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Abstract

A statistical problem that arises in several ..elds is that of estimating the features of an
unknown distribution, which may be conditioned on covariates, using a sample of binomial
observations on whether draws from this distribution exceed threshold levels set by experimental
design. One application is destructive duration analysis, where the process is censored at an
observation test time. Another is referendum contingent valuation in resource economics, where
one is interested in features of the distribution of values placed by consumers on a public
good such as endangered species. Sample consumers are asked whether they would vote for a
referendum that would provide the good at a cost speci..ed by experimental design. This paper
provides estimators for moments and quantiles of the unknown distribution in this problem.
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1 Introduction

A statistical problem that arises in several ..elds is that of estimating the features of an unknown
distribution, which may be conditioned on covariates, using a sample of binomial observations on
whether draws from this distribution exceed threshold levels set by experimental design. Three
applications illustrate the problem:

Bioassay - Find the distribution of survival times until the onset of an abnormality in laboratory
animals exposed to an environmental hazard. The animals are sacri..ced at times determined by
experimental design, and tested for the abnormality. An observation consists of a vector of covariates,
a test time, and an indicator for the test result.

Destructive Testing - Find the distribution of speeds at which air bags fail to protect passengers
in automobile crashes. At speeds selected by experimental design, drive cars into a barrier and
determine whether a dummy occupant is injured. An observation consists of covariates, a test speed,
and an indicator for injury.

Survey research with Shadow Exrects - Find the distribution of a household economic variable
such as wealth. Subjects are asked if their economic variable exceeds a test value chosen by design.
An observation consists of covariates, a test value, an indicator for the response. Follow up queries
are shadowed by the framing exect of the ..rst bid. This shadowing ecect is common in unfolding
bracket survey questions on economic variables, and on stated willingness to pay (WTP) for economic
goods.’

Given a set of covariates, when the experimental design is randomized with a strictly positive
test value density and mild regularity conditions, we propose consistent estimators for conditional
(on covariates) moments of the unknown distribution. We also provide root n consistent estimators
for the case where the unknown distribution depends on covariates through a single index location
shift. In addition, we provide estimators of conditional quantiles of the unknown distribution.

2 Model Speci..cation

The goal is estimation of conditional moments or quantiles of a latent, unobserved random scalar W,
conditioned on a vector of observed covariates X. The conditional cumulative distribution function

1 McFadden (1994) provides references and experminatal evidence that responses to follow up test values can be
biased. There are additional issues of the impact of framing of questions on survey responses, particularly anchoring
to test values, including the initial test value; see Green et al. (1998) and Hurd et al. (1998). The data generation
process may then be a convolution of the target distribution and a distribution of psychometric errors. This paper
will ignore these issues and treat the data generation process as if it is the target distribution. The di¢cult problem
of deconvoluting a target distribution in the presence of psychometric errors is left for future research.



of W, denoted G(w j X), is unknown but assumed to be smooth.

A test value v is set by a randomized experimental design or natural experiment. The value v is a
realization of a random variable V; drawn from either a known or unknown conditional density h(v j x)
(we consider both cases). It is assumed that W is conditionally independent of V, conditioning on
X (consistent with experimental design).

De.ne Y to equal one in the event that W exceeds V, and zero otherwise, so Y = I(W > V)
where 1(¢) is the indicator function. The observed data consist of a random sample of realizations
of covariates X, test values V, and outcomes Y. The framework is similar to random censored
regressions (with censoring point v), except that for random censoring we would observe w for
observations having w > v, whereas in the present context we only observe y = I (w > v).

Given a function r(w;x), the goal is estimation of the conditional moment 1,(x) = E[r(W; X) ]
X = x] for any chosen x in the support of X. Of particular interest are the moments based on
r(wW;X) = Wk for integers k: In addition to moments we may also be interested in quantiles. Let
Wq(X) denote the g’th quantile of W given x:

If the conditional distribution of W given X = x is ..nitely parameterized, then those para-
meters can generally be ec€ciently estimated by maximum likelihood (corresponding to ordinary
binary choice model estimation, e.g., logit or probit models), thereby yielding e€¢cient estimates for
conditional moments ,(x) and quantiles w,(X) de..ned in terms of those parameters.

Assuming that the conditional distribution of W given X is not ..nitely parameterized, we propose
semiparametric and nonparametric estimators for these moments and quantiles. The semiparametric
estimators assume that the conditional mean of W is ..nitely parameterized. The nonparametric es-
timators only require smoothness assumptions, but suzer from the usual curse of dimensionality. e
provide limit normal distributions for these estimators. The semiparametric estimators all converge
at the rate that would be obtained if draws w were observed.

In the example of willingness-to-pay models, W; would be an individual i’s unknown willingness
to pay for a resource, V; would be a bid that was posed to the individual, and X; would be observable
characteristics of the individual (such as age, income level, geographic location, and political party
acliation). Objects of interest might include the average willingness-to-pay for the resource among
individuals in certain locations and income levels, or for voting models, the median willingness-to-pay
among subsets of likely voters.

The next section provides results that will form the basis for the proposed estimators. Later
sections provide limiting distributions.



3 Identi..cation
Make the following assumptions.

Assumption A.1. The covariate vector X has compact support X p RY. The latent scalar W
has an unknown, twice continuously dicerentiable conditional c.d.f. G(w j x); with a compact support
[®,(X);®;(X)]. The test variable V is continuously distributed with a known or unknown positive
probability density function h(v j X) having compact support [t,(X);£;(X)] such that +,(X) -
®(X) and £,(X) . ®(X): The variables W and V are conditionally independent, given X. Let
Z=0X;V;Y).

De..ne m(v; x) by
m(v;x) = E[Y ]V =v; X =X]
and let mit be the inverse of the function m with respect to its ..rst element (which exists on the

support of W given assumption A.1), so if t = m(v;x) then v = mil(tj x) for v 2 [®(X); ®:(X))].

Assumption A.2. The function r(w;x), chosen by the researcher, is regular, meaning that
it is continuous in (w;x) for all w and x on their supports, and for each x is twice continuously
dicerentiable in w. Let - be a known constant that is in the support of W. The moment % (x)
exists, where 1 (x) is de..ned by

1r(x) = E[r(W; X) j X = x]:

De..ne r’(w; x) = @r(w; x)=@w and s,(z) by

rv;ly i v <-)I.
h(vj x) '

ss(2)=r(-;x)+

For any regular function r, Theorem 1 below provides an expression for the conditional mean * (X).
Also provided is the g’th conditional quantile of W given x, denoted w,(X):

Theorem 1. Let Assumptions A.1 and A.2 hold. Then

(%)

We(x) = mitLiqjx)

Elsr(2) ] X =X]:



Proof of Theorem 1. First observe that, given the conditional independence of W and V;

m(v;x) = E[Y )V =v; X =x] =1 j G(vjx):

®1(x)

Next, by de..nition, .(X) = sg ¢

r(v;x)[@G(vjx)=@v]dv. Integration by parts yields

. @ (x ®1(x) .
1) = r(v;IGVIX) i 1(v . igto0 i o )r°(v;x)[G(va) i 1(v . -)ldv:
o(X
Therefore, collecting terms we ..nd that

®1(x)
r(-;x)+ s r'(v;x)[E(YjV =v;X =x) j 1(v < -)]dv
®o(x)

1 (X)

®1(x)
= s E[s5/2))V =v; X =x)h(v jx)dv
®o(x)

Els(2) ] X =X];

where the last equality uses the assumptions regarding the supports of W and V, and the law of
iterated expectation. The conditional quantile expression follows from G(vjx) =1 §j m(v; X).

Theorem 1 provides the basis for the nonparametric moment estimators described in the next
section, and for some semiparametric and quantile estimators. Essentially, based on Theorem 1,
1,.(x) may be estimated as the ..tted values of either a parametric or nonparametric regression of
sr(z) on x.

Corollary 1 below will be used to obtain faster converging moment and quantile estimators, based
on stronger assumptions.

Assumption A.3. The latent W satis..es W = g(X; 1o) i ", where g is a known function, | 2 £
is a vector of parameters, and " is a disturbance that is distributed independently of V;X; with
unknown, twice continuously dicerentiable c.d.f. G°("") and compact support [ay; a;] that contains
zero. De.ne U = g(X:lo) i V. Let A(U) denote the unconditional probability density function of
U. The support of U contains the interval [ag;a,].

De..ne s;(x; u;y) by

Plo( ) i Ui x]ly i 1(u> 0)].

Sp (X ury) = r[g(X; Ho); X] + A)



Corollary 1. Let Assumptions A.1, A.2, and A.3 hold. Then
A(u) = E[h@X;m) i U)jU =u]
G'(u) = E(YjU=u)
() = E[s/(x;U;Y)]
wo(x) = 9(X%;Ho) i GTT(L i Q)

Proof of Corollary 1. Having A(u) = E[h(g(X; o) i u)] follows from the de..nitions of U,
A, and h: Also from de..nitions, Y = I(" < U) which implies that G®(u) = E(Y j U = u). Next,
following the same steps as in Theorem 1 we have
ax
10 = srlgcHo) i uX][@G"(u)=guldu
0
ai
= 1906 Ho);x]+ 5 19 ko) i U XIG™(U) i 1(u > 0)]du
0

= SE[(U;Y)jU = ulA(u)du = E[sS0¢ U; Y)]
ao
Finally, the quantile expression follows from G(W j X =x) =1 j G [g(X; W) i WI.

The advantage of Corollary 1 over Theorem 1 for estimation is that in Corollary 1, 1,(x) and A(u)
are expressed as unconditional expectations and so can be estimated using ordinary sample averages
(given an estimate of p). Similarly, using Corollary 1 estimation of the quantiles w,(X) given y only
requires estimation of the one dimensional regression G°(u) = E(Y j U = u), instead of the high
dimensional m(v; x).

4 Estimators

V, Yjisarealization of Y , and X; is a realization of X. Theorem 1 and Corollary 1 suggest a number of
possible estimators for 1, (x): To describe these estimators, let 2 denote an estimated expectation. An
unconditional estimated expectation just denotes the sample average, while a conditional estimated
expectation denotes a nonparametric regression.

4.1 Nonparametric Estimators

Let Assumptions A.1 and A.2 hold.



If the experimental design, and hence the density function h; is known, then s,(z;) can be con-
structed for each observation i, and 1,.(x) may then be consistently estimating by nonparametrically
regressing s,(z) on x. This ..rst estimator is

B, (<) = Bls,(2) | X = x]

Note that &,,(Xx) depends on the design density h. One could replace h(v j x) with an estimate
R(v j x) (using, e.g., kernel density estimation) in the de..nition of s,(z). Call the result b,(z). An
estimator of 2 (x) that can be used when h is unknown is then &7 (x) = E[sr(z)j X =X].

An estimator that does not entail knowing or estimating the density h is the following. Recall that
m(v;x) = E[Y JV =v; X = Xx]: Let m(v;X) be a consistent estimator of m, that is, a nonparametric
regression of y on X; Vv, so

m(v;x) = B[YjV = v;X =x]

Let ap and a; be known or estimated constants such that a, - ®(x) and a; _ ®;(x). Then, based
on the proof of Theorem 1, a consistent estimator of 1.(x) is given by

B, () = 1(-:%) + 5 PRV X) § 1V < -)dv;
ag

where the integral may be evaluated numerically. We give some more details later about the con-
struction of the estimators.

4.2 Conditional Mean Estimation

This section considers estimation of the conditional mean of the unobserved W; when this conditional
mean is ..nitely parameterized. This structure permits estimation at rate root n, instead of the slow
convergence of the estimators described in the previous section.

For this section, continue to let Assumptions A.1 and A.2 hold, but assume also that E(W j X =
X) = 1(x; o) for all x 2 X, where 1(x; ,) is a known function and , 2 B is an unknown vector
of parameters. The function 1(x; ) equals *,(x) for r(w; x) = w. Whatever other moments may be
considered, it is likely that the conditional mean function T would be of interest as well.

Assume the identi..cation condition PrlE(W j X =x) & 1(X; )]>0forall & ,; 2B. It
follows from Theorem 1 that )

Y j1(V<0).

1(x; o) =E h(vY ] X) JX =x

This suggests the conditional mean estimator 1(x; b); where P is de..ned by
A !
1 XY i 1(Vi <0) i

?=arn mzigﬁ i—y  h(VijX) P G) b

7



where B(z) is a known or estimated positive weight function chosen for e®ciency. The estimator
b s an ordinary nonlinear weighted least squares, and so b and therefore also 1(x; b) IS root n
consistent and asymptotically normal with a standard limiting distribution, under standard regularity
conditions. No nonparametric plug in functions are required. This estimator might not be e¢cient,
since it violates the principle of ancillarity due to its dependence on the design density h:

If h is not known, one could replace h(V j X) with an estimate H(V j X) in the de..nition
of U. The resulting estimator would then take the form of an ordinary two step estimator with a
nonparametric ..rst step (the estimation of h) which, with regularity, will be root n consistent and
asymptotically normal. This estimator is equivalent to the estimator for general binary choice models
proposed by Lewbel (2000), though Lewbel provides other extensions, such as to estimation with
endogenous regressors.

4.3 Semiparametric Estimators

This section discusses rate root n estimation of arbitrary conditional moments based on Corollary
1. For these estimators we let Assumption A.3 hold, in addition to Assumptions A.1 and A.2. It
will be convenient to ..rst consider the case where o in Assumption 3 is known, implying that the
conditional mean of W is known up to an arbitrary location (since " is not required to have mean
zero). A special case of known g is when X is empty, i.e., estimation of unconditional moments of
W, since in that case we can without loss of generality take g to equal zero.

4.3.1 Estimation With Known p

Assume that o is known. Considering ..rst the case where the design density h is also known, for a
given u de..ne the sample average R(u) by
1 X
A(u) = n h[g(Xi; Mo) 1 ul:
i=1
Then, based on Corollary 1, we have the estimator
1 X Plg(x; Mo) i UisXI[Yi i 1(Ui > 0)]
B, (X) = r[g(X; to); X] + = - ’ ;
500 = rlgcme) g + 1 RU)
This estimator is computationally extremely simple, since it entails only sample averages. Special
cases of the estimator B, (x) were proposed by McFadden (1994) and by Lewbel (1997).

Let A(u) be an estimator of A(u) that does not depend on h. For example A(u) could be a (one

dimensional) kernel density estimator of the density of U, based on the data B; and evaluated at u.

We then have the estimator

_ o vor o L0 ) i Ui xI[Yi i 1(Ui > 0)]
Bar () = rlg(; Ho); X] + — . A(U)




which may be used when h is unknown.

Another approach to estimating *,.(X) uses ordered observations in place of a preliminary estimate
of A. Augment the observed (U;Y) pairs with the arti..cial observations (®;0) and (®;1). Recode
each observation (U;Y) having U < ®, as (®q;0) and each observation having U > ®; as (®;;1).
Then, index the observations so that the U’s, including the arti..cial ones, are in non-decreasing
order, and denote them by Uy - : - Unnsa. The probability of ties in the interior of the support
is zero. Let Y, denote the observed Y associated with U,,;: The proposed ordered data estimator is

then

i Un;iil

2

This estimator can be interpreted as being the same as ®,.(x), with the density A(u) estimated by

dicerencing the empirical distribution of U; although this function, 2n=(Un.i+1 i Un:i;1); IS not a

— . . X 0 . - . - Un;i+1
Bo (X) = rlg(; Mo); X1+ r[9(X; Ho) i Uni; XI[Yni i 1(Uni > 0)]

i=1

consistent estimator of A(U;): The estimator B, (x) has the advantages of just equalling a sample
average and of not requiring knowledge of h, however, it can be shown to be less eCcient than 8,,(x)
with an optimally estimated &(U;):

4.3.2 Estimation with Unknown

Assumptions A.1, A.2, and A.3 imply that E(W j X = x) = ® + g(X; ) for some arbitrary location
constant ® (since no location constraint is imposed upon ™). Therefore, based on the estimator of
1(x; ) described in section 4.2, we may obtain, a root n consistent, asymptotically normal estimate

f of u by the simple least squares criterion

2 XA 1,3
= 4 - i i i S
R =argmin“min— L ThMviXy ] ® i g(Xi;h)

An estimator R may be used in place of h if h is unknown.

Assumptions A.1, A.2, and A.3 make the latent error ' independent of X, and therefore the binary
choice estimator of Klein and Spady (1993) will provide a semiparametrically eCcient estimator of
1 (note that the Klein and Spady estimator does not identify a location constant ®, but that is not
required, since no location constraint is imposed upon ™). We will provide a numerically simpler
estimator that is asymptotically equivalent to Klein and Spady.

Let H denote the chosen root N consistent, asymptotically normal estimator for . Replacing Lo
with any p 2 £ we may rewrite the estimators of the previous section as 8 (x; ) for , = 3;4; or 5.
Note that in addition to directly appearing in the equations for ® , | also appears in the de..nition of
Ui = g(Xi; W) i Vi: We later derive the root N consistent, asymptotically normal limiting distribution
for each estimator ®  (X; R). The estimators are not dicerentiable in U;; which complicates the



derivation of their limiting distribution (e.g., Theorem 6.1 of Newey and McFadden (1994) is not
directly applicable due to this nondicerentiability).

5 Quantile Estimators

In addition to moments, one may also desire estimates of conditional quantiles of W . Let Assumptions
A.1 and A.2 hold and de..ne @(vj X) =1 j ®m(v;Xx): Then, based on Theorem 1, an estimate of the
g’th quantile of W given X = x is just

Wo(x) = Bi*(qj x)

The rate of convergence of this estimate will be slow, because of the high dimension of m.

If Assumption A.3 holds in addition to A.1 and A.2, then faster convergence is possible. Given
Corollary 1 we have U = g(X; o) i V, G®(u) = E(Y j U =u), and wy(X) = g(X; o) i G°*(1 i q).
Therefore, let B; = g(X;; ) i Vi and estimate the conditional quantile w,(x) by

&) = B jB=u)
w,(x) = gOR) i 8L )

where the function &° is obtained by nonparametrically regressing Y on B, and is then numerically
inverted to obtain @il This estimator W, (X) will converge at a faster rate than the nonparametric
quantile estimator Wwy(x): With su€cient regularity, w,(x) is asymptotically normal and converges
at the same rate as a one dimensional nonparametric regression estimator, i.e., the same as the best
rate that could be obtained if realizations of the latent w were observed.

6 Estimation Details and Distribution Theory

In this section we provide a bit more detail about the computation of the estimators ®; (x) and their
distribution theory.

6.1 Nonparametric Estimators

We ..rst consider a fairly general class of nonparametric estimators and then specialize to kernels.
Speci..cally, we consider a class of linear estimators of m; that is, let

X
@(V;X) = Wni(v; X)Y5; 1)

i=1

10



certain conditions as in Stone (1982). This includes a large class of commonly used estimation
schemes such as kernels, local polynomial, nearest neighbor, series, smoothing splines, etc., see
Hardle and Linton (1994) for further discussion. It does exclude local median or local quantile
estimators whether they be based on kernels or nearest neighbors; it also excludes the popular neural
networks class of estimators. Finally, this framework so far excludes methods that have selected the
smoothing parameter based on the data. However, it should be possible to extend the treatment to
a class of asymptotically linear smoothers, which includes almost any smoothing method that can
be asymptotically normal.

We shall suppose also that the smoothing weights in (1) satisfy exactly P?=1 Whi(v;X) = 1; this
is the case for many linear estimators. In this case, we can write

b-¢ X
v X) i MVX) = wai(vix)"i+ o Wai(vix)fm(Vi Xi) i m(vix)g; )
i=1 i=1
where the error term "; = Y; § m(V;; X;) is independent across i and satis..es E("ijVi; Xj) = 0;

de..ne also %2 = var(";jV;; X;): The ..rst term on the right hand side of (2) is conditional mean zero
and determines the limiting variance, while the second term determines the bias. Under additional
conditions, we can approximate the bias term P?=1Wni(v;x)fm(vi; Xi) i m(v;x)g by £, (v;x) for
some bounded and continuous function  (v; X) and deterministic sequence +, ¥ Oasn ¥ 1.:Wke can
also replace the weights wyi(v; X) in P?=1Wni (v;Xx)"; by some approximation w,;(v; X) that depends
only on (Xj;Vi). We arrive at the expansion

x
@(v;X) i mv;iX) = Wni(V;X)"i + 1, (Vi X) + Ra(V;X); (3)
i=1
where R, (v; X) is a remainder term that contains the various approximation errors described above.
We next state conditions under which m(v; X) is asymptotically normal.
Thearem 2. Suppose that: (i) 0 <%? - %2 - %2 < A; (ii) Ra(v;X)=minf®,;t,g TP 0; where
® =1= L, w3 (v;x) ¥P0; and (iii) max;.i-n w3 (v;X)= Pi”:l w2 (v;x) ¥P0: Then

m(v;@_i m(v;X) i tn (V;X) id! N (0: 1):
g g (v, X)%

This result is a standard application of the Lindeberg-Feller central limit theorem. The magnitude
of the bias term, £,; depends on the method used and on the smoothness of m (and perhaps also on
the smoothness of the covariate density). The magnitude of ®, depends on the estimation method
and on the covariate density in general. The optimal rate in the central limit theorem is achieved
when ®, and t, are the same magnitude.

11



By appropriately rede..ning y and m, Theorem 2 can be immediately applied to yield the limiting
distribution for 8, (X).
Now consider estimating ,.(x) using &,,.(x), which is equivalent to

B, (0 = 1(-) + 5 P0mV;X) § 1V < -)dv
®p(X)

where m(v; X) is de..ned in (1). This estimator is in the class of marginal integration/partial mean
estimators sometimes used for estimating additive nonparametric regression models, see Linton and
Nielsen (1995), Newey (1994), and Tjgstheim and Auestad (1994), except that the integrating mea-
sure _; where d_(v) = ir'(v;xX)1(®y(X) - v - ®.(x))dv; is not necessarily a probability measure,
l.e., it may not be positive or integrate to one. The distribution theory for the class of marginal
integration estimators has been worked out for speci..c smoothing methods like kernels or nearest
neighbors. We give a derivation at the higher level of generality given by the de..nition (1). Then,
®1(X)

Bor(X) i L(X) = o3 r(v;)[m(v; X) i m(v; x)ldv

X — —
= Wni(X)"i +tn (X) + Ry(X);
i=1
R - R_ —
where: Whi(X) =  Wnhi(v;x)d, (v); (X) = (v;x)d, (v); and Ry(X) = s Rn(v;x)d, (v): We next
state conditions under which &, (x) is asymptotically normal.

Theorem 3. Suppose that condition (i) from Theorem 2 is true, and that: (i) Rn(X)=minf®,;,g 1P

0; where ®, = 1=~ L, W2,(x) ¥P0; and (ii) max;.;.,W3,(x)= P{‘=1W$ﬂ(x) 1P 0. Then,

%(Q i 1) it (X)

=1 Wi ()%

i N(O; 1) 4)

Note that the magnitude of the bias, #,; is the same for ®,,(x) as for m(v; X): However, the mag-
nitude of the asymptotic variance of B,.(x), which is ®2; can be expected to be of smaller magnitude
than ®2 [i.e., the asymptotic variance of m(v; Xx)] by virtue of the integration. This specially amects
the veri..cation of condition 3(i) because we must make the remainder term in Theorem 3 of smaller
order than those in Theorem 2. In the next subsection we verify the conditions of Theorem 3 for a
kernel estimator that falls in the class de..ned by (1). The optimal rate will balance ®, with z:

6.1.1 \eri..cation of Conditions for Kernels

The Nadaraya-Watson kernel estimator has weights
3 - 3 -
k ViVi K xXiXi

Sy — 4 - & -
Wni(V;X) = P . —
n in=l k v.bv-I K x.bxI

12



R
in (1), where k is a kernel function and K(t) = Q;?'=1k(tj). De..ne 1,(k) = t?k(t)dt: Let r; r?

denote the ..rst and second derivative operators.
Theorem 4. Suppose that assumptions B1 and B2 in the appendix hold and that the bandwidth
sequence b = b(n) satis..es b ¥ 0 and nb%2=logn ¥ 1.: Then, (4) holds with *, = b?;

1
“(v;x) = —ng)tr(rzm(v; X) + rm(v; X) rs(v; x)); (5)
where s(v; X) = log fy.x (v; X); while
A 1 7 A L]
X ®1(x) Oy
nb? T WAL()%E i KKK w2k —UX e dv T T(X):
i=1 ®o(x) Tu.x (Vi X)

Thus ®,,(x) is asymptotically normal with mean 1,(x) + b? (x) and variance nilbidT(x):

6.2 Semiparametric Estimators
6.2.1 Estimation of

Consider briety the conditional mean estimator 1(Xi;J‘J) where
1

A 2
b= arg minFl] j:( i H'(j_(}/;:)o) i 1K) Bz,

If R(Vi j X;) is replaced with a known design density h(V; j X;) in the above, then the limiting
distribution is given by ordinary weighted nonlinear least squares. The root n limiting distribution
of b using an asymptotically trimmed kernel estimator of H(Vi J Xj) is given by Lewbel (2000) (for
the case where 2 is linear). If VV is independent of X; then R(V; j X;) can be replaced with
1 x My gy T
Avy=—""k —

=1

and the resulting estimator bis a special case of the general theory covered by Andrews (1994,
Theorem 1) and Newey and McFadden (1994, section 8).

6.2.2 Estimation of |

Consider ..rst the estimator f de..ned by

A 1,
LAY <0 Lt o) b@:

fi = argminmin= B ROV 1 X)

2E ® n

The results of the previous section can be immediately applied taking = (®; ) since 1(X; ) =
® § 9(X;p):

13



To obtain a semiparametrically e€cient estimator of y, we apply one-step estimation to Klein
and Spady (1993), starting from this initial root-n consistent fi. De..ne ji() = E[Y jg(X;p) +V =
g(Xi; p) +Vi] = G*[g(Xi; ) + Vi], and

3 -
Prl Y. k gXiW+Vii g(XW) i Vj
I?( ) = =1 15 b -
i Hn Kk gXisW+Vii g% i Vj
= b

j=1

for every |: Let
X

Yiln[§i@l+ (L i Yo In[L i Ri(w]:
=1

Sl

O) =

The semiparametrically e¢cient Klein and Spady estimator is i = arg SUP,2£ (E(u), which satis...es
the ..rst order conditions Qo(ﬁ) = 0. Given the well known problems with computing the Klein and
Spady estimator we instead propose the one-step estimator

R=§i [F@)1"'TE); (6)
where . XA y Liy 1
0 - = i - 1 Ti 0
@ ni_ 5@ "1 i @ ?I(ﬁ)
and 1 XA il il '
F(E) = = ! ! HOLHGOE

N P N ()
and in which ¥2(1) = @9:(1)=@p. The initial condition f is any root-N consistent estimator of . Two-
step estimation in semiparametric models have been examined in some detail in the monograph Bickel,
Klaassen, Ritov and Wellner (1993) and the references therein. Under some regularity conditions, it
can be shown that H has the same asymptotic distribution as p:

6.2.3 Estimation of T with estimated

Here we state the asymptotic properties of the conditional moment estimators based on Corollary 1.

De..ne . . lg
B, (6 R) = rlg(x; H);x]+1 PlgecR) i B XY i 10 > 0)]

ni—; R(8:)
X 0 . - K o= .
BS,0G R) = r[g(x;!?);x]+%__ "lo0ol) i B'A)((g\;' 11(5,>0)
where 8; = g(Xi;H) iViand
| x 1 x "o e
A ==""hg0G: i b1 ¢ ARGy ="k ==L
=1 j=1

14



We shall suppose that
1 X
pﬁ(B i Ho) =H=  M(Zisko) + 0p(1)

i=1
for some function m that is mean zero and has ..nite variance. The estimators ®,,.(x) and ®,,(x) are
the special cases of B3.(X; H) and B} (Xx; H) in which p is known, and so correspond to the case of m
being identically zero.
Foreachp2 £ and x 2 X let

rlo0 ) i Ui(w); XY i 1(Ui(w) > 0)]

fo@il) = AU
0 . LA . )
fl(Z“u) — I’[g(X, u)1x]+ r[g(X1IJ) 1 UI(IJ)A)((L[Y)I 1 l(UI(“) => 0)]
A |
ir = @E[fl(zi;l-l)] ;
@“ H=Ho

where U;(1) = g(Xi; W) i Vi: The quantities fy; f; and jr depend on x but we have suppressed this

notationally. Note also that Ef,(Z;; o) = *,(X): Finally, let
" #

@g @g
% = —(Xi; i B —(X; :
@U( Ho) i @U( Ho)
Theorem 5. Suppose that Assumptions C1-C3 in the Appendix hold. Then,as n ¥ 1,

_ X
PRBS 06 § 2 0cul = B 7+ 0,(0); ™

ji=1
where “; = "5 + "5 + 735, with:
"1 = Tu(Zji o) 1 EFu(Z;; o)
. A ) INCHR "
2 = IF i E To(Zii ko) AUy ! M(Z;j ;o)
h[g(Xj; 1) i Uil i A(Uy).
A(U) i

This implies that pﬁ[bgr(x; R) i 1, (x;Ho)] is asymptotically normal with mean zero and variance
§- =var(";) by the Lindeberg-Feller central limit theorem: The three terms “;;; " ,;; and “5; are all
mean zero and have ..nite variance. They are generally mutually correlated. When |1, is known, the
term “,; =0 and this term is missing from the asymptotic expansion.

The result can be extended to a functional central limit theorem in x because the o,(1) term in
(7) is uniform in x 2 X and the stochastic process ~;(x) is tight in x due to the smoothness properties

of r:

"5 = iE fo(Zipo)

15



We next give the distribution theory for the semiparametric estimator &;, (X; H): Let
a #

°?=§—L?O(Xa;uo) i E g—&(xa;uo)jua ;

where A, (Ui) = E[@9(Xi; Ho)=0HjU;]:
Theorem 6. Suppose that assumptions B1,B2 and C1-C4 in the Appendix hold. Then

P-.. 1 X,
nBLOGR) i 2001 =P= T +op(D);
i=1
where “§ = "1; +75; +75;; with "I; =7 4;; while
A " AN(U) 141
5= ir i1 E To(Ziio) TU;)O? i AL(UD) m(Z;; to)
ca r'lg(x; o) i Uj; X
98 A(Y;)

This implies that pﬁ[bir(x; R) i 1,(x;Wo)] is asymptotically normal with mean zero and variance

(Y i E[Y;iUiD):

8" = var("}): The three terms “3;;”5;; and “3; are all mean zero and have ..nite variance. They
are generally correlated. When |, is known, the term "5, = 0 and this term is missing from the
asymptotic expansion.

Remarks

1. Standard errors can be constructed by substituting population quantities by estimated ones.
That is, let 8 =ni!? P}‘:l bjz; where b; = b,; + b,; + by; and for example

_ PlotaB i 8 i 18> 0] L 1 X Plg0aB) i 8DV i 18> 0)],
. R() i R(5y)

To construct b,; we replace E[fo(Z;; uO)(AO(U-):A(U-))°i] in ", by

b

1
1 X [g(x; B i G xvi i 19 > 0)]ﬂ(19) @9
n,_, R(B,) R()) @u( "B)' N @M(XJ’B)

For the quantity jr we must use numerical derivatives, i.e.,

b = 1 X f(z; H++ek).f°(z B)
n,_, t

where ey is the elementary vector in direction k and = is a small number, while

Plo0cR) i Ui; XY i LU > 0).
Rui(®y)

R(Zi; B) = rlg(x; R); ] +

16



For the conditional expectation in “5; we should use a kernel regression smoother on the estimated
guantities.

2. Regarding eCciency, it is not possible to provide a ranking of the two estimators &3 (X; B)
and B} (X; R) uniformly throughout the ‘parameter space’. However, one step in that direction might
be to use a semiparametrically eCcient estimator of yy: It may be possible to develop an e¢ciency
bound for estimation of the function *.(:) by following the calculations of Bickel, Klaassen, Ritov
and Wellner (1993, Chapter 5). Since there are no additional restrictions on 1; the plug-in estimator
with eCcient Hshould be eCcient.

6.2.4 Quantile estimators

The distribution theory is trivial. The estimator Wwy(X) = Bil(q j x) has the distribution theory for
standard conditional quantile estimators. The distribution theory for w,(X) = g(X; B) i &°il(1 i q)
is the same as the distribution theory for w,(x) = g(X; Ho) i €"1*(1 § q); where

G°(u) =B(Y jU =u);

which is again basically a standard one-dimensional conditional quantile estimator. This is because
R converges at rate root-n, so the estimation error in f is asymptotically irrelevant given the slower
convergence rate of quantiles.

7 Conclusions

We have provided some estimators of conditional moments and quantiles of the latent W: We hawve
for convenience assumed throughout that the support of V (which must contain the support of W) is
bounded. Most of the results in this paper should extend to the in..nite support case, although some
of the estimators may then require asymptotic trimming to deal with issues arising from division by
a density estimate when the true density is not bounded away from zero.

The precision of these estimators depends in part on the density h. When designing experiments
one may wish to choose h to maximize e@ciency based on the variance estimators.

8 Appendix

8.1 Regularity Conditions

We ..rst state some regularity conditions that are needed for the nonparametric estimation of h:

17



Assumption B.1. k is a symmetric probability density with bounded support, and is Lipschitz

continuous on its support, i.e.,
jk(®) 1 k(s)j - citi sj
for some constant c.

Assumption B.2. The variables (V;X) are continuously distributed with Lebesgue density
Tv.x (v; X) that satis...es infe,(x) - v - @, (x) Fv:x (v; X) > 0: Furthermore, m and fy.x are twice continuously
dicerentiable for allv with ®(x) - v - ®;(X). The set [®(X);®;(X)] £ fxg is strictly contained in
the support of (V; X):

We also need some conditions on the estimator and on the regression functions and densities.

Assumption C.1. Suppose that

pﬁ(p i Ho) = ﬁlﬁ Xm(ziiUO) +0p(1)

i=1

for some function m such that E[m(Z;; 1io)] = 0 and — = E[M(Z;; lo)M(Zi; o)'] < A.:
Assumption C.2. The function g is twice continuously dicerentiable in p and

o o

sup g@(x; s - dy(x) ;  sup 9 . u)g - dy(x)
KU i HoK - tn @|J Ky i Hok - tn @u@“

o
o

with Ed;(X;) < A1 and Ed,(X;) < A.:

Assumption C.3. The density function h is continuous and is strictly positive on its support
and is twice continuously dicerentiable.

Assumption C.4. The kernel k is twice continuously dicerentiable on its support, and therefore
sup, jk™(t)j < A: The bandwidth b satis.esb ¥ 0and nb® ¥ 1:

8.2 Distribution Theory for Nonparametric Estimators

Proof of Theorem 4. Under Assumptions B1 and B2 the expansion (3) holds with +, = b? and
~(v;X) is as stated in (5), the weights

1 1 Hy i Vi‘IT My i Xiﬂ
i(v:x) = K K :
Wi (V; X) fV;X (V; X) nbd+1 b b '
while the remainder term satis...es
Ap___1
; N IOIog n 2.
sup IRn(v;x)j = Op grrEy + 0,(b%):
®0(X) - V- ®1(X) n

See for example Masry (1996a, 1996b).
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. e . : P—
Provided nb®2=logn ¥ 1 ;condition (i) of Theorem 3 is satis..ed because ®, = Op(1= nb9) as
we now show. We have

My i x0T Pvix) -

_W i) i i—lK
TR pp b fux (Vi; X))~
: " #
_o L M e g 1 M vt v
"N b eo00 Fuix (V; X) b b Y (Viix)
z " # Z
S 1 MxaXxTee Py Peex) 1 M vt c
= — —— S i -K ——— dv: for large n
nbd b mepy Fux (Vi) § Fux (Vi x) D b g
= 0(b?)

by a change of variables and dominated convergence argument that is in wide use in nonparametrics
(see, e.g., Newey and McFadden 1994 section 8). It works in this case because the set [®y(X); ®,(X)]
is contained in the support of V and the conditions on K etc. Therefore, the asymptotic variance of
B, (X)is .

’ w2 oow - L X i X P

i1 n2p2d . _, b Tux (Vi; X)

as follows from Markov’s inequality. Therefore, ®, = Op(lzpm) as required. In fact, P{;lwfﬁ(x)%iz
satis..es a law of large numbers and is approximately

%2 = Op(nitbid);

2 A 1 3
1 1 M pvex) 2
—E4—K? 214 b %2(Vi; X;)5
nbd — bdx b T (Vi) )
Z A 0/¢,. !2
1 r'(v; x)
- kKkZ 372 . f ) . .
e 4 (V; X) —fv;x V%) v:x (V; X)dv;

where %?(V;; X;) = %2?; by a change of variables and dominated convergence. Furthermore, condition
(i1) of Theorem 3 is satis..ed by the arguments used in Gozalo and Linton (1999, Lemma CLT).

8.3 Distribution Theory for Semiparametric Quantities

Let E; denote expectation conditional on Z;:
Proof of Theorem 5. Recall that

© o B = rlace By + £ SPGB i Bixii i 1(8: > 0)].
B5,0cB = rigCai + TCM ,

where B; =g(X;;R) i Vi and
X
Ry =2 7 higex;: B § 0

N,
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By a geometric series expansion we can write

X X ~
.00 = 1 R@D T B@imRG) § AU

i=1 n i=1
X ~
i (B0 § R@ilRG) § AU

i=1

L1 Xrgea) i 8ixDYi i 18 > 0)]

n._, A2(U)R(B,) R i AU)F;
where 0 N | _
Foziip) = O UK“%X(]L[JY; i LUW >0)]
Leading Terms. We make use of Lemmas 1 and 2 gl;iven below. Lemma 1 implies that

1

i=1 i=1

Furthermore, by Lemma 2

1 X i > -
T R@AG) i AU i+ LZiZ)E
i=1 ) j=1 )
X - i > -
= i £ max AG) 1 AU) i = L@z
i=1 j=1
= 0,(ni*?);

where L(Z;; Zj) = »;(Ui) + i(Zi)M(Z;;1o); and

»;(u) = h[g(Xj; ko) i ul i E(h[g(X;;Ho) i u)
A " #1

120 = KUy %ﬁ(xi;m i E %ﬁ(xi;uo)

Then
1 XX XX
Py f,(Zi )L (Zi; Z;) = n(Zi; Zj)
i=1j=1 i=1j=1
1 X .
= = 1(Z)+0,(n"?);
N,
where

) i
1(Z;) = E[f2(Zi; o) i (ZD)]IM(Zj; o) + E - 2(Zi; to)»; (Ui)iZ; I

20

X 1 X
P [F1(Zi;B) i EFu(Zisno)] = P= Fiem(Z;; o) + [F1(Zis ko) 1 ET1(Zi; Ho)lg + 0p(1):

(8)



by standard U-statistic theory. We have
h i
E f2(Zi;wo)i(UiZ; = E[f(Zi;mo)h[9(Xj; ko) i UiliZ;] i E [f2(Zi; Ho)A(Ui)]

#
h[g(Xj; o) i Uil.
AUy 4

E (fi(Zi;uo) i r[9(X; Ho); X])
i E[(f1(Zi; M) i r[9(X;Ho); X

Plg0cw i U § 10U > 01 hg(Xs ko) § Uil § AU .-

- F AU) A(Ui) 12
U, @ " #H1#
EILEI@)] = E LEioAUGel Do ie g(xi;uo)
g0 i UiV i 10> 01 AU,
- AU AU

so that the leading terms are as stated.
Remainders. By the Cauchy-Schwarz inequality

% i) § Tzl AG) i AU N

A oA 12
%i([fz(zi; B i f2(Zi; wo)P? Fl])i([ﬂ(@l) i AP

= Op(ni?)

from another application of Lemmas 1 and 2:
We have assumed that inf,oy A(u) > 0; which implies that

min AG) = igf AW + 0p(n*)

is bounded away from zero with probability tending to one. Therefore,

—1 X g ) i Bi XY i 1(8; > 0)]

iy A2(B)R(B,) [RB;) § AWB)=

sup,ou[R(U) i AP+ Op(nit?) 1 X

inf o0 AZWARU) + Oy(nit2) N If9CGR) § G xlj¢GYij + 1)
u p i=1

= Op(nit):
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In conclusion,
P- a . - 1 . — 1 X’ .
N3 cR) i % 0cm)l = B= 7+ op(L);
i=1
as required. The asymptotic distribution of pﬁ[Bgr(x; R) i 1 (X; Ho)] follows from the central limit
theorem for independent random variables.
[

Proof of Theorem 6. By a geometric series expansion we can write

8,00l = 2R S i AG) § AU

n i=1 i=1

X ~

i 7@ § B £AG) § AU
i=1

LI X GB) § 8ixIYi i 18 > 0)]
N iz T CHLICD)

[RW) i AU

L, P
Leading Terms. We make use of Lemma 3 given below. The termni! " ™, f,(Z;; B) has already
been analyzed above. By Lemma 3 we have with probability tending to one
- 2 3 A '

1 X - X - X
‘% £2(Zi; o) 4R B) i AU i 1 L*(Zi; Z;)>- pre % 152(Zi; 1o)jd (X5)
-1 j=1 i=1

_i_ n

= 0,(nihi?) ()

for some function d(;) and random variables L°(Z;; Z;) = bitk((U; i Uj)=b) i AU+ “(Zi)tm(Z;; Yo);

where
#H

o X @ @ _ .
i°(Z) =AU @_31(Xi;llo) i E @_So(xi;UO)JUi i A(U)A,(U)):
Under our bandwidth conditions, the right hand side of (9) is 0,(n#%?): Furthermore,
1 X 13X XX
= f2(Zi; Uo)ﬁ L"(Zi; Z;) = n(Zis Zj)
i=1 j=1 i=1j=1

where

. 1 1 My juT
nZi:Z3) = 5@ Tk ==

Note that E;"(Zi; Z;) = 0 but E; " ,(Zi; Z;) & 0: We write

i AU + i°(Z) ¢ mZii o)

1 XK. KX
Tha = a A(Z;)+ 'W(Zi; Z;),
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where

A(ZJ) = nZEj 'n(Zi;Zj)

'"(Zi;Z) = ".(ZiZ) i §T.(Zi Z),

so that !,(Z;; Z;) is a degenerate kernel satisfying E; ! ,(Zi; Z;) = E;j 'n(Zi; Z;) = 0: We next compute
A, (Z;); using integration by parts, a change of variable, and dominated convergence we have

A(Z;) = (F2(Zj; 1) T E[F2(Zj; H0)iUi D) A(Uj) + E [F2(Zi; 1o) i °(Zi)]¢ M(Zj; o) + Op (b):

Finally,

0 : i Y,
r[g(x,AuEL)Ji; Ui; X] Yi i E[VijUi])
A

(F2(Zi; o) 1 E[f2(Zi; Ho)jUil) AUy) =
Vi

g0k i U, RUY o 50001
AU [Yi i J(Ui>0)] £ IR i ALU)

E[f.(Zi;10)i “(Z)] = E
Remainder Terms. First,

X oz
2 MR@a B § REIAG) | AUF
A1l_>‘l< ey e
o R@ i ol o RO) i AU)P
i=1 i=1
= 0,(ni*3):

Second

13X PlgOa) § B XY i 108 > 0)]

V¢ AUNE
N iy R2(U)AR(B)) A®:) i AUT-

supuzu[A) § AWPA+0p(D))1 X
infuzy A%(U)B(u) + 0p(l) N

irTo0G R) & B xjeGYij+1)

= op(n**):

8.4 Subsidiary Results

De..ne .
Fa() == T(Ziih)



for some function f; and let F(u) = EF, (1) and jr = OF (Uo)=@:
Lemma 1. Assume:
(i) For some vector m
1 X
pﬁ(B 1 Ho) =P M(Ziiho) +05(1)

i=1
where E[M(Z;; 1o)] =0 and — = E[m(Zi; po)m(Zi; po)] < 1
(if) There exists a ..nite matrix jg of full (column) rank such that

KFEQ) i ie(kidok _ .
ki jHok® 0 k|J i |Jok .

(iii) For every sequence of positive numbers f+,g such that +, ¥ 0;

o

sp “CRFa() § FOO] § T RFao) § F ()l = 0p(L):

Kl i Hok -£n
Then
PRI i F @)= NO;V);

where

V. = varlirm(Zi; Wo) + F(Zi; Uo)]

= ir—ie +var[f(Zi; o)l + 2ir EM(Zi; to) F(Zi; o):

See below for a discussion on the veri..cation of (iii).
Proof: Since  is root-n consistent, there exists a sequence +, ¥ 0 such that

Pri-n( § Bo)ij > ] ¥ O

asn T 1:We can therefore suppose that jjpﬁ(B i Ho)jj - tn with probability tending to one. We
have

PRF® i FGo)l = TRFE® i Fao)l+ CRF.® i F @)

= i PR i to) + PRFa(o) i F Mol + okl RER § Ho)K)
+PREEE § FO  Fal) § F(io)lg

= e O i Ho) + TNlFa(ko) § F (o)] + 0p(D[by (ii) and (iii)]

X
Fiem(Zi; wo) + [F(Zi; Ho) i EF(ZiiHo)lg + 0p(D);

i=1

3? =
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and the result now follows from standard CLT arguments.
Lemma 2. Asn ¥t 1

: - X :
max A®) § AU i = L(ZiZy) = 0,(nt*); (10)
j=1
where L(Zi; Z;) = »;(Ui) + i (Zi)m(Z;; 1) and
»j(u) = h[g(XjA: Mo) 1 ul i EC(P[gCX;5 ko) 1 ;]')
@)= AU 0%k 1 E S2Xiik)

Proof. We have for any u;

X
higCXi; ) i ul i E(hg0Xj; ko) i u])

=1

Ru) i Au) =

Sl

X
hlg(Xj; Ho) i U]l i EC(h[9CXj;Ho) i u)

j=1

Sl

X
7 W04 o) u]g—ﬂ(xj;uo)(ﬁ i o) + Ra(U);

j=1
where

Ra(W) = 5r MI00GiE) & ulCh i o) g2

i=1

1 X _ -
+o- WO i ulR i uo)°m(><j:u)(ﬂ i Ho);

=1

(Xj; u) (>< WE i o)

where | are intermediate values between  and . With probability tending to one for a sequence
t, ¥ 0 we have by the Cauchy Schwarz inequality

. . N L1 X . .
jRa(U)j - JJHiquJZZ— sup  jh"[g(X;; W) i ulj sup JJ—(X,u)JJ
nj=1kpink-tn Ky ipok - +n @

+jjf i p jjzix sup jR’[9CX; W) Tuli  sup Eﬂ(x-'u)g
e 2N =1 ki ok - #n DA SR
O 1
- ..2 - 00 - 1 X - 0 - 1 X
iR i Hoj ¢@sgp1h (t)J% d1(Xj) +Slngh (t)”% d2 (Xj)A (11)

i=1 =1

= Op(nit):

Since the right hand side of (11) does not depend on u; this order is uniform in u: Furthermore
because h' is bounded and continuous, by a standard uniform law of large numbers

he
sup =~ Hlg(i o) 1 UlD0Gia) § B NTG0K;ik0) 1 U2 (Xsike) - = 0,02

u2U j=1
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where U is the support of U; = g(Xi; lo) i Vi: Therefore,

- X 1 X - i
sup-R(W) i AW i = @ i I i k)= 0p(n*); (12)
u j:]_
where »;(U) = h[g(Xj;Ho) i U] i E(h[g(Xj;Ho) i u]) are i.i.d. with mean zero and ..nite variance,
and " #

J(u) =E N'[g(Xj; ko) 1 U] (>< Ho)

Because pﬁ(ﬂ i Ho) = Op(1)the supremum over u 2 U is the same as a maximum over B;:
Furthermore, by a second order Taylor series expansion

1 X

X
SO = F U U i o)
j=1 j=1 j=1

+J(U)@ i Ho) +0p(n**?)

= "
= % »j(Ui)+E J(U) ( j1p'0) (B p'O)

i=t

+J(UD@ i o) "'Op(n'l_z)i

where 0
»-
au (W= ihT90K; ko) i ul+ E (Mg (X3 ko) i UD;
and the error term is bounded in the same way as above using the continuous second derivatives of
h; g: That is, max; .. j3() i J(U;)j = O,(1) and

-@%; -
_sup 1mi<'i_>g—@§(ui(u))— - d(Z)
JJHi o)) - %n

with Ed(Zi) < 1. Note that

# " #
J(U;) +E; —L(U> (i) = E h[g(x uo).U] (>< )
#
+E; Fih'[g(X;; o) i Uil + Ei ([g(Xj; Mo) i Ua])gg—ﬁ(xj;uo)
A@ 1
= E (Wg(X;ito) i UDE @—ﬁ(x-;u@ ;
so that
A " #1
LR _1X 0 . . @g ) . i 1=2y.
RO T AG) =1 »i(U)+ ElNGO<G o) i UITEE 5 10GiHo) ¢ (| i Ho) +0,(n*): (13)
j=1

26



Finally,

< ~ @ f1=

AW 1 AU) = i Ei (090K o) i Ui])¢@_ﬁ(xi;|-10) ¢ (R i Ho) + 0p(ni172): (14)
These results are uniform under some additional conditions. Combining (13) and (14) we obtain the

result (10).

Lemma 3. We have with probability tending to one

. - 11X -k
RO iAW) i o L(ZiZ): - 5K
j=1
for some function d; where
1 MUyt

L'(Zi;Z;) = Bk i AU) + i°(Zi) ¢ m(Z;; Ho)

b

Hit
°(2) = U) ¢ (x W) i E gfo(xi;uo)jui i AUDALU):

Proof. Making a second order Taylor series expansion we have ﬁ«(@i) i A(Ui) = Tni + Rni; Where
#

I ULSTAR
T =AU 1 AU) + K S SOGH0 1 5204k (i)
Lo Ausiuete @ * K @ K
WS e KT _g(xi;Uo)i—g(XjJUo) R o) i 1) S10G ) g 051 40)
nb3 ,_; b . Ou
X l‘1U iU

1
+— K
nb?;_, b

(B o)’ 0(.u). @o(x 1) R po);

@U@U

where p° are intermediate values between i and po; and U? = U;(i°): We have with probability
tending to one

Oo o o 1
. i . L . o@ o? o2
jRuij - b*supjk™(u)j¢ iR i UOJJZ¢@Z_g(Xi;UO)g = @ (X o) A
u J =1

L1 X My, U'”
A il i poff?t — T K T (e (X)) + (X))

=1

by the Cauchy-Schwarz inequality: By the uniform convergence results of Masry (1996a,1996b):

: 11_
1 X— U i Uj
=T SiEiT - o
1mia.)§1_nbj_l b o(1)
1 X2 My T _ _
max — K T “d(Xj) = Op(1);
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so that for suitable constants and dominating functions
ok ks
JRniJ - @(d3(xi) + k) + H)(dl(xi) +Ky4)

with probability tending to one. This gives the result. Furthermore, if the functions d; are bounded
this translates into a uniform result

max jRnij = Op(n**b*°):

Provided nb® ¥ 1 ; this term is 0,(n*"%). With additional smoothness conditions on k this condition

can be substantially weakened.
Furthermore, by Masry (1996a, 1996b)

- T - M T .- S
-1 U.iU- Ui i U; Iogn
— k° Uil g L il ju; -
In e b V5 b O
1% M To Ll : =
-1 Ui i U; g _ "1 UiiU- . ) 3_ ogn
M, K Ty g 1B K T AdUiLo=0
Also, . )
-1 Myiue o e
B Gk == AUV i AUDAUIT

= - ok . A (WA)du j [A,(UDAUNT-
Z [V -

= - %k U'b' = Ay (AU § [A,(UDAU)T
Z -

- k() (A, (Ui + D)AU; + )] § [A,(UDAU)]) dt-

= 0,(0%)

by integration by parts, change of variables and dominated convergence using the symmetry of k.
This order is uniform in i by virtue of the boundedness and continuity of the relevant functions.

Therefore,
. 1 X _ N
m_aX JTni i— Ln(zi; ZJ )J = Op(n|l—2):
1-i-n n j=1
Finally, we have
X S_I
E Qr— .= \i — 2 ogn
max j - L*(Zi;Z))i = Opt* + =)

=1

by standard results for kernel estimates.
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8.4.1 Stochastic Equicontinuity Results

We now show that condition (iii) of Lemma 1 is satis..ed. Let £,(c) = fu: pﬁ :p i uoz - ¢g: Since
pﬁ(H i 0 = Op(1); for all 2 > 0 there exists a c. and an integer ng such that for all n
Prll 2 £,(c2)] . 1 j 2 De..ne the stochastic process

No;

-

1 X
°n(W) =Pz T(Zow i Ef(Zi] H2E
where
rlgGaw i Ui@;xIlYi i Vi) > 0)]
A(Ui)

f(Zi;p) = rlg0 ) x] +

and de..ne the pseudo-metric

3 -~

W) = E [F(Zisw) i FEZoWO)F

on £: Under this metric, the parameter space £ is totally bounded. We are only interested in the
behaviour of this process as p varies in the small set £,: By writing p = p° + °ni*??; we shall make
a reparameterization to ©,(°); where ° 2 j(c) %2 RP: We establish the following result:

SuPJ®a(°) i ©n(0)] = 0s(1) (15)

To prove (15) it is su€cient to show a pointwise law of large numbers, e.g., ©(°) i ©n(0) = 0,(1)
for any ° 2 j; and stochastic equicontinuity of the process ©, at © = 0. The pointwise result is
immediate because the random variables are sums of i.i.d. random variables with ..nite absolute
moment and zero mean; the probability limit of ©,(°) is the same for all © 2 j by the smoothness
of the expected value in °. To complete the proof of (15) we shall use the following lemma, proved
below, which states that ©,, is stochastically equicontinuous in u. The diCculty in establishing the
required equicontinuity arises solely because the function g inside U is nonlinear in y:

Lemma SE. Under the above assumptions, the process ©,(°) is stochastically equicontinuous,

i.e., for all 2> 0 and ~ > 0; there exists + > 0 such that
" #

Iimsup Pr sup jon(tl) i On(tz)j > <z
ntl h(tytr)<t

Proof of Lemma SE. By a second order Taylor series expansion of g(Z;: ) around g(Z;; 1°):

X KK 2
@(Za;u°)°k+é g9

Ziy)°,° 16
ket O nk:“:l@uk@ur( W7 (18)

. 1
9(Zi; 1° +°nit?) = g(Z;; %) + P
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for some intermediate points y: De..ne the linear approximation to g(Z;;p° + °ni'2);

T(Zi;°) = 9(Zi; 1°) +

Zi °©
kl@k( 1%)°,

for any °: By assumption C2, for all k;r; Supu2£j@2g(zi;U):@uk@urjz - d(Z;) with Ed(Z) < 1.
Therefore, for all + > 0 there exists an " > 0 such that

' - # " Z #
1 _ X
Pr = max su i - n Pr su i
ﬁﬁ ikor uzfg1 @Uk@ilr( U) kir ﬁ_MZEE @Uk@“r( il)
P
kr E[A(Zi)]
||2
-k

by the Bonferroni and Chebychev inequalities Therefore, With_probability tending to one

max_lxx 0% (Z )°°: g—
1-i- n_nk 1r= 1@Uk@p-r s ﬁ

for some % < 1.: De..ne the stochastic process
1 X _ L . - - i
°n(%H) =P F(Ziw+ °nitZynit?) § EF(Zi; o + °nti %ni )
i=1

on°2jand¥%2 3 =[0;%]; where

f(Zi; o + °n T2, %n i)

g% o + °nit2) j Ui(uo + °nit™?);X]
AU

= rlg(%Ho + °nt?);x] + Vi i 1(T(zi;°ni1=2)+1el>/“ﬁ > 0)]

It su¢ces to show that ©,,(°; %) is stochastically equicontinuous in °;%; and the deterministic cen-
tering term is of smaller order. The latter argument is a standard Taylor expansion. The argument
for ©,,(°; %) is very similar to that contained in Sherman (1993) because we basically have a linear
index structure in this part. One can apply Lemma 2.12 in Pakes and Pollard (1989).
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