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Abstract

We study the asymptotic properties of a class of estimators of the structural parameters in dynamic
discrete choice games. We consider K-stage policy iteration (PI) estimators, where K denotes the
number of policy iterations employed in the estimation. This class nests several estimators proposed in
the literature. By considering a “maximum likelihood” criterion function, our estimator becomes the K-
ML estimator in Aguirregabiria and Mira (2002, 2007). By considering a “minimum distance” criterion
function, it defines a new K-MD estimator, which is an iterative version of the estimators in Pesendorfer
and Schmidt-Dengler (2008) and Pakes et al. (2007).

First, we establish that the K-ML estimator is consistent and asymptotically normal for any K. This
complements findings in Aguirregabiria and Mira (2007), who focus on K = 1 and K large enough to
induce convergence of the estimator. Furthermore, we show that the asymptotic variance of the K-ML
estimator can exhibit arbitrary patterns as a function K.

Second, we establish that the K-MD estimator is consistent and asymptotically normal for any K.
For a specific weight matrix, the K-MD estimator has the same asymptotic distribution as the K-ML
estimator. Our main result provides an optimal sequence of weight matrices for the K-MD estimator
and shows that the optimally weighted K-MD estimator has an asymptotic distribution that is invariant
to K. This new result is especially unexpected given the findings in Aguirregabiria and Mira (2007) for
K-ML estimators. Our main result implies two new and important corollaries about the optimal 1-MD
estimator (derived by Pesendorfer and Schmidt-Dengler (2008)). First, the optimal 1-MD estimator is
optimal in the class of K-MD estimators for all K. In other words, additional policy iterations do not
provide asymptotic efficiency gains relative to the optimal 1-MD estimator. Second, the optimal 1-MD

estimator is more or equally asymptotically efficient than any K-ML estimator for all K.
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1 Introduction

This paper investigates the asymptotic properties of a wide class of estimators of the structural parameters
in a dynamic discrete choice game, i.e., a dynamic game with discrete actions. In particular, we consider
the class of K-stage policy iteration (PI) estimators, where K € N denotes the number of policy iterations

employed in the estimation. By definition, the K-stage PI estimator is defined by:

ag = argmax@(a,PK_l), (1.1)
acO

where a* € O, is the true value of the structural parameter of interest, Q is a criterion function, and P

is the k-stage estimator of the conditional choice probabilities (CCPs), defined iteratively as follows. The
preliminary or O-stage estimator of the CCP is denoted by Py. Then, for any k=1,..., K —1,

B, = U(ap, Pu_1), (1.2)

where W is the best response CCP mapping of the structural game. Given any set of beliefs P, optimal or not,
U (e, P) indicates the corresponding optimal CCPs when the structural parameter is a. The idea of using
iterations to estimate the CCPs in Eq. (1.2) was introduced to the literature in the seminal contributions of
Aguirregabiria and Mira (2002, 2007).

Our K-stage PI estimator nests most of the estimators proposed in the dynamic discrete choice games
literature. By appropriate choice of Q and K, our K-stage PI estimator coincides with the pseudo maximum
likelihood (PML) estimator proposed by Aguirregabiria and Mira (2002, 2007), the asymptotic least squares
estimators proposed by Pesendorfer and Schmidt-Dengler (2008), or the so-called simple estimators proposed
by Pakes et al. (2007).

To implement the K-stage PI estimator, the researcher must determine the number of policy iterations
K € N. This choice poses several related research questions. How should researchers choose K? Does it make
a difference? If so, what is the “optimal” choice of K7 The literature provides arguably incomplete answers
to these questions. The main contribution of this paper is to answer these questions. Before describing our
results, we review the main related findings in the literature.

Aguirregabiria and Mira (2002, 2007) propose K-stage PML estimators of the structural parameters
in dynamic discrete choice problems. The earlier paper considers single-agent problems whereas the later
one generalizes the analysis to multiple-agent problems, i.e., games. In both of these papers, the objective
function is the pseudo log-likelihood criterion function Q = Q1. defined by:

Qui(a,P) = Zln (a, P)(ai]z;)) - (1.3)

In this paper, we refer to the resulting estimator as the K-ML estimator. One of the main contributions of
Aguirregabiria and Mira (2002, 2007) is to study the effect of the number of iterations K on the asymptotic
distribution of the K-ML estimator.

In single-agent dynamic problems, Aguirregabiria and Mira (2002) show that the asymptotic distribution
of the K-ML estimators is invariant to K. In other words, any additional round of (computationally costly)
policy mapping iteration has no effect on the asymptotic distribution. This striking result is a consequence
of the so-called “zero Jacobian property” that occurs when a single agent makes optimal decisions. This

property does not hold in dynamic problems with multiple players, as each player makes optimal choices



according to their preferences, which may not be aligned with their competitors’ preferences. Thus, in
dynamic discrete choice games, one should expect that the asymptotic distribution of K-ML estimators
changes with K.

In multiple-agent dynamic games, Aguirregabiria and Mira (2007) show that the asymptotic distribution
of the K-ML estimators is not invariant to K. Their contribution considers two specific choices of K. On one
hand, they consider the 1-ML estimator, i.e., K = 1, which they refer to as the two-step pseudo maximum
likelihood (PML) estimator. On the other hand, they consider the K-ML estimator that results from
increasing K until the estimator converges (i.e., d&(x—_1)-mr = &x—nr), which they refer to as the nested
pseudo likelihood (NPL) estimator. Kasahara and Shimotsu (2012) provide conditions that guarantee this
convergence. For concreteness, we refer to this estimator as the co-ML estimator. Under some conditions,
Aguirregabiria and Mira (2007) show that the 1-ML and co-ML estimators are consistent and asymptotically
normal estimators of a, i.e.,

Vn(éi-pr — a®) 4 N(0,%1-m1)
Vi(Gooonir — ) 5 N(0, Seo_rrr). (1.4)

More importantly, under additional conditions, Aguirregabiria and Mira (2007) show that 31y, — Yeo—arL
is positive definite, that is, the co-ML estimator is asymptotically more efficient than the 1-ML estimator.
So although iterating the K-ML estimator until convergence might be computationally costly, it improves
asymptotic efficiency.

In later work, Pesendorfer and Schmidt-Dengler (2010) indicate that the co-ML estimator may be incon-
sistent in certain games with unstable equilibria. The intuition for this is as follows. To derive Eq. (1.4),
Aguirregabiria and Mira (2007) consider an asymptotic framework with n — oo and then K — oo (in that
order). In practice, however, researchers consider K — oo for a large but fixed sample size n. Thus, the more
relevant asymptotic framework for co-ML is K — oo and then n — oo (again, in that order). Pesendorfer
and Schmidt-Dengler (2010) show that, in an unstable equilibrium, reversing the order of the limits can
produce very different asymptotic results.’ In any case, the main findings in Aguirregabiria and Mira (2007)
are still applicable for dynamic games in which we observe data from a stable equilibrium.

Pesendorfer and Schmidt-Dengler (2008) consider estimation of dynamic discrete choice games using a
class of minimum distance (MD) estimators. Specifically, their objective is to minimize the sample criterion
function Q = Q MD, given by:

Qupla, By) = (By—U(a, By))W(Py — ¥(a, By)),

where W is a weight matrix that converges in probability to a limiting weight matrix W.? This is a single-
stage estimator and, consequently, we refer to it as the 1-MD estimator. Pesendorfer and Schmidt-Dengler

(2008) show that the 1-MD estimator is a consistent and asymptotically normal estimator of «, i.e.,
. d
\/ﬁ(al_MDfa*) — N(O,Zl_MD(W))

Pesendorfer and Schmidt-Dengler (2008) show that an appropriate choice of W implies that the 1-MD is

1To avoid the problem raised by Pesendorfer and Schmidt-Dengler (2010), we consider the asymptotic analysis for K-stage
PI estimators with fixed K and n — oo.

2Pesendorfer and Schmidt-Dengler (2008) also allow the preliminary estimators to include estimators other than Py (e.g.
estimator of the transition probability). We ignore this issue for simplicity for now, but allow it in later sections of the paper.



asymptotically equivalent to the 1-ML estimator in Aguirregabiria and Mira (2007) or the simple estimators
proposed by Pakes et al. (2007). Furthermore, Pesendorfer and Schmidt-Dengler (2008) characterize the
optimal choice of W (in terms of minimizing ¥1_pp(W)), denoted by Wi ,,,. In general, ¥1_pp —
Y1-mp (Wi, p) is positive semidefinite, i.e., the optimal 1-MD estimator is more or equally asymptotically
efficient than the 1-ML estimator.

In the light of the results in Aguirregabiria and Mira (2007) and Pesendorfer and Schmidt-Dengler (2008),
it is natural to inquire whether an iterated version of the MD estimator could yield asymptotic efficiency
gains relative to the 1-MD or the K-ML estimators. The consideration of iterated MD estimator opens
several important research questions. How should we define the iterated version of the MD estimator? Does
this strategy result in consistent and asymptotically normal estimators of o*? If so, how should we choose
the weight matrix W? What about the number of iterations K7 Finally, does iterating the MD estimator
produce asymptotic efficiency gains as Aguirregabiria and Mira (2007) find for the K-ML estimators? This
paper provides answers to all of these questions.

We now summarize the main findings of our paper. We consider a standard dynamic discrete-choice
game as in Aguirregabiria and Mira (2007) or Pesendorfer and Schmidt-Dengler (2008). In this context, we
investigate the asymptotic properties of K-ML and K-MD estimators.

First, we establish that the K-ML estimator is consistent and asymptotically normal for any K € N.
This complements findings in Aguirregabiria and Mira (2007), who focus on K = 1 and K large enough
to induce convergence of the estimator. Furthermore, we show that the asymptotic variance of the K-ML
estimator can exhibit arbitrary patterns as a function of K. In particular, depending on the parameters of
the dynamic problem, the asymptotic variance can increase, decrease, or even oscillate with K.

Second, we also establish that the K-MD estimator is consistent and asymptotically normal for any
K e N. This is a novel contribution relative to Pesendorfer and Schmidt-Dengler (2008) or Pakes et al.
(2007), who focus on non-iterative 1-MD estimators. The asymptotic distribution of the K-MD estimator
depends on the choice of the weight matrix. For a specific weight matrix, the K-MD has the same asymptotic
distribution as the K-ML. We investigate the optimal choice of the weight matrix for the K-MD estimator.

Our main result, Theorem 4.3, shows that an optimal K-MD estimator has an asymptotic distribution
that is invariant to K. This appears to be a novel result in the literature on PI estimation for games, and
it is particularly surprising given the findings in Aguirregabiria and Mira (2007) for K-ML estimators. Our
main result implies two important corollaries regarding the optimal 1-MD estimator (derived by Pesendorfer
and Schmidt-Dengler (2008)):

1. The optimal 1-MD estimator is asymptotically efficient in the class of K-MD estimators for all K € N.
In other words, additional policy iterations do not provide asymptotic efficiency gains relative to the

optimal 1-MD estimator.

2. The optimal 1-MD estimator is more or equally asymptotically efficient than any K-ML estimator for
all K € N.

The remainder of the paper is organized as follows. Section 2 describes the dynamic discrete choice
game used in the paper, introduces the structure of the estimation problem and the main assumptions, and
provides an illustrative example of the econometric model. Section 3 studies the asymptotic properties of
the K-ML estimator. Section 4 introduces the K-MD estimation method, relates it to the K-ML method,
and studies its asymptotic distribution. Section 5 presents results of Monte Carlo simulation and Section 6

concludes. The appendix of the paper collects all the proofs and intermediate results.



2 Setup

This section describes the econometric model, introduces the estimator and the assumptions, and provides

an illustrative example.

2.1 Econometric model

We consider a standard dynamic discrete-choice game as described in Aguirregabiria and Mira (2007) or
Pesendorfer and Schmidt-Dengler (2008).

The game has discrete time ¢t = 1,...,T = oo, and a finite set of players indexed by j € J = {1,...,|J|}.
In each period ¢, every player j observes a vector of state variables s;; and chooses an action aj; from a
finite and common set of actions A = {0,1,...,|A] — 1} (with |A| > 1) with the objective of maximizing
his expected discounted utility. The action denoted by 0 is referred to as the outside option, and we denote
A= {1,...,]A] — 1}. All players choose their action simultaneously and independently upon observation of
state variables.

The vector of state variables s;; is composed of two subvectors x; and €;;. The subvector z; € X =
{1,...,]|X]|} represents a state variable observed by all other players and the researcher, whereas the subvector
€t € RIAl represents an action-specific state vector only observed by player j. We denote ¢ = {ej¢e 27 €
J} e RIAXVI and @, = {aj; : j € J} € AVL.

We assume that €;; is randomly drawn from a strictly monotonic and continuous density function dF(-|z;)
with full support, that it is independent of €4 for s < ¢t and a; for £ < ¢, and also that Elejilejr > €] exists
for all e € RI4I. We also assume that the observed state variables behave according to a probability density
function dF, (zty1|ds, x+) that specifies the probability that the future observed state variable is x4 given
that the actions are d@; and the current state is x;. It then follows that s;y; = (@411, €41) is a Markov

process with a probability density d Pr(xi41, €,41|2¢, €1, @) that satisfies:
dPr(wiq1, €r11|2e, €4, 01) = dFe(err|err) X dFp (1|, o).

Every player j has a time-separable utility and discounts future payoffs by 8; € (0,1). The period ¢

payoff is received after every player made their choices and is given by:

Wj((_l’t,xt) + Z Gjt(k‘) 1[ajt = ki]
keA

Following the literature, we assume Markov perfect equilibrium (MPE) as the equilibrium concept for the
game. By definition, a MPE is a collection of strategies and beliefs for each player such that each player has:
(a) rational beliefs, (b) an optimal strategy given his beliefs and other players’ choices, and (¢) Markovian
strategies. According to Pesendorfer and Schmidt-Dengler (2008, Theorem 1), this model has an MPE and,
in fact, it could have multiple MPEs (e.g., see Pesendorfer and Schmidt-Dengler (2008, Sections 2 and 7)).
We follow Aguirregabiria and Mira (2007) and assume that data come from one of the MPEs in which every
player uses pure strategies.3

By definition, the MPE is a collection of equilibrium strategies and common beliefs. We denote the
probability that player j will choose action a € A given observed state x by P;(alz), and we denote
P* ={P}(alz) : (j,a,2) € Jx AxX}. Note that beliefs only need to be specified in A for every (j,z) € Jx X,

3As explained in Aguirregabiria and Mira (2007, footnote 3), focusing on pure strategies can be rationalized by Harsanyi’s
Purification Theorem.



as P (0z) = 1—3 i P/ (alz). We denote player j’s equilibrium strategy by {a}(e,z) : (e, ) € R x X},

where a} (e, z) denotes player j’s optimal choice when the current private shock is e and the observed state is
x. Given that equilibrium strategies are time-invariant, we can abstract from calendar time for the remainder
of the paper, and denote @ = d;, @’ = Gy 1, T = ¢, and ' = x441.

We use 0* € O to denote the finite-dimensional parameter vector that collects the model elements

({mj : g€ J},{B;:j € J},dF.,dF,). Throughout this paper, we split the parameter vector as follows:
0" = (a*,g") € © = O, x O, (2.1)

where o € ©, denotes a parameter vector of interest that is estimated iteratively and g* € ©, denotes a
nuisance parameter vector that is estimated directly from the data. In practice, structural parameters that
determine the payoff functions {7, : j € J} or the distribution dF; usually belong to a*, while the transition
probability density function dF, is typically part of g*.*

We now describe a fixed point mapping that characterizes equilibrium beliefs in any MPE. Let P =
{P;(alz) : (j,a,z) € J x A x X} denote a set of beliefs, which need not be optimal. Given said beliefs, the

ex-ante probability that player j chooses equilibrium action a given observed state x is:

Vi(a,z;a", g, P) = / H luj(a,z,a, g%, P) +€j(a) > uj(k,z,a”, g%, P) + €;(k)]|dFc(e|x), (2.2)
€keA

where u;(a,x,a*, g*, P) denotes player j’s continuation value net of the pay-off shocks under action a, state

variable x, and with beliefs P. In turn,

uj(a,z,a*,g", P) = Z 1[@ = (a,a)] H Py(as|z)[m;((a,a),z) + S Z dF,(2'|(a,a),z)V;(2"; P)),

acAlJl-1 seJ\{j} z'eX

where [ ],y ;) Ps(@s|z) denotes the beliefs that the remaining players choose a = {as : s € J\{j}} con-

ditional on x, and Vj(z; P) is player j’s ex-ante value function conditional on x5

By stacking up this
mapping for all decisions and states (a,z) € A x X and all players j € .J, we define the probability mapping
U(a*, g%, P) = {¥(a,z;0%,¢",P) : (j,a,z) € J X A x X}. Given any set of beliefs P (optimal or not),
U(a*, g*, P) indicates the corresponding optimal CCPs. Once again, note that ¥(a*, g*, P) only needs to
be specified in A for every (Jyx) € X x J, as ¥;(0,z;0%, 9", P) =1-> .1 V(a,x;0%,g", P).
Aguirregabiria and Mira (2007, Representation Lemma) and Pesendorfer and Schmidt-Dengler (2008,
Proposition 1) both show that the mapping ¥ fully characterizes equilibrium beliefs P* in the MPE. That

is, P* is an equilibrium belief if and only if:
P* = Y(a*, g%, P"), (2.3)

The goal of the paper is to study the problem of inference of a* € ©, based on the fixed point equilibrium
condition in Eq. (2.3).

4Note that the distinction between components of * is without loss of generality, as one can choose to estimate all
parameters iteratively by setting 8* = a*. The goal of estimating a nuisance parameter g* directly from the data is to simplify
the computation of the iterative procedure by reducing its dimensionality.

5The ex-ante value function is the discounted sum of future payoffs in the MPE given = and before players observe shocks
and choose actions. It can be computed with the mapping valuation operator defined in Aguirregabiria and Mira (2007, Egs.
10 and 14) or Pesendorfer and Schmidt-Dengler (2008, Egs. 5 and 6).



2.2 Estimation procedure

The researcher estimates 6* = (a*, g*) € © = 0, x 0,4 using a two-step and K-stage PI estimator. For any
K € N, this estimator is defined as follows:

e Step 1: Estimate (¢*, P*) with preliminary estimators (§, Py). We also refer to P, as the O-step
estimator of the CCPs.

e Step 2: Estimate o™ with d g, computed using the following algorithm. Initialize £k = 1 and then:

(a) Compute:

qp = argrgax Qr(a, g, Pr—1), (2.4)
acO,

where Qk 104 X Oy x Op — R is the k-th step sample objective function. If k = K, exit the

algorithm. If k < K, go to (b).
(b) Estimate P* with the k-step estimator of the CCPs, given by:

Py = (6w, g, Pr1)-
Then, increase k by one unit and return to (a).

Throughout this paper, we consider a* to be our main parameter of interest, while ¢g* is a nuisance
parameter. For any K € N, the two-step and K-stage PI estimator of a* is given by:

ag = alzxgergjx QK(a,g, PK,1)7 (2.5)
and the corresponding estimator of 0* = (a*, g*) is Ox = (ax, §).

The algorithm does not specify the first-step estimators (g, PO) or the sequence of sample criterion func-
tions {Qk : k < K}. Rather than determining these objects now, we restrict them by making assumptions in
the next subsection. This allows us to use our framework to obtain results for multiple types of estimators,
e.g., K-ML and K-MD for any K > 1, and several possible choices of preliminary estimators (g, ]50).

We conclude this subsection by describing an alternative estimator that we refer to as the single-step
K-stage PI estimator. By this, we refer to an estimation procedure in which the estimation of ¢* is removed
from the first step and incorporated into the parameter vector estimated in the second step. Note that this
is the framework considered in Aguirregabiria and Mira (2007). Section A.3 in the Appendix describes this
estimation procedure in detail and studies its properties. As we show there, every result obtained in this

paper can be adapted to single-step estimation after suitable relabelling the parameters of the problem.

2.3 Assumptions

This section introduces the main assumptions used in our analysis. As explained in Section 2.1, the game
has a MPE, but this need not be unique. To address this issue, we follow most papers in the literature and
assume that the data come from a single MPE. The researcher observes an i.i.d. sample of the current state,

the current actions, and the future state. To this end, we impose the following assumption.

Assumption A.1. (Li.d. from one MPE) The data {{({aji; : j € J},xe4,24,;)} 4 < n} are an
i.i.d. sample from a single MPE. This MPE determines the data generating process (DGP) denoted by



* = {Il}(a,x,2) : (j,a,z,2") € J x Ax X x X}, where IT;(a,z,2") denotes the probability that player j
chooses action a and the common state variable evolves from x to ', i.e.,
I (a,z,2") = Pr[ (aj,x,x141) = (a,2,2") |.

See Aguirregabiria and Mira (2007, Assumptions 5(A) and 5(D))) for a similar condition. The observa-
tions in the i.i.d. sample are indexed by ¢ = 1,...,n. Depending on the application, the index ¢ can be used
to denote different time periods (i.e., 7 = 7 for some 7 € {1,..., 00}, and so (a;¢ i, Tt 71 ;) = (ajr, T7,7) as
in Pesendorfer and Schmidt-Dengler (2008)) or to denote different markets (as in Aguirregabiria and Mira
(2007)). By Assumption A.1, the data identify the DGP, i.e., IT} (a, z, 2") for every (j, a,,2") € Jx Ax X x X.

In turn, the DGP identifies the equilibrium CCPs, transition probabilities, and marginal distributions. To
see why, note that for all (j,d,z) € J x AVl x X,

>wex Hj(d;, x,2')
Z(aj')eAxXH;(dviU’j/)
) . . HjEJH;(&'j?x?x,)
A (2 |z,@) = TN
Z(é,f)eAWxXHjEJ 5 (g, L, ')

Z I} (a, z, x'),

(a,xz")€AXX

P;(C_L'j|$) =

3
*
—~

8
~

Il

where Pf(c'ij|x) denotes the probability that player j will choose action @; given that the observed state is z,
A*(2'|z, @) denotes the probability that the future state observed state is ' given that the current observed
state is « and the action vector is @, respectively, and m*(x) denotes the (unconditional) probability that
the current observed state is 2.

Identification of the CCPs, however, is not sufficient for identification of the parameters of interest. To

this end, we make the following assumption.
Assumption A.2. (Identification) ¥ («,g*, P*) = P* if and only if o = o*.

This assumption is also imposed in the literature (e.g. Aguirregabiria and Mira (2007, Assumption 5(C))
and Pesendorfer and Schmidt-Dengler (2008, Assumption A4)). The problem of identification is studied in
Pesendorfer and Schmidt-Dengler (2008, Section 5). In particular, Pesendorfer and Schmidt-Dengler (2008,
Proposition 2) indicate the maximum number of parameters that could be identified from the model and
Pesendorfer and Schmidt-Dengler (2008, Proposition 3) provides sufficient conditions for identification.

The K-stage PI estimator is an example of an extremum estimator. The following assumption imposes

mild regularity conditions that are typically imposed for these estimators.
Assumption A.3. (Regularity conditions) Assume the following conditions:
(i) o belongs to the interior of ©.
(ii) sup,eco., |U(a, §, P) — U(a, g*, P*)| = 0,(1), provided that (§, P) = (g*, P*) + 0,(1).
(iii) infaco, Vjaz(a, g, P) >0 for all (j,a,z) € J x A x X, provided that (3, P) = (g*, P*) + 0,(1).

(iv) ¥(a, g, P) is twice continuously differentiable in a neighborhood of (a*,g*,P*). We use ¥\ =
o (a*, g*, P*)/ON for A € {a, g, P}.

6While the definition of m*(z) is function of the player’s identity j € J, all players should be in agreement in a MPE.



() Lip —Vp,—V,] € RIrx(drtds) gnd ¥, € RIP¥da gre full rank matrices.

Assumption A.3(i) allows us to characterize dx using the first order condition produced by Eq. (2.5). It
is imposed by Aguirregabiria and Mira (2007) and Pesendorfer and Schmidt-Dengler (2008, Assumption A2).
Assumptions A.3(ii)-(iii) are related to the uniform consistency requirement used to establish the consistency
of extremum estimators. Assumption A.3(iv) is a standard condition used to prove the asymptotic normality
of extremum estimators and is related to Pesendorfer and Schmidt-Dengler (2008, Assumption A5). Finally,
Assumption A.3(v) is a mild rank condition similar to Pesendorfer and Schmidt-Dengler (2008, Assumption
AT).

We next discuss introduce assumptions on (g, 150)7 i.e., the preliminary estimators of (¢*, P*). As a

reference estimator for P*, we consider sample frequency CCP estimator, given by:

P = {Pj(alz): (j,a,z) € J x Ax X}, (2.6)

with " ~
2iz1 2aex M@t @, v 5) = (a,2,8)]/n
it Z(d,ﬁc/)eAxX W(aje,i, 2o, 2y ;) = (a,@,2)]/n

Pj(alz) =
Under Assumption A.1, P is the maximum likelihood estimator (MLE) of P*, and it satisfies:
V(P —P*) & N(0,9pp),

where Qpp = diag{¥;; : (j, ) € J x X}, and Xy = (diag{ P},,} — P}, P;;)/m*(x) and Pj, ={P},, :a € A}
for all (j,z) € J x X. By standard arguments about the MLE, P is an efficient estimator of P*; see Amemiya
(1985, Section 4.2.4).

Rather than imposing specific estimators for (g, ]30)7 we entertain two high-level assumptions.

Assumption A.4. (Baseline convergence) (15, ﬁo,g) satisfies the following condition:

P — P ) 04, Qpp Qpo Qpy
\/FL Py — P* — N Odp s QIPO Qoo QOg
g—g 04, Q/Pg Q()g Qg

Assumption A.5. (Baseline convergence II) (]5,]30,@) satisfies the following conditions.
(i) The asymptotic variance of (P,§) is nonsingular.

(ii) For any M € RI»*xdr ((I4, — M)P + MPy, ) is not asymptotically more efficient than (P, §).

Assumption A.4 imposes the consistency and the joint asymptotic normality of (15, By, §). Assumption
A.5(1) requires that the asymptotic variance of (15, §) is nonsingular. This condition is implicitly required
by the definition of the optimal weight matrix in Pesendorfer and Schmidt-Dengler (2008, Proposition 5).
To interpret Assumption A.5(ii), recall that P is an asymptotically efficient estimator of P*, and so (I4, —
M) P+ M Py cannot be asymptotically more efficient than P. Assumption A.5(ii) requires that this conclusion

applies also when these estimators are coupled with g.



To illustrate Assumptions A.4 and A.5, we need to specify the parameter vector g*. A common specifi-
cation in the literature is the one in Pesendorfer and Schmidt-Dengler (2008), where ¢g* is the vector of state

transition probabilities, i.e.,
g = {Pr(z'|a,z) : (a,z,2") € AVl x X x X},

and X = {1,...,|X| — 1} is the state space with the last action removed (to avoid redundancy). In this
case, it is reasonable to propose sample frequencies estimators for (]50, g), i.e., Py =P and g={g(a,x,2):
(a,z,2') € AVl x X x X} with

g(a x ,7;’) = Z?:l 1[(@},1‘,3;}71',.’[7;’2») = (a7w7i'l)}/n

Y Xaaneaixx Ulani e @y ;) = (a,2,87)) /n

Then, (150, §) is the maximum likelihood estimator of (P*, ¢g*), and standard arguments imply Assumptions
A.4 and A.5. Note also that we would obtain the same conclusions if we replaced (]50, g) with any asymp-
totically equivalent estimator, i.e., any estimator (Py, §) such that (Py,§) = (P, §) + o(n~1/2). Examples of
asymptotically equivalent estimators would be the ones resulting from the relaxation method in Kasahara
and Shimotsu (2012) or the “undersmoothed” kernel estimator in Grund (1993, Theorem 5.3).

We conclude the section with a comment on single-step estimation. As mentioned earlier, single-step
estimation case can be captured in our framework by eliminating the parameter ¢g* from the estimation
problem. For the sake of completeness, Section A.3 of the Appendix shows how to adapt Assumptions

A.1-A.5 to the single-step estimation case.

2.4 An illustrative example

We illustrate the framework with the two-player version dynamic entry game in Aguirregabiria and Mira
(2007, Example 5). In each period t = 1,...,T = oo, two firms indexed by j € J = {1,2} simultaneously
decide whether to enter or not into the market, upon observation of the state variables. Firm j’s decision at
time ¢ is a;s € A = {0, 1}, which takes value one if firm j enters the market at time ¢, and zero otherwise. In
each period t, the vector of state variables observed by firm j is sz = (¢, €j¢), where €;; = (€10, €j11) € R?
represents the privately-observed vector of action-specific state variables and zj; = 2; € X = {1,2,3,4} is a

publicly-observed state variable that indicates the entry decisions in the previous period, i.e.,

(a1,4-1,a2,4-1) = (0,0)] + 2 x 1[(a1,4—1,a2,-1) = (0, 1)]+

Tt —
! 3x1(art—1,a2:-1) = (1,0)] +4 x 1[(a1,4-1,a2,—1) = (1,1)]

We specify the profit function as in Aguirregabiria and Mira (2007, Eq. (48)). If firm j enters the market
in period t, its period profits are:

mi(La—ji), w) = Agg — Ary In(1+a—jt) — Npej — Ape (1 — aji-1) + €1, (2.7)

where A ¢ represents fixed entry profits, A represents the effect of a competitor’s entry, A ; represents
a firm-specific fixed cost, and A% represents the entry. On the other hand, if firm j does not enter the

market in period t, its period profits are:

7;((0,a—j4),7¢) = €0



Firms discount future profits at a common discount factor g* € (0,1).

We assume that €; o+ is i.i.d. drawn from an extreme value distribution with unit dispersion, i.e.,

1 2

dF (e; = e|lx) = H HGXP(*QXP(*‘fjtﬂ))a

a=0j=1

Finally, since ;41 is uniquely determined by d;,

AP (zpssldp ) = 1|z = 1[(a1,t-1,a2,4-1) = (0,0)] + 2 x 1[(a1,4—1, a24—1) = (0,1)]+
3 x 1[(a1,4-1,024-1) = (1,0)] + 4 x 1[(a1,4—1,a2:-1) = (1,1)]
This completes the specification of the econometric model up to (A\py, Apcs Arss Aro.1> Aro2, 7). These
parameters are known to the players but not necessarily known to the researcher.

We will use this econometric model to illustrate our theoretical results and for our Monte Carlo simula-
tions. To ease the computational burden, we presume that the researcher knows that (A\jg, Arc1 AFC,2: B8%),
and is interested in estimating (A}; 5, A;). In addition, we assume that these parameters are estimated using

a single-step PI estimator, i.e., 0" = o = Ay, Aho)-

3 Results for K-ML estimation

This section provides formal results for the K-ML estimator introduced in Aguirregabiria and Mira (2002,
2007) given an arbitrary number of iteration steps K € N. The K-ML estimator is defined by Eq. (2.5) with
the pseudo log-likelihood criterion function, i.e., QK = QML. That is,

e Step 1: Estimate (¢g*, P*) with preliminary step estimators (Q,PO).
e Step 2: Estimate a® with & _ 1, computed using the following algorithm. Initialize £ = 1 and then:

(a) Compute:

A RS -
Gp_pL = argmin fZln\Il(a,g,Pk_l)(aﬂxi).
ac0, N i=1

If k = K, exit the algorithm. If k < K, go to (b).
(b) Estimate P* with the k-step estimator of the CCPs, given by:

Pk = ‘I’(@k—ML7§>pk—1)-

Then, increase k by one unit and return to (a).

As explained in Section 1, The K-ML estimator is the K-stage PI estimator introduced by Aguirregabiria
and Mira (2002) for dynamic single-agent problems and Aguirregabiria and Mira (2007) for dynamic games.
Aguirregabiria and Mira (2007) study the asymptotic behavior of Gy _pp for two extreme values of K:
K =1 and K large enough to induce the convergence of the estimator. Under some conditions, they show
that iterating the K-ML estimator until convergence produces asymptotic efficiency gains.

The results in Aguirregabiria and Mira (2007) open certain avenues for further research. First, they
focus on these two extreme values of K, without considering other possible values. Second, they restrict
attention to single-step K-ML estimators for simplicity of the analysis. In Theorem 3.1, we complement
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the analysis in Aguirregabiria and Mira (2007) along these two dimensions. In particular, we derive the
asymptotic distribution of the two-step K-ML estimator for any K > 1.

Theorem 3.1 (Two-step K-ML). Fiz K > 1 arbitrarily and assume Assumptions A.1-A.4. Then,

V(b _nr — o) 4 N0, x1, Yk a1 (Po, 4)),

where
(Vo Qpp¥a) L Q55X
I
R (Iip —VpPg p) Qpp po Qpy (Iip —VpPg p)
ZK—ML(ZDO) = _(\IJP(I)K,O)/ Q/PO Qoo QOg _(\IJP(I)K,O)/ )
U (Lap + VpPr ) Qpy Qg Qg U (Lap + VpPi )
XQppUa (U, Qpp¥a) ™!

and {Pp.p : k < K}, {Pro : k < K}, and {®,4 : k < K} are defined as follows. Set @1 p = 04pxdp;
®10=14,, P1,g =04pxap and, for any k < K —1,

Cp1,p = (Lap = Va(VoQpp¥a) " WoQ50) Vs p + Vo (Vo2ppVa) W, Qpp,
pp10 = (Tap — Va(VoQppVa) W, Qpp)Updy g,
Dpr1g = Tap = Va(VoQpp¥a) WL Q50) U pPr g + (Lip — Yo (Vo QppPa) ' WLQ50). (3.1)

There are several important comments regarding this result. First, Theorem 3.1 considers K > 1 but
fixed as n — oo. Because of this, our asymptotic framework is not subject to the criticism raised by
Pesendorfer and Schmidt-Dengler (2010). Second, we can deduce an analogous result for the single-step
K-ML estimator by eliminating ¢* from the estimation problem. See Theorem A.2 in the appendix for the
corresponding result. Finally, note that we can consistently estimate X _ s L(I:’O, g) for any K > 1 based on
consistent estimators of the asymptotic variance in Assumption A.4 and the parameter vector (a*, g*) (e.g.,
(G1-mL,9))-

Theorem 3.1 reveals that the K-ML estimator of a* is consistent and asymptotically normally distributed
for all K > 1. Thus, the asymptotic mean squared error of the K-ML estimator is equal to its asymptotic
variance, X L (150). The goal for the rest of the section is to investigate how this asymptotic variance
changes with the number of iterations K.

In single-agent dynamic problems, Aguirregabiria and Mira (2002) show that the so-called zero Jacobian
property holds, i.e., ¥p = Ogpxqp. If we plug in this information into Theorem 3.1, we conclude the
asymptotic variance of the K-ML estimator is given by:

Sr-mr(Po) = (VoQppVla) "W, Qp0(2pp + UgQyg Wy — Wy, — Qpg V) pVa (Vo Qpp¥a) ™t

This expression is invariant to K, corresponding to the main finding in Aguirregabiria and Mira (2002).

In multiple-agent dynamic problems, however, the zero Jacobian property no longer holds. Theorem
3.1 reveals that the asymptotic variance of the K-ML estimator is a complicated function of the number
of iteration steps K. We illustrate this complexity using the example of Section 2.4. In this example,

the researcher is interested in estimating (A}, Ay) and uses single-step estimator. For simplicity, we set
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150 = P. In this context, the asymptotic variance of &x_prp, = (/A\RN,K,ML, XEC}K,ML) is given by:
Skowmn(Po) = (U Qp50,) 70 Qph (L, — Up®y po)pp(La, — Updy p) Qpb W, (W, Q5L0,) 7L, (3.2)

where {®y po : k < K} is defined by @, po = Pp + P, with {Prp : &k < K} and {Pp : k < K}
as in Eq. (3.1). For any true parameter vector and any K € N, we can numerically compute Eq.
(3.2). For exposition, we focus on the [1,1]-element of Y _nrr(Pp), which corresponds to the asymp-
totic variance of 5\RN7 k—mrp- Figures 1, 2, and 3 show the asymptotic variance of XRN’ K—MmL as a func-
tion of K for (Agn, Acs Akss Arc,1s Akc,2: 87) = (2.8,0.8,0.7,0.6,0.4,0.95), (2,1.8,0.2,0.1,0.3,0.95), and
(2.2,1.45,0.45,0.22,0.29,0.95), respectively. These figures confirm that, in general, the asymptotic variance
of the K-ML estimator can decrease, increase, or even wiggle with the number of iterations K. Note that
these widely different patterns occur within the same econometric model.

We view the fact that X _ (150) can change so much with the number of iterations K as a negative
feature of the K-ML estimator. A researcher who uses the K-ML estimator and desires asymptotic efficiency
faces difficulties when choosing K. Prior to estimation, the researcher cannot be certain regarding the effect
of K on the asymptotic efficiency of the K-ML estimator. Additional iterations could help asymptotic
efficiency (as in Figure 1) or hurt asymptotic efficiency (as in Figure 2). In principle, the researcher can
consistently estimate the asymptotic variance of K-ML for each K by plugging in any consistent estimator
of the structural parameters (e.g., &1_pr, and ). This idea has two important drawbacks. First, the
conclusions are contaminated by sampling error. Second, the entire procedure represents an important
computational burden on the researcher.
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Figure 1: Asymptotic variance of the K-ML estimator of A3y as a function of the number of iterations K when
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Figure 3: Asymptotic variance of the K-ML estimator of A3y as a function of the number of iterations K when
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4 Results for K-MD estimation

In this section, we introduce a novel K-stage PI estimator, referred to as the K-MD estimator. We demon-
strate that this has several advantages over the K-ML estimator. In particular, we show that an optimal
K-MD estimator is easy to compute, it dominates the K-ML estimator in asymptotic efficiency, and its
asymptotic variance does not change with K.

The K-MD estimator is defined by Eq. (2.5) with (negative) minimum distance criterion function:

QK_MD(()(,Q,P) = _(P_\I/(O‘m%P))/WK(P_\I/(avgvp))v

where {Wk :k < K} is a sequence of positive semidefinite weight matrices. That is,
e Step 1: Estimate (¢*, P*) with preliminary step estimators (g,PO).
e Step 2: Estimate o™ with &x_pp, computed using the following algorithm. Initialize £k = 1 and then:

(a) Compute:
Gp-MD = argglin (P —¥(a, g, Pe—1)) Wi(P — ¥(e, g, Ps—1))-
acBq
If k = K, exit the algorithm. If k < K, go to (b).

(b) Estimate P* with the k-step estimator of the CCPs, given by:

Py = V(éh_wmps G Pre1).

Then, increase k by one unit and return to (a).

The implementation of the K-MD estimator requires several choices: the number of iteration steps K
and the associated weight matrices {Wk : k < K}. For instance, the least squares estimator in Pesendorfer
and Schmidt-Dengler (2008) is a particular case of our 1-MD estimator with Py, = P. In this sense, our
K-MD estimator can be considered as an iterative version of their least squares estimator. The primary goal
of this section is to study how to make optimal choices of K and {Wk k< K}.

To establish the asymptotic properties of the K-MD estimator, we add the following assumption.

Assumption A.6. (Weight matrices) Wi 5 Wy for all k < K, where W, € R*4P s positive definite
and symmetric for all k < K.

The next result derives the asymptotic distribution of the two-step K-MD estimator for any K > 1.

Theorem 4.1 (Two-step K-MD). Fiz K > 1 arbitrarily and assume Assumptions A.1-A.4 and A.6. Then,

Vn(dgx_mp — o) 4 N(04,x1,%x - mp(Po, (Wi 1 k < K})),

where
(\IJQWK\IJQ) \IIZIWKX
/
) (Igp, —¥pPx p) Qpp Qpo Qpy (I, —¥pPx.p)
Yx-mp(Po, {Wk: k< K}) = —(UpPkyo) Doy Qoo Qg —(UpPxp)
—Uy(Lap +VpPr,g) Qpy, Qg Qg —Uy(Lap +VpPr,g)
XW}(\IIQ(\I/;WI/(\IJQ)71
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and {®ro: k < K}, {Ppp: k< K}, and {®r 4 : k < K} defined as follows. Set @1, p = 0g,xdp, P10 = Lap,
D19 =0gpxdp and, for any k < K —1,

Ppip = (Lgp — Vo (U W, 0,) . W)U pdy, p + U, (VWi T,) "1 Wy,
Ppi10 = (Lgp — Vo (W, W 0,) W W)U pdy o,
— v

Pri1y = (Lap o (WL W) N W) (Tay, + Up®yg). (4.1)

Several important comments are in order. First, as in Theorem 3.1, Theorem 4.1 considers K > 1 but
fized as n — oo, and it thus is free from the criticism raised by Pesendorfer and Schmidt-Dengler (2010).
Second, we can deduce an analogous result for the single-step K-MD estimator by eliminating g* from the
estimation problem, see Theorem A.3 in the appendix. Third, we can consistently estimate X _ js D(Po, g) for
any K > 1 based on consistent estimators of the asymptotic variance in Assumption A.4 and the parameter
vector (a*,g*) (e.g., (di—mp,§)). Finally, note that the asymptotic distribution of the K-ML estimator
coincides with that of the K-MD estimator when W), = Q;,}, for all £ < K. We record this result in the
following corollary.

Corollary 4.1 (K-ML is a special case of K-MD). Fiz K > 1 arbitrarily and assume Assumptions A.1-A.4.
The asymptotic distribution of K-ML is a special case of K-MD with Wy, = Q;}g forallk < K.

Theorem 4.1 reveals that the asymptotic variance of the K-MD estimator is a complicated function of the
number of iteration steps K and sequence of limiting weighting matrices {Wy : k < K}. A natural question
to ask is the following: Is there an optimal way of choosing these parameters? In particular, what is the
optimal choice of K and {W}, : k < K} that minimizes the asymptotic variance of the K-MD estimator? We
devote the rest of this section to this question.

As a first approach to this problem, we consider the non-iterative 1-MD estimator. As shown in Pe-
sendorfer and Schmidt-Dengler (2008), the asymptotic distribution of this estimator is analogous to that of
a GMM estimator so we can leverage well-known optimality results. The next result provides a concrete

answer regarding the optimal choices of Py and W;.

Theorem 4.2 (Optimality with K = 1). Assume Assumptions A.1-A.6. Let &j_,,;p denote the 1-MD
estimator with 150 = P and Wy = W7 with:

Wi = [(Lap — Up)QppLa, — Up) + VoQeg Uy — Uy Qp (Lo, — V) — (Lap — Up)Qpg U]~ (4.2)

Then,
~ % * d *
Vn(@: _yp —a*) = N(0g,x1,%%),
with

2 = (Vo[(Lap — Vp)Q2pp(Lap — Up) + UgQe Wy — Uy Qpy (Lo — Up) — (Lap — Up)Qpg Uyl ™ W,) 7
(4.3)

Furthermore, Zl_MD(I:’O,Wl) — X* s positive semidefinite for all (Po,Wl), i.e., &_,p is optimal among
all 1-MD estimators that satisfy our assumptions.

Theorem 4.2 indicates that Py = P and W; = W7 produce an optimal 1-MD estimator. On the one

hand, Py = P is a reasonable choice for an optimal estimator of the CCPs due to the asymptotic efficiency
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of the MLE. Given this choice, the asymptotic distribution of the 1-MD estimator is analogous to that of
a standard GMM problem. From this observation, W; = W} follows. As one would expect, W7 coincides
with the optimal weight matrix in the non-iterative analysis in Pesendorfer and Schmidt-Dengler (2008,
Proposition 5). Finally, note that Wi # QIS}D, i.e., the optimal weight matrix does not coincide the one
that produces the 1-ML estimator. In fact, the 1-ML estimator need not be an asymptotical optimal 1-MD
estimator, i.e., Zl,MD(PO,Q;},) # 3

We now move on to the general case with K > 1. According to Theorem 4.1, the asymptotic variance
of the K-MD estimator depends on the number of iteration steps K, the asymptotic distribution of ]50, and
the entire sequence of limiting weight matrices {W}, : k < K}. In this sense, determining an optimal K-MD

estimator appears to be a complicated task. The next result provides a concrete answer to this problem.

Theorem 4.3 (Invariance and optimality). Fiz K > 1 arbitrarily and assume Assumptions A.1-A.6. In
addition, assume that the sequence of weight matrices {Wy, : k < K — 1} is such that the matriz

K—-1
A = Tgp + 1K > 1Y [[¥p(Tap — Oa(UWk_¥o) U, Wk ) € RIPXP (4.4)

b=1 c=1
is non-singular. Then, we have the following two results.

1. Invariance. Let &y, p denote the K-MD estimator with Py = P, weight matrices {Wy : k < K — 1}
for steps 1,..., K — 1 (if K > 1), and the corresponding optimal weight matriz in step K. Then,

Ak * d, *
V(@ _pyp—a*) = N(0g,x1,%%),

where £* is as in Eq. (4.3).

2. Optimality. Let &x_np denote the K-MD estimator with 150 and weight matrices {Wy : k < K}.
Then,
Vn(ég_nmp — o) A N(0g, x1, Xk -mp(FPo, {Wk 1 k < K})).

Furthermore, Xk pp (]50, {W + k < K})—X* is positive semidefinite, i.e., &5._ p 45 optimal among

all K-MD estimators that satisfy our assumptions.

Besides Assumptions A.1-A.6, Theorem 4.3 also requires that the matrix Ax defined in Eq. (4.4) is non-
singular. This additional requirement appears to be very mild, as it was satisfied in the vast majority of our
Monte Carlo simulations. We now provide some theoretical interpretation of this condition. In single-agent
problems, the zero Jacobian property (i.e. ¥p = Oypxqp) implies that Ax = I, , which is always invertible.
In multiple-agent problems, the zero Jacobian property no longer holds and, thus, a singular A is plausible.
However, note that A will be non-singular as long as the amount of strategic interaction is sufficiently
small, i.e., if ¥p is sufficiently close to zero. We can then interpret the invertibility of Ax as a high-level
condition that restricts the amount of strategic interaction between the players in the game.

Theorem 4.3 is the main finding of this paper, and it establishes two central results regarding the asymp-
totic optimality of the K-MD estimator. We begin by discussing the first one, referred to as “invariance”.
This result focuses on a particular CCP estimator: Py = P. This is a natural choice to consider, as Pis
asymptotically efficient under our assumptions. Given this choice, the asymptotic variance of the K-MD
estimator depends on the entire sequence of weight matrices {Wy : k < K}. While the dependence on
the first K — 1 weight matrices is fairly complicated, the dependence on the last weight matrix (i.e., Wx)
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resembles that of the weight matrix in a standard GMM problem. If the matrix in Eq. (4.4) is invertible, we
can use standard GMM results to define an optimal choice for Wi, given the sequence of first K — 1 weight
matrices. In principle, one might expect that the resulting asymptotic variance depends on the first K — 1
weight matrices. The “invariance” result reveals that this is not the case. In other words, for By = P and
an optimal choice of Wi, the asymptotic distribution of the K-MD estimator is invariant to the first K — 1
weight matrices, or even K. Furthermore, the resulting asymptotic distribution coincides with that of the
optimal 1-MD estimator obtained in Theorem 4.2.

The “invariance” result is the key to the second result in Theorem 4.3, referred to as “optimality”. This
second result characterizes the optimal choice of Py and {W : k < K} for K-MD estimators. The intuition
of the result is as follows. First, given that P is the asymptotically efficient estimator of the CCPs, it is
intuitive that Py = P is optimal. Second, it is also intuitive that asymptotic efficiency requires setting Wi
to be optimal, given the sequence of first K — 1 weight matrices. At this point, our “invariance” result
indicates that the asymptotic distribution does not depend on K or the first K — 1 weight matrices. From
this, we can then conclude that the K-MD estimator with Py = P and an optimal last weight matrix Wy
(given any first K — 1 weight matrices) is asymptotically efficient among all K-MD estimators. Also, this
optimal weight matrix can be estimated by sample analogues. By the usual asymptotic arguments based on
Slutsky’s theorem, the feasible K-MD estimator that uses the sample analogue of the optimal weight matrix
is also asymptotically efficient.

Theorem 4.3 implies two important corollaries regarding the optimal 1-MD estimator discussed in Theo-
rem 4.2. The first corollary is that the optimal 1-MD estimator is asymptotically efficient in the class of all
K-MD estimators that satisfy the assumptions of Theorem 4.3. In other words, additional policy iterations
do not provide asymptotic efficiency gains relative to the optimal 1-MD estimator. From a computational
point of view, this result suggests that researchers should restrict attention to the non-iterative 1-MD es-
timator with ]50 = P and Wi = WY, studied in Theorem 4.2. The intuition behind this result is that the
multiple iteration steps of the K-MD estimator are merely reprocessing the sample information, i.e., no new
information is added with each iteration step. Provided that the criterion function is optimally weighted, the
non-iterative 1-MD estimator is capable of processing the sample information in an asymptotically efficient
manner. Thus, additional iteration steps do not provide any additional asymptotic efficiency.

The second corollary of Theorem 4.3 is that the K-ML estimator is usually not asymptotically efficient,
and can be feasibly improved upon. In particular, provided that the assumptions of Theorem 4.3 are satisfied
when W, = QIZ}P for all £ < K, the non-iterative 1-MD estimator with ]50 = P and Wy = W} is more or
equally asymptotically efficient than the K-ML estimator.

We illustrate the results of this section by revising the example of Section 2.4 with the parameter values

considered in Section 3. The asymptotic variance of &x_pp = (/A\RN,K_MD, /A\EQK_MD) is given by:

Sk np(Po, {Wi ik < K}) = (W, Wx0,) 10 Wi (Lg, —Vp®y po)pp (L, —Vp®p p) Wi Uy (U Wi ¥,) 7L
(4.5)
where {®) po : k < K} is defined by @y po = P p + Pr0, with {Py p : k < K} and {®yo : k < K} asin
Eq. (4.1). For any true parameter vector and any K € N, we can numerically compute Eq. (4.5).
In Section 3, we considered three specific parameter values of (A}, Af;) that produced an asymptotic
variance of the K-ML estimator of A}, decreased, increased, and wiggled with K. We now compute the

optimal K-MD estimator of A}, for the same parameter values. The results are presented in Figures 4, 5,
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and 6, respectively.” These graphs illustrate the findings in Theorem 4.3. In accordance to the “invariance”
result, the asymptotic variance of the optimal K-MD estimator does not vary with the number of iterations
K. Also in accordance to the “optimality” result, the asymptotic variance of the optimal K-MD estimator
is lower than any other K-MD estimator. In turn, since the asymptotic distribution of the K-ML estimator
is a special case of the K-MD estimator, the asymptotic variance of the optimal K-MD estimator is lower
than the K-ML estimator for all K € N. Combining both results, the optimal non-iterative 1-MD estimator

is both computationally convenient and asymptotically efficient among the estimators under consideration.

125 T T T T T T T T T
—8—K-ML

—8— Optimal K-MD (W:p' for all k< K)
120 - #  Optimal 1-MD (W)
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Asy. variance
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85 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Iterations steps (K)

Figure 4: Asymptotic variance of the K-ML and optimal K-MD estimator of Ay as a function of the number of
iterations K when (Azn, Ao, Aks, AFo,1, AFc,2, 87) = (2.8,0.8,0.7,0.6,0.4,0.95). The optimal K-MD estimator is
computed using the optimal weighting matrix in every iteration step.

7 According to the “invariance” result in Theorem 4.3, there are multiple asymptotically equivalent ways of implementing
the optimal K-MD estimator. For concreteness, we set the weight matrix optimally in each iteration step.
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Figure 5: Asymptotic variance of the K-ML and optimal K-MD estimator of Ay as a function of the number
of iterations K when (Agn, A:c, ARs, Arc,1, AFc,2,87) = (2,1.8,0.2,0.1,0.3,0.95). The optimal K-MD estimator is
computed using the optimal weighting matrix in every iteration step.
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Figure 6: Asymptotic variance of the K-ML and optimal K-MD estimator of Ay as a function of the number of
iterations K when (Akn, Aics Aks, Arc.1, Arc2, B7) = (2.2,1.45,0.45,0.22,0.29,0.95). The optimal K-MD estimator
is computed using the optimal weighting matrix in every iteration step.



5 Monte Carlo simulations

This section investigates the finite sample performance of K-ML and K-MD estimators considered in previous
sections. We simulate data using the two-player dynamic entry game described in Section 2.4. Recall that
this model is specified up to the parameters (Mg, Apn, Ak 1) ARc,2: Apes 7). For simplicity, we assume
that the researcher knows (\zg, Ao 1, A 2, 8°) and wants to estimate o = (Ajy, Ac). We consider the
three specific parameter values that were used to illustrate the theoretical results in Sections 3 and 4.

Our simulation results are the average of S = 10,000 independent datasets {{({a;¢;:j € J}, 4,7y ,)} :
1 < n} that are i.i.d. distributed according to the econometric model. We show results in tables for sample
sizes n € {500, 1,000, 2,000}. For brevity, we only show simulation results for A}, as this was the focus
of the discussion in Sections 3 and 4.

Table 1 provides results for the first parameter value, ie., (Azn,AgosArs) Aro1rArco B8°) =
(2.8,0.8,0.7,0.6,0.4,0.95). Recall from previous sections that this parameter value produces an asymp-
totic variance of the K-ML estimator of A}, that decreases with K (see Figures 1 and 4, repeated at the
bottom of the Table 1).

Let us first focus on the results for the K-ML estimator. The simulation results closely resemble the
predictions from the asymptotic approximation. First, the empirical variance and mean squared error are
extremely close, indicating that the asymptotic bias is almost negligible. Second, the empirical variance is
decreasing with K and is close to the one predicted by our asymptotic analysis.

Next, we turn attention to the optimal K-MD estimator. Recall that the “invariance” result in Theorem
4.3 indicates that there are multiple asymptotically equivalent ways of implementing the optimal K-MD
estimator. Throughout this section, the optimal K-MD estimator is a feasible estimator of the optimal K-
MD estimator derived in Theorem 4.3 where, in each iteration step, we estimate the optimal weight matrix.
According to our theoretical results, this feasible optimal K-MD estimator is asymptotically optimal among
K-MD estimators, has zero asymptotic bias, and has an asymptotic variance that does not change with
K. For the most part, these predictions are satisfied in our simulations. First, the empirical variance and
mean squared error are again extremely close, and so the finite-sample bias is almost negligible. Second,
the empirical variance is close to the one predicted by our asymptotic analysis. As the predicted by the
“optimality” result in Theorem 4.3, the feasible optimal K-MD estimator is more efficient than the K-ML
estimator. For most values of K under consideration, the empirical variance of the K-MD estimator appears
to be invariant to K, especially for the larger sample sizes. However, we find that the empirical variance
slightly decreases between K = 1 and K = 2. Our asymptotic analysis cannot explain this last empirical
finding. This anomalous behavior for low values of K is analogous to the one found by Aguirregabiria and
Mira (2002) and could be related to higher-order analysis in Kasahara and Shimotsu (2008). A high-order

analysis of these estimators is out of the scope of this paper and is left for future work.
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Estimator Statistic‘Kzl K=2 K=3 K=4 K=5 K=10 K=15 K=20
n = 500

K-ML Var 123.11 107.36 104.81 100.87 99.16 95.99 95.77 95.75
MSE 123.13 107.68 105.34 101.09  99.32 96.05 95.83 95.81
Opt. K-MD Var 94.77 88.34 8746  86.49  86.02 85.10 85.03 85.03
MSE 96.16 88.68 87.46 86.50  86.09 85.24 85.18 85.17

n = 1,000
K-ML Var 126.01 109.00 105.87 102.65 101.24 99.01 98.89 98.88
MSE 126.07 109.34 106.34 102.91 101.44 99.12 99.00 98.99
Opt. K-MD Var 93.39 89.61 8891 88.43 88.14 87.70 87.67 87.67
MSE 94.30 89.89 88.92 88.43  88.15 87.73 87.70 87.70

n = 2,000
K-ML Var 122.87 107.33 103.80 101.12  99.85 98.18 98.10 98.10
MSE 122.87 107.42 103.92 101.17 99.89 98.20 98.12 98.12
Opt. K-MD Var 90.11 88.18 87.80 87.59  87.44 87.25 87.22 87.23
MSE 90.40 88.27 87.80 87.60  87.46 87.29 87.27 87.28

Asymptotic results

K-ML Asy. Var | 121.98 107.13 103.63 101.44 100.39 99.26 99.21 99.21
Opt. K-MD  Asy. Var 89.33 89.33 89.33 89.33 89.33 89.33 89.33 89.33

Table 1: Simulation results for estimation of Ay when (Ain,AEc,ARs, Arc,1,AFC2:87) =
(2.8,0.8,0.7,0.6,0.4,0.95). “K-ML” denotes the K-ML estimator and “Opt. K-MD” denotes the feasible op-
timal K-MD estimator computed with an estimated optimal weight matrix in every iteration step. “Var” denotes
the average empirical variance scaled by n and “MSE” denotes the average scaled mean squared error scaled by
n and, for both statistics, the average is computed over S = 10,000 simulations. Finally, “Asy. Var” denotes the
asymptotic variance according to Theorems 3.1, 4.1, and 4.3.

Table 2 provides results for the second parameter value, ie., (Ajy, Ahcos ARss AR )‘}C,wﬂ*) =
(2,1.8,0.2,0.1,0.3,0.95). Recall that this parameter value produced an asymptotic variance of the K-ML
estimator of A%y that increases with K (see Figures 2 and 5, repeated at the bottom of the Table 2).
In turn, Table 3 provides results for the third parameter value, i.e., (A\zy, A5cs ARs) Arc1, Arc2, B7) =
(2.2,1.45,0.45,0.22,0.29,0.95). This parameter value produced an asymptotic variance of the K-ML esti-
mator of A}y that wiggles with K (see Figures 3 and 6, repeated at the bottom of the Table 3).

The simulation results for these two parameter values are qualitatively similar to the ones obtained for
the first parameter value and, for the most part, support our theoretical conclusions. First, both estimators
have very little empirical bias. Second, all the estimators have an empirical variance that is very close to
the one predicted by the asymptotic analysis. In particular, the empirical variance of the K-ML estimator
is increasing in K for the second parameter value and wiggles for the third parameter value. Third, in most
cases, the empirical variance of the optimal K-MD estimator is lower than that of the K-ML estimator.
Finally, the empirical variance of the optimal K-MD estimator is invariant to K except for small values of K
for which it is decreasing. One notable difference relative to the simulation is that the range of iterations over
which the empirical variance decreases now extends between K = 1 and K = 5. Once again, we conjecture

that this phenomenon is related to high-order effect, which is out of the scope of the analysis of this paper.
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Estimator Statistic‘Kzl K=2 K=3 K=4 K=5 K=10 K=15 K=20

n = 500

K-ML Var 85.84 8748 91.57  91.55 92.18 91.63 91.18 90.90
MSE 85.84  87.82 92.39 92.21 92.83 92.18 91.70 91.42
Opt. K-MD Var 111.25  96.26  89.68  88.36  87.41 84.98 84.81 84.46
MSE 116.56  98.19  90.09  88.57  87.50 84.99 84.82 84.47

n = 1,000
K-ML Var 86.09 87.45 90.75 90.84  91.28 90.87 90.62 90.52
MSE 86.12 87.73 91.32 91.32 91.76 91.27 91.01 90.91
Opt. K-MD Var 99.33 89.30 85.78  85.01  84.20 83.13 82.85 82.77
MSE 102.77 9042  86.05 85.15  84.26 83.15 82.86 82.78

n = 2,000
K-ML Var 82.42 8396 86.38 86.59  86.84 86.62 86.54 86.52
MSE 82.42 84.05 86.56  86.73  86.98 86.74 86.65 86.63
Opt. K-MD Var 8791 8343 81.53 81.26 80.86 80.39 80.28 80.27
MSE 89.563 8392 81.63 8131  80.88 80.39 80.29 80.27

Asymptotic results

K-ML Asy. Var | 8421 8583 87.63 87.90  88.06 88.03 88.03 88.03
Opt. K-MD  Asy. Var 82.49 82.49 82.49 82.49  82.49 82.49 82.49 82.49

Table 2: Simulation results for estimation of Ay when (Agy, A, Aks, Arc,1, Arc,2, 87) = (2,1.8,0.2,0.1,0.3,0.95).
“K-ML” denotes the K-ML estimator and “Opt. K-MD” denotes the feasible optimal K-MD estimator computed
with an estimated optimal weight matrix in every iteration step. “Var” denotes the average empirical variance scaled
by n and “MSE” denotes the average scaled mean squared error scaled by n and, for both statistics, the average is
computed over S = 10,000 simulations. Finally, “Asy. Var” denotes the asymptotic variance according to Theorems
3.1, 4.1, and 4.3.

Estimator Statistic‘Kzl K=2 K=3 K=4 K=5 K=10 K=15 K=20

n = 500

K-ML Var 92.71  91.47 94.02 9298  92.65 89.98 89.31 89.17
MSE 92.72  91.88 94.83  93.58  93.20 90.36 89.66 89.52
Opt. K-MD Var 101.56  88.31 84.28  83.60 82.52 81.10 80.76 80.70
MSE 105.39  89.50 84.45 83.68  82.54 81.10 80.77 80.71

n = 1,000
K-ML Var 92.01 91.95 94.34 93.71 93.54 92.07 91.78 91.73
MSE 92.02 92.19 94.83 94.08  93.88 92.32 92.02 91.97
Opt. K-MD Var 95.01  86.93 84.72 8447  83.92 83.30 83.17 83.16
MSE 9729  87.57 84.82 8451  83.93 83.30 83.17 83.16

n = 2,000
K-ML Var 89.51 89.15 90.60 90.18  90.00 89.09 88.95 88.94
MSE 89.52  89.26 90.80  90.33  90.14 89.18 89.04 89.03
Opt. K-MD Var 86.67 83.69 8233 8226 81.94 81.61 81.56 81.55
MSE 87.80 84.03 8238 82.28 81.95 81.61 81.56 81.55

Asymptotic results

K-ML Asy. Var | 9042 89.58 90.32 90.08 89.94 89.56 89.53 89.52
Opt. K-MD  Asy. Var 84.20  84.20 84.20 84.20  84.20 84.20 84.20 84.20

Table 3: Simulation results for estimation of Ay when (Agn,AEc,ARs, AFc,1,AFC2:87) =
(2.2,1.45,0.45,0.22,0.29,0.95). “K-ML” denotes the K-ML estimator and “Opt. K-MD” denotes the feasible
optimal K-MD estimator computed with an estimated optimal weight matrix in every iteration step. “Var” denotes
the average empirical variance scaled by n and “MSE” denotes the average scaled mean squared error scaled by
n and, for both statistics, the average is computed over S = 10,000 simulations. Finally, “Asy. Var” denotes the
asymptotic variance according to Theorems 3.1, 4.1, and 4.3.
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6 Conclusions

This paper investigates the asymptotic properties of a class of estimators of the structural parameters in
dynamic discrete choice games. We consider K-stage policy iteration (PI) estimators, where K € N denotes
the number of policy iterations employed in the estimation. This class nests several estimators proposed
in the literature. By considering a “maximum likelihood” criterion function, the K-stage PI estimator
becomes the K-ML estimator in Aguirregabiria and Mira (2002, 2007). By considering a “minimum distance”
criterion function, K-stage PI estimator defines a novel K-MD estimator, which is an iterative version of
the estimators in Pesendorfer and Schmidt-Dengler (2008) and Pakes et al. (2007). Since we consider an
asymptotic framework with fixed K and n — oo, our analysis is not affected by the problems described in
Pesendorfer and Schmidt-Dengler (2010).

First, we establish that the K-ML estimator is consistent and asymptotically normal for any K € N.
This complements findings in Aguirregabiria and Mira (2007), who focus on K = 1 and K large enough
to induce convergence of the estimator. Furthermore, we show that the asymptotic variance of the K-ML
estimator can exhibit arbitrary patterns as a function K. In particular, we show that by changing the
parameter values in a typical dynamic discrete choice game, the asymptotic variance of the K-ML estimator
can increase, decrease, or even oscillate with K.

Second, we also establish that the K-MD estimator is consistent and asymptotically normal for any
K e N. Its asymptotic distribution depends on the choice of the weight matrix. For a specific weight matrix,
the K-MD has the same asymptotic distribution as the K-ML. We investigate the optimal choice of the
weight matrix for the K-MD estimator. Our main result shows that an optimally weighted K-MD estimator
has an asymptotic distribution that is invariant to K. This appears to be a novel result in the literature
on PI estimation for games, and it is particularly surprising given the findings in Aguirregabiria and Mira
(2007) for K-ML estimators.

The main result in our paper implies two important corollaries regarding the optimal 1-MD estimator
(derived by Pesendorfer and Schmidt-Dengler (2008)). First, the optimal 1-MD estimator is optimal in
the class of K-MD estimators for all K € N. In other words, additional policy iterations do not provide
asymptotic efficiency gains relative to the optimal 1-MD estimator. Second, the optimal 1-MD estimator is
more or equally asymptotically efficient than any K-ML estimator for all K € N.

We explored our theoretical findings in Monte Carlo simulations. For the most part, our finite-sample
simulation evidence supports our asymptotic conclusions. The K-ML and the optimal K-MD estimators
have negligible empirical bias and have an empirical variance that is very close to the one predicted by the
asymptotic analysis. In most cases, the empirical variance of the optimal K-MD estimator is lower than that
of the K-ML estimator. Also, it appears to be invariant to K except for very small values of K for which it
is decreasing in K. The behavior for low values of K is analogous to the one found by Aguirregabiria and
Mira (2002) and could be related to higher-order analysis in Kasahara and Shimotsu (2008).

A Appendix

Throughout this appendix, “s.t.” abbreviates “such that”, “RHS” abbreviates, and “PSD” abbreviates “positive
semidefinite”.
Several results in the appendix make use of the following high-level assumption. Note that whenever this assump-

tion is used to prove results in the main text, we first verify that it holds under the lower-level conditions.

Assumption A.7. (High-level assumptions for iterative estimators). There is a sequence of limiting criterion
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functions {Qr : k < K} with Q : 4 X Oy X Op — R such that:

1. sup,ce, |Qr(, §, P) — Qrla, g*, P*)| = 0p(1), provided that (§, P) = (g%, P*) 4 0p(1).

2. Qr(a,g*, P*) is uniquely maximized at .

3. /ndQx(a*, g*, P*)/da = Ex/n(P — P*) + 0p(1), for some matriz Zy.

4. For any X € {a,g, P}, 8*°Qw(d, g, P)/0adN = 8*°Qu(a*,g*, P*)/8adN + 0,(1), provided that (&,§, P) =
(a®, g%, P7) + op(1).

5. 02Qx(a*, g%, P*)/0add’ is non-singular.

A.1 Proofs of results in the main text

Proof of Theorem 3.1. This proof will require the following notation. For any (a,g,P) € Os X ©4 X Op and
(Jya,z) € Jx Ax X, let njaa = Y iy Hajeizei) = (a,2)], ne = Yoy 1z = 2], Yjae(o,g, P) =
[1;c; ¥i(a, g, P)(alz), Pjaz = Njaz/Nw, Plx = Pi(az) = Ywex Wla,2,2")/ 32 6 sneaxx 115 (@ 2,&'), and
m*(x) = Z(aﬂ/)eAXx II}(a,z,z"). Note that RHS of the last equation does not change with j € J by the equi-
librium assumption in Assumption A.1. Also, Assumptions A.2 and A.3 imply P, > 0 and m™(x) > 0 for every
(Jya,z) € I x Ax X.

As we now show, Theorem 3.1 is a consequence of applying Theorem A.1 with Qk = Q ML and Qr = Q. where,

for any («, g, P) € ©4 X Oy X Op,

A 1« s
Qur(a,g, P) = Zln‘l’(a:% P)(ailz:) = > == InWae(a, g, P)

i=1 (J,a,x)EJXAXX

n A A
= Z ﬁ ijawln\lljam(a7g7p)+Pj0$1n(1_Z\Iljar(aag7p)) )

(jrx)eIJxX acA acA
and
Qurla,g,P) = > M (@) Ple V(e g, P)

(j,a,z)EIXAXX
= Z m*(x) ij*aa: lnlpjaz(a7gvp)+P;0x h’l(l* Z\I/jaz(a,g,P)) )
(Jrz)ETXX acA acA

and where we have used that ;0. (o, g, P) =1 =3 1 Vjax(a, g, P).
For any X € {a, g, P}, note that:

* ok * 1 AV jaz(a™,g",P") 0V a,(a™,g",P")
02QML(Oé g 7P ) _ Z m*(m) Vj0n(a*,g*,P*) ZaEA . Do Z N
/ - 1 OVajaz(a™, 9", P") Vg (™, 9", P")
GadA (j,x)ETX X +\I/j0m(a*,g*,P*) ZfzeA . da ZaeA : AN

{78%”(3;’9*’13*) c(jya,x) € J x Ax X} x )

. * - * A * . I O—
=—< diag{m (x)(dzag{l/Pjaf ra€ A} + 11444/ Pjoe) - (i) € I x X}x » ==V, QppVy,
(a0 LT P (g, z) € J x A x X}

where the first equality uses that Assumptions A.2 and A.3, the second equality follows from Assumption A.2, and
the final equality follows from the following argument. By Eq. (2.6), Qpp = diag{Z;» : (j,z) € J x X} with
Yje = (diag{P},} — P},P})/m*(z) and P}y = {Pj., : a € A}, and so Qp} = diag{¥;,; : (j,z) € J x X} with

Z;zl =m*(z)(diag{1/Pj.. 1 a € A} + 1) 4x4)/ Piox)-
To apply Theorem A.1, we first verify Assumption A.7.
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Part (a). For any (3, P) = (g", P*) + 0, (1),

Supae@a | Z(j,a@)eJxAxX nj% 1n(\1[ja1(a7§’ P)/\I/jﬂf(a’g*a P*))|

+Sup&€@a ‘Z(j,a,z)EJXAXX( Jn - m*(w)Pfaz)ln \Iljaz(avg*wp*)'

D>

(j,a,x)EJXAXX

sup |Qur(e,§, P) — Qurla,g", P*)| <
a€EBy

Niax SUPqeo, |1Il \I/jaz(avg7 P) —In \I/jam(Oé7g*, P*)‘

n

+(n]% —m” (x)P;a:c” ln(infOéE@a |\Ilja90(avg*: P*)D

= op(1),

where the second inequality uses Assumptions A.1, A.3, and the intermediate value theorem.
Part (b). Define the function:

* * * % * * * \Ij'am(a g* P*)
Gla —(;2 (6] P —(/) e’ P = 2 1 J ) ’
( ) ML( y9 ) ML( » 9 ) E v (LE) jax n(\l,jaz(a*7g*7p*) ’

(j,a,x)EJXAXX

which is properly defined by Assumptions A.2 and A.3. By definition, G(a*) = 0. On the other hand, consider any
a # «oF. Assumption A.2 implies that ¥(«,g*, P*) # ¥(a®,¢*, P*). This and Assumption A.3 then implies that
Uiaz(a, g%, P*)/V 00 (a”, g*, P*) # 1 for some (j,a,z) € J x A x X. Then,

* * \Il‘aa; a, *>P* * * *
G(a) <In Z m (x)Pj‘””—\II-J ((a* gg* P*)) =In Z m*(2)¥jaz(a, g, P*) | =0,
Jjax I )

(J,a,x)EJXAXX (j,a,x)EJXAXX

where inequality follows from Jensen’s inequality, the strict convexity of the logarithm, and
Uiaz(a, g, P*)/Vjau(a®, g%, P*) # 1 for some (j,a,2) € J x A x X, the first equality follows from Assump-
tion A.3, and the final equality follows from Z(jﬂ’z)eJxAxx m* (2)¥jae (e, g%, P*) = 1 for any o € ©4. Therefore,
G(a) and Qumr(a, g*, P*) are uniquely maximized at o = a*.

Part (c). Consider the following derivation for any (a, g, P) € ©4 X O4 X Op s.t. ¥(a,g, P) is positive and
differentiable.

9Qumr(a,g,P) D ne A A
MZ* Z - ZPjaxlnqjjax(oﬁgvp)+PjOacln 1—2‘1/]'@;,;(0(,9,13)
oo Ja ) n . .
(Jrx)eIJxX acA acA
_ Z & Pjaac _ Pij a\p]'aﬂc(aag7 P)
n \Iljllz(aagap) \IIjOI(Oé,g7 P) 80(

(j,a,z)EJXAXX

_ Z Nz Z Pjaz — \I’jaz(au% P) + E&e,&(ﬁfljm - ‘Ilajx(a,g,P)) a\l/jaa:(aag7p)
\Iljax(a7g7p) \Il]'ox(a7g7 P) Oa

. n ‘<
(jrx)ETXX acA

= Z & Pj‘“ill_. \I’(J:I(al’f;’ P) a\l/jﬂza(z’ga P) + PJEI\IJ_. \I[(J(';zz(a};za P) Z a\I/ajza(Zyg» P) , (Al)
(jra,x)ETXAXX jaz (& g, jox(Q, g, ey
where we have used that PjOz = 1- Zae,ﬁ Pjaz and \Ijjoz (a7 9, P) = 1- ZaEA \Ijjaz (Ol» g, P)7 and so
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0¥ 0. (a, g, P) /0 = =3 0 0¥ ac(a, g, P)/Oc. Then,

\/ﬁaQAfL(a*7g*7P*)

Jda
Nz : . 1 0¥ja(a”, g", P") 1 OWajn(a®, g%, P*)
= X oVnPies = Plu) RIS LA EA
P P*
(j,a,z)GJXAXX " Jax 8& 70z acA aa
. A . 1 0¥ u(at,g*, P* 1 OWsi(a*. g*, P*

- > m@Vn(Par — Pu) | 5 (Oéag ) 4 Loy e (C:;ag ' 4 op1)

(jya,x)ETXAx X jaw 30T Fea

(Piaz(000WPD)  (ja,2) € T x A x X} x

= | diag{m*(z)(diag{1/Pj.. 1 a € A} + 1414/ Pjoz) : (4,x) € J x X}x | +op(1)

{\/E(Pj”'l‘ - P;aa:) : (CL,ZC,j) € A X X X J}
= U QppV/n(P — P*) + 0,(1),

where the first equality holds by Eq. (A.1) and Assumption A.3, the second equality holds by Assumption A.1, and
the final equality follows Qpp = diag{E].;l :(j,z) € Jx X} with B} = m*(x)(diag{1/P},, 1 a € A}+1\A|><\A|/ 0z )-

Part (d). Consider the following derivation for any (o, g, P) € Oa X O4 X Op s.t. ¥(a, g, P) is positive and twice
differentiable.

Pjaw — Vjaz(a,9,P)  Pjos — Ujou(er, g, P)

\Il]'am(a,\%P) qu(m(&,Q,P)

6\11]'5”3(0(7 9, P)
Oa

#Qurla,g,P) 0 Na
dadN )Y Z n

(jra,x)€IJXAxXX

[ﬁjax*‘Pjaz(ayg,P) _ ﬁ’jOz*‘I’jOa:(a»gyP):| OV jqq(a,g,P)

¥jaq(a,9,P) W0z (c,g,P) dadN
_ ni _ \Iljalﬂ(a7gip>+(ﬁja$7\pju.(l}(aig7P)) 6‘1’1am(0¢7g,1’) B‘I’jaw(aﬂgvp) (A 2)
- : : n \I’jam(oz,g,P)2 da ON . N

(jra,x)ETX Ax X .
P02 (2,9,P)+(Pjoz— Y0z (2,9,P)) | 0¥ ax(x,9,P) Y 0z (cx,g,P)
Vj0q(a,9,P)2 da N

—+

Then, for any X € {«a, g, P} and (64,@715) = (a*,g", P*) 4+ 0p(1),

2 3 v a D * * * * *
"Quir(a,§,P) »p “(2) 1 0% an(a®,0",P*) 8% 0p(a™,g",P*) 1 0Wjag(a™,g",P*) 0V ag(a”,g",P")
DaON moAT) P dax )Y Pr. da )Y

(jya,z)ETXAx X
Z 1 Vg (at,g",Pr) 3‘I’jaz(a*,g*71’*)+
B « acA P::cj da ON
- Z m’(z) 1 S Oy (a”, 9", P") S OV, (a*,g",P")
j,x)eJx X . ae e ae
(G.2) F;,, 2uacA 2 aci ax

(Pani@0BPD (g2, 5) € Ax X x {1,...,J}} %

= — | diag{m"(z)[diag{1l/P;,; :a € A} + 1141514 X 1/FP5,;]: (x,5) € X x {1,...,J}}x

OV g (a* 9", P* )
(PaziOLT P (a,2,5) € Ax X x {1,...,J}}

*Qur(a*, g%, P)

= ~VaSpp¥s = DN ’

where the first equality holds by Eq. (A.2) and Assumptions A.1 and A.3, the second equality holds by ¥;oz(c, g, P) =
1=3 i Yiae(a, g, P) and s0 0oz (av, g, P)JON = = 3" 1 0 ax(cx, g, P)/ON, and the final equality follows Q5 =
diag{Z;zl 1 (4,z) € J x X} with E;zl =m*(z)(diag{1/ P}, ta € A} + 1) 4% 14/ Pioa)-

Part (e). Qurr (a*, g%, P*)/0ada’ = f\Il;Q;};\I/a is nonsingular because ¥, has full rank.

This completes the verification of Assumption A.7. Since we also assume Assumptions A.3 and A.4, Theorem
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A.1 applies. In particular, Eq. (A.21) yields:

A . V(b —mr — o)
Vn(Ox-—mr —0%) = L
V(g —g")
P—p*
Ax + BkTk,p BrxYTrko BrYTkg+Ck Vil B—p | +0,01) (A3)
0= P ) .

04y xdp 04, %dp I, i—g"

with Ak, Bk, and Ck determined according to Eq. (A.22), and Tk, p, Tk,0, and Tk 4 determined according to Eq.
(A.23). As a next step, we now work out these constants.

For k < K, B¢ = U,Qpp and 8°Qur(a*,g*, P*)/0adN = —V,Qp1 ¥, and so, according to Eq. (A.22),
A = (Vo QppVa) UL Q00, By = —(VoQpp Vo) ' 0,LQ50Tp, and Cr, = —(V,Qpp Vo) ' 0,055 P, In addition,
according to Eq. (A.23), {Tep : k < K}, {Tiky : k < K}, and {Tio : k < K} are as follows. Set T10 = L4,
Y1, = 0dpxdy, T1,p = 0dpxdp and, forany k=1,..., K -1,

Yirr,p = (Tap — Ua(VaQppWa) W) Up Ty p + Vo (WoQppWa) T UL Q50
Yri1,0 = (Tap — Va(VaQppWa) " WLQ5E)UpTh o
Yit1g = (Lap = Ya(Valpp¥a)  WaQpp)Wp Ty + (Lap — Va(VoQppWa) T Wolpp) ¥y,

Then, Eq. (3.1) follows from setting Y, p = Px,p, and Yi,g = Pr,g ¥y, Ti,o = P for all k < K.
If we plug this information into Eq. (A.3) and combine with Assumption A.4, we deduce that:

\/ﬁ(éKfle —o) = Vn(adg—mr — ) LY 04, ZK—]\/IL(PO) Yag,K—ML (A4)
V(g —g°) Oa, ’ Zlag,K—]\/IL Qgg ’

where ZK,ML(FA’O) is as defined in Theorem 3.1 and
Sagr-mr = (VaQpp¥a)  WoQpp[(lap — VpPr,p)Qpg — WpPr 00y — (WpPrg + Lap) ¥eS).

The desired result is a corollary of Eq. (A.4). O

Proof of Theorem 4.1. As we now show, this result is a consequence of applying Theorem A.1 with Or = Qr_mp
and Qx = Qr—mp where, for any (a, g, P) € O4 X O4 X Op,

Qr-mp(a,9,P) = — (P* - \Ij(aagvp))ka(P* - ¥(a, g, P)).

For any X € {a, g, P}, notice that 8’Qi_mp(a*,g*, P*)/0adN = —2U, W, V.
To apply this result, we first verify Assumption A.7.

Part (a). For any (3, P) = (g", P*) + 0, (1),

Wi = Wil + 1P — P*[* Wl + 2| P = P*[[[Wi]l | _

sup |Qr—np(e, g, P) — Qr—mp(a,g", P*)| < = op(1),

a€Oa +2|| Wi sup,ce,, [1¥(a, 9", P*) — U(a, g, P)|
where the last equality uses Assumption A.6.

Part (b). First, consider @ = «*. Then, Assumption A.2 implies ¥(a, g, P*) = P* and this, in turn, implies
that Qr—nmp(a™, g%, P*) = 0. Second, consider o # *. Then, Assumption A.2 implies ¥(a, g*, P*) # P*. This and
Assumption A.6 imply that Qx_mp(a, g, P*) < 0. Then, Qx—mp(a, g, P*) is uniquely maximized at a = o™, as

required.
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Part (c). Consider the following derivation:

0Qr—mp(a*, g%, P")

\/ﬁ _ 2(FA,7‘I/(OC*79*’P*))/WI€8\I[(O( 9 7P )

foJe% oo
= 2U,Wiv/n(P = P") + 0,(1),
where the second line uses Assumptions A.3 and A.6.
Part (d). For any A € {a, g, P} and (&, §, P) = (", g*, P*) + 0,(1),
82Qk71WD(d7g7]5) _ 8\1}(6(,@7]5)/ T (9\1!(&"67]5) > ~ ~ DWW T11 6\11(657.&7 P)
DadN = oy Wi TRAP V@ PYWeT 00
82Qk71V1D(Oé* g* P*)
P, ) ) _ /
— DN = Q\IIaWk\I/)\7

where the convergence uses Assumptions A.3 and A.6.

Part (e). 9*Qx—mp(a*, g%, P*)/0ada’ = —2U, W}, U, is nonsingular by Assumptions A.3 and A.6.

This completes the verification of Assumption A.7. Since we also assume Assumptions A.3 and A.4, Theorem
A.1 applies. In particular, Eq. (A.21) yields:

Vn(@x—mp —0°) = ( Vi(dx-yup —a’) )

V(g —g*)
P—p*
| Ak +BkTk,p BrYTko BrTkg+Ck vl Bo—p | 4o (1) (A.5)
04, xdp 04, xdp I, ;ig* e ’

with Ax, Bk, and Ck determined according to Eq. (A.22), and Yk, p, Tk,0, and Tk 4 determined according to Eq.
(A.23). As a next step, we now work out these constants.

For k S K, Ek = 2\I//O(Wk and 82Qk_MD(a*,g*,P*)/8a8/\’ = *Q‘I/;Wk\ll)\, and so Ak = (\I/;Wk\I/a)_l\If;Wk,
By = —(UV, W, U,) 'O Wy Tp, and Cr = — (VWi U,) ' W W, U,. Then, {Yip:k < K}, {Ti,: k< K}, and
{YTro:k < K} are as follows. Set Y10 =14y, Y19 =04dpxdy, T1,p = 0dpxdp and, for any k=1,..., K — 1,

Tit1,p = (Lip — Ua (VoW W) " UL W)Up Yy p + Uo (UL W W) "W, Wy
Tii1,0 = Tap — Vo (UL Wi 0o) " UL W) TR Ty
Yty = Tap — Ua(UoWeW0o) " WL W)U pTh g+ (Lap — Ua (Vo Wi W,) UL W,)T,.

Then, Eq. (4.1) follows from setting T p = @ p, and Ti g = Pr Uy, Tio = Pr,o for all k < K.
If we plug this information into Eq. (A.5) and combine with Assumption A.4, we deduce that:

\/ﬁ(éK—IWD_a*) = ( Vi(ar-ap —a’) ) 4N ( Od )7( EK?MD(PO’{W]C k< KY) - Bag-mp > >

\/ﬁ(g -g") 0Oa, E:xg,KfMD Qgg
(A.6)
where ZK,MD(Pm {Wi : k < K}) is as defined in Theorem 4.1 and
Zag,K—MD = (W;WKWQ)71W;WK[(IdP — \I’Pq>K7p)ng — \prq)Ky()Qog — (\I/P(I)K,g + IdP)\I/gQgg].
The desired result is a corollary of Eq. (A.6). O

Proof of Theorem 4.2. The asymptotic distribution with arbitrary Py and Wi follows from Theorem 4.1. As a
corollary of Lemma A.2,
S1-mp(Po,Wi) — S1-mp (P, Wh) is PSD, (A7)
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where

Elfl\lD(p, Wh)

Qrp Qpp Qpg I,
— (WL W10,) LW (Idp —Up —\119) Qpp Qpp Qpy v, || wiwa (v wiw,)
/Pg /Pg QQQ _\IJ;)

/ ’
Pg Qgg _\I’g

, Qpp O Ly, — V), L
= (U1 0,) WL (Idp_qu v, )( PP 2th >< TP ) Wi (VLW Ta) " . (A8)

By Assumptions A.3 and A.5, the expression in brackets in RHS of Eq. (A.8) is non-singular. Then, standard
arguments in GMM estimation (e.g. McFadden and Newey, 1994, page 2165) imply that Wi in Eq. (4.2) minimizes
EFMD(IAD7 W1). In other words,

Si-mp(P,Wh) — S1-mp (P, Wy) is PSD. (A.9)

By combining Eqs. (A.7) and (A.9), we conclude that El_MD(PO,W1) — El_MD(IAD, W71) is PSD, as desired.
Finally, Eq. (4.3) follows from plugging in this information. O

Proof of Theorem 4.3. As in the statement of optimality, let &x—mp denote the K-MD estimator with arbitrary
initial CCP estimator P, and arbitrary weight matrices {Wy : k < K}. By Theorem 4.1, \/n(arx—_mp — o) 4

N(Oda,ZK,MD(pO, {Wy : k < K})). As a corollary of Lemma A.2,
ZK_AID(F)(), {Wk :k S K}) — EK_]WD(P, {Wk :k S K}) is PSD. (AlO)

As in the statement of invariance, let &% _);p denote the K-MD estimator with initial CCP estimator P and
weight matrices {W}, : k < K — 1} for steps 1,..., K — 1 (if K > 1), and the corresponding optimal weight matrix in
step K. By Theorem 4.1, \/n(&k_np — a¥) < N(Oda,EK,MD(IS, {{W : k < K — 1}, Wg})). By definition of an

optimal choice of Wk,
S mp(P{{Wi k< KY}) =Sk _mp (P, {{Wi: k < K —1},Wj}) is PSD. (A.11)

As a next step, we provide an explicit formula the optimal choice of W and we compute the resulting asymptotic
variance Yx (P, {{Ws : k < K — 1}, W}}). To this end, consider the following derivation.
EKfMD(P, {Wk ck S K})
(UL Wi W) UL Wk x

/

(Iap — ¥pPk.p) Qpp Qpp Qpy (Tap — VpPx p)’
= —(UpPk,o) Qpp Qrp Qpy —(UpDk)
_((Idp + \I’PCI’K,y)\Pg)/ ng ng Qgg _((Idp + ‘IjP(I)K,g)\I’g)I

XWhU o (U, Wi, )71

(UL WgW) U W Ak Wi o (W Wi U, )",
where ,
I, —VYpd ! Q Q I, —VYpd !
Ax = (Lap PP®x po) / I/DP Py (Lap p®x, po) / (A.12)
_((Idp + ‘I’P(I)K,g)‘l’g) Pg Qgg _((Idp + \I’P@K,g)‘llg)
and {®y, po : k < K} is defined by @k po = Pi,p + Pr,o for k < K.
We now derive W . To this end, we first show that Ak is non-singular. Notice that (Is, —¥p®1 po) = (Is, —Up).
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In addition, for any k < K — 1,

Li, —Vp®pirpo = (Lap — UpUa(UoWela) "W Wi) — Up(Tap — Ua(UoWiela) "W, Wi)¥pdy po
= (Lap —Up)+ Up(Ly, — Wa (VWi 0,) WL W) (La,, — Updy po).

From this and some algebra, we conclude that

(Iap —¥pPx po) = Ax(lap — Up)
(Idp + \I/pq)}{,g)\l/g = AK\IJQ. (Alg)

By combining Egs. (A.12) and (A.13), we deduce that

(Tap — ¥p)

A A.14
v K (A-14)

AK:AK[

/|: Qpp Qpg :| |: (Igp —Tp)

/ !
Pg Qgg _‘1/9

By Assumptions A.3 and A.5, and that Ak is non-singular, it follows that Ax € R is non-singular. Then, classical

results in GMM estimation imply that the optimal weight matrix is

resulting in an (optimal) asymptotic variance Sx—arp (P, {{Ws : k < K — 1}, Wi}) = (VLA ¥, )7L

Since the choice of {W}, : k < K — 1} was completely arbitrary, the proof of invariance follows from showing that
VALY, = (2%)71, (A.16)

where we are using Assumptions A.3 and A.5 to deduce that ¥* is non-singular. To this end, define the following

matrices

A = Tap —VYpPrk po)rp(Tap — YpPi, po)

(Idp + \I’P(I)Kyg)‘ljgﬁggqj;(ldp + \I/P(I)K,g)/

Br = | —(lap + UpPr )V Qpy(Lip — ¥p Pk, po)
—(Lap — \IIPCPK,PU)QPg‘I’/g(IdP +UpPk,)
Ck = (Lap — UpPk po) ' Br(la, — UpPrk po) ', (A.17)

where we have used that (Is, — Up®Pxk,po) is non-singular, which follows from Eq. (A.13), Assumption A.3, and that
Ak is non-singular. In turn, this implies that Ax is non-singular and, in fact,

ARt = Ly, —UpDx po) ' Qpp(Tap — Updi po) ' (A.18)

The following derivation proves that Cx = Ci.

Ck

(Lip — VUpPx po) ' (Iap + VpPr o) VeVl (Tap + VpPr,g) (L, — VpPx po) "
—(Tgp — UpDx po) *(Iap + \I’P¢’K,g)\11gﬂlpg —Qpg¥,(Lap + VpPk ) (Lap — Updg po) !
_ { (Lap — Up) WUy (Lap — Up) ™"

= C.
~(Lap — Up) ", — Qg W, (Iyy, — Up) !

where the first equality uses Eq. (A.17), the second equality uses Lemma A.1(b), and the final equality holds by Eq.
(A.17) with K = 1.
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We are now ready to prove Eq. (A.16), which follows immediately from the next derivation.

VAL, = UL(Ax + Bk) "W,

= W, (Ax' — (Lap + A Br) A BrAR ) Va
Vo(Lap — VpPx,po) ' Qop{Qpr — Qpp(Lap + QppCr) " QppCr}0pp(Lap — Vpdx,po) ' Vo
Vo (Lap —¥p) " Qpp{Qrp — Qrp(lap + QppC1) ' QppCi}Qpp e, — Up) 'V,

(Tap — ¥p)’
=

Ly, —Up)
v, ( dP_\I,, ?) Uo = VLA, = (59) 7,
9

i
[ Qpp  Qpy

l
Pg Qgg

where the first equality follows from Ax = Ak + Bk, which is implied by combining Eqs. (A.12) and (A.17), the
second equality follows from Ag and Ax being non-singular, the third equality follows from Egs. (A.17) and (A.18),
the fourth equality is based on Lemma A.1(a) and Cx = Ci, the fifth equality follows from algebra and the final
equality holds by Eq. (4.3).

Since the choice of {W}, : k < K — 1} was completely arbitrary, the proof of optimality follows from showing the

following argument. Note that

(EK,]\/ID(FA’O,{VV]C -k S K}) — ZK,MD(p7{Wk 1k S K}))
EK—MD(Pm {Wy: k< K})—%" = +(EK-MD(P,{W}C k< K}) - ZK_MD(P,{Wk 1k < K}))
+EK—MD(15, {Wk k< K})-X%"

The RHS is the sum of three terms. The first term is PSD by Eq. (A.10), the second term is PSD by Eq. (A.11),

and the third bracket is zero by Eq. (A.16). Then, Sx_ap(Po, {Wy : k < K}) — £* is PSD, as desired. O

A.2 Additional auxiliary results

Theorem A.1 (General result for iterative estimators). Fiz K > 1 arbitrarily. Assume Assumptions A.3,
A.4, and A.7. Then, for all k < K,

pP—p*
\/ﬁ(dk — CM*) = |: (Ak +Bka,p) Bka,O (Bka,g +Ck) :| \/ﬁ ﬁ)o — P +Op(1) (Alg)
g—g
p—p*
Vi(Pe_1 — P?) = [Tk,p Teo The }\/ﬁ Bo— P | +0,(1), (A.20)
i—9g
(A + BiYrp) BiTro (BiYhg+ Ck) P
N BRSPS PR IR0 ABE e TR | By — P | +0p(1), (A.21)
0dyydp 0dyydp L, i—g

where Oy = (ax,§), 0° = (a*,9"), {Ax 1 k < K}, {By : k < K}, and {Cy, : k < K} are defined by:

-1
A, = — w =
b dada’ =k
-1
B = _[%Quag" P *Qula”,g%, PT)
" dada’ 9P’
—1
_ 82Qk(a*7g*,P*) 82Qk(a*,g*,P*)
O == <8a@a’ T dadg )’ (A.22)
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and {Trp : k < K}, {Tig : k < K}, and {Tro : k < K} are iteratively defined as follows. Set T1,p = 0dpxdp,
T1,§ =0dpxd,, T1,0 =1lap and, for any k < K —1,

Yivi,p = (¥p+ VaBr)Yip + VoA
YTiri0 = (Up+ YaBr)Tko-
Tk+1,g = (‘I/p + \I/aBk)Tk’g -+ \I/g + ¥, Ck. (A23)

Proof. We divide the proof into three steps.

Step 1. Show that (g, Pr—1) = (a*, P*) + 0,(1) for any k < K. We prove this by induction.

We begin with the initial step, i.e., show that the result holds for k = 1. First, By = P* + op(1) follows
directly from Assumption A.4. Assumptions A.4 and A.7 imply that sup,ce, |Q1(oz, g, ]50) — Q1(a,g*, P*)| = 0p(1),
Q1(a, g*, P*) is upper semi-continuous function of o, and Q1(«, g*, P*) is uniquely maximized at . From these
conditions, &1 = a* + 0,(1) follows from standard consistency results for extremum estimators (e.g. McFadden and
Newey (1994)).

We next show the inductive step, i.e., assume that the result holds for £ < K — 1 and show that it holds for k£ + 1.
First, notice that:

p.—p = W(@k,g,ﬁ)kﬂ) - ¥(a*, ¢g",P")
= Wu(a*, g P*)(ar — ) + Uy(a”,g", P*)(§ — g°) + ¥p(a”,g", P*)(Pe1 — P*) + 0,(1) = 0p(1),

where the second line follows from the intermediate value theorem, the inductive hypothesis, and Assumptions A.3
and A.4. Assumptions A.4 and A.7 imply that sup,ce,, |Qk+1(a,g,130) — Qr+1(a, g, P*)| = 0p(1), Qrt1(a, g*, P)
is upper semi-continuous function of «, and Qr+1(a, ¢g*, P*) is uniquely maximized at o*. By repeating previous
arguments, dx41 = a* + 0p(1) follows.

Step 2. Derive an expansion for v/n(&, — a*) for any k < K.

For any k < K, consider the following derivation.

\/ﬁa@k(ak,g,ﬁm)
oo

A * ok * 2 * ok *
Vn2elel s ) SO0 o LB Gy — o)+

04, x1 = + op(1)

920, (a* ,g* . P* . . 920, (a* .g* . P* N . + o0p(1)
Tt TPy — P*) + BT (g~ g)
A 2 * * *
= P— P* 9 Qg (a ,g/ ,P*) ALk
V1 )+ = 5agar— V/n(ék — o)+ o (D), (A.24)

82 a*7 *,P* N * 82 'a*’ *,P* N «
FBLGH (s = P+ SOGGaE a(g — 7).

where the first line holds because (éx,§, Pr_1) = (a*, g%, P*) + 0,(1) (due to the step 1 and Assumption A.4), dy is
the maximizer of Qk(a, g, ]31%1) in ©4, and & belongs to the interior of O, with probability approaching one (due to
the preliminary result and Assumption A.3), the second line holds by the intermediate value theorem and elementary
convergence arguments based on Assumption A.7, and the third line holds by Assumption A.7.

We are now ready to derive the desired expansion.

Vn(dy —a”) =

82 *’ *,P* _ . . 82A *7 *,P* R . 82A *’ *7P* . )
- TR mva(p - Py FLESIL T i - py + TR g gy

= Apvn(P = P") + Biv/n(Pro1 = P*) + Cev/n(§ — g7) + 0,(1), (A.25)

where the first line holds by Eq. (A.24) and Assumption A.7, and the second line holds by Eq. (A.22) and Assumption
A.T.
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Step 3. Show Egs. (A.19), (A.20), and (A.21). Eq. (A.21) follows immediately from Eq. (A.19). Egs. (A.19) and

(A.20) are the result of the following inductive argument.

We begin with the initial step, i.e., show that the result holds for & = 1. By T1,p = Odpxdp, T1,9 = Odpxd,,
Ti0=1i,, Eq. (A.20) holds for k = 1. By the same argument and step 2, Eq. (A.19) holds for k = 1.
We next show the inductive step, i.e., assume that the result holds for & < K — 1 and show that it holds for k£ + 1.

First, consider the following derivation:

\/ﬁ(f:)k — P") = Uavn(ar — ") + Vy/n(g —g") + ‘I’P\/ﬁ(pk—l — P7) +0p(1)
_ | [Wade+ (Tp+ VoBi) TrplV/n(P = P7) + [WaCk + Uy + (Vp + WaBi) Yryglv/n(d — g") +0p(1)
+(Up 4 UoBr) Yy 0v/n(Py — P*) ’

= Tr1,pVn(P = P*) + Tip1,0vn(§ — g°) + Trr1,0v/n(Po — P*) + 0p(1), (A.26)

where the first equality holds by P, = U (éu, g, Pk_l), P* = ¥(a*,g*, P"), Assumption A.3, and the intermediate
value theorem, the second line holds by step 2 and the inductive hypothesis, and the last equality holds by Eq. (A.23).
This verifies Eq. (A.20) for k 4+ 1. Second, consider the following derivation:

V(e — ) = A v/n(P — P*) + Bepaiv/n(Pe — P*) 4 Criav/n(§ — g7) + 0p(1)
= (Akt1 + Ber1 Yrpr,p)V(P — P*) + (Crp1 + Bepa Tir1,0)Vn(d — g°) + Brr1 Yp1,0v/n(Po — P*) + 0p(1),

where the first equality holds by step 2 and the second equality follows from Eq. (A.26). This verifies Eq. (A.19) for
k + 1, and completes the proof. O

Lemma A.1. Assume the conditions in Theorem 4.3. Let {®ro : k < K}, {®rp : k < K}, and {Pr,y : k < K}
defined as in Eq. (4.1), and let @y, po = Pr,p + Pi,0 for all k < K. Then,

1. (Idp — \I/p(I)}gpo)_l‘lla = (Idp — \I/p)_l\I/a.

2. (Idp — \I/p(I)K’po)_l(IdP + ‘IIPCI)K’Q) = (Idp — \I/p)_l.
Proof. Throughout this proof, denote IIj, = W, (¥, W3, U, )~ U, Wy for all k < K.

Part 1. It suffices to show that (Is, — Yp®s, po)Tap — \I/p)flllla = U, for k < K. We show this by induction.

The initial step follows from ®x po = I4,. We next show the inductive step, i.e., assume the result holds for £ < K —1

and show it also holds for k + 1. Consider the following derivation.

(Lip —Up®pi1,p0)Tap —Up) "Wy = (Lop —Vp +Up(ly, — ) (Tap — UpPr po))(Tap — Up) "W,
= U+ VUpIap —i)Tap — ¥pPr,ro)(Lap — \IIP)il\I’oc
= ‘I/cx + \I/P(Idp - Hk)‘I/a - ‘Iloz,

as required, where the first equality follows from Eq. (4.1) and some algebra, the second equality follows from the
inductive hypothesis, and the final equality follows from 11, ¥, = V¥,,.

Part 2. It suffices to show that (I, + Up®Pi,g)Tap, — Vp) = (Lip — YpPs,po) for £ < K. We show this by
induction. The initial step follows from ®q 4, = 04pxd, and ®o p = Ig,. We next show the inductive step, i.e.,

assume the result holds for k£ < K — 1 and show it also holds for k + 1. Consider the following derivation.

(Lip + VpPrit,g)(Tap — ¥p)

(Tap = ¥p) + Vp(lap — k) (P pPh,g + Lap)(Tap — Wp)
= (Tap —¥p)+Up(Lap — i)Xap — ¥pPs, ro)

= —Up(Iyp — )T pPs, po + Ly, — Upll,

= ILip — UpPryi1,po,

where the first and fourth equalities follows from Eq. (4.1), the second equality follows from the inductive hypothesis,
and the third equality follows from algebra. (I
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Lemma A.2. Under Assumptions A.4 and A.5,

Qpp Qpo Qpg Qpp Qpp Qpg
Qpg Qo0 Qg | —| Qrp Qpp Qpy
,Pg Q/05,7 Qgg /Pg /Pg Qgg

is PSD.

Proof. First, note that Assumption A.4 implies

Py — P* 0 Qo Q
N R S T N
g—4g Odg QOg Qgg
Second, note that Assumption A.5 implies that
Qoo Qog \ [ Qpp Qpy
QE)g Qgg IPg QQQ
is PSD, i.e, for any vp € R? and v, € R%,

vp Qo0 — 2pp)YP + 27P (Rog — Rpg)7g > 0. (A.27)

The remainder of this proof follows arguments similar to those used to show Hausman (1978, Lemma 2.1). Fix
r € R and A € R X9P arbitrarily. By Assumption A.4,

\/ﬁ( 13+rA(}50—*13)—P* ):ﬁ( (IdP—rA)(f’—P*)*-i-rA(I:’O—P*) > 4y < 04, )72 |

d—g d—g

and
< r2AQoo A’ + (Idp - TA)QPP(IdP — T'A,)

X = +r(Tap —1A)Qpo A’ + 1A (Tap — T A")
T(QOQ - QP!J),A, + Q/Pg Qgg
Assumption A.5 implies that
2AQ00 A’ + (T, — rA)Qpp(Ly, — A’
> Qpp Qpg _ < r 0[34 + (Atip T )/ prp(lap Z‘ )+ Aoy — Opy)
_ A r(Iap —1A)QpoA" +1rAQpo(Iap — rA") — Qpp
g 7(Qog — Qpg)' A’ 0ayxd,

is PSD, i.e., for any Ap € R%? and A\, € R%,

H(T) _ < )\IP(T'QAQO()AI + (Idp — T'A)QPP(IdP — T“Al) + T(Idp — TA)QP()A/ + T‘AQ;:.O(IdP — T'A/) — QPP))\P >0

+27‘>\/p(Qog — ng),A,)\g
(A.28)
Note that H(0) = 0, i.e., H(r) achieves a minimum at r = 0. Then, the first order condition for a minimization has

to be satisfied at r = 0, which implies
H/(O) = )\/p(onA/ + AQ/po — AQpp — QPPA/))\p + 2)\;(909 — ng)/A/)\p =0. (A29)
Since Eq. (A.29) has to hold for A\, = 04,, A=14,,and all \p € R% | we deduce that

2Qpp = Qpo + Qpo. (A.30)
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Plugging this information into Eq. (A.29) yields
H'(0) = Xp((Q2po — Qpo) A" + A(Qpo — Qro))Ap/2 + 205 (Qog — Qpg)' A’ Ay = 0. (A.31)

Since Eq. (A.31) has to hold for Ay = 04,, A = Qpo — Qpy and all Ap € R, we deduce that Qpy, = Qpo. If we
combine this with Eq. (A.30), we conclude that

Qpp = Qpo = Upg. (A.32)
Plugging this information into Eq. (A.31) yields
H'(0) = 2X\p(Qog — Qpg)' A’ Xy = 0. (A.33)
Since Eq. (A.33) has hold for A = I, and all A\p € R%? and )\, € R% we conclude that
Qog = Qpg. (A.34)

For any p = (Wp, ph, tty) with pp, pro € R4 and pgy € R%, consider the following argument.

Qpp Qpo Qpg Qpp Qprp Qpy
w Qo Qoo Qog — | Qprp Qpp Qpyg = 1t6(Q0oo — Qpp)po > 0,
/Pg Qé)g Qgg /Pg Q;’g Qgg

where the equality uses Eqs. (A.32) and (A.34), and the inequality uses Eq. (A.27) for yp = po and 4 = 0q,. Since

the choice of p was arbitrary, the desired result follows. O

A.3 Single-step estimation

By definition, single-step K-stage PI estimation is a special case of the two-step version in which the estimation of
g* is removed from the first step and is incorporated into the second step. To capture this within the notation of the

paper, this section uses a* to refer to 0" = (a*, g*) in the main text.

A.3.1 Estimation procedure

The estimation procedure for single-step estimation is as follows.
e Step 1: Estimate P* with preliminary or 0-step estimators of the CCPs denoted by b.

e Step 2: Estimate a® with dx, computed using the following algorithm. Initialize K = 1 and then:

(a) Compute:
& = argmax Q(a, Pi1),
[1ICP

where Qk : ©4 X Op — R is the k-th step sample objective function. If k = K, exit the algorithm. If
k < K, go to (b).

(b) Estimate P* with the k-step estimator of the CCPs, given by:

Pk = \I/(dk,pk_l).

Then, increase k by one unit and return to (a).

35



A.3.2 Assumptions

The assumptions for the single-step estimation are similar to the ones discussed in Section 2.3. In particular, As-

sumptions A.1 and A.6 remain the same, while Assumptions A.2-A.5 are modified as follows.

Assumption A.2’. (Identification) ¥(«, P*) = P* if and only if a = a”.

Assumption A.3’. (Regularity conditions) Assume the following conditions:
(i) a* belongs to the interior of O.
(ii) sup,ceo,, |¥(a, P) — ¥(a, P*)| = 0,(1), provided that P = P* + 0,(1).
(iii) infaco, Uiae(a, P) >0 for all (j,a,x) € J x A x X, provided that P = P* + 0,(1).

(v) ¥(a, P) is twice continuously differentiable in a neighborhood of (o, P*). We use Uy = 0U(a™, P*)/OX for
A € {a, P}.

(v) L, — ¥p € R¥PXIP and U, € R4 qre full rank matrices.

Assumption A.4’. (Baseline convergence) (]3,]3‘0) satisfies the following condition:
pP—P* 0 0 Q
AR ) 4 N dp 7 }/)P PO
Py—P 04, Qpo Qoo

Assumption A.5’. (Baseline convergence IT) For any M € R¥”P*%P (1, — M)ﬁ’ + M Py is not asymptotically

more efficient than P.

A.3.3 Results for K-ML estimation

Theorem 3.1 derives the asymptotic distribution of the two-step K-ML estimator. The analogue result for the

single-step K-ML estimator is as follows.

Theorem A.2 (Single-step K-ML). Fiz K > 1 arbitrarily. Assume Assumption A.1, A.2°, A.3’, and A.4’. Then,

Vn(éx-—mr —a™) < N(04, x1, Xx-mr(Fo)),

where
(Vo QppWa) UL Q5 X

i
Qpp Qpo (Iap — UpPk,p)
po Qoo —(¥pD,0) ’

XQppWa(VoQpp¥a) ™

- Ii, —Upd !
P = { S vty
- 0

and {Prp 1 k < K} and {®ro : k < K} are defined as follows. Set ®1,p = O0dpxdp, P10 = Lap and, for any
k< K—1,

Dpi1p = (Lip — Ua(VoQppUo) " ULO5)Updy p + U (Vo QnpTa) WL Q00,
Dprr0 = (Tap — Va(VaQppPa) ' WoQ55)Updy 0.

A.3.4 Results for K-MD estimation

Theorem 4.1 derives the asymptotic distribution of the two-step K-MD estimator. The analogue result for the

single-step K-MD estimator is as follows.
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Theorem A.3 (Sigle-step K-MD). Fiz K > 1 arbitrarily. Assume Assumption A.1, A.2°, A.8’, A.4’, and A.6.
Then,
Vi(ar-mp —a”) % N(Ouyx1, Sx-an(Po, {Wi - k < K})),

where

(UL Wk W,o) WL Wi x

Qpp  Qpo (Igp — UpPk,p)
b0 Qoo —(UpPky) 7

XWieU o (UL W W,)~"

z Is, —Vpd !
Yx-mp(Po, {Wi : k < K}) [ (Tap rPk.p)

—(Updk,o)

and {Pro: k < K} and {Pk,p : k < K} defined as follows. Set ®1.p = 0apxap, P10 =Lap and, for any k < K —1,

Ory1p = (Lap — q]a(qjgwkqla)71W;Wk)\PP®k,P + WQ(W;WkWa)71W;Wk7
(Lip — Vo (VLW W,) UL W)W p Py 0.

DPri1,0

Theorems 4.2 and 4.3 study optimality for the two-step K-MD estimator. The analogue result for the single-step

K-MD estimator is as follows.

Theorem A.4 (Single-step optimality with K = 1). Assume Assumptions A.1, A.2°, A.3’, A.4’, A.5’, and A.6. Let
&i_yp denote the 1-MD estimator with Py=P and Wy = Wi = [Tap —Vp)Qpp(lap — \Ilga)]fl. Then,

Vn(&i_yp — ) 4 N(0g4,x1,%7),
with
Y = (UL[(Lap — Up)Qpp(Tap — )] W0,) " (A.35)

Furthermore, $1_arp(Po, W1) — X* is positive semidefinite for all (Po, Wh), i.e., &y p is optimal among all 1-MD

estimators that satisfy our assumptions.

Theorem A.5 (Single-step invariance and optimality). Fiz K > 1 arbitrarily and assume Assumptions A.1, A.2’,
A8, Ay, A5, and A.6. In addition, assume that the sequence of weight matrices {Wy : k < K — 1} is such that

the matrix
K-1 b

Ak = Ly + K> [[¥rap = a(WoWi o Wa) WL Wi ) € RPXP (A.36)

b=1 c=1

is non-singular. Then, we have the following two results.

1. Invariance. Let & p denote the K-MD estimator with b = 15, weight matrices {Wy, : k < K — 1} for steps
1,...,K —1 (if K > 1), and the corresponding optimal weight matriz in step K. Then,

Vn(&x_up —a”) 4 N(0q,x1,%%),

where ¥ is as in Eq. (A.35).

2. Optimality. Let &x—mp denote the K-MD estimator with 150 and weight matrices {Wy, : k < K}. Then,

Vilax-mp —a”) % N(0u,x1, Sx—arp(Po, (Wi - k < K})).

Furthermore, ZK,MD(T:’O,{W;C 1k < K}) — XF is positive semidefinite, i.e., Gk _pp 1S optimal among all

K-MD estimators that satisfy our assumptions.
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