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Abstract

We consider nonlinear moment restriction semiparametric models where both the di-
mension of the parameter vector and the number of restrictions are divergent with sample
size and an unknown smooth function is involved. We propose an estimation method
based on the sieve generalized method of moments (sieve GMM). We establish consis-
tency and asymptotic normality for the estimated quantities when the number of param-
eters increases modestly with sample size. We also consider the case where the number
of potential parameters/covariates is very large, i.e., increases rapidly with sample size,
but the true model exhibits sparsity. We use a penalized sieve GMM approach to se-
lect the relevant variables, and establish the oracle property of our method in this case.
We also provide new results for inference. We propose several new test statistics for the
over-identification and establish their large sample properties. We provide a simulation
study that shows the performance of our methodology. We also provide an application to
modelling the effect of schooling on wages using data from the NLSY79 used by Carneiro
et al. [17].
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1 Introduction and examples

Large models are the focus of much current methodological research. As pronounced by Athey
et al. [5]: “There is a large literature on semiparametric estimation of average treatment effects
under unconfounded treatment assignment in settings with a fixed number of covariates. More
recently attention has focused on settings with a large number of covariates”. Belloni et al.
[9] review a number of approaches to estimation and selection in large models defined through
linear moment restrictions. We consider a class of nonlinear moment restriction models where
there are many Euclidean-valued parameters as well as unknown infinite dimensional functional
parameters. The setting includes as a special case the partial linear regression model with
some weak instruments and endogeneity, Robinson [60], except in our case the number of
covariates in the linear part may be large, i.e., increase to infinity with sample size. There are
sometimes many binary covariates whose effect can be restricted to be linear, perhaps after
a transformation of response, but other continuous covariates whose effect is thought to be
nonlinear. In panel data, one may wish to allow for many fixed effects or interactive effects
in an essentially parametric fashion, but capture the potential nonlinear effect of a critical
covariate or a continuous treatment variable nonparametrically. If both the cross-section and
time series dimension are large then these quantities are all estimable. See for example Connor
et al. [27].

We use the generalized method of moments (GMM) to deliver simultaneous estimation of all
unknown quantities from a large dimensional moment vector. There is a considerable literature
on GMM in parametric cases following Hansen [41]. There is a general theory available for
non-smooth objective functions of finite dimensional parameters (e.g., Pakes and Pollard [55]
and Newey and McFadden [50, Section 7]). Some recent work has focused on the extension to
the case where there are many moment conditions but some conditions are more informative
than others, the so-called weak instrument case, see Newey and Windmeijer [53] and Han and
Phillips [40]. There is a large literature on semiparametric estimation problems with smooth
objective functions of both finite and infinite dimensional parameters (e.g., Bickel et al. [14],
Andrews [2], Newey [48], Newey and McFadden [50, Section 8|, Pakes and Olley [54], Chen
and Shen [25] and Ai and Chen [1]). Chen et al. [23] extended this theory to allow for non-
smooth moment functions. Other work has sharpened and broadened the applicability of the
semiparametric case where the number of Euclidean parameters is finite but there are unknown
function-valued parameters and endogeneity (see, for example Chen and Liao [22]). Our work
extends the semiparametric theory to the case where the parametric component is growing in
complexity, which is of particular relevance for modern big data settings.

We suppose that

E[m(V,a' X, g(Z))] =0, (1.1)



where m is a known vector of functions whose dimension ¢ is large. Here, « is an unknown
Euclidean-valued parameter whose dimension p is large, while g is a vector of unknown smooth
functions. The random variable V' typically represents a dependent variable and possible in-
strumental variables, while the vectors X and Z are explanatory variables. We suppose that
Z is of finite dimension, but the dimension of X (and V) may be large, i.e., diverge. We
suppose that a random sample {V;, X;, Z;, i = 1,...,n} is observed and that p = p(n) — oo
and ¢ = g(n) — oo as n — oo with ¢ > p. For our main inference results we consider the case
where (at least) p/n — 0, similar to Portnoy [57], Portnoy [58] and Mammen [47]. The moment
restriction model (1.1) features high dimensionality in two ways: a high dimensional Euclidean
parameter (a) (that shows up in a single-index form), and an infinite dimensional unknown
function g(-). The number of moment conditions necessarily increases to infinity. Together this
represents a new framework in the literature.

The parameters of interest are particular functionals of @ and ¢g. In many applications
both types of quantities are of interest. For example, the weighted average MTE parameter
in Carneiro et al. [17] depends on both « and g. In financial econometrics a leading example
is the conditional value at risk, which depends on the parameters of the dynamic mean and
variance model and on the quantile of the error distribution. We simultaneously estimate «
and ¢ in the parameter spaces defined below and then compute plug-in estimators from the
estimates of o and g. Chen et al. [23] study a fixed-dimensional moment restriction model
containing an unknown function. They consider both two step and profiled two-step methods.
A similar approach is used in Chen and Liao [22]. Kernel estimation techniques in particular
require an additional (albeit related) estimating equation for the function valued part, and
either two-step or profile methods are common, see, for example, Powell [59]. We use the sieve
methodology ( see Chen [20] for a review) to estimate the model (1.1) in one step. Suppose
that g(-) belongs to a suitable Hilbert space. We expand the function ¢(-) into an infinite
orthogonal series in terms of a basis in the Hilbert space, {¢;(2)}, say. As a result, g(z) can
be approximated by the partial sum Zf:_ol Bjpj(z) in the norm of the space. In this way, the
unknown function is completely parameterized, which enables us to estimate the parameter
vector o and the function g(-) in model (1.1) simultaneously. Simultaneous estimation should
lead to small sample efficiency gains; it also allows us to impose ”cross-species” restrictions
that link o and ¢. This approach also avoids high level assumptions, such as in Chen et al.
[23] and Han and Phillips [40]. We establish the consistency and (self-normalized) asymptotic
normality of the parameters of interest (which are general functionals of («, ¢)) and provide a
feasible central limit theorem (CLT) that allows normal based inference about the parameters
of interest. We also propose some new test statistics to address the over-identification issue,

and establish their large sample properties.



We then consider the ultra-high dimensional case where the number of potential X variables
is extremely large, i.e., much larger than the sample size, but only a smaller subset of them
are relevant, i.e., the parametric part of the model possesses sparsity. That is, we suppose that
p >> n but a contains many zero elements, although we do not know a priori the location
of these zeros. This case has been considered by a number of recent studies in econometrics,
Belloni et al. [12], and is the focus of much research in statistics. To address this issue we
combine the GMM objective function with a specific penalty function, a folded concave penalty
function (see Fan and Li [33]). We show that variable selection and estimation can be done
simultaneously and our method achieves the oracle property, like Fan and Liao [34]. We also
provide a result on post model selection inference, which allows us to use the distribution theory
obtained in the first part of the paper. In a series of innovative papers by Belloni et al. [6],
Belloni and Chernozhukov [7], Belloni et al. [11], Belloni et al. [9], and Belloni et al. [10], the
authors develop the approximate linear model (ALM) framework. In that setting there is no
formal distinction between parametric and nonparametric components and the methodology
is built around the selection tools. Our more traditional semiparametric approach is explicit
about the model components and their relative complexity. In particular, we specify that ¢ is
nonparametric and has to be estimated simultaneously with the parametric part.

We close with a discussion of applications. A common genesis for the unconditional moment
restrictions (1.1) is conditional moment restrictions perhaps from some economic model (Hansen
[41]). Let W; be a sub-vector of (X, Z])" and let p(Y;, o' X;,9(Z;)) be a known J-dimensional

vector residual. Then, suppose that («, g) is determined by the conditional moment restriction
E[p(Y;, o' X;,9(Z;))|[W;] =0, almost surely.

Let ®x(w) = (hy(w),. .., hg(w)) be a vector of functions whose combination can approximate
any square integrable function of W in some sense arbitrarily as K — oco. Then, the conditional

moment restriction implies that

Define m(Vi, o' X;, g(Z;)) = p(Y;, o' Xi, g(Z;)) @@ i (W;), where V; = (Y;, W;)" and “®” denotes
the Kronecker product. Notice that the dimension of the function m is ¢ = JK, which increases
with K. Therefore, the pair («,g) can be solved from the unconditional moment equation
E[m(V;,a" X;,9(Z;))] = 0. A specific example is a high dimensional partially linear model with
endogenous covariates. Let Y; = o' X;+¢(Z;) +e;, i = 1,...,n, where o € R? and e; is an error
term such that Ele;] = 0 for all i. Here, X; is endogenous in the sense that E[e;|X;] # 0. In the
case where the dimensionality of « is fixed, there are various results available in the literature
(see, for example, Robinson [60]; Gao and Liang [36]; Gao and Shi [37]; Hérdle et al. [42]).



To deal with the endogeneity, let W; be a vector of instrumental variables and define a set

of valid instruments \; = A\(Z;, W;) with dimension ¢ (¢ > p). Denote
m(Vi, o' X;, 9(Zi) = (Yi — &' Xi — 9(Z:))MZi, W)

with V; = (Y;,W])". Then, we have the moment condition E[m(Y;, W;,a'X;,9(Z;))] = 0,
which can be used to identify the parameter o and the nonparametric function g(-). Moti-
vated by Robinson [60] and Belloni et al. [6] an alternative moment condition in this case is
m(Vi, o' Xi,9(Z:)) = (Yi — gv(Zi) — o' (Xi — 9x(Z)) . Yi — gv (Z), (Xs — g9x(Z:))") M Zi, Wi),
where gy (Z;) = E(Y;|Z;) and gx(Z;) = F(X;|Z;). Essentially this is the efficient score func-
tion for « in a special case, Bickel et al. [14]. One can jointly estimate «, gy, gx from this
moment condition and then obtain ¢g(Z) = gy (Z) —a'gx(Z). See Chernozhukov et al. [26] for a
more general discussion of the advantages of certain moment functions over others in a general
semiparametric moment condition setting. A slightly more complex model appears in Carneiro

et al. [17] who consider the following in their equation (9):

ElY - X6 — P(Z)X o — R(Z)|X,Z] = 0,
E[I(S=1) - P(Z)|Z] =0,

(1.2)

where P(-), R(-) are nonparametric, I(-) is the indicator function, and S is the selection indi-
cator. The outcome variable is the log wage, and X, Z are observed individual characteristics.
Here, because the dimension of Z in general is greater than three, a single-index structure is
adopted for the nonparametric function P(Z), i.e., P(Z) := A(6,7Z). Furthermore, the function
R(z) = g(P(z)), where g is unknown. The dimension of X may be large.

The rest of the paper is organized as follows. Section 2 gives the estimation procedure.
Section 3 establishes the large sample theory for the estimator. In Section 4 we provide two
methods for testing over-identification. In Section 5 we propose and analyze procedures for
selecting covariates/parameters under sparsity. In Section 6 we evaluate the performance of
our procedures using simulations. In Section 7 we apply our method to investigate the effect
of schooling on earnings using the model and data of Carneiro et al. [17]. The last section
concludes.

Throughout, || - || can be either Euclidean norm for vector or Frobenius norm for matrix, or
the norm of functions in function space depending on the context; ® denotes Kronecker product

for matrices or vectors; := means equal by definition; I, is the identity matrix of dimension 7.

2 Estimation procedure

We can allow multiple indexes in m but for simplicity of notation we suppose that « is a vector

rather than a matrix. The unknown function g(-) can be a vector of functions or a multivariate
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function. Both of these contexts are useful in practice and they may be dealt with similarly using
the sieve method. For the sake of easy exposition, however, we suppose in this paper that g is a
single multivariate function defined on Z C R?. Let g € L*(Z,m) = {f : [, f*(z)7(2)dz < oo}
a Hilbert function space, where 7(+) is a user-chosen density function on Z. The choice of the
density 7 relates to how large the Hilbert space is chosen, since the thinner the tail of the
density is, the larger the space is. For example, L*(R,1/(1+ 2%)) C L*(R,exp(—z?)). An inner
product in the Hilbert space is given by (fi, fo) = [, f1(2) f2(2)7(2)dz, and hence the induced
norm ||f|| = /{f, f) for any fi(2), fa(2), f(2) € L*(Z, ). Two functions fi, f» € L*(Z, ) are
called orthogonal if (fi, f2) = 0, and further are orthonormal if ||fi|| = 1 and || f2|| = 1.

The parameter space for model (1.1) is defined as, © = {(a, f) : a € R?, f € L*(Z, )},
which contains the true parameter («, g) as an interior point by the measure defined below in
(2.2).

Assumption 2.1 Suppose that {¢;(-)} is a complete orthonormal function sequence in L*(Z, ),

that is, (@i(-), ;(+)) = 0;; the Kronecker delta.

Recall that any Hilbert space has a complete orthogonal sequence (see Theorem 5.4.7 in
Dudley [31, p. 169]). In our setting, although ¢ is multivariate, the orthonormal sequence
{¢;(-)} can be constructed from the tensor product of univariate orthogonal sequences. Thus,
we hereby briefly introduce some well known univariate orthonormal sequences.

Generally speaking, an orthonormal sequence depends on its support on which it is defined
and the density by which the orthogonality is defined. Hermite polynomials form a complete

*. Laguerre polynomials are a complete

orthogonal sequence on R with respect to the density e~
orthogonal sequence on [0,00) with density e™*; Legendre polynomials and also orthogonal
trigonometric polynomials are complete orthogonal sequence on [0, 1] with the uniform density;
Chebyshev polynomials are complete orthogonal on [—1,1] with density 1/v/1 — u2. See, e.g.
Chapter one of Gautschi [38], and Chen [20] for a more recent exposition.

For the function g(z) € L*(Z, ), we may have an infinite orthogonal series expansion
9(2) = Biej(2), where B; = (g,;). (2.1)
=0

The convergence of (2.1) normally can be understood in the sense of the norm in the space,
whereas in the situation where g is smooth, the convergence in the pointwise sense may hold.
For positive integer K, define gx(z) = Zf:_ol Bip;(2) as a truncated series and vx(z) =
> e Bjwj(2) the residue after truncation. Then, gr(z) — g(2) as K — oo in some sense.
Note that gx(z) is a parameterized version of g(z) in terms of the basis {¢;(z)} where only
the coefficients remain unknown. This is the main advantage of the sieve method. In addition,

the Parseval equality gives Y22 37 = ||g||> < oo, implying the attenuation of the coefficients.



For better exposition, denote ®x(2) = (0o(2),...,0x-1(2))" and B = (Bo,...,Brx-1)" two
K-vectors. Thus, gx(z) = 8@k (2).
Our primary goal is to estimate the unknown parameters (a, g) and functionals thereof.

The consistency studied below is defined in terms of a norm given by

I, NIl = llalle + £l 2 (2.2)

where || - ||g denotes the Euclidean norm on R? and || f||z2 signifies the norm on the Hilbert
space, of which the subscript may be suppressed whenever no ambiguity is incurred.

In order to facilitate the implementation of nonlinear optimization, « should be confined
to a compact subset of R? and the truncated series gr(z) = 87 ®x(2) of the function g should
be included in an expanding finite dimensional bounded subset of L?(Z, 7). It is noteworthy
that in an infinite dimensional space, a bounded subset may not necessarily be compact. A
detailed discussion for the compactness in infinite dimensional space can be found in Chen
and Pouzo [24]. Nevertheless, in the case that the function m is linear in the second and the
third arguments, such restrictions are not necessary (we shall discuss this in Section 6 using an

example).

Assumption 2.2 Suppose that By, and Bs, are positive real numbers diverging with n such
that o in model (1.1) is included in ©4, = {a € RP : ||a|| < By,} and for sufficient large n,
gk (2) is included in O, = {b" P (2) : ||b|| < Ba,}-

It is a common convention that the true parameter is assumed to be contained within a
bounded set (Newey and Powell [51, p. 1569]); in this paper we allow the bounds for « to
diverge with the sample size since the dimensionality of o grows to infinity.! Furthermore,
since ||gk|| = [|B]| < |lg|| it is clear that there exists an integer ny such that gx(z) € O,
for all n > ng. Similar to the orthogonal expansion in (2.1), any f(z) € L*(Z,w) can be
approximated by Z]K:_Ol bjp;(z) = b'®k(z) arbitrarily in the sense of norm, where b; and b are
defined similarly to 3; and 3, respectively. This means that O, is approximating the function
space with the increase of the sample size. Thus, the parametric space can be approximated
by ©,, = ©1, ® O, as n — oo. In the literature, ©,, is the so-called linear sieve space. More
importantly, ©,, is bounded and compact for each n. The above setting is similar to but broader
than that in Newey and Powell [51].

We estimate o and 3 by

(@, B) = argmin ||M,(a, b)HQ, subject to ||a|| < Bj, and ||b|| < By,

acRP beRX
g o (2.3)
where M, (a,b) = ——=>» m(V;,a X;,b ®x(Z;)).
an i=1
'Here, unlike in a general single-index model, we do not require ||| = 1 for identification. This is because

the function m(-) is known and hence we are able to identify any scaling for a.
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Here, the involvement of ¢ in M,(a,b) takes into account the divergent dimensions of the
vector m in order to avoid the issue that ||V, (a,b)|| could be large even if each element is
small that would arise if we had not put ¢ into M,(a,b). This issue does not arise when the
vector—valued m function has fixed dimension. If there are additional restrictions on the model,
say f(a,g(.)) =0, these can be incorporated into the optimization problem.

Define for any z € Z
9(z) = BTk (2), (2.4)

which is our estimator of g(z). In the next section we establish consistency of this estimator in

the sense that ||[(& — o, g — ¢g)|| =, 0 as n — oo where the norm is defined in (2.2).

3 Asymptotic theory

3.1 Consistency

Before establishing our asymptotic theory, we state some assumptions that we rely on in the

sequel.

Assumption 3.1 Suppose that

(a) Foreach n, {(Vi, X/, Z]),i=1,...,n} is an independent and identically distributed (i.i.d.)
sequence (although the distribution depends on m, which we suppress notationally in the

sequel);

(b) For the density fz of Z, there exist two constants, 0 < ¢ < C' < o0, such that cm(z) <

fz(2) < Cm(z) on the support Z of Z, where w(z) is given in the preceding section;

(¢) Each moment function m;(-,-,-), j =1,...,q, is continuous in the second and third argu-

ments;

(d) q(n) —p(n) > K.

The i.i.d. property in Assumption 3.1(a) simplifies the presentation and some of the cal-
culations, although it is possible to relax it to a weakly dependent data setting. Regarding
Assumption 3.1(b), the relation between the densities of the variable Z and the function space
is widely used in the literature. See, e.g. Condition A.2 and Proposition 2.1 of Belloni et al. [8,
p.347]. This condition is used to bound the eigenvalues of the Gram matrix for the sieve method.
When the support is compact, researchers simply impose that the density fz(z) bounded away
from zero and above from infinity that is a special case where 7(z) = 1 in our setting. Our

theory allows for unbounded support for Z provided the density 7 is chosen appropriately.



Regarding Assumption 3.1(c), the continuity of the m function is weak, and commonly used
moment functions satisfy this. In Assumption 3.1(d) we allow for possible overidentification of
the parameter vector in the moment conditions, and we shall discuss this issue further in the

next section.

Assumption 3.2 Suppose that there is a unique function g(-) € L*(Z, =) and for each n there
is a unique vector o € RP such that model (1.1) is satisfied. In other words, for any 6 > 0,
there is a sufficiently small constant € > 0 such that
inf ¢ MEm(V;,a' Xy, f(Z)]* > e
(a,f)€®
l(a—a.f—g)[|>4

This type of condition is quite standard in the parametric and semiparametric literature, see

Pakes and Pollard [55] and Chen et al. [23]. The squared norm is scaled down by its dimension

due to the same reason as in the formulation of M,, in the last section.

Assumption 3.3 Suppose that for each n, there is a measurable positive function A(V, X, Z)
such that

¢ Pm(V.al X, fi(Z)) = m(V,ay X, fo(2))] < A(V. X, Z)[llar — az]| + | f1(Z) — fo(2)]]

for any (ay, f1), (a2, f2) € Oy, where (V, X, Z) is any realization of (V;, X;, Z;) and the function
A satisfies that E[A*(V;, X;, Z;)] < C < .

This is a kind of Lipschitz condition. We note that this condition can be substituted by
some high level condition such as stochastic equicontinuity, in order to derive the large sample
behavior of the estimator. See, for instance, Pakes and Pollard [55] and Chen et al. [23].
As argued in Chen et al. [23, p.1597], when the moment function is Lipschitz continuous the
covering number with bracketing is bounded above by the covering number for the parametric
space, and hence a stochastic equicontinuity condition holds. Among others, Chen and Shen
[25] used this approach. We would like to keep the low level condition because additionally it
facilitates calculation in some situations.

The positive function A(V, X, Z) may be viewed as the upper bound of the norm of the
partial derivatives of ¢~'/?m(V,a" X, w) with respect to the vector a and the scalar w, re-
spectively, and thus the condition is fulfilled if the second moment of A(V, X, Z) is bounded.
The assumption guarantees the approximation of m(V;, o' X;, 8 ®x(Z;)) to m(V;, o' X;, g(Z)),

because

||m(‘/17 aTXi7 /BTCI)K(Zz)) - m(‘/;v aTXia g(Zz))H
<A(Vi, X, Zi)ll9(Z:) — B"®x(Z:)l| = Op(W) |7kl = op(1)



by virtue of Assumption 3.1(b). Also, it ensures that |Em/(V;, o' X;, 8" ®x(Z;))|| = o(1), since
Em(V;, o' X;, g(Z;)) = 0. More importantly,

¢ El|lm(Vi,a' Xy, £(Z)|?
<2¢'E|m(V;,0,0)|| + 2E[A(V;, X;, Z;)?][l|all® + Ef (Z:)?) = O(BY, + B3,)

uniformly on (a, f) € ©,,.

Theorem 3.1 (Consistency). Suppose that Assumptions 2.1-2.2 and 3.1-3.3 hold, and that

B? + B2 = o(n). Then, we have ||[(@ — a,§ — g)|| =p 0 as n — oo.

The proof is given in Appendix B.

3.2 Limit distributions of the estimators

Since the dimension of « diverges, we cannot establish a limit distribution for a — « itself.
Instead, we shall consider some finite dimensional transformations of «, for which plug-in
estimators are used. Likewise, we consider functionals of g(-). Let .Z be a linear transformation
from R? — R" with » > 1 fixed, and let .# = (Zy,...,.%,)" with fixed s be a vector of
functionals on L?*(Z, ). Normally, the transformation .# can be understood as an r x p matrix
with rank r, while in the literature one usually takes r = 1. See, e.g. Theorem 4.2 in Belloni
et al. [8, p. 352] and several results such as Theorems 2 and 6 in Chang et al. [19]. The elements
of Z can be, for example, as described in Newey [49, p.151], the integral of In[g(z)] on some
interval, which stands for consumer’s surplus in microeconomics. Other examples include: the
partial derivative function, the average partial derivative, and the conditional partial derivative.
Thus, we shall consider the limit distributions of .Z(a) — Z(a) and % (g) — % (g). Towards

this end, we need the following assumptions.

Assumption 3.4 Suppose that each element function m; of the m function is differentiable
with respect to its second and third arqguments up to the second order; the second derivative

functions satisfy a Lipschitz condition in a neighbourhood of the («, g):

[00m;(V, "X, 9(2)) = 0m;(V,a' X, f(2)]
< B;(V,a' X, g(Z))(lla — ol +lg — f1I)7
for some 7 € (0,1] where u is two-dimensional multiple index with |u| = 2, 0™ stands for the

partial derwative of the function with respect to the second and third arguments and B; are

positive functions such that max;<;<,E[B;(V,a' X, 9(Z))*] < C < .

The Lipschitz condition for the components of the m function enables us to approximate

the Hessian matrix within a neighbourhood of the true parameter, which in turn facilitates the
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derivation of the limit theory. We will suppose that the function g is smooth; this is implicitly

spelt out in Assumption 3.6 below.
Assumption 3.5 Suppose that

) Ellm(V,a”X,9(2))||” = Olq), E| X|* = O(p) and E||®x(2)|* = O(K);

2

b) E||m(V.a'X.g(Z))| = Oa). and E [ fm(V.a"X.9(2))]" = O(g);

¢) E||Zm(V,a'X,9(2)) ®XH2:Opq) and

EH%m(V,aTX 9(2)) @ ¢ (Z H

d) EHaa—;m(V, a'X,9(2)) ®XXTH2 = O(p*q), and

2

E | Zm(v.a"X,9(2)) & @x(2)0x(2)|| = O(K20).

We have the following comments. It is not necessary that all elements of the m vector
have uniformly bounded second moments to satisfy the first supposition in 3.5(a). Because
the dimension p of X diverges with n, in 3.5(a) we allow that the second moment E|/X

diverges too; moreover, E||®x(7)[|? =

O(K) can be true for many orthogonal sequences given
the relation between the densities of Z and the L? space in Assumption 3.1. In 3.5(b) we impose
a similar condition for the norm of the function’s first partial derivatives, while in 3.5(c) and
(d) we stipulate moment conditions for the norms of the tensor product for regressor and the
partial derivatives (the first and second, respectively) of the m function. These hold similarly
as (a) and (b) but with larger dimensions, particularly when the m function is linear in its

arguments.

Assumption 3.6 Suppose that

(@) lyxlPPp* =o(1),  n7'p* = o(1);

(b) [llPK* =o(1),  n7'K? =o(1).

Assumption 3.6 stipulates the relation between the truncation parameter K, the diverging
dimension p of the regressor, and the sample size. Normally, ||vx|[* = O(K~*), where a > 0
is related to the smoothness order of the function g. See, for example, Newey [49]. Thus, the
assumption implicitly puts some conditions on the smoothness. Notice that the combination
of 3.6(a) and (b) implies that | vk |]*»K = o(1) and n~'pK = o(1), which are used in the proof

of the lemmas in the supplemental material.

Assumption 3.7 The partial derivatives of m(v,u,w) satisfy

11



(a) ¢ V2 || gm(V.al X, f1(2)) — gom(V, X, fo(Z))|| < Au(V. X, Z)[l|ar—a2 ]| +] /1(Z)— f2(2)]),
where E[A;(V, X, Z)?] < oo and E[A;(V, X, Z)?|| X||*] = O(p).

(b) ¢ 2 ||gum(V,alX, fi(Z)) — gom(V, 23X, [2(Z))]| < A(V, X, Z)[[lar—a[l+|/2(Z)— f2(Z)]],
where E[Ay(V, X, Z)?] < oo and E[Ay(V, X, Z2)?|| Pk (2)]|*] = O(K).

The assumption is similar to Assumption 3.3 but is stipulated for the partial derivatives with
the additional requirements that E[A;(V, X, Z)?||X||?] = O(p) and E[Ay(V, X, Z)?|| Pk (Z)|*]
= O(K).

We are now ready to establish the asymptotic normality result. Recall the Fréchet derivative
operator for an operator from one Banach space to another. It is a bounded linear operator.

The Fréchet derivative of .7 at g(-) is an s-vector of functionals, denoted by .#’(g), such that
F(g) = F(g9)=F'(9)°(G—9)+ g, 9),

where A(g,9 — g) = o([|g — gl}). Define

Y2 =T, [¥, U |7, =, U [, U] in which (3.1)
& 0
T, = )
0o 7 dr’
R

En = E[m(‘/b aTXla g(Zl))ma/lv OéTXla Q(Zl))T]qua

o g wmVhaXLg(2) ® X

Zm(Vi, o' X1,9(Z1))" @ P (Z1)

(p+K)xq

provided that ¥, ¥’ is invertible; here u and w stand for the second and the third arguments

of the vector function m(v, u, w), respectively.

Theorem 3.2 (Normality). Let Assumptions 2.1-2.2, 8.1-3.7 hold. Suppose that U, U] is
invertible for large enough n. Suppose also that B, + B3, = o(n). Then as n — oo
Z(a) - Z(a
Ny @) =2 2 N(O, L), (3.2)
F(9) =7 (9)
provided that /n¥; 1 (0;, (F'(g) o vx)")" = o(1), where %, is given by the square root of 32
defined in (3.1).

The proof of the theorem is given in Appendix B. Note that the conditions in the theorem
imply the consistency of the estimator in Theorem 3.1. If r = 1, the transformation .Z will

transform the vector « into a scalar, Z(a) = aga, for some ap € R? and ag # 0. This is the
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case commonly encountered in the literature. See, for example Chang et al. [19] and Belloni
et al. [8]. Apart from the diverging dimensions of ¥,, and Z,, and the use of the transformation
% and the functional .7, the form of the covariance matrices ¥2 is the same as in the standard
semiparametric literature such as Hansen [41], Pakes and Pollard [55] and Chen et al. [23].

T T
F' o

In general the convergence order of .% (g) — % (g) is proportional to (.#'(g) o Px(z)
®r(2)) /2012, which is similar to the result in Theorem 2 of Newey [49]. Here, the matrix in
the front of n~'/? is of dimension s x s and is associated with the derivative of the functional
. To understand how it affects the rate, consider a special case that s = 1 and % (g) = g(z)
for some particular z, implying .#(g) — % (9) = g(2) — g(2) and .#'(g) = 1. Then, the matrix
is a scalar and the rate becomes ||®(2)|n~"/2, which coincides with the nonparametric rates
of convergence in the literature. See, for example, Dong and Linton [30].

In general the convergence order of .Z(a — a) is n~'/%; however, Theorem 3.2 does not rule
out the mildly weak instrument case where the matrix ¥, is close to singular, i.e., det(¥,) # 0
but det(X,) — 0 with n at a certain rate; this would reduce the convergence rate of the
estimators but the self-normalized distribution theory we have presented continues to hold
under our conditions. However, we do rule out the more extreme cases considered in Han and
Phillips [40], which would change the limiting distribution.

The requirement that /nX (0., (ZF'(g) ovx)")" = o(1) is an "undersmoothing” condition,
playing a similar role to, for example, the condition \/nV'K?/? = o(1) in Corollary 3.1 of
Chen and Christensen [21, p. 454] and Comment 4.3 of Belloni et al. [§]. The precise form of the
condition may vary according to the parameters of interest and the underlying model; it reflects
the bias variance trade-off that is relevant for estimation of those quantities in the particular
model.2 In the large dimensional o case, the bias variance trade-off can be different from usual
since the parametric part can contribute a large variance; the presence of weak instruments
may also affect the bias variance trade-off for certain parameters. For inference results about
g(z) it is quite common practice to undersmooth/overfit to avoid the bias term. Some recent
research advocates using extreme undersmoothing for better inference about finite dimensional
parameters in semiparametric models. See for example Cattaneo et al. [18]. Cattaneo et al.
[18] recently develop heteroskedasticity robust inference methods for the finite dimensional

parameters of a linear model in the presence of a large number of linearly estimated nuisance

2Linton [46], Donald and Newey [28], and Ichimura and Linton [43] considered the issue of tuning parameter
choice in semiparametric models. The optimal tuning parameter depends on the model and the parameter of
interest as well as on the estimating equations. In some cases the optimal rates for parametric components are
the same as the optimal rates for the infinite dimensional components, specifically in adaptive cases, but even
then the constants in the smoothing parameters will differ. In other cases, the optimal rates for the bandwidth
in estimating the parametric part are different. This is often called “undersmoothing”, although it seems a little

prejudicial, perhaps ”different smoothing” would be more accurate.
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parameters in the case where essentially p is fixed but K (n) o n. In this case, the function g(-)
is not consistently estimated. In our methodology we pay equal attention to the function g,
which itself can be of interest. See for example, Engle et al. [32]; Robinson [60]; Gao and Liang
[36]; Gao and Shi [37] and Hérdle et al. [42]. Our methodology is also robust to conditional
heteroskedasticity.

The limiting normal distribution involves unknown parameters in the matrix >3,,. In practice
one would need a consistent estimator for this matrix. It is easily seen that the estimator, in,
in which we replace o and ¢(-) in ¥,, by @ and g(-), as well as the expectations in Z,, and ¥,

by their sample versions, is consistent. More precisely, let

22 = To[, 0, ', 2,0 [0, 0, ] 7'

n’

where T',, is T, with replacement of .Z'(g) by .#’(§) and

= I P S .
Z =y DoV @ X G2V, & X §(2)) (53
=1
1 — Lm(Vi,d' X;,9(Z:)" @ X;

U, ==y . (3.4)
M \Em(V, 8" X0, 9(Z:) @ Pk (Z)

Then, the feasible version of the CLT (3.2), with f]n replacing »,,, follows by similar arguments
to those in the proof of Theorem 3.2. This allows the construction of simultaneous confidence

intervals and consistent hypothesis tests about 2 («),.% (g). In practice it may be necessary to

T
n’

regularize the large dimensional covariance matrix \T/n\fl which can be done by a variety of
methods, see, for example, Bickel and Levina [15].

We may improve efficiency by using a weight matrix. Let W, be a ¢ x ¢ positive definite
matrix that may depend on the sample data. Then, ||M,(a,b)|?, which measures the metric
of M,(a,b) from zero, can be substituted by M,(a,b) W, M,(a,b) in the minimization of
(2.3), which is also a measure of the metric for the vector M, (a,b) from zero but in terms of
the weight matrix W,. Meanwhile, || M, (a,b)||?> can be viewed as a special case that W, is
the identity matrix. We require the matrix W, to be not too close to singular to prevent the

possibility that M, (a,b)" W, M,(a,b) may be close to zero when (a, b) is far from («, 3).

Proposition 3.1. Suppose that the eigenvalues of W,, are bounded away from zero and above
from infinity uniformly inn, and there exists a deterministic matric W* such that ||W,, — W*|| =
op(1) as n — oco. Let (&, () be the minimizer of My(a,b) W,M,(a,b) and define §(z) =
Dp(2)'B.

Then, (1) Under the same conditions in Theorem 3.1, the consistency of the weighted estima-

tor holds; (2) Under the same conditions the normality for the weighted estimator in Theorem

3.2 holds with 2 replaced by
L, [, W |, W=, W (W, WU 7T

n
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(3) If W* = =1, the optimal covariance matrices is obtained, T, [V, = W 71T .

The proof is given in Appendix B. Here, the optimal covariance is in the sense that

L [C, WU | N, W=, W, (¥, WV 7T >T,[V,= 17T

——1

for all W satisfying the conditions in the proposition. Though W, = =" could make the
estimator efficient, it is not feasible since =,, involves the true parameters. In practice, both
=, and ¥, can be replaced by their sample versions of (3.3) and (3.4), so that the optimal
covariance matrices are easily estimable. To do so, one will need to implement a two-step
estimation method, as has normally been done in the literature, that is, at the first step

—~

|2 to have & and §(-) that are used to construct W, = =.'; then at

minimizing || M, (a,b)
the second step one may minimize M,(a, b)TWnMn(a7 b) to have a pair of optimal estimators,
There is an alternative way that achieves efficiency in one-step estimation, viz., the contin-

uous updating estimator (CUE)? Define W, (a,b) = [Z,(a, b)] !, where

n

1 T T T T T
Z,(a,b) := EZ[7n(m,a Xi, b @ (Z))m(V;,a" X;, 0"y (Z:))7).

i=1

Then, (&, g(-)) can be estimated by minimizing M, (a,b)" W, (a,b)M,(a,b) over (a,b).

3.3 Semiparametric single-index structure

The multivariate function g(Z) could make the model (1.1) suffer from the so-called “curse of
dimensionality” when the dimension of Z is moderately large, Stone [61] and Chernozhukov
et al. [26]. This feature would limit the use of the model in practice. One way to tackle the
curse of dimensionality is to adopt a semiparametric single-index structure so that, as argued
in Dong et al. [29], the model still enjoys some nonparametric flexibility but circumvents the

curse of dimensionality. Let us consider
E[m(Vi, o' Xi, 9(602:))] = 0, (3.5)

where the notation involved is the same as in model (1.1) except that the unknown function
g(+) is defined on R, and the single-index vector has true parameter , € R? and [|6y]| = 1 with
the first element being positive for the sake of identification.

The model of Carneiro et al. [17] is of this form. In their case, the marginal treatment

effect (MTE) is MTE(x,p) = " a+g¢'(p) and the parameter of interest is the weighted average

3The empirical likelihood method considered in Imbens [44], Newey and Smith [52] and Chang et al. [19] can

also be developed here.
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MTE, A = fol MTE(x,p)h(x,p)dp for some known weighting function h.* The parameter 6
can be estimated from the moment equation derived from the second conditional moment in
(1.2), E[(I(S = 1) = A(6,2))¥y(Z)] = 0, with or without the specification of the function A,
using the conventional technique for dealing with single-index models, such as Ai and Chen [1]
and Dong et al. [29].

Although 6, can be estimated by the second equation of (1.2), in order to derive asymptotic
distributions for the estimators of a and ¢ defined later, it is convenient if 5, the estimate
of 0y, is independent of the data used to estimate a and g by the first equation. This is
possible and one way to do is as follows. Let us split the observations {V;, X;, Z;,i =1,...,n}
into two subsamples randomly, Sub; := {(V;, X;, Z;),i = 1,...,n'} and Suby := {V}, X;, Z;,
i=n'+1,...,n}, with n’ = [n/2]. The ordering in both subsamples in general is not the same
as in the original sample but we keep using subscript ¢ after partition. The first subsample Sub,
can be used to estimate §, by an additional moment restriction (say), resulting in é\, and the
second Subsy is used to estimate the parameter o and function g. Here, due to the i.i.d. property
of the sample, the independence property holds naturally. Additionally, \/ﬁ(g— 0p) = Op(1)
( e.g. Yu and Ruppert [63]). The data-splitting technique is used in the literature, such as
Bickel [13] and Belloni et al. [6]. The independence property is important for our theoretical
development and thus we recommend the use of the data-splitting method in the rest of this

section. Due to this reason, we make the following assumption.

Assumption 3.8 For 6y in (3.5), there exists an estimator 0 such that \/ﬁ(é\— 6p) = Op(1) as

n — oo and assume that 0 is independent of observations used in minimization (3.6) below.

With the single-index structure the nonparametric function is defined on the real line.
Therefore, for the establishment of our theory, we need assumptions that are counterparts of
Assumptions 2.1, 3.1-3.3, 3.5 and 3.7, denoted by Assumptions 2.1%, 3.1*-3.3*%, 3.5* and 3.7*,
respectively, and are given in Appendix A for brevity.

Under Assumption 2.1* we have the expansion of g(z) and hence g(z) can be approximated
by the partial sum, that is, g(z) = Z]K;Ol bj;(2)+vk(z) with vk (2) — 0 in some sense. Hence,

we can estimate 8 = (by,...,bx_1)", together with «, by
(@,B) = argmin || M,(a,b)||?>, subject to ||la|| < By, and ||[b|| < By,

acRP beRX
L (3.6)

where M,(a,b) = — Z m(Vi,a' X;, b ®x(0 ' Z;)),
Van—n' S

where @ (2) is the vector of the basis functions. With this B, we can define similarly g9(z) =
BT ok (2).

4We may be interested in estimating MTE or in estimating the parameters subject to the cross parameter

restriction that MTE= 0.
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Theorem 3.3. (1) Under Assumptions 2.1%, 2.2, 3.1%, 3.2%, 3.8% and 3.8, the consistency in
Theorems 3.1 are satisfied by the @ and g(z) defined in this subsection.

(2) Let Assumptions 2.1%, 2.2, 3.1%-3.8% 3.4, 3.5% 8.6, 3.7* and 3.8 hold. Then, the
normality in Theorem 8.2 is valid for the & and g(z) defined in this subsection with replacement

of =, and V,, respectively by
=, =E[m(V,a" X, g(052))ym(V,a" X, g(05.2)) | gxas

I —F %m(‘/v QTXag(%Z))T ® X
L m(V,a X, g(67))" © i(67)

(p+K)xq

Using Lemmas A.4-A.6 in Appendix A, the theorem is proven in the supplemental material
of the paper. The estimation of the covariance matrix can be obtained similarly to that in
Theorem 3.2 and we omit this for brevity.

The above procedure can be repeated as many times as we wish (with different subsamples)
and the subsamples can be exchanged for the estimations of §, and («, g). Then, we can average

these estimates that would improve the accuracy.

4 Statistical inference

4.1 Test of over-identification

Hansen [41] proposes the J-test for over-identification in the situation where both p and ¢ are
fixed but ¢ > p. This J-test has an asymptotic ngp null distribution. In the case where an
unknown infinite dimensional parameter is involved, and both p and ¢ are still fixed with ¢ > p,
Chen and Liao [22] establish a statistic for over-identification testing that has an F' distribution
in large samples. We propose an alternative test below, which as far as we are aware, is new.

We consider the following hypotheses:
Hy: Em(V;,a' X;,9(Z;))] =0 for some (a,g) € O,
Hy: E[m(V;,a Xy, h(Z;))] #0 for any (a, h) € O,

where O is defined in Section 2.

Define, for a € R?, b € RX and any given x € R? such that ||x| = 1,

1 o T T T
Ly(a,b; k) = ) > w'm(Vi,a' Xi, b @k (Z))),
=1

D,(a,b;k
where D, (a, bi ) = (320, [k"m(V;, " X;, b @ (Z:)))2) 2.
Under the null hypothesis, by the procedure in Section 2 and the conditions of Theorem 3.1,

the estimator (@,9) is consistent. The statistic L, (@, B\; k) can be used to detect H, against
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H;, as shown in Theorems 4.1 and 4.2 below. This test also works for the conventional moment
restriction models with fixed p and ¢. Before establishing the asymptotic distribution under

the null and the consistency under the alternative, we introduce some assumptions.

Assumption 4.1 Let m’ (@, g; k) = op(1) when n — oo, where we denote ™} (a, f; k) =
n 23" Elk'm(Vi,a' Xy, f(Z2:))] for (a, f) € © and k such that ||k|| = 1.

Assumption 4.2 Suppose that (i) qp* = o(n) and qK?* = o(n); and (i) sup,v%(z) =

o(q™1) as, along with n — oo, K,p,q — oo.

These are technical requirements. Noting E[m(V,a' X, g(Z))] = 0, Assumption 4.1 requires
that E[m(V,a’ X, f(Z))] drops to zero very quickly when (a, f) approaches (a,g). This is
the same, in spirit, as Assumption 3.2, but here it is a sample version and the decay of the
expectation needs a certain rate. A similar assumption is also imposed by equation (4.9) of
Andrews [2, p.58] and equation (5.2) of Belloni et al. [11, p. 774]. Assumption 4.2 (i) stipulates
the relationships for p, ¢, K with n when they are diverging, while Assumption 4.2(ii) imposes
a decay rate for the residue 7% (z) uniformly for all z not slower than o(¢!). This particularly
is satisfied for the cases where z is located in some compact set or g(z) is integrable on the real

line, given that the g function is sufficiently smooth.

Theorem 4.1. Let Assumptions 4.1-4.2 hold, and the conditions of Theorems 3.1 and 3.2

remain true. For any k € R? such that ||k|| = 1, under Hy,

Ln(aa B\a '%) —D N(()? 1)7

~

as n — oo, where (@, () is the estimator given by (2.3).

Notice that if there is a zero function in m, the quantity ' m can be a zero function for
some particular choice of k. Thus, the requirement on the nonzero function is trivial. The
theorem establishes the normality of the proposed statistic under the null that enables us to

make statistical inference.

Theorem 4.2. Suppose that the eigenvalues of Elm(V,a" X, h(Z))m(V,a" X, h(Z))"] are bounded
away from zero and infinity uniformly in n and (a,h) € ©. Under Hy, suppose further
that there exists a positive sequence 6, such that inf pyeo ||E[m(V,a' X, h(Z))]|| > 6, and
liminf, . /nd, = oco. Then, for any vectors a and b, there exists some k* € RY such that

||l =1 and L,(a,b;k*) —p 00, as n — oo.

The condition on the eigenvalues is commonly adopted in the literature, see, e.g. Chang et al.
[19] and Belloni et al. [8]. In the special case where ,, = ¢, the condition that lim inf,, ., \/nd, =
oo is satisfied automatically, and this is the most commonly used assumption in the literature,

see, equation (24) of Chang et al. [19, p.290]. However, we allow for §,, — 0 with a rate slower
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1/2

than n~'/2. This means that the strongest signal (J,, = ¢) can be weakened (6,, — 0) when our

test statistic is used.

4.2 Student ¢ test

We next propose an alternative test for model (1.1) under Hy. Define € = (e3,...,¢,)T and

02 = (62(i, J)) gxq, Where

I SRR U
€= — m(i), and &%:=— m(i)m(z) ,
I 3 )
in which for simplicity m (i) := m(V;,a' X;,9(Z;)) and correspondingly, for later use define
m(i) := m(V;,a" X;, g(Z;)). Here, € and 62 may be understood as the estimated mean and
covariance matrix of the error vector, respectively. Define

13 ()

q = \7u(j,J)

The statistic is constructed from \/ne;/a,(j,j), which is somewhat like the traditional ¢-test.
Pesaran and Yamagata [56] proposed a similar statistic in the context of testing linear asset

pricing models.

Theorem 4.3. Let the conditions of Theorems 3.1-3.2 hold. Let Assumptions 4.1-4.2 hold
under Hy. Suppose also that Elm(i)m(i)'] is a diagonal matriz with min; <<, E[m;(i)%] > ¢ >0

and sup, <, B[m;(i)"] < oo. Then, \/q/2(T,, — 1) —p N(0,1) as n — co.

The proof is given in Appendix B. The requirement on E[m(i)m(i)'] to be a diagonal
matrix implies the orthogonality between the errors. This is not stringent because, if not so,
we may make a transformation /(i) = (E[m(i)m(i)"])~"/>m(i) and then (i) would meet the
requirement. Moreover, in many situations it is satisfied naturally. For instance, in Example
1.1 of Section 1, m(i) is consisting of orthogonal functions of the conditional variable. This
requirement is also used in some other papers, such as Gao and Anh [35]. These moment
requirements are commonly used in the literature since m;(7) are generalized error terms, so we
do not explain them in detail. In addition, the behaviour of T;, is like x?(q) but with diverging
q. Therefore, after normalization we have asymptotic normal distribution for 7.

Next, consider the consistency of T,,. For any vector a € RP and function h(:), define

m(i) = m(i;a, h) = m(Vi,a' X;, h(Z;)), € = (é1,...,¢,)" and & = (Gi;)4xq, Where

~ 1 . ~ 1 T
e=— m(i), and &= - m(i)m(7)
i=1 =1
Define also . )
12
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Note that if Hy is true, 7, would become T}, when a and h(-) are substituted by & and g,

respectively, while if H; is true, Tvn would diverge as shown in the following theorem.

Theorem 4.4. Suppose that max;<j<qsup, , E[m;(i)?] < C < oo for some constant C. Then,
under the conditions in Theorem 4.2 and Hy, for any vector a € RP and function h(-), as

n — 0o, T, —p oo provided that \/1n/qd, — oo.

The proof is given in Appendix B. Notice that in terms of statistical inference in practice it
is impossible to distinguish 7}, from fn Instead, one needs only to use our estimation procedure
to obtain the “estimates” of the parameters, then construct fn and finally make an inference
according to Theorem 4.3. The uniform boundedness of the second moment is reasonable in the
i.i.d. setting. Comparing with Theorem 4.2, the attenuation of 9,, is slowed down as we require

\/n/qd, — oo. This is because of the difference in the constructions of T,, and L, (a, b; k).

5 Penalised GMM under sparsity

We now consider the ultra-high dimensional situation where the potential number of covariates
is larger than the sample size (i.e., p = €™ with 0 < a < 1), but the parameter vector a has
sparsity. That is, there are many zeros in «, but the identity of the non-zero elements is not
known a priori. In addition, the coefficient vector 3 in the partial sum of the expansion of the
nonparametric function may also possess sparsity in two potential scenarios: a) its elements
may be zero if the unknown function is located in a subspace that has small dimensionality (e.g.
the simulation below), and b) its elements are attenuated as the number of terms increases,
so that many of them are negligible statistically. Hence, this section is devoted to estimate
(a, g) under the sparsity condition. This “big-data” context is becoming increasingly relevant
in applications.

There are some existing papers on the variable selection under sparsity. Belloni et al. [11]
propose the combination of least squares and L; type lasso approach to select coefficients of
the sieve in nonparametric regression. Also, Su et al. [62] use L; type lasso approach to study
continuous treatment in nonseparable models with high dimensional data. In a high dimensional
conditional moment restriction model, Fan and Liao [34] propose to use a folded concave penalty
function combined with instrumental variables to select the important coefficients. Caner [16]
uses the same approach with a particular class of penalty functions to select variables. As
Caner [16, p.271] argued, the Lasso-type GMM estimator selects the correct model much more
often than GMM-BIC and the “downward testing” method proposed by Andrews and Lu [3].
We shall tackle the selection issue by the combination of a penalty function and our GMM

approach.
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We partition the parameter vectors as a = (ahg, qgy) and 8 = (Big, Bon)', Where the
vectors apg and fSyg contain all “important coefficients” from « and J (i.e. nonzero coefficients),
respectively, as referred in the literature such as Fan and Liao [34], while agy and Sy are zero.

For convenience in this section, denote vy = (a',3")" € RPTX the true parameter whose
dimension varies with the sample size. In addition, vos = (g, By5)" is referred to as an oracle
model. Define ¢,, = |vpg| the dimension of vyg, which may diverge with n.

Let v € RPTX be the estimated parameter of vy by the penalized GMM, which solves:

p+K
~ ~T ATN\T .
=(a,8) = argmin  Qu(v) =M, (0)|* + ) Pullvj]), (5.1)
v=(aT,bT)TeRp+K j=1

where M, (v) = M,(a,b) is as defined in Section 2, and P,(-) is a penalty function discussed
later. Our framework also accommodates the case where some components of «, 3 are entered
without selection, as in Belloni et al. [10], although we do not inscribe this in the notation for

simplicity.

5.1 Oracle Property

Let T' be the support of vy, the indexes of the nonzero components, i.e., T'= {j: 1 < j <
p+ K, vp; # 0}. We may equivalently say that T" is the oracle model. Moreover, for a generic
vector v € RFTX denote by vz the vector in RPTX whose j-th element equals v; if j € T and zero
otherwise. Also, define vg as the short version of vr after eliminating all zeros in the position
T¢ (the complement set of T') from vy. In the literature, the subspace V = {vp,v € RPTE} is
called the “oracle space” of RP*X . Certainly, vy € V.

Recall that the score vector S,(-) denotes the partial derivative of ||M,(-)||* defined in
Section 3. Now, denote S, r(vs) the partial derivative of || M, (v)||* with respect to v; for j € T,
at vr (bearing in mind that vg is the short version of vr). Hence, the vector S,r(vs) has
dimension ¢, = |T| = |vg|. Here and hereafter, for set T, |T'| stands for its cardinality, while
for a vector v, |v| stands for its dimension. Also, define in a similar fashion H,r(vg) the ¢, x ¢,
Hessian matrix for ||M,,(v)]|*.

Suppose that P, () belongs to the class of folded concave penalty functions (see Fan and Li

[33]). For any generic vector v = (vy,...,v;, )" € R™ with v; # 0, for all j, define

) P! (uy) — P (u
¢(v) = lim sup max sup — n(t2) ul 1),
e—0t  IStn yy <ug, (u,u2)CO(|vjl,€) Ug — Up

where O(-, +) is the neighbourhood with specified center and radius, respectively, implying that

¢(v) = max,<,, —P)(|v;]) if P! is continuous. Also, for the true parameter vy, let

1 . :
dnzémmﬂvoj\: vo; # 0,7 =0,...,p+ K}
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represent the strength of the signal. The following assumption is about the penalty function.

0) = 0; (1) P,(u) is concave,

for w > 0; (iit)v/tn By (dn) =
o(dy); (iv) There exists ¢ > 0 such that SUP,eo(uys can) (V) = o(1).

Assumption 5.1 The penalty function P,(u) satisfies (i) P,

~

nondecreasing on [0,00), and has a continuous derivative P, (u

There are many classes of functions that satisfy these conditions. For example, with properly
chosen tuning parameter, the L, penalty (0 < r < 1), hard-thresholding (Antoniadis [4]),
SCAD (Fan and Li [33]) and MCP (Zhang [64]) satisfy the requirements.

Denoting the oracle model T' = T} U T, where T} is the set of indices of nonzero elements

in o and 75 that of 3, accordingly, we have ¢,, = p; + K for the corresponding cardinalities.
Assumption 5.2 Let Assumptions 3.5-3.7 hold with p being replaced by p; and K by K;.
The assumption is a counterpart of Assumptions 3.5-3.7 under sparsity.

Assumption 5.3 There exist by, by > 0 such that (i) for any ¢ < q and u > 0,
P(lme(V, a'X, 5T‘I)K(Z))| > u) < exp(—(u/bl)*@);

and (ii) Var(my(V,a' X, ' ®x(Z))) are bounded away from zero and above from infinity uni-
formly for all ¢.

This assumption is often encountered in the literature, such as Assumption 4.3 in Fan and
Liao [34]. It is known that there are many classes of distributions satisfying this condition, e.g.,
a continuous distribution with compact support, a normal distribution, and an exponential
distribution and so on. The thin tail of the distribution postulated in the assumption enables
us to bound the score function.

For simplicity, denote Om the partial derivative of m; and F;s = diag(X;s, Prxs(Z;)) a
t, X 2 matrix where X;g is the sub-vector of X; consisting of all X;; for j € T1; ®x5(Z;) is the
sub-vector of ®x(Z;) consisting of all p;(Z;) for j € Ts.

Assumption 5.4 (i) There are constants Cy,Cy > 0 such that Apin(EOm' (Vi,v5sFis) ®
Fis)( EOm' (Vi,v55Fis) @ Fig)') > C1 and Apax(EOm' (Vi vgsFis) ® Fig)(EOm' (V;, vygFis) @
Fis)") < Cy; (1) Py(dy) = o(n™'?) and max—vs|<d./a @(vs) = o((talog(q))™"?); (iii)
2 log(q) = o(n), 2 Py(dn)? = 0(1) , ta maxjer Pu(Jvg;]) = o(1).

All these are technical requirements on the Hessian matrix, the penalty function, the rela-
tionship among the dimensions of the important coefficients, the sparsity and the sample size.
These conditions are commonly used in the literature, for example, Assumptions 4.5-4.6 in Fan
and Liao [34] among others. There are several penalty functions that satisfy these conditions,
for example, SCAD and MCP with tuning parameter A, = o(d,,). Thence, the conditions (ii)
and (iii) are satisfied if ,,1/log(q) /n +432 log(q)/n < A, < d,. However, noting that the exact
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identification is allowed, the total number of parameters p + K of a and 3 to be estimated can
be as large as exp(n®) for some 0 < a < 1, an implication of the restriction on g.

To state the following theorem, define:

EZT =I'p [\IjnT\IJ:LT] - \DnTEnT\Ij;T [‘I’nT\Ij;T] T

n’

in which (5.2)

& 0
r,:= ,
0 Z'(g)Drp"
(9)®scr (r+5)x (p1+K1)

Enr = E[m(V1, @55X15>9(Zl))m(v17 a(;lesag(Zl))T]qua

U..—F %mWhOé(T)les,g(Zl))T®Xls
nT -— ,

2m(Vi, 05 X1s,9(Z1))" @ Pr(Z1)

(P1+K1)xq
provided that W,V . is invertible, in which u and w stand for the second and the third
arguments of the vector function m(v,u,w), respectively; and the transformation .Z.,, and

s-vector functional .# are defined similarly in Section 3.

Theorem 5.1. Let Assumptions 2.1, 2.2, 3.1, 3.8 and 5.1-5./ hold. Then, there exists a local
minimizer 0 = ((Qg, ay ), (B\;,E\,)T), for which we have (i)

lim P(@y =0, By =0) = 1.

n—oo
In addition, the local minimizer v is strict with probability arbitrarily close to one for all large
n.
(i) Let T ={j:1<j <p+ K,v; #0}. Then,
lim P(T =T) =1.

n—oo

(111) Meanwhile, for the transformation Z,,, and s-vector functional F,

Z(ag) — ZL(aps)

\/EE;L% i> N(O7 [r+s>7

F(9) — F(9)
as n — oo provided that v/nX (0L, F'(9)vxk)" = o(1), where X7 is given by the square root
of X2, defined in (5.2).

The proof is given in Appendix B. We remark that the post selection version of the standard
errors defined in (3.3) and (3.4) can be shown to be consistent in this case thereby allowing
consistent confidence intervals for the selected parameters. Furthermore, post selection versions
of Theorems 4.2 and 4.3 can be shown to hold.

The estimators in this theorem are all local. This is why we exclude the identification

condition in Assumption 3.2 currently, while in the next theorem we shall discuss the global
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property of a local minimizer. The results (i) and (ii) indicate that under these conditions in
the theorem we are able to recover the sparsity in the model; meanwhile, the discussion on the

result (iii) of the theorem is similar to Theorem 3.2.

5.2 Global Property

In this section we show that under Assumption 3.2, the local minimizer in Theorem 5.1 is nearly
global. Recall that Assumption 3.2 is an identification condition that excludes all the other

points to be the minimizer of the objective function in the population sense.

Theorem 5.2. In addition to the conditions of Theorem 5.1, suppose Assumption 3.2 holds.

Then, the local minimizer v satisfies that, for any 6 > 0, there exists n > 0 such that

lim P (Qn(ﬁ) +n < inf Qn(v)> =1

n—00 lv—vol|=6
The theorem says that the local minimizer of the oracle space in Theorem 5.1 is also with
high probability a global minimizer in RP*%. Note that by Theorems 5.1 and 5.2, the min-
imization in equation (5.1) enables one to recover the sparsity in the ultra high dimensional
case since ¢ > p + K, where ¢ can be as large as e™ for some € > 0. This is a bit different from
Fan and Liao [34] where there is no nonparametric function involved and ¢ = p (the number
of IV is the same as that of regressors). Note that, given the consistency of the sparsity, the

inference can be done in a similar way to Theorem 3.2.

6 Simulation experiments

In this section we investigate the performance of the proposed estimators in finite sample

situations.

Example 6.1. This experiment uses the partial linear model with endogenous covariates
considered in the introduction. Let vector X; = (Xy;, X,,)", where Xi; takes values 1 and
—1 with probability 1/2, respectively, Xo; ~ N(0,%,_1), where 3,1 = (0i;)p-1)x(p-1) With
oi;=1,0,;=03for i —j| =1and g;,; =0 for |i — j| > 1. Here, the first component of X;
is a discrete variable with which we intend to show that our theoretical results do not confine
application to continuous variables only. Let Z; be uniformly distributed on (0, 1).

Suppose that E[Y; — o' X; — g(Z;)|W;] = 0 with W, = Z;, and g(-) € L?[0,1] = {u(r) :
[y u?(r)dr < oo}. Let @o(r) = 1, and for j > 1, ¢;(r) = v2cos(mjr). Then, {p;(r)} is an
orthonormal basis in the Hilbert space L?[0, 1]. In the experiment, put o = (0.4,0.1,0,...,0)" €
R? and g(z) = 2% + sin(2).

Denote m(V;, o' X;,9(Z;)) = (Vi — &' X; — 9(Z:))®,(Z;) where V; = (Y;, W;), W; = Z; and

D,(:) = (wo(*),--.,pq-1(-))". Notice that the dimension of m function is ¢ which increases
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with the sample size n. Thus, («a,g) can be solved from unconditional moment equations

Em(V;,,a' X;,9(Z;)) =0fori=1,...,n.

According to the estimation procedure in Section 2, define (&, B) = argmin ||M,(a,b)|?,
acRr beRK
where M, (a,b) = \/ia% rom(Vi,a' X;, b ®k(Z;)). Thus, @ and g(-) := [ Pk(-) are the

estimates of (a, g(+)).
Here, we emphasize that since the m function is linear in both o' X; and ¢(Z;), M,(a,b)
actually has a linear relationship with a and b,

M,(a,b) = ——~ Y (Y; —a' X; — b O (Z;))P,(Z;)

— e Vi) - (%%Z%(Z»XJ ) a- (%%Z%(&-)@K(a)) b.

-~

Accordingly, (@, 5) has an explicit expression simply as OLS. This means that in any similar
situation the optimization in Section 2 does not need the compactness restrictions.

For n = 200, 500 and 1000, let K = [Cin™] with C} = 1 and 7y = 1/4, and p = [Cyn™| with
Cy=1and 7, = 1/5. Also, let ¢ = p+ K +v (v > 0 specified in the sequel) satisfy Assumption
3.1. The replication number of the experiment is M = 1000. We shall report for the estimate of
the g function the bias (denoted by By(n)), standard deviation (denoted by m,(n)) and RMSE
(denoted by II,(n)), that is,

By(n) =2 S S5 (2) — o' (2]
/=1 i=1
M n 1/2
iy (1) = (an W(z»—?(za]?) ,

where the superscript ¢ indicates the ¢-th replication, g(-) is the average of §*(-) over Monte
Carlo replications £ = 1,..., M, and g‘(-) means the value of ¢ in the /-th replication.

Regarding the parameter o, we report the following quantities, Bo(n) := ||a — @l and
M, (n) := median(||oc — @l|), where @ is the average of @ and median(- - - ) is the median of the
sequence over Monte Carlo replications. Notice that, due to the divergence of the dimension,
it might not make any sense to compare the estimated results for different sample sizes.

It can be seen that all of the statistical quantities about the estimate of g are reasonably
attenuated with the increase of both the sample size and v that provides more information for
the parameters being estimated. For the quantities about the estimate of a, we observe that

they normally do not decrease with the sample size. This is because, as mentioned before,
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Table 1: Simulation results of Example 6.1, g =p+ K + v

V= 2 V= 4
n 300 600 1000 n 300 600 1000

By(n) 0.0046 -0.0040 -0.0026 By(n) -0.0023 -0.0019  0.0006
mg(n)  0.3533  0.1965 0.1948 mg(n) 0.1660  0.1530  0.1520
II,(n) 0.3401 0.1700 0.1682 I,(n)  0.1356 0.1217  0.1176

B,(n) 0.0700 0.0410 0.0684 B,(n) 0.0281 0.0271 0.0501
M,(n) 0.0355 0.0282 0.0665 M,(n) 0.0259 0.0244 0.0319

VvV = V:S

n 300 600 1000 n 300 600 1000

By(n) 0.0023 0.0019 -0.0000 | By(n)  0.0009 0.0011 -0.0000
m,(n) 01544 0.1445 0.1444 | 7,(n)  0.1482 0.1370 0.1359
M,(n) 0.1218 0.1092 01031 |I,(n) 0.1176 0.1015 0.0945

B,(n) 0.0124 0.0267 0.0265 B,(n) 0.0078 0.0048 0.0250
M,(n) 0.0254 0.0154 0.0464 M,(n) 0.0117 0.0098 0.0306

the dimension of « is increasing with the sample size; and hence it does not make sense to
compare them among different sample sizes. However, we find that, given the sample size, both
quantities related to the estimate of o decrease with the increase of v that gives more moment
restrictions.

This is understandable. Because the conditional moment E[Y; —a' X; — g(Z;)|Z;] determines
a function U(z) := E[Y; — o' X; — 9(Z;)|Z; = 2] and {p;(2)} is an orthonomal sequence in the
space that contains U(z), the greater the v is, the more axes in the space we use to explain the
unknown function U(z).

Additionally, the involvement of the discrete variable X;; does not affect the performance
of all measures. This might suggest for the practitioner that in this setting discrete variables

are as tractable as continuous variables.

Example 6.2. We consider the binary choice model where Y; is either 0 or 1, and

P(Y; =1|X;,Z;) = F(a' X; + g(Zy)),
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fort=1,...,n, where a, X; € RP and Z; € R. The log likelihood function is

lnHFYi(OfTXz‘ +9(Z)[1 = F(a'X; + Q(Zi))]l_yi‘
i=1
Let the distribution function F(u) = exp(u)/[1 + exp(u)]. Here, let X; ~ N(0,3,), where
Y, = (0ij)pxp With 0, = 1, 0;; = 0.5 for |i — j| = 1 and o,; = 0 for |t — j| > 1, and
Z; ~ N(0,1). In this experiment, put « = (0.5,0.3,0,...,0)" € R? and g(z) = 22 + sin(2).
The Hilbert space that contains g(-) is L*(R, exp(—2?)). Let {p;(2),j > 0} be the sequence of
Hermite polynomials that forms an orthonormal basis in L*(R, exp(—2z2)).

Denote ®x(2) = (po(2),...,px_1(2))" and define

Qu.B) = [[ F¥ (0’ Xi + 5 @(Z)[1 — F(o' Xi + 5" ®xe(Z)]'

=1

00, 00,
Mn(a7ﬁ) = (%7%) )

and (@, B) = argminK M, (a,b)||? and naturally §(-) := B ®x(-) is the estimate of g(-).

For n = S(e)ﬂéfggg and 1000, let K = [Cin™] and p = [Con™] where C; and 7, i = 1,2,
take the same values as in the preceding example. The replication number of the experiment
is M = 1000. We report the bias By(n), standard deviation m4(n) and RMSE Il (n) for the

estimate of g and B,(n) and M,(n) for the estimate of « defined in the above example.

Table 2: Simulation results for Example 6.2

n 300 600 1000 n 300 600 1000

Bo(n) 0.0130 0.0105 0.0065  By(n) -0.0100 0.0059 0.0037
M,(n) 0.0125 0.0103 0.0075  m,(n) 0.3608 0.3128 0.2315
,(n) 0.3320 0.2323 0.1732

In this experiment the moment restriction model is exactly identified, since it is formulated
from the partial derivatives that imply ¢ = p+ K. All results in Table 2 converge satisfactorily,
though it seems in this example the estimate of the g function converges a bit slower than that
in the last example. This might be because in the last example there is an explicit solution
while this example needs a minimization of the nonlinear distribution function to have the

estimates.

Example 6.3. This example is to verify the proposed schedule for variable selection and

parameter estimation under sparsity studied in Section 5. The model is almost the same one
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in Example 6.1 but the conditional variables are different. Suppose that
E[Y; — ' X; — g(Z)|Wi] = 0

where (aq,...,a4) = (2,-4,3,5), aj = 0 for 5 < j < p. Here, W; = (Xy;, Xo;)" and ¢g(-) €
L?[0,1]. The conditional moment gives the function H(W) = 0, where H(W) = E[Y; — o' X; —
9(Z;)|W; = W]. Thus, the instrument variable should be W, (W;), a basis vector of bivariate
functions.

The same basis as in Example 6.1 is used for the orthogonal expansion of g(2), viz., po(r) =
1, and for j > 1, ;(r) = v/2cos(mjr). Here, put g(z) = 1+ v/2cos(rz). Thus, the expansion
of g(z) has coefficients 5; = 1, i = 0,1, while 8; = 0 for all ¢ > 2, implying the sparsity of the
coefficient vector 8 (equivalently, the sparse nonparametric function g(z)).

Suppose that p-vector X; are i.i.d. N(0, I,) and Z; are i.i.d. U(0, 1). Given the normal
distribution of X;, we use Hermite polynomial sequence to form W, (W;), that is, ¥, (W;) =
(hjy—1(X10)hjy—1(X2i), j1,Ja = 1,...,q1), where ¢ = [\/q + 1] and {h;(-)} is the Hermite poly-
nomial sequence. The rationale behind the formulation of W (wy, w9) is that the tensor product
{hj, (w1)hj,(w2)} is an orthogonal basis system to expand H (wy, ws).

In the simulation, we use SCAD of Fan and Li [33] with predetermined tuning parameters of
A as the penalty function. Therefore, the objective function is || M, (v)||*4+ 3225 P,(|v,|), where

j=1
v=(a',8")" a(p+K)-dimensional vector and M, (v) = -1 37| (Yi—a' X;— 5 @ (Z;)) ¥y (W),

Four performance measures are reported. The first measure is the mean standard error
(MSEg) of the important regressors, that is, the average of ||as — agl|| and that of HBS — Bs|
over Monte Carlo replications. The second measure is the mean standard error (MSEy) of
the unimportant regressors for a and (3, respectively. The third measure, denoted by TPg,
is the number of correctly selected nonzero coefficients, and the fourth, TPy, the number of
correctly selected unimportant coefficients for a and 3, respectively. The initial value for v in
the simulation is taken as (0,...,0). The results are reported in Tables 3 and 4 with different
parameters.

It can be seen from the tables that all MSE’s perform reasonably and particularly those for
ay and By are really well. They also seem to be smaller when both n and ¢ become larger.
Although the dimensions of & and /3 increase and g > n, the scheme can always correctly choose
all the important coefficients. This is perhaps because all important coefficients in absolute are
significantly greater than zero, as suggested by the literature that we do not pursue here. By

contrast, some unimportant coefficients may be chosen as important ones, implying the scheme

possibly does not lead to parsimonious models.
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Table 3: Simulation results of Example 6.3(n = 100)

p=8, K =6,q=100 p=12, K =6, ¢ = 120
A 0.4 02 008 | 0.4 0.2  0.08

MSEs(a) 0.2017 0.2811 0.1915 MSEs(a) 0.3065 0.2322 0.1970
MSEs(£) 0.1288 0.1009 0.0789 MSEs(£) 0.1900 0.0837 0.0624
MSEy(«) 0.0001 0.0026 0.0031 MSEx(«) 0.0015 0.0039 0.0016
MSEN(8) 0.0000 0.0004 0.0001 MSEx(/5) 0.0000 0.0000 0.0008

TPs(a 4 4 4 | TPs() 4 4 4
TPs(3 2 2 2 | TPs(B) 2 2 2
TPy () 348 324 355 | TPy(a) 688  6.72  5.90
TPy (B) 328 340 296 | TPy(f) 346 336 2.92

7 Empirical illustration

There are many papers dealing with the marginal treatment effect (MTE) of a selection process.
For example, Carneiro et al. [17, CHV, hereafter| study MTE for schooling, while most recently
Su et al. [62] study continuous MTE in nonseparable models. Economists would like to know,
on average, how the marginal return to schooling changes as the number of years of education
increases, and would also like to be able to evaluate policies that change the probability of
attaining a certain level of schooling. Let Y; be the potential log wage if the individual were
to attend college and Yj be the potential log wage if the individual were not to attend college.

Define potential outcome equations:
Y1 = (X) + U, and Yy = po(X) + U,

where X is a vector of relevant variables, p;(z) = E(Y1|X = z) and po(x) = E(Yo|X = z).
Then, a selection process can be described as follows:

1, Ig>0,
S = where Is = ps(Z) =V,

0, otherwise,

here Ig stands for the net benefit of attending college, pus(Z) is defined in CHV, in which Z
is observable and V' is unobservable, so that S = 1 means that the agent goes to college while

S = 0 means that he/she does not. Let Y = SY] + (1 — 5)Y, be the earnings of an individual.

29



Table 4: Simulation results of Example 6.3 (n = 150)

p=15 K =10, ¢ = 150 p=20, K =10, ¢ = 200
— 04 02 005 - 04 02 005

MSEg(a) 0.2068 0.2130 0.1848 | MSEg(a) 0.2212 0.2228 0.1530
MSEg(3) 0.1485 0.0868 0.0475 | MSEg(8) 0.1327 0.0937  0.0482
MSEy(a) 0.0000 0.0000 0.0014 | MSEx(a) 0.0008 0.0001 0.0007
MSEx () 0.0000 0.0000 0.0006 | MSEx(3) 0.0000 0.0000 0.0006

4 4 4 | TPs(a) 4 4 4
2 2 2 | TPs(B) 2 2 2
TPy(e) 1036 102 940 | TPy(a)  14.88 14.00  13.28

( (

TPy(B) 748  7.50 6.90 TPy(B) 744 715 6.84

CHV analyse the marginal treatment effect for schooling, defined by the derivative of
E(Y|X = z,P(Z) = p) with respect to p, denoted by MTE(x,p). The dataset constructed
by CHV is available at www.aeaweb.org/articles?id=10.1257/aer.101.6.2754. Specifi-
cally, the data comes from the 1979 National Longitudinal Survey of Youth (NLSY79), which
surveys individuals born in 1957-1964 and includes basic demographic, economic and educa-
tional information for each individual. It also includes a well-known proxy for ability of earning
that is thought of beyond schooling and work experience: the Armed Forces Qualification Test
(AFQT), which gives a measure usually understood as a proxy for the “intrinsic ability” of the
respondent. This data has been used repeatedly to either control for or estimate the effects of
ability in empirical studies in economics and other disciplines. See CHV for further details and
references.

We shall use exactly the variables X and Z in CHV but with our proposed methodology to

estimate parameters and test hypotheses of interest.’

5The vector X consists of the year of mother’s education, number of siblings, average of log earnings 1979-
2000 in county of residence at 17, average of unemployment 1979-2000 in state of residence at 17, urban residence
at 14, cohort dummies, years of experience in 1991, average of local log earnings in 1991, local unemployment
in 1991, while Z contains some variables in X, as well as instruments, that is, presence of a College at Age 14
(Card 1993, Cameron and Taber 2004), local earnings at 17 (Cameron and Heckman 1998, Cameron and Taber
2004), local unemployment at 17 (Cameron and Heckman 1998), local tuition in public 4 year colleges at 17
(Kane and Rouse 1995). These papers in parentheses are such papers that previously used these instruments.

See CHV for details and their explanation.
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7.1 Estimation of MTE
We note that equation (9) of CHV implies that

Y =X"60 + P(Z2)X 0y + g(P(Z)) + ¢, (7.1)
Pr(S=1|2)=P(Z)=ANZ"v), E(X,2)=0, (7.2)

where P(Z) stands for the probability of attending college for the individual with characteristic
Z, which is specified in the form of A(Z"7). In this case, MTE(x,p) = z'60y + ¢'(p). The
equations (7.1) and (7.2) motivate an alternative way to estimate MTE. Precisely, equation
(7.2) implies

E[(I(S =1) — A(Z %)) ®4(Z)] = 0, (7.3)
where A(z) = exp(z)/[1 + exp(z)] and ®,(-) is a g-vector consisting of basis functions.

Note that in CHV the vector Z has dimension 34 which is relatively large. Hence, our
theoretical result in Section 5 enables us to estimate 7y utilising the moment condition (7.3)
coupled with a penalty function (we use SCAD).

With 7 at hand, we first calculate the average derivative of each variable in the choice model
(7.1), that is, for each individual we compute the effect of increasing each variable by one unit
(keeping all the others constant) on the probability of enrolling in college and then we average

across all individuals. The results are reported in Table 5.

Table 5: Average marginal derivatives in decision model

AFQT 0.2073
Mother’s years of schooling 0.0400
Number of siblings -0.0209
Urban residence at 14 0.0028
Permanent local log earnings of 17 -0.0265

Permanent state unemployment rate at 17 0.0013

Presence of a college at 14 0.0190
Local log earnings at 17 -0.0250
Local unemployment rate at 17 0.0092
Tuition in 4 year public college at 17 -0.0017

The marginal derivatives reflect the changes in probability of attending a college when

some policy was implemented to increase the relevant variable by one unit. For example, the
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Figure 1: Estimated MTE calculated at £ = X and the 95% Confidence Interval

marginal derivative of “Permanent local log earnings of 17”7, —0.0265, means that when the
earnings increases 100 dollars, the probability on average of attending a college would decrease
2.65%. By contrast, this derivative in CHV is 0.1820, meaning that a 100 dollar increase in
the labor market would result in an increase of 18.20% enrolling in a college. This seems
contradictory with intuition.

Moreover, equation (7.2), along with 7, allows us to estimate 6y and ¢(-) by transforming it to
unconditional moments. The estimation procedure and asymptotic theory for this semiparamet-
ric single-index structure has been established in Section 3.3. Since the function g(-) is defined
on [0, 1], a power series {p’, 7 > 1} in L?[0, 1] is employed to approximate the unknown g(-), and
the same procedure as in Example 6.1 gives 0 and g(p). Hence, we have the estimate of MTE,
m(m,p) =2"0+ g'(p), where § is given in Table 6 and 7 (p) = 0.6462 — 0.3898p — 0.4470p?.
The plot of l\m(x, p) with z = X, along with the upper and lower 95% significance bounds, is
given in Figure 1. It can be seen that with the increase of the probability of attending college,
the MTE decreases. The plot is quite similar to Figure 4 in CHV(p. 20).

For the implementation of the estimation above, we emphasize that in order to coincide
with the theoretical procedure described in Section 3.3, we use a subsample with size 874
drawn randomly to estimate vy to obtain 7, then the rest of the sample with size 873 is used
to estimate 0y and g(-), obtaining 0 and g(p). The number of basis functions used is selected
by the minimum MSE criterion over a candidate set. To have the standard deviations of the
coefficients in  and 9(p), a bootstrap method is employed with 250 replications. The standard
deviations of the coefficients in g(p) are 0.5319, 0.0919 and 0.0738, implying that the last two
coefficients are significant at the 95% level.

Furthermore, with regard to testing whether g(p) is a constant function, in CHV this test
is implemented through specifying g(p) as polynomials of order 2-5, respectively, and then
test whether their coefficients are jointly zero. Nonetheless, we actually have done this in
the estimate of g(p) without any specification, because we treat g(p) as a nonparametrically
unknown function, and two coefficients in g(p) are found to be significant. Thus, we think the

test would not be necessary.
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Table 6: Estimated coefficients of 6, and g(p) in MTE

Estimated coefficients of 6,

02852 -0.2089 02382  -0.1296  -0.3728  -0.0458  0.4915  0.8161
(0.2840) (0.1530) (0.1611)  (0.2420)  (0.1612)  (0.0108)  (0.3908) (0.7419)

0.0454  0.1059  0.0115  -0.7552  1.1762  0.2706  0.3666 -1.1519
(0.0924) (0.1372) (0.0167)  (0.4263)  (0.6864)  (0.5630)  (0.3185) (0.4768)

02508 -0.0428 -0.9744  -0.2847  -1.3112  -0.0417
(0.2811) (0.0653) (0.4925)  (0.3183)  (0.5518)  (0.0159)

Estimated coefficients in g(p)

0.6462 -0.1949 -0.1490
(0.5319) (0.0919)** (0.0738)**

** indicates that they are significant at the 95% level

7.2 Nonlinearity of AFQT

We realize that an individual’s ability of earning (AFQT) may affect the wage in a complicated
way, instead of in linear or quadratic form in CHV. The pattern of this affect is possibly different
in different groups of people. To evaluate this issue, we split the sample constructed by CHV
into two subsamples: the first one for high school dropouts or graduated students (Subsample H,
hereafter), while the second includes college dropouts, graduates and postgraduates (Subsample
C, hereafter). The sample sizes are n; = 882 and ny = 865, respectively.

Let Y be the log wage of individual, U be the AFQT, X _; be the vector consisting of all
variables in X except U. Consider conditional moment model E[(Y —a' X _; — f(U))|W] = 0,
where W is the instrument. Then we have unconditional moment equations E[(Y — "X | —
fU)¥,(W)] = 0, where U (W) is a g-vector of basis functions on the instrument W, ¢ =
H?:ﬂ]j and ¢; = 3, meaning that the conditional moment function is developed using the
same number of basis functions in all directions of coordinates. The model will be fitted by
Subsamples H and C, respectively.

Since the score of AFQT has been standardized, we use the Hermite polynomial sequence
for the development of the f(U). We choose the truncation parameter based on the estimation
for different truncation parameters, and the optimal parameter is the one that the estimated
variance ¢ = ¢ (K), using the procedure in Section 2, is the minimum among chosen K’s.

Denote by 01(K) and 05(K) the variances calculated using the two subsamples, respectively.
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Table 7: Estimated standard deviation (x10%)

Truncation parameter

K=1 K=2 K=3 K=4 K=5 K-=6

o1(K) 10.1768 7.0663 9.3926 8.6882 8.2505 7.7928
09(K) 4.1264 4.7496 4.9697 3.7082 3.8777 3.8558

It can be seen from Table 7 that the optimal choices of the truncation parameters are
K 1 =2 and [A(g = 4 for f; in Subsample H and f, in Subsample C, respectively. Accordingly,

the estimated functions are

(1) =0.2622h, (1) + 0.0778hy(u), (7.4)
(1) =0.0713Ry (u) + 0.1086hs(w) + 0.0826ks(u) — 0.1233h4(w), (7.5)

where h;(u) = H;(u)/+/+/727j! and H;(u) are Hermite polynomials. Notice that there is no
constant term in the estimated function as the constant is not identifiable from the intercept of
the equations. Since we mainly focus on the estimate of nonparametric function, all estimated

coefficients of X_; by the two subsamples are given in the supplementary material of the paper.

Figure 2: The plots of ﬁ(u) and fg(u)
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Figure 2 shows the plots of two functions ﬁ(u) and j/’;(u) estimated by the subsamples H
and C, respectively, and the 95% confidence upper and lower bounds on the main support of
the dataset. As can be seen from Figure 2a, for the high school dropouts and graduates their
corrected scores of AFQT contribute to their earnings by an increasing function. Thus, the
higher the score is, the higher the earning is. On the other hand, from Figure 2b we see that
the estimated function is mainly increasing as well, except a small sub-interval where it is a bit

downward. This means that for college graduates and postgraduates the contribution of the
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AFQT is somewhat complicated; specifically, with AFQT greater than the mean (i.e. zero),
individuals’ income is increasing as AFQT increases, whereas with AFQT less than the mean,
individuals’ income firstly increases and then decreases with their AFQTs. This phenomenon
motivates that some interactive terms might be included. We however do not pursue this issue
here since it is beyond the scope of our theoretical setting. Note that the negative values of
the functions do not imply anything since the score has been corrected to have mean zero and

unit variance, and we fail to identify their intercepts. Here, we only emphasize their forms.

8 Conclusion

We provided estimation and inference tools for a class of high dimensional semiparametric
moment restriction models based on the sieve GMM method and the penalized sieve GMM
method. Our approach is based on simultaneous selection of and estimation of the unknown
quantities. The theoretical results are verified through finite sample experiments. We found
that the more the number of moment restrictions, the more accurate the estimates. In addition,
in our empirical study we also found our results to be more reasonable in some respects than the
existing literature. The framework we have considered is quite general but can be generalized in
a number of ways. First, we may allow explicitly for panel data and allow for weak dependent
sampling schemes. Second, we may allow for a large number of nonparametric functions to
enter the moment condition provided they are each defined on low dimensional spaces. Another
question of interest here is efficiency; Jankova and Geer [45] develop some results about efficiency

in the large linear model framework.
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A Lemmas

This section gives all technical lemmas, additional assumptions and some notation used for the theo-
retical derivations, while the proofs of these lemmas are postponed to the supplementary material of

the paper.
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Lemma A.1. Under Assumptions 2.1-2.2 and 3.1-3.3, we have
L ||My(ev, B)| = Op(k?) + Op(n").

2. Given Bi, + B3, = 0(n), SUp|ja|<By,.|b|<Bsn |[Mn(a,b)||72 = Op(1) for each § > 0, when n is
[(a—a,b—p)[|>&
large.

Denote m(v,u,w) = (mq(v,u,w),...,mg(v,u,w))" . To investigate the asymptotics, denote the

Score and Hessian functions of || M,,(a, b)|? as

o) 92 9?
Da FadaTl TN

Sn(a,b) == aa |Mn(a,b)||?,  Hp(a, b):= 8a§; 8a§2b | M, (a, b)|?.
ob 0boa’  ObobT

Since || M (a, b)||? = 2 Y0, (X0, ma(Vi,a X, b' @k (Z;))), we have

q n

fllM (a,b)|* = 2§ > me(Vi,a' X, b ®(Z;))
qn
=1 1=1

XZ@ «(Vj,a" X;, b @k (Z;)) X,

||M (a,b)|? _2—227715 Vi,a' X, b P (Z:))
(=1 i=1

xZa Vi, a X5, 0" @k (Z))) P (Z),

and
1 o= 0
aaa THM (a,b)|? —27222 5l (Vi,a' X3, b @ (Z;))
(=1 i=1 j=1
)
X %mg(vj',aTX',qu)K(Z‘))XjX;
+2—QZZZW Vi,a' X;, b ®x(Z;))
(=1 i=1 j=1
9? .
X 9u mg(V],a Xj,b (I)K( ))X Xj,

2
0? S R d T 1
WHMH(a,b)H ZQWzZ. %mé(vma Xi,b @k (Z;))

X %mg(vj, b @K( ))X (I)K(Z)

+27222ng Vl,a Xz,b ‘@K( ))

(=1 i=1 j=1
X ma(Vi,a X BT (2) X Bk(2))],

0 1 e d To T
W|1Mn(a,b)\|2 227222 ‘ %mé(v@‘,a Xi,b ®x(Z;))

x%mg(vj,a b B (Z,)) i (2)) i (Z:)



n2 Zzzmg a X, b B (7))

¢=1 i=1 j=1
2

8 G2
The unimportant constant shall be ignored in what follows.

Denote each block of Hy,(a,b) by

my(Vj,a' X;,b' @k (Z;)) P (Z;)®x(Z;)".

0 2 0? 2
Hii(a,b) -—mHMn(a»b)H ; Hiz(a,b) -—mHMn(aab)H ,
82
Ho(a,b) =g v IMa(a, D), Hai(a,b) =Hiz(a,b)',

and define

1[0 0 '
s =+ 3 (B mi(ia X g(Z0) 30 ) (B gLmatVi,o X1, g(Z0)%
(=1
T

)

1 0 T '
- [E <aum(V1,a leg(Zl))) ® Xy

d : '
E (aum(‘/laa Xlag(Zl))> ®X1

1 (0 . 0 : '
hiz2(a, g) = az <E8UW(V1,04 th(Zl))Xl) (anme(vl,a Xl,g(Zl))q’K(Zl)>
(=1

)

ou

E(a m(Vi, o' X1, <Zl>>)T®X1

(Vo Xi0(20)) ©2x(2)

hoi(a, g) := hia(a, g)",

q

8 T
haa(a, g) Z < e (Vi,a" X1, (Zl))‘I’K(Z1)> <anmz(V1,OéTX1,9(Zl))‘I’K(Z1)>
£y
1 0 ! 3, ' T
=y E<awm(V1,OéTX1,9(Zl))) ® Px(Z1) E<8wm(V1aOZTX1a9(Z1))> ® Pk (Z1)
Denote
hi1(a, his(a,
(s ) = 1(a, g) hia(a, g) :}\an};? (A1)
hoi(a,g) hoa(a, g) a4
where
Im(Vi,a" X1,9(Z21) @ X
v, —E ( 1 1 g( 1)) 1
2m(Vi,a' X1,9(Z1))" ® @k (Z1)
(p+K)xq

Lemma A.2. Let Assumptions 2.1-2.2 and A.1-A.3 hold. If, in addition, (1) H,(c, B) is asymp-
totically almost surely positive definite; (2) let hp(a, g) be defined in (A.1), then we have ||Hy (v, 5) —

hn(a, g)|| = op(1) as n — .

Denote S, (a,b) = (Sin(a,b)’, Son(a,b)")". We now focus on S, («, ) with sub-vectors Si,(«, 3)
and Sop,(a, 8). Define

n

1 0
sin(a, g) = ZZmE(ViaQTXiag(Zi))E%mé(VlaaTXlag(Zl))Xla
(=1 i=1
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1 6 T T 1 - T
[qE (G000 @ 3 )| LS v’ Ksa(2),

qg n
0
5271 « g szf ‘/ZaO[Tth(Zi))]E%mE(‘/laaTXlag(Zl))éK(Zl)
=1 i=1
1E 9 (Vi,a" X1,9(Z1))" @ ®x(Z)) lf:m(v- o Xi,9(Z))
P 8w 15 1,9(41 K\(41 n 2 is i» 9\4i))s
and hence
: 1 ¢
sn(a,g) = (sm(oz,g) ,szn(a,g) ) *\Ijnn Zm ‘/z,Oé Xig (Zz))v (A2)
i=1

where ¥, is given by (A.1).

Lemma A.3. Under Assumptions 2.1-2.2, 3.1, 3.8, A.1-A.3, as n — oo we have

[Sn (e, B) = sn(a, g)|l = op(1).

The following lemmas A.4-A.6 are used to prove the results in Subsection 3.3.

Lemma A.4. Under Assumptions 2.1*-2.2, 3.1*-3.3%, we have
1. ||Mn(a, B)|I* = Op(Inkl?) + Op(n™1).
2. Given B}, + B3, = o(n), Supja|<s,,,|b|<Bs | M, (a,b)|| "2 = Op(1) for each § > 0, when n is
[(a—a,b—B)||>s
large.
The following assumptions are imposed for the case of single-index structure in Section 3. Their

discussions are similar to their counterparts and hence are omitted.

Assumption 2.1* Let 7 be the support of 0yZ;. Suppose that {¢;(-)} is a complete orthonormal
function sequence in L*(Z,7(+)), that is, (pi(+),¢;(:)) = &i; the Kronecker delta.
Assumption 3.1* Assumptions (a), (c) and (d) in Assumption 3.1 remain the same but (b) is
replaced by:

(b*) for the density fo(2) of 0" Zy, there exists two constants 0 < ¢ < C < oo such that cr(z) <
fo(2) < Cn(2) on the support Z of 0" Zy for 6 in some neighbourhood of 6y.
Assumption 3.2* Suppose that there is a unique function g(-) € L*(Z,n) and for each n there is
a unique vector o € RP such that model (3.5) is satisfied. In other words, for any 6 > 0, there is an
€ > 0 such that

inf g [Em(Vi,a' Xy, f(62:))|7 >

(a,f)€®
l(a—a,f—g)l|=é

Assumption 3.3* Suppose that for each n, there is a measurable positive function A(V,X,Z) such
that

g m(V, a1 X, f1(072)) — m(V, a5 X, £2(0" Z))| < A(V, X, Z)[[lar — aa| + | /1(07 Z) — £2(0" Z)]]
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for any (a1, f1), (a2, f2) € © and for 0 in some neighbourhood of 6y, where (V, X, Z) is any realization
of (Vi, X4, 2;) and the function A  satisfies that E[A?(V, X, Z)] < co uniformly in n.
Assumption 3.5%. All statements in Assumption 3.5 are true when Z; is replaced by 95 7.
Assumption 3.7* The partial derivatives of m(v,u,w) satisfy all inequalities in Assumption 3.7
when Z is replaced by Q(T)Z .

Similar to H,(a,b), we define H,(a,b) as the Hessian matrix of HMn(a, b)||?, which has the
following blocks:

82 2 o 82 — 2
Hll(a b) := ~ Dada THMn(avbW ) Hiz(a,b) -*WHMn(a?b)H
0?2 ~ ~ T
Hy(a,b) = = b0 1M, (a,b)|* Hyi(a,b) =Hiz(a,b) .

Meanwhile, define ﬁn(oz, g) in the same way as h,(«, g) given by (A.1) with Z; being replaced by
07
Lemma A.5. Let Assumptions 2.1*-2.2 and 3.5%, 3.6 and 3.7* hold. Then (1) ﬁn(a,ﬁ) is asymp-
totically almost surely positive definite; and (2) we have | Hy (o, B) — hn (v, g)|| = op(1) as n — oo.
Similarly to S,(a,b), we define S,(a,b) = (Siu(a,b)’,Ss,(a,b)")" as the Score function of

Mn(a, b) and define 3,(c, g) := (51n(a, 9)", 52n(a,g)")", which is the same as s,(a,g) but with Z;
being replaced by 98 Z;. Therefore,

u(029) = Gualng) Fauleng)) =¥, 1va“a X, 9(032,)). (A.3)

Lemma A.6. Under Assumptions 2.1*-2.2, 3.1%, 3.8%, 3.5%, 3.6, 3.7%, as n — oo we have

15 (e, 8) = (e, 9)]| = op(1).

The following two lemmas are made for the proofs of the theorems in Section 5.

Lemma A.7. Let Assumptions 5.1-5.2 hold. Suppose that (i) There exists a positive sequence a, =
o(dy) such that || Sy (vos)|| = Op(ay); (it) For any € > 0, there exists a constant C = C(e) > 0 such
that for all large n, P(Amin(Hnr(v0s)) > C) > 1 —€; (iii) For any € > 0, § > 0 and any nonnegative
sequence 1, = o(dy), there is an N > 0 such that whenever n > N,
P ( sup  ||Hpr(vr) — Hur(vo)]] < 5> >1-—e
lvr—vol|<mn
Then there exists a local minimizer v € V of
Qn(vr) = [|Mn(or) >+ Pullvj]),
JET
such that |v — vo|| = Op(an + Vtn P,(dy)). Moreover, for any arbitrary € > 0, the local minimizer v

is strict with probability at least 1 — € for all large n.
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The proof and the verification of the conditions of the lemma are relegated to Appendix C.
It is worth noting that, under an additional condition stated below, we show in Appendix C that
1Snz(vos)|| = Op(\/tn log(q)/n) and therefore we have |0 — vo|| = Op(y/tn log(q)/n + n PL(dy)).

The oracle consistency in Lemma A.7 is derived based on the knowledge of T', the support of wvy.
To make the result useful, it is desirable to show that the local minimizer of ), restricted on V is also

a minimizer of @, on RPTE,

Lemma A.8. Let the conditions in Lemma A.7 hold. Suppose that with probability approaching one,
for v €V in Lemma A.7, there exists a neighbourhood O1 C RPYE of & such that for all v € Oy but
v &V, we have

1My (o) P = | Ma(0)[* < D Pallog])- (A.4)

€T
Then, (i) With probability close to unity arbitrarily, the © € V is a local minimizer in RPTE of
Qn(v) = | M, (v)||? + Z?i{{ Po(|vj|); (i) For Ve > 0, the local minimizer v is strict with probability at

least 1 — € for all large n.

The proof and the verification of the conditions of the lemma are relegated to Appendix C.

B Proofs of the main results

Proof of Theorem 3.1. In Lemma A.1, we have shown that
(1) [[Mn (e, B)|I* = op (1),

(ii) Sup|ja<Bi,,b|<Basn || Mn(a,b)||72 = Op(1) for cach & > 0.
[(a—a,b=p)[|>6

Fix € > 0 and § > 0. Assertion (ii) means that there exists a large but fixed M for which

lim sup P sup [M,(a,b)|2>M| <e
lal|<Bin,|b||<B2n
l[(a—a,b—p)[|>6

Meanwhile, by the definition of the estimator and (i) we have

M, (a, B)|12 = inf M, (a,b)||* < || Mn(a, B)||*> = op(1),
H n( )H lal|<B1r|[b]| < Ban H n( )H = ” n( )H P( )
which gives

P@MMQQWQ>M>%L

It follows that, with probability of at least 1 — 2¢ for all n large enough,

1M (@, B) 72 > M > sup 1My (2, b) |72
Jall<Bin, [bl|<Ban
l(a—ab—g)>5
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Hence, the inclusion (@,3) € {(a,b) : ||a|| < Bin,|b|| < Ban,|/(a — a,b — B)|| > 4} holds with
probability at most 2e¢,

P(IG=a,5-5) >6) <2
As e and 0 are arbitrarily chosen, we then have ||(a — a, B\ — B)|| —p 0. Notice further that
1@~ 0.5(2) ~ g =l1a - all* + [[@) - o) Pa(z)ds

@ - al* + [(5 - 5)@x() —()Pr(z)ds
=[la —all> + 18 = BI” + v ()]
=)@~ a, 8= B)I* + vk (2)|> =p 0,
as n, K — 0o, by the orthogonality of the basis sequence, which then completes the proof. O

Proof of Theorem 3.2. Notice that the conditions of the theorem imply the consistency of the esti-
mator that is used in the sequel. By the first order condition Sy, (@, B) = 0, consistency and Taylor

expansion, we have expansion

—~ _|la—«a
0= Sn(aa B) :Sn(aaﬁ) + Hn(daﬁ) R
B—p
a—a« _ a—
:Sn<aa B) + Hn(awB> ~ + [Hn(@75) - H’VI(aﬂ B)] ~ ’
B—p B—p

where (@, 3) is some point on the joint line between (@, B) and («, 3). Notice that the last term is
of smaller order in probability comparing to the second term. Indeed, by the Lipschitz condition in
Assumption 3.4, the last term in norm is bounded by Op(p + K)[[|@ — al| + |3 — B]|]**", while the
second term is Op(p + K)[||& — al| + ||8 — B]|]. Thus, we may write

0= Su(@, B) =Sn(cv, B) + Hu(a, ) ;_ ; (14 op(1)),

in view of the consistency and for simplicity we shall ignore the term op(1) in the sequel. As shown in
Lemmas A.2-A.3, under Assumptions 2.1-2.2, 3.1, 3.3 and 3.5-3.7 in Section 3, H,(«, () is asymptoti-
cally positive definite, and H,(«, 3) and S, (v, 8) are approximated by h,(«, g) and s, («, g) (defined in
(A.1) and (A.2)), respectively, that is, || H, (a, 8)—hn(c, g)|| = op(1) and ||Sy(a, B)—sn(a, g)|| = op(1).

Hence, for large n,

a—«

B 8 = _Hn(aaﬁ)_lsn(aaﬁ) = _hn(avg)_lsn(aag)(l +op(1)). (B.1)

41



Noting that g(z) — g(z) = @K(z)T(B\— B) — vk (z), the linearity of Fréchet derivative and ignoring

the higher order term in the definition of Fréchet derivative,

2@) - L) 26 - )

F@ -7 \F@EE - g=)
B L@ —a) 0
NrweerG-n) \#@we)
B < 0 a—o 0
o swene ) \3-8] \#@we
-7 " e e -|

0 Z'(9)Px(z) F'(9)vK (%)

=Aqy, + AQn, say.

Recall h,(a,g) = é\llnlll; and sp(a,g) = %\IIH%Z?:I m(Vi, o' X;,9(Z;)) by (A.1) and (A.2).
Hence, A1, = LT, (9, 97) 710, >0, m(Vi, o' X;, 9(Z;)) where

Then, the covariance matrix of /nAy, is
Y2 =T, (0, ), =, U (U, U )7

in which 2, := Em(V1,a'X1,9(Z1))m(Vi,a" X1,9(Z1))"]. It follows from the standard central

limit theorem that /nX,'Ay, —p N(0,1.15) as n — co. Then the assertion follows because of
VASTHO], (g 1ic(2)') = o(1), yielding yiihon = of1). m

Proof of Proposition 3.1. The assertions (1) and (2) can be shown similarly to Lemmas 3.4 and 3.5
in Pakes and Pollard [55]. For brevity we omit the proof. For (3), factor =, = C,C) and denote
Q= [V, WV, 7', WC, and T}, = Q,, — [¥,,=,' 0,710, (C;1)". It follows that

T,7" =Q,Q!

n n

L M

from which
L, [O, W |71, WE, W, (¥, W |71 > T, [0,z 10 |71

for all W satisfying the conditions, in view of the nonnegative definiteness of T}, T}, . O

Proof of Theorem 4.1. By the conventional central limit theorem

n 71/2 n
(Z[nTm(v;,aTXi,g(Za)P) > w'm(Vi,a' Xi,9(Zi)) —p N(0, 1),

=1 i=1
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as n — oo for any k € RY such that ||| = 1.

Thus, the result follows immediately if we show

n _1/2 n
La(@, By k) = (Z[RTW(VE,@TXi,g(Zi))]Q) > w'm(Vi, o' Xi,9(Zi) + op(1).
i=1 i=1
Toward this end, we shall show
1 ~ 7 1 - T T
1). =D,(@,pB;r)* — — Vi,a' X4, 9(Z:))* = op(1); and
(1). —Dn(@, 5; k) n;[ﬂ m(Vi, o0 Xi, 9(Zi))]” = op(1); an
1 . T AT T 1 = T T
(2). —=) e m(Vi,a Xi,8 (%)) — —= ) & m(Vi,a Xi,9(Z;)) = op(1).
Vi 2 Vi 2
(1). Notice that
1D ~ 7 N\2 1 u T ~T T 2
E n( aﬁa/{) :EZ[ m(V;,Oé Xi, B q)K(Zz))]
i=1
1 = T T 2
= > [K'm(Vi o' Xi,9(2))]
i=1

£ (Vi@ X3, G20~ 8 m(Visa” X, o(Z0)%)
=1

and we shall show that the second term is op(1). First of all, we need the convergence rates of ||a— |
and HB— B||2. Tt follows from (B.1) in the proof of Theorem 3.2 that ((@ —a)’, (B—8)") has leading
term Ay, (o, g) " tsp(a,g). Then, by the expressions of h,(a,g) and s,(a,g) it is readily seen that
& — al* = Op(p/n) and ||B — B||* = Op(K/n).

Moreover, by the first order Taylor expansion,
1 & T AT ~ 2 T T 2
EZ [ m(Vi, & X4,9(Z:))])" = [x m(Vi, o0 Xi, g(Z3))]7]
i=1

R T~
g Z ‘KT [m(‘/lv aTXiag(Zi)) - m(‘/%v aTXi7g(Zi))]|2
=1

<
+ 2% Z |67 [m(Vi, @' X3, 9(Z0) — m(Vi, @ Xi, g(Z))lIk"m(Vi, @ X3, g(Z3))]
=1
3% 2: — a(;fi’ 97)) G _ oy x, 2
23 | e ) ) - g
N Zg T 8m(%,a;uXi79(Zz’))(a — o) Xi| |K'm(V;, o" Xi, 9(Z0))]
& 23 2mVs © 59D G2) — (20| I8 Vi’ X, 0(Z0)
=1
<la-off2 Yo [ Koo lE) g x|

1=1
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am(‘/7,7aTXlag(ZZ)) ?

ow ® P ()

2> 1/2
! . 1/2
X (/‘iTZm(W7aTXiag(Zi))m(%aaTX’iag(Zi))T,{>

n i=1
(i
" K

=1

—~ 4 &
+1B =8I~
=1
4 n
+EZ K
=1
+2[|a — o (n >

=1

2

om ‘/iaaTXh Zz
ol X dB) | 2

ow

om(Vi, o' X;, 9(Zy))
ou

® X;

LOm(Vi,a' Xi,9(Z:)) |°

ow

1/2
(9(Z;) — Q(Zi))2>

" 1/2
1 T T T
- i Xi, g(Z o Xi, 9(Z;

X (ff - > m(Vi,a' Xi,g(Z:))m(Vi, o' Xi, g(Z:)) fﬂ)

i=1
=l@— al*Op(pa) + 115 = BI*Op(Kq) + Or(a) sup i (2)
+ @ = | Op(v/pa) + I3 = BIOP(v/Kg) + Op(v/a) sup [k (2)|
=op(1)
by Assumptions 3.5 and 4.2. Thus, the assertion of (1) holds.

(2). We first consider

va(a, fiK) = fzfc m(Vi,a' Xy, f(Z)) — Elm(Vi,a" X, f(Z:))), (B.2)

for any k € R? such that ||x|| = 1 and (a, f) € ©. Because of the convergence in Theorem 3.2, we
eventually will show v, (@, g; k) — vn(a, g; k) = op(1).

Notice by the first order Taylor expansion that

m(%,aTX’ia f(ZZ)) - m(‘/;7aTXlag(Z’l))
N ou ow

for all (a, f) in the neighbourhood of (o, g), where f has the form b'®(-). Thus

(a—a) X; +

(f(Zi) — 9(Zi)), (B.3)

P ( sup lvn(a, fi k) — vp(a, g3 K)] > 77)
I(a,f)

n

8 T
P su § X ORI X, )
: (l(a,f>(£,g>||< ~ oy @~ @) Xil >n/>
T 0m om
P sup R - 7.) — 7. gdm Z B 7 5
+ (II(af v f K5 (f(Z) = 9(2) = B4 —(F(Zi) = 9(Z))] >n/>

<P sup —
(l(a,f>—(a,g>||<a vn Z

+ P ( sup
lI(a,f)—(e,g)lI<é

K auXZ}T (a—a)

(2) - B Jh0i(2)| (b= 5)

1 — :Om

+Om

> n/2>

>77/4>
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1 — :Om +Om
+ P sup —= [f-ﬂ - Vk(Zi) — Ex ——k(Z )] > 77/4>
<||<a,f>—<a,g>||<6 ne L ow dw
1 [ 0m 0
<P sup — |:K} X,—F } pla—a)| > ?7/2)
(l(a,f>—<a,g>||<6 np ; 0
—i—P( sup Ly mTam(I) (Z;) — EmTamé HH\ﬁb A >77/4>
—— - Px(Z; Pk (
la.f)~(agli<s || VRE = L Ow Ow
1 " T 8m T 8m
+ P sup — [ -k (Zi) — Ex ——k(Z; )] > 77/4>
<||<a,f>—<a,g>||<6 Ve L dw dw
=I1n + Iop + I3,, say.
Observe by the i.i.d. property that
am
Z{ A ] Op(1), (B.4)
+Om +Om
—_— — & (Z; Er —® B.
m;[H Ow k(Zi) — Ex Jw K(Z )} Op(1). (B.5)

It follows that if ||/p(a — )| and ||VK (b — B)|| are sufficiently small, I1,, < £/3 and I, < /3.
Meanwhile, using the condition that ,/gsup, |vx(z)| = o(1) we have I3, < /3. This shows that, in
view of Theorem 3.2, when n is large, P (|v,(Q, g; k) — vn(a, g; k)| > 1) < e for any given €,n > 0.

Furthermore, since

1< _
—= > m(Vi 6 X, Bk (Z) — (Vi o X, g(Z))]
1=1
= vn(Q, 93 k) — vn(a, g k) + V/nim; (8, G3 K),
the assertion of (2) holds by virtue of Assumption 4.1. This finishes the proof. O

Proof of Theorem /4.2. Because for any (a,b) and x with ||| =1,

\}ﬁDn(a,b; k) = (B[R m(Vi,a" X1, b 8 (Z0))2) 7 + op(1)

= (K" E[m(Vi,a" X1,b" @ (Z1))m(Vi,a" X1, b ®c(21)) 16)? + 0p(1),
which is bounded away from zero and infinity in probability, it suffices to show that there is some x*
with [|[£*|| = 1 such that
IZ”*Tm Vi,a X;,b' Ou(Z;)) =p o0

as n — oo for any (a,b) € RPTE,

Note by the Law of Large Numbers that

1 « 1 &
7 D Vi X bRk (2)) = VL 3D Vi X b0k (2)

=vn{E[r'm(V;,a’ X;,b ®x(Z;))] + op(1)}.
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Let x* = E[m(V;,a’' X;,b" @ (Z:)]/I|E[m(Vi,a" X;, b @k (Z;))]||. Then,

= 3wV X, B B (20) = V(L Efm(Vi, T X b (Z)]] + op(1)
=1
=il inf | |Elm(Vioa’ X H(Z0))| + 0p (1)} = V(8 + 0p (1) —p o

as n — oo, which finishes the proof. O

Proof of Theorem 4.3. Note that

by the Law of Large Numbers, where m(i) := m(V;, o' X;,g(Z;)) for simplicity, and it follows from
Assumption 3.3 that

1Acnll S% Y lm@)m(i)" —m(iym(@)|
i=1

<SG~ m)P + 203 @@ G) ~ m()]
=1 =1
=Vi0p([a — o] + g — gl}) = or (D).

This gives A, = qu + op(1) where A, := Diag(c(j,5)%,7=1,---,¢) and Mg := Diag(E[m;(i)%],j =
1,---,q). Notice also that

n

o % Z Z (i) — m(i)] == en + Ao,

=1
where v/nk' Ac,, —p 0 has been proven by Theorem 4.1, implying € = e,, + op(1) as n — oc.
Because the difference of using A, , and A, is negligible in probability, as shown in the above,

we may consider, a bit loosely use of the notation,

2
1‘171 Ly ] —1 71 ln nm~im~z”
"_q;E[mj(i)ﬂ <\/ﬁ;mj(z)> _q;E[mj(i)Q]n;; #(Om; (@)
1 i iil mi(@)? | + = y 271 m'(i)zim-(i’)
~on 25\ & Bl 1™ an 2 \ & Bl (7)™ 2™
=Th1 + Tho, say. (BG)

We first consider the second term T)s. It is obvious that, given F;_; the information up to i — 1,

ZE ij

is a martingale difference sequence, so that T2 = > 7", &,; becomes a martingale. The conditional

variance is
n
n=> E[G|Fi]
i=2
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2

n 9 q 1 i—1 . |

= 2 E |:<qn jzl (07 m; (i) le::l m;(1 )) Fi1
4ol i (i) 2
:ng( Elm; ()]
4 G 9 Elm(d)mg (i)] S4 ,i_l ,
b 2> Y SIS ) Y m )
=2 j=1 j/'=1,#j J =1 i'=1
4 e (SRR SRS myli)m)
—MZZ (i,lE[mmm +Z¢ Elm; ()2 |~
due to E[m;(i)m;:(i)] = 0 for j # j'. It follows that
4 n 4 n(n-1) n—1
E[D?] W;(z—l) e =2 s
In addition
E[(D; — E[D;])?

‘ . 2
4NN [ ) my(imy(i2) | 4§~
anZ(lm (7] +ZZ; Em; (i) ) g Z 1]

:ﬁE _anzq: fmj(ily +Z Z mJ 21
g'nt | =2 j=1 \i'=1 E[m] i1=114i2=1,%i1
. 2 2
82 [N s ()2 — Elmy ()] " mj Zl )
=l + 1, say
Moreover
39 n q i—1 mJ(Z,)Q Emj(z’)z] ?
S PO Dy e
‘ 2
32 N[Nm0 — Bl (i)
_q4n4 P E (; o E[mj(i’)Q] )
64 < 2] a9 ] m;(1 E[m;(i')? g ad m; (i E[m;(i")?
S| (S ) (et )
i3=314=2 j=11i=1 j=11i=1 J
2
82 RS [ e ma)? — Elmy (1)?)
gt 2 2 (Z Efm; (1))




TS (g, ()2 = Elmy, ()2 my, (i')2 — Elmy, ()2

q4n4 Z 2 ZE( h(i')?] B, (V)2 >
g ()~ Elmy ()]
T e Z ZE( B, (7)) >

7.Z mj, (i E[mj, (i')%] mj, (i')? — E[my, (i')?
qﬁzzzzzw S )

E[mj, (i')?]

and
2
64 nzq Zilizl 177’LZ’I7’LZ

n 11z11q7n(27n22 2
E Jl J
= > Epm
23
1

11=212=1j=1

128 n is—1li1—1 ¢

21
i5 q ig—1i1—1
qﬁzzEzzza@”)QED:“JZ)

5=4ig=3 11=212=1 j=1 7=111=21i9=1
2
n i—1 i1—1 q (Z M Z
1 2
S E( Yy ) Ok
=3 i1=2 =1 j5=1
i7—1 q
](zl)m] 12 sz] i7) m] 12
E[m;(4)

m
=1 j=1
2
m](zl)m] 12 )

E[m;(4)

mj

128 niii [Tl
WZZZE(ZZ
i=3 i1=3i7=2  \da=1j=1
128 G i ek
EEE(EET

1
i5=416=3 1=21i9=1 j=1

ZH:ZZEZIZ:IE zq:m](zl m;(i2) 2
q n4z 3 11=2142=1 Em](l)ﬂ
2
128 n i5—lig—141—1 q m; (Zl)m 22
E J
EEEE (e

<C—
e>n

Thus, D2 — E[D}] = OP(n_l/Qq_l). Also note that
D? 2 D% i o) D% 2 -
(& 1) = “lamat =0r ) =orth)

To show the asymptotic normality of Tp,0 = > ;" 5 &ni, according to Corollary 3.1 of Hall and Heyde
[39], we need to check whether for any n > 0,

> B I([&n] > 1) Fia] —=p 0.
=2
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To this end, it suffices to show Y"1, E[¢},|F—1] —p 0, or to show > I, E[¢2] — 0. Indeed,
q

4
n i—1
ZE i) _76 (Z E[m J(z) Zm](z’))

Jj=1

Zq: (Em ij )4

n

1 — / ? 1 i—1 / 2
E (E[mjl(z)Q]mjl(Z)Zzlmﬁ(Z )) (E[m (1)2] jQ(Z)ZZlmJQ(Z )) ]
! 4
_ﬁ oLy 1 (i A 1—1 . Z,
_fﬁpﬁZﬂMmmvwE[ﬂ>m<Z;j<o

i'=1 /=1
16 oo 1
= E[m; ()]
Tt 2 2 W
i—1
X ZEm] +62 Z E[m;(i1) mJ'LQ)Q]
=1 11=110= 17511
n q q -\ 2 -\ 2
4 96 Z Z Z E[mj, (i)*my, (i)°]
Tl 25 2 2 (Elmy, (1)) 2(Blm, (i)
i—1
x E mj, (i) + Z Z mj, (i1)my, (i)
=1 11=1149=1,#11
i1
X i")? + Z Z myj, (13)Myjy (14)
/=1 i3=114=1,7#i3
1 n
< 1@22(”22)

Thus, D, 1>, & —p N(0,1) as n — oo.
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On the other hand, the first term 7,; of T}, in (B.6) converges to 1 in probability. In fact,

@
Il
._.

It follows that Tj,; — 1 = Op((gn)~'/?). Thence,

1 d
Va/2(T, — 1) = /q/20p((qn)~V/?) Dn - T, 5% N(0,1),
p((q E(D2) D 2 (0,1)

n

as n — oo. O

Proof of Theorem 4.4. Note by the i.i.d property of the data that

& - EfmG)m Zm '~ Elf()ym()']| = Op (;ﬁq>—0p<1>

Moreover,

F, =1 q Ve 2— 0 }n _t m;(i)])?

T"‘q;<an<y ) kot 2 ] <o)

>C 11+ 0p(1))=n S (Bl (1)])? = C1(1 + op(1)) = [Efi; (1))
¢ = q
>C 1+ OP(l));n(SQ —p 00,

as n — oo. ]

Proof of Theorem 5.1. (i) and (ii). As shown in Lemma A.8, if @,(v) has a local minimizer v =
(Vg,Dy)", then Uy = 0 with probability arbitrarily close to one for large n, which implies the assertion
(i) and P(T Cc T) — 1

On the other hand,

P(T ¢ T) =P(3j € T, % = 0) < P(3j € T, |vo; — 0] > |vg;)

SP(m]aX [voj = 03] = dn) < P(||v = vol| = dn) = o(1),

20



implying P(T C T) — 1. Accordingly, P(T =T) — 1.

(iii). Let ¥ = (vg,0y) be the local minimizer of Q,(v) where U = 0 with probability arbitrarily
close to one. Define P! (|vg|) := (P.(|vs1]),- -, Pi(|Us:]))" and sgn(vs) := (sgn(vs1), - - - ,sgn(vs:)) -
By the Karush-Kuhn-Tucker (KKT) condition,

Snr(Us) = =P ([Us]) © sgn(@s),

where the operator ¢ is the product in elementwise.

It follows from Taylor theorem that

Snr(Vs) = Spr(vos) + Hur(vos) (Vs — vos),

where a higher order term is ignored, which further implies

Bs — vos =Hnr(v0s) ' [Snr (Bs) — Snr(vos)]
= — Hyr(vos) ' [Sur(vos) + Py (|0s]) © sgn(s)]
= — hur (s, 9) " [snr (s, 9) + By ([Ts]) o sgn(@s)](1 + op(1))
under the condition for ¢, = p; + K1 by Lemmas A.2 and A.3 where h,7(aps, g) and s,7(aps, g) are

the counterparts of hy(c, g) and s, («, g), respectively, under the oracle model T.

Similar to the proof of Theorem 3.2, by g(z) := @KT(z)TBS,

Z(ag) — Z(aws) _ 0
= Fn(vs — vos) -+
F(9(2)) — F(9(2)) F'(9)VK (%)
= - FnhnT(ao,ﬁh g)_l[SnT(O‘OSa g) + P’r/L(ﬁ]\SD < Sgn(i}\s)] + ’
F'(9)vk ()

Notice that the structure

n

_ 1 _
Lphoraos, 9) " sur(aos, 9) = ﬁFn(‘PnT‘I’;T) "W Y m(Vi, a0sXis, 9(Zi))
=1

is standard, so that invoking classical central limit theorem gives

_ _ d
VY 2T haraos, 9)  snr(aos, g) — N(0, Irys)

as n — 0. It remains to show /nX 1P’ (|0g|) o sgn(vs) = op(1). Similar to Lemma C.2 of Fan and

Liao [34] we may show that

¢(vs)V/tnlog(q)/n + P, (dn)).

P/ @\S Osgn i}\S :OP max
|PL(|5s]) o sgn(Ds)|| (s 4

Note also that ¥,,7 has fixed dimension and its eigenvalues are bounded from zero and above. Thus,

the assertion holds under Assumption 5.4. This finishes the proof. O
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Proof of Theorem 5.2. Recall that ¥ = (vg,0y)" and P(Uy = 0) — 1. Also, recall the notation
or = (@%,07, B5,07)".

First, we shall show that ||M,(97)|2 = Op(t2/*log(q)/n + t3/ 2P’ (dy)? + tn+/log(q)/nP. (dy)).
Notice that | M, (07)|? = |My(vo)||? + || My, (o7)||? — || M (v0)||? and by the mean value theorem,

| My (07)[|* = [|[ M (v0) [I” =Snr(v) (s — vos)
=S,1(vos) (Ts — vos) + [Sur(vE) — Snr(ves)]’ (Vs — vos).

where v% is a point on the segment joining vs and vgg.

Notice further,
1Snr(v0s)" (Ts — vos)| < [|Snr (v0s)]|[|Ts — vos|| = Op(tnlog(q)/n + t,\/log(q) /nPy(d

due to ||Syr(vos)|| = Op(\/tnlog(q)/n) and |[vg —vos|| = Op(\/tnlog(q)/n+/tn P (dy)). Meanwhile,
it follows from Assumption 5.2 that

|[Snr (V) — Snr(vos)] (s — vos)| < 1S (vs) — Sur(vosll|[Ts — vos||
<Op(Vtn)|[vs — vos]||[Us — vos|| < Op(Vtn)|[0s — vos||®
=0p(t3/?log(q) /n + t3/2 P} (d,)?).

The assertion then follows by noting from (C.2) that || M, (vo)|?> = log(q)/n.
Second, we shall show that Q,(vr) = Op(ti/Q log(q)/n + ti/gP,{b(dn)2 + tn/log(q)/nP.(d,) +

tp max;cr Pn(|voj])). Indeed, using the mean value theorem again

ZP <ZP ‘UOJ +ZPI ‘UOJ ‘?)] UOJ’

JET JET jET
<t, maXP(|v0] )+ Ph(dn)[5; — vo]
JeT

<t maxe Pal(vos]) + VA Pa(d)|[5 vl

from which the assertion follows. Combining the two steps gives Qn(vr) = op(1).

Notice further that

Qn(v) = [|Mn(v)]* =

Zm Vl,v E))

—HEm(Vl,v )|I2 - Zm Vi, o' Ey) — Em(Vy, 0" F1)

:?q||Em(V1,UTF1)II + OP(n_l/Q),
uniformly in v. Then, for any § > 0,

inf v)> inf —||Em V,v F)I|l + op(n~1/2
o ) 2 qull (V0" Fy)| +op(n'/?)

= nf ZlEm(i,a" Xy, f(Z)| + op(n~'/?),
l(a—anf— g)||>5+||w<(z)HqH (i, 20X, f(Z))] +op(n™)

o2



due to by definition [[v —vol| = [[a —af + b= 8| = [la —al[ + [|f — g|| = [lvx(2)||. As a result, by
Assumption 3.2, there exists € > 0 such that infy,_, >5 @n(v) > € for sufficient large n.
Taking 0 < 7 < e,

P<Qn(6)+n> inf  Q (U))

n
[lv—wvo||>6

_p <Qn(6T) +n> inf Qn(v)) +o(1)

lv—vol=6

<P (Qu@r) +n > +P < it Qu) < > +o(1)
<P (Qu(r) > e =) +o(1) = o(1)

because @, (vr) = op(1). O
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Appendix C

Proof of Lemma A.1. 1. Observe that
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due to the property of the i.i.d. sequence.
Since E[m(V1,a' X1, g(Z1)) = 0, it follows from Assumption 3.3 that
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2. First, note that
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|7 (2)||? by the orthogonality of the basis sequence.
For any § > 0, let n be large (so K large) such that § > ||vx(2)|. Moreover, by Assumption 3.2,
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due to ©, C O, which, along with the approximation in the first part, implies the assertion.
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Proof of Lemma A.2. (1) Split the matrix H,(a, ) = Hy(a,B) + An(a, B), where H,(a, B) is a
symmetric 2-by-2 block matrix with blocks
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and Ag(a, 8) = A1a(a, B)". To fulfil the assertion, we shall show

(i) H,(a,p) is almost surely positive definite and
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which is almost surely positive. Hence, ﬁn(a, B) is almost surely positive definite.
Secondly, to show ||A,(«, )| = op(1), it suffices to prove the result for each block. Indeed,
applying the triangle inequality and Cauchy-Schwarz inequality,
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Because || M, (c, B)|> = Op(||yx (2)||?) +Op(n~') by Lemma A.1, we need only to deal with the second
factor. Note that
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where by Assumption 3.5 the first term is O(p?), while by the iid property for the second we have
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by Assumption 3.5, from which [|Aq(a, 8)]|? = Op(||vk (2)||*p?) + Op(n~1p?) = 0p(1).
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Furthermore,

1< 82 :
HAm(a,B)HQS\\Mn(a,ﬁ)HQ&Z - sz(‘/j,a LB ()P (Z)Pk(Z)|
=1 j=1

where the second factor can be derived similarly

1 1~ 9% T 2
“SE =2 e me(Vj, o' X;, 8" @k (Z;)) Pk (Z;) Pk (Z;)

2
m(Vi, o' X1, B' @k (Z1)) @ Pk (Z21) Pk (Z1)

82
ow 2
:O(KQ) +O0(n 'K?),

+ 2771@ H m(Vi,o' X1, 8 ®(Z1)) @ O (Z1) @y (Z1)

giving that ||Asa(a, B)|12 = Op(||vx (2)||?K?) + Op(n~tK?) = op(1). This finishes the assertion (i).
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op(1) + ||Hu(a, B) — hn(a, g)||, what we need to show is | H,, (e, 8) — hn(c, )| = 0p(1). It is sufficient

to show the result in block-sense. Indeed,
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by Assumption 3.5. Moreover, by virtue of the i.i.d. property and the LLN, I13 has the same order in

probability as
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due to Assumptions 3.5 and 3.7, implying that |[[1]|* = Op(n™'p?) + Op(||vx(2)||*p?) = op(1) by
Assumption 3.6.
Now, we consider I5. Note that
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1o~ 9 T T 0 T
<\ =D o ome(Vi o X, B0 (Z0)) @i (Zi) = Eme(Vi, 0 X1, 9(21)) Prc(Z1)
=1
=I5+ I, say.

Similar to I, ||I3]|> = Op(n™'pK) + Op(|[7k (2)||?pK) = op(1) by Assumption 3.6; and similar
to I, we may have ||[I4]|> = Op(n~'pK) + Op(||yx (2)||?pK) = op(1). We then have ||Ha(c, B) —
Bra(s B)2 = op(1).

Finally, we derive similarly for Ha(c, 8) — haa(av, ),

(;Zime(vj,aTXj»ﬁTq’K( 7))® )( Z my(Vi, o' X; f @ (2 ))q)K(Z)>

;Z( imz(Vl,Oé X1, (Z1))¢’K(Zl)> (Eaimﬁ(vhaTX179(Zl))¢’K(Zl)>
=1

(11 (iza‘l (Vi, o' X, B @k (Z;))®x (Z;) — E(,;?Umé(vbaTXlag(Zl))q)K(Zl))
=1 j=1
X % % (Vi X, BT @ (Z, ))(PK(Z))
i=1

9



+ ;; <E£Ume(V1,a X1, (Zl))(pK(Z1)>

:
1 0 0
2 (Vi X (20 (2) = E%mavl,dxl,g)%(a))

=I5+ Ig, say.

Using the same approach, we have ||I5]|?> = Op(n ' K?) + Op(||vx (2)||?K?) = op(1) and ||I4]|* =
Op(n~tK?%) 4+ Op(||vk (2)|?K?) = op(1) by Assumption 3.6. The whole proof is completed. O

Proof of Lemma A.3. 1t is sufficient to show that ||Si,(a, 8) — sin(a, g)|| = op(1) and ||S2n (e, B) —
son(a, g)|l = op(1). Observe that

S > _me(Vi, o' Xi, B @xc(Z:)) — mal(Vi, 0" Xi, 9(Z3))]

me(Vj, o' X;, 8@ (Z;)) X

~
Il
—
o
Il
—

) (umeViea 5,87 0(2)) ~ SmalVi o' X, 0(Z)) X,
I -1
+ 727 mé(‘/;7aTszg(Zl))
q (=1 n =1
X li <8m4(v- o X, 9(Z))X; —Eﬁm@(v- o X g(Z-))X-)
nj:1 ou VAl 7 J J Au 2 7 J J

=0 + 12+ I3, say.

Then, using Cauchy-Schwarz inequality gives

1)1 < Z <

Z:l

3\*—‘

N 2
Z me(Vi, o' X;, B @K (Z:)) —mg(V;,aTXi,g(Zi))O

2

Z Za o(Vj, @' Xj, 8@k (7)) X;

::Ill X 112, say.

Observe further that

1 q
E[l11] =- ) E (
q /=1
q
z:

n

2
U e (Vio o X, 6B (20)) — me(Vi aTXi,g(Z¢>>]>
i=1

( me(vua Xwﬁ (I)K( ))_mf(‘/;?aTXivg(Zi))])

=1

10



n

2
E[me(Vi, o' X;, B @ (Z:)) — me(Vi, o' X5, g(&))])

SRS

1

~

_l’_
=
[]=
VR

3

Var[my(V;, o' X;, BT@K(Zi)) — my(Vj, o' X, 9(Z:))]

I
=
(]
3= I

Il
i

)

(Eme(Vi, ' X1, 8 ®x (1))

e

~
Il

1

var[mf(‘/la aTXla ﬁT(I)K(Zl)) - mg(‘/l, aTX17g(Z1))]

S|~
Q| =
~
(-
—_

1
+ - [Em(,o! X0, 5 @(20)

< E[mg(vl,OéTXl,ﬁT‘I)K(Zl)) —mg(Vl,aTXl,g<Z1))]2

1
n

Y
I
—

| =
(7=

1
+ o [[Em(vi. "% 8 e (20)|

:;;Em(vl, o' X1, "0k (Z1)) — m(Vi, 0" X1, g(Z1))|I?

+ ; [E[m(Vi, 0" X1, 87 @k (21)) — m(Vi,a" X1, 9(Z1))]||”
S%E\A(Vl,Xl, Z1 )7k (20)? + EIA(VA, X1, Z0) )k (2) )
=o(n™") + O(|lvx (2)|I)

by Assumptions 3.1 and 3.3, the dominated convergence theorem and Cauchy-Schwarz inequality.
Moreover, it is clear by Assumptions 3.3 and 3.5 that

2

1 0
E[IIQ] < gE Haum(VhaTXlag(Zl)) ® Xl = O(p)

Hence, I = op(1) by Assumption 3.6.
For I, by Cauchy-Schwarz inequality again,

2

I (1

e <57 (A3 koot
/=1 i=1

2

T |1 &/ 0
==Y <umz(Vj,aTXj,ﬁT<I>K(Zj))Xj - &Lme(VjaaTvag(Zj))XJ)
12121 X 122, say.

By virtue of the i.i.d. property and Assumption 3.5,

111G
E[121] ey S Em(Vi, o' Xi, 9(Zi))?

=1 i=1
114 11
= > Emy(Vi, 0" X1,9(71))? = ggEHm(VbaTth(Zl))HQ
=1

11



Meanwhile, invoking of the LLN, I5> has the same order in probability as
'y
4 (=1
1

0 T T 0 T
=4 E [aum(Vl,a X1,B8 ®x(Z1)) ® X1 — %me(Vl,a X1,9(Z1)) ®X1]

< [E[A1(V1, X1, Z1) vk (Z0)| X117 < Oy (2) 1) = o(1)

2

0 T
E [ me(Vi,a' X1, B ®r(21)) X1 — %me(Vl,a XI,Q(ZI))Xl]

2

due to Assumption 3.7 and Cauchy-Schwarz inequality, implying I = op(1).

Again, using Cauchy-Schwarz inequality gives

2

I a1

13| ng (n Zme(Vz‘,aTXi,g(Zi))>
/=1 =1

2

1|1 9
;Z EZ ( m@(%va X]v (Z]))X] - E%mg(w7aTXj7g(Zj))Xj>
(= Jj=1

=0p(n~"Op(p) = Op(n~'p) = op(1)

due to the iid property and Assumption 3.5. This finishes the proof of ||S1,(a, 5) —sin(a, 9)|| = op(1).
Now, we are to show || San(a, 8) — san(a, g)|| = op(1). Note that

> me(Vi, o' X, B0k (Z:))

=1 i=1
"9
ijlE)TU o(Vj, o' X, B @k (Z;)) Pk (Z;)
q
%ZZ Vi, a' X4, 9(Z:))E afmz(Vl,Oé X1,9(Z1)) Pk (Z1)
=1 i=1
1 r
3 D0 D lma(Vi o Xe, B B(20) (Vi X g(20)]
/=1 i=1
"9
x ;%me(%’,a i B8 Pk (2))) @K (Z))
1
+ WZ me(‘/;na XZ7 (Z ))
=1 i=1

j=
1 q
—_ V:L'a TXi? ZZ
£ LSS Ve X))

1o~ 0 9
X (nz; 50 me(Vj, o' Xj,9(Z;) @k (Z;) anmf(VhOZTXLQ(Zl))q)K(Zl)>
=14+ Is + I, say.
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Note further by Cauchy-Schwarz inequality that

q n 2
LEDS (i > me(Vi,a" Xi, 870k () —mzm,aTXi,g(zi))])
/=1 i=1
1|1 i
52 ;Z me(Vy, o' X;, 8 @k (Z;))0x (Z)
=1 =1
1< (1 ’
SQ&Z <nz me(Vi, o' X, B @ (Z;)) — me(Vi, a szg(Z))]>
/=1 =
I N1 [0 . : ) . :
< [ e w2~ i ()| (2
q n 2
+ 2(11 Z (:L Z[me(Vi,OéTXi,ﬁT‘I)K(Zi)) - mé(ViaaTth(Zi))])
/=1 =1

2

j{: ji:f) L67a X9 (2%))¢Ki2%) )

=1
where due to Assumption 3.7 the second term is the leading one, which by the LLN has the same
order as

Z me(Vi,a' X1, 87 @ (Z1)) — me(Vi, o X1, 9(Z1))])°

A5 e

1=

:; [E[m(VA, " X1, 8" @ (Z1)) — m(VA, 0" X1, (20))]|

2

0
%me(wya X1,9(21))®x(Z1)

2

1 0 T
<2 | mita,a s o)) © (20

<|B[A(V, X1, Z)vk (20 O(K) < O(|lvk (2)|PK) = o(1)

in probability by Assumption 3.6 as n — oo.

Moreover, invoking Assumptions 3.6-3.7, Is = op(1). Finally,

2

I (1

16| ng (nzmé(WaTXi,g(Zi)))
/=1 =1

2

1|1 0
X L2 nZ[ me(Vi, o' X;, g <Zj>><I>K<zj>—anmmaTXi,g<Zi>><1>K<ZZ->}
(=1 =1
::J61X<k2, say.

Here, Ig; = Io; and thus E[Ig;] = O(n~!). Meanwhile,

2

11 G 0 .
E(Tes)] ’TZZ H me(Vj, o' X, g 9(Z;) @k (Z;) = Bomme(Vi, o Xi, 9(Z:) @i (Z:)
(=1 j=1
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2

ZEH xmam,wm@wm—Eiﬁm@dmgwm@ﬁm

2

0

T 0 T
%m(vl,a X1,9(Z1)) @ P (Z1) —E—m(V1,a X1,9(Z1)) @ P (Z1)

ow
2 =O0(n'K) = o(1)

11
=-—-E
qan

**E Hm Vl,a Xl, (Zl)) ®(I)K(Zl)

appealing to Assumptions 3.5-3.6, implying ||I5||?> = op(n "' K) = op(1). The proof is complete. [

Proof of Lemmas A.4-A.6. The proof should be the same as that of Lemmas A.1-A.3 but we have to
take into account the approximation /(6 — 6y) = Op(1). Since 8 is independent of the sample used
to estimate the a and g, this is easy but lengthy so omitted. O

Proof of Theorem 3.3. Using Lemmas A.4-A.6, we may prove Theorem 3.3. Due to the same reason

as above, the proof is omitted. O

Proof of Lemma A.7. Define p, = a, + /t, P, (d,) and then p, = o(1) by Assumption 5.1. Denote
N; = {v € RPTE . Jlup —wg|| < pu7} for 7 > 0. Let ON; be the boundary of N,. Also, define an

event

Anr) = {Qulon) < inf, Qutor) |

ve
On the event A, (7), by the continuity of Q,(v) with respect to v; for j € T, there exists a
local minimizer of @, (vr) inside N;. That is, there exists a local minimizer v € V of Q,(vr) such
that ||[v — vo|| < 7ppn. Therefore, it suffices to show that for Ve > 0, there exists a 7 > 0 such that
P(A,(7)) > 1 — € for all large n.
For any v € ON;, viz. ||lvp — vgl| = Tpn, there is an v* lying on the segment joining v and vy such

that by the mean value theorem,
1 *
Qn(vr) — Qnlvo) =(vs — vos) Snr(vos) + 5 (vs = vs)' Hor(v§)(vs — vos)

+ > _[Palus;l) = Pallvos, ).

JET
where vos and vg are defined before, so is vg.
Invoking the condition ||.S,7(vos)|| = Op(ay), for Ve > 0, there exists a C7 > 0 such that the event
A; given below satisfies P(A;) > 1 — €/4 for all large n, where

Ay = {(vs — v0s) Snr(vos) > —Chan|lvs — vos]|}-

Also, by Condition (ii) and for this €, there exists a Cy such that P(Ay) > 1 — ¢/4 for all large n,

where

Az = {(vs — vos)  Hur(vos)(vs — vos) < Callvs — vos]|*}-
Meanwhile, define event Az = {||Hnr(vos) — Hnr(v§)|| > C2/4}. By Condition (iii) and |jvp — vol| =
lvs — vos|| = Tpn, for any 7, P(A3) > 1 — €/4 for all large n. Hence, Ay C Ay N A3 where

. 3
Ay = {(vs — vos) Hur(vE) (vs — vog) > 102||Us — vos|*}

14



On the other hand, it follows from Lemma B.1 in Fan and Liao [34] that 3, p[Pa(lvss]) —
Py (lvos,;|)] > —vVtn Py, (dn)|lvs — vos||. Whence, for any v € ON;, on Aj N Ay,

Qn(vr) — Qn(vo) >pnT (2/)717'02 - Cra, — mpé(dN)> .

For p, = an + Vo P} (dyn), Cran + VP, (dn) < (C1+ 1)py. Thus, choosing 7 > 8(Cy + 1)/3C5 yields
that Qn(vr) — Qn(vg) > 0 uniformly on v € ON,.. Tt follows that for large n, with 7 > 8(Cy +1)/3C%,
P(A,(1)) > P(A1NAy) >1—ce
We next show that the local minimizer, denoted by v € V, is strict with a probability arbitrarily
close to one. For each h # 0, define
¥(h) = limsup sup _ Paluz) = Pé(ul).
e—0F  (u1,u2)€0(|hl€) Uz — U1

By the concavity, ¢(-) > 0. For any v € N, let Q(v) = H,r(vs) — diag()(vs1), -+ ,¥(vst)). Tt
suffices to show that () is positive definite with probability arbitrarily close to unity. On the event

As = {#(Vs) < sUPygco(vyg,ed,) P(Vs)} Where Ug is the t,-vector consisting of nonzero elements of v,
and c is the same in (iv) of Assumption 5.1, we have

max1(vs;) < ¢(Us) < e ¢(vs)-
Let Ag = {|Hnr(0s) — Har(vos)|| < Co/4} and A7 = {Amin(Hur(vos)) > Co}. Then, for any u € Ri»
with |lu|| = 1, it follows from (iv) of Assumption 5.1 that

u'Q0)u =u" Hyr (Us)u — u' diag(¢(Ts1), -+, ¢(Tse)u
>u' Hyr(vos)u — |u' [Hyr (Us) — Hur(vos)Jul — max ¥(vs;)
>3Cy/4—  sup  ¢(vg) = Cp/4
vs€0(vog,cdn)
on the event As N Ag N A7 for all large n.
Finally, we are about to show that P(As N AgN A7) > 1—e. As P(A7) > 1 —g, it suffices to show

P(A5 N Ag) > 1 —€ for Ve > 0. Indeed, due to p, = o(d,), P(As) > P(vs € O(vps,cdy)) > 1—¢€/2 for
all large n. Also,

P(A§) <P(AG, [v = voll < pn) + P([[0 = voll > pn)
<P ( sup |Hnr(vs) — Hpr(vos)|| > 02/4> +e/4<¢€/2.

v5€0(vog,cdn)

O]

Proof of Lemma A.8. Recall that ¥ € V is a local minimizer of @, (vr). Hence, there is a small
neighbourhood O; of ¥ such that for any v € O; with v ¢ V we have Q,(v) < Qn(vr). However, by
the condition of (A.4),
Qn(vr) = Qn(v) = | My (vr)|* = [ Mn(v)[* = Pallvj]) < 0. (C.1)
J€T
This means @, (V) < @, (v), yielding the first assertion, while, from which and the last statement of

Lemma A.7, the second assertion is also implied. O
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Verification of Conditions in Lemma 5.1

Condition (i): Notice that S,r(vos) = Ouys | Mn(v0)||> = 245 (vos) My (vo), where

1 n
An(vog) = Jan > om' (Vi,vsFis) @ Fis.
=1

By Assumption 5.2, ||A,(vos)|| = Op(v/tn). Meanwhile, due to Em(-) = 0 at the true parameter, by

virtue of Assumption 5.3, Bernstein inequality and Bonferroni inequality, there exist C' > 0, for any

u > 0,
1 & .
P(?ﬁf n;mZ(Vi’UOSFiS) >U>
1 .
<qun<a;(P < - ;mg(W,UOSFZ-S) > u)

<exp(logq — Cu?/n).

Hence, max/<, ‘% oy me(V, a(T)SXiS,BSS@KS(Zi))} = Op(y/log(q)/n), which then gives
M0 (vo)| = H i 2 Zm Vi, ags Xis, Bys®rcs(Z >>H Op (Viog(a)/n) - (C:2)

Accordingly, ||S,r(vos)|| = Op(\/tn log(q)/n).
Condition (ii): It is clear that H,r(vs) = 24, (vs)An(vs)" + 241, (vs) M, (vr) where

1 n
Arn(vs) = Jan > 0*m(Vi, vpsFis) @ FisFis.
=1

Here, 8°m stands for the second order partial derivative of m with respect to its arguments where the
parameter is involved.

As shown in Lemma A.2 that A, (vs)An(vs)" is almost surely positive definite, while similar to
the verification of Condition (i), the second term is op(1). Thus, using Assumption 5.4, the condition

can be verified using arguments similar to Fan and Liao [34].

Condition (iii): Observe that

Hyr(vs) — Hur(vos)
=2[An(v5)An(vs)" = An(v0s) An(v0s)"] + 2415 (vs) My (vr) + 241, (v0s) My (v0)
=2[An(vs) = An(v05)] An(vs)'] + 240 (v05)[An(vs) — An(vos)]']

+ 2410 (vs) Mn(vr) + 2A1n(vos) Mn(vo),

and each term is op(1), from which the condition follows.

Verification of the condition in Lemma A.8: Let ¥ € V be the minimizer of Q,. We shall
show that there is a neighbourhood of v in which for any v ¢ V, the condition of (A.4) holds, that is,
| M, (vr) |12 = | My (0) || < > jer Pa([vj]). This is equivalent to showing Qn(vr) < Qn(v).

16



Using the mean value theorem, there exists a v, on the segment joining vy and v such that
1Mo (or) || = [ M (0)[[> = Sn(v:) (v = v) = Sp () wre,

where T is the complement set of 7" w.r.t. {1,...,p + K} and noting v = vy + vpe for any v.

Here, we know ||Sy,(vos)|| = Op(\/tnlog(q)/n), |0 — vol| = Op(y/tnlog(q)/n + /tn P.(dy)). In
a small neighbourhood of v, O(v,r,/(p + K)) say, where r, is a sufficient small number, ||S,(v)| =
Op(+/tnlog(g)/n) uniformly holds in v and sup,¢p ||[v — V|1 < 7p.

On the other hand, for some p € (0,1),

DR A S ) AV = S C A
JET J¢T,v;#0 J¢T,v;#0
by the nonincreasingness of P, (u). Let ry, so small that Py (r,) > P, (0+)/2. Hence, >_ .5 P(15;]) >
C'ry, in probability.
Then, by virtue of Assumption 5.4 and following a similar argument as Fan and Liao [34], the

condition is verified.
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Appendix D

The estimates of some important coefficients in Section 7 are reported in this section.

Table 8: Estimated coefficients for Subsample H

Mother’s Years of Schooling 0.1349
Number of Siblings 0.0215
Urban Residence at 14 0.2936
“Permanent” Local Log Earnings at 17 -0.0263

“Permanent” State Unemployment Rate at 17 -0.0745

Instruments (W):

Local Log Earnings at 17 0.2531
State Unemployment Rate at 17 0.0097
Tuition in 4 Year Public Colleges at 17 -0.0006

Table 9: Estimated coefficients for Subsample C

Mother’s Years of Schooling 0.0030
Number of Siblings -0.0190
Urban Residence at 14 -0.0472
“Permanent” Local Log Earnings at 17 -0.0045

“Permanent” State Unemployment Rate at 17 -0.0205

Instruments (W):

Local Log Earnings at 17 0.2092
State Unemployment Rate at 17 0.0244
Tuition in 4 Year Public Colleges at 17 -0.0075
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