
Acharya, Sushant; Dogra, Keshav

Working Paper

Understanding HANK: Insights from a PRANK

Staff Report, No. 835

Provided in Cooperation with:
Federal Reserve Bank of New York

Suggested Citation: Acharya, Sushant; Dogra, Keshav (2018) : Understanding HANK: Insights
from a PRANK, Staff Report, No. 835, Federal Reserve Bank of New York, New York, NY

This Version is available at:
https://hdl.handle.net/10419/189876

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor dürfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dürfen die Dokumente nicht für öffentliche oder kommerzielle
Zwecke vervielfältigen, öffentlich ausstellen, öffentlich zugänglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfügung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewährten Nutzungsrechte.

Terms of use:

Documents in EconStor may be saved and copied for your
personal and scholarly purposes.

You are not to copy documents for public or commercial
purposes, to exhibit the documents publicly, to make them
publicly available on the internet, or to distribute or otherwise
use the documents in public.

If the documents have been made available under an Open
Content Licence (especially Creative Commons Licences), you
may exercise further usage rights as specified in the indicated
licence.

https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/189876
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/


This paper presents preliminary findings and is being distributed to economists 
and other interested readers solely to stimulate discussion and elicit comments. 

The views expressed in this paper are those of the authors and do not necessarily 
reflect the position of the Federal Reserve Bank of New York or the Federal 

Reserve System. Any errors or omissions are the responsibility of the authors. 

Federal Reserve Bank of New York 

Staff Reports 

Understanding HANK: 

Insights from a PRANK

Sushant Acharya 

Keshav Dogra 

Staff Report No. 835 
February 2018 



Understanding HANK: Insights from a PRANK 
Sushant Acharya and Keshav Dogra 
Federal Reserve Bank of New York Staff Reports, no. 835 
February 2018 
JEL classification: E21, E30, E52, E62, E63 

Abstract 

Does market incompleteness radically transform the properties of monetary economies? Using an 
analytically tractable heterogeneous agent New Keynesian (HANK) model, we show that whether 
incomplete markets resolve “policy paradoxes” in the representative agent New Keynesian model 
(RANK) depends primarily on the cyclicality of income risk, rather than incomplete markets 
per se. Incomplete markets reduce the effectiveness of forward guidance and multipliers in a 
liquidity trap only if risk is procyclical. Acyclical or countercyclical risk amplifies these 
puzzles relative to RANK. Cyclicality of risk also affects determinacy: procyclical risk permits 
determinacy even under an interest rate peg, while countercyclical income risk generates 
indeterminacy even if the Taylor principle holds. Finally, we uncover a new dimension of 
monetary-fiscal interaction. Since fiscal policy affects the cyclicality of income risk, it 
influences the effects of monetary policy even when “passive.”  

Key words: New Keynesian, incomplete markets, monetary and fiscal policy, determinacy, 
forward guidance, fiscal multipliers  

_________________ 

Acharya, Dogra: Federal Reserve Bank of New York (emails: sushant.acharya@ny.frb.org, 
keshav.dogra@ny.frb.org). The views expressed in this paper are those of the authors and do not 
necessarily reflect the position of the Federal Reserve Bank of New York or the Federal Reserve 
System. 



1 Introduction

The last few years have seen a surge of interest in heterogeneous agent New Keynesian (HANK) models.

Heterogeneity and market incompleteness have been proposed as a means to understand the monetary

transmission mechanism (Kaplan et al., 2016), the forward guidance puzzle (McKay et al., 2015), the

distributional effects of monetary policy (Gornemann et al., 2016), the efficacy of targeted transfers (Oh

and Reis, 2012), automatic stabilizers (McKay and Reis, 2016b) and fiscal stimulus (Hagedorn et al., 2017),

among many other topics. These explorations have revealed that the introduction of market incompleteness

into the NK model can affect not just the model’s substantive predictions, but also the determinacy

properties of equilibrium (Ravn and Sterk, 2017b), (Auclert et al., 2017), which are central to fundamental

questions in monetary economics - how is the price level determined, and what kind of policy regime ensures

price stability? But the source of the differences between HANK and representative agent New Keynesian

(RANK) economies, and the extent to which these differences are a general result rather than a consequence

of particular modeling assumptions, remain obscure. This is largely because incomplete market models are

generally analytically intractable since the distribution of wealth is an infinite dimensional state variable;

thus, most of these studies make use of computational methods. While these papers have highlighted

striking differences in the behavior of HANK and RANK economies, the lack of analytical tractability

makes it hard to to drill down and uncover exactly which features are responsible for these differences.

In this paper we present an analytically tractable HANK model which allows us to pinpoint exactly

when, and why, HANKs behave differently from RANKs. We study a standard New Keynesian economy,

with the exception that individuals face idiosyncratic, uninsurable shocks to their endowment of labor.

Importantly, idiosyncratic income risk varies endogenously with aggregate economic activity, and may be

either procyclical or countercyclical. The economy permits closed-form solutions because household utility

has constant absolute risk aversion (CARA), rather than constant relative risk aversion (CRRA) as is

commonly assumed. This permits linear aggregation and gives us an exact closed form aggregate Euler

equation, without having to carry around an infinite-dimensional state variable or impose a degenerate

wealth distribution. Since the model aggregates linearly, one can think of it as a Pseudo-Representative

Agent New-Keynesian model - in short, a PRANK. Again, our goal is to understand the qualitative

differences between HANK and RANK economies and is not quantitative in nature.

Our first result is that market incompleteness can alter the determinacy properties of equilibrium, in a

way which depends critically on the cyclicality of income risk. RANK models feature indeterminacy under

an interest rate peg, or more generally, under interest rate rules which fail to satisfy the Taylor principle.

We explain that HANK models can feature determinacy under a peg when income risk is procyclical. In

this case, even under a peg, higher future cannot be self-fulfilling, because it would also imply higher

income risk, reducing demand via the precautionary savings channel. Whereas procyclical income risk

makes indeterminacy less likely, countercyclical risk makes it more likely - if risk is countercyclical, the

standard Taylor principle may not even be sufficient to ensure determinacy. In this case, fear of lower

output in the future implies higher risk, depressing demand via the precautionary savings channel and

generating a self-fulfilling recession. We derive a general, income-risk augmented Taylor principle which

depends explicitly on the cyclicality of income risk.

Importantly, the cyclicality of income risk is endogenous. In particular, it depends on the cyclicality

of fiscal policy, and on whether redistribution increases or decreases when output is low. This highlights a
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new and important dimension of monetary-fiscal interaction, distinct from (but related to) the traditional

question concerning whether the fiscal authority adjusts surpluses in order to repay government debt along

any hypothetical price path (Leeper, 1991). In HANK economies, what matters is not just the expected

path of surpluses, but whether those surpluses are raised in ways that increase or decrease the variance of

households’ after-tax income, and whether this depends on the overall level of economic activity.

We next consider how heterogeneity and market incompleteness alter the effects of forward guidance

and the size of government spending multipliers at the zero lower bound. In RANK models, announcements

of future interest rate cuts are equally, or more, effective than current policy changes in stimulating output

and inflation. We find that market incompleteness can reverse this prediction, but only if income risk

is strongly procyclical, so the expansionary effect of a promised future boom is offset by an increase

in desired precautionary savings, in response to the increased risk generated by the boom. If risk is

countercyclical, this prediction is naturally reversed, and incomplete markets worsen the ‘forward guidance

puzzle’. Interestingly, HANK models may feature a stronger forward guidance puzzle even if income risk is

acyclical or weakly procyclical. Looser monetary policy effectively provides more consumption insurance

against income shocks, reducing consumption risk (which is ultimately what matters for precautionary

savings) for a given level of income risk, and boosting demand.

RANK models predict that in a liquidity trap, the government spending multiplier is greater than 1 and

increasing in the duration of the trap.1 This is due to the expected inflation channel: when nominal interest

rates are constrained due to the zero bound, higher future spending increases expected inflation, lowers

real interest rates, and stimulates current spending. If income risk is procyclical, the precautionary savings

channel can potentially outweight the effect of expected inflation in our HANK economy. While future

spending lowers real interest rates, it also increases risk, encourages households to save, and moderates

the increase in current spending. Consequently, the multiplier can be less than 1 and decreasing in the

duration of the liquidity trap. In contrast, if risk is countercyclical, the precautionary savings and expected

inflation channels both work in the same direction, increasing the multiplier.

Like us, some other recent papers such have also made simplifying assumptions in order to solve HANK

models analytically in order to better understand the operative channels. For example, recent work by Ravn

and Sterk (2017b) and Challe (2017) assume that agents are unable to borrow and the government issues

no debt - the so called zero liquidity limit. This assumption makes the wealth distribution degenerate,

affording analytical tractability. In particular, it allows the authors to study how beliefs about future

output affect perceived unemployment risk, the precautionary savings motive, and aggregate demand. Our

alternative approach complements these studies in two ways.

First, the models described above incorporate features such as labor market search frictions which

are not present in RANK models. We instead make a minimal departure from the RANK framework,

incorporating uninsurable income risk, but not labor market frictions, which allows us to more precisely

isolate the role of heterogeneity and market incompleteness. In particular, we find that the effect of

incompleteness depends crucially on whether income risk is countercyclical (as assumed in the papers

described above) or procyclical. This resonates with the results of Werning (2015). He shows that, in an

1This prediction depends on the assumption that the monetary authority targets the zero-output, zero-inflation steady
state (using an appropriately specified active Taylor rule) as soon as the underlying shocks abate and the ZLB is no longer
binding. We maintain this assumption throughout our analysis. Cochrane (2017b) discusses how fiscal multipliers change when
the active Taylor rule assumption is dropped and alternative criteria are used to select among the many bounded rational
expectations equilibria consistent with a given path of nominal interest rates.
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economy with CRRA utility and zero liquidity, current consumption is more sensitive to future consumption

in the presence of countercyclical income risk, implying that consumption is more sensitive to future changes

in interest rates than current changes. With acyclical income risk, market incompleteness does not affect

the relation between consumption and interest rates.

Second, our analysis complements both Werning (2015) and Ravn and Sterk (2017b) by moving beyond

the zero liquidity limit. While a useful simplifying assumption, this has the strong implication that income

risk passes through one for one to consumption risk. In reality, households can partially insure consumption

against income shocks through various mechanisms (Blundell et al., 2008); thus the pass-through from

income to consumption risk is less than one, and importantly, may vary over time. Our approach does

not impose zero liquidity, and allows for endogenous, time-varying pass-through of income to consumption

risk, an important and as yet understudied component of the precautionary savings channel.2

Another difference, relative to Werning (2015), is that we discuss how the cyclicality of income risk

affects determinacy in HANK models, not just the equilibrium response of consumption to interest rates.

In this regard our results are related to Auclert et al. (2017), who also analyze how incomplete markets

affects determinacy and the economy’s response to increases in government spending, monetary policy

shocks and forward guidance.3 Their analytical results are framed in terms of an infinite dimensional M

matrix which describes the response of consumption at any date to aggregate output at any other date;

for example, they show that determinacy depends on the asymptotic properties of the far-out columns of

this matrix. They also present numerical results which generally confirm the results in our closed-form

solutions (procyclical risk permits determinacy under a peg, countercyclical risk makes determinacy less

likely, and so forth). Our simplifying assumption of CARA utility allows us to analyze determinacy and

the economy’s response to shocks in a transparent model permitting closed form solutions.

In older work, Challe and Ragot (2011); Challe et al. (2017) and Challe et al. (2017) make assumptions

on preferences, technology and market structure in order to construct analytically tractable limited hetero-

geneity equilibria in which the wealth distribution has finite support. These papers primarily study how

the precautionary savings channel can amplify aggregate shocks, which is related to, but distinct from, the

themes we address in this paper.

Recent work by Bilbiie (2017b); Debortoli and Gaĺı (2017) presents a TANK (two agent New Keyne-

sian) model to shed light on how the responses of HANK models differs from RANK models in response

to aggregate shocks. Similarly, Bilbiie (2008) discusses determinacy in a TANK model, Bilbiie (2017a)

discusses the effects of forward guidance and other ‘puzzles’, while Mehrotra (2017) compares the effects

of transfers and government purchases. As Debortoli and Gaĺı (2017) emphasize, this TANK literature

abstracts from precautionary savings (more generally, heterogeneity within unconstrained households) in

order to study MPC heterogeneity (heterogeneity between constrained and unconstrained households). Our

approach instead abstracts for the most part from MPC heterogeneity in order to study the precautionary

savings channel in detail. In Section 6.1, we introduce heterogeneity into the model and show that this

does not qualitatively change our main findings.

McKay et al. (2015) argued that incomplete markets solve the ‘forward guidance puzzle’, i.e. the fact

that in New Keynesian models, announcements of interest rate cuts far in the future are more effective at

2To be clear, this important component of the precautionary savings channel is already implicitly present in models solved
using computational methods; the advantage of our approach is that we can observe it analytically.

3Indeed, this paper began life as a discussion of Auclert et al. (2017).
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stimulating output and inflation than contemporaneous interest rate cuts (Del Negro et al., 2015). (McKay

et al., 2017) present a stylized incomplete markets model, again with zero liquidity, in which household

consumption is described by a ‘discounted Euler equation’. We also derive a modified Euler equation in

our CARA-HANK framework (which does not rely on zero liquidity) and describe the conditions under

which forward guidance is less effective than in a RANK model. Importantly though, we find that the

model only generates a discounted Euler equation and weakens the power of forward guidance if income

risk is sufficiently procyclical (as in (McKay et al., 2017)). If instead income risk is countercyclical, the

model generates an procyclical Euler equation and strengthens the power of forward guidance.

The rest of the paper is structured as follows. Section 2 presents the model economy. Section 3

solves the model and discusses the factors affecting the cyclicality of income risk. Section 4 shows how

the cyclicality of risk affects determinacy of equilibrium in our HANK economy and derives an income

risk-adjusted Taylor principle. Section 5 discusses conditions under which the introduction of incomplete

markets solves, or amplifies, two perceived ‘puzzles’ present in the RANK model: the power of forward

guidance, and explosive government spending multipliers in a liquidity trap. Section 6 discusses the relative

importance of hand-to-mouth agents and the precautionary saving motive in HANK economies, and the

pervasive importance of fiscal policy. Section 7 concludes.

2 Model

We introduce uninsurable income risk into an otherwise standard New Keynesian model. Households face

idiosyncratic income risk and can only save in a nominally riskless bond. The supply side is deliberately kept

relatively standard: monopolistically competitive firms combine labor and intermediate inputs to produce

differentiated varieties of the output good, and set prices subject to nominal rigidities. For simplicity, we

consider an economy with idiosyncratic risk but no aggregate uncertainty.

2.1 Households

There is a continuum of households in the economy indexed by i ∈ [0, 1]. Households maximize utility

maxE0

∞∑
t=0

βt
{
−1

γ
e−γc

i
t

}

subject to:

Ptc
i
t +

1

1 + it
Ait+1 = Ait + Pty

i
t (1)

Each household can save only in a risk free nominal bond Ait+1 which has a price of 1
1+it

at date t and pays

off 1 in nominal terms at t+ 1. cit is itself an aggregate consumption index defined by:

cit =

[∫ 1

0
cit(k)

θ−1
θ dk

] θ
θ−1

(2)
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As is standard, the demand for variety k by household i can be written as:

cit(k) =

(
Pt(k)

Pt

)−θ
cit (3)

Thus, total consumption demand for variety k can be written as:

ct(k) =

∫ 1

0
cit(k)dk =

(
Pt(k)

Pt

)−θ
ct (4)

where ct =
∫ 1

0 c
i
tdi.

Income of Household i yit denotes the income of household i in period t and can be written as:

yit = (1− τt)ωt`it +Di
t + Tt (5)

The income of each household is made up of three components: (i) real labor income net of taxes

(1− τt)ωt`it, (ii) real dividends from the production sector, Di
t and (iii) real transfers from the govern-

ment, Tt. We discuss each of these subcomponents next.

Labor Income Following Aiyagari (1994), we assume that households have a stochastic endowment of

labor `it each period which they supply inelastically at the prevailing real wage ωt. In particular, we assume

that each period, household i’s endowment of labor is given by `it ∼ N
(
`, σ2

`,t

)
where ` is the aggregate

endowment of labor in this economy. Without loss of generality, we normalize ` = 1. τt denotes the linear

tax on labor income. In particular we assume that σ2
`,t is given by:

σ2
`,t = σ2

`(Yt) (6)

where Yt denotes aggregate output. As in McKay and Reis (2016a), this specification allows for cyclical

changes in the distributions of earnings risks in line with the empirical evidence documented by Storesletten

et al. (2004) and Guvenen et al. (2014). To be clear, none of our results depend on the assumption that

the variance of labor endowments depends exogenously on economic activity. Even if the variance of

endowments σ2
` does not vary with economic activity and is constant, the variance of household income

will generally still vary with economic activity, as we show in Section 3.4.

Capital Income In addition to labor income, each household also receives dividends from the productive

sector. Notice that the dividends Di
t have an i superscript, implying that dividends may vary across house-

holds. In particular we assume that the distribution of dividends across all households can be expressed

as:

Di
t = Dt + δt (`i,t − 1) (7)

As has been highlighted by Broer et al. (2016) and Werning (2015), the distribution of dividends is an

important determinant of how an incomplete markets economy responds to various shocks. This convenient

specification is fairly general and nests many commonly used cases. For example, δ = 0 implies that
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dividends are distributed equally across all households. Given other things, δ > 0 implies that households

with larger labor income are the recipient of a larger share of dividends. We also allow for the possibility

that δt varies with economic activity:

δt = δ(Yt) (8)

Net Transfers from the Government The last source of income is lumpsum transfers net of taxes.

We assume the government makes a lump sum transfer Tt which is the same across all households in each

period, and taxes labor income at the rate τt.

2.2 Firms

There is a continuum of monopolistically competitive firms indexed by j ∈ [0, 1]. Following Basu (1995);

Woodford (2003); Nakamura and Steinsson (2010) and many others, we assume that each firm combines

labor and intermediate inputs to produce a differentiated good x(j) using a constant returns to scale

technology:4

xt(j) = Mt(j)
αLt(j)

1−α (9)

where Mt(j) is the level of intermediate inputs utilized by the firm producing variety j. Mt(j) is itself an

aggregate of intermediate inputs defined by:

Mt(j) =

[∫ 1

0
mt(j, k)

θ−1
θ dk

] θ
θ−1

(10)

As is standard, the demand for intermediate input k by firm j can be written as:

mt(j, k) =

(
Pt(k)

Pt

)−θ
Mt(j) (11)

Thus, total demand for intermediate input k can be written as:

mt(k) =

∫ 1

0
mt(j, k)dj =

(
Pt(k)

Pt

)−θ
Mt (12)

Firms solve the cost minimization problem

min PtMt(j) +WtLt(j)

s.t. Mt(j)
αLt(j)

1−α ≥ xt(j)
4In our setup, since households supply their stochastic endowment of labor inelastically, intermediate inputs are the factor

which adjusts in response to demand. This specification of the supply side of the economy is just one possibility among
many. Our results are general enough to apply to any specification of the supply side which yields a New Keynesian Phillips
curve relationship - with the understanding that different specifications of the supply side may affect whether income risk is
procyclical or countercyclical.
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yielding

Wt

Pt
=

1− α
α

Mt(j), (13)

In symmetric equilibrium, xt(j) = xt normalizing the aggregate endowment of labor to 1, we have Lt(j) = 1

and so real wages are given by

ωt =
Wt

Pt
=

1− α
α

x
1
α
t (14)

Finally, net output is given by

Yt = xt −Mt = xt − x
1
α
t (15)

2.3 Nominal Rigidities

Each firm faces a quadratic cost of changing prices following Rotemberg (1982). The pricing decisions of

each firm can then be written as:

max
Pt(k)

∞∑
t=0

1∏t−1
s=0(1 + rs)

{(
Pt(k)

Pt
− λt

)(
Pt(k)

Pt

)−θ
− Ξ

2

(
Pt(k)

Pt−1(k)
− 1

)2
}
xt

where λt =
ω1−α
t

αα(1−α)1−α is the real marginal cost faced by firm k, 1 + rt = 1+it
1+Πt+1

denotes the real interest

rate and −Ξ
2

(
Pt(k)
Pt−1(k) − 1

)2
denotes the quadratic cost a firm faces if it wants to change its price from

last period’s level. Ξ ≥ 0 is a constant which scales the cost. In equilibrium, the aggregate cost of firms

changing prices is given by:

Ct = xt

∫
k

Ξ

2

(
Pt(k)

Pt−1(k)
− 1

)2

dk (16)

Following Ascari and Rossi (2012) and Bhandari et al. (2017a) we assume that this cost is rebated lumpsum

to households along with dividends.5

2.4 Policy

Monetary Policy We assume that the monetary authority sets nominal rates according to some rule:

it = (1 + r)ΠΦπ
t ≥ 0 (17)

where (1 + r) denotes the steady state real interest rate.

Fiscal Policy The budget constraint of the fiscal authority can be written as:

Bt + PtGt + PtTt = Ptτtωt +
1

1 + it
Bt+1 (18)

5This assumption is made to simplify exposition. Even if we did not rebate this cost to households, it would be zero in a
linear approximation of the economy around the zero inflation steady state.
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where Gt denotes government purchases of the final good. We can define real primary surpluses St as:

St = τtωt − Tt −Gt (19)

As we will discuss shortly, we allow the rate of labor income taxation τt to depend in a continuous but

otherwise arbitrary fashion on the level of aggregate output in the economy:

τt = τ (Yt)

We assume throughout that lump-sum transfers Tt adjust as needed to ensure fiscal solvency: fiscal policy

is “passive” in the sense of Leeper (1991) and this is not an environment where the fiscal theory of the

price level (FTPL) is at play. We make this assumption to highlight that in the presence of incomplete

markets, fiscal policy crucially affects the effects of monetary policy even when it is ‘passive’. Our results

identify a new sense in which fiscal policy matters in a way which is logically distinct from the FTPL.

2.5 Market Clearing

The aggregate resource constraint implies

ct +Gt = Yt (20)

where ct =
∫ 1

0 c
i
tdi denotes aggregate consumption.

3 Characterizing General Equilibrium

In this section we characterize equilibrium in our HANK economy. We start by solving the decision problem

of each household.

3.1 Household decisions

The virtue of assuming CARA utility is that it allows us to characterize the decisions of each household

in closed form. The following proposition characterizes each household’s optimal decisions.

Proposition 1 (Individual decision problem). Given a sequence of real interest rates, aggregate output

and idiosyncratic risk {rt, yt, σy,t},6 and initial wealth ait−1 each household’s consumption decision can be

expressed as:

cit = χt + µt
(
ait + yit

)
(21)

where ait = Ait/Pt is real net worth at the start of date t, µt is the marginal propensity to consume out of

cash-on-hand (ai + yi) at date t, and χt is the common component of consumption across households. χt

6We restrict attention to sequences of interest rates for which there exists a terminal date T <∞ after which rt > 0.
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and µt solve the following recursions:

χt [1 + µt+1 (1 + rt)] = −1

γ
lnβ (1 + rt) + χt+1 + µt+1yt+1 −

γµ2
t+1σ

2
y,t+1

2
(22)

µt =
µt+1 (1 + rt)

1 + µt+1 (1 + rt)
(23)

Proof. See Appendix A.

Equation (21) shows that individual consumption can be decomposed into an aggregate and an idiosyn-

cratic component. The idiosyncratic component of this equation states that each household has marginal

propensity to consume (MPC) µt out of cash-on-hand at any date t which is common across households.

Iterating equation (23) forward reveals that the MPC today depends positively on the future path of real

interest rates. If expected future interest rates are high, a household receiving a positive income shock

today saves a larger part of that increase. Higher interest rates in the future imply higher interest earning

in the future due to this income shock implying that the household is richer in the future, and so increases

consumption today by a larger amount than if interest rates were lower. This can be seen clearly in the

case of constant real interest rates where µt = r
1+r is constant across time and is simply the annuity value

of a additional dollar of income today.7

The aggregate component χt can be decomposed into 3 terms. To see this, solve (22) forwards to get:

χt =

∞∑
s=1

Qt+s|t
µt

γµt+s
ln

[
1

β (1 + rt+s−1)

]
︸ ︷︷ ︸

impatience

+µt

∞∑
s=1

Qt+s|tyt+s︸ ︷︷ ︸
PIH

− γµt
2

∞∑
s=1

Qt+s|tµt+sσ
2
y,t+s︸ ︷︷ ︸

precautionary
savings

(24)

where Qt+s|t =
∏s−1
k=0

1
1+rt+k

. The first term in (24) is standard and reflects the effect of impatience and

interest rates on savings behavior: if interest rates are higher relative to β, then current consumption is

lower as households wish to save more. The second term reflects the permanent income hypothesis: higher

expected discounted lifetime income causes a household to increase current consumption.8 The final term

reflects the precautionary savings motive. To the extent that households are risk averse, γ > 0, higher

income risk at any date in the future lowers current consumption by increasing the desire of households

to save. This third term indicates the effect of uninsurable income risk on aggregate consumption - if

households face no idiosyncratic income risk, this term is zero and households are permanent income

consumers. Note that what matters for the precautionary savings channel is the variance of consumption,

not income. A given level of income risk σ2
y depresses current consumption more when the sensitivity of

consumption to income, i.e. the MPC µt, is higher. In our framework, this sensitivity varies over time

depending on the path of real interest rates. This effect is absent in popular tractable HANK models

which impose the zero liquidity limit, discussed in Ravn and Sterk (2017b); Werning (2011); McKay et

al. (2017) among others. In these models, households who are on their Euler equation anticipate that

7Caballero (1990) and Weil (1993) solved a generalized version of this decision problem while assuming that the real interest
rate was constant.

8Recall that the expected future discounted lifetime income a household is common across all households and is the same as
the discounted future value of aggregate income or GDP. This follows from our assumption that individual labor endowments
are i.i.d..
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their consumption will be equal to their income in all future periods; the precautionary savings channel is

present, but its strength is not affected by variations in the sensitivity of consumption to income. However,

in general HANK models with CRRA preferences do feature this channel if the zero liquidity limit is not

imposed. In our CARA framework, it can be studied in an analytically tractable model.

3.2 Demand Block

Our setup features no MPC heterogeneity across households, permitting aggregation despite a non-degenerate

distribution of wealth. Relative to the existing literature on HANK models, our analysis abstracts from

MPC heterogeneity in order to focus on precautionary savings. This also helps clarify the sense in which

MPC heterogeneity is, or is not, necessary for heterogeneity to affect aggregate outcomes, as discussed in

Section 6.1. The next proposition states the aggregation result formally.

Proposition 2 (Aggregation). Since the marginal propensity to consume µt is the same for all households

in any period, the individual consumption function (21) can be aggregated across all households to yield an

aggregate consumption function:

ct =

∫ 1

0
citdi = χt + µt (at + yt) (25)

where at =
∫ 1

0 a
i
tdi.

Proof. See Appendix B.

In general equilibrium, asset and goods markets clear, i.e. ct = Yt and at = Bt
Pt

. Plugging these

conditions in (25) one can derive the aggregate IS equation:9

Yt = Yt+1 −
lnβ (1 + rt)

γ
−
γµ2

t+1σ
2
y,t+1

2
+Gt −Gt+1 (26)

Notice that if there is no risk, i.e. σy = 0, this exact aggregate Euler equation looks very much like the

linearized IS equation from the 3 equation RANK model (except that this is not linearized). In general

though, if σ2
y > 0, (26) also features a precautionary savings term which depends on 3 factors: risk aversion

γ, the sensitivity of individual consumption to individual income µt+1, and idiosyncratic income risk, σ2
y .

As described above, idiosyncratic risk depends on many factors; most importantly, it can be affected by

fiscal policy. More redistribution through higher taxes and transfers (higher τ and T ) reduces the variance

of after-tax income and diminishes the precautionary savings effect.

Interestingly, the level of government debt does not directly enter the IS equation. Consider two

economies with different levels of initial government debt. In each economy, the lifetime budget constraint

of the government must hold without a bubble term,10 so the economy with higher initial government debt

must also have a higher present discounted value of primary surpluses. Suppose this difference is entirely

accounted for by a lower path of lumpsum transfers, Tt in the high debt economy. Then the IS equation

9See Appendix B for a derivation.
10This is because we only consider positive real interest rates which are less than 1/β. Combined with the transversality

condition of households, this must be the case.
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(26) - and in fact all equilibrium outcomes (as we show next) - will be identical in the two economies.

In this sense, conditional on a path of marginal taxes τt, government debt is not a state variable in this

economy despite incomplete markets. This is reminiscent of a similar result in Bhandari et al. (2017b).

3.3 Phillips Curve

The solution to the pricing problem of a firm described in section 2.3 is given by:

ΞΠt (Πt − 1) = 1− θ
(

1− x
1−α
α

t

)
+ Ξ (Πt+1 − 1) Πt+1

[
1

1 + rt

xt+1

xt

]
(27)

where we have imposed a symmetric equilibrium. Aggregate real dividends can then be written as:

D̄t = xt −
x

1
α
t

α

Note that as Ξ → ∞, equation (27) implies Πt = 1 for all t. We refer to this case as the “rigid price

benchmark”. In the “flexible price benchmark” (Ξ = 0), (27) implies that output is given by:

Y ∗ =

[
θ (1− α) + α

θ

] [
α (θ − 1)

θ

] α
1−α

(28)

In summary, despite being an incomplete markets model, given a path of marginal taxes {τt}, the

entire model can be summarized by the following equations which describe the dynamics of only aggregate

variables: the IS equation (26), the MPC recursion (23), the Phillips curve (27), the definition of GDP Yt

(15), the monetary policy rule (17) and finally, the Fisher equation 1+it
Πt+1

= 1 + rt.

3.4 The cyclicality of income risk in General Equilibrium

So far we have not described the properties of individual income risk σ2
y,t which enters the individual

household decision problem, and thus the aggregate IS equation (26). We now show that in equilibrium,

σ2
y,t depends on aggregate output Yt according to some function:

σ2
y,t = σ2(Yt)

The structure of σ2(Y ) depends endogenously on many factors - such as the cyclicality of wages, time

varying dividend policies and in particular, fiscal policy. For our purposes, however, this rich array of

factors affecting the level and cyclicality of income risk can be summarized by σ2(Y ), as we now explain.

Plugging in the expression for real wages (14) and the dividend function (7) into equation (5) yields

the following expression for each household’s income:

yit =
[(

1− τ (Yt)
)
ω(Yt) + δ(Yt)

] (
`it − 1

)
+ yt (29)
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where yt denotes mean household income and is defined by:11

yt = (1− τ (Yt))ω(Yt) + D̄t + Tt (31)

and ω(Y ) defines the equilibrium real wage consistent with net output being Y .12 Thus, in equilibrium,

individual income is normally distributed: yi,t ∼ N
(
yt,σ

2(Y )
)

where

σ2(Y ) =
[(

1− τ (Yt)
)
ω(Y )1/α + δ(Y )

]2
σ2
` (Y ) (32)

Thus, household income yit can be summarized by its mean yt and variance σ2(Y ).

Determinants of the level of income risk Equation (32) shows that fiscal policy can affect the level

of income risk. Trivially, by setting τ = 1, the fiscal authority can totally eliminate labor income risk. In

this case, the fiscal authority confiscates each household’s labor income and then returns an equal share

to each household, thus eliminating any variation in income arising from stochastic endowment shocks.

Similarly, higher δ, i.e. more unequally distributed dividends increases income risk. Finally, a higher level

of endowment/employment risk σ2
` increases income risk to the extent that redistribution through the tax

and transfer system is less than perfect (τ < 1) or dividends are unequally distributed (δ > 0).

Determinants of the cyclicality of income risk Define the cyclicality of income risk as σ2(Y )
dY . This

answers the following question: Supposing all exogenous variables were held fixed, and aggregate income

was higher than its steady state level, would the variance of idiosyncratic income be higher or lower?13

Equation (33) shows that the cyclicality of income risk, so defined, depends on 4 factors: (i) the cyclicality

of wages ω′(Y ); (ii) the cyclicality of labor taxes, τ ′(Y ); (iii) firms’ dividend policy, i.e. whether dividends

are more or less unequally distributed in good times compared to bad, δ′(Y ); (iv) the cyclicality of labor

endowment risk
dσ2

` (Y )
dY . This last factor can be thought of as unemployment risk which is not explicitly

modeled here: if the probability of becoming unemployed is greater in recessions, i.e the probability of

drawing a low labor endowment if higher when Y is low, then
dσ2

` (Y )
dY > 0.

dσ2(Y )

dY
= 2σ(Y )σ`(Y )

(1− τ (Y ))ω′ (Y )︸ ︷︷ ︸
cyclicality of
real wages

− τ ′ (Y )ω (Y )︸ ︷︷ ︸
cylicality of

taxes

+ δ′ (Y )︸ ︷︷ ︸
cyclicality of
dividend risk

+
σ2 (Y )

σ2
` (Y )

dσ2
` (Y )

dY︸ ︷︷ ︸
cyclicality of

employment risk

(33)

11Note for future reference that mean household income is equal to GDP minus fiscal surplus minus government expenditures:

yt = Yt − St −Gt (30)

12The function ω(Y ) solves Y =
(

α
1−α

)α
ωα −

(
α

1−α

)
ω with the understanding that we only consider the smaller of the

two solutions for ω.
13In a richer model featuring aggregate shocks, this notion of cyclicality - which is the relevant one when discussing de-

terminacy and policy puzzles - need not coincide with the definition used in the empirical literature, namely the correlation
between income risk and some measure of aggregate economic activity (Storesletten et al. (2004), Guvenen et al. (2014)). In
our simple model without aggregate shocks, though, the definitions are essentially equivalent.
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The Importance of Fiscal policy in determining the cyclicality of income risk Just as the level

of taxation affects the level of income risk, the cyclicality of fiscal policy affects the cyclicality of income risk,

i.e. σ2(Y )
dY . For example, if the fiscal authority cuts the labor income tax rate in recessions and raises it in

booms, i.e. τ ′(Y ) > 0, this would tend to make income risk countercyclical. Conversely, if the government

paid lumpsum transfers in recessions financed by proportional taxes, i.e. τ ′(Y ) < 0, this would tend to

make income risk more procyclical. As we will see, the cyclicality of income risk emerges as the central

factor determining whether, and how, HANK economies are different from RANK economies. Since fiscal

policy itself affects the cyclicality of income risk, it takes center stage in determining how monetary policy

can affect the economy in an economy with incomplete markets. This interplay of fiscal and monetary policy

in determining equilibrium outcomes is logically distinct from the well known set of issues dealing with

monetary- fiscal coordination discussed by Leeper (1991), Woodford (1996) and Cochrane (2017b) among

others. Those issues concern whether the fiscal authority raises sufficient surpluses to remain solvent along

any price path. In our environment fiscal policy always ensures solvency and thus is passive. However, how

the fiscal authority raises these surpluses, and how this varies with economic activity, affects the cyclicality

of income risk in equilibrium and thus the effects of monetary policy and shocks.

Armed with these results, we start by evaluating the key factor which affects determinacy of equilibria

in HANK models.

4 Determinacy of equilibrium in HANK economies

4.1 Equilibrium with an interest rate peg

It is well-known at least since Sargent and Wallace (1975) that under an interest rate peg - a rule which

keeps nominal interest rates constant, it = ī for all t - a representative agent monetary economy features

indeterminacy, i.e. there are multiple bounded equilibria. In flexible price economies, this indeterminacy

takes the form of multiple bounded paths of prices consistent with equilibrium. In economies with nominal

rigidities, indeterminacy manifests in both nominal and real variables. For example, in the 3 equation

NK model, a peg would violate the Taylor principle, permitting multiple bounded paths for inflation and

output.14 In the limiting case where prices are perfectly rigid, a nominal peg fixes the real interest rate

and generates indeterminacy which manifests purely in real variables, as prices are fixed.

In contrast, Auclert et al. (2017) numerically find that heterogeneous agent economies can exhibit

determinacy even under a constant real interest rate, and this becomes more likely when income risk is

procyclical. Ravn and Sterk (2017b) use a different incomplete markets model and argue that even the

standard Taylor principle is not sufficient to guarantee determinacy. Our framework explains both results.

We proceed in two steps.15 First we solve the individual decision problem under the assumption that

the real interest rate is constant and equal to its steady state value rt = r > 0. Next, we use this solution

to characterize general equilibrium under a nominal interest rate peg when firms face an infinite cost Ξ of

changing prices. As in Werning (2011), the extreme assumption of fixed prices allows us to transparently

highlight the forces which generate or interfere with determinacy of equilibria. Section 4.3 relaxes this

assumption and derives a modified Taylor principle in this general case, showing that our qualitative

14Appendix C.1 shows how pegs cause indeterminacy in the standard 3 equation RANK model.
15Without loss of generality, in this section we assume that Gt = 0 for all t.
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results do not depend on the assumption of perfectly rigid prices.

Corollary 1 (Individual decision problem). With a constant real interest rate rt = r ∈
(
0, β−1 − 1

)
, each

household’s consumption decision can be expressed as:

cit = χt + µ
[
(1 + r)ait−1 + yit

]
(34)

where µ = r
1+r ∈ (0, 1) is the marginal propensity to consume out of cash-on-hand and χt is given by:

χt = − ln [β (1 + r)]

γr
+ µ

∞∑
s=1

yt+s
(1 + r)s

− γµ2

2

∞∑
s=1

σ2
y,t+1

(1 + r)s
(35)

Equation (22) is a special case of (24) when real interest rates are fixed over time. As before, the three

terms reflect impatience, permanent income behavior and precautionary savings respectively. The only

difference relative to the characterization in Proposition 1 is that the MPC µ is not just the same across

all households but also constant across time.

Under an interest rate peg and fixed prices, the IS equation (26) becomes:

Yt = Yt+1 −
lnβ (1 + r)

γ
−
γµ2σ2

y,t+1

2
(36)

The benefit of these assumptions is that the entire economy can be described by this single equation. Its

determinacy properties depend on the relation between σ2
y,t+1 and Yt, i.e. the cyclicality of income risk.

4.2 Determinacy and the cyclicality of income risk

Steady State We concentrate on the steady state in which output is equal to its flexible price steady

state level given by Y ∗ defined in (28).16 Since the fixed price benchmark economy is summarized by one

dynamic equation (36), checking for determinacy simply entails evaluating the eigenvalue associated with

that equation. Linearizing equation (36) around Y ∗ yields:

Ŷt = ΘŶt+1 (37)

where

Θ = 1− γµ2

2

dσ2(Y ∗)

dY

Since Ŷt is a non-predetermined variable, determinacy requires that |Θ| < 1. If this condition is satisfied,

the only bounded sequence {Ŷt}∞t=0 which satisfies (37) is Ŷt = 0 for all t. If instead |Θ| ≥ 1, there are

16It is immediate from equation (36) that steady state of this economy must satisfy:

(1 + r)2 ln
[

1
β(1+r)

]
γ2r2

=
1

2
σ2(Y )

The LHS is a decreasing function of r. In other words, a high level of idiosyncratic risk must be accompanied by a lower level
of real interest rates in order to clear the savings market. It is straightforward to see that this equation has a unique solution
for r which is positive since the LHS is monotonically decreasing in r and asymptotes to infinity as r → 0. Another advantage
of our CARA economy is that we can establish uniqueness of steady states. Toda (2017) shows that in a similar economy with
CARA utility, there may exist multiple steady state interest rates if the labor endowment process is not i.i.d.
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infinitely many bounded sequences {Ŷt}∞t=0 which satisfy (37). To construct such a sequence, take any

initial condition Ŷ0; we have Ŷt = Θ−tŶ0 which is bounded and solves (37).

Next, we show that the cyclicality of income risk is the key factor which governs determinacy under a

peg in our HANK economy. There are 3 cases to consider:

Acyclical Income Risk Acyclical income risk implies that dσ2(Y ∗)
dY = 0. Then Θ = 1, and (37) is simply:

Ŷt = Ŷt+1

Any constant sequence {Ŷt} satisfies this equation. This is the standard result, familiar from the RANK

model, that a peg generates indeterminacy. Since we consider an economy with fixed prices (for now), this

indeterminacy only manifests in real variables.17 In particular, a special case of acyclical risk is zero risk

(σ2(y) = 0), in which case our economy is isomorphic to a RANK economy. However, even if idiosyncratic

risk is present in the economy but is acyclical, it lowers the equilibrium real interest rate but does not

affect determinacy. Thus both the RANK economy and a HANK economy with acyclical risk can feature

self-fulfilling, permanent, bounded deviations from steady state under an interest rate peg. Heterogeneity

and incomplete markets, per se, need not alter the determinacy properties of an economy.

Procyclical Income Risk Procyclical income risk implies that dσ2(Y ∗)
dY > 0, i.e. agents face higher

income risk when aggregate economic activity is high. We just saw that if dσ2(Y ∗)
dY = 0, then Θ = 1. Now

introduce a small amount of procyclical income risk such that Θ ∈ (0, 1). Then the only bounded solution

of (37) is Ŷt = 0 for all t: the economy features determinacy even with a peg. Auclert et al. (2017) find

similar results using numerical methods in a HANK economy with CRRA preferences. The intuition for

this result is as follows: Suppose that at date 0, households conjecture that output at date 1 is going to be

higher than steady state, i.e. Ŷ1 > 0. This belief about higher output at date 1 affects aggregate demand

at date 0 in two ways. The first is associated with the permanent income channel. Anticipating higher

income at date 1, agents demand more consumption at date 0. This increased date 0 demand raises income

at date 0, further raising consumption at date 0. Overall, via the permanent income channel, an increase

in Ŷ1 would increase Ŷ0 one-for-one. However, there is also a second effect. Since income risk is procyclical,

higher output at date 1 also increases the idiosyncratic risk agents face at date 1. This tends to reduce

date 0 consumption, and thus output, via the precautionary savings channel. Overall, an increase in Ŷ1

tends to increase date 0 output less than one-for-one.

How, then, can the expectation of higher date 1 output be sustained? It must be that households

foresee even higher output at date 2, Ŷ2 > Ŷ1 > Ŷ0. But this in turn requires that period 3 output is higher

still, and so on. Thus, any equilibrium in which Ŷ0 > 0 must be unbounded. Procyclical income risk is

a stabilizing force in this economy. If agents anticipate good times ahead, they also expect higher risk

in the future which dampens their demand for consumption. Conversely, if agents anticipate a recession

in the future, they know that this will be accompanied by a reduction in risk, which dampens the fall in

consumption. Thus, any bounded self-fulfilling booms or recessions are not possible in this economy even

though the interest rate fails to adjust.

17See Appendix C.1 for the determinacy properties of a RANK economy under an interest rate peg.
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Notice that the case with procyclical income risk also yields a “discounted Euler equation”:

Ŷt = ΘŶt+1 − γ−1r̂t with Θ ∈ (0, 1)

while the standard 3 equation RANK model yields an undiscounted Euler equation18

Ŷt = Ŷt+1 − γ−1r̂t

McKay et al. (2015) and McKay et al. (2017) argue that the RANK model feature an unrealistically strong

dependence of current consumption on interest rates far in the future while incomplete market HANK

economies can dampen this dependence. McKay et al. (2015) find numerically that outcomes in their

HANK economy look similar to outcomes in the 3 equation model RANK model if the standard Euler

equation is replaced with a “discounted Euler equation”. McKay et al. (2017) derive such an equation

analytically in a stylized incomplete markets model with a degenerate wealth distribution.

Our derivation of a similar result clarifies two points. First, it suggests that procyclical income risk

- rather than market incompleteness per se - is responsible for generating a discounted Euler equation.

Indeed, the model in McKay et al. (2017) features strongly procyclical income risk: “low productivity

households receive a constant transfer from the government while high productivity households receive all

cyclical wages and dividends, minus the acyclical transfers. ” As a result, the income gap between high

and low productivity households (equivalently the variance of individual income) is highest in booms and

lowest in recessions.19 Second, our HANK economy allows us to highlight not just that pro-cyclical income

risk generates a discounted Euler equation, but also that this, in turn, generates determinacy under a peg.

Countercyclical Income Risk Finally we consider the case of countercyclical income risk. Counter-

cyclical income risk implies that dσ2(Y ∗)
dY < 0, i.e. agents face higher income risk when aggregate economic

activity is low, pushing Θ above 1. Under a peg, an economy with countercyclical risk features “more”

indeterminacy than one with acyclical risk, in the precise sense that there are multiple paths {Ŷt} which

converge to the same steady state Y ∗. In contrast, the acyclical income risk economy features multiple

bounded paths but only one of these paths converges to Y ∗ - namely the one that starts there.

One natural force which generates countercyclical income risk is unemployment, as highlighted by

Challe and Ragot (2016), Challe et al. (2017), Ravn and Sterk (2017a) and Ravn and Sterk (2017b) among

others. Lower expected future output depresses aggregate demand today, not just because agents feel

poorer, but also because they face a higher risk of becoming unemployed. While our setup does not feature

unemployment, one can think of countercyclical income risk as an increase in the probability of drawing

low labor endowments (i.e. an increase in the variance of labor endowment) in recessions. Regardless of its

source, the mechanism through which countercyclical income risk strengthens indeterminacy is as follows.

Suppose that at date 0, households contemplate a lower output than steady state at date 1, Ŷ1 < 0. This

directly depresses consumption via the permanent income channel as agents expect to be poorer in the

future; on its own, this would tend to make date 0 output fall one-for-one with date 1 output. In addition,

18See Appendix C for details. Here r̂t denotes the log-deviation of real interest rates 1 + rt from ther steady state level.
Under fixed prices and a peg, r̂t = 0.

19In a similar vein, Werning (2015) argues that procyclical income risk rather than incomplete markets per se explains why
forward guidance is less effective in McKay et al. (2015).
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however, agents understand that lower date 1 output implies higher idiosyncratic risk at date 1. This

further lowers consumption demand at date 0 via the precautionary savings channel. Overall, Ŷ0 falls more

than one-for-one with date Ŷ1. Thus, a large fall in Ŷ0 can be sustained by a smaller fall in date 1 output

which can in turn be sustained by an even smaller fall in date 2 output. In this way, under a interest rate

peg, the economy can feature self-fulfilling episodes of low output and high risk.20

The result that countercyclical income risk can make indeterminacy more likely resonates with the

findings of Ravn and Sterk (2017b) who argue that even if monetary policy satisfies the Taylor principle,

equilibrium in a HANK model may be indeterminate. Our analysis makes clear that this result is not

a property of HANK models in general - indeed we have just seen that procyclical income risk makes

indeterminacy less likely in such models. Instead, indeterminacy is more likely in HANK models only

when income risk being countercyclical. Indeed, in the benchmark model of Ravn and Sterk (2017b),

both employed and unemployed workers have constant acyclical income while the probability of becoming

unemployed increases in recessions, generating counter-cyclical income risk.

Interestingly, while the feedback between unemployment risks and precautionary savings might be

a powerful channel amplifying economic fluctuations, our results suggest that this feedback loop makes

current consumption even more sensitive to future income and interest rate changes in economies with

countercyclical income risk, relative to RANK models. Rather than a discounted Euler equation, counter-

cyclical risk generates an “explosive Euler equation” potentially amplifying policy paradoxes such as the

“forward guidance Puzzle” which are present in the standard RANK model, as we show in Section 5.1.21

4.3 An income-risk augmented Taylor Principle

The previous section made the extreme assumption that prices were fixed, preventing us from asking

whether the Taylor principle - nominal rates should respond more than one-for one to inflation - is sufficient

to ensure determinacy in HANK models. Recent work by Ravn and Sterk (2017b) have shown that this

might not be the case. Conversely, Auclert et al. (2017) find that in HANK models, the Taylor Principle

may not even be necessary for determinacy. In particular, they numerically find that when income risk is

more procyclical, a violation of the standard Taylor principle need not imply indeterminacy. We now relax

the assumption of fixed prices in order to explore what our model has to say about these questions.

Since our model can be solved in closed form, we can derive analytical conditions under which deter-

minacy is achieved and what kind of monetary policy rules ensure determinacy. We derive a new Taylor

Principle which crucially depends on the cyclicality of income risk. We refer to this as the income-risk

augmented Taylor Principle. The intuition from the fixed price analysis holds more generally - procyclical

income risk makes indeterminacy less likely, so a smaller Taylor rule coefficient below 1 suffices for determi-

nacy, while countercyclical risk makes indeterminacy more likely, so a larger coefficient above 1 is required.

Before we present the augmented Taylor principle, it is useful to make the following assumption.

Assumption 1. Income risk is not too countercyclical.

Θ ∈
(
0, Θ̄

)
20Equally, since our model is symmetric, it can feature self-fulfilling booms characterized by low risk.
21Bilbiie (2017a) finds a similar result in a TANK model in which the precautionary savings motive is absent - modifications

of the RANK model which increase amplification also worsen the forward guidance puzzle.
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where Θ̄ is defined in Appendix D and is greater than 1 for σ2
y sufficiently small.

In the general case of sticky but not perfectly rigid prices, linearizing around the zero inflation steady

state yields the following 4-equation model:22

Ŷt = ΘŶt+1 −
1

γ
(it − πt+1)− Λµ̂t+1 (38)

µ̂t = β̃µ̂t+1 + β̃ (it − πt+1) (39)

π̂t = β̃πt+1 + κŶt (40)

it = Φππt (41)

where we define β̃ = 1
1+r as the inverse of the steady state real interest rate and Λ = γµ2σ2

y . The last

two equations are familiar from the canonical RANK model: (40) is the standard linearized Phillips curve

and finally (41) denotes the interest rate rule where it denotes the log deviation of 1 + it from steady state

while, πt denotes the log deviation of inflation Πt from steady state Π = 1. The difference between HANK

and RANK is concentrated in the aggregate demand block, represented by the first two equations.

(38) is a dynamic IS equation which relates aggregate output today to output tomorrow. This equation

is the analog of (37) in the general case where prices are not fixed (so inflation can move) and the nominal

interest rate is not pegged (and allowed to move). The first term on the RHS is the same as in (37):

whereas in the standard RANK model we would have Θ = 1, here we can have Θ < 1 for pro-cyclical

income risk and Θ > 1 for countercyclical income risk, as was described in the previous section. The second

term on the RHS of (38) denotes the standard intertemporal channel - higher real interest rates induce

households to seek a steeper path of consumption.

The third term on the RHS of (38) is new, and arises from interactions between the precautionary

savings motive and variations in real interest rates. Recall that µ̂t denotes the log-deviation of households’

(common) MPC. When the MPC is high, individual consumption is more responsive to individual income,

and so a given level of income risk translates into more volatile consumption, and thus a stronger precau-

tionary savings motive. Thus when µ̂t+1 is high, households seek to reduce consumption today relative

to tomorrow. µ̂t+1 in turn depends on the whole future path of interest rates as shown in (39). In this

sense, the −Λµ̂t+1 term in (38) and equation (39) represent a novel channel of monetary policy: tighter

monetary policy increases the sensitivity of individual consumption to individual income shocks, raising

consumption risk and reducing demand via the precautionary savings channel. This is in addition to the

standard intertemporal substitution channel of monetary policy, represented by the second term in equation

(38). If σ(Y ) = 0, Θ = 1, Λ = 0, and this economy reduces to the standard 3-equation RANK model.

The following Proposition describes local determinacy in this economy.

Proposition 3 (An income-risk augmented Taylor Principle). Consider the nominal interest rule:

it = Φππt

22Appendix C derivies the linearized model.
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The following condition is necessary and sufficient for equilibrium to be locally determinate:

Φπ > 1 +
γ

κ


(

1− β̃
)2(

1− β̃
)

+ γβ̃Λ

 (Θ− 1)︸ ︷︷ ︸
cyclicality

of
income
risk

(42)

Proof. See Appendix D.

If income risk is acyclical, Θ = 1, then determinacy requires Φπ > 1, as in the RANK model. Thus the

introduction of incomplete markets does not necessarily change the determinacy properties of equilibrium.

Away from the acyclical risk benchmark, procyclical income risk tends to make determinacy more likely,

while countercyclical risk makes it less likely, as we found in the fixed price limit. More precisely, if

income risk is procyclical (Θ < 1), determinacy obtains even if the standard Taylor principle is violated

and Φπ < 1 - unlike in the 3-equation RANK model, raising nominal rates more than one for one with

inflation is not necessary to ensure determinacy. A HANK economy with procyclical income risk contains

a powerful additional stabilizing force: a higher path of output implies higher risk, which reduces demand

and prevents the rise in output from being self-fulfilling.23 Again, our results are consistent with Auclert

et al. (2017) who find numerically that in a HANK economy with CRRA preferences, determinacy can be

ensured with a lower Taylor rule coefficient when income risk is sufficiently procyclical.

Conversely, if income risk is countercyclical (Θ > 1), the standard Taylor principle Φπ > 1 is not

even sufficient for determinacy, unlike in the RANK model. Countercyclical risk creates an additional

destabilizing force: lower output implies higher risk, reducing demand and allowing the fall in output

to become self-fulfilling. Monetary policy must respond more aggressively to prevent such self-fulfilling

fluctuations. This is consistent with the results of Ravn and Sterk (2017b), who show that a HANK

economy with countercyclical risk arising from labor market frictions can experience local indeterminacy

even when the standard Taylor principle holds. Our results emphasize that this is not a general property

of HANK economies, but depends critically on the countercyclicality of income risk.

Finally, all else equal, a higher Λ weakens the extent to which pro- or counter-cyclical income risk

warrants a deviation from the classic Taylor principle. A higher Λ makes monetary policy more powerful:

smaller changes in interest rates have a larger effect on aggregate output, operating not just through

the intertemporal channel but also by changing the passthrough from income to consumption shocks and

affecting desired precautionary savings.24

5 Some RANK policy puzzles

Recent work has argued that RANK models make unrealistic predictions about the depth of recessions

and deflation during liquidity trap episodes, the size of government spending multipliers at the zero lower

bound, and the effects of forward guidance. These perceived shortcomings have often been explained

23This argument hinges on the fact that output is partially demand-determined in this economy with nominal rigidities. In
the flexible price limit, κ→∞, we recover the standard Taylor principle Φπ > 1, whatever the cyclicality of income risk.

24As mentioned elsewhere, this channel would be absent if we had considered an economy with zero liquidity, in which case
the passthrough from income to consumption shocks is always equal to 1 and µ̂t = 0.
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by the notion that the intertemporal substitution channel is ‘too strong’ in the RANK model, in which

the representative agent is essentially a permanent income consumer, and households are on their Euler

equation at all point in time. This diagnosis suggests that moving towards a HANK model might reverse

the three ‘unrealistic’ predictions described above. Our analytically tractable framework allows us to shed

some light on how, if at all, market incompleteness might actually affect these predictions.

Turning first to forward guidance, the RANK model predicts that an interest rate cut far in the future

has a greater effect than an interest rate cut today. McKay et al. (2015) argued that market incompleteness

softens this prediction, generating behavior which can be approximated in terms of a ‘discounted Euler

equation’, in which output today moves less than one for one with output in the far future. Werning (2015)

conjectured that this result might be sensitive to the assumption of procyclical income risk. In our setting,

we confirm both McKay et al. (2015)’s result and Werning (2015)’s conjecture. Introducing acyclical income

risk into our New Keynesian model would actually amplify the forward guidance puzzle, making far future

interest rate cuts even more effective in stimulating demand today; countercyclical income risk would make

forward guidance more effective yet. However, procyclical income risk indeed creates a discounted Euler

equation in our setting, and reduces the effectiveness of forward guidance.

Similarly, when we turn to the predictions of the NK model regarding government spending multipliers

in a liquidity trap, procyclical income risk tends to reduce the perceived ‘puzzles’, while countercyclical

risk amplifies them. The 3-equation RANK model predicts multipliers substantially above 1 at the ZLB,

which are larger the longer the ZLB episode is expected to persist. Procyclical income risk reduces both

the size of the multiplier, and its dependence on the duration of the liquidity trap. Countercyclical risk,

however, increases both the size of the multiplier and its dependence on the length of the liquidity trap.

5.1 Forward guidance

As in Del Negro et al. (2015) and McKay et al. (2015), the effect of forward guidance in the RANK

model is best illustrated with a simple experiment. Suppose the monetary authority announces at date t

a temporary decline in the short-term nominal interest rate at date t+ k: it+k = −ε < 0, it+s = 0 for all

s 6= k. How does the effect of this shock on date t output depend on the horizon of forward guidance k?

In the RANK version of our economy Θ = 1, Λ = 0, and so iterating the IS equation forward yields

Ŷt = −γ−1
∞∑
k=0

(it+k − πt+k+1)

Under rigid prices (κ = 0), πt+k = 0, and nominal and real rates move by the same amount. In this

case, whatever the horizon of forward guidance k, output and consumption increase by ε at date t and

remain at this level until t + k - announcements about far future interest rates are equally as effective

as contemporaneous changes in interest rates. Under sticky (not rigid) prices (κ > 0), announcements

about far future interest rates are even more effective than contemporaneous changes. Inflation can also

be written as the present discounted value of future output gaps:

πt = κ
∞∑
k=0

β̃kŶt+k
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Figure 1. Response of output and inflation to a unit drop in nominal interest rates 5 periods in the future. Blue line indicates
RANK economy; red lines indicate HANK economies with lower lines corresponding to lower values of Θ.

A larger k (more distant changes in policy) implies output will be high for longer, creating a larger increase

in inflation, which in turn reduces real interest rates and stimulates output further. Note that in the RANK

model, all of these effects can be understood in terms of the so called intertemporal channel of monetary

policy. Lower real interest rates - caused both by a commitment to lower nominal rates and the resulting

higher expected inflation - induce households to desire a declining path of consumption. With output at

some date in the future fixed at its steady state level (implicitly by an active Taylor rule after date t+ k)

a declining growth rate of consumption implies a higher level of consumption and hence output today.

The blue line in Figure 1a shows the response of output to the announcement of a unit cut in nominal

interest rates at date t+ 5.25 As can be seen in Figure 1a the response of output remains positive until the

announced change in policy is enacted at date 5, with the largest effect on the day of announcement - date

0. Figure 1b shows that inflation behaves similarly, jumping at date 0 in anticipation of a sustained period

of higher output and then gradually declining. Figure 2 shows how the impact effect of a future one-time

cut in interest rates depends on the horizon of the policy change. Again the blue curve describes outcomes

in a RANK economy. Announced future policy changes are more effective than contemporaneous policy

changes. This phenomenon has been described as the forward guidance puzzle (Del Negro et al., 2015).

Now consider the same experiment in our HANK economy. Again, start with the case of rigid prices.

Iterating the IS equation forward now yields

Ŷt = −γ−1
∞∑
k=0

Θkit+k − Λ
∞∑
k=0

Θk
∞∑
s=1

β̃sit+k+s (43)

where we have used the fact that µ̂t+k =
∑∞

s=0 β̃
s+1it+k+s with fixed prices. Consequently, one can express

25Henceforth, whenever we plot graphs, we will use the following parameters. We set the coefficient of absolute risk aversion
γ = 1, discount factor β = 0.98, the slope of the Phillips curve κ = 0.025. In addition, we set the steady state level of
idiosyncratic risk to σ2

y = 100. While this does not matter in the RANK economy, this level of steady state risk generates a

steady state real interest rate of r = β̃−1 − 1 = 0.0126 in the HANK economy. This exercise is not quantitative in nature and
is only for illustration purposes.

21



1 2 3 4 5 6 7 8 9 10

k

0.5

1

1.5

2

2.5

 = 0.8

 = 0.95

 = 1

 = 1.05

 = 1.2
RANK

HANK

Figure 2. Impact change in output as a function of horizon of forward guidance k. Monetary policy cuts nominal interest
rates only at date t+ k

the sensitivity of output at date t to interest rate changes at date t+ k as:26

dŶt
dit+k

= −γ−1Θk − Λ
k∑
s=1

β̃sΘk−s (44)

Suppose first that idiosyncratic income risk is countercyclical, so Θ > 1. With Θ > 1, Θk is increasing in k

and so is
∑k

k=1 β̃
sΘk−s. Thus, announcements in the far future are more effective in stimulating demand

than contemporaneous changes in policy even with fixed prices:∣∣∣∣∣ dŶt
dit+k+1

∣∣∣∣∣ >
∣∣∣∣∣ dŶtdit+k

∣∣∣∣∣ , ∀k ≥ 0

The intertemporal channel is operative in both the HANK and RANK economies. Lower interest rates in

the future induce a declining path of consumption and an increase in consumption (and hence output) on

impact, in both economies. However, the FGP is more severe in this HANK economy than in the RANK

economy for two additional novel reasons which are associated with the precautionary savings channel.

The first reason is that higher output in the future reduces idiosyncratic income risk faced by households.

When households at date t+ k− 1 anticipate higher income and hence less risk at date t+ k, they increase

spending more than one for one, leading to a larger boom at date t + k − 1. This in turn leads to an

even larger boom at date t+ k − 2, and so forth. The second reason is that lower real interest rates make

consumption less responsive to current changes in income, i.e µ̂ < 0. Thus, for a given path of income

risk, consumption risk - which ultimately matters for precautionary savings - is lower, further boosting

spending today. Overall, the forward guidance puzzle can be substantially amplified relative to the RANK

26In the case where β̃ 6= Θ, this can be written as

dŶt
dit+k

= −γ−1Θk − βΛ
Θk − β̃k

Θ− β̃

In the knife-edge case where β̃ = Θ the formula simply becomes:

dŶt
dit+k

= −
(
Λk + γ−1)Θk
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economy even though markets are incomplete if income risk is countercyclical.

It is straightforward to see that if income risk was acyclical Θ = 1 while the first effect just described

would be absent, the second effect would still be operative. Indeed with Θ = 1, we can express
∣∣∣ dŶtdit+k

∣∣∣ as:

∣∣∣∣∣ dŶtdit+k

∣∣∣∣∣ = γ−1 + βΛ
1− β̃k

1− β̃

which is strictly increasing in k. While forward guidance does not affect income risk - which does not depend

on the level of aggregate economic activity in this case - it does reduce the sensitivity of consumption to

income by lowering µt and thus, boosts consumption by lowering desired precautionary savings.

Thus procyclical income risk (Θ < 1) is essential if incomplete markets are to resolve the forward

guidance puzzle. This generates a discounted Euler equation as in McKay et al. (2017), and the response

of date t output to a unit reduction in interest rates at t+k has two components, as can be seen from (44).

The first term γ−1Θk is decreasing in k, which tends to make announcements about future interest rate cuts

less effective in stimulating demand than contemporaneous cuts. This is not because households are not

forward-looking, or because they anticipate being borrowing constrained in the future; our households are

infinitely lived and unconstrained. Instead, it is because idiosyncratic income risk is procyclical. At date

t+k−1, households anticipate that the cut in the policy rate at date t+k will increase output and average

income, but they also expect this to generate an increase in idiosyncratic income risk. Consequently, while

higher average income would induce them to increase consumption one for one, the increase in risk tends

to reduce their consumption response, so spending at date t+ k− 1 increases less than one for one. By the

same logic, at date t + k − 2, households increase spending less than one for one in response to a smaller

expected increase in income at date t+ k − 1, and so forth.

Even if forward guidance increases idiosyncratic risk in HANK, reducing its stimulative effect, it also

reduces the sensitivity of individual consumption to income (by lowering µt), increasing its stimulative

effect. Thus, the overall effect on consumption risk and hence precautionary saving is ambiguous. For

mildly procylical income risk (Θ close to 1), this second channel may still reduce desired precautionary

savings on net, increasing the impact of interest rate cuts far in the future, and leaving the forward guidance

puzzle unresolved. However, for sufficiently procyclical income risk Θ low enough, desired precautionary

savings are reduced in the net, thus reducing the effectiveness of interest rate cuts far in the future.

The cyclicality of income risk remains key even when prices are not perfectly rigid (κ > 0). In this case,

the forward guidance puzzle is more pronounced even in the RANK model due to the expected inflation

channel which further reduces real interest rates; this carries over to HANK economies. Thus, even with

moderately procyclical income risk, the puzzle may persist in the sense that announced changes have a

larger effect on output than contemporaneous changes. Nonetheless, more procyclical income risk (lower

Θ) still reduces both the size of the output response to announced policy changes, and the gains (if any)

from future announcements. The red lines in Figure 1a illustrate the paths of output in response to a unit

cut in nominal interest rates at date 5, for various values of Θ. As can be seen, lower Θ reduces the effect

of forward guidance on output at all horizons while higher Θ increases the effect; Figure 1b shows that the

same is true for inflation.
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5.2 Fiscal multipliers

The textbook 3-equation RANK model predicts large declines in output and inflation during a liquidity

trap, when the natural rate of interest is negative and the nominal rate is constrained by the zero lower

bound. Temporary increases in government spending during the liquidity trap have unusually large mul-

tipliers (substantially greater than 1) which grow with the duration of the liquidity trap. We now explore

whether, and how, these predictions are modified in an incomplete markets model.

With nonzero government purchases and time varying βt, our linearized Euler equation becomes:27

Ŷt = ΘŶt+1 − γ−1 (it − πt+1 − ρt)− Λµ̂t+1 + Ĝt − Ĝt+1 (45)

where −ρt denotes the log-deviation of βt. We consider a scenario in which ρt = −ρ̄ < 0 for t < T and

ρt = 0 for t > T . Monetary policy is assumed to be constrained by the ZLB until date T : in log-deviations,

it = −ι < 0 for t < T . Starting at date T , we assume that monetary policy implements the zero-output

gap, zero inflation equilibrium (for example, with an appropriately specified active Taylor rule) so that

it = 0. Furthermore, consider a fiscal policy that sets Ĝt = g > 0 for the duration of the liquidity trap

(0 ≤ t < T ) and zero thereafter. Then the fiscal multiplier can be expressed as:

∂Ŷt
∂g

=

ΘT−t−1 for 0 ≤ t < T

0 else
(46)

Equation (46) in the RANK case Θ = 1, implies that the multiplier at each date during the liquidity trap

is 1, independent of the duration of the trap T . Recall that in this special case, we assumed that prices

were perfectly rigid implying that the expected inflation channel is not in operation. Incomplete markets,

per se, need not change this prediction: when risk is acyclical, also Θ = 1 and the multiplier is 1 at all

horizons, independent of the duration of the trap.

However, pro-cyclical income risk (Θ < 1) reduces the government spending multiplier below 1. Further,

in this case, the multiplier is decreasing in the duration of the trap T − t; equivalently, the multiplier

becomes larger as the end of the trap (and end of the increased spending) approaches. Intuitively, when

housholds anticipate higher government spending throughout the duration of the trap, they also expect

higher aggregate income; but because idiosyncratic risk is procyclical, this carries with it a higher level of

risk faced by each household, inducing them to spend less when real interest rates are fixed.

If on the other hand, risk is countercyclical, Θ > 1, the multiplier is greater than 1 at all horizons and is

increasing in the duration of the trap. It is important to realize that these large and increasing multipliers

are not due to the expected inflation channel (Woodford, 2011; Eggertsson, 2011). Instead, they are due to

the precautionary savings channel: higher future government spending increases aggregate output which

reduces idosyncratic risk. Anticipating this, households consume more for a fixed real interest rate.

The intuition broadly carries over to an environment with sticky rather than fixed prices. In addition to

the forces mentioned above, the expected inflation channel is now back in play and generally tends to raise

fiscal multipliers, especially in more protracted liquidity traps. However, it remains true that procyclical

risk tends to dampen the fiscal multiplier and its dependence on the duration of the liquidity trap episode,

27See Appendix B for a derivation.
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while countercylical risk amplifies the fiscal multipliers further relative to the RANK model. Figure 3a

plots the fiscal mulitplier dŶ
dg for a liquidity trap that lasts 10 periods. As described above, we consider a

fiscal policy which increases fiscal spending for the duration of the liquidity trap by some constant amount

g > 0. Recall that in the fixed price scenario described above, the fiscal multipliers were identical in the

RANK economy and the acyclical risk HANK economy. This is not literally true in the case when prices are

somewhat flexible even when risk is acyclical. In the RANK economy, higher future government spending

stimulates output which stimulates future inflation via the Phillips curve. When nominal interest rates

are constrained by the zero lower bound, higher expected inflation reduces real interest rates, encouraging

consumption and output. This expected inflation channel is also present in the HANK economy. In fact

it qualitatively strengthened in the presence of idiosyncratic risk. Lower real interest rates lower µt, the

sensitivity of household consumption to income shocks. Even when the volatility of income is fixed, as in the

acyclical risk case, this reduces the volatility of household consumption in the future, further stimulating

consumption via the precautionary savings channel. For the parameters used to plot Figure 3a this second

effect is quantitatively small with the blue line corresponding to the RANK economy lying almost on top

of the red line corresponding to the HANK economy with Θ = 1. Instead, as in the fixed price case, the

most important way in which incomplete markets affect the fiscal multiplier is again, via the cyclicality of

income risk. As can be seen in Figure 3a, more procyclical income risk (lower Θ) lowers the fiscal multiplier

while countercyclical risk amplifies the multiplier relative to the RANK economy.
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Figure 3. Fiscal Multipliers

Figure 3b illustrates how the duration of the liquidity trap episode affects the impact government

spending multiplier dŶ0/dg. In the RANK economy, the multiplier is greater than 1 and is increasing in

the duration of the liquidity trap. Relative to the fixed price scenario where this multiplier was constant

as a function of duration, here the multiplier is larger in a longer trap entirely because of the expected

inflation channel. As can be seen in the figure, procyclical risk reduces the level of the impact multiplier.

In fact, when income risk is sufficiently procyclical, the multiplier is decreasing in the duration of the

trap. The effect of the expected inflation channel is counteracted by procyclical risk. A long episode of

higher government spending financed by higher lumpsum taxes raises output. The longer the duration

of the episode, the longer output remains high. This naturally is more inflationary since inflation is just
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the sum of net discounted future output. This is the expected inflation channel. At the same time, if

risk is procyclical, a longer episode of higher output raises risk more and thus depresses private spending

more, ceteris paribus (see equation (24)). Thus, procyclical risk can cancel out or even overwhelm the

expected inflation channel lowering impact multipliers. If instead, risk is countercyclical, the expected

inflation channel and this precautionary channel work in the same direction making the multiplier larger

and strongly increasing in the duration of the liquidity trap.

6 Some additional thoughts

6.1 Adding some hand-to-mouth agents

In the nascent HANK literature, it is sometime suggested that incomplete markets matter to the extent

that households are or expect to be ‘off their Euler equation’, because this makes households less forward-

looking and weakens the strength of the intertemporal channel. In our model, households are never off

their Euler equation, yet the predictions of the model can differ substantially from that of the RANK

model, due to the precautionary savings motive. This should not really be surprising in light of the earlier

consumption literature. As is well known, in partial equilibrium, precautionary savings arises even for an

unconstrained individual if the third derivative of the period utility function is positive, as it is in our

CARA economy (Leland, 1968), (Sandmo, 1970).28 More generally, our results suggest that the effect of

incomplete markets on outcomes in a NK model depends less on whether households expect to be on their

Euler equation in the future, and more on the extent to which expectations of higher (or lower) future

output cause households to expect higher income risk, and to reduce their consumption.29

Our analysis has abstracted from liquidity constraints and MPC heterogeneity. This need not affect

our conclusions concerning determinacy and the effects of forward guidance. Suppose only a fraction η of

households in our economy were unconstrained, while a fraction 1− η are hand-to-mouth consumers with

ci, t = yit. In this case, Appendix E shows that the aggregate Euler equation can still be written as:30

Yt −
1

η
Gt −

1− η
η

Tt = −1

γ
lnβ (1 + rt) + Yt+1 −

1

η
Gt+1 −

1− η
η

Tt+1 −
γµ2

t+1σ
2
y,t+1

2
(47)

which is the same as equation (26) if η = 1. But even if η < 1, the response of output to changes in interest

rates is the same as in the model without hand-to-mouth agents. To see this, set Gt = G and Tt = T :

then (47) is identical to (26). For any η ∈ (0, 1), the responsive of aggregate output to changes in current

and future interest rates is the same as in the economy with η = 1. Thus, introducing a large number of

hand-to-mouth agents who are “off their Euler equation” need not affect the strength of the intertemporal

channel, the forward guidance puzzle and so forth.31 Varying η from 1 to 0 increases the average MPC in

28See (Carroll and Kimball, 2001) for a thorough discussion of the relation between precautionary savings and liquidity in
an individual decision problem.

29In continuous time, Achdou et al. (2017) show that even though all agents are on their Euler equation, the presence of
a borrowing constraint generates precautionary savings motive even if the third derivative of period utility functions is not
positive.

30Here without loss of generality we set τ = 0, and so St = −Gt − Tt. Appendix E contains the general specification.
31This property holds not just in our model but also in TANK models with a fraction η of unconstrained agents and 1− η

hand-to-mouth agents. To see this, suppose the consumption of the unconstrained household satisfies an euler equation:

u′(cut ) = βRtEtu
′(cut+1)
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the economy from µt to 1 but this has no effect on the response of aggregate variables to monetary policy.

While this result is by no means new to our setting (Werning, 2015), it might seem counterintuitive.

Even if only an arbitrarily small fraction of agents are unconstrained (η ≈ 0) and can adjust borrowing

and saving while everyone else is excluded from the bond market, the response of aggregate consumption

to a change in interest rates is exactly the same as if everyone was on their Euler equation. One way

to understand this, in the spirit of Kaplan et al. (2016), is as follows. Even though the direct effect of

changes in interest rates is small since it only affects a small fraction (η ≈ 0) of people, this small increase

in spending of the unconstrained increases the income of constrained households who have an MPC of 1.

These constrained households spend all of this increase in income further increasing output and so forth.

Thus, the small “direct” or “partial equilibrium” effect of monetary policy is exactly counterbalanced

by a larger “indirect” or “general equilibrium” effect.32 In this sense, while η matters greatly for the

decomposition of the response of aggregate output to changes in interest rates into direct and indirect

effects, this decomposition is completely uninformative about the net aggregate response in this example.

While the introduction of hand-to-mouth agents need not affect the response of output to interest

rates, as we have just seen, it may in fact affect this response if fiscal surpluses respond to changes in

real interest rates. For example, higher real interest rates would tend to worsen the government’s fiscal

position which might be met by a cut in public transfers T (an increase in fiscal surpluses). If all agents

were unconstrained, such a cut would have no effect on aggregate demand, but in the presence of hand-

to-mouth agents, the cut in transfers would further reduce spending and output, amplifying the effect of a

change in monetary policy. This is the main channel emphasized in Kaplan et al. (2016).

While hand-to-mouth households may or may not affect the response of aggregate variables to interest

rates, they certainly affect the average MPC of the economy, and thus the government spending and

transfer multipliers. In our baseline CARA-HANK economy with no hand-to-mouth agents, a lumpsum

transfer today financed by lumpsum taxes in the future has no effect on output. In the economy with

hand-to-mouth agents, (47) shows that this would increase output today since it 1−η
η > 1. Higher transfers

today increase the spending of hand-to-mouth agents one-for-one with the transfer, which in turn leads to

second-round effects, and so forth. Equally, it is straightforward to see from (47) that while the balanced

budget government spending multiplier33 is the same as if η was 1, the deficit-financed government spending

multiplier is larger than the balanced budget multiplier if η < 1.34 The point we want to emphasize is

that, whether or not a large fraction of agents are hand-to-mouth, the cyclicality of income risk remains a

key force determining how heterogeneity and incomplete markets affect aggregate outcomes.

while hand-to-mouth households consume cct = yt and market clearing imposes that ηcut + (1− η)cct = yt. It is immediate that

u′(yt) = βRtEtu
′(yt+1)

for any η ∈ (0, 1]. Assuming that the income of constrained and unconstrained individuals are differentially sensitive to
aggregate output, can break this result as Bilbiie (2017b) discusses.

32Perhaps a simpler explanation is that, in equilibrium, since hand-to-mouth agents consume their income, unconstrained
agents must do the same. One way or another, the magic of general equilibrium must ensure that output moves one-for-one
with the consumption of unconstrained households. Thus aggregate output is described by the the Euler equation of the
unconstrained households, just as is everyone was unconstrained. See the previous footnote for equations.

33As before we assume that the increase in spending is financed entirely by a fall in transfers T within period.
34See Mehrotra (2017) for a fuller discussion.
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6.2 The pervasive importance of fiscal policy in HANK models

In our analysis, fiscal policy emerged as the key force mediating the effect of monetary policy on equilibrium

outcomes. Procyclical income risk makes indeterminacy less likely, weakens the forward guidance puzzle

and reduces the government spending multiplier in a liquidity trap. Countercyclical risk makes indeter-

minacy more likely, worsens the forward guidance puzzle and increases the fiscal multiplier in a liquidity

trap. Holding fiscal policy fixed, the cyclicality of income risk depends on structural characteristics of the

economy: the cyclicality of real wages, how unemployment risk behaves in a recession, etc.35 But holding

these structural features, as discussed in section 3.4, fiscal policy can change the cyclicality of income risk

or even wholly flip the sign, drastically changing the transmission mechanism of monetary policy.

In order to focus on this particular interaction between fiscal and monetary policy, we purposely ab-

stracted from two other important interactions. The first concerns whether fiscal policy adjusts surpluses

to remain solvent along any price path (Leeper, 1991). Whether fiscal policy is active or passive in this

sense crucially determines the effects of monetary policy (Sims, 2011; Cochrane, 2017a). We abstract from

this issue by assuming that the government always adjusts lumpsum taxes/transfers to ensure solvency.

Even in this case, fiscal policy, by determining Θ, can affect everything. More generally these two channels

of monetary-fiscal interaction, while logically distinct, may interact. For example, if the government had

limited ability to vary lump-sum taxes and instead adjusted labor income taxes τt to ensure solvency,

these movements in τt could change the cyclicality of income risk affecting the properties of equilibrium.

The other type of monetary-fiscal interaction arises in models where incomplete markets break Ricardian

Equivalence, e.g. Kaplan et al. (2016). As discussed in the previous section, even if fiscal policy is passive in

the sense of Leeper (1991), changes in interest rates may force changes in lumpsum transfers to constrained

agents, affecting demand.36 In addition to these two types of fiscal-monetary interaction, we identify a

third novel channel through which fiscal policy affects monetary policy – by determining Θ.

7 Conclusion

The fast growing literature on HANK economies suggests that monetary policy works differently in such

environments, relative to the standard RANK economy. Much of this literature has relied on computational

methods which makes it hard (though not impossible) to understand precisely which features of incomplete

markets drive the differences between particular HANK and RANK economies. Our goal has been to shed

light on this question. To this end we presented a general HANK economy which can be solved in closed

form. We are certainly not the first to do this, but our strategy complements the approaches pursued in the

theoretical literature on HANK models in two ways. First, we do not rely on the zero liquidity limit. This

allowed us to uncover a new channel through which monetary policy affects aggregate demand: tighter

monetary policy increases the sensitivity of consumption to individual income shocks, raising consumption

risk for a given level of income risk and reducing aggregate demand via the precautionary savings channel.

This channel would be absent in a zero liquidity economy in which consumption risk is trivially the same

35Indeed,as we have shown above, whereas McKay et al. (2015), McKay et al. (2017) present a HANK economy with
procyclical risk, Ravn and Sterk (2017b), Challe (2017) present one with countercyclical risk resulting in very different
predictions.

36Eusepi and Preston (2017) describe how even in an active-money passive-fiscal regime, the scale and composition of
government debt can affect determinacy and the behavior of inflation when Ricardian equivalence fails due to imperfect
knowledge.
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as income risk. Second, our framework nests several different specifications of HANK economies in the

theoretical and computational literature so far, and explains how differences in their conclusions arise from

the differences in the cyclicality of income risk in these economies.

Werning (2015) has already shown that the cyclicality of income risk crucially affects the sensitivity

of consumption to interest rates in a zero liquidity HANK economy. We confirm that this holds more

generally. However, in addition we also show how cyclicality of income income risk affects a whole host of

other issues such as determinacy, fiscal multipliers etc. To our knowledge our closed form characterization

of determinacy properties of equilibria in terms of the cyclicality of income risk is the first of its kind.

Auclert et al. (2017) confirm this finding numerically in their CRRA economy with borrowing constraints

indicating that our characterization is applicable more generally. Since the properties of equilibrium depend

so closely on a low dimensional statistic - the cyclicality of income risk - measuring this object empirically

might help us better understand the monetary transmission mechanism in reality.37
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Appendix

A Deriving the consumption decision rule

Given a path of real interest rates {rt} and aggregate output {yt}, household i’s problem is:

max
{cit}

−γ−1E0

∞∑
t=0

βte−γc
i
t

s.t. cit +
1

1 + rt
ait+1 = ait + yi,t (48)

yit ∼ N
(
yt, σ

2
t (yt)

)
(49)
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where ait = Ait/Pt denotes the real value of household i’s wealth at the beginning of date t. The optimal

choices of the household can be summarized by the standard euler equation:

e−γc
i
t = β (1 + rt)Ete

−γcit+1 (50)

Taking logs on both sides, the equation above can be written as:

−γcit = lnβ (1 + rt) + lnEte−γc
i
t+1 (51)

Next, we guess that the consumption decision rule of household i takes the form:

cit = χt + µt
(
ait + yit

)
(52)

where χt and µt are deterministic processes that are common across all households. Given this guess, we

can use the budget constraint (48) to write:

ait+1 = (1 + rt) (1− µt)
(
ait + yit

)
− (1 + rt)χt (53)

Using equation (53), one can express consumption at date t+ 1 as:

cit+1 = χt+1 + µt+1

(
ait+1 + yit+1

)
= χt+1 + µt+1

[
(1 + rt) (1− µt)

(
ait + yit

)
− (1 + rt)χt + yit+1

]
(54)

Then it is straightforward to see that:

Et
[
−γcit+1

]
= −γχt+1 − γµt+1 [(1 + rt) (1− µt) (ai,t + yi,t)− (1 + rt)χt + yt+1]

(55)

Et
(
−γcit+1 − Et

[
−γcit+1

])2
= γ2µ2

t+1σ
2
y,t+1 (56)

and using the property of log-normals:

lnEte−γc
i
t+1 = −γχt+1 − γµt+1 [(1 + rt) (1− µt) (ai,t + yi,t)− (1 + rt)χt + yt+1] +

γ2µ2
t+1σ

2
y,t+1

2
(57)

Using this in the Euler equation (51) and matching coefficients:

µt =
µt+1 (1 + rt)

1 + µt+1 (1 + rt)
(58)

χt [1 + µt+1 (1 + rt)] = −1

γ
lnβ (1 + rt) + χt+1 + µt+1yt+1 −

γµ2
t+1σ

2
y,t+1

2
(59)

which verifies the guess. Next, solving (59) forwards and using (58) yields equation (24) in the main text:

χt =
∞∑
s=1

Qt+s|t
µt

γµt+s
ln

[
1

β (1 + rt+s−1)

]
+ µt

∞∑
s=1

Qt+s|tyt+s −
γµt
2

∞∑
s=1

Qt+s|tµt+sσ
2
y,t+s (60)
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where Qt+s|t =
∏s−1
k=0

(
1

1+rt+k

)
. If real interest rates are constant at a level r > 0, then (58) implies that

µt = µ =
r

1 + r
> 0 , ∀t (61)

which confirms the claim in Corollary 1.

B Deriving the Aggregate Euler Equation

In order to derive the aggregate Euler equation, we start with the individual consumption decision rules.

Since µt and χt do not have i superscripts, i.e. they are the same across all households, independent of

wealth of income. Thus, we can linearly aggregate this economy to get an aggregate consumption function:

ct =

∫
citdi = χt + µt

∫ (
ait + yit

)
di

= χt + µt

(
Bt
Pt

+ yt

)
(62)

where we have used asset market clearing
(
Bt
Pt

=
∫
aitdi

)
and the fact that yt =

∫
yitdi in the second line.

Then, using (62) in (59):[
ct − µt

(
Bt
Pt

+ yt

)]
[1 + µt+1 (1 + rt)] = −1

γ
lnβ (1 + rt) + ct+1 − µt+1

(
Bt+1

Pt+1
+ yt+1

)
+ µt+1yt+1

−
γµ2

t+1σ
2
y,t+1

2

Next, using (18) and (58), we can rewrite the equation above as:[
ct − µt

(
St +

Bt+1

Pt+1

1

1 + rt
+ yt

)][
1

1− µt

]
= −1

γ
lnβ (1 + rt) + ct+1 − µt+1

(
Bt+1

Pt+1
+ yt+1

)
+µt+1yt+1 −

γµ2
t+1σ

2
y,t+1

2

Recall that Yt = St + Gt + yt and in general equilibrium, ct + Gt = Yt. Combining this information with

the information above:

Yt = −1

γ
lnβ (1 + rt) + Yt+1 −

γµ2
t+1σ

2
y,t+1

2
+Gt −Gt+1 (63)

This is the same as equation (26) in the main text and (45) is the linearized version of this equation.
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C The 4 Equation HANK Model

In this section we present the linearized model. Recall that the aggregate dynamics of our HANK economy

can be fully described by:

Yt = −1

γ
lnβ (1 + rt) + Yt+1 −

γµ2
t+1σ

2(Yt)

2
+Gt −Gt+1 (64)

µt =
µt+1 (1 + rt)

1 + µt+1 (1 + rt)
(65)

ΞΠt (Πt − 1) = 1− θ
(

1− x
1−α
α

t

)
+ Ξ (Πt+1 − 1) Πt+1

[
1

1 + rt

xt+1

xt

]
(66)

1 + it = (1 + r)ΠΦπ
t (67)

where 1 + rt = 1+it
Πt+1

and Yt = xt − x
1
α
t . Next, we linearize the model. In what follows, it, πt and µ̂t

denote the log-deviations of 1 + it,Πt and µt from their steady state values 1 + i = 1 + r,Π = 1 and

µ = r
1+r respectively. Ŷt and Ĝt denote the deviations in levels of Yt and Gt from the steady state levels

Y =
(

1
θ−1

) (
1− 1

θ

) 1
1−α and G. The linearized model is given by:

Ŷt = ΘŶt+1 − γ−1 (it − πt+1 − ρt)− Λµ̂t+1 + Ĝt − Ĝt+1 (68)

µ̂t = β̃ (µ̂t+1 + it − πt+1) (69)

πt = β̃πt+1 + κŶt (70)

it = Φππt (71)

where −ρt is the log-deviation of β from steady state, Λ = γµ2σ2(Y ∗), Θ = 1 − γµ2

2
dσ2(Y ∗)
dYt

, β̃ = 1
1+r is

the inverse of the steady state real interest rate, and κ = θ−1
Ξ

[
θ(1−α)

1−θ(1−α)

] (
θ
θ−1

) α
1−α

. Notice that as Ξ→∞
(prices become perfectly rigid) κ→ 0.

C.1 The 3 equation RANK model

The standard 3 equation RANK model is a special case of our 4 equation HANK model. In the case of a

representative agent model, σ2(Y ) = dσ2(Y )
dY = 0 and β̃ = β. Thus, in the RANK model, Λ = 0 and Θ = 1.

Thus, we can write the system as:

Ŷt = Ŷt+1 − γ−1 (it − πt+1 − ρt) + Ĝt − Ĝt+1 (72)

πt = β̃πt+1 + κŶt (73)

it = Φππt (74)

Notice that the dynamics of µ̂t given by µ̂t = β̃ (µ̂t+1 + it − πt+1) no longer affect the dynamics of Ŷt and

πt. Thus, we can ignore that equation in the RANK model.
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C.2 Determinacy properties of the RANK model under a peg

It is commonly known that if the monetary authority follows a nominal interest rate peg, Φπ = 0 then

the standard RANK model features local indeterminacy. In other words, with Φπ = 0 there are multiple

bounded path of Ŷt and πt which satify equations (72)-(74). More generally, as long as |Φπ| < 1, the

standard RANK model features local indeterminacy. See Sargent and Wallace (1975), Bullard and Mitra

(2002) and Gaĺı (2015) for a detailed exposition. This indeterminacy is generally associated with unan-

chored inflation. If prices are sticky κ > 0, the indeterminacy in prices also manifests itself in output.

However, if prices are perfectly rigid, indeterminacy under a nominal peg manifests only in output since

prices cannot move. To see this, notice that with perfectly rigid prices, the RANK model can be written

as (with Ĝt = 0 wlog):

Ŷt = Ŷt+1 (75)

πt = 0 (76)

As can be clearly seen, any constant level of output is consistent with a bounded equilibrium in this case.

With fixed prices, a fixed nominal interest rate translates into a fixed real interest rate. In this extreme

case, output is demand determined expectations of higher income in the future are self-fulfilling and raise

the level of income today by the same amount.

D Determinacy in HANK

Setting Ĝt = ρt = 0, equations (68)-(71) can be written in matrix form asΘ 1
γ −Λ

0 β̃ 0

0 −β̃ β̃


︸ ︷︷ ︸

A

Ŷt+1

π̂t+1

µ̂t+1

 =

 1 Φπ
γ 0

−κ 1 0

0 −β̃Φπ 1


︸ ︷︷ ︸

B

Ŷtπ̂t
µ̂t



and so

A−1B =


1
θ +

κ(γ−1−Λ)
βθ

(γ−1−Λ)(Φπ−β−1)
θ − Λ

βθ

−κ
β

1
β 0

−κ
β

1
β − Φπ

1
β


The characteristic polynomial of this system is:

P (z) =
1 + γ−1κΦπ

β̃2Θ
− z3 +

β̃2 + 2β̃Θ + β̃κ(γ−1 − Λ)

β̃2Θ
z2 − 2β̃ + β̃κΦπ(γ−1 − Λ) + Θ + κγ−1

β̃2Θ
z (77)

Determinacy requires that all the roots of P lie within the unit circle. Clearly we have limz→−∞ P(z) = +∞,

limz→+∞ P(z) = −∞. Under the assumption that γ−1 > Λ, P(z) > 0 ∀z ≤ 0. Thus, determinacy requires

that P(1) > 0. Otherwise, the polynomial would have at least one real root within the unit circle. Thus
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we need

P (1) =
(1−Θ)

(
1− β̃

)2

β̃2Θ
+
κγ−1

(
1− β̃

)
+ β̃κΛ

β̃2Θ
(Φπ − 1) > 0

which implies

Φπ > 1 +
1

κ

 γ
(

1− β̃
)2(

1− β̃
)

+ γβ̃Λ

 (Θ− 1) (78)

Under our maintained assumptions, this condition is always necessary for determinacy. Next, we show

that it is sufficient for determinacy under the following assumptions.

Assumption 2. 2β̃ − 1− β̃3 > 0, Λ < γ−1, and income risk is not too countercyclical, i.e.

Θ− 1 < min

(1− β̃)(1− β̃2 + γ−1κ) + β̃(γ−1κ− β̃2)γΛ

β̃ − (1−β̃)2

(1−β̃)+β̃γΛ
− β̃3(1− γΛ)

,
1

β̃Λ
− 1 +

γ−1κ

β̃2
,

1− β̃ + γ−1κ

β̃ − (1−β̃)2

1−β̃+β̃γΛ


Note that when Λ = 0, this last assumption reduces to

Θ− 1 < min

{
(1− β̃)(1− β̃2 + γ−1κ)

2β̃ − 1− β̃3
,

1− β̃ + γ−1κ

2β̃ − 1

}

which is strictly positive, under our other assumptions. Thus for Λ sufficiently close to zero, our risk-

adjusted Taylor principle is sufficient for determinacy even under moderately countercyclical income risk.

The other assumptions in 2 are satisfied for reasonable parameter values of the discount factor β as we

now show.

Lemma 1. If β >
√

5
2 −

1
2 , then 2β̃ − 1− β̃3 > 0 and Λ < γ−1.

Proof. Recall that we define β̃ = 1
1+r , Λ = γ

(
r

1+r

)2
σ2
y , and r solves

(1 + r)2 ln
[

1
β(1+r)

]
γ2r2

=
1

2
σ2
y

It is immediate that β̃ ∈ (β, 1), so β̃ > β >
√

5
2 −

1
2 and 2β̃ − 1− β̃3 > 0. Using the definition of Λ and the

fact that r > 0, and rearranging,

γΛ < 2 ln

(
1

β

)
< 2 ln

(
2√

5− 1

)
< 1

So we are done.

With these assumptions in hand, we can provide sufficient conditions for determinacy. Lemma 2

provides sufficient conditions for a general cubic polynomial to have all its roots outside the unit circle,

as required for determinacy. Lemma 3 then concludes by showing that these conditions are satisfied if

Assumption 2 holds and the risk-adjusted Taylor principle (78) is satisfied.
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Lemma 2. Consider the characteristic polynomial

P(z) = −z3 +A2z
2 +A1z +A0 = (z1 − z)(z2 − z)(z3 − z)

Suppose A2 > 0,A1 < 0,A0 > 0. Then the following two conditions are sufficient38 for P to have three

roots outside the unit circle:

A2
0 −A0A2 −A1 − 1 > 0 (79)

−1 +A2 +A1 +A0 > 0 (80)

A1 > 1 (81)

Proof. Assume the conditions hold. Since P(1) = −1 +A2 +A1 +A0 > 0 and limz→+∞ P(z) = −∞, there

is at least one real root above 1; let this be z3. Either z1, z2 are complex conjugates, or they are both real.

Suppose they are complex conjugates. Note that

(z1z2 − 1)(z2z3 − 1)(z3z1 − 1) = A2
0 −A0A2 −A1 − 1 > 0

z2z3− 1 and z3z1− 1 are complex conjugates, so their product is a positive real number. So we must have

z1z2 = |z1| = |z2| > 1, i.e. all eigenvalues lie outside the unit circle in this case. Suppose then that z1, z2

are both real. P(0) = A0 > 0, so P has either two real roots in (0, 1) or none (in which case we are done,

since it has no negative real roots). Suppose z1, z2 ∈ (0, 1). By (80), we have

z2
3(z1z2 − 1)(z1 − z−1

3 )(z2 − z−1
3 ) > 0

z2
3(z1z2 − 1) < 0 by assumption, so we must have (letting z1 < z2 without loss of generality)

0 < z1 < z−1
3 < z2 < 1

So z1z2z3 < z−1
3 z2z3 = z2 < 1. Since we have assumed A0 = z1z2z3 < 1, this case is ruled out. Then it

must be that all eigenvalues lie outside the unit circle.

Next, we show that under assumption 2, the risk-adjusted Taylor principle (78) is sufficient to ensure

that the conditions in Lemma 2 obtain.

Lemma 3. Suppose Assumption 2 holds and Φπ satisfies (78). Then A−1B has three eigenvalues outside

the unit circle.

Proof. Suppose (78) holds: then (80) holds. Given our assumptions, we have A0,−A1, A2 > 0. It only

remains to show (79) and (81). Using the definition of the characteristic polynomial in (77), some algebra

38The first two conditions are also necessary.
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yields

A2
0 −A0A2 −A1 − 1 = β−1

(
1 + γ−1κΦπ

β̃Θ
− 1

)
︸ ︷︷ ︸

B1

(
1 + γ−1κΦπ

β̃2Θ
− β̃ + Θ + κ(γ−1 − Λ)

β̃Θ
+ βγ(γ−1 − Λ)

)
︸ ︷︷ ︸

B2

+
γ

βΘ
+ γ

(
γ−1κ

β̃2Θ
− 1

)
Λ︸ ︷︷ ︸

B3

> 0

We will show B1, B2, B3 > 0. First take B2. Multiplying through by the positive number β̃2Θ and using

the lower bound on Φπ given by (78), we have

β̃2ΘB2 = (1− β̃)[κγ−1 + 1− β̃2] + β̃(γ−1κ− β̃2)γΛ− (Θ− 1)

[
β̃ − (1− β̃)2

(1− β̃) + β̃γΛ
− β̃3(1− γΛ)

]

The term in square brackets is minimized when Λ = 0, in which case it equals 2β̃ − 1 − β̃3 > 0. So it is

positive, and we will have B2 > 0 provided that

Θ− 1 <
(1− β̃)[κγ−1 + 1− β̃2] + β̃(γ−1κ− β̃2)γΛ

β̃ − (1−β̃)2

(1−β̃)+β̃γΛ
− β̃3(1− γΛ)

which is guaranteed by Assumption 2. Next we show B3 > 0. We have

B3 =
γ

β
+
κΛ

β2
− γΛΘ

which will be positive provided that

Θ <
1

β̃Λ
+
γ−1κ

β̃2

as ensured by Assumption 2. Next we show B1 > 0. Given (78),

B1 =
1 + γ−1κΦπ

β̃Θ
− 1 >

1

β̃Θ

1 + γ−1κ+


(

1− β̃
)2(

1− β̃
)

+ γβ̃Λ

 (Θ− 1)− βΘ


which is positive provided that

Θ− 1 <
1− β̃ + γ−1κ

β̃ − (1−β̃)2

1−β̃+β̃γΛ

as ensured by Assumption 2. This establishes that (79) is satisfied. To apply Lemma 2 we only need to

check condition (81), i.e.

A0 =
1 + γ−1κΦπ

β̃2Θ
> 1

Since B1 = 1+γ−1κΦπ
β̃Θ

− 1 > 0 and β̃ ∈ (0, 1), this is immediate. So we are done.
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E A Model with some hand-to-mouth agents

In this section, we augment our standard model to accommodate a mass of agents who are hand-to-mouth,

i.e. for these agents cit = yit for all t. Relative to our baseline model, we now have a fixed fraction 1−η ≤ 1

of agents who are hand-to-mouth while the rest are not (who we call unconstrained agents). . Proposition

1 is still valid for these unconstrained agents and hence their consumption decision rules can be described

by (21). Then, the average consumption of unconstrained agents cut at date t can be written as:

cut = χt + µt (at + yt)

Asset market clearing is now given by ηat = Bt
Pt

since only the unconstrained agents hold assets. Imposing

asset market clearing, we can write the above as:

cut = χt + µt

(
1

η

Bt
Pt

+ yt

)
Using this expression in (59)and using (18) and (58):

[
cut − µt

(
St
η

+ yt

)](
1

1− µt

)
= −1

γ
lnβ (1 + rt) + cut+1 −

γµ2
t+1σ

2
y,t+1

2

In GE, we have Yt = St+Gt+yt and ηcut + (1−η)cct = Yt−Gt where cct = yt is the average consumption of

constrained households. Substituting these into the equation above yields equation (47) in the main text:

Yt −Gt +
1− η
η
St = −1

γ
lnβ (1 + rt) + Yt+1 −Gt+1 +

1− η
η
St+1 −

γµ2
t+1σ

2
y,t+1

2
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