium. This completes
the example with two bidders and three types such that # < p and now we turn to the case

where 6 > u. As before, we first specify the worst-case strategy and beliefs.

3.4. Characterization of the efficient worst-case belief equilibrium for 6 > p. Again,

we denote the worst-case strategy by 5* and define

(8) B*(0) =0, B7(0) = Gy, B (1) = G1.
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That is, type zero bids zero, type 6 plays a mixed strategy on the interval [0,by] and type 1
plays a mixed strategy on the interval [bg,b;]. As before, one can immediately see that this
constitutes an efficient equilibrium. We denote the worst-case belief of a bidder with valuation
6 by ( g’*, g’*, 16*) for 6 € {0,0,1}. Type zero can have any belief. The worst-case belief of
type 6 is the solution of the following minimization problem, denoted by Mgoz

min  fy
(fo,fo,f1)

s.t. fs >0 for all 0 e{0,0,1}
Jo+tfot+fi=1
Jol + f1 = p.

Recall that in the case 6 < pu, by definition, the worst-case belief of a bidder with a given
type contained all incentive constraints with corresponding bids which are lower than the lower
endpoint of the type’s bidding interval. This also holds for the case 8§ > u. Since type 6
plays a mixed strategy on an interval beginning with zero, there are no incentive constraints
in this minimization problem. Any solution of minimization problem Mg has to fulfill the two

probability constraints:

fot+tfot+tfi=1
Jol + f1 = p.

Rearranging the second probability constraint w.r.t. to fy and plugging in into the first proba-

bility constraint gives:

fo+“_0f1 +h=1
0—p  f1(1-0)
= = .
Jo= ==+
Thus, the minimum value for fj is given by (FT“ and the solution of minimization problem Mﬁo
is given by
* 0 -
(9) gr=2 R =t =0

o9 0 Tt
The upper endpoint of the bidding interval of a bidder with valuation 6 is obtained by the

equation

(10) 00 = (457 +157) (0= bo)

by = [0 =p.
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The bid distribution of bidders A and B with valuation # makes them indifferent between any
bid in their bidding interval. That is, it for every s € [0, by] it holds that

(11) 0= (107 + 107G () (0—s).
The subjective worst-case belief of a bidder with valuation 1 is the solution of the following
minimization problem, denoted by Miggz

min  fo+ fo
(fo,fo,f1)

sit. f;> 0 for all 6 € {0,0,1}
Jotfot+fi=1
fo0 + f1=p
(fo+ fo) (1 =bg) > (fo+ foGa (5)) (1 —s) for all s € [0,by].

As before, the minimization problem contains all incentive constraints with corresponding bids
which are lower than the lower endpoint of type 1’s bidding interval. This implies that there is
just enough probability weight on types zero and # in order to incentivize the 1-type to play a
mixed strategy on an interval beginning with bg. The upper endpoint of type 1’s bidding interval

is obtained by the equation

(o +007) (L=B0) = (" + £ + A1) (1=Ba).

The bid distribution of bidders A and B with valuation 1 makes them indifferent between any
bid in their bidding interval. That is, for every s € [bg, b1] it holds that

(12) (o +137) (1=Bg) = (fo~ + f3" + [1°G1 () (1 = ).

Note that in contrast to previous minimization problems we cannot derive the solution of
minimization problem Migo directly since we have to consider an uncountable number of in-
centive constraints . For now, we proceed with the given definition of the worst-case belief of a
bidder with valuation 1 and provide the explicit solution of the minimization problem later on.
However, it is easy to see that the feasible set of minimization problem Migg is not empty since

the worst-case belief of type 6 is an element of this set.

3.5. Proving the best-reply and the worst-case belief condition for 8 > u. After spec-
ifying the worst-case strategy and beliefs, we have to show that these indeed constitute a worst-
case belief equilibrium. That is, we have to show the optimality and the worst-case belief

condition.
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Proposition 2. Given the worst-case strategy as defined in (7?7) and the worst-case beliefs as
defined in (??) and (??), it holds for all § € {0,0,1} that

(i) The best-reply condition given by
by € B (é, f‘g’*,ﬁ*) for all by € supp (6* (é))

1s fulfilled, i.e. every bidder plays a best reply given her valuation, her worst-case belief
and the other bidder’s worst-case strategy.

(ii) The worst-case belief condition is fulfilled, i.e. for all by € supp (ﬂ* (é)) it holds that
U (0, 17%,65,8°) <U (0, 7,67 (8,£,8") ,87) for all f € 7,

That is, there does not exist another belief such that a best reply to this belief induces a

lower expected utility than the worst-case belief.

Proof. Part (i): The result is obvious for a bidder with valuation zero. The worst-case belief
of bidder A with valuation 6 is that bidder B has valuation 1 with probability zero. Hence,
bidder A expects by = i to be the highest bid placed by bidder B. The bid distribution of type
6 makes bidder A with valuation ¢ indifferent between any bid in the interval [0, by]. Therefore,
she has no incentive to deviate. It follows from the definition of the worst-case belief of bidder
A with valuation 1 that she does not earn a higher expected utility by bidding any bid lower
than by. Since bidder B does not play a bid above by, it cannot be a best reply for bidder A
to bid above b;. The bid distribution Gy is constructed in a way which makes bidder A with

valuation 1 indifferent between any bid in [by, b1] which completes the proof. ]

The remainder of the section is dedicated to proving the worst-case belief condition. Since type
zero expects the lowest possible utility of zero by bidding zero, the worst-case belief condition is
fulfilled for type zero. We will prove the worst-case belief condition for types 6 and 1 separately,

i.e. we divide part (i) of Proposition ?? into two different parts

(i3.1) The worst-case belief condition is fulfilled for type 6, i.e. for all b € [0,bg] it holds that
U (0.17%,6,8") U0, 1,67 (0, f,8") .8 for all € .

(i3.2) The worst-case belief condition is fulfilled for type 1, i.e. for all b € [by,by] it holds that
U (1,07,6,8") SUQL LY (1, £,8),87) for all f € F.

We begin with part (75.1). Similarly, as in the case § < u, we prove three lemmas which
correspond to three different tools with which we can compare the utility induced by different

bids.!2

121 contrast to the case 6 < p, in the case 6 > p we will make use of three tools.
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The first lemma provides a similar result as Lemma ??7 and Corollary ?77. That is, we show
that for every bid in the interval (0, bg) there exists only one probability function which induces
this bid as a best reply for the f-type. As a consequence, one can directly compute the minimum
utility which can be induced for a bid in the interval [0, bs] and show that the minimum utility

is equal for all bids in the interval [0, by].

Lemma 3. Let b € (0,bg) be such that b is an element in B" (9, f‘97b,ﬁ*) for fOb ¢ F,. Then

ot equals to fO* = ( g’*, fg’*, f’*), the worst-case belief of a bidder with valuation 6.

We omit the formal proof since it works similarly to the proof of Lemma 7?7 and is also covered

by the general case.
Corollary 2. For every b € [0,by] it holds that 0 =9 b.

That is, every bid in the interval [0,by] induces the same expected utility together with a

minimizing probability function.

Proof. Analogously as in the proof of Corollary ??, one can conclude that every bid in [0, by)
together with its unique minimizing probability function induces the same expected utility given
by fo*6.

It is left to show that 0 = by. Any probability function (fy, fg, f1) which induces bid bg = p

as a best reply for type 6 has to fulfill

(13) (fo+ fo) (0 —p) > fob.

Since due to the probability constraints the smallest possible value for fy is given by G_T“, it

must hold that
(fo+fo)(@—p)>0—p

from which follows that fy + f9 = 1. Hence, fy and fy are uniquely determined by the two
probability constraints. Any probability function which fulfills the probability constraints and
inequality (?7) coincides with the worst-case belief of type 6.

Therefore, the worst-case belief of type 6 is the only probability function which induces by = p
as a best reply for type 6. Hence, the worst-case belief is the unique minimizing probability
function for bid by and it follows from the definition of the worst-case belief that bids 0 and by

induce the same expected utility together with a minimizing probability function given by

(5" +167) @ —w) = f50.

Therefore, it holds for all b € [0, by] that
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O

The second lemma corresponds to Lemma ?7. That is, it establishes a connection between
binding incentive constraints in minimization problem Ml? and bids which are lower than b with

respect to the order </

Lemma 4. Let b be a bid and f%° a solution of minimization problem Mg. If there exists a

binding incentive constraint with corresponding bid I;, i.e.
U (60,7%,0,6°) =U (0.,5,8"),
then it holds that b <0 p.

The same proof as for Lemma ?7 applies. For the third tool, we show that for a given type
there exist bids which can never be a best reply independent of the subjective belief. Hence,

these bids cannot be possible deviations from the proposed worst-case equilibrium for the given

type.
Lemma 5. The feasible set of minimization problem Mbe for all b € (by, b1] is empty.

Assume there exists a bid b in the interval (bg,b;] such that the feasible set of minimiza-
tion problem Mbe is not empty. Then in a solution of minimization problem Mbe , denoted by
< g’b, fg’b, f’b), there must be strictly positive probability weight on the 1-type because other-
wise there would be no incentive to bid higher than bg. In contrast, the worst-case equilibrium
belief of the A-type has no probability weight on the 1-type. Hence, in order to preserve the
mean, the probability weight on the zero-type or the #-type in the solution of minimization
problem Mg must be higher than in the worst-case belief. Given the worst-case belief, the 6-
type is indifferent among all bids in the interval [0, by]. If the probability weight of the zero-type
is increased, it is optimal for the #-type to bid zero. Therefore, the probability weight on the
0-type cannot be increased. Similarly, if the probability weight on the f-type is increased, it is
optimal for the 1-type to bid bg or lower. Therefore, the belief ( g ’b, fg ’b, 16 ’b> cannot induce a
bid above by for the #-type. The formal proof is relegated to Appendix ?7?.

After introducing the three tools, we can start with the proof of part (7i.1).

Proof. As stated in Observation 77, the worst-case belief condition for type 6 is equivalent to
(1) f@,* c cg'mm (g’ b, ﬂ*)
(ii) b <PV forall b € [0,b]

for all b € [0,by].1? Analogously as in the proof of Corollary ??, one can show that the worst-

case belief of type 6 is a solution of minimization problem M for all b € [0,bg]. It follows from

13We use the notation provided in Definitions ??-?7 also for the case § > p but use 5* as defined in ?77.
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Lemma ?7 that condition (i) is fulfilled for all bids in [0,bp). As shown in the proof of Corollary
??, the worst-case belief of the #-type is the only probability function which induces by as a
best reply. Therefore, condition (i) is fulfilled. Given the result in Corollary ??, condition (ii)
reduces to

0 <’ b for all b € (bg, by].

It follows from Lemma ?? that for all b € (bg, by] it holds that 0 <? b which completes the proof
of part (4i.1). O

It is left to show part (ii.2) of Proposition ??, i.e. the worst-case belief condition for type 1.
Again, we prove three lemmas which correspond to the three tools presented above.
The first lemma provides a similar result as Lemma ?? and Corollary ?? (and as Lemma 77

and Corollary 77 in the case 0 < p).

Lemma 6. Let b € (bg,by) be such that b is an element in B" (1, fl’b,[i’*) for fLb e F,. Then

1 equals to f1* = ( &’*, f;’*, 11*>, the worst-case belief of a bidder with valuation 1.
Corollary 3. For every b € [bg, by] it holds that by =" b.

We omit the proofs of the Lemma and the Claim since they work with the same arguments
as before and are covered by the proof of the general case. The following lemma provides the

second tool and corresponds to Lemma 77 and Lemma ?7.

Lemma 7. Let b be a bid and f** a solution of minimization problem Mbl. If there exists a

binding incentive constraint with corresponding bid 3, i.e.
U (10,87) = U (1,110, 0,87),
then it holds that b <'b.

The same proof as for Lemma 7?7 applies. The third tool in the proof of the worst-case belief
condition for the 1-type is similar to the third tool (Lemma ?7) in the proof of the worst-case
belief condition for type 6. That is, we show that for a given type there exist bids which can
never be a best reply independent of the subjective belief. Hence, these bids cannot be possible

deviations from the proposed worst-case equilibrium for the given type.
Lemma 8. The feasible set of minimization problem Mb1 for all b € (0,69) s empty.

Assume there exists a bid b € (0,59) such that the minimization problem ]\Jb1 has a solution

which we denote by ( é’b, g’b, 11’b>. Consider two bids ¢/, b” with 0 < b” < b < b < b.

L I I I I I I |
C T T T T T T |

0 VbW by 0 3 1
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Given the belief ( (}’b, ;’b, 11’b>, the utility for the 1-type of bidding b must be at least as high
as the utilities of bidding b” or . The higher f& ® the lower is the optimal bid for type 1.
Therefore, the incentive constraint corresponding to bid b” sets a lower bound on the value of
f& * while the incentive constraint corresponding to bid ¥ sets an upper bound. We will show
that the conditions resulting from these two bounds contradict each other. Intuitively, a bidder
bidding in the interval [0, by] faces the bid distribution Gy of the -type which is constructed in
order to make the other 0-type indifferent. Thus, only for the #-type the upper and the lower
bound are compatible. The formal proof is relegated to Appendix 77 .

Given the three tools, we can show part (7i.2).

Proof. As stated in Observation 77, the worst-case belief condition for type 1 is equivalent to
(i) fl,* c gfmm (17 b, B*)
(ii) b<!'¥ forall b €[0,b]

for all b € [#,b1]. Condition (i) can be proven analogously as in the proof of Proposition ?? and

due to Corollary 77, the second condition reduces to
by <! b for all b’ € [0, by).

It follows from Lemma 77 that for all b € (0,59) it holds that by <! b. Therefore, in order to

show the worst-case belief condition for type 1, it is left to show that
(14) Bg Se 0.

As a next step, we use Lemma 77, in order to calculate the worst-case belief of a bidder with

valuation 1. This belief is the solution of minimization problem Mig :
0

min  fo+ fo
(fo,fo,f1)

sit. f; >0 for all € {0,0,1}
Jotfot+fi=1
Jo0+ L =p
(fo+ fo) (1 —bg) > (fo + foGa (s)) (1 —s) for all s € [0,by].
The solution of the reduced minimization problem which contains only the constraints

f3 >0 for all 0 e{0,0,1}

fot+tfotfi=1

JoO + fi=n
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would distribute the probability weight solely between type zero and one which would violate the
incentive constraint corresponding to bid zero. Hence, at least one of the incentive constraints
has to be binding. Let b be a bid such that the corresponding incentive constraint is binding.
Since we have shown that the best-reply condition is fulfilled for type 1, it holds that f* is an
element of the feasible set of minimization problem Mgle' Since the constraints of minimization
problem Mige are a subset of the constraints of minimization problem Mgl(97 it follows that f1*
is a solution of Mgle- Therefore, it follows from Lemma 77 that b <! by. Due to Lemma ?7?, it
holds that by <! b for all b € (0,59) from which follows that b = 0. Therefore, the worst-case
belief of type 1 is the unique solution of a system of three linear equation with three unknowns
given by
f(}’*+f91’*+f11’* 1

T 0+ 7=
(fo +157) (1 =bo) = 1y~

The solution is given by

o (1 w’ po_m=p) e p(1=0)
0 1—pp 70 1—ph 7t 1—pf
Consider minimization problem M&:
min  fy
(fo.fo.f1)

sit. f;> 0 for all 6 € {0,0,1}
fotfot fi=1
fol+ fi=1=up
fo > (fo+ faGg (s)) (1 — s) for all s € [0, by].
fo > (fo+ fo+ f1G1(s)) (1 — 5) for all s € [0, by].

The solution of the reduced minimization problem which contains only the constraints
s.t. f >0 for all 0 e{0,0,1}

Jot+tfot+fi=1
fo0+fi=1=pn

would distribute the probability weight solely between types zero and 6 which would violate the
incentive constraint corresponding to bid €. Therefore, one of the incentive constraints with
corresponding bid different from zero has to be binding. Let ' be the bid corresponding to the

binding incentive constraint. It follows from Lemma 7?7 that v <'o.
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As argued above, the worst-case belief of type 1 is an element of the feasible set of minimiza-
tion problem Mglg. Since the incentive constraint corresponding to bid zero is binding in this
minimization problem, it follows that the worst-case belief of type 1 is an element of the feasible
set of minimization problem Mol. This implies that the feasible set of minimization problem M&
is not empty. As stated in Lemma 7?7, the feasible set of minimization problem Mb1 is empty for
all b € (0,by). Hence, it holds that 0 <! b for all b € (0,bg). Therefore, it holds that b’ € [by, b1].

It follows from Corollary ?? that by =" V. Thus, we can construct the transitive chain
by =" <'o.
We have shown that (?7) holds which we established as a sufficient condition for the worst-case

belief condition for type 1. U

Since we have shown that the best-reply and the worst-case belief condition hold for all types,
we conclude that the beliefs and strategies specified in 77 indeed constitute a worst-case belief

equilibrium.

4. REVENUE COMPARISON OF THE FIRST-PRICE AND SECOND-PRICE AUCTION

We want to compare the revenue of a first-price and a second-price auction in a setting where
bidders do not know the distribution of their competitors’ valuations. As described in the model,
we assume that the number of bidders, the set of possible valuations © and the exogenously
given mean g of valuations is common knowledge. In a second-price auction bidding the own
valuation is a weakly dominant strategy and thus independent of the belief about the other
bidders’ valuations. Therefore, we assume that in a second-price auction bidders bid their
valuation. For the first-price auction we assume that bidders play the efficient worst-case belief
equilibrium.

Since the computation of revenue of the first-price auction involves the computation of the
worst-case beliefs and strategy which is computationally complex, we provide the formal revenue
comparison for the simplified case of two bidders with three possible types 0,0 and 1. As we will
see, it highly depends on the valuation distribution which auction leads to the higher revenue.
Hence, we cannot state any general theorems. The revenue comparison for a given valuation

distribution and a given number of bidders requires a computational solution.

4.1. Revenue of the second-price auction. In order to compute the revenue of the first-price
or the second-price auction, we need to know the true valuation distribution which we denote
by (fo, fo, f1). Given that in a second-price auction all bidders bid their valuation, the revenue
of the second-price auction is obtained as follows. The expected revenue from type zero is zero.

The expected revenue from type 6 is determined by the probability that the 8-type meets another
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f-type against whom she wins with probability % and pays 6 which gives an expected revenue
of % 90. The expected revenue from a 1-type is determined by the probability that she meets a
f-type, in this case the 1-type wins with probability 1 and pays 6, and by the probability that
she meets a 1-type, in this case the 1-type wins with probability % and pays 1. This results in
an expected revenue of fypf + % f1- The total expected revenue of a second-price auction from

one bidder is given by
1 1
(15) §f09+f1 f09+§f1 .
Due to the probability constraints given by
Jotfot+fi=1

f99+f1:1u7

there is only one degree of freedom in left in the choice of the probability function (fo, fo, f1)-

The probability constraints can be rewritten as
Jo=1—fo—fi

Ji=p— fob
which gives
fo=1-(0=0)fo—n
Ji=n— fob.

Substituting the expression for fi in (?7?) gives a revenue of
1, 1
3700+ (n— fo0) { fo0 + 5 (1 — fo9)
Lo 292 2
:g(fee—fee + 1)

4.2. Revenue of the first-price auction. For the revenue calculation of the first-price auction
with worst-case beliefs we have to differentiate between the case yu > 6 and p < 6. We start
with the case p > 6. In this case the #-type bids 6. The winning probability of the #-type is

fo+ % fo which gives an expected revenue of

9(fo+;fe>=9<1—(1—9)f9—u+;fe) =0<1—u+fe<9—;)>-

As shown in in section 77, the worst-case belief of the 1-type, which we denote by (fol’*, fel’*, fll*) )

is the unique solution of the following system of linear equations:

fo "+ f T =1
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1,% 1%
f 0 0+ f 1 =M

(Br+mm)a-o=5"

which leads to

e l=p . 0 —p) Lg.p— 02
Jo _1+9’f9 o 1—62 »h 1—62°

The bid distribution of the 1-type, denoted by G, is determined by the equation

(fo=+ 1) (1 =0)= (fo~ + f" + "G () (1= 9)

for s € [0,b1] where by is defined by

(o + 1) (1 =0) =15y,

ie. Gy (51) = 1. This is equivalent to

bi=1-(f"+£")1-0)

T 1—p O+
<:>b1—1 1_92(1 9)—1+0

After plugging in the values for fé’*, f;’*, fll’* into

(fo +457) (s = 0)

Gi(s) =

(1—s)fi"
we get
_A-p(s—0)
N e )
and

dGi(s) (A=) =5)(u=0)+A-p)(s—=0)(u—=06°) (1—p)(1-0

ds (1—5)%(u—62)? (1—s)*(u—0%)

The expected revenue from a 1-type is given by

b1
/0 (fo + fo+ f1G1(s)) sdG1 (s) ds

0+p

:/0 <l—u+9fa+(u—f99)

O
(1=8)(k=6/ (1-9)"(n—06?)

The total expected revenue from one bidder in a first-price auction with 8 < pu is given by

by
fob (fo + ;f(a) + fi /9 (fo+ fo+ f1G1(s)) sdG1 (s) ds
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sofo-veno-2)

0+p

+(ufe9)/91+0 (1u+9fe+(uf99)

(1—u)(s—9)>3 L-p-0
1—5)(u—02)) (1—s)2(u—02)

Now we will calculate the revenue of a first-price auction if 8 > u. Let ( g _ fe’*, 19 *> denote
the worst-case equilibrium belief of type 6. As shown in section 7?7, the 6-type believes that

there is no 1-type and therefore it follows from the probability constraints that

06 _ 0= o B s
fo*:Ta fg*—ga f1*—0-
The -type plays a mixed strategy on the interval [0, by] where by is defined by
0 —bp = [0
_ 6 —
Shy=0— T"e - .

For all s € [0, by] the bid distribution Gy is defined by

1070 = (£5"+ £07 G () (0 - 9)

It follows that
dGe(s)  (O—pp@—s)+sO@—pp  (0—p)o

ds p2 (0 —s)° p(0—s)?*

The expected revenue from a bidder with valuation 4 is given by

/0 " (o + foGa (5)) sdCl (s) ds

o s(0—p) S(H—,u)@ o
—/0 (1 p—(1 9)f9+f9ﬂ(9_s)) M(@_s)zd-

The belief of the 1-type, denoted by ( fo1 i fel ’*, fl1 ’*>, is the unique solution of the following

system of linear equations
f(}’* i f617* i fll,* 1
fo 0+ f = p
(B + 1) = = fo*

which leads to

fL* _ (1 — M)z fL* _ M(l — M) fl,* _ M(l - 0)
0 1—pp 70 1—ph > 7t 1—pf -

The 1-type plays a mixed strategy on the interval [by, b1] where by is determined by

L=bi= (3" + ") (1= p)
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_ i . 1—p)?  2u—p— pb
sh=1-(f +f91’>(1—u):1—(1_52 mononl

For all s € [bg, b1] the bid distribution G is determined by
1,% 1,% 1,% 1,% 1,%
(1) A= = (f" + £" + 117G () (1= )

(R +H")6=m 1 w—p

<:>G1<3): fll’*(lfs) :/1,(1—9)(1—8)
from which follows that
dGi(s) _ (1= -bpQ-0+1-pb-pmpl-0 _ (1-pn?
s W2 (1= 07 (1—s)? w(1—0)(1— s

The expected utility from a bidder with type 1 is given by

2p—p—pb

/ e (fo+ fo+ f1G1(s)) sdGy (s)ds
I

2u—p—pb

[T B (1—p)(s—p) s (1 p)’
—A, (1/””ﬁ+w ﬁ”uu—mu—@>uu—ma—ﬁ

The total expected revenue from a bidder is given by

2p—p—pb

fo /OH (fo + foGa (s)) sdGy (s) ds + f1 / o (fo+ fo + f1G1(s8)) sdG (s) ds
I

B H L 5(9—#) S(G—M)G 5
—fe/o (1 p—(1 9)f9+feu(9_s)> M(@_S)zd

T—pb (1 _:U') (S—M) <1 _M)Q
+(”_f99)/u (1—N+9f9+(“_f99)M(1_9)(1—s)> Sd—0) (-

4.3. Revenue comparison. After calculating the expected revenue of the first-price and the

second-price auction we can compare the revenue for a given # and p in dependence of the
valuation of fy. The minimum possible valuation for fy is zero. In case § < p the maximum
possible valuation of fy is obtained if fy = 0 and is equal to %. In case 6 > p, the maximum
possible valuation of fy is obtained if f; = 0 and is equal to %.

The following graph illustrates the revenue comparison for the first-price auction (blue line)

and the second-price auction (red line) for the parameters § = 0.4 and p = 0.5.
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FIGURE 1. Revenue of the first-price auction (blue line) and second-price auction
(red line) plotted against fy for § = 0.4 and p = 0.5

In this case the auctioneer would choose the first-price auction independent of the true valua-
tion distributions. However, there exist valuations for 8 and p where the revenue functions cross,
i.e. it depends on the true valuation distribution which auction leads to the higher revenue.

The following graph illustrates the revenue comparison for the first-price auction (blue line)

and the second-price auction (red line) for the parameters # = 0.6 and p = 0.5.
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FIGURE 2. Revenue of the first-price auction (blue line) and second-price auction
(red line) plotted against fy for § = 0.6 and p = 0.5

We conclude that the revenue comparison highly depends on the parameters 6§ and p and

depending on the valuation of 6 and p, it can depend on the true valuation distribution.

5. GENERAL CASE: n BIDDERS WITH m VALUATIONS

In this section we provide all definitions and results required for the general case with n
bidders and m types. As before, the main result is that there exists an efficient worst-case belief

equilibrium.
Theorem 2. In a first-price auction there exists an efficient worst-case belief equilibrium.

5.1. Characterization of the efficient worst-case belief equilibrium. As in the case of two
bidders and three types we begin with the characterization of the strategies and beliefs which we

claim to constitute a worst-case belief equilibrium.'* We denote the worst-case strategy by 5*.

Lpg before, we call the strategy and beliefs we claim to constitute a worst-case belief equilibrium worst-case
strategy and worst-case beliefs.
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The support of the bid distribution of a bidder with valuation 6% is denoted by [bgr—1, bgr]. As
every bidder adopts the same worst-case belief-equilibrium, we omit the identity of the bidder in
the notation. Every bidder has the same worst-case belief and moreover, in the worst-case belief
of a bidder every other bidder has the same valuation distribution. Thus, we can denote the
worst-case belief of a bidder with valuation 6% € © by (fglk’*, . gﬁg*), ie. forle{l,...,m}
let fglk’* be the probability with which one of the other n— 1 bidders has the #-type in the belief
of a bidder with valuation 6*.

For a bidder with valuation #* < i we define the bidder’s strategy to be a pure strategy with
G* (0’“) = 6. Let 67 be the lowest type which is strictly greater than p. The belief of a bidder
with valuation #¥ < y is the probability function which puts strictly positive weight only on fg:

and fgf . Therefore, the probability weight is determined by the equations

0k % 0k %
fgk + f =1

k

k
Foe 0% + £ =
The unique solution of this system of linear equations is given by

K, 0% — - — gk
fg’v’ = 02 ILZ’ for’ :uz k"
0z — 0 0z — 0

Given this belief, it is a best reply for a bidder with valuation #* to bid #* since the lowest
bid which such a bidder believes is played by another bidder is given by #*. This induces the
lowest possible expected utility of zero and therefore, the strategies and beliefs specified for types
6% < u fulfill the best-reply condition and the worst-case belief condition.

Now we define the bidding strategy and beliefs for a bidder with valuation #¥ with 8% > p. A
bidder with type 8% > u plays a mixed strategy on the interval [bye—1, bge] where the upper limit
of type 6%’s bidding interval is the lower limit of type 6*+1’s bidding interval. We will derive
the boundaries of this bidding interval inductively starting with the boundaries of the bidding
interval of the 67-type, which we defined above as the lowest type strictly greater than p. The
0*-type plays a mixed strategy on the interval [bg--1,bg:] with bg--1 = 6°~!. We define the
worst-case belief of a bidder with valuation 8% to be the solution of the following minimization
problem which we denote by Mzzez_lz

(fgl?i.r}em) (for + -+ + fo1)" 1 (67 — 0771)

sit. fgs >0foralll <j<m

m
Yo fa=1
=1
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Z fglgl = U
=1
(f91 NI f@z—l)nil (ez . 9271) > (fgl)nil 0%

(for +++ + faamt)" 1 (07 — 0771) = (for + fo2)" " (67 — 67)

(for + 4 fot)" (07 =071 = (fgr 4+ + foe2)" (07 — 0772,

i.e. among all distributions with mean p such that for a bidder with valuation 6% it is weakly
better to bid #*~! than any lower bid given the other bidders’ strategies, it is the distribution
inducing the minimum utility. We do not have to include the incentive constraints with corre-
sponding bid b for b € (#"~1,0") for 1 < h < z — 1 since these bids are never played according
to the worst-case strategy and thus are never a best reply. Note that the feasible set of this
minimization problem is non-empty since a distribution which puts strictly positive probability
weight only on the #*7!- and the #*-type preserving the mean p is an element of the feasible

set. The upper endpoint of the bidding interval of the 8*-type is obtained by the equation
2z 4 z 4 n—1 . o P —
(fgre e ggn) (07 = 077 = (0% = Bye).

The bid distribution Gy- is defined such that every bidder with valuation 67 is indifferent between
every bid in her bidding interval given her belief and the other bidders’ strategies, i.e. for every
s € [bg=—1, bg=] where by-—1 = 0>~ it holds
0* 0* 0° n-l 0° 0z \" 1 -
(for e I+ G () (07 =)= (S -+ ) (07 =077,

After we have specified the strategies and beliefs for the 8*-type, we can proceed inductively.
Assume, that strategies and beliefs have been specified for types 1,..., k—1 with 2 < k—1 < m,
then strategies and beliefs for type k are defined as follows. A bidder with valuation 6% plays a
mixed strategy on the interval [bys—1,bgr] where byr—1 is the upper bound of the bidding interval
of the A~ 1-type. We define the worst-case belief of type 6% to be the solution of the following

minimization problem which we denote by Mzkg :
gk—1

3 P n—1 k — b
B R

sit. fos >0foralll1 <j<m

Y =1
j=1
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m
> fort =p
j=1
n—1

(o 4 T (0 =B ) 2 [ Do for | + fnCon(9) | (6 =)

forall h € {1,...,k — 1} and all s € [bgn-1, bgn],

i.e. among all distributions with mean p such that for a bidder with valuation 6* it is weakly
better to bid byr—1 than any lower bid given the other bidders’ strategies, it is the distribution
inducing the minimum utility. The bid distribution Ggx and by are determined such that given
this belief every bidder with valuation #* is indifferent between all bids in [bgr—1, byr]. Formally,
for every s € [bgr—1, bgr], Ggr(s) is defined by

n—1 n—1

k-1

k—1
S (0= Bper) = | S 10"+ o Cr(s) 0 —s).
j=1

j=1
Obviously, the worst-case strategy is efficient. We will show in the next section that the feasible
set of minimization problem Mi%ekil is not empty. Moreover, in Lemma 7?7 in Appendix 77
we derive the unique solution of this minimization problem. We show that for the worst-case
belief of a bidder with valuation 6* it holds that fjek’* = 0 for j > k and that the vector
( fglk S fg: *) is the unique solution of the system of k linear equations which includes the

two probability constraints and the binding incentive constraints with corresponding bid by, for

1<j<k-2

5.2. Proving the best-reply and the worst-case belief condition. After specifying the
worst-case strategy and beliefs, we have to show that they indeed constitute a worst-case belief

equilibrium. That is, we have to show the best-reply and the worst-case belief condition.

Proposition 3. Given the worst-case strateqy and the worst-case beliefs as defined in 77, it

holds for all 6 € © that

(i) The best-reply condition given by
by € B (é, fe’*,ﬁ*) for all by € supp ([3* (é))

1s fulfilled, i.e. every bidder plays a best reply given her valuation, her worst-case belief

and the other bidders’ worst-case strategy.
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(ii) The worst-case belief condition is fulfilled, i.e. for all by € supp <ﬁ* (é)) it holds that
U (0.7 05.87) U (0.4,5 (0.4.57) .57) for all f € 737110

That is, there does not exist another belief such that a best reply to this belief induces a

lower expected utility than the worst-case belief.

Proof. Part (i): It follows directly from the definition of the worst-case beliefs, that for a bidder
with valuation % it is weakly better to bid byr—1 than any lower bid. By construction, a bidder
with valuation @ is indifferent between any bid in [bye—1,bpe]. Hence, it is left to show that it is
weakly better to bid bygs—1 than any bid higher than bye. In order to do so, we will compare the

solutions of the following two minimization problems. Let M or be the minimization problem

<b9k—1
which corresponds to the worst-case belief of the bidder as defined above:

. . n—1 k_ 7
oy VS ()

sit. fos >0foralll <j<m

m
Zfej =1
=1

m .
Y ot =
j=1
n—1

(for + -+ + foemr)" ™" <9k —Bek—1> > hilfej + fonGon () <9k - 3)
j=1

forall h e {1,...,k —1} and all s € [bgn-1, bgn],

i.e. among all distributions with mean p such that for a bidder with valuation 6% it is weakly

better to bid bpe—1 than any lower bid given the other bidders’ strategies, it is the distribution

ak

inducing the minimum utility. Now we consider minimization problem MB which determines
gk—1

the distribution inducing the minimum utility among all distributions with mean p such that
for a bidder with valuation 6% it is weakly better to bid byx—1 than any other bid given the other
bidders’ strategies:

. il =
min 4.+ B (9 B )
(o1 om) (for for-1) gk—1

sit. fos >0forall1 <j<m

m
> for=1
j=1

15ince utility functions are symmetric among bidders, we will omit the identitiy of the bidder in utility function.
Moreover, if there exists an asymmetric belief about the other bidders’ valuations which violates the worst-
case belief condition then due to the symmetry of the worst-case strategy, there exists also a symmetric belief.
Therefore, it is sufficient to focus only on symmetric beliefs as possible deviations.
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m
Z foi® =1
j=1
n—1

(for + -+ form)" ! <9k - Bek%) > i foi | + forGon (s) (91“ - s)
=1

for all h € {1,...,m} and all s € [bpn-1, bgn].

Let fak’* and fek be solutions of M 05 and M 6% respectively The constraints of M?-

91@71 bk — <bgk—1

are a subset of the constraints of Mzb . Therefore, it is sufficient to show that fe * is an
k-

element of the feasible set of M oF )

In fe * there is no probablh‘zy weight on types above 6% because this would require more
probability weight on types below i and hence increase the value of the objective function. If we
plug in fgk’* into Mg:k—l’ then all constraints which correspond to a bid above by are fulfilled
because there is no probability weight on types above #*. As argued above, all constraints with

corresponding bid in the interval [0, byx] are fulfilled. Therefore, f 6".% is an element of the feasible

set of Mgk . O

gk—1

Computing the worst-case belief of a bidder is equivalent to computing the distribution in-
ducing the minimum utility of a bidder given the other bidders’ strategies. Thus, one has to
solve the trade-off between putting probability weight on lower types in order to induce a high
bid and putting probability weight on higher types in order to reduce the winning probability.

This proof shows that this trade-off is solved such that the worst-case belief of a bidder with
valuation 6 puts just enough probability weight on lower types in order to induce the bid bge—1
and puts as much as possible probability weight on type 6% in order to reduce the bidder’s
winning probability.

One can use this proof in order to show that the worst-case belief of the #*~'-type is an
element of the feasible set of minimization problem Mz% . Hence, one can show by induction

gk—1

that for all 1 < k < m the feasible set of minimization problem Mz% is not empty.
gk—1
By definition, the worst-case belief of the ¥~ !-type is a solution of minimization problem

Mg’; . Moreover, it holds by definition of bye—1 that
ok— 2

k—
Z fgjk ' * <9k_1 - E@k—2> - ak—l - B@kfl.
Jj=

Therefore, for all s with s € [bgn-1, bgn] with h < k — 1 it holds that

n—1 n—1

k—
gk—1 — ngfl = Z fgjk b <9k_1 - B@k—Q) > Z fgjk o + Ggn(s) (Hk_l - s) .
J=
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It follows that for all s with s < bygr—1 the incentive constraint corresponding to s is fulfilled if

plugging in fek_lﬁ* into Mgkk because adding the inequalities
gk—1

n—1

h—1
gkt — B@k—l > Z fgf_l’* + Ggn(s) <9k_1 — S)
j=1

and
n—1

h—1
0 — 0+ > [ ST 0 4 Ggu(s) (e)k - e’f—l)
j=1

yields

n—1

h—1
0 —Bger = [ S 10 4 Gy (s) (ek - s) .
j=1

* is an element of the feasible set of minimization problem M ok

. k—1
Conclusively, f° .
<b9k7 1

We have already shown the worst-case belief condition for all types #¥ < . In order to show
the worst-case belief condition for higher types, as in the case of three types and two bidders,
we introduce the concept of minimizing probability functions and show that we can switch from
comparing the induced utility of distributions to comparing the induced utility of bids. This is

formalized in the following definition and observation.

Definition 6. For a bidder with valuation 0;, a bid b; and a strategy B—; of the other bidders,
the set of probability functions F™% (0;,b;, B_;) given by

n—1
T (03,05, B—i) = argmin {U (0, f—i,bi, i) | bi € B (0, f—i, B-i)}
foieFn?
1s called the set of minimizing probability functions of bid b; for a bidder with valuation 8; given
the other bidders’ strategies B_;. Among all probability functions which induce bid b; as a best
reply, a minimizing probability function is a probability function which induces the minimum

utility.

Observation 3. Let (51,...,08,) be a profile of strategies and (fflz, . ,ffT) be a profile of
beliefs bidder i has about the other bidders’ valuations. For a valuation 0; of bidder i and a bid

bi € supp (Bi(0;)) the worst-case belief condition for bid b;, given by
U (Qza ffzp bia /6—1) < U <9u fﬁzp b (027 f—iv BZ) 7/8—i>
forall f_; € ﬁ[}_l, 1s equivalent to the following two conditions:

(i) The belief fﬁ is an element in FI% (0;,b;, B_;), i.e. a minimizing probability function

of bid b; for bidder i with valuation 0; given the other bidders’ strategies 5_;.
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(ii) Let b be a bid and f—; be an element in FI% (0;,b, B_;), i.e. a minimizing probability

function of bid b for bidder i with valuation 0;. Then it holds
U (017 ffzp bi, ﬂ*l) <U (9“ f*i) b;,v B*Z) .

That is, it is sufficient to compare bids if we compare them with respect to the expected utility
they induce together with a minimizing probability function. In order to apply this technique,

we need the following definitions.

Definition 7. For a bidder with valuation § minimization problem M{ of a bid b € [bgi-1,bg] is
the minimization problem corresponding to its minimizing probability functions, i.e. all solutions
of minimization problem Mbe are minimizing probability function of b for a bidder with valuation
0 given the other bidders’ worst-case strategy 8*. Formally, minimization problem Mbe s given

by

n—1

-1
min £ Gy(b 00
(fyt s form) Jz::lfea farG1(b) ( )

st. foi >0 foralll <j<m

m
Z foi =1
=

m .
Z Joit? =
j=1
n—1

h
(for+- -+ fp-)" O =) > | Y for + fornGon (s) | (0 —s)
j=1
forallh € {1,...,m} and all s € [byn—1,bgn].

Definition 8. Apart from the constraints

i >0 foralll<j<m
o J J

> fo =1

j=1

> fot =,
j=1

every constraint in minimization problem Mb9 compares the utility of bidding b to the utility of

bidding some other bid b', which is formalized by

U(9,f,b,8%)>U (0, fV,6).

We call such a constraint an incentive constraint corresponding to bid b'.
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Definition 9. For a type 6 and bids b,/ we use the notation b <° b if for the 0-type bid b’
does not induce a strictly lower expected utility than bid b together with their minimizing prob-
ability functions given the other bidders’ worst-case strategy B*. Formally, let f™" (,b, %) €
FMn (0 b, B*) and ™ (0,6, 3%) € F™R (0,0, 5%) . Then it holds that

n—1 n—1
U (0, f™™ (0,6, 8%) ,b,8%) <U (0, f™ (0,0/,8%) ,0/,8%) =b<"V,

U (6, /™" (0,0,6%),b,87) <U (6, /™" (0,6, 5%),V,5) =b<"
and

U (6, /™" (8,0,5%),b,8%) =U (6, f™" (6,6,8) .V, 87) =b="V.
We also use the notation b <% b if b does not have a minimizing probability function given
0 because it is never a best reply for a bidder with valuation 6, but b does have a minimizing

probability function. We use the notation b =0 b’ if neither b, nor b’ have a minimizing probability

function.

Given the notation provided in this Definition, we can state a condition which is equivalent

to the worst-case belief condition but is more tractable:

Observation 4. The worst-case belief condition for bidder i with valuation 0 and bid b; €

supp (ﬁ* (0)) and bidder B’s strategy 8* given by
U (é, fé’*,bé,6*> <U (é, 70 (é, f, ﬁ*) ,5*) for all f € F2!
is equivalent to
(i) 10+ € 7 (6,6,8°)

(ii) by <0V for all ¥/ € [0, bgm).

As in the case with two bidders and three valuations, we prove three lemmas which correspond
to three different tools with which we can compare the utility induced by different bids and
therefore exclude bids as possible deviations from the proposed worst-case strategy. The first
tool is to show that for every valuation 0¥ > 6% for every bid in the interval (bpe—1,byr] there
exists only one probability function which induces this bid as a best reply for the 6*-type.'6 As
a consequence, one can directly compute the minimum utility which can be induced for a bid
in the interval [bys—1, bgr] and show that the minimum utility is equal for all bids in the interval

[bge—1,bgr]. This is formalized in the following Lemma and Corollary.

16Recall that we defined 6% to be the smallest valuation which is strictly greater than p.
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Lemma 9. For a valuation 0% with 67 < 0% < 6™ and b € [by—1,bgx] let f™m (6%,b, %) be
an element in FIn (Qk,b,ﬁ*). Then fmin (Gk,b, B*) equals to fek’*, the worst-case belief of a

n—1

bidder with valuation 6.

The intuition behind this result works similarly as for the result for two bidders and three

types in Lemma ?7. The formal proof is relegated to Appendix ?7.

Corollary 4. For every valuation 6% with 6% > 6% and for every b € (bpe-1,bgr] it holds that

b :Gk B@k—l .

That is, every bid in the interval [bye—1,byr] induces the same expected utility together with

a minimizing probability function.

Proof. We have shown in the first part of Proposition ?? that the best-reply condition is fulfilled
for all types. Hence, it holds that the worst-case belief of a bidder with valuation #¥ > 6%, which

is the solution of minimization problem Mi% , is an element of the feasible set of minimization
pk—1
problem M?" . Since the constraints of M?" are a subset of MY , it holds that f%* is
bgk <b9k—1 bgk—l
ek

a solution of ME . It follows from Lemma ?7 and the definition of the worst-case belief of

ok—1 _ -~
a bidder with valuation 6% that every bid in (bgr—1,bgr] together with its unique minimizing

probability function induces the same expected utility given by
k k —
(fg1 4 gkl*l) (ek_bgk—l) .

Thus, it holds for every b € (bge-1,bge] that

b :gk E@k—l .
(]

The second tool constitutes a connection between binding incentive constraints in the mini-
mization problem corresponding to a bid b and bids which are lower than b with respect to our

order. It corresponds to Lemmas 77,77 and ?? in the case of two bidders and three types.

Lemma 10. Let 6 be a valuation, b a bid and f° a solution of minimization problem Mbe, If

there exists a binding incentive constraint with corresponding bid 6, i.e.
U (0.5%00,87) = U (6, 1%%,b,8"),
then it holds that b <% b.

Proof. Let LZ and Lg be the set of feasible solutions , f* = (fgl’b,..., g;,lf) and fe’z’ =
< g’b, cees g;,?) solutions and U (0, 100, ﬂ*) and U (0,f9’i’,l;, ﬁ*) the values of the objective
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functions of minimization problem M,f and Mg respectively. In minimization problem Mg for

every bid s the incentive constraint corresponding to s given by

U(6.£.5,87) = U (6. f,5.8)

is fulfilled for f = f%° because it holds that
U (60,770,0,6°) =U (0,5,0,8") 2 U (0,15, 8°).

The equality follows from the fact that the incentive constraint corresponding to bis binding in

minimization problem Mb9 . The inequality

U (6.£°0,0,8") 2 U (6,£",5,5")

holds because fbe is a solution of minimization problem Mba . Since every constraint in Mg
is fulfilled by f%° it holds that f%® is an element of Lg. Therefore in Mg , the solution of
minimization problem Mbe has to induce a lower or equal utility than the solution of minimization

problem Mg and it follows that
U (6.5°00,87) <U (0, 7%,5,8°) = U (6, 17,0, 5") .

We conclude that bid b together with a minimizing probability function does not induce a
lower expected utility than bid b together with a minimizing probability function and therefore

it holds that b <? b. O

For the third tool, we show that for a given type there exist bids which can never be a best
reply independent of the subjective belief. Hence, these bids cannot be possible deviations from

the proposed worst-case equilibrium for the given type.

Lemma 11. For every pair of valuations ' and 0% such that 6% < 6" < =1 and every b with

bgi—1 < b < by the feasible set of minimization problem Mbek s empty.

Lemma 12. For every pair of valuations 6' and 6% such that 6% < 081 < ' and every b with

bgi—1 < b < by the feasible set of minimization problem Mgkl is empty.
0

The formal proof is relegated to Appendices 77 and ??7. The intuition for Lemma 77 is similar
to Lemma 77 and the intuition for Lemma 77 is similar to Lemma 77, i.e. as in the case of two
bidders and three valuations. We provide a detailed intuition for both results at the end of this
section.

After introducing these three tools, we can provide the proof of part (ii) of Proposition ?7.
That is, we prove that the worst-case belief condition is fulfilled for all types. In this proof

we construct a chain where all bids are arranged with respect to our order and the efficient
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equilibrium bid is the lowest. Due to the transitivity of our relation, this excludes all other

distributions than the efficient worst-case beliefs as a potential deviation.

Proof. Analogously as in the proof of Corollary ??, one can show that for all ¥ > #% it holds

that f%* is a solution of Mbek for all b € [bgr—1, byr]. It follows from Lemma ?? that
f@k,* c g;min (0/@’ b, ﬁ*)

for all b € [bgr—1, bgr] Thus, we can conclude from Observation ?? and Corollary ?? that in order

to show the worst-case belief condition, it is left to show that for all #* > 6% it holds that
(16) bgr—1 <% b for all b € [0, bgm]\[bgr—1, bgr].

Lemma ?? shows that if b € [byi—1, by] was to induce a lower expected utility than byr—1 and
I < k, then b needs to be either by—1 or by. Since every lower bound of a bidding interval is the
upper bound of some interval, it is w.l.o.g. to assume that b is equal to by for an appropriate
. Lemma 7?7 shows that a lower expected utility can be achieved by inducing a bid only in the
bidding interval of a lower type. Lemma ?? and ?? combined state that if b € [by—1, by] was
to induce a lower expected utility than bye—1, then b = by for 0 <1 < k — 2. In order to show
that all bids by with 0 <1 < k — 2 do not induce a lower expected utility than byr—1, we need

to show the following two Lemmas.

Lemma 13. For every pair of valuations 6' and 6% such that 67 < 6" < 651 the unique solution
L . 0%.b 0% b . .
of minimization problem Mgk denoted by (fel yevs Jom 9l> s obtained as follows. Choose
ol
the minimum p € {1,...,m} such that the probability vector (foi,..., fom) is an element of the

feasible set of minimization problem Mgkl, 1.e. it satisfies
0

m
D =1
j=1

m .
> et =n
j=1
n—1

h
(for 4+ fo )" (ek —591) > (Y S (ek —th) for allh e {1,...,m}.
j=1

fos =0 forallje{l,...,m}

where (fo1,..., for+2) is the unique solution of the system of linear equations with p+2 equations

(or p+1 equations if p > 1) given by
p+2

D fu=1
j=1
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p+2
St =p
j=1
n—1

(fpr 4+ for)"! (ak . 591) - Zh:fw- (ek —Eeh) forallh € {1,....p}
j=1

and fp5 =0 for all j >p+2 (orall j >p+1ifp>1). ' Let p* be the minimum p. Then

0%.b 0%.b . . . .
Jon o ., f9p+291 s the unique solution of the to system of equations

p*+2

Z Joi =1
=

p*+2

> foit =
j=1
n—1

(for +---+ fgl)n_l <9k —591) = if@j (Hk —59h> forallh e {1,...,p"}
j=1

L

and it holds that fgj Yot _ 0 forallm >j >p*+2ifp* <l. If p* > 1, then there are p + 1
-

equations and it holds that f:j ot — forallp* +1<j <m.

The construction in this Lemma works as follows. We start with the equalities

2
> fw=1
j=1

2 -
> fut! = p.
j=1

This is a linear system of two equations which gives a unique fg1 and fg2. If with the proba-

bility vector (fp1, fp2,0...,0) we obtain an element of the feasible set of minimization problem

Mg k, then we stop. Otherwise we add the equation which is identical to the binding incentive
ol

constraint with corresponding bid 0, i.e.

(for + for + J)" ™ (65 =Byt ) = f5710"

and obtain a unique solution for (fgi, fg2, fe3) and check whether the vector

(for, fo2, f93,0...,0) is an element of the feasible set and so forth until we find an element

of the feasible set of minimization problem Mgk.

ol

final binding incentive constraint. The solution of minimization problem Mgk is given by
ol

Let 59,,* be the bid corresponding to this

0% by 0% by 0% by 0%byr \ . . .
Jor 0y fgp*+2 ;0,...,0 ) where { fo, "%, ..., fgp*+2 is the unique solution of the system of

17y¢ p 2 [, then the number of equations equals to p+1 since the equation which is the binding incentive constraint
corresponding to bid by is redundant.
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equations given by the probability constraints and all added incentive constraints if p* < — 1.

In case p* > 1 — 1, the solution has p* + 1 variables which are greater than zero.

Lemma 14. For every pair of valuations 0" and 6% such that 6% < 6" < 6*=2 the minimum p
for minimization problem Mgkl 1s greater or equal then [ + 1.
[

Finally, Lemma 77 states that the construction in Lemma ?7? leads to a minimum p which is
greater than [. This implies that the binding incentive constraint with corresponding bid [ 4+ 1,
ie.

(for + -+ fo)" " (Hk - 591> = (for + -+ fpr1)" <9k —591+1>

is added to the system of equations. Therefore, in minimization problem Mgk the constraint
ol

corresponding to bgi+1 is binding and it follows from Lemma ?? that by >6" bgi+1. With the

same reasoning in minimization problem Mg
ol+1

and it follows from Lemma ?? that byi+1 >6" bgi+2 so on. Therefore, we can construct the

the constraint corresponding to byi+2 is binding

following transitive chain

- k — k k —
bgr > byrr >0 - >0 s,

We conclude that there does not exist a bid which induces a lower expected utility than byr—1
which shows the statement in (??7). This completes the proof of part (i) of Proposition ?? which

states that the worst-case belief condition is fulfilled for all types. O

We relegate the formal proofs of Lemma ?? and 77 to Appendices 7?7 and ?? and provide an

intuition for Lemma 77-77.

Intuition for Lemma ?77-77. The intuition for Lemma ?? works similarly as for Lemma 77:
Assume there exists a solution of minimization problem Mbek such that byi—1 < b < by and §* <
o' < 0*1 denoted by ( T gf;”). Consider two bids ', 0" € [byi—1,by] with b < b < V.
The utility for the 6*-type of bidding b must be at least as high as the utilities of bidding b” or
b'. The higher fgllzlf, the lower is the optimal bid for type 6% (if we allow only for bids in the
interval [byi—1,bp]). Therefore, the incentive constraint corresponding to bid b’ sets an upper
bound on the valuation of fg,li’lf while the incentive constraint corresponding to bid b” sets a
lower bound. We will show that the conditions resulting from these two bounds contradict each
other. Intuitively, a bidder bidding in the interval [by—1,by] faces the bid distribution Gy of
the §'-type which is constructed in order to make her indifferent between any bid in the interval
[bgi—1,bg]. Thus, only for the 6'-type the upper and the lower bound imposed by the incentive
constraints corresponding to bids b” and b’ are compatible.

In order to explain to intuition for Lemma ?? and Lemma 7?7, we illustrate how to construct

a solution of minimization problem Mg kl . Given some belief (fp1,..., fgm), the expected utility
6
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of bidder i with valuation #* and bid by is given by

(for -+ fo)" ! (9k —591) :

Choosing a probability function which minimizes the expected utility is equivalent to choosing a
distribution which minimizes the sum fg1 +---+ fp. If we would look for a probability function
which minimizes the sum fy + --- + fg considering only the first probability constraint, we
would set fgp1 + --- 4+ fp to zero and put all the probability weight on types above 6l If we
add the constraint that the probability function must have mean p, this is not longer possible
because the mean would be too high. Therefore, one would select types on which to put a
strictly positive probability weight in a way such that the mean of the probabilities of types
equal or lower than 6 is minimized. Then one would put as much as possible probability weight
on types above ' without violating the constraint that the mean has to be y. In other words,
independently of the valuation of p one would put strictly positive probability weight only on
types 0 and @1 because this choice minimizes the mean of the probabilities of types equal or
lower than #'. Then we would choose fy and fy+1 such that the mean is p. If we add the
incentive constraints, one would shift only so much probability weight on types above 0 as it is
necessary to fulfill the incentive constraints. In particular, one would put probability weight on
some type 67 only if the probability weight on lower types cannot be increased without violating
a constraint.

The statement in Lemma ?7? reflects exactly this reasoning. Consider the system of equations

given by the probability constraints and the equations which are identical to the binding incentive

constraints with corresponding bids by, . .., bgp—1, i.e.
p+1
> foi=1
=1
p+1

Y fut =u
Jj=1
n—1

h
(or 4 Fa )" (68— B ) = | D fo (08 ~bg) forallhe{l,....p—1}
j=1

Assume that for the solution fyi, ..., fgp+1 of this system of equations (or fyi,..., for if p—1 > 1)
it does not hold that (fpi,..., fgr+1,0,...0) is an element of the feasible set of minimization

9k . . . . 17T .
problem M%z' If we now add the equation with corresponding bid by, i.e.

(for -4 Ja) "™ (0 =B ) = (Fr o+ £ (65 = Bwn)

then in the solution of the extended system of equations it holds that f,12 > 0 (or fgp+1 > 0
if p > 1). We have to check whether the vector (fg1,..., fgp+2,0,...0) is an element of the
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feasible set of minimization problem Mg:l. Since the new vector has positive probability weight
on fgp+2, it must hold that there is less probability weight on types below fj, 12 than in the old
vector (fgi, ..., for+2,0,...0) (and analogously for the case p > [). Therefore, the construction
in Lemma 77 ensures that probability weight on a higher type is shifted only if a constraint
in minimization problem Mg:l is not fulfilled and shifting weight on lower types is not possible
because all constraints corresponding to lower types already hold with equality.

This reasoning also explains the intuition of Lemma ??. It states that for every k € {1,...,m}
and | > k the feasible set of minimization problem Mbek for b € (bgi-1bp] is empty. The belief
of type 6% is constructed such that there is just enough probability weight on types below 6% in
order to induce a mixed strategy in the bidding interval of the #*-type. As argued above, the
choice of types on which there is strictly positive probability weight minimizes the mean of the
probabilities of types below #*. If one would try to induce a bid by above by, the probability
weight on the @'-type has to be increased. In order to preserve the mean, this would imply
a decrease of the probability weight on lower types. This is not possible without violating a
constraint since the belief of type 6% had already the lowest possible mean of the probabilities
of types below 6*.

In order to understand Lemma 77, consider minimization problem Mg(_)llfl for1<l<m. As
shown in the proof of part (i) of Proposition 77, the solution of this minimization problem is the
worst-case belief of type 6! denoted by < fgj’*, cee fgf,f). Since in this proof we have also shown
that in the worst-case belief of the §'-type there is no probability weight on types above 6, one
can also write (fgll’*, . ,fgll’*, 0,... O). In Appendix ?? we prove Lemma ?? which states that

ol

the solution of minimization problem ME is the solution of the system of [ equations given

by the two probability constraints and thoelz l1 — 2 incentive constraints given by the bids by, for
1 < j <1 —2. Hence, for this minimization problem the minimum p equals to [ — 2. Now
consider minimization problem Mg:l_l for 1 <1< k—2 Let ( fgf sy fgfl) be the solution
of the system of [ equations given by the two probability constraints and the binding incentive
constraints with corresponding bid by; for 1 < j < [ — 2. How does the vector ( fgk, cen ~glk)

. ! ! e . l . . .
differ from ( fgl’*, e gz ’*)? In minimization problem Mg a constraint with corresponding
gl—1

bid by; given by
(for + ...+ for1) (91 — 591—1) > (for+ ...+ foi) (91 —Bm)

is equivalent to

(fi1+ ..+ fa1) (Ql —59171> — (for + -+ fos) (bgr — bgs) 2 0.
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ok

In minimization problem MB the same incentive constraint is equivalent to

pl—1

(a1 + - Jon) (08 =Bp ) = o + .+ fos) (B = Bs) = 0.

This shows that in minimization problem Mgkl it is possible to put more probability weight
gl—1
on lower types. Thus, the value of the objective function is lower under ( fgf ey fgf) than
l ! —
under (fgl’*, ceey gz ’*). But then the constraint corresponding to bid by is not fulfilled under
< fglk Yy fglk) Hence, one has to add an additional constraint. Since the constraint correspond-

ing to bid byi—1 is redundant, one has to add the constraint corresponding to bid by. Thus, the

minimum p in minimization problem Mg is greater than [ — 1.
l

After proving the best-reply and the worst-case belief condition, we conclude that the strate-

gies and belief specified in 77 indeed constitute a worst-case belief equilibrium.

6. CONCLUSION

We provide a novel approach to endogenize beliefs in games of incomplete information and
apply this approach to bidding in first-price auctions. Our model is based on the assumption
that bidders in a first-price auction who, apart from the mean of the distribution, have little
information about the valuations of their competitors prepare for the worst case. Preparing
for the worst-case means that the bidders assume that given the bidding strategies of their
competitors they will face ex-ante the worst distribution of valuations. Given that all bidders
prepare in the same way a worst-case belief equilibrium arises whenever all bidders best-reply
to the bidding strategies of their competitors and their corresponding worst-case beliefs. In
particular, this implies there is no other belief such that the best reply to this belief will yield
a higher pay-off than in equilibrium. The resulting beliefs are type-dependent and due to the
assumption of a constant mean of the distribution the beliefs cannot be strictly ordered by first-
order stochastic dominance. In particular this implies that bidders with higher valuations not
necessarily face higher competition. Nevertheless, we show that a worst-case equilibrium exists
that allocates the object to the bidder with the highest valuation with probability one.

Our concept of the worst-case belief equilibrium can be easily extended to any game of incom-
plete information and provides a very intuitive way to endogenize beliefs. This is in particular
helpful when modeling situations in which players only interact infrequently and thus may not

be able to form reasonable objective beliefs.
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7. NOTATION

o U; (0, f—i, bi, B—;) denotes the expected utility of a bidder ¢ with valuation 6;, belief
about the other bidders’ valuations f_;, bid b; given the other bidders’ strategies 5_;.
e For bidder i with valuation 6; and for each belief f_; about the other bidders’ valuations

and bidding strategies S_;, the set of best replies of bidder i is given by
BZ (017 f—i7 /B—Z) = argmax Ul (‘917 f—i7 bi7 /B—Z) .
b;
e For #¥ ¢ ©, p* (9"3) denotes the worst-case strategy of a bidder with valuation 6% and

0F s 0F
fgl yrrcJgm

denotes the worst-case belief of a bidder with valuation 6*. The bid distribution of a
bidder with valuation 6% which is prescribed by the worst-case strategy is denoted by
Ggr, i.e. B* (0%) = Ggr. The support of this bid distribution is given by [bgs—1, bgr].

e The worst-case belief of a bidder with valuation #* is the solution of minimization prob-

lem M By which is defined by

n—1

k—1
min ) o _ b
(f911-~-,f07’n) jZ;fej ( ok 1)

sit. fos >0foralll1 <j<m

Y fu=1
j=1

> fot =
Jj=1

n—1

h—1
oo+ 4 for)" 208 = Bper) = [ S fos + fnGin (5) (e’f . s)
J

1

forall h € {1,...,k — 1} and all s € [bgn-1,bgn].

That is, minimization problem M_g ., ensures that bidding bgr—1 induces at least the
ok
expected utility than bidding any lower bid given the other bidders’ worst-case strategy
p*.
e For a bidder with valuation 6;, a bid b; and a strategy S_; of the other bidders, the set

of probability functions .Z™% (6;,b;, B_;) given by

n—1

;Lnj? (9271)7,75—1) = a'rgmin {U (917 f—’iabAaﬁ—i) ‘ bA S BT (eiaf—iug—i)}

foie gt
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is called the set of minimizing probability functions of bid b; for a bidder with valuation
0; given the other bidders’ strategies 8_;.

e For a bidder with valuation @ minimization problem MY of a bid b € [byi—1,bg] is the
minimization problem corresponding to its minimizing probability function, i.e. all so-
lutions of minimization problem Mbe are minimizing probability function of b for bidder
with valuation 0 given the other bidders’ worst-case strategy £*. Formally, minimization
problem Mbo is given by

n—1

-1
(fo1,-fom) j;fea faGi(D) ( )

st. fgs >0foralll <j<m

m
Z foi =1
j=1

m .
> fort =p
j=1
n—1

h
(for + -+ fu1)" 1 (0 —b) > Zfej + forGon (s) (0 —s)

j=1
for all h € {1,...,m} and all s € [bgn—1,bgn],
e We denote the solution of minimization problem Mbe by f97b = (fg{b, ce fgf)

e Apart from the constraints

fes=>0foralll <j<m
m
D fo=1
j=1

ngjﬁj = W,
=1

every constraint in minimization problem Mbe compares the utility of bidding b to the

utility of bidding some other bid ', which is formalized by

U9, f.0,8%)=>U(0,fV,5).

We call such a constraint an incentive constraint corresponding to bid b'.
e For a type 6 and bids b,b we use the notation b <Y ¥ if for the 6-type bid ¥ does
not induce a strictly lower expected utility than bid b together with their minimiz-
ing probability functions given the other bidders’ worst-case strategy 5*. Formally, let

Fmin(9,b, BF) € Fmin(9,b,5%) and f™N (0,1, 5%) € F™m (0,1, 5%) . Then it holds



53

that
U (0, ™ (0,b,8%),b,8%) <U (0, f™™ (0,8, 8%),0,87) =b<’¥,
U (6, F7"™ (6,6, %) ,b,8%) < U (8, f™" (6,8, 8%) 1/, 8%) =b<"¥
and
U (6, f™" (6,b, 8%),b,8%) = U (6, f™™ (6,8, 8%) ¥/, 8%) =b="1.

We also use the notation b <? b if b’ does not have a minimizing probability function
given 6 because it is never a best reply for a bidder with valuation #, but b does have a
minimizing probability function. We use the notation b = ¥’ if neither b, nor b’ have a

minimizing probability function.

Appendices

APPENDIX A. PROOF OF LEMMA 77

Assume there exists a belief f10 = (f&’b, fel’b, fll’b> € #,and abid b € (9,51) such that b is
a best reply to f1* for a bidder with valuation 1 but f1 differs from the worst-case belief of

the 1-type given by f1*. Let &g, 69, 61 be real numbers such that
(2 107 1) = (13 + 00, " + b0, 1+ 1)
Since f1* has to fulfill the two probability constraints, it must hold that

(17) do+0g+01=0

(18) (599 + (51 = 0.

Due to (??), (??) and f5* # f1*, it must hold that either 5o < 0 or 8o > 0. First, we consider

the case 09 < 0. Subtracting (??) from (??) gives
do+dg(1—0)=0

do

(19) @59:—1_6

from which follows that d9 > 0. Due to (?7?), it follows that d; < 0. By definition of the bid
distribution of the 1-type in (??), it holds that

(" + 5"+t ®) -0 = (K7 +57) 1-0).
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Since b is a best reply given 1, it holds that
(" + 5"+ G ) =0 = (R + 1) (1 -0)
& (o7 00+ " 400+ T +00G1 1)) (1=0) = (fo~ + 0+ f3" + ) (1-0)
from which follows that

<50—1§)9+51)(1—b)2<50—1 9>(1—9)
o —606y (b—0) — 51(1—6) (1 —b) < 0.

do

Since b > 6 and §y and §; are smaller than zero, this leads to a contradiction.
Now we consider the case dp > 0. It follows from (??) that 9 < 0. Due to (?7?), it follows

that 6; > 0. By definition of the bid distribution of the 1-type in (??), it holds that

(fo" + "+ £7G1 ) (A=) = (K" + 1"+ £17) (1=Bu).

Since b is a best reply given f1?, it holds that

(R + 5"+ PG 0) 1= = (5" + £+ 1) (1 -B)

= (f&’* + 80+ f + 0p + (fll’* + 51) G1 (b)) (1—0b)
> (o 400+ 1" + o0+ f7+01) (1= B1)

from which follows that

<50— 1509+51G1(b)> (1—b) > <50— 1509+51) (1-5)

<:>—€9(50 (51 —b) —(51(1—0) (1—51 —Gl (b) (1—5)) > 0.

Since 1 —b; >1—b> Gy (b) (1 —b), by > band § and &; are greater than zero, this leads to a
contradiction. We conclude that if a bid b € (0,51) is a best reply to a belief for a bidder with

valuation 1, then this belief coincides with the worst-case belief of the 1-type.

APPENDIX B. PROOF OF LEMMA 77

Proof. Assume that the feasible set of minimization problem Mb@ with b € (bg, b1] is not empty.
Since b > 6 is never a best reply, we can assume that b < 6. Let ( g’b,fe’b, f’b> denote a

solution of this minimization problem. Let dg, dg, 41 be real numbers such that

(190 102 10%) = (0 + 00, 10 + G0, 0" 4+ 1)
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It holds that ff b > 0 because otherwise bidding above by is not a best reply. Since ff * =0, it
follows that d; > 0. Due to the probability constraints, it must hold

(20) do+0dg+01=0

(21) 590 + 6y = 0.

Hence, it must hold that dy < 0 because otherwise (?7) cannot be fulfilled. Subtracting (??)
from (?7?) gives

0o + 09 — 998 = 0.

Since dg — dpf < 0, it follows that dy > 0. Because the expected utility from bidding b must be
as least as high as the expected utility from bidding any other bid, it holds that

( g,b + fgvb + ff’bGl (b)) 6 —0b) > ( 09b> 0.

o (fg”* + 60+ 07 4 69 + (ff’* n 51) G (b)) 0 —b) > (fg’* + 50> 6.

Since ff * = 0 it holds that
(10 + 10+ e ) O -6y = (7 +£77) O =) < (F07 + £7) (0= bo) = 1370
where the last equality follows from the definition of by in (?7). It follows that
(00 + g + 01G1 (D)) (0 — b) > 600 > 0.
Because b < 6, it must hold that
do + 09 + 01G1 (b) > 0.
Since 01 > 0 and Gy (b) < 1, it holds that
0 < g+ dg+01G1(b) < g+ 09+ Gy (b)+01(1—Gq (b)) =00+ dg + 61 =0.

We conclude that the assumption that the feasible set of minimization problem Mb@ with b €

(bg, b1] is not empty, leads to a contradiction. O

APPENDIX C. PROOF OF LEMMA 77

Proof. The formal proof works by contradiction. Assume that there exists a b € (O, 59) such that
there exists an element of the feasible set of minimization problem M, bl denoted by < 01 ’b, f 1’b, fl1 ’b) .

Then for every s, 5" € [0, by] it holds

(22) (£6"+£3"Go®) A =0) = (£ +£3"Co () (1 =)
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(23) (50 + 13 Go ) (1 =0) > (fo" + 13" G (5")) (1= &)
Let s” < b < s’ be such that
(24) s—b=b-5"=a
for some appropriate a > 0. Rearranging of (?7) gives

L 1y"Go () (1= 8) — f"Ga (b) (1~ b)

9 1,b
(5> <:>f0 = s —b

Rearranging of (77) gives

f3"Go (b) (1 =) — [5Gy (s") (1 = ")

b_Sl/

(26) & fl <

If we show that

19" Go () (1 =b) = 3Gy (s") (1= 5") _ f3"Go(s') (1 = ') = [5Gy (b) (1 = )
b—s" s’ —b ’

(27)

we find a contradiction between inequalities (??) and (??). Due to (?7?), inequality (??) is

equivalent to
F0Go (b) (1 —b) — f;°Go (5") (1 = 8") < f;°Go (s) (1= 8') — £, "G () (1~ b).

If b is a best reply to f5°, it must hold that f.91 ® > 0 because otherwise bidding zero or above

by would be strictly better. Therefore, the inequality is equivalent to
—2G(b) (1 =)+ Gy (") (1 =")+ Gy (s) (1—=5") > 0.
Due to (??), this is equivalent to

—2Go(b) (1—s"+a)+Go(s") (1 -5 +2a) +Gg (s') (1—5") >0

(28) & (1—5)[2Gg (b) + Go (s") + Gy (s')] + a[—2Gg (b) + 2Gy (s")] > 0.
As defined in (??), for all s € [0,by] the distribution Gy is given by the equation

070 = (7 + 157G () (0—9)

o Gyls) = 175
ot (0= s)

If b < &, we choose s” = 0 and it holds that s’ =2b < y = by.
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Then inequality (?77?) is equivalent to

w210 £ ) 200D
29 1-— + —
29) ( 8)<f§’*(9—b) O —s))  fO—0)

It holds that
0—b—(60—2b) >0

& —2b (0 — 2b) +2b (0 — b) > 0.

Due to (??), this is equivalent to
—2b (0 — ")+ (0—b) >0

—2f8*b Oy
F7 A (e B /Al ()

It follows that in order to show (??), it is sufficient to show that

_9 6,% O,% 2 0,%
(9_5’)< o | o ) b g

fo"O=b) [yt (6—s)) f5TO-0)
Multiplying the inequality with (6 — b) and plugging in o = (s’ — b) reduces the problem to
(30) —2b (0 — ")+ (0—b) —2b(s' — b) > 0.
It holds that
s’ > 2b
& =200 —b)+s(0—b)>0
& =200 + 80 — s'b+ 26 >0
—2b0 + 2bs’ + 5’0 — s'b — 2bs" + 2b% > 0
—2b (0 — ")+ (0 —b) —2b(s' —b) > 0.

Thus, we have shown inequality (??) from which follows that inequality (??) holds. This shows
that inequalities (??) and (??) lead to a contradiction in case b < §.

By definition of by = y, it holds for all s € [0, u] that
* 0,% 6% 0,
(507 +107) 0=y = (£ + £07Go(5)) (9= 9)

—f (=) + [ (0 — )
fo (0 —s)

< Gy (8) =
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If b > £, then we set s’ = p and it holds that s” = 20—y > 0. Then inequality (??) is equivalent

to

(1— ) (2fg’* (p=b) =2f3" (0 — p) N 8 (= (26— ) + [27 (0 — ) . 1)

o7 (0 —b) o (0 — (2b— p))
i <2f§’* (1 _eb*) —2/y" (0—p) |, =2/ —9be — )+ 20 (0 - u)) -
fo  (0—=0) fo (0 — (20— p))

0, 0% 9,% 0%
o (1-p) <2f0 (p=b) = 2fp" (O —p)  —2f" (n=b)+ Jp" (6 — 1) +1>

3 (0 =) 7 (0 —2b+p)
a <2f§’* (u —eb*) 2" (0w, —4f” (5*— b) +2£0% (0 — M)) i
fo 7 (0=0) fo7 (0 =20+ p)

S 20 (u—b) (6 —2b+p) (1 — p+a) — 260 (= b) (9= b) (1 — p + 20)
— 20" (0 — ) (0 —2b+ 1) (1 — p+ ) + f3" (0 — ) (60— b) (1 — pu+ 20)

F A=) (0—2b+p) (0 —b) >0

& 210 (= )[0 — O+ O — 2b + 2bp — 2bov + 1 — 1+ pa — (0 — Op + 200 — b + by + 2bay)]
—Qfg’*(e—u)(9—2b+u)(1—u—i—a)+fg’*(0—u)(0—b)(1—u+2a)

(L= ) (0= 2b+ ) (0 —b) > 0.

& 2 (1 —b)[~ab — b+ pb+ p — p + pal
—2f3% (0 — 1) (0 = 2b+ ) (1 — pu+ @) + f37 (0 — ) (0 — b) (1 — pu + 200)

A=) (0 —2b+p) (0 —b) > 0.
By definition of « in (?7?), this is equivalent to
& 210 (1= b)[~ (1 — ) — b+ pb+ pp— pu+ p(p — b)]

— 20 (0= ) (0= 2b+p1) (1= pp+) + f3 (6= 1) (0 = b) (1 — p + 20)

(L ) (0 — 26+ ) (6 b) > 0.
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& 20" (= b)n—b—0(u—1b)]
—2f0 (0= ) (0 —2b+ ) (1 — pt @) + £ (0 — ) (0 — b) (1 — pu + 20)

ST (L= ) (0 =26+ ) (0 —b) > 0.

Since Qfg’*(u —b)[pp—b—6(pn—b)] >0, it is sufficient to show that

(B1) —2f (0 —m) (O —2b+p) (1—p+a)
F IO =) (0 —b) (1= p+2a) + £ (1= p) (8 —2b+ ) (0 — b) > 0.
It holds that
p>b
S (p—=b1—0)(=0+p+0—2b+p) >0
S —O0-pnp-00-0+O-20+u) (L-0)(1-0)>0

S (0 —p)[—O0b+b—p+ pd) 4+ (0 —2b4 p) [0b+pn— b — pb] >0

& (0 —p) [0+ 60b+2b— 26> — p+ pub + 6 — 260 + Oy — b + 26 — by

+ (0 —2b4+ ) [0+ 0b+ pp— pb+0 — b — pf + pb] >0

& (0= 1) [— (6 — 20+ ) (1) + (6 b) (1 = 2b+ )]

(0= 26+ ) [ (0 — ) (1= B)+ (1= ) (- B)] >0
Since fg ™ > 0, this is equivalent to
— 2070 — ) (0 — 20+ ) (1 —b) + 7" (0 — 1) (0 — 1) (1 — 20+ p)
(=) (0—2b+ ) (0 —b) > 0.
Since —b = —u + « and —2b + 4 = —p + 2« this is equivalent to
—2f7 (0 — ) (0 = 2b+ ) (1 — p+ ) + f37" (6 — ) (0 — b) (1 — pu + 201)
F =) (0 —2b+p) (0 —b) > 0.

Thus, we have shown inequality (??) from which follows that inequality (??) holds. This
shows that inequalities (??) and (?7?) lead to a contradiction in case b > 4. We conclude that
in any possible case the assumption that the feasible set of minimization problem Mb1 with

b € (0,by) is not empty, leads to a contradiction. O
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APPENDIX D. PROOF OF LEMMA 77

Proof. We have to show that for every pair of valuations 0! and 6% such that % < §' < g+—1
and every b with byi—1 < b < by the feasible set of minimization problem Mbe "is empty. Assume

that there exist [ and b with by—1 < b < by such that there exists an element of the feasible set

e e ok 0k b 0k.b ron T T
of minimization problem M, denoted by ( fg:",..., fgm" ). Then for every s',s" € [byi-1, by]

it holds

k k k n—1
(32) (fgl’b+...+fglf{+ oGy (b)) (ak_b)

> (0t S g ()" (0 )

33) (J0 o+ T Gy (b))"‘1 (6 )
> (fgf b Gy (.s”))”*1 (e’f —5").
Let s” < b < s’ be such that
(34) VO — s~ "Gk b= "k —b— "k~ s = a
o "V - +a= "ok —b, "Vok -5 +2a= "ok -5

for some appropriate a > 0. Rearranging of (?7) gives

(504 foh + 1 G (0)) "R/0F =
> (004 S G (1)) B

o (ft ) (Ve b - =)
> 250Gy (5) " — o — O Gy (b) "B — b

"Gt () "V =5 — £ "G (b) "V b
Vb V= |

0% b 6% b
(35) S [ o fal 2
Rearranging of (?7) gives

(5t foh 1 G (0)) " OF =
> (fgf Y+ Gy (s”)) gk — g
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& (fgfﬂb +...+ fﬁif) ("f{/ﬂ_ n—m>
< fglk,bGel ®) "VoF —b— faz DG () " Ve

_ S "G (6) "I =T — G (87) "V =S
”\1/9k7//7"\1/9k7b ’

k
(36) ot it <
If we show that
oGy (b) "VIF—b— [ Gy (57) "=
oG (s) "5 — [0 G (b) "VEF b
< n W n W Y

we find a contradiction between inequalities (?7) and (??). Inequality (?7?) is equivalent to

(37)

o Gt (b) "OF =5 — [0 Gy (s7) "/BF =

[0}

3 fo G () "NOF =5 — [0 Gr (b) "VOF =D

a
o —2f0 Gy (b) "0 — b+ G (87) TNOF — "+ G (5) VB — s > 0.
If bid b is a best reply, it must hold that fglk’b > (0 and therefore the inequality is equivalent to
—2Gy (b) "V — b+ G (5) VO — 5" + G (5) "VOE— 5 > 0.
& —2Gg (b) ( VO — 8+ a) + Gy (s") ( "ok — s+ 2a> + Gy (s) "VOF -5 >0

& "Wk - (—2G (b) + G (") + G (5)) + @ (=2Ggi (b) +2Ggi (5)) > 0

(38) & "VOF — 5 (=2Gq (b) + G (") + G (5) > & (2Ggi (b) — 2Gg (5”)) .
For all s € [byi-1,by] the distribution G is defined by the equation
n—1 _ n—1
(fgi’* O ) <9l . bQH) - ( PO F 0 Gy (s)) (el - s)

L Lk n— 7 n—
(fgf +-~-+fgzl1) ( N Hl—bgl—1 — \I/HZ—S)
fgzl’* VOl — s
where (fgll’* +...+ fgf) denotes the worst-case belief of the #'-type.
Let b* be defined by

"0k — Doy — "0 — b = "NOF — b — "0k — by

= Gel (S) =
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If b < b*, we choose s” = by-1 and it holds that

"R —b— "0 = " OF — by — "N OF —b
< N0k —bpor — "VOF —br = "Nk — b — "0k — by

= "V — s > "ok —b— "Nk —br + "0k — by > "/ O — by

= s < bgl.

Moreover, we define
af == "0 —byr — "0 —b and af = "V —b— "V — 5.

Then inequality (?7?) is equivalent to

0% O n—1 , , ,
n_m(fal +"‘+f91*1) —2aj n of + a3
fgllﬁk "Vl —b VOl — s
o, ol \" !
(for+- o+ 15) 20
(0% .
fgll’* "VO b

>

l 1 1
Since 1 > fgl * >0 and Zé’:l fgj’* = 1, it holds that Zz;ll fgj’* > (0 and therefore the inequality

is equivalent to

Since n-y/ is concave, it holds that a‘{/ < a%l from which follows that

n_m( —2a9 n aj + o5 >>a 20

—2a8' n o 4 a3 S
nfl/el _ b nfllel _ S/

Hence, if 0% > 0!, it is sufficient to show that

—2a8 "V — ¢ + (ozf/ + ozg/) VO —b > 200 .

0.

Since af < of , it is sufficient to show that

—2a8 "V — s + 205 VO — b > 2008
& -"Vo—s+ "Vo —b>a

which is true since n-j/is concave. Thus, we have shown inequality (??7) and conclude that in
the case b < b* the assumption that the feasible set of minimization problem Mgk is not empty,

leads to a contradiction.
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If b > b*, then we choose s’ = by and it holds that

"0k — s — "Rk —b= "Nk —b— "0k — by
< VO — b — "0k — by = "N/ — bpi — "V Ok — b
= "V — 5" < "N OF — b — "NOF — b+ "N —b < "0k — by

= s > 591—1.

Moreover, we define
(39) af = "N —b— O =By o = "N — s — "0 —b.
By definition of by, it holds that
(s +.+ fgj’*)"‘l (0" =B ) = (S + -+ S0+ £ G (s))"_1 (0 -)

- (fgi’* 4+ + f(ffj’;) < VO — s — /00— bgz) + 06— By

Uy pe
Sy VO s

= ng (S) =

Then inequality (?7?) is equivalent to

+1

0 0l % " Ol n— T
Y 2<f91 +...+f91,1) af = 2f0* "0t By
9 - b@l

fgll,* nfllel - b

l l 7 " l —_ T
— (g ) (of Has”) + £ R0 By

+
fgll,* gl — g
0% 0% "
—2 (S fpn) o
>«

R

U 4 U 4 ” ” U s -
z(fgf +-~+f§¢1) (af +a§)—2fg; ol — by

T % me
fgz =1/l o

+
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ca (e i) af (Y —tyra) VI
2T ( o= b+ a) S VT
— (1) (of + o) < ot 2a> i
+ fgf’* "‘m ( ”‘{/ﬁ + 2a> "o —b > 0.

Since n-y/ is concave, it holds that o3 > 8" and therefore, it is sufficient to show that
(s g5 ) (o + 03" < O T+ a) oy’
- (fgll’* +o 4 fgllL*l) (a{ﬂ + a§"> a" Vel —b
gt o, ( ok Tyt a) Yo
VT V) "*m
+ 0 /6 = By ( "0k — by + 2a> "6 —b> 0.

If 6% > 6, it holds that a "V —b < a "V —b = « ( "N 0F — b + oz) and therefore it is

sufficient to show that

(1415 ) (o + 03" < "ok — by + a) a3’
- (fgf’* +o fg;ﬂ) (a‘{” + 043,,) < "V OF — by + oz) a
- 2f§f’* nim ( nfm—k a> "o — s
+ SO RO — s RO = b ok — By
+ fgll’* ”’m ( ”’MJF 2a> "ol —b>0.

Since n»-y/ is concave, it holds that o3’ > a and it is sufficient to show that

— 20 0l — By ( "N/ OF — by + a) "o — s

PR = s R = b R0 — B
O A ( RV 20<> "Nl —b >0,
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By definition of o in (??), it holds that "{/6% — by + a = "V/6* — b and hence, we have to
show that

S 2"V — by "NOF —b "G — 5" N0 — s N0 — b0k — by
+ O =B "NV — "0 —b >0

& "Vol - s ( "N — bR O — by — "0 — by "N Ok — b)
= O =B (V= =5 = o= Ve = b) >0

Since
"NOL—b "0k — by — "N/ 0 = by "VOF —b >0,
VO b0 — s — "Rk — s "0 — b >0
and

VO — s> "0 — by,

it is sufficient to show that

o (VI o=t oy )

_ (’L*\l/gk —b "*{/gl gl ”*{/Qk _ gl ”*\1/91 _ b) >0

It holds that

< "NOL— b0k — by — "N/ — by "V OF — b)

—(“V%—b”VM—yh—“VW—yMQ@hw>

:nlgl (n 1/9k_b6l+n\1/7> (n 1/el_b9l+n{/7>

By definition of a in (??), this is equal to
"‘{/el—b(”‘{/ek—b—a+”‘19k—b+a)—”1 (m+\/7>
By definition of a; and as in (?7), this is equal to
= "o b (2 "’{/ﬂ) — "/ b ( "VO b —ar+ VO b+ a2)
> "o —b (2 "f%/ﬂ) — "ok —b (2 ”f{/ﬂ) = 0.
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Thus, we have shown inequality (?7?) and conclude that also in the case b > b* the assumption
that the feasible set of minimization problem Mg * for 08 > 0! and bgi—1 < b < by is not empty,
leads to a contradiction.

O

For the proofs to follow we will need the following Lemma.

APPENDIX E. LEMMA 77

Lemma 15. For every valuation 8% > 6% the worst-case belieffek’* is the solution of the following

system of equations:

foi =1

NE

1

foi0? = p

INGER

1

J

n—1

h
(for + o+ fpeor)" " <e’f ~bpr ) = [ (ek ~bg.) Jorallhe{l,... k—2}
j=1

Proof. As defined in ??, the worst-case belief of type 6% is the solution of the minimization

problem with objective function

(for +---+ f@kfl)nil <0k — E@k—l)

which consists of the two probability constraints and all incentive constraints with corresponding

bid lower than byr—1. We denote this minimization problem by Msz L The constraints of this
ok —1

minimization problem can be summarized as

Zfej =1
j=1

Y Jut =u
j=1

(for 4+ foret)" ™ (05 =B ) = S o | I 9 (0" —s)
j=1

forall h € {1,...,k — 1} and all s € [bgn-1, byn].

According to part (i) of Proposition ??, the solution of minimization problem Mzkg is also a

gk—1

solution of minimization problem Mg g
gk—1

b with by;—1 < b < by; with 1 < j < k — 1 cannot be binding because otherwise it would follow

. Hence, an incentive constraint corresponding to a bid

from Lemma 77 that the solution of minimization problem Mg% would be an element of the
ok—1

feasible set of minimization problem Mbe " But this would be a contradiction to Lemma ?7?.
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Hence, the set of possible binding incentive constraints is a subset of the incentive con-
straints with corresponding bids bp; with j € {1,...,k—2}. It is left to show that every
incentive constraint with corresponding bid by; with j € {1,...,k — 2} is binding. As shown
in the proof of part (i) of Proposition ??, in the worst-case belief of type 6* there is no prob-
ability weight on types above #* and therefore we can write the worst-case belief of type 6*

0% % 0% x 0k 0F . .
as (fpr s fr 5 0,...,0). Assume that under ( fp ", ..., fp",0,...,0) an incentive con-
straint with corresponding bid by, for some j € {1,...,k — 2} is not binding in minimization

problem MZE . Then we will construct a feasible solution of minimization problem MzB
gk—1 gk—1
0k x

s ok 70,...,0) given by

k
which leads to a lower value of the objective function than ( fg1 L

k4 k4 n—1 _
(fgl’ +-~+fgk11) (9’“—b9k_1).

Given the intuition provided above for Lemma ?7, this should not come as a surprise. We

stated that in the solution of a minimization problem Mg " the probability weight on lower

types should be as high as possible without violating a cgkn_sltraint because this allows to put
probability weight on high types without violating the second probability constraint. More
precisely, if a constraint with corresponding bid by; is not binding, this implies that one can
reduce the probability weight on fp;—1 and increase probability weight on fy; without violating
an incentive constraint. This reduces the mean and therefore one can increase the probability
weight on fpr. This results in a lower value of the objective function. The rest of the proof

formalizes this idea.

Case 1: j =1. Let

. ? ok
zzmm{z | £ >0},
>1

k
i.e. let @' be the smallest valuation such that fgl * is strictly greater than zero. We claim that

the vector
ok o, 0%, o, o, o*, 0%, ok,
fe = (fgl : + 6917f92 *7 .- -afgl i 691,f91+>1k,. . '7f9k i eaka.f‘gkﬁ-*u .. '7f m*)
fulfills all constraints of M?- but leads to a lower value of the objective function. Here

gk—1
€p1, €gl, €gr are strictly positive real numbers such that it holds

(40) €gr —€gr + g =0

(41) —eg' + e = 0.

First, we will show that such €1, €, €gr exist, then we will show that the proposed vector is an
k

element of the feasible set of minimization problem Mzb Since it follows from (?7) that

gk—1
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€g1 —€g < 0, it follows directly that the constructed vector leads to a lower value of the objective
function than fek’*.

Equations (??) and (??) are solved by any choice of eg1, €y, €gx that fulfill

l
€gi0
€gr —€g + € =0, €gr = ZT
l l
€9l9 €9l9
@Eglfﬁgl‘l*eikzo, EngOT
691 (9k — Gl) E@lgl
<:>691:T, €gk = ok

This shows that eg1, €y, €gr can be chosen as strictly positive real numbers. Moreover, it holds
that the smaller the valuation of €41, the smaller the valuation of ey. Therefore, €y, €, €gr can
be chosen such that the incentive constraint corresponding to bid zero given by

K k k n—1 _ k n—1

(fg1 Fbep o o =gt fgkj‘;) (0’“ — bgkfl) > (f§1 "4 6,91) ok
is fulfilled. The probability constraints are fulfilled by construction. Since all incentive con-
straints with corresponding bid b with b1 < b < bgn and h < k — 1 are not binding under
k k

<f991 N fgk’*,O, e ,0), they will be fulfilled under ffk if egn and €y are sufficiently small.

k —
Since fgj " =0 for all 1 < j < [, all incentive constraints with corresponding bid byn with

1 < h <1 are fulfilled if ey is sufficiently small. Every other incentive constraint given by

k E k n—1 _
(fo +em + I =+ ) (05 =By
k E n—1 _
Z(f&’ +€91 +f002k—692—|——|—f96h’) <0k—b9h)

for | < h <k — 2 is fulfilled since it holds that
k k k\n—1 _ k k o\ 1 _
(fgl’ + [l —+---+fgk;l) (e’f—bekfl)z(fgl’ +fg§+...+fgh’> (ek—b9h>

and eg1 —eg2 < 0. Hence, we have found a vector of probabilities which fulfills all probability and
all incentive constraints while inducing a lower value of the objective function. Since fglk’* > 0,
the constraint that all probabilities have to be non-negative is also fulfilled if ey is sufficiently
small. We conclude that the assumption that the incentive constraint with corresponding bid 0
is not binding in the worst-case belief of type 6%, leads to a contradiction.

Case 2: j > 1. If the non-binding incentive constraint is an incentive constraint with corre-
sponding bid by; with j > 1, we proceed similarly, by constructing a vector which is an element
of the feasible set of minimization problem Mﬁ% but leads to a lower value of the objective

gk—1
function. Let

l’:rpin{“ feik’* >0},
I>j o
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then it must hold that I’ < k — 1 because otherwise bidding byc—1 would never be a best reply.

We claim that the desired vector is given by

ok 0F 0F 0F 0"« 0F 0F 0%« 0F x 0F
fe :<f91 _6917f92 7"-7f0j +€037fgj+17"- _691’>f91/ o Jgk +69k7 9k+17"'7f9m

) Gl/ +17

where €g1, €g;, €y, €gr are strictly positive real numbers such that it holds

(42) —€p1 + €pi — €gt + €gk = 0

(43) €pi QJ — 691101/ —+ ngek = 0

Since it follows from (??) that —eg1 +¢€gj —e€g < 0, it follows directly that the constructed vector

leads to a lower value of the objective function than fek’*. In addition, we choose €, sufficiently

small such that the non-binding incentive constraint

(f(ff’* +ot fg:r;)”’l (e’f - BgH) > (fgf’* +ot fﬁf’*)nil (ek - Eea’)

is still fulfilled, i.e. it holds that

ko k 4 n—1 _
() (fr et e e — ) (65 =Dy

0F x Ok x n-1 k -
2<f91’ +o At Sy —691+€9j> (9 —baj)'

Again, we will first show that such g1, €45, €45, €gr exist, then we will show that the proposed

vector is an element of the feasible set of minimization problem Mi% .
gk—1

Equations (??) and (??) are solved by any choice of €1, €y, €5, €gx which fulfills
—€gj 67 + 691/91/
ok

—egi 07 + g 0"

—€g1 + €g5 — Egl/ + €gr = 0, €gk =

—gi07 + equ 0"

= —€p1 + €pi — 6911 + H—k = 0, Gek = ak
4 / —€pi07 + €, 0V
& —egi0F + €0 — e — it + e’ =0, e = 90—,991
. . —€ ,'Qj +e€ /91/
o e (ek - 9]) = ey (e’f - 91) +epth, e = —
6910k —Egjej + eel/ﬁl/
Sl = T g g T T g
ok . ’
6610/@ — (691/ —+ 79621_07> 67 + €gl 9l
< €gi = €gu + ok _gi0 SF = ok
6910k . —6911 (0’“ — 0]) + Eglekej + 691191/
T = g g 0T 0F (0% — 07)
e e (87— (65 —0)07) + 60
T = gk g 0T 0F (0% — 07) |

This shows that €gi, €g;, €, €gr can be chosen as strictly positive real numbers. Moreover,

it holds that the smaller the valuation of €51 and gt the smaller the valuation of €5; and egx.

Therefore, €1, €g; and €y can be both chosen sufficiently small such that the incentive constraint

(?7?) is fulfilled.
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The probability constraints are fulfilled by construction. Since all incentive constraints with
corresponding bid b with byn—1 < b < bgn for h < k — 1 are not binding under fek’*, they
will be fulfilled under f? " if €p1, €gs» €gut » €gr are sufficiently small. Any incentive constraint with

corresponding bid by for 1 < h < j — 1 given by

k k k n—1 _
(fgl "+ f§2 T+ fgkiﬁ — €1+ €gi — 691’) (ek - be’wl)

S (0 T g ) (05 )
is fulfilled since it holds that
(50 g e ) (=) = (0 1+ o) (0 )
and 0 > —ep + €g5 — €gr > —€g1. The incentive constraint with corresponding bid by; is fulfilled
by construction. Since fg: * =0 for j < h < I, it holds that all incentive constraints with

corresponding bid by, with j < h < I’ are fulfilled if egv s sufficiently small.
An incentive constraint with corresponding bid byn for I’ < h < k — 2 given by

& & k n—1 _
(fgl +f902 o +""|’fgkl1 — €1 + €g5 — 691') (9k o bekfl)

> (0 p0F 0% x . et ok _3
- fgl +f92 ++f0h — €g1 —|—691—691/ _beh

is fulfilled since it holds that
k x k% k n—l T L k x L n—1 7
(fgl’ +f992’ +”'+fgkil) (ek_bekfl) > (fgl’ +fg2’ —|—--.+fgh’ ) (Qk_beh)

and —eg + €g; — €,r < 0. Hence, we have found a vector of probabilities, ff k, which fulfills all
probability and all incentive constraints while inducing a lower value of the objective function.
We can assume that fglk > 0 because otherwise, the incentive constraint corresponding to bid
0 = by is not binding and the first case applies. Since fgl}f > 0, the constraint that probabilities
are non-negative is also fulfilled if €, is sufficiently small. We conclude that the assumption
that an incentive constraint with corresponding bid by; for 1 < j < k — 2 is not binding, leads

to a contradiction.
O

APPENDIX F. PROOF OF LEMMA 77

Proof. We have to show that for every pair of valuations ' and 6% such that % < #¥*1 < ¢! and

every b with by—1 < b < by the feasible set of minimization problem Mg " s empty.
ol

Assume that the feasible set of minimization problem Mbek for some b € (bgi-1,bp] with I > k

k k
is not empty. Let (fgl ’b, cees gm,b> denote a solution. We can write
9% b ok b gF, gk,
(@,”ww):(m*+%,weﬁ+@ﬁ
for some appropriate be real numbers g1, ..., dpm. We will prove the claim in four steps:

(1) For every j with k+1 < j <m it holds dp; > 0.
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(2) There exist strictly positive real numbers o and /3 such that

k m
259] = —a and Z dpi = B
J=1 j=k+1

k k
X ~ . k ~ k ~ k <
arg min E 0 60? (fgl * 4 Opiy - .- ,fgm’* + 59m) is element of feasible set of Mb9 , E 0gi = —«
J=1 J=1

then it holds that 59]- <Oforal1<j<k-1.

. . 0k.b 0k b\ .
(4) We use steps (1)-(3) in order to show that the assumption that ( fg, "7, ..., fon" ) is a

solution of minimization problem M, ak, leads to a contradiction.

Proof of step (1)
As shown in the proof of part (i) of Proposition ??, it holds that fgf’* =0 for all j > k. Since

probabilities cannot be negative, it follows that dg; > 0 for all k+1 < j < m.

Proof of step (2)
Since k < I and f&* = 0 for all j > k, it holds that

E 4 E 4 n—1 — k4 . n—1
(fgl’ ++fgk7) <9k—l)9k)><f6917 ++fgl’Ggl(b)> <9k—b)
As (fglk’* + g1, .- ., fg:’* + (59k) is an element of the feasible set of minimization problem lek,
it must hold that
] n—1
(00 B ™ 0t (S 6 ) G () (6= 0)
n—1 _
> (f 0 S+ 00) (65 =)

It follows that either Z;?:l dgi < 0 or Zé:k 410995 > 0. Due to the first probability constraint,
it holds ETzl 0p; = 0. Assume that Z§:1 dp; > 0. Then it must hold Z;:kﬂ dp; > 0. Since
due to step (1) it holds that dp; > 0 for all k 4+ 1 < j < m, it follows that Z;”zl dp; > 0 which
leads to a contradiction. Hence, it must hold that Z§:1 0gi < 0. Therefore, there exist strictly

positive be real numbers o and g such that 25:1 g5 = —aand YT L 0g = B

Proof of step (3)
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We start the proof of step (3) by showing the following claim: Let

(i) =

k k
~ . k ~ ke ~ ~
arg min Z (59]- 07 (fgl * 501, cee gm’* —+ 59m> is element of feasible set of Mbek, Z (59]- = —«
j=1 j=1
Then it holds that under ( fglk + 591, ey fg,’; + 39m> in minimization problem M, be " all constraints

with corresponding bid byt with ¢t < k — 1 are binding i.e.

(45) (fgf’* b Oty [+ B4+ (fgf’* + 891) Gy (b))n_l (9"3 _ b)
= (fg?* + 591 + -+ fgtk’* + Sgt)nil <0k — B@t)

forallt <k —1.

In order to show this claim, consider all real numbers 591, . ,ng such that Z?:l S@j = —«
and ( j"gllC * 4 01, ..., fef;* + ng) is an element of feasible set of minimization problem Mb9 fUIf
we would consider only the constraint Z?:l 095 = —a, then one could achieve arbitrarily small
values of the term Z?Zl Smﬂj by choosing high values of dg1,...,d;r_1 which results in a low
value of dgx. Adding the constraint that (fglk’* + 591, cees gj;* + ng) is an element of feasible
set of minimization problem Mg k, the value of the term Z?Zl gaj 7 is minimized if the values
of all 593- with 1 < 7 < k — 1 are as high as possible and the value of dy. is as low as possible
without violating any incentive constraint.

An incentive constraint with corresponding bid byi-1 < b’ < bgr with ¢t < k cannot be binding
because then due to Lemma 77, ( fglk ’b, e g:;b> would be an element of the feasible set of
minimization problem M, 6" which would be a contradiction to Lemma ??. It follows that if all
constraints with corresponding bid by with ¢ < k are binding, 591, .. ,Sgk—l cannot be increased
without violating an incentive constraint in minimization problem Mfk. A decrease of get with
t < k — 1 would imply a higher Sek which would lead to a higher value of the term Z?Zl S9i07.
We conclude that the values of all dy; with 1 < j < k—1 are as high as possible if all constraints

with corresponding bid byt with ¢t < k — 1 are binding i.e.
0k x N 0k x < 0! % 2 n—1 k
(fgl’ 01, S g (fel’ +591,) Gy (b)) (9 _ b)
A o n—1 _
= (fgf’* N A A 59t) (9’“ - bet)

fort <k-—1.
We will use this claim in order to show inductively that all 391, . ,391%1 are non-positive.

We start the induction by showing that 891 < 0. Due to the first probability constraint, it holds



that

k l m
dej+ Z 39j+239j:0
j=1

j=k+1 j=l+1
and since [ > k, we can conclude with the same reasoning as in step (1) that

m

D dgs > 0.

j=l+1

It follows that i

l
Zggj + Z Saj <0.
Jj=k+1

j=1
Since 8y > 0, it holds that
591 + ...+ Sgngl (b) <0.

Moreover, it follows from fgf’* =0 for j > k, that

(fgf S Gy (b))w1 (9’“ - b)
< (Jfglk* +_“+f99:,*)n—1 <9k —Egk) _ (fgf’*)”_le’“

where the equality follows from Lemma ?7. It also holds that

n—1

(fﬁf A S (fgf’* n 891) Gy (b))"_1 (e’f _ b) > (fgf v 591) oF
from which it follows that

(591 —+ -+ 891 Gez (b)) 7Li\l/ 0k —b

g1 < <0.
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We now turn our attention to the inductive step. Assume it is already shown that 5 <0 for all

1 <t< k-2 It follows from Lemma ?7? that
ko, k\n—1 _ k ko \ "1 _
(]09917 +"'+fgt’ ) (0k_b9t> = (fgf +"'+f99t-&11) <9k_b9t+1)

and due to the construction of 591, ... dgm it holds that

0k e 0k 2 n—l kT
(fm’ + gt £ +59t) (9 —bet)
oF x ? oF x ? n—1 k T
= (felv +501 +"'+f6t4;1+(59t+1> (9 —b9t+1>

from which follows that

391+"'+89t "N OF —bge — "N/ OF — bgesa
(o) (07T =)

39t+1 — S 0

"N OF — byesa
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We conclude that for all 1 < j < k — 1 it holds 593- <0.

Proof of step (4)
Recall that we defined g1, ..., dgm by

6% b 0k b ok ok
(fm’ em’):(fal’*+591,...,f9m’*+69m>.

According to step (3) it holds Z?Zl bgi07 > Z?zl b9;0% = —ab*. Hence, the maximal possible
valuation for the term —Z?zl 89i07 equals to af*. Since due to step (1), dp; > 0 for all
k+1<j <m,it follows that >37", | 667 > 7", ) 89; 08Tt = BOFTL. Hence, the maximal
possible valuation for the term — Z;n: ki1 007 67 equals to —30F 1. Tt follows from the probability

constraints that

—a+p3=0
k m
D Gt + > gt =0.
j=1 j=k+1

Subtracting the second equation from the first gives

k m
—a =Y 6t + B~ > 567 =0.
j=1

Jj=k+1
It holds N
—a =Y St +8— > 6907 < —a+ab® 45— poFTL
J=1 j=k+1
Since @ = ( it holds
—a+abf + 5 — Bt <.

Hence, the assumption that the feasible set of minimization problem Mbe " is not empty, leads to

a contradiction. O

APPENDIX G. PROOF OF LEMMA 77

Let 0" and 0% be a pair of valuations such that 6% < ' < 6*=2 and let p* be the minimum p
in the construction in Lemma ?7?7. Such a minimum p exists since the worst-case belief of the
6%-type is an element of the feasible set of minimization problem Mgk and due to Lemma 77, in

ol

Mg kl only the incentive constraints with corresponding bid by; for 1 < j < k — 1 are binding if
6

plugging in the worst-case belief. That is, the construction in Lemma 7?7 stops at the latest after
. e . . . : T 05D 0% b
adding the binding incentive constraint with corresponding bid bgr—1. Let ( I o, fom 9l>

denote the solution of minimization problem Mgkl as constructed in Lemma 77, ie. if p* > [
0

~pk B
for all j > p* + 1 (and for all j > p* + 2 if p* < ) it holds that fg Pt — 0 and the vector
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70%.b 70%b, \ . . . . .
(fel o .., fep*fll) is the unique solution of the system of equations given by

p*+1
> fu=1
j=1

pr+1

Y fot =

i=1

n—1

h
(for + -+ fel)n_l <0k — 591) = ngj (Hk —th> forall h € {1,...,p"}.
j=1

We will prove this Lemma using the following steps:

7 0%.b 0%.b
(1) Let fekvbel = <f91’ o fom "l) be a solution of minimization problem Mgk. Then it

ol

k
holds that f,,"* =0 for all j > p* + 1if p* > I and for all j > p* +2 if p* < .
(2) It holds for #9"bgt that all constraints in Mg

0

k .

l with corresponding bid by; with j < p*
have to be binding.
(3) It holds that

~‘9k»ggl ~9k759l Okyggl szggl
f91 7"'7f0’m = o1 s Jgm .

Proof of step (1)
If p* > k, then the equation which is the binding incentive constraint corresponding to bid
by is obviously redundant and therefore, the system of equations in Lemma ?? consist of two
probability constraints and p* — 1 binding incentive constraints. This gives a system of p* + 1
equations for p* + 1 variables. We will provide the proof for the case p* > [ since the case p* < [
works analogously and we will show in Lemma 7?7 that it indeed holds that p* > I.

Assume that there exists at least one h with p* +1 < h < m such that fgff > 0. Let
dgt, ..., 0pm be such that

~9k75 l ~9k75 l 6k75 1 ekvg l
<f@1 Tt Opr, e S A Oem ) = o S )

~0F b
It holds that f]-

o0 = 0 for all j with j > p* + 1. Therefore, it holds that §y; > 0 for all
p* 4+ 1 < j < m and there exists at least one j with p* +1 < 5 < m such that dyg; > 0.
Before we proceed with the proof, we introduce the concept of d-sequences. We define a d-

sequence as a vector (501min, cony Ogimaz  §gpmin . . . ,69kmaz) with 0pmin = dymazy1 such that for all

7 with [min < 7 < I™ it holds dg5 < 0 and for all Emin < 7 < k™ it holds dp; > 0. If at least
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one dy; is not equal to zero, it holds

lmax kmaac lrnaac kmaf kma:c
(46) D7 et + D et > D 600+ > 507 = ) 50
Every given vector (dgi,...,d0¢m) can be decomposed into d-sequences. Let m' be the number
of d-sequences and (56jylmin, ey Oggamaz O pmin . .. ,59j,kmaz) be the j — th d-sequence. Let

Op; = Zi’i;m,im 8gs and 607 := 63" Then it holds

m m/ m/
y y Jjmax !
> 8it7 > Y 00T =" 6,07

The vector (0, ..,0pm) can again be decomposed into d-sequences. Let m” be the number of

!
Gj,prLin? e

j — th 6-sequence. Let 4y, := Ej’kmw he and 09" := 691" As in (?7?), we conclude that

S=j,lmi”

m m/ m//
Z%Jﬂj > Zééjej,lmax > Z(ngej/JMax‘
j=1 j=1 Jj=1

: !/ !/ !/ ! !/
d-sequences in the vector (dgm,...,0pm) and ((5 s Opjamaz P min s ojykmaz> be the

If there does not exist a t with 1 < ¢ < m such that 22:1 dgi > 0, the process of decomposing
into d-sequences ends with a d-sequence of length 2, i.e. with some vector ((5{ inal (gmal) with
5{”“11 < 0 and (gmal > 0. Since )0, dg; = 0, it holds that d; = —do and there exists some
g7l such that

m

> a7 > (ot 4ol pfinel — o,

j=1

We illustrate the concept of d-sequences with the following example.

Example 1. Let
1 11 11 1>

(917 5 00 ) ( 12, 6,12, 8’478
The vector has two relevant properties. It holds that 27:1 8g; = 0 and there does not exist a t

with 1 <t < m such that Z§:1 0gi = 0. This vector can be decomposed into two §-sequences

given by (f%, f%, %) and (f%, %, %) It holds that

3
1 1 1 2 1 3 1 2 1 2 1 2 n2
129 69 +129 > 129 69 +129 _21:59]9

and
1

1 1 1
0t + -5 + 6% > ——
S0+ 00+ 300>

6
1 1
0 + Z0* + 20* = 6,,0%
8 " T4 T3 24: 0

We define & = 33 855 = — and &, = S0 6y = 1. It holds

m 3 6
D 6007 > 6907 + ) 600" = 5167 + 550"

j=1 j=1 j=4
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The new vector (87,65) = (=1, 1) is a d-sequence and it holds
1 1 1 1

193 /04:_702 794 _794 *64: .

5,6° + &, [0t > =10 0 =0

Hence, it holds that

> " 60st7 > 676% + 656" > 0.
j=1

k7 k3
Now we proceed with the proof of step (1) of Lemma ??. Recall that (fgl ’bgl, cee fem’b"l)

. e ! 0% b 0% b .
denotes a solution of minimization problem Mg and < Jo1 o ., Jom Gl> denotes the solution
ok

of minimization problem Mgk as constructed in Lemma ?7. Let the vector (dg1,...,0pm) be

ol
defined by
~0k b ~0k b 0k b 0k b
<f0 S, +59m> - (fo A 9l>.

We can decompose the vector (dg1,...,dgm) into d-sequences. Due to the two probability con-

straints it must hold that .
S =0
j=1

and

i 59i07 = 0.
j=1

Assume that the process of decomposing into d-sequences ends with some vector (5{ inal (gmal)
with (5{”“” > 0 and (5{”“” < 0. Then there exists some 1 < t < m such that Z;:l dp5 > 0.
. . 0% b . .
First, we consider the case that t > p*. It holds that fj o' =0 for all j > p* + 1. Thus, it
holds that dy; > 0 for all j > p*+1 from which follows that Z;”:H_l dg; > 0. Since Z;:l dgi > 0,
it holds that ZT:1 dg; > 0 which leads to a contradiction to the first probability constraint.
. . PR PR .
Second, we consider the case that ¢ < p*. Since the vector < Jon o, fom o) cannot induce

a lower value of the objective function than the solution of the minimization problem, it must

hold that
!
(47) > 65 <0.
j=1
. . C 0%.b 6% b .
Since the solution of the minimization problem AZ¢ k, < Jor ..., gm 91) , is an element of the
1

feasible set of minimization problem Mgf and we defined the real numbers dy; for 1 < j < m by

05 b, 05 b, 0k b, 0k b,
(fm Sty Fym A S ) = (fy e fyn )
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it holds that

0% 0% n—l _
<f991 7b0l + 691 + tee + fgl 7b0l + 661) <9k - b@l)

0k b 0k b n-l
> <f91 T e /T +59t> <9k—b9t).

~gk ’Eel

. 70%.b .
By construction of the vector (fel ., Jom ), it holds that

1

T ok n—1 -~ ok T ok 7 n— —
(5 ) )= () )

from which follows that

(0g1 + ...+ dg1) n_\l/ ok — Bgz > (0g1 + ...+ dgt) ni\l/ ok — Bgt
(0gr + ...+ Ogt) "N/ 0k — Bgt

which leads to a contradiction to (??). Therefore, the existence of 5{ nal 0 and 5{ inal- <

<:>(591—|—+591)Z >0

leads to a contradiction. Hence, there exists some /7% such that

zmj 5pi 07 > i 0pi 07,
j=1 Jj=1

Since there exists a dygn for p* +1 < h < m with dgn > 0, this inequality is strict and it holds

Z (ng 0] > Z 59;‘ efinal - 0
7j=1 7=1

Since this is a contradiction to the second probability constraint, it follows that the assumption

. . 0k b ..
that there exists some h with p* +1 < h < m such that feh % > 0 leads to contradiction.

Proof of step (2)

It follows from Lemma 77 that
ok oF n—1 kT ok « OF x n—1 kT
(fal’ +...+f9k;1> (9 —bgk_l):<f9; +...+fgl’) (9 —b(,l).

The worst-case belief of type 6% is an element of the feasible set of minimization problem

M . Thus, for every j € {1,...,m} and every b € [bgi—1,bgs] it holds that

ok

(fgf* +o+ fglk’*)nil (9’“ —Bgl) = (fgf* +.+ fg:;*l)"fl <9k —BQH)

> (0 b 1 ) (- b).
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Hence, the worst-case belief equilibrium of type 6* is an element of the feasible set of minimiza-

ok

tion problem ME . Assume that the construction in Lemma 7?7 has reached the step where the

constraint with (?(l)rresponding bid bgr—1 was added, i.e. all constraints with corresponding bid
bgi for 1 < j < k — 1 were added and are binding. Consider the solution vector in this step i.e.
the solution of the system of linear equations consisting of the two probability constraints and
the binding incentive constraints with corresponding bid by; for 1 < j < k — 1. According to
Lemma ??, this solution vector coincides with the worst-case belief equilibrium of type 6%. As
argued above, this is an element of the feasible set of minimization problem Mg:l and therefore
the construction in Lemma ?7 would stop. We conclude that it holds p* < k — 1.

It follows from step (1) that fgf’gal =0 for all j > k. Assume that there exists an incentive
constraint with corresponding bid byn with 1 < h < p* which is not binding. Let (Jg1,. .., pm)

be defined such that
0% b 0% b 0k« 0% x
<f91 91,...,f9m 9l>: (fé‘l? + 091, ..., fom +(59m>.

Then there exists j with 1 < j < m such that §; # 0.

We consider the following two cases:

e Case 1: It holds that

e kT n—1 _ kT k n—1 —
<f991 RSP o ’b9l> (0% =) = (fgl et ’bel) (6" b))

e Case 2: It holds that

n—1

_ _ n—1 _ _
0k b 0k b - 0k b 0k b -
<f91’91+---+f91’9l> (e’f—bez>>(f61791+~-+f9k’9’) <9k—b9k>.

. o 0% b 0% b : . .
Since by definition of < Jon o, fom 91), this vector is an element of the feasible set of

minimization problem Mgi, these two cases constitute all possible cases.
0
Case 1:
As before, we decompose the vector (dg1,...,d¢m) into d-sequences. If we can show that there

does not exist a ¢ with 1 <t < m such that
¢
(48> Z 561 > Oa
j=1

the process of decomposing ends with some J-sequence (5{mal,6gmal> with 5{““” < 0 and

55”“” > (0. Assume there exists a t with 1 < ¢ < m such that 2321 dp; > 0. Since p* < k —1,
-

it follows from step (1) that f,, * =0 for all j > k. Because [0, = 0 for all j > k, it follows

that dp; = 0 for all j > k. Due to the first probability constraint, it holds that z;n:l 0gi =0
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and therefore it must hold that Z?Zl 0g; = 0. Hence, t must be smaller than k. It follows from

Lemma ?7 that
ok ok n—1 kT ok OF x n—1 kT

k k
Since (fgl A Y T fgm’* + 59m> is an element of the feasible set of minimization problem

Mg * and the incentive constraint with corresponding bid by is binding, it holds that
ol

(fgf’* O, fOT + 50k)"_1 (ek - Eak) - (fgfv* T PR A 591)”_1 (ek —591)
> (fgfv* + g, O 4 59t)"71 (ek - E(,t) :

It follows that Z;Zl dp; < 0 which is a contradiction to (??). Thus, the process of decomposing
into d-sequences ends with some d-sequence ((55@”“,59””) with 5gfnnal < 0 and (giml > 0.

Hence, it holds that
D 0t > 607 = 0.
j=1 j=1

But then the solution of minimization problem Mgk, given by
ol

0% b, 0k, ~0% b 0% b,
<f01 07'--7f9'm0 = fO 0 +(5017...,f1 0 +(50m .

violates the second probability constraint.

Case 2:
As in the first case, if follows from the first probability constraint that Z§:1 dg; = 0. Since

k k
( fgl S fgm’*) is an element of the feasible set of minimization problem Mf’k, it must hold
ol

k k
that the value of the objective function if plugging in <fg1 A fgm’*) is not greater than if

0k 0%

plugging in <fg1 ’bel,...,fgm’bgl). Therefore, it must hold Zé’:l dg; < 0. By assumption, it
holds that

0k x 0F x n—1 k -

<f91 +591+"'+f017 +59l) <9 —bel)
k k n—1 _
> (f§1 D S/ +59k) (9’“ - bgk)
and due to Lemma ?77?, it holds that
k k n—1 _ k k n—1 _
(f§1 et f ) <e’f - b(,l) - (fgl’* B +59k> (e’f - b9k>

from which follows that Zé-:l dpi > Z?Zl dp; = 0 which leads to a contradiction.
We conclude that in both cases the assumption that there exists a A with 1 < h < p* such

that the constraint with corresponding bid by, is not binding in the solution of minimization
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problem Mg k, leads to a contradiction.
ol

Proof of step (3):
0k b .
According to the first step, it holds that fj Lot > 0 only for 1 < j < p* + 1 are greater than

zero. According to step (2), this vector has to fulfill p* + 1 equations given by

p*+1

Z fai0? = p
j=1
n—1

h
(for +---+ fgz)n_l <9k —Em) = Zf@j (Qk —th) forall h € {1,...,p"}.
j=1

If we consider only roots which are real positive numbers, this is equivalent to

p*+1

Z Joi =1
=1

p*+1

Y fot =
j=1
h
(for +---+ for) n_\l/ 0k —591 = ngj n_\l/ ok —Eeh forall h € {1,...,p"}.
j=1

We will show that this system of linear equations has a unique solution. In order to do so, we
will show that the matrix corresponding to the system of equations has rank p* 4+ 1 by applying
the Gauss elimination method and obtaining a row echelon form. The incentive constraints can

be also summarized as

(fgl —+ -+ f@h) < ni\l/ ok — 59}1 — nigl/ ok — b0h+1> o f6h+1 n7\1/ ok — 50h+1 =0

for all h € {1,...,p* — 1}. In order to obtain an upper triangular matrix, we will successively
eliminate the variables fgp«11, fop+, - .., fg2. We eliminate the variable fy,«+1 by multiplying the
equation

pr+1

> fur=1

j=1

by —#P"*+1 and adding it to
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Multiplying the resulting equation by (-1) gives
P* ‘
> o (07 —07) =0
j=1

which eliminates the variable fy,«11. Moreover, the coefficient (97’*+1 — 097 ) is strictly positive.

Now we subsequently use the transformed incentive constraints given by

(for -+ fon) (\/ﬂ - /e - bew) — forer "N/05 —Bgns =0

for all h € {1,...,p* — 1} in order to eliminate the variables fy*, fgp*—1,... fg2. We show by
induction that in every elimination step all coefficients are strictly positive. In particular, this
implies that none of the coefficients is equal to zero and hence, we obtain an upper triangular
matrix after applying the Gauss elimination method. We start the induction by showing that
in the equation which is obtained after eliminating fy,+ all coefficients are strictly positive. The

variable fg,+ is eliminated by multiplying the incentive constraint given by

(for + -+ forr-) <"§/ 0% — b1 — "0 - bep*> = forr "N 0% = by = 0.

by the factor

gr*+1 _ gp

0%~ By

and adding it to the equation
P* '
Zf@j <9p 1 03) =7
j=1

This gives the equation

p*—l (Hp*+1 - ep*) < ey Qk - Bep*fl - "y ek - b@p*)
ST fu |0 00+

j:l "*1/9143 _ng*

where all coefficients are strictly positive. Now we turn our attention to the induction step

T L

and assume that the variables fg«, fgp*—1,..., fyr+1 have been eliminated and in the resulting

equation
h
> cife=c
J=1

all coefficients c and ¢; for 1 < j < h are strictly positive. Now we have to eliminate the variable

for using the incentive constraint

(fgl + A + fgh—l) < n7\1/ Qk - E@h—l - ni\l/ 9k - beh) - f@h n7\1/ Hk — Beh == O
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We multiply this equation by the factor

Ch
n_\l/ ok — ggh
and add it to the equation
h
Z cifoi = c.
j=1
This gives the equation
h—1 Chp ( n_\l/ Qk — Eeh,—l — n_\l/ 9"3 — bgh)
foi ¢+ =c

T "N OF — by

in which all coefficients are strictly positive. We conclude that the system of equations given by

J

p*+1

Z Joi =1
=

p*+1

> Jut? = p
j=1
n—1

h
(for 4+ fo)" " (Gk —591> = ngj (Qk —Beh) for all h € {1,...,p"}
j=1

can be rearranged to a system of linear equations such that the resulting matrix has rank p* + 1
and therefore this system of equations has a unique solution.

. 08D 0% b
Since the vector <f{91 o ep*fll

) fulfills the same p* + 1 equations and the solution of the

linear system of equations with p* + 1 equations and p* 4+ 1 unknowns is unique, it holds that

~0% b, 0% b, 0k b, 0k b,

(] ) _ o (]

<f91 7"'7f0’m - fel 7"'7f0’m .
APPENDIX H. PROOF OF LEMMA 77

We have to show that for every pair of valuations #' and #* such that 6 < ' < 652 the

minimum p for minimization problem Mgk is greater or equal then [ + 1. We will prove the
ol

. - kb 0k.b . e
claim by contradiction. Let < I o fom 9l> denote the solution of minimization problem
Mg * as constructed in Lemma ??. Assume that the minimum p is strictly smaller than [ + 1.

ol
Under this assumption, we will show the following steps:

(1) The minimum p is equal to [ — 1.

(2) Let 0g1,...,0¢m be real numbers such that

0% by 0% by 0k % 0%
<f91 0,...,f9m0 :<f91 +(591,..., gm +69m>.
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Then for all 1 < 57 <[ it holds 6g; > 0, for all [ +2 < j < k it holds that §g; < 0 and for
all k4+1 < j < m it holds that dy;=0.
k7 k7
(3) We use step (2) in order to show that the fact that (fg1 ol b ,fgm’b"l) is the solution

of minimization problem Mg kl leads to a contradiction to the assumption p* <+ 1
6

Proof of step (1):
If the minimum p, denoted by px, is strictly smaller than [ 4+ 1, then the last equation added
in the construction of Lemma ?? has a corresponding bid which is lower or equal than by—1

because the incentive constraint corresponding to by given by

_ - n—1 - - n—1
b b - b b -
(e en ) (=) = (5w i) (05 -5)
is fulfilled trivially. Therefore, it holds p* < [. It cannot hold that p* < [ — 1 because then
according to Lemma ?? there would be no probability weight on types above #'. This would
imply that fg1 + -+ fa equals to 1 and therefore, the valuation of the objective function
5 B\ -
(G os £) (-5

is maximized. This cannot be optimal because the worst-case belief of the #*-type is an element

of the feasible set of minimization problem Mgk and has a lower value of the objective function.
ol

We conclude that p* =1 — 1.

Proof of step (2):
Let dg1,...,0¢m be real numbers such that it holds

9k7g l 6’675 l 0k % 0F
(fgl 93--'7f9m6 :(fgl +591a"'a pm +56’m)-

Since the minimum p equals to [—1, it follows from Lemma ?? that in the solution of minimization
problem Mg:l there is no probability weight on types above /1. In the worst-case belief of the
6%-type there is probability weight on types 67 for 1 < j < k and there is no probability weight
on types 67 for k +1 < j < m. Therefore, for all j with [ +2 < j < k it holds that dy; < 0 and
for k+ 1 < j < m it holds that dy; = 0. Note that the set {j | I +2 < j < k} is not empty
because | < k — 2. Since ZT:l dp; has to be zero, it follows that 2?;11 dgi > 0.

According to Lemma 77 if plugging in the solution ( fglk Lot Yy fgi’b(’l> into minimization
problem Mg:l, all constraints with corresponding bid below by have to binding. We use this in

order to show by induction that dg1,...,dn have to be strictly positive.
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According to Lemma ?7 it holds that

(0 o) (0 )
= (o ) T ) = (e o) (05~ B

k4 E g\ ne - k x E s\ n— 7
) e (S0 e 1) O ) = (4 25) YO,
It also holds that

(f(ff’* +0p1 + -+ fgf’* + 59l)n71 <9k —591)

gkz % 0"7 x n—1 k _
> <f617 +0p1 + -+ feH_’l + (591+1> (19 — bgl+1)

(50) < (fgf»* Fog et [ 59,) "*M
> (S0 4 b+ S0+ G ) " (05— B

Subtracting (??) from (??) gives

(591 + -+ (5914-1) n_\l/ (Hk — 5914-1)
nql/ (0"3 - B@l)

We start the inductive proof by showing that g1 is strictly positive. According to Lemma 77,

(591+"‘+5ng >O.

it holds that

n—1

(fglk’* +0gr + -+ fglk’* + 591)7171 <9k — 591) = (fglkﬁk + 591> 0"

60 (st ) R = (1 4 0)

According to Lemma ?7 it also holds that

(00 g ) (05 Be) = (0 btk S ) (05 B)

(52) (fgf’*w@l +---+f§,f’*+59k) (05 = Ty)

Subtracting (??) from (?7?) gives

" (0% = bgr) Bgr + -+ Fgr) = VORI
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iy (Qk —591) (591 + -+ (591)
& g = > 0.

Assume that we have shown that dy; > 0 for all 1 < j < h for some 1 < h < [. Then we can

show that dgn+1 > 0. According to Lemma 77 it holds that

oF x 0F x n—1 k T

(fel’ + dg1 +"'+f9hi1+59h+1) (9 _th“)
0k x 0k x n—1 k -
:<f917 +591+”'+f9h7 +50h) (0 _b9h>
and according to Lemma ?7? it holds that
0F 0F n—1 kT 0F oF n—1 kT
(1 e ) (05 =B ) = (40 4 ) (68 =)
from which follows that

(0gr + -+ + dgn) ni\l/ ok — Eeh = (0gr + -+ + Ogn + Opnt1) "ok — 59h+1

((591 + -+ (59h) < niyl/ ok — B@h — nﬂl/ gk — b@h+1)
> 0.
n_\l/ oF — 59h+1

We conclude that for all j with 1 < j <1 it holds dg; > 0.

= 59h+1 =

Proof of step (3):
Let a and 8 be strictly positive be real numbers such that 22111 0gi = a and Z?:Hz dgi = —p.

Due to the two probability constraints it must hold that

(53) a—p=0
I+1 ' k ‘

(54) > Gt + Y 69s07 =0.
j=1 j=l+2

Since for [ +2 < j < k it holds that dy; < 0, it holds that Y7_, , 5p;07 < Y0, 50,072 =
—B0"+2. Tt follows from step (2) that > 57} 669 < °0E] 69,0'+1 = af'+1. According to (??),

it holds that o« = 8 and it follows that

+1 k
> Gt + Y 6gs07 < b — pOITE = ot — pOTTE <0
j=1 j=l+2

which is a contradiction to (??). Hence, we have found a contradiction to the assumption that

the minimum p is strictly smaller than [ + 1.
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APPENDIX I. PROOF OF LEMMA 77

— — k k
Proof. For b € [bgr—1, bgx] let (fgl b, gm’b> denote a solution of minimization problem Mgk.

Let (dg1,...,dgm) be real numbers such that
k k k k
(o) = (55 b S ).

Assume that fek’b =+ fek’*. Then there exists 1 < j < m such that §; # 0. Therefore, one can
decompose the vector (dg1,...,0gm) into d-sequences and if there does not exist a 1 < ¢t < m
with Z§':1 dgi > 0, the process of decomposing into d-sequences end with a d-sequence of length
2, i.e. with some vector (5{“”1, 5§inal> with 6/ < 0 and 6] > 0.

Assume there exists a 1 < ¢t < m with Z;zl 0gi > 0. We consider two cases: ¢t < k and t > k.

Case 1: t < k.

Following the steps in the proof of Lemma 77, one can show that it either holds
k k k n—1 k kp\n—1 _
(55) ("4 I A G ®) (05 =) = (£ ) (05 =B )

or

(56) (004 o+ )" (0 )
= (fgf’b Foot fg’,fff’b)nfl (9’“ - BHH) .

Thus, we consider two subcases.

Case 1.1: (??) holds. It follows from the definition of byr and from Lemma ?? that

n—1

k k x n—1 - k k x -
(57) (e hpt) O b = (S ) (0 =),

Since fgk’b is an element of the feasible set of minimization problem M, ak, it holds that

k k k n—1 k b n—1 B
(fgl ,b++f99kibl +fgk7bG9k(b)> (Qk —b) Z <f991 ’b_|_...+fgt 7b) (ek—bgt)
It follows from (?7?) that

(fgf’b +ot fﬁf”’)n_l (6’“ = 59k) > (fgf’b T f(ff’b)n_l (0" — Dpe).

Subtracting equation (?7) gives

t
> Gos | A0 =g = | D b | "/ 0F — Do
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Thus, it holds that Z?Zl dg;i > 0. Due to the first probability constraint, it follows that
k
Zgn:kH dg; < 0. Since fgj * =0 for all j > k, this leads to a contradiction to the constraint

ekzb .
fos 7 =0foralll <j<m.

Case 1.2: (77) holds. It follows from Lemma ?7 that

n—1

k x k n—1 T k x k x -
(53) (S i) O =bpe) = (S ) (0 b,

Since fak’b is an element of the feasible set of minimization problem M ek, it holds that

k k k n k kp\n—1 _
(50 A 4 000G () ™ (05 = 0) > (0 )T (0 T,

It follows from (?7?) that

n—1

(30 et ) (0 ) 2 (04 19 0 o)

Subtracting equation (??) gives

k—1 t
Z (59]‘ n7\1/ Hk - E@k—l Z Z (ng n—\l/ Qk - Bgt .
7j=1

j=1
Thus, it holds that 25;11 dg; > 0. Since fg;’* =0 for all j > k, it holds due to the constraint
O > 0 forall 1< j <
b > <j<m
that g; > 0 for all k+1 < j < m. Since Z;nzl 0gi = 0, it follows that §;, < 0 which is a

contradiction to (?7).

Case 2: t > k.
Due to the first probability constraint, it follows from 2;21 dg; > 0 that ZT:t 419 < 0. Since

0%

k
;. = 0forall j >k, this leads to a contradiction to the constraint fgj b >0foralll <j<m.

We conclude that in both cases the process of decomposing into J-sequences ends with some

vector ((5{ inal (5{”“”) with 67 < 0 and 6{™ > 0 and there exists a 677 such that

m ) m )
D 0t > 607 = 0.
j=1 j=1
Since this is a contradiction to the fact that the vector fek’b fulfills the constraint

n k

0% b
Zfej ¥ =up
j=1



the assumption that f‘gk’b =+ fek’*, leads to a contradiction.
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