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Abstract

This paper provides estimation and inference methods for a structural function, such as
Conditional Average Treatment Effect (CATE), based on modern machine learning (ML)
tools. We assume that such function can be represented as a conditional expectation g(x) =
E[Y,,|X = z] of a signal Y,,, where 1o is the unknown nuisance function. In addition
to CATE, examples of such functions include regression function with Partially Missing
Outcome and Conditional Average Partial Derivative. We approximate g(x) by a linear
form p(z)'Bo, where p(z) is a vector of the approximating functions and By is the Best
Linear Predictor. Plugging in the first-stage estimate 7 into the signal Y3, we estimate
Bo via ordinary least squares of Y; on p(X). We deliver a high-quality estimate p(z)’ B of
the pseudo-target function p(z)’fo, that features (a) a pointwise Gaussian approximation of
p(z0)' o at a point o, (b) a simultaneous Gaussian approximation of p(z)’Bo uniformly over
z, and (c) optimal rate of convergence of p(:c)’,fa’\ to p(z)’Bo uniformly over z. In the case
the misspecification error of the linear form decays sufficiently fast, these approximations
automatically hold for the target function g(z) instead of a pseudo-target p(z)’'Bo. The first
stage nuisance parameter 1 is allowed to be high-dimensional and is estimated by modern
ML tools, such as neural networks, [;-shrinkage estimators, and random forest. Using our
method, we estimate the average price elasticity conditional on income using Yatchew and
No (2001) data and provide uniform confidence bands for the target regression function.



1 Introduction and Motivation

Many economic questions concern with a conditional average outcome
g9(x) = E[Y"|X = 2], (1.1)

where Y* is a latent variable of interest, X € X C R" is a conditioning vector, and g : X —
R is the target function. Examples of such functions include Conditional Average Treatment
Effect (CATE), regression function with Partially Missing Outcome, and Conditional Average
Partial Derivative (CAPD). Using additional identifying assumptions and/or additional data, a
researcher constructs an observed signal Y, indexed by a nuisance parameter 1 such that the true

value of the signal Y =Y, is unbiased for g(z):
g(x) =E[Y]X = ].

In presence of multiple signals that are unbiased for g(z) we focus on the signal Y, that is
robust. We call a signal Y;, robust if the pathwise derivative of its conditional on X expectation
with respect to the nuisance parameter 7 is equal to zero:

OEY,o | X = 2][n — no] := O, E[Yy4r(n—no)|X =2] =0 VreX.
If the signal Y;, is robust, its plug-in estimate Y5 is insensitive to the biased estimation of 7 and
delivers a high-quality estimator of the target function g(z) under mild conditions. In particular,
the variance of Y5 approximately equals to the variance of the infeasible signal Y, , where the
nuisance parameter 7o is known. We say that a robust signal Y5 delivers variance improvement

over another unbiased signal Y indexed by a different nuisance parameter 7 if Y, is robust and
Var(Ya|X = x) = Var(Y,|X =2) < Var(Y|X =2) VzxedX.

Consider the following examples in context of the regression function with Partially Missing
Outcome. Define the Inverse Probability Weighting (IPW, Horwitz and Thompson (1952)) signal

as
DY

s0(2)
and a robust signal of Robins and Rotnitzky (1995) type:

YU)

Y = po(2)],

where D € {1,0} is a binary indicator of the presence of Y* in the sample, Y° = DY™* is the
observed outcome, Z is a vector of observables such that the treatment status D is independent

from the outcome Y* and the covariate vector X conditionally on Z, so(Z) = E[D = 1|Z] is the



propensity score and po(Z) = E[Y°|D = 1, Z] is the conditional expectation function. The IPW

signal Y¥ is not robust to the biased estimation of the propensity score so(Z):

DY™

asED/so |X] = 7EM

[s(2) = s0(2)]|X #0,

while the Robins and Rotnitzky type signal Y;, is robust to the biased estimation of 7y(Z) =
{s50(2), po(2)}:

OBV X] = | CRA Y’ mE<Z>Hs<Z> —s0(@)X] _

E[l - -2:)[u(2) — no(Z)]|X

Consequently, the bias in the estimation error of the propensity score $(Z) — so(Z) translates
into the bias of the estimated signal Y, but does not translate into such bias of the estimated
robust signal Y. As a result, the estimate of the target function g(x) based on Y5 is high-quality
and the one based on Y is low-quality. In addition to the robustness comparison of Y, and Y,*,
the signal Y5 delivers variance improvement over Y
Var(Ya|X) = Var(Y,,|X) < VaT(Y;(ﬂX).

Therefore, a robust signal Y,, is preferred to a non-robust signal Y when s¢(Z) is unknown due
to robustness and when s¢(Z) is known due to variance reduction.

Assuming a robust signal Y is available, we approximate the target function g(z) at a point
z by a linear form p(x)’By:

9(x) = p(x)'Bo + 4 (),

where p(z) is a d-vector of technical transformations of the covariates x, ry(z) is the misspeci-
fication error due to the linear approximation', and fy is the Best Linear Predictor, defined by

the balancing equation:
Ep(X)[9(X) — p(X)'Bo] = Ep(X)ry(X) = 0.

The two-stage estimator B of Best Linear Predictor £y, which we refer to as Locally Robust
estimator, is constructed as follows. In the first stage we construct an estimate 77 of the nuisance
parameter 7. In the second stage we construct an estimate Y; of the signal Y; as Y := Yi(m)
and run ordinary least squares of Y; on the technical regressors p(X;). We use different samples
for the estimation of 7 in the first stage and the estimation of 5y in the second stage in a form

of cross-fitting, described in the following definition.

Definition 1.1 (Cross-fitting). 1. For a random sample of size N, denote a K-fold random
partition of the sample indices [N] = {1,2,..., N} by (Jx)E_,, where K is the number of
partitions and sample size of each fold is n = N/K. Also for each k € [K] = {1,2,...,K}

LOur analysis allows for either vanishing and non-vanishing specification error rg(x).



define J§ ={1,2,..., N} \ Ji.

2. For each k € [K], construct an estimator n, = j(Vieye)® of the nuisance parameter value
no using only the data from Jg. For any observation i € Jy, define an estimated signal

Yi := Yi(n).
Definition 1.2 (Locally Robust Estimator). Given an estimate of a signal (2){‘;1, define Locally

Robust Estimator as:

N

N
Bim (o Yo PP} S pT (12)

i=1

Under the mild conditions on 7, Locally Robust delivers a high-quality estimate p(z)’ B\ of the
pseudo-target function p(z)’ By with the following properties:

~

e W.p. — 1, the mean squared error of p(x)’S is bounded by

Ex(p(X:) (B - Bo))/? = OP(\/E) + 24,

where zq is the effect of the misspecification error r4(x).

~

e The estimator p(z)’S of the pseudo-target function p(z)’'By is asymptotically linear:

SRR B
N oy V@ tert

where the empirical process Gy (z) converges to a tight Gaussian process with marginal
distribution N (0, 1) uniformly over z € X and the covariance matrix €2 can be consistently

estimated by a sample analog 0.

e In the case the misspecification error ry(x) is small, the pseudo-target function p(z)’fy can

be replaced by the target function g(z):

\/Np(fv)’g —g(x)

=Gn(z)+o0 .
byt M ort)

The results of this paper accommodate the estimation of 7 by high-dimensional /highly com-
plex modern machine learning (ML) methods, such as random forests, neural networks, and ;-
shrinkage estimators, as well as earlier developed tools. The only requirement we impose on the
estimation of 7 is its mean square convergence to the true nuisance parameter 79 at a high-quality
rate op (N4 /sup_ . |[p(x)]|*/2),5 > 0. Under suitably chosen growth rate of the dimension

of the basis functions d = d(N), this requirement is satisfied under structured assumptions on

2The results of this paper hold without relying on the specific choice of the first stage estimator 7(Z). For the
possible ways to estimate 79, see the discussion.



70, such as approximate sparsity of 7y with respect to some dictionary, well-approximability of

1o by trees or by sparse neural and deep neural nets.

1.1 Examples

Examples below apply the proposed framework to study Conditional Average Treatment Effect,

regression function with Partially Missing Outcome and Conditional Average Partial Derivative.

Example 1 (Conditional Average Treatment Effect). Let Y and Y be the potential outcomes,
corresponding to the response of a subject with and without receiving a treatment, respectively.
Let D € {1,0} indicate the subject’s presence in the treatment group. The object of interest is
the Conditional Average Treatment Effect

g(x) :=E[Y' - Y% X =z].

Since an individual cannot be treated and non-treated at the same time, only the actual outcome
Y°=DY! + (1 - D)Y?, but not the treatment effect Y! — Y is observed.

A standard way to make progress in this problem is to assume unconfoundedness (Rosenbaum
and Rubin (1983)). Suppose there exists an observable control vector Z such that the treatment

status D is independent of the potential outcomes Y'!, Y and the covariates X conditionally on
Z.

Assumption 1.1 (Unconfoundedness). The treatment status D is independent of the potential
outcomes Y1, Y? conditionally on Z: {Y*,Y°} 1 D|Z.

Assumption 1.2 (Random Treatment Assignment). The treatment status D is independent of
X conditionally on Z: E[D = 1|X,Z] = E[D = 1|Z].

Define the conditional probability of treatment receipt as so(Z) = E[D = 1|Z]. An immediate
feasible choice of an unbiased signal Y is the difference between the realized outcomes in the
treatment DY and the control groups (1 — D)Y, inversely weighted by the probability of
presence of in the respective group:

Dy° (1-D)Ye° D — s0(2)

Y= s0(2)  1—s0(2)  so(Z)(1- sO(Z)YO'

To show that the signal is unbiased:

E[Y*[X] = g(x),



recognize that a stronger statement E[Y|Z, X] = E[Y! — Y°| X, Z] holds:

E[D = 1|2, X|E[Y!|D =1,X,Z] E[D=0|Z X|E[Y°|D =0,X,Z]

E[Y™IZ, X] = 50(2) a 1—50(2)
=E[Y'D=1,X,Z] -E[Y°|D=0,X, 7 (Assumption 1.2)
=E[Y'-Y%X, 7. (Assumption 1.1)

Although the feasible signal Y* is unbiased, it can be improved in terms of the robustness
with respect to biased estimation of s¢(Z) and the noise reduction. Consider a robust signal YV’
of Robins and Rotnitzky (1995) type® :

DIY*® — (1, Z)] (1= D)[Y? — po(0, Z)]

s0(2) 1 —50(2) ’

Y= /1'0(132)7#0(07Z)+ (13)
where po(D, Z) = E[Y°|D, Z] is the conditional expectation function of Y° given D, Z. Corollary
3.1 shows that the signal Y is robust to the estimation error of the nuisance parameter n(2) :=
(s(Z2),p(1,7Z),11(0,Z)). Lemma 6.5 shows that the signal Y achieves lower conditional variance
than the signal Y":
Var(Ya|X = x) = Var(Y,|X =2) < Var(Yy|X =x) VzedX.

Remark 1.1 (Experimental Data). In case a researcher assigns the treatment status D at
random conditional on a vector of stratification variables Zp, Assumptions 1.1 and 1.2 hold
by construction of D for Z = Zp. Although the relationship between X and Z is no longer
restricted, one may include X and other observables into the control vector Z to reduce noise of

the estimate of g(x).

Example 2 (Regression Function with Partially Missing Outcome). Suppose a researcher is

interested in the conditional expectation given a covariate vector X of a variable Y*
g(x) :=E[Y*|X =z

that is partially missing. Let D € {1,0} indicate whether the outcome Y™* is observed, and
Y? = DY™ be the observed outcome. Since the researcher does not control the presence status

D, a standard way to make progress is to assume existence of an observable control vector Z
such that Y L D|Z.

Assumption 1.3 (Missingnesss at Random). The presence indicator D is independent from the
outcome Y conditionally on Z:Y L D|Z.

Since setting Z to a full vector of observables (in particular, having X as part of Z) makes the

assumption 1.3 the least restrictive, we will assume X C Z within the context of the example.

3This signal is also doubly robust in the sense of Robins et al. (1994), which is a different notion of robustness,
motivated by misspecification of the nuisance parameter 7.



Let the conditional probability of presence be
s0(Z)=E[D=1|Z,Y°] =E[D =1|Z].

An immediate feasible choice of the unbiased signal is the observed outcome Y° = DY ™* inversely
weighted by s¢(Z):
DY™*

Y'IU =
SO(Z)

That Y™ is an unbiased signal for g(z):
EY"|X =2] =E[Y*|X = ],

follows from a stronger statement:

Y°|D=1,Z =]
SO(Z)

Z)E
B[y |z = 4 = 2 2El = E[Y*|Z = 2],
where the last equality follows from the Missingnesss at Random. Since X C Z, the desired
statement follows.

Although the feasible signal Y is unbiased, it can be improved in terms of the robustness
with respect to biased estimation of so(Z) and the noise reduction. Consider the robust signal
Y:

D[Y? — po(2)]

Y:,LLO(Z)+ S()(Z) )

(1.4)
where the function uo(Z) = E[Y°|Z] = E[Y|Z, D = 1] is the conditional expectation function of
the observed outcome Y given Z and D = 1. Corollary 3.2 shows that the signal Y is robust
to the estimation error of the nuisance parameter n(Z) = (s(Z), (1, Z), (0, Z)). Lemma 6.4

shows that the signal Y achieves lower conditional variance than the signal Y*:
Var(Y|X = z) = Var(Y;, | X =2) < Var(Y)|X =) VzeX.

Example 3 (Experiment with Partially Missing Outcome). Let Y and Y° be the potential
outcomes, corresponding to the response of a subject with and without receiving a treatment,

respectively. Suppose a researcher is interested in the Conditional Average Treatment Effect
g(z) :=E[Y' - Y% X =z].

Conditionally on a vector of stratifying variables Zp, he randomly assigns the treatment status
T € {1,0} to measure the outcome TY!+(1—T)Y?. In presence of the partially missing outcome,
let D € {1,0} indicate the presence of the outcome record Y° = D(TY! + (1 — T)Y?) in the
data. Since the presence indicator D may be co-determined with the covariates X, estimating

the treatment effect function g(z) on the observed outcomes only without accounting for the



Missingnesss may lead to an inconsistent estimate of g(z).

Since the researcher does not control presence status D, a standard way to make progress is
to assume Missingnesss at Random, namely existence of an observable control vector Z such that
Y L D|Z. Setting Z to be a full vector of observables (in particular, X C Z) makes Missingness

at Random (Assumption 1.3) the least restrictive. Define the conditional probability of presence
s0(Z,T)=E[D=1|Y°,Z,T) =E[D = 1|Z,T]
and the treatment propensity score
ho(Z) :=E[T = 1|Z].

A robust signal Y for the CATE ¢g(x) can be obtained as follows:

. DI[Y" — (1. 2)] D= T)Y* o0, 2)]
Vol 2 =m0t GG D) )

where po(T,Z) = E[Y°|T, Z] is the conditional expectation function of Y° given T,Z. That Y
is an unbiased signal for g(z):
E[Y|Z] =E[Y' -Y"|Z]

follows from a stronger statement:

B so(Z,TE[TY°|T =1,Z]  so(Z. T)E[(1 — T)Y°|T = 0, Z]
EIY1Z] = ko1, 2) = mol0 ) 4 = s T (@)~ he(Z)

- MO(L Z) + MO(Oa Z)
=E[Y!'-Y?27],

where the last equality follows from Assumption 1.3. Using the arguments in the Corollaries
3.1 and 3.2, it can be shown that the nuisance parameter n = {u(T, Z),s(Z,T)} consists of the

conditional expectation function po(7, Z) and the propensity score so(Z,T).

Example 4 (Conditional Average Partial Derivative). Let
wlz,w) =EY°|X =z, W = w]

be a conditional expectation function of an outcome Y° given a set of variables X, W. Suppose
a researcher is interested in the conditional average derivative of p(z,w) with respect to w given
X = x, denoted by

Y* = wM(X7 w)|’w:W-

An immediate choice of the unbiased signal Y for the latent variable Y* follows from integration



by parts. Specifically,

9(x) = E[Qup(z, W)|X = z]
= —E[u(z, w)dy log f(W = w|X = )| X = z].

Therefore,
YY:=-Y°9,log f(W|X)

is an unbiased signal for d,,u(x, W). We consider a robust signal Y of Newey and Stoker (1993)
type:

Y 1= =0, log f(W]X)[Y® - u(X, W)] + 0,u(X, W),

where f(W|X = z) is the conditional density of W conditionally on X = x. To see that Y is an
unbiased signal for g(x), recognize that

E[Y|X, W] = =3, log f(W|X)[E[Y*|X, W] = u(X, W)] + 0up(X, W) = Du(X, W) (L6)

by definition of p(z,w). The nuisance parameter n = {u(X, W), f(W|X)} consists of the
conditional expectation function p(X, W) and the conditional density f(W|X). Corollary 3.3

shows that the signal Y is robust to the estimation error of the nuisance parameter n(X, W) =
{u(X, W), f(W]X)}.

1.2 Literature Review

This paper builds on the three bodies of research within the semiparametric literature: orthog-
onal(debiased) machine learning, least squares series estimation, and treatment effects/missing
data problems. The first literature provides a v/N-consistent and asymptotically normal esti-
mates of low-dimensional target parameters in the presence of high-dimensional/highly complex
nonparametric nuisance functions. The second one provides the pointwise and uniform limit
theory for least squares series estimator. The third one provides the efficiency bounds in various
problems concerned with missing data or treatment effects.

Orthogonal machine learning (Chernozhukov et al. (2016a), Chernozhukov et al. (2016b))
concerns with the inference on a fixed-dimensional target parameter 8 in presence of a high-
dimensional nuisance function 7 in a semiparametric moment problem. In case the moment
condition is Neyman orthogonal (robust) to the perturbations of 7, the estimation of n by ML
methods has no first-order effect on the asymptotic distribution of the target parameter S. In
particular, plugging in an estimate of 77 obtained on a separate sample, results in a v/ N-consistent
asymptotically normal estimate whose asymptotic variance is the same as if n = 7y was known.
This result allows one to use highly complex machine learning methods to estimate the nuisance
function 7, such as [; penalized methods in sparse models (Bithlmann and van der Geer (2011),
Belloni et al. (2016)), L2 boosting in sparse linear models (Luo and Spindler (2016)), and other



methods for classes of neural nets, regression trees, and random forests. We extend this result
in two directions: (1) we allow the dimension of 8 to grow with sample size and (2) we provide
a simultaneous approximation of the pseudo-target function p(x)’'3 by a Gaussian process.

The second building block of our paper is the literature on least squares series estimation
(Newey (2007), Belloni et al. (2015)), which establishes the pointwise and the uniform limit theory
for least squares series estimation. We extend this theory by allowing the outcome variable Y to
depend upon an unknown nuisance parameter 7, and do so without adding any assumptions on
the problem design.

The third relevant body of literature are the efficiency bounds in missing data and treatment
effects problems. In the class of general missing data models, efficiency bounds have been estab-
lished under the assumption that the propensity score can be modeled by a finite-dimensional
parameter(Graham (2011), Graham et al. (2012)), which is a restrictive condition. As for the
efficiency bounds for the average treatment effect (Hahn (1998), Hirano et al. (2003)), these pa-
pers rely on the estimation of the propensity score (or other nuisance parameters) by kernel or
series methods, which fail in modern high-dimensional settings. By combining robustness with
sample splitting, we relax the P-Donsker requirement on the propensity score and allow it to
be estimated by high-dimensional/highly complex machine learning methods. Other examples
of using machine learning for the estimation of the treatment effects include Wager and Athey
(2016), which provides a pointwise Gaussian approximation to a Conditional Average Treatment

Effect using random forest in the classical low-dimensional setting.

2 Asymptotic Theory

We shall use empirical process notation. For a generic function f and a generic sample (X;)¥;,

denote a sample average by

N
1
Enf(Xi) = N ; f(X3)
and a v/N-scaled, demeaned sample average by

Gnf(Xi) = % _

?

(f(X3) = Ef(X3)).

N
=1

All asymptotic statements below are with respect to N — oo.

Assumption 2.1 (Identification). Let @ := Ep(X)p(X)' denote population covariance matrix
of technical regressors. Assume that 3 0 < Chpin < Chax < 00 8.t. Chpin < mineig(Q) <
max eig(Q) < Crax-

Assumption 2.1 requires that the regressors p(X) are not too collinear in population, which

allows identification of the best linear predictor (.



Assumption 2.2 (Growth Condition). We assume that the sup-norm of the technical regressors

d
&5 = supey [p(2)]| = sup,er (35, pj(2)*)"/?

[ log N
dT = o(1).

Assumption 2.3 (Misspecification Error). There exists a sequence of finite constants lg, Tag_, oo

grows sufficiently slow:

such that the norms of the misspecification error are controlled as follows:

Irgllr2 := \//Tg(x)Q(fE)dF(ff) Sra and ||rg pec := sup rg(2)] < lara.
xTE

Assumption 2.3 introduces the rate of decay of the misspecification error. Specifically, the se-
quence of constants r4 bounds the mean squared misspecification error. In addition, the sequence
lgrq bounds the worst-case misspecification error uniformly over the domain of X X, where [, is
the modulus of continuity of the worst-case error with respect to mean squared error.

Define the sampling error U as follows:
U:=Y —g(X).

Assumption 2.4 (Sampling Error). The second moment of the sampling error U conditionally

on X is bounded from above by G:

sup E[U?| X = 2] <p 2.

TEX
Assumption 2.5 (Small Bias Condition). There ezists a sequence ey = o(1), such that with
probability at least 1 — ey, the first stage estimate 1), obtained by cross-fitting (Definition 1.1),
belongs to a shrinking neighborhood of ng, denoted by T . Uniformly over Ty, the following mean

square convergence holds:

By = VN sup |[Ep(X)[Yy = Y] = of1), (2.1)
§akn = &d nseuip (E(Y; — Yno)2)1/2 =o(1). (22)

Assumption 2.5 introduces the realization set Ty, where the first stage estimate 77 belongs to
with probability approaching one. It provides a restriction jointly on the speed of shrinkage of
the set T (and, hence, the quality of the first stage estimate 7)), robustness of the unobserved
signal Y, with respect to the biased estimation of 7, and the growth speed £ of the technical

regressors. Section 3 shows that the Assumption 2.5 holds for Examples 1, 2, 4.

Assumption 2.6 (Tail Bounds). There exist m > 2 such that the upper bound of the m’th

10



moment of |U| is bounded conditionally on X :

sup E[|[U|™X =2] S 1.
TeX

The norm of the outer product of the technical regressors grows sufficiently slow:

d
Jmax [[pipi]l 57 = o(1).

Assumption 2.6 bounds the tail of the distribution of the sampling error U and the regressors
p(X).

Assumption 2.7 (Bound on Regression Errors). There ezists a sequence ey = o(1) and a con-
stant q > 2, such that with probability at least 1 — ey, the first stage estimate 1, obtained by

cross-fitting (Definition 1.1), belongs to a shrinking neighborhood of ng, denoted by Ty, con-
strained as follows:

sup (E[Y;, — ¥, )" = O(1).

nelN

2.1 Pointwise Limit Theory

Theorem 2.1 (Pointwise Limit Theory of LRE). Let Assumptions 2.1, 2.2, 2.3, 2.4, 2.5 hold.
Then, the following statements hold:

(a) The second norm of the estimation error is bounded as:

13— Boll2 Sp % + [Vdlgca A €aca/VN],

~

which implies a bound on the mean squared error of the estimate p(x)’'S of the pseudo-target
function p(z) Bo:

(Ex(p(X:) (B - Bo))*)/? <p \/§+ [Vdlaca A €aca/VN].
(b) For any a € 841 :={a € RY: ||a|]| = 1} the estimator B is approzimately linear:
VN (B~ B) = o/ Q' Gnp(X,) (Ui + 74(X:)) + Rin(a),

where the remainder term Ry n (o) is bounded as Ry n(a) Sp 4/ %I%N(l—i—\/gldcd)—i—&dmv.

(¢) Define the asymptotic covariance matriz of the p(x)’(g— Bo) as follows:

Q=Q "Ep(X)p(X)' (U +74(X))*Q".

11



If R n(a) = 0p(1) and the Lindeberg condition holds: limps_ye0 EU21|U|>M — 0, then the

pointwise estimator is approximately Gaussian:

No/ (B —
lim sup |P M <t|—-®(t)|=0. (2.3)
N—ooteR Va'Qa
In particular, for any point xy € X for a = %, the estimator p(mo)’B of the pseudo-
target value p(xo)' o is asymptotically normal:
Np(x0) (B —
lim sup (P VNp(ao) (5 — fo) <t|—®(t)]=0. (2.4)
N—ooter p(x0)' (o)

(d) In addition, if Assumptions 2.6 and 2.7 hold, Q can be consistently estimated by a sample

analog:

~ AN

Q= Q"Enp(X:)p(X:) (Yi(®) — p(X,)'B)*Q". (2.5)

Theorem 2.1 is our first main result. Under small bias condition, Locally Robust Estimator
has the oracle rate, oracle asymptotic linearity representation and asymptotic variance €2, where

the oracle knows the true value of the first-stage nuisance parameter 7.

2.2 Uniform Limit Theory

Let a(z) := p(x)/||p(x)| denote the normalized value of technical regressors p(x). Define their
Lipshitz constant as:

- gy o) @)

z,x’ €X xFx! ||1‘ - .13/”

. . . . . (55)2771/(771—2) log N
Assumption 2.8 (Basis). Basis functions are well-behaved, namely (i) “4——Ff——— <

and log &% < logd.

1

~

Assumption 2.9 (First Stage Error Bound and Rate). There exists a sequence ey = o(1), such
that with probability at least 1 —ep, the first stage estimate 1], obtained by cross-fitting (Definition
1.1), belongs to a shrinking neighborhood of 1y, denoted by T, constrained as follows:

4 sup (E(Yn - Yno)2)1/2 V1og N = o(1).

neTn

Theorem 2.2 (Uniform Limit Theory of LRE). Let Assumptions 2.1, 2.2, 2.3, 2.4, 2.5, 2.6,
2.8, 2.9 hold.

(a) The estimator is approximately linear uniformly over the domain X :

[VNa()' (B = fo) = o (2)Gnp(X:)[U; + 14(X,)]| € Run(ala))

12



where Ry y(a(x)), summarizing the impact of unknown design and the first stage misspec-

ification error, obeys

SLGIE)( Rin(a(z)) Sp o/ g3ngN(Nl/m\/logiN+ Vidlgrqa)+
ariny/log N + N~H/2 1/ 4log N =: Riy
uniformly over x € X. Moreover,
[VNa(z)' (B = o) — o' (2)Gnp(X:)[U; +1g(X:)]| € Run(cla)) + R, n(a(x))
where Ry n(a(x)), summarizing the impact of misspecification error, obeys

RQ,N(O‘(ZE)) Sp \/@ldrd =: Ron

uniformly over x € X.

~

(b) The estimator p(x)'S of the pseudo-target p(z)' By converges uniformly over X :

sup lp(x)' (3= )| S %h/logzv + Rux + Ronl.

Theorem 2.2 is our second main result in the paper. Under small bias condition, Locally
Robust Estimator achieves oracle asymptotic linearity representation uniformly over the domain
X C R" of the covariates of interest X.

Remark 2.1 (Optimal Uniform Rate in Holder class). Suppose the true function g belongs to
the Holder smoothness class of order k, denoted by ¥;(X). Then, the optimal number d of
technical regressors that comprise a vector p(x) obeys

d = (log N/N)~"/(@k+r),

This choice of d yields the optimal uniform rate:

sup [g(z) — g(z)| Sp

<log N ) /(2k+r)
zeX .

N

Our result on strong approximation by a Gaussian process plays an important role in our
second result on inference that is concerned with the weighted bootstrap. Consider a set of
weights hq, ho, ..., Ay that are i.i.d. draws from the standard exponential distribution and are
independent of the data. For each draw of such weights, define the weighted bootstrap draw of
the least squares estimator as a solution to the least squares problem weighted by hi, hs, ..., Ay,
namely

B € arg min Ey[hi(Y; — p(X:)'b)?].
beRk
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For all z € X, define g°(x) = p(w)ﬁb. The following corollary establishes validity of weighted

bootstrap for approximating the distribution of series process.

Corollary 2.1 (Weighted Bootstrap Method). (a) Let Assumption 2.6 be satisfied with m >
3. In addition, assume that Ry x = op(ay') and a%,d*¢3(1 + 13¢3)?log? N/N — 0. Then,
for some Ny ~ N(0, Ji)

s (B =po) _ aley0?

1
la@a 2]~ Ja(@aie Ve torn)

in 1%°(X) so that for e(z) = QY?p(x),

p@)(B—By)  e(x)
VN le@) ¢ Jle(z)

”Nd—|—0p(a;,1)

in 1°(X).

(b) The weighted bootstrap process satisfies:
VNa()' (5" — B) = a() Gw[(hi = Dp(X)) (Ui +ry(X0)] + Ry (alx)),

where the remainder obeys

1 N _
Rin(a(@) Sp | SLEX (V1 Jlog 4 Villara) = o1/ log ) = Ry

(c) VNEEERD — LNy + op(ay') in 1%(X), and so

(d) VNZLOHD — Ny + op(ay') in 17().

Corollary 2.1 establishes strong approximation of a(x)’ (3 — Bp) by a Gaussian process. The-
orem 4.5 in Belloni et al. (2015) implies validity of weighted bootstrap.

3 Applications

In this section we apply the results of Section 2 for economically relevant settings, described in

Examples 1, 2, 4.

3.1 Conditional Average Treatment Effect

Using the setup of Example 1, let Y! and Y be the potential outcomes, D € {1,0} indicate
the presence in the treatment group, Y° = DY! + (1 — D)Y? be the actual outcome, so(Z) =
E[D = 1|Z] be the propensity score and po(D, Z) = E[Y°|D, Z] be the conditional expectation

function. We provide sufficient low-level conditions on the regression functions po(1, Z), po(0, Z)
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and the propensity score so(Z) such that the pointwise and uniform Gaussian approximations of
the target function g(z) (Theorems 2.1 and 2.2) hold.

Assumption 3.1 (Strong Overlap). A The propensity score is bounded above and below: 355 >
0 0<sp<solz)<l—5,<1 VzeZ.

B The propensity score is bounded below: 350 >0 0< 39 < s0(2) <1 Vze Z.

In context of Example 1 Assumption 3.1(a) ensures that the probability of assignment to the
treatment and control group is bounded away from zero. In context of Example 2 Assumption

3.1(b) ensures that the probability of observing the response Y* is bounded away from zero.

Definition 3.1 (First Stage Rate). Given the true functions so, po and sequences of shrinking

neighborhoods Sy of sqg and My of pg, define the following rates:

sy := sup (E(s(Z) — SO(Z))2)1/27

SESN
my = sup (B(u(Z) — po(2))*)"/?,
HEMN

where the expectation is taken with respect to Z.
We will refer to sy as the propensity score rate and my as the regression function rate.

Assumption 3.2 (Assumptions on the Propensity Score and the Regression Function). Assume
that there exists a sequence of numbers ey = o(1) and sequences of neighborhoods Sn of so, My of

Lo with rates sy, my such that the first-stage estimate {5(z), (1, 2), (0, 2) } (A) or {5(2), i(2) (B)
belongs to the set {Sy, My} w.p. at least 1 — €, and

Easympy+/log N = o(1).

Finally, assume that there exists C' > 0 that bounds the functions in My uniformly over their

domain (A): SUp,epy SUPzecz SUPge(1,0) [14(d, 2)| < C or (B): sup,caq, SUp.cz [1(2)] < C.

Plausibility of Assumption 3.2 is discussed in the introduction of the paper. In case the
propensity score and regression function can be well-approximated by a logistic (linear) high-
dimensional sparse model, Assumption 3.2 holds under a low-level conditions analogous to those

in Example 5.

Corollary 3.1 (Gaussian Approximation for Conditional Average Treatment Effect). Under
Assumptions 8.1(A) and 3.2(A), the robust signal, given by Equation 1.3, satisfies Assumptions
2.5 and 2.9. As a result, pointwise and uniform Gaussian approzimation (Theorems 2.1 ,2.2)
and Validity of Weighted Bootstrap (Corollary 2.1) hold with

Q=Q'xQ,
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where 3 1s:

+ Di[}/;’o — u(17 Z’L)] o (1 — DZ)[Y;O — /1’(07 Z’L)] _
s0(Z:) 1—s0(Zi)

¥ = Ep(Xy)p(Xa)' (1, Zi) — (0, Zy) p(Xi) Bo]”

3.2 Regression Function with Partially Missing Outcome

Using the setup of Example 2, let Y* be a partially missing outcome variable, D € {1,0} indicate
the presence of Y* in the sample, Y° = DY™* be the observed outcome, so(Z) = E[D = 1|Z]
be the propensity score and po(Z) = E[Y°|D = 1, Z] be the conditional expectation function.
We provide sufficient low-level conditions on the regression functions u(Z), s(Z) such that the
pointwise and uniform Gaussian approximations of the target function g(z) (Theorems 2.1 and
2.2) hold.

Corollary 3.2 (Gaussian Approximation for Regression Function with Partially Missing Out-
come). Under Assumptions 3.1(B) and Assumption 3.2(B) the robust signal, given by Equation
1.4, satisfies Assumptions 2.5 and 2.9. As a result, pointwise and uniform Gaussian approzima-
tion (Theorems 2.1 ,2.2) and Validity of Weighted Bootstrap (Corollary 2.1) hold with

Q=Q'sQ",
where 3 is:

D;
SQ(Z,L)

Here give an example of a model and and a first-stage estimator that satisfy Assumption 3.2.

¥ =Ep(X:)p(Xi)'| [V = 10(Zi)] + po(Zs) — p(X:) Bo)®.

Example 5 (Partially Missing Outcome with High-Dimensional Sparse Design). Consider the
setup of Example 2. Let the observable vector (D, X, DY™*) consist of the covariate vector of
interest X and a partially observed variable Y*, whose presence is indicated by D € {1,0}.
In addition, suppose there exists an observable vector Z such that Missingnesss at Random
(Assumption 1.3) is satisfied conditionally on Z. Let p,(Z),ps(Z) be high-dimensional basis
functions of the vector Z that approximate the conditional expectation functions pg(z), so(z)

using the linear and logistic links, respectively:

po(2) = pu(Z)'0 +1.(2) (3.1)

s0(2) = L(ps(2)'0) + rs(z) = eXZTI;EZZSZ()?‘;;i)' 1

+74(2) (3.2)
where 0,0 are the vectors in RP whose dimension p is allowed to be larger than the sample size

N, and r,(2),rs(%) are the misspecification errors of the respective link functions that vanish as

described in Assumptions 3.3, 3.4. For each v € {0, d}, denote a support set

T,.y = {] . ’}/] # 07] S {17237p}}
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and its cardinality, which we refer to as sparsity index of =,
sy:=[T|=|~llo VvV ve{bd}.

We allow the cardinality of ss,s¢ to grow with N. Define minimal and maximal empirical
Restricted Sparse Eigenvalues (RSE) @pmin(m), dmax(m) as

I//ENZZ'Z7{I/, ¢max(m) — V/]ENZ’L'Z'L{V

= min —_— max
1<vllosm — |[v]|3 1<[vlosm — [[V]I3

¢min(m) :

Let 6y — 0 and Ay — 0 be the fixed constants approaching zero from above at a speed at
most polynomial in N: for example, dny > % for some ¢ > 0, £y = log N, and ¢,C, k', k" and

v € [0,1] are positive constants.

Assumption 3.3 (Regularity Conditions for Linear Link). We assume that the following stan-
dard conditions hold. With probability 1 — Ay, the minimal and mazimal empirical RSE are

bounded from below by r), and from above by K}, :

’ inf Dpu(Z)lpy2 < sup  [1Dpu(Z) ]y < K
S L e s

(b) There exists absolute constants B,c > 0: regressors maxi<j<p |Pui(Z)] < B a.s. and
max)<j<p ¢ < Epp j(Z2)? (¢c) With probability 1 — Ay, Exr;(Z) < Cslog(pV N)/N.

Assumption 3.4 (Regularity Conditions for Logistic Link). We assume that the following stan-
dard conditions hold. With probability 1 — Ay, the minimal and mazimal empirical RSE are

bounded from below by k!, and from above by K :

Kl < inf 1ps(Z)' || Py .2 < sup 1ps(Z) 8]l Py 2 < K.
I6]lo<stn,[I6]|=1 181lo<sln,|5]|=1

(b) There exist absolute constants B, c > 0: regressors maxigj<p |Ps;(Z)| < B a.s. and maxi¢j<p ¢ <
Eps,;(2)* (c) With probability 1 — Ax, Exr?(Z) < Cslog(pV N)/N.

Assumptions 3.3 and 3.4 are a simplification of the Assumption 6.1-6.2 in Belloni et al. (2013).
The following estimators of ug(Z) and s¢(Z) are available.

Definition 3.2 (Lasso Estimator of the Regression Function). For A = 1.1y/N®~1(1-0.05/(NV

plog N)), define 0 as a solution to the following optimization problem:

0 .= arg min ExD;(Y;? — 229)2 + All0]lx

0cRP

and a first-stage estimate of p as
fi(z) == 2'0.

Definition 3.3 (Lasso Estimator of the Propensity Score). For A = 1.1v/N®~!(1 — 0.05/(N V
plog N)) and an appropriately chosen s > 0, define 8 as a solution to the following optimization
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problem:

o~

5 i= arg min B llog(L + exp(Z49)) — DiZZ{s) + A
€
and a first-stage estimate of sg as
3(2) := max(s/2, L(z'3)).

Lemma 3.1 (Sufficient Conditions for Assumption 2.5). Suppose Assumptions 3.8 and 3.4 hold.

sglogp sslogp
N N
a sequence of numbers ey = o(1) define the sequence of neighborhoods My of 1o(Z) and Sy of

s0(Z) as follows:

. For

Define the regression rate my = and the propensity score rate sy =

My :={u(z) =2'0: |6 —60|la,n < C(—log(en))mn}
Sy = {s(z) = max(5/2, L(2'0)) :  [|0 — doll2,nv < C(—log(en))sn}

Then, Assumption 3.2(B) is satisfied if the product of sparsity indices sgss grows sufficiently

slow:

log? plog N
VNEsmy sn/log N = 5”1\/868“)%\71)% = o(1).

3.3 Conditional Average Partial Derivative

Using the setup of Example 4, let Y° be an outcome of interest, u(z, w) := E[Y°|X = 2, W = w]
be a conditional expectation of Y° on X, W, and f(W]X) be the conditional density of W given
X. We provide sufficient low-level conditions on the regression functions f(W|X), u(X, W) such
that the pointwise and uniform Gaussian approximations of the target function g(x) (Theorems
2.1 and 2.2) hold.

Definition 3.4 (First Stage Rate). Given a true function fo(W|X), po(X, W), let Fn, My be a
sequence of shrinking neighborhoods of fo(W|X) and po(X, W) constrained as follows:

fn = swp (E(f(W|X) - fo(W|X))*)'/?
fEFN

m = sup (E(u(X, W) = (X, W)))'/*
peMn

where expectation is taken with respect to W, X.
We will refer to fy as the density rate and my as regression function rate.

Assumption 3.5 (Assumptions on the Conditional Density and the Regression Function). As-

sume that there exists a sequence of numbers ex = o(1) and a sequence of neighborhoods Fn, My
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such that the first-stage estimate {]?, i} belongs to the set {Fy, My} w.p. at least 1 —€,. The
neighborhoods Fn, My shrink at rates fy, my such that:

Eafymn+/log N = o(1).

Finally, assume that there exists C' > 0 that bounds the functions in Fy, My uniformly over
their domain:

sup  sup |u(z,w)| <C
HEMN z,wEX X W

and

sup sup |f(W=wlX=2x)<C.

fEFN zweX XW
Corollary 3.3 (Gaussian Approximation for Conditional Average Partial Derivative). Let As-
sumption 8.5 hold. Then, the robust signal, given by Equation 1.4, satisfies Assumptions 2.5
and 2.9. As a result, pointwise and uniform Gaussian approximation (Theorems 2.1 ,2.2) and
Validity of Weighted Bootstrap (Corollary 2.1) hold with

Q=Q'2Q",
where X 1s:
% = Ep(Xi)p(X;)'[ — O log f(Wi| Xi) [V — po(Xi, Wi)] + po(Xi, Wi) — p(Xi) Bo].

The regression function u(X, W) can be estimated at o(N~/4) rate by a local linear estima-
tor with suitably chosen bandwdith parameters. An example of a conditional density f(W|X)

estimate is a kernel density estimator.

4 Simulation Evidence

In this section we examine the finite sample performance of the Locally Robust Estimator through
the Monte Carlo experiments in context of Example 5. We compare LRE to other more naive
strategies, such as Inverse Probability Weighting (IPW) and Ordinary Least Squares (OLS) on
the complete data only. We show that under the small misspecification of a linear model, all three
estimators have similar performance, while under larger misspecification, only Locally Robust
Estimator remains valid.

Let us describe our simulation design. Using the setup of Example 5, we generate a random
sample (Dy, X;, Z;, Y;*)N7°90 from the following data generating process. The control vector

Z, dim(Z) = 500, Z ~ N(0,T(p)),p = 0.5 is generated from a normal distribution N (0,7 (p)),

where the covariance matrix T'(p) is the Toeplitz covariance matrix with the correlation parameter

t
p = 0.5. The propensity score so(z) = L(2'd), where L(t) := % is the logistic function, and
exp
the parameter 6 = (1, %, cee ﬁ7 0,...,0). The regression function u(z) = 2’y is a linear function
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of the control vector, where the parameter v = [(1, 2%, ol ﬁ)’, c(d%, o ﬁz)’, 0,...,0] and

c is a design constant. The outcome variable Y and the presence indicator D are generated by

D~ B(L(Z'6)),
Y*=27"0+¢ e~ N(0,1), (4.1)

where B(p) stands for a Bernoulli draw with probability of success p. Suppose a researcher
is interested in the conditional expectation of Y given the first d = 6 control variables X =
[Z1, Za, ..., Z4):

g(z) :=E[Y*|X = x].

He approximates ¢g(z) using a linear form p(x)’, where the vector of technical transformations

p(z) = (L, z)'

4 consists of the constant and a degree one polynomial of vector z. Let Y° = DY™* be the

observed outcome. Having established the setup, let us describe the estimators whose finite

sample performance we compare:

e Ordinary Least Squares: ,@OLS = (IE]\;Dip(Xi)p(Xi)’)_1 EnDip(X;)Y?

N D, -1
e Inverse Probability Weighting: Brpw := (]EN g(Zz_)p(Xi)p(Xi)’> ENS

e Locally Robust Estimator: BLzp := (ENp(Xi)p(Xi)’)_lIENp(Xi)[
Az

where the nonparametric estimates of the propensity score 5 and the regression function i are
estimated as in Example 5 using the cross-fitting procedure in Definition 1.1.

Table 1 shows the bias, standard deviation, root mean squared error, and rejection frequency
for Ordinary Least Squares, Inverse Probability Weighting, and Locally Robust Estimator under
small misspecification, which is achieved by scaling the coefficient on the omitted controls by a
small constant (¢ = 0.1). In that case, all the three estimators have small bias and good coverage
property. Since the linear model is close to the true one, OLS is best linear conditionally unbiased
estimator, and therefore has smaller variance than IPW and LRE.

Table 2 shows finite sample properties of IPW, LRE, and OLS under large misspecification,
which is achieved by scaling the coefficient on the omitted controls by a small constant (¢ = 20).
As expected, OLS suffers from selection bias, IPW incurs the first-order bias due to the propensity
score estimation error, but LRE remains valid. In the case of large misspecification, LRE achieves
8% to 100% bias reduction compared to IPW. Moreover, LRE maintains valid inference and has

its rejection frequency close to the nominal under both small and large misspecification.

4We omit the regressor p(z) = 1 since EY* = EZ = 0 by construction.
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OLS IPW LRE [ OLS IPW LRE [ OLS IPW LRE [ OLS IPW LRE |
Bias St.Error RMSE Rej.Freq.
B =11 0.001  -0.002  -0.014 | 0.049  0.060  0.061 | 0.049  0.060  0.063 | 0.080  0.080 _ 0.090
By =0.5 0.005 0.003 0.004 | 0.101  0.126  0.124 | 0.102  0.126  0.125 | 0.067  0.090  0.100
Bz =0.3 | -0.010  -0.004  -0.009 | 0.091  0.120  0.119 | 0.092  0.120  0.119 | 0.030  0.037  0.050
B4 =0.2 | -0.000  -0.002  -0.002 | 0.096  0.118  0.116 | 0.096  0.118  0.116 | 0.037  0.060  0.050
Bs =0.2 0.002 0.005 0.004 | 0.100  0.116  0.118 | 0.100  0.116 _ 0.118 | 0.070  0.060 _ 0.057

Table 1: Bias, St.Error, RMSE, Rejection Frequency of OLS, IPW, LRE. Small misspecification.
Test size a = 0.05, design constant ¢ = 0.1, R? = 0.5, Number of Monte Carlo Repetitions 300.

OLS IPW LRE | OLS IPW LRE | OLS IPW LRE | OLS IPW LRE |
Bias St.Error RMSE Rej.Freq
B =11 0.109 0.113 0.023 0.863 1.156 0.655 0.869 1.161 0.656 0.097 0.107 0.110
Bo = 0.5 -0.233 -0.456 -0.092 1.806 2.052 1.346 1.821 2.102 1.349 0.083 0.107 0.120
B3 = 0.3 0.025 0.127 -0.056 1.916 2.200 1.339 1.916 2.203 1.340 0.120 0.100 0.103
Bg = 0.2 -0.060 -0.007 -0.004 1.886 2.284 1.353 1.887 2.284 1.353 0.093 0.143 0.113
Bs =0.2 0.065 0.001 -0.019 1.865 2.274 1.303 1.866 2.274 1.303 0.113 0.117 0.087

Table 2: Bias, St.Error, RMSE, Rejection Frequency of OLS, IPW, LRE. Large misspecification.
Test size o = 0.1, design constant ¢ = 20, R? = 0.2, Number of Monte Carlo Repetitions 300.

5 Empirical Application

We apply our methods to study the household demand for gasoline, a question studied in Haus-
man and Newey (1995), Schmalensee and Stoker (1999), Yatchew and No (2001) and Blundell
et al. (2012). These papers estimated the demand function and the average price elasticity for
various demographic groups. The dependence of the price elasticity on the household income
was highlighted in Blundell et al. (2012), who have estimated the elasticity by low, middle, and
high-income groups and found its relationship with income to be non-monotonic. To gain more
insight into this question, we estimate the average price elasticity as a function of income and
provide simultaneous confidence bands for it.

The data for our analysis are the same as in Yatchew and No (2001), coming from National
Private Vehicle Use Survey, conducted by Statistics Canada between October 1994 and September
1996. The data set is based on fuel purchase diaries and contains detailed information about
fuel prices, fuel consumption patterns, vehicles and demographic characteristics. We employ the
same selection procedure as in Yatchew and No (2001) and Belloni et al. (2011), focusing on
a sample of the households with non-zero licensed drivers, vehicles, and distance driven which
leaves us with 5001 observations.

The object of interest is the average predicted percentage change in the demand due to a
unit percentage change in the price, holding the observed demographic characteristics fixed,
conditional on income. In context of Example 4, this corresponds to the conditional average

derivative

9(z) = E[0u (X, Z, W)|X = ],
plw,z,2) =E[Y°|X =2,Z =2, W = w,

where Y° is the logarithm of gas consumption, W is the logarithm of price per liter, X is log

income, and Z are the observed subject characteristics such as household size and composition,
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distance driven, and the type of fuel usage. The robust signal Y for the target function g(z) is

given by
Y = =0y log fW|X, Z)(Y° — (X, Z,W)) 4 Owp(X, Z, W), (5.1)

where f(w|z,z) = f(W = w|X = x,Z = z) is the conditional density of the price variable
W given income X and subject characteristics Z. The conditional density f(w|z,z) and the
conditional expectation functions p(w,x,z) comprise the set of the nuisance parameters to be
estimated in the first stage.

The choice of the estimators in the first and the second stages is as follows. To estimate the
conditional expectation function p(w,z, z) and its partial derivative 0, u(w,x, z), we consider a
linear model that includes price, price squared, income, income squared, their interactions with
28 time, geographical, and household composition dummies. All in all, we have 91 explanatory
variables. We estimate p(w,z, z) using Lasso with the penalty level chosen as in Belloni et al.
(2014), and estimate the derivative Oy, u(w, x, z) using the estimated coefficients of u(w, z, z). To

estimate the conditional density f(w|z,z), we consider a model:
W=IX,2)+U, ULX,Z

where [(x,z) = E[W|X = z,Z = z] is the conditional expectation of price variable W given
income variable X and covariates Z, and U is an independent continuously distributed shock

with univariate density ¢(-). Under this assumption, the log density 9, log f(W]X, Z) equals to

¢'(w =z, 2))

Oplog f(W=w|X =2,Z=2) = Sw—1z.2)

We estimate ¢(u) : R — R™ by an adaptive kernel density estimator of Portnoy and Koenker
(1989) with Silverman choice of bandwidth. Finally, we plug in the estimates of u(w,z, z),
Owp(w, x,z) , f(w|z,z) into the Equation 5.1 to get an estimate of the robust signal Y and
estimate g(x) by least squares series regression of Y on X. We try both polynomial basis function
and B-splines to construct technical regressors.

Figures 1 and 3 report the estimate of the target function (the black line), the pointwise (the
dashed blue lines) and the uniform confidence (the solid blue lines) bands for the average price
elasticity conditional on income, where the significance level @ = 0.05. The uniform confidence
bands for g(z) are chosen such that they contain the true function g(x) with probability 1 —a =
0.95. The are computed as:

[9(z) —e(@)t] o, 9(x) +e(@)t1_,],
where §(x) is the estimate of the target function, e(z) = 1/p(z)'Qp(z) is the estimate of the

standard error, Q is the estimated asymptotic variance of B (Eq. 2.5), and the tf_ -statistic is
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the (1 — a)- empirical quantile of the ¢-statistic bootstrap distribution

b._ D
S T T
The panels of Figure 1 correspond to different choices of the first-stage estimates of the nuisance
functions pu(w,x,z) and f(wlz, z) and dictionaries of technical regressors. The panels of Figure
3 correspond to the subsamples of large and small households and to different choices of the
dictionaries.

The summary of our empirical findings based on Figure 1 and 3 is as follows. We find
the elasticity to be in the range (—1,0) and significant for majority of income levels. The
estimates based on B-splines (Figures lc, 1d) are monotonically increasing in income, which is
intuitive. The estimates based on polynomial functions are non-monotonic in income. For every
algorithm on Figure 1 we cannot reject the null hypothesis of constant price elasticity for all
income levels: for each estimation procedure, the uniform confidence bands contain the constant
function. Figure 3 shows the average price elasticity conditional on income for small and large
households.®. For majority of income levels, we find large households to be more price elastic
than the small ones, but the difference is not significant at any income level.

To demonstrate the relevance of demographic data Z in the first stage estimation, we have
shown the average predicted effect of the price change on the gasoline consumption (in logs),
without accounting for the covariates in the first stage. In particular, this effect equals to
E[0pu(X,W)|X = x|, where p(z,w) = E[Y|X = a,W = w] is the conditional expectation
of gas consumption given income and price. This predictive effect consists two effects: the effect
of price change on the consumption holding the demographic covariates fixed, which we refer to
as average price elasticity, and the association of the price change with the change in the house-
hold characteristics that also affect the consumption themselves. Figure 2 shows this predictive
effect, approximated by the polynomials of degree k € {1, 2}, conditional on income. By contrast
to the results in Figure 1, the slope of the polynomial of degree k£ = 1 has a negative relationship
between income and price elasticity, which present evidence that the demographics Z confound

the relationship between income and price elasticity.

6 Proofs

6.1 Notation

We will use the following notation. Let

nk:f x;) 1= Zf ), nkf xz = foz ( )le}

1€Jk lGJk

5A large household is a household with at least 4 members.
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For an observation index ¢ € J; that belongs to a fold Ji, k € {1,2,..,K}, define Y;(7)) =
Yi(Mk), i € Ji, where 7y, is estimated on J as in Definition 1.1. Define 7(Z;) = nx(Z;),i € Ji.

Let p(x;) := pi, @ = Enpip}, and r; == ry(z;) = g(z;) — p;So. For two sequences of random
variables denote an,by,n > 1:ay <p b, means ay = Op(by). For two sequences of numbers,
denote an,by,n =2 1:ay S by :=any = O(by) . Let a A b =min{a,b},a Vb= max{a,b}. The
Iy norm is denoted by || - ||, the I; norm is denoted by || - ||1, the I is denoted by || - ||, and the
lio - norm denotes the number of nonzero components of a vector.

Given a vector § € RP and a set of indices T' C {1, ...,p}, we denote by dr the vector in R?

in which 7 = 0,7 € T and é7; = 0,5 €71

6.2 Technical Lemmas

Theorem 6.1 (LLN for Matrices). Let Q; = pipf be i.i.d symmetric non-negative kxk-matrices
with d > e*. Notice that ||Q;|| = ||pi||*> < &3. Let Q = % Zfil Ep;p." denote average value of

population covariance matrices.
~ 2log N
BIQ - Qll Sp /Mot

Proof. Proof can be found in Rudelson (1999). n

Lemma 6.1 (Conditional Convergence Implies Unconditional). Let {X,,}m>1 and {Yi, }m>1 be
sequences of random vectors. (i) If for €y — 0, P(|| Xon|| > €m|Ym) —p 0, then P(|| Xn|| > €m) —
0. In particular, this occurs if E[|| X, ||7/€%,|Yim] —p 0 for some ¢ > 1, by Markov inequality. (i)
Let {A,}m>1 be a sequence of positive constants. If || X, || = Op(An,) conditional on'Y,,, namely,
that for any £, — 00, P(| Xml > lmAm|Ym) —p 0, then X,,, = Op(Ay,) unconditionally,
namely, that for any £, — 00, P(|| X || > €mAm) — 0.

Proof. The Lemma is a restatement of Lemma 6.1 of Chernozhukov et al. (2016a) L]
Lemma 6.2 (Maximal Inequality ). Let an i.i.d sample of size n be available. Let F be a function
class with an envelope F' > sup pc | f| with ||[F|[p 4 < 0o for some ¢ > 2 Let M := max; ¢, F(W;)
and 0? > 0 be any positive constant such that

sup [| f[[p2 < 0 < [[Fl[32

fer

Suppose there exist constants a > e and v > 1 such that

logsgpN(eHFllQ,z,f, |- ll@2) < vlog(a/e),0 <e<1
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Then,

Elsup G fl] < & (oo tog (0122 ) 4tV o (e
feF g \/ﬁ g

where |M||p, < n'/9|F||ps Moreover, with probability at least 1 — c(logn)~9/2,

F M F
16071 < ) (oo (A1) 0L (L)
fer g \/’ﬁ g

Proof. The Lemma is a restatement of Lemma 6.2 Maximal Inequality of Chernozhukov et al.
(2016a). "

Lemma 6.3 (No Effect of First Stage error).
VNIEnps[Yi(@) = Yi(mo)]| = Op(Bn + &arn) = o(1) (6.1)

Proof. Define an event Ex := {7, € Tn Vk € [K]}, such that the nuisance parameter estimate
M belongs to the realization set T for each fold k € [K]. By union bound, this event holds

w.h.p.
PPN(SN) 2 1-— KGN =1 —0(1).

K
EnpiYi(7) = Yi(no)] = % D B kpilYa(@) = Yi(no)] — E[pi[Yi(7) — Yi(no)l|(Wa)ses]
k=1

Iy

+E[pilYi(7) = Yi(no)|(Wi)iese] — EpilYi() — Yi(no)]

Io

Conditionally on (W;);c,, the estimator 7 = 7, is non-stochastic. On the event n

Ellvnl k1€, Wa)iese) < Elllpi[Yi (@) — Yi(no)lIIP[En, (Wa)ies]
< sup Epi[Yi(n) = Yi(no)lI?
neln
< sup [[p()||* sup E(Y;(n) — Yi(no))?
rxeX neln
< Er% (Assumption 2.5)

Hence, v/nly ;, = Opy (4kn) by Lemma 6.1. To bound I i, recognize that on the event Ex

El[Vnlz [, (Wi)iese] < sup v/nl[Epi(Yi(n) = Yi(no)[(Wa)ie s, |

neln
< sup vn||Ep;(Yi(n) — Y;(m))|l < Bw
neln
Therefore, v/nls ), = Opy (By) and Zszl %\/]V(]Lk + I ;) = Opy (§arin + By) n
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Lemma 6.4 (Comparison of Conditional Variance). If X C Z, the doubly robust signal Y of

Example 2 achieves lower conditional variance:
Var(Y| X =2) < Var(Y¥| X =2) Ve e X

than the naive signal Y.

Proof. Consider the setup of Example 2:

E[Y?|Z] = E[(Y")?|Z] + 2E[YV*

wz)

D yu2(2)2)

O

= E[(Y")*|2] + 15 (2)E[2-

=E[(Y")*|Z] + u3(Z)E[1 —

=E[(Y*)*|Z] + u3(Z)(1 — ) <E[(Y")?|Z]

s0(Z)
Therefore, E[Y?|X] < E[(Y%)?|X]. Since the signals Y, Y are unbiased:
EY|X =a] = E[Y"|X = z] = g(x),
Var(Y|X) < Var(Y"|X).
"

Lemma 6.5 (Comparison of Conditional Variance). If X C Z, the doubly robust signal Y of

Ezample 1 achieves lower conditional variance:
Var(Y|X =2) < Var(Y"| X =2) Ve e X

than the naive signal Y.

Proof. Consider the setup of Example 1: Using the proof of Lemma 6.4, we conclude that

Dyt D DY,
IE(SO(Z) + uo(1,2)(1 so(Z))) |Z<E(SO(Z)) \Z (6.2)
_ 0 B - o
E((ll_S% + 110(0, 2)(1 — %))ﬂZ < ((11_ Sf();) 2|7 (6.3)
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Therefore,

DY (1-D)Y°, o
E(Y")?*|Z = E( so(Z )) 1Z + (m) |Z (D(1—D)=0)
DY! - , (1- D)Y° _1-D .,
((6.2), (6.3))
o DY D 5, (Q-DY° _1-D
=EY?|Z

Therefore, E[Y?|X] < E[(Y%)?|X]. Since the signals Y,Y" are unbiased: E[Y|X = z]| =
E[Y"[X = 2] = g(x),
Var(Y|X) < Var(Y"¥|X).

6.3 Proofs of Theorems

Proof of Theorem 2.1 (a).
1B = Boll = Q™ *EnpiYi(d) — Bol|

<@ NENp: (@) — Yi(mo)]| + QNN Yi(no) — P30l
S1 Sa

= S1+ QM IIExps [Yi(no) — g(@)] | + Q7 I Enps [g(w:) — pi o] I
—_—— —_——

Uj T

=51 + 1@ IExpsuwi|l + |Q [ Enpirs||

IEnpiuill Sp (E[|Enpius|®])'/? (Markov)
< (Buppi/N)'/? (iid data)
<oVd/N (6.4)
||ENP17’1|| ||Enp17’1|| ])1/2 (Markov)
Ta\/ E||pz =lq d\/i (Assumption 2.3)
Alternatively,
HEszTzH HEanTzH ])1/2 (Markov)
= &ra/VN (Assumption 2.3)
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With high probability, [|@ || < 2/|Q || < 2/Amin. Lemma 6.3 implies

1510 < 1Q M IENp:[Ya(@) = Yilno)ll < 1Q M [Bn/VN + €arn /VN] = o(—=)

EH

Proof of Theorem 2.1 (b). By Definition 1.2,
B =Q '"Enp:Yi(7)
Decomposing

VN[ENp:Yi(5) — QBo] = VNENpi[Yi(5) — Yi(no)] + VNEyp;[Yi(no) — p}Bo]
= VNEnpi[Yi () — Yi(no)] + GupilYi(mo) — p}Bo]
= VNENpi[Y;(1) — Yi(no)] + Gnpiu; + Gypirs

we obtain:

\/NQI[B\_BO] = \FCVIQ [Enp:Yi(7) — Qﬁo]
= VN&'Q EnpilYi(5) — Yi(mo)]]
+ o QflGN[ i[ri 4w
= a'Q7'Gwpilri + ui]]
aT[Q7! = QY Gwlpi(ui +17)]

I
+ \/NOéTQ_lENpi[Yi(ﬁ) — Yi(no)]
1P
+VNaT[Q7! - QEnp Y (7) — Yi(no)]

I3

Total remainder term equals:
Rinl@)=L+ 1+

Decomposing I into sampling and approximation parts:

= \/N@T[@_l — Q_l]ENpiui —&—aT[@_l — Q_I]GNpiTi

It I
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Definition of regression error E[u;|z;] = 0 and E[u?|z;] < 62 yields:

Ell1 ol (z:),] =0

E[1} |(@)i] < @T[Q7 = @71QIQT — Q7 ]ac”

< 53 10gN52

N (Lemma 6.1)

2
Therefore, I , = op(y/ %) Using similar argument,

&log N

|I1 ]| < N

[LaraV/d A Eqra)

L] Sp QI IVNEND:[Yi(H) — Yi(no)lll Sp 1/Aminl€arin + Bn] = op(1)
I3 < [lalll[Q" = @ Y IIIVNENp;[Y:(H) — Yi(no)]l

2
<o /S22 e+ Ba] = o(1)

Therefore, with probability approaching one,

2log N
sup [[Raw(0)| < BV €ary VA B0 4t /i A ]

neln

Proof of Theorem 2.1 (c). Proof of Theorem 2.1 (c) follows from Theorem 4.2 in Belloni et al.
(2015). .

Lemma 6.6 (Lemma 2, Matrix Convergence Theory Hansen (2014)). Suppose (w;)X., be i.i.d

sequence of d-vectors such that ||w;| < &7 a.s. Suppose that for some p > 2
(El|wi|[")? < &4

N—1/2§g/(p*2)(1og d)(p—4)/(2p—4)7 ifp>4
N*(I*Q/p)§§d4/p*1 if2<p<4

In =
Then, w.p. — 1,

|Enw;w) — Bwwi|| <p dy

Proof. Proof of Theorem 2.1 (d)]
Step 1. We will show that 3 := Enpip; [}A/Z - piB\]Q is consistent for ¥ = Ep;p}[Y; — piSo]? in
Step 2. Incorporating the consequence of LLN for Matrices (Lemma 6.1)

&log N
N

IQ-Qll Sp
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Therefore,
12— Q= Q7'EQ7" - Q7'2Q 7| <p o(1)
Step 2.

12 = 2| = |[Enpipi[Y; — Yi)?|| + |[Enpipi[Y; — pio)* — Epip;[Yi — piBo)’
K1 KZ
+ | Enpip;lpifo — piBl||
K3

Step 1. Kj. Define an event €y := {7 € Ty Yk € [K]}, such that the nuisance parameter
estimate 7, belongs to the realization set T for each fold k € [K]. By union bound, this event
holds w.p 1 —o(1): Ppy(En) 21— Ken =1—0(1).

K
K, KZEn wpipi Vi — Yi)? Z En xpipilVi — Yi)? = Elpip}[Vi — Yi)2)|(Wa)icg
k=1 =1

K1k
+Elpipl[Y: — Vi (Wi)iese] ]

K12k

Conditionally on (W;);c, , the estimator 7 is non-stochastic. On the event Ex let us apply
Lemma 6.6 for w; = p;[Y;(7) — Yi]. By Assumption 2.6, for p = ¢ > 2, sup, e, Elw;||™ <
€a(E|Y;(n) —Yi(n0)|9)Y/9 < &4. For dy defined in Lemma 6.6, conditionally on Wi)iese, K1k =
1En rwiw; — Elww;|(W;)icselll = Op(dn) = op(1). Lemma 6.1 implies that Ki 1 = Op(d,) =
op(1) unconditionally. The sum of K Op(dy) = Op(dn).

< sup ||IEI[(0/]9¢)ZJ§[f/i—Y;']|(Wi)z‘eJ,g||2

arflal=1

1K1 2.0 = |E[pipi[Y; — YilP)|(Wi)ies

< E|E[p;[Y; — Yill(Wi)icellI?
< EG/NBE = o(1) (Lemma 6.3, Lemma 6.1)

Step 2. Ky. Set w; := pi[r; + U;] = pi[Yi — pifo]. By Assumption 2.6, for p = m > 2,
Ellwi||™ < Ealgra + E4(B|U;|™)Y™ < €. For dy defined in Lemma 6.6, Ko = ||Eyw;w), —
Ew;w;|| = Op(dn) = op(1). To bound K3, recognize that

K3 <p |[Expipi]| A P58 — Bo)|I?

<p |[Enpivil pax (B = Bo)'piri(B — Bo)

<p [Enpin|l[|B — Boll?

[€21og N d .
SP [Amax + Op( ngg)]O (N jfoax lpipil]) = op(1) (Assumption 2.6)
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The bounds on K; — K3 conclude the proof of Theorem 2.1[d].

Proof of Theorem 2.2(a). Similar to the Equation 6.5, define
L(z) = (@) [Q7 = QG Ipi(us + )]
I(x) = VNa(2) " Q"ExpilYi(7) — Yi(mo)]

Ii(z) = VNa(@) [Q" — Q' EnpiYi(7) — Yi(no)]

Decompose
VNa(2)" (B - Bo) = VNa(z) QG [pilri + wi]] + L1 (2) + (@) + Is()

Step 1. Bound on I;(x) is shown in Step 1 of Lemma 4.2 of Belloni et al. (2015). We copy their

proof for completeness. Let us show that

A~ _ o [E2log® N
sup a(2) T[Q ! = QG [piwi| Sp NV [ 22—
reEX

Conditional on the data, let T = {ti,to,..,tn} € RY : t; = a(m)T(@_l — Q YHpu;,x € X.
Define the norm || - |3, = Zf\il t2 on RM. Let (v;)¥; be independent Rademacher random

variables P(y; = 1) = P(y; = —1) = 1. Symmetrization inequality (i) and Dudley (1967) (ii)

imply:

E sup (@) [Q7" = Q|G wpiwi| < 2E, sup (@) T[Q7" = QG w[piwi] i
TE Tre

0
< c/ (log N(€, T, |[||n.2))"/?de == J
0
where N (e, T, ||||n,2) is the covering number of set T and

0 =2sup |t|n2 < 21Q7" - QIIIQIY? -
sup [[tllv.2 < 21Q7" = QU™ max fuil

Since for any x # 2’

[la(@) = a(@)] TR — @ 'piui] 13, S &ille = 21Q" = M IQI? max fuil

we have for some C > 0:

10! = @ M@ maxs i

€

N(e T, |llvz2) < ( )
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[’ 2
[ o NG . v2)) e < Q7" - QUIQIY s i [ Vlog!/*(Cek fe)ae
0 SIS 0

By Assumption 2.6, we have

E max |u;| < (E( max |u;])™)Y™ < (EN|u;|™)Y/™ < NY/™

1<i<N 1<i<N

By Assumption 2.2, ||@ —-Q| <py/ M Finally, from Assumption 2.8,

log £k <logd < log N

2log® N
) o vt SN
Step 2. Observe that:
~ 2log N
Sug () T[Q7" — QG pirg(z:)] Sp \/ & A;g laraVd
rec

Steps 1 and 2 give the bound on I;(x). Step 3. Define an event Ex := {ny € Ty Vk € [K]},
such that the nuisance parameter estimate 7 belongs to the realization set Tn for each fold
k € [K]. By union bound, this event holds w.h.p.

PPN(EN) Z 1 7K€N =1 70(1).

Decompose I (z) as follows:

L(z) = a(x) Q" Enp[Yi()) — ZEnka Q' plYi(@) - Yi(mo)]

Iz i (x)

K
(@) = )10 = @ ENmIY:(3) — Yilm)] = = Y Ensa() 1@~ = Q pul)i(A) = Yito)]
k=1

Ig,k(w)
It suffices to show that sup,cy |lix(x)| = 0op(1) Vie {2,3},k € [K].
Define Gk f(2:) = 3 Ye, f(i) — E[f(2:)|J;] Define v; := p;[Yi(7) — Yi(mo)]

[Ip.1(z)] < supfm( Y'Q G, kvl|+sup VN|o(z) " Q™ Eu; | (W;)ic, |

T2 k(ZL’) IZZ,k(w)

[L2,0(2)] < JlalllQ7 sup IVNEw|(Wo)ie, || S sup IVNEvi|| = By = o(1)
neln

neln
(Assumption 2.5)
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To bound sup, ¢ y I21,1x(x), we apply Lemma 6.2 conditionally on J so that 7, can be treated as

fixed. Consider a function class
F={fi=a@)Q v,z € X}
with an square integrable envelope F := ||a(z)]|||vi|| = ||vi :

1F) L2, = Ellvl* < 1Q711%€3 Sup E(Y;(n) - Yi(m))* < Q7" *€Grk
nein

Define the second moment bound ¢? := E|v;|> = O(£2£%) which uniformly bounds the second
moment of every element in F

sup Ef? < o? = [|vs]3.
feF F

To determine the bracket size, recognize that
[e(z) — a(a)] T Q™ uil < &Flle — 2/ |[1Q"Iflvill

and therefore .
gd /)\min
€

SgpN(ﬁ L*(Q), €l Fllz,) < ( )"

Plugging in o = ||F||pr = &N, A= & /Amin, V =1 into Lemma 6.2, we obtain:

sup (@) T Q™ G kpilYi () — Yi(mo)]| Sp arnyflog € + N™H2F 14 log ¢ (6.7)

rzeX
<p Eqn/log N + N~V a o0 N (6.8)

Lemma 6.1 implies that the bounds on Iy ;(x) and Iaz x(x) are unconditional. Therefore,

K

1
sup | 11(2)] Sp 5 > [sup | Ty k()] + sup [Toz ()]
TeX =1 reX zeX

<p Earn/log N + N~V2H1/a10g N + By
Step 4. We wish to bound I3(x).

s, (2)] < sup (@) T[Q™" = Q7' Gupvi] + sup VN]a(@)T[Q " = QME[vil JE]]

& log N
N

2log N 2log N
é\/fd;;g (€an/Tog N + N~1/2+ 4106 N) 4+ Op( Ed;g By)

Theorem 2.2(b) is established in Belloni et al. (2015).Proof of Corollary 2.1 follows from

< Q7 = Q7H[(IGn kvil| + sup [a(x)]] By
zeX
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Theorem 2.2 (a) and Theorem 4.4 of Belloni et al. (2015).

Proof of Corollary 3.1. Let us show that Y, given by Equation 1.3 is an efficient signal that
satisfies Assumption 2.5

¥y =Yoo = (1, 2) = po(1, 2)][1 - SOfZ)J =10, 2) = o0, 2)][1 - 11%01(72)]
S1 1
+oo2) =AD" = 1,275y = 0 = 0. Dl )
Sa 5
* l2) =521 [101.2) = (1 Dl 50 = 0. 2) =0 D)
S3 ;A

Let us see that Assumption 2.5 (1) is satisfied with By := {gmpysy. The terms S;, S.,i € {1,2}
are mean zero conditionally on Z. Assumptions 1.1 and 1.2 imply that any technical regressor
p(X) is uncorrelated with S + 57 + Sz + S5.

E[[S1+ 5]+ S+ 85]1Z] =0 = Ep(X)[[S1+5S]+S2+ S]] =0
d
IEp(X)[S5 + S3]1* = > (Ep; (X)[S5 + S5])° Zuap] E(Ss + 84)?

j=1

< & (my)?(sy)?

Assumption 2.5 (2) is satisfied with £y := [mY V mpy V sy].

B} = Elu(1.2) - (L Z)PE[[1 - - 517 = 2] < (my)?
() = B[u(0,2) ~ no(0. Z)PE[l1 - {10517 = 2] § (ma?
S} + (59 = Eis(2) — so(2)E| [V ~ ol 2|2 = 3]
V0= 0. 2)PIZ = o) s | Sk

1
ESE +(S5)* < min(m3,, %)

To sum up,
Ea(B(Yy) — Y)*)? Sp &a(my Vsy)
n

Proof of Corollary 3.2. Let us show that Y, given by Equation 1.4 is an efficient signal that
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satisfies Assumption 2.5

D D
¥ = Yoo = 1(2) = 1ol = Syl ool2) = s = ol D)) Sy
S1 S2
+[5(2) — SD(Z) ~ o( D)
S0 S % Ho s(Z)sO(Z)

Let us see that Assumption 2.5 (1) is satisfied with By := {gmysy. The terms S, .Sy are mean
zero conditionally on Z. Assumptions 1.3 and 1.2 imply that any technical regressor p(X) is
uncorrelated with S; + Ss.

IEp(X)Ss ]| S €amnsy

ES? = E[(2) - po(Z)E[[1 -
1 1

ES; = E[s(Z) — so(2)*E[[Y — po(2))?|Z = 2] INAETARS N 5

1
5 min(mﬁ\lv S?\/’) =3

ES3 = Elso(2) = s(DI*[u(2) — (D) 575 5

To sum up,
Ea(B(Yy = Yy)*)/? Sp &almy v sn]

Proof of Corollary 3.3. Let us show that Y, given by Equation 1.4 is an efficient signal that
satisfies Assumption 2.5

Y17 - Y770 = _aw IngO(W|X)[M(X’ W) - /’LO(X7 W)] + 8w[:u(X’ W) - MO(Xv W)]

S1
+ [Ow log fo(W|X) — O log f(W|X)][Y — po(X, W)]
Sa
+ [0w log fo(W|X) — Oy log f(W[X)][(X, W) — po(X, W)]

S3

Let us see that Assumption 2.5 (1) is satisfied with By := {;fxymy. The terms Sp, Sy are mean

zero conditionally on Z. Since X C Z, any technical regressor p(X) is uncorrelated with S7 + .So

[Ep(X)Ss]| = [[Ep(X)S3|| S &afvmy
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ES? < E(~0, log fo(W|X) (X, W) — 110X, W)])? + E(, [u(X, W) — po(X, W)])? < m%
ES? < (E[[Y — (X, WPIX, W] < £
ES? < (E[u(X, W) — po(X, W)P)B S min[t} v m}]

Ea(E(Y;, — Yno)2)1/2 Sp &alfy V my]

6.4 Proof of Example 5

We establish the argument in the following steps.
Proof. Define Y = DY, $,,(Z) = Dpz(Z), #,(Z) = Dr,(Z), and é = D[Y — u(Z)]. Step 1. Let
us show that the original coefficient 0, defined in Equation (3.1), satisfies

Y =D'0+7,(Z)+¢ E[ED]=0

Indeed,

E[Y|D, Z] = E[DY|D, Z] = DE[Y|Z, D] = D{uo(Z)] = Dp,(2)'6 + Dr(Z)
=pu(2)'0+7.(2)

Therefore,

E[ED] = E[[Y - 5.(2)'0 — 7u(2))|D]
=E[E[[Y - 5.(2)'0 — 7u(2)]|D, Z]| D]
=0

Step 2. Recognize that Assumption 3.3 implies that an analog of Assumption 3.3 holds for
ﬁM(Z),f/. Assumption 3.3 (a) directly assumes bounded Restricted Sparse Eigenavalues for
Observed Regressors p,(Z) = p,(Z)D. Assumption 3.3 (b) is satisfied with Ep, ;(Z2)* =
EDp? (%) > sEp, ;(Z) =: ¢ where ¢/ := cs is the new lower bound on the moments of
Ep,,;(Z) for observed regressors. Assumption 3.3 (c) is satified with the E7,(Z)? < Er,(2)* <
Cslog(pV N)/N.
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(a) Step 2: Il(z, z) is estimated by Lasso. (b) Step 2: I(z, z) is estimated by random
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Degree 2, Number of knots 1 Degree 2, Number of knots 1
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Income (log scale) Income (log scale)

(c) Step 2: I(z, z) is estimated by Lasso. (d) Step 2: I(z, z) is estimated by random
Step 3: B-splines of order 2 with 1 knot. forest. B-splines of order 2 with 1 knot.

Figure 1: 95% confidence bands for the best linear approximation of the average price elasticity
conditional on income with accounting for the demographic controls in the first stage. The black
line is the estimated function, the dashed(solid) blue lines are the pointwise (uniform) confidence
bands. The estimation algorithm has three steps: (1) first-stage estimation of the conditional ex-
pectation function u(w, z, z), (2) second-stage estimation of the conditional density f(w|z, z), and
(3) third-stage estimation of the target function g(x) by least squares series. Step 1 is performed
using Lasso with standardized covariates and the penalty choice A = 2.2,/nog®~1(1—v/2p), where
v =0.1/logn and o is the estimate of the residual variance. Step 2 is performed by estimating
the regression function of l(z, z) = E[W|X = z, Z = z| and estimating the density f(w —I(z,z))
of the residual w — I(z, z) by adaptive kernel density estimator of Portnoy and Koenker (1989)
with the Silverman choice of bandwidth. The regression function I(x, z) is estimated lasso (1a,
1c) and random forest (1b, 1d). Step 3 is performed using B-splines of order 2 with the number
of knots equal to one (1c, 1d) and polynomial functions of order 3. (la, 1b). B = 200 weighted
bootstrap repetitions.
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(a) Polynomial degree ¢ =1 (b) Polynomial degree ¢ = 2

Figure 2: 95% confidence bands for the best linear approximation of the average price elasticity
conditional on income without accounting for the demographic controls in the first stage. The
black line is the estimated function, the dashed blue lines and the solid blue lines are the pointwise
and the uniform confidence bands. The estimation algorithm has three steps: (1) first-stage
estimation of the conditional expectation function u(w,z) = E[Y|W = w, X = z], (2) second-
stage estimation of the conditional density f(W = w|X = z), and (3) third-stage estimation of
the target function g(z) by least squares series. Step 1 is performed using least squares series
regression using polynomial functions {1,z,...,27},q = 3 whose power ¢ is chosen by cross-
validation out of {1,2,3}. Step 2 is performed by kernel density estimator with the Silverman
choice of bandwidth. Step 3 is performed using polynomial functions {1,z,...,z%} and is shown
for ¢ =1 and ¢ = 2. B = 200 weighted bootstrap repetitions.
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(a) Large Households, Polynomials of de- (b) Small Households, Polynomials of de-
gree 3. gree 3.
Degree 2, Number of knots 1 Degree 2, Number of knots 1
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(c) Large Households, B-splines of degree (d) Small Households, B-splines of degree
2 with 1 knot. 2 with 1 knot.

Figure 3: 95% confidence bands for the best linear approximation of the average price elasticity
conditional on income with accounting for the demographic controls in the first stage by household
size. The black line is the estimated function, the dashed(solid) blue lines are the pointwise
(uniform) confidence bands. The estimation algorithm has three steps: (1) first-stage estimation
of the conditional expectation function pu(w,x, z), (2) second-stage estimation of the conditional
density f(w|z,z), and (3) third-stage estimation of the target function g(x) by least squares
series. Step 1 is performed using Lasso with standardized covariates and the penalty choice
A =22,/ng® (1 —~/2p), where v = 0.1/ logn and 7 is the estimate of the residual variance.
Step 2 is performed by estimating the regression function of I(x,2) = E[W|X = z,Z = z| and
estimating the density f(w—I(x, z)) of the residual w—I(x, z) by adaptive kernel density estimator
of Portnoy and Koenker (1989) with the Silverman choice of bandwidth. The regression function
I(x,z) is estimated lasso. Step 3 is performed using B-splines of order 2 with the number of
knots equal to one (3¢, 3d) and using non-orthogonal polynomial functions of degree 3 (3a, 3b).
B = 200 weighted bootstrap repetitions.
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