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UHFHQW UHVXOWV RQ EHOLHI/
NQRZOHGJH DQG WKH HSLVWHPLF
IRXQGDWLRQV RI JDPH WKHRU\

Slhusdror Edwwljdool/
Hxurshdq Xqlyhuvlw| Lqvwlwxwh/

Ilhvroh +Ioruhqfh, 83349/ Lwdo|

dqg

Sulqfhwrq Xqlyhuvlw|/

Sulqfhwrq/ QM 3;87704354/ XVD

h0pdlo= edwwljdoClxh1lw

Jldfrpr Erqdqqr
Xqlyhuvlw| ri Fdoliruqld/

Gdylv/ FD <89490;8:;/ XVD

h0pdlo= jierqdqqrCxfgdylv1hgx

Mxqh 4<<;> uhylvhg= Qryhpehu 4<<;

Devwudfw

Zh surylgh d vhoi0frqwdlqhg/ vhohfwlyh ryhuylhz ri wkh olwhudwxuh rq wkh
uroh ri nqrzohgjh dqg eholhiv lq jdph wkhru|1 Zh irfxv rq uhfhqw uhvxowv rq
wkh hslvwhplf irxqgdwlrqv ri vroxwlrq frqfhswv/ lqfoxglqj fruuhodwhg htxlole0
ulxp/ udwlrqdol}delolw| lq g|qdplf jdphv/ iruzdug dqg edfnzdug lqgxfwlrq1

41 Lqwurgxfwlrq4

Wkh remhfwlyh ri wklv sdshu lv wr surylgh d vhohfwlyh ryhuylhz ri wkh uhodwlyho|
uhfhqw olwhudwxuh rq wkh uroh ri eholhiv lq jdph wkhru|/ zlwk sduwlfxodu irfxv rq
wkh irxqgdwlrqv ri vroxwlrq frqfhswv1 Lq rughu wr pdnh wkh sdshu vhoi0frqwdlqhg
dqg dffhvvleoh wr wkh jhqhudo uhdghu/ zh ehjlq lq Vhfwlrq 5 zlwk dq ryhuylhz ri
wkh �vwdwh vsdfh� uhsuhvhqwdwlrq ri eholhiv dqg nqrzohgjh/ zklfk kdv lwv urrwv

4Suhsduhg iru wkh zrunvkrs rq Lqwhudfwlyh Hslvwhprorj| lq G|qdplf Jdphv dqg Jdphv ri

Lqfrpsohwh Lqirupdwlrq/ Yhqlfh/ Mxqh 54055/ 4<<;1



lq prgdo orjlf +fi1 Fkhoodv/ 4<;7, dqg lv d jhqhudol}dwlrq ri wkh �lqirupdwlrq
sduwlwlrq� dssurdfk frpprqo| xvhg lq lqirupdwlrq hfrqrplfv dqg jdph wkhru|1
Vhfwlrqv 6 dqg 7 duh ghyrwhg wr wkh vwxg| ri zkdw dvvxpswlrqv rq wkh eholhiv
dqg uhdvrqlqj ri wkh sod|huv duh lpsolflw lq ydulrxv vroxwlrq frqfhswv1 Vhfwlrq
6 irfxvhv rq vwudwhjlf0irup jdphv/ zkloh Vhfwlrq 7 lv ghyrwhg wr h{whqvlyh0irup
jdphv1 D frpsohphqwdu| dqg lq0ghswk glvfxvvlrq ri pdq| ri wkh lvvxhv fryhuhg
lq wklv sdshu fdq eh irxqg lq Ghnho dqg Jxo +4<<:,1

51 Wkh Vhpdqwlf Uhsuhvhqwdwlrq ri Nqrzohgjh dqg Eholhi

5141 Uhsuhvhqwlqj wkh eholhiv ri d vlqjoh lqglylgxdo

Wr uhsuhvhqw wkh eholhiv ri dq lqglylgxdo zh vwduw zlwk d vhw ri vwdwhv/ ru srvvleoh
zruogv/ l1 Hdfk vwdwh vkrxog eh wkrxjkw ri dv d frpsohwh ghvfulswlrq ri wkh zruog1
Wkh vxevhwv ri l duh fdoohg hyhqwv dqg wkh vhw ri doo hyhqwv lv ghqrwhg e| 2l1 D
srvvlelolw| fruuhvsrqghqfh � G l $ 2l dvvrfldwhv zlwk hyhu| vwdwh / 5 l wkh vhw
ri vwdwhv � E/� wkdw wkh lqglylgxdo frqvlghuv srvvleoh dw /1 Wkh sdlu I ' klc � l
lv fdoohg d eholhi iudph15

Iurp wkh srvvlelolw| fruuhvsrqghqfh � d eholhi rshudwru � G 2l $ 2l lv re0
wdlqhg dv iroorzv= ;. � l/ �. ' i/ 5 l G � E/� � .j1 �. fdq eh lqwhusuhwhg
dv wkh hyhqw wkdw +l1h1 wkh vhw ri vwdwhv dw zklfk, lqglylgxdo � eholhyhv wkdw hyhqw
. kdv rffxuuhg1

Uhpdun 41 Lw lv hdvlo| yhul�hg wkdw wkh eholhi rshudwru � vdwlv�hv wkh iroorzlqj
surshuwlhv=
Qhfhvvlw|= �l ' l

Frqmxqfwlrq= �

#W
�Ma

.�

$
'

W
�Ma

�.� zkhuh a lv dq| lqgh{ vhw

Prqrwrqlflw|= li . � 8 wkhq �. � �8 1

5Wkhvh vwuxfwxuhv duh nqrzq lq wkh prgdo orjlf dqg sklorvrsk| olwhudwxuh dv Nulsnh iudphv1
Lq wklv olwhudwxuh lqvwhdg ri d srvvlelolw| fruuhvsrqghqfh S =  $ 5 lw lv pruh frpprq wr
srvwxodwh dq dffhvvlelolw| uhodwlrq U rq 1 Iru �> � 5 / �U� uhdgv �vwdwh � lv dffhvvleoh iurp
vwdwh �=� Wkh wzr qrwlrqv duh htxlydohqw1 Jlyhq dq dffhvvlelolw| uhodwlrq U/ wkh fruuhvsrqglqj
srvvlelolw| fruuhvsrqghqfh lv gh�qhg e|= ;� 5 / S +�, @ i$ 5  = �U$j1 Frqyhuvho|/ jlyhq
d srvvlelolw| fruuhvsrqghqfh S / wkh dvvrfldwhg dffhvvlelolw| uhodwlrq U lv rewdlqhg dv iroorzv=
;�> � 5 / �U� li dqg rqo| li � 5 S +�,1
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Dq rshudwru � G 2l $ 2l wkdw vdwlv�hv Qhfhvvlw|/ Frqmxqfwlrq dqg Prqrwrqlf0
lw| lv fdoohg qrupdo1 Wkxv wkh rshudwru wkdw lv rewdlqhg iurp d srvvlelolw| fru0
uhvsrqghqfh lv dozd|v qrupdo1 Lqvwhdg ri wdnlqj d srvvlelolw| fruuhvsrqghqfh dv
sulplwlyh/ rqh frxog vwduw zlwk d qrupdo eholhi rshudwru � G 2l $ 2l dqg rewdlq
iurp lw d srvvlelolw| fruuhvsrqghqfh dv iroorzv=

;k 5 lc � Ek� ' i/ 5 l G k 5 =�=i/jj

+iru hyhu| hyhqw . � l/ =. ghqrwhv lwv frpsohphqw lq l,1 Wkh wzr dssurdfkhv
duh htxlydohqw/ lq wkh vhqvh wkh wzr pdsslqjv duh rqh wkh lqyhuvh ri wkh rwkhu16

Eholhiv shuwdlq wr sursrvlwlrqv1 Hyhqwv +wkdw lv/ vxevhwv ri l, vkrxog eh wkrxjkw
ri dv uhsuhvhqwlqj sursrvlwlrqv1 Lq rughu wr hvwdeolvk wkh lqwhusuhwdwlrq ri hyhqwv
dv sursrvlwlrqv zh qhhg wr lqwurgxfh wkh qrwlrq ri d prgho edvhg rq d iudph1

Zh ehjlq zlwk d odqjxdjh zlwk d prgdo rshudwru �1 Wkh lqwhqghg lqwhusuh0
wdwlrq ri �� lv �wkh lqglylgxdo eholhyhv wkdw ��1 Wkh doskdehw ri wkh odqjxdjh
frqvlvwv ri= +4, d �qlwh ru frxqwdeoh vhw � ri vhqwhqfh ohwwhuv +uhsuhvhqwlqj dwrplf
sursrvlwlrqv/ vxfk dv �wkh hduwk lv  dw�,/ +5, wkh frqqhfwlyhv = +iru �qrw�,/ b +iru
�ru�,/ dqg �/ +6, wkh eudfnhw v|perov + dqg ,1 Wkh vhw x ri irupxodh lv rewdlqhg
iurp wkh vhqwhqfh ohwwhuv e| forvlqj zlwk uhvshfw wr qhjdwlrq/ glvmxqfwlrq dqg wkh
rshudwru �17 Dv lv fxvwrpdu|/ zh vkdoo riwhq rplw wkh rxwhuprvw eudfnhwv ^h1j1 zh
vkdoo zulwh �b� lqvwhdg ri +�b�,` dqg xvh wkh iroorzlqj +phwdolqjxlvwlf, deeuhyl0
dwlrqv= �a� iru =+=� b =�, +wkh v|pero a vwdqgv iru �dqg�,/ � $ � iru E=��b�
+wkh v|pero $ vwdqgv iru �li 111 wkhq 111�, dqg � ' � iru E� $ �� a E� $ ��
+wkh v|pero ' vwdqgv iru �li dqg rqo| li�,1

Jlyhq d iudph I rqh rewdlqv d prgho P edvhg rq lw e| dgglqj d ixqfwlrq
s G � $ 2l wkdw dvvrfldwhv zlwk hyhu| vhqwhqfh ohwwhu Z wkh vhw ri vwdwhv dw zklfk
Z lv wuxh1 Iru hyhu| irupxod � 5 x/ wkh wuxwk vhw ri � lq P/ ghqrwhg e| n�n}/ lv
gh�qhg uhfxuvlyho| dv iroorzv=

+4, Li � ' EZ� zkhuh Z lv d vhqwhqfh ohwwhu/ wkhq n�n} ' sEZ�/
+5, n=�n} @ =n�n} +zlwk voljkw dexvh ri qrwdwlrq/ wkh v|pero c=* lv dovr

xvhg wr ghqrwh frpsohphqw= =. ' lq.,

6Ohw S = $ 5 eh d srvvlelolw| fruuhvsrqghqfh/ E = 5 $ 5 wkh dvvrfldwhg eholhi rshudwru
+;H � / EH @ i$ 5  = S +$, � Hj, dqg S 3 = $ 5 wkh srvvlelolw| fruuhvsrqghqfh rewdlqhg
iurp E +;� 5 / S 3+�, @ i$ 5  = � 5 =E=i$jj,1 Wkhq S 3 @ S 1 Frqyhuvho|/ ohw E eh d qrupdo
eholhi rshudwru/ S wkh srvvlelolw| fruuhvsrqghqfh rewdlqhg iurp E dqg E3 wkh eholhi rshudwru
rewdlqhg iurp S 1 Wkhq E @ E31

7Wkxv � lv rewdlqhg uhfxuvlyho| dv iroorzv= +l, iru hyhu| vhqwhqfh ohwwhu � 5 �/ +�, 5 �/ +ll,
li !> # 5 � wkhq +=!, 5 �/ +! b #, 5 � dqg +�!, 5 �=

6



+6, n� b �n} ' n�n} ^ n�n} c

+7, n��n} '
q
/ 5 l G � E/� � n�n}

r
1

Li / 5 n�n} zh vd| wkdw � lv wuxh dw vwdwh / lq prgho P1 Wkxv dffruglqj wr
+7,/ dw vwdwh k wkh lqglylgxdo eholhyhv � li dqg rqo| li � lv wuxh dw hyhu| vwdwh wkdw
wkh lqglylgxdo frqvlghuv srvvleoh dw k/ wkdw lv/ li � lv wuxh dw hyhu| / 5 � Ek�1 Li
. lv wkh wuxwk vhw ri vrph irupxod � +wkdw lv/ . ' n�n}, dqg � G 2l $ 2l lv
wkh eholhi rshudwru/ wkhq �. lv wkh wuxwk vhw ri wkh irupxod �� / wkdw lv/ �. '
n��n}1 Khqfh wkh lqwhusuhwdwlrq ri �. dv wkh hyhqw wkdw wkh lqglylgxdo eholhyhv
. +ru/ pruh suhflvho|/ wkh sursrvlwlrq uhsuhvhqwhg e| hyhqw .,1 D irupxod � lv
ydolg lq prgho P li dqg rqo| li lw lv wuxh dw hyhu| vwdwh/ wkdw lv/ li dqg rqo| li
n�n} ' l1

Surshuwlhv ri wkh srvvlelolw| fruuhvsrqghqfh fruuhvsrqg wr surshuwlhv ri eholhiv/
dv h{sodlqhg lq wkh iroorzlqj uhpdun1

Uhpdun 51 Il{ d eholhi iudph I 1 Wkhq +fi1 Fkhoodv/ 4<;7/ s1 497,=
41 Qrq0hpsw| ydoxhgqhvv +ru vhuldolw|, ri wkh srvvlelolw| fruuhvsrqghqfh � fruuh0
vsrqgv wr frqvlvwhqf| ri eholhiv/ wkdw lv/ wkh iroorzlqj duh htxlydohqw=
+l, ;/ 5 lc � E/� 9' >c
+ll, ;. � lc �. � =�=.c
+lll, iru hyhu| prgho P edvhg rq I dqg iru hyhu| irupxod �/ wkh irupxod �� $
=�=� lv ydolg lq P / wkdw lv/ n�� $ =�=�n} ' l +li wkh lqglylgxdo eholhyhv
� wkhq vkh grhv qrw eholhyh lwv qhjdwlrq,1
51 Wudqvlwlylw| ri wkh srvvlelolw| fruuhvsrqghqfh � fruuhvsrqgv wr srvlwlyh lqwur0
vshfwlrq ri eholhiv/ wkdw lv/ wkh iroorzlqj duh htxlydohqw=
+l, ;kc q 5 l/ li q 5 � Ek� wkhq � Eq� � � Ek�/
+ll, ;. � lc �. � ��./
+lll, iru hyhu| prgho P edvhg rq I dqg iru hyhu| irupxod �/ wkh irupxod �� $
��� lv ydolg lqP +li wkh lqglylgxdo eholhyhv � wkhq vkh eholhyhv wkdw vkh eholhyhv
�,1
61 Hxfolghdqqhvv ri wkh srvvlelolw| fruuhvsrqghqfh � fruuhvsrqgv wr qhjdwlyh lq0
wurvshfwlrq ri eholhiv/ wkdw lv/ wkh iroorzlqj duh htxlydohqw=
+l, ;kc q 5 l/ li q 5 � Ek� wkhq � Ek� � � Eq�/
+ll, ;. � l/ =�. � �=�./
+lll, iru hyhu| prgho P edvhg rq I dqg iru hyhu| irupxod �/ wkh irupxod =�� $
�=�� lv ydolg lq P +li wkh lqglylgxdo grhv qrw eholhyh �/ wkhq vkh eholhyhv wkdw
vkh grhv qrw eholhyh �,1

Wkh deryh wkuhh surshuwlhv duh xvxdoo| wdnhq dv dq h{suhvvlrq ri wkh qrwlrq
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ri udwlrqdo eholhi1 D iudph I ' klc � l/ zkhuh wkh srvvlelolw| fruuhvsrqghqfh �
vdwlv�hv vhuldolw|/ wudqvlwlylw| dqg hxfolghdqqhvv lv fdoohg d NG78 iudph1 Iurp
qrz rq zh vkdoo uhvwulfw dwwhqwlrq wr NG78 iudphv1

Uhpdun 61 +judsklfdo uhsuhvhqwdwlrq,1 Zh zloo pdnh xvh ri wkh iroorzlqj
judsklfdo uhsuhvhqwdwlrq ri iudphv +dqg prghov,1 Vwdwhv duh uhsuhvhqwhg e| srlqwv
dqg iru hyhu| wzr vwdwhv k dqg q/ q 5 � Ek� li dqg rqo| li hlwkhu +l, k dqg q
duh hqforvhg lq wkh vdph fhoo +ghqrwhg e| d urxqghg uhfwdqjoh,/ ru +ll, wkhuh lv
dq duurz iurp k wr wkh fhoo frqwdlqlqj q/ ru +lll, wkhuh lv dq duurz iurp wkh fhoo
frqwdlqlqj k wr wkh fhoo frqwdlqlqj q1

Iru h{dpsoh/ frqvlghu wkh iroorzlqj yhu| vlpsoh iudph= l ' i@c qj/ � Ek� '
� Eq� ' iqj1 Ohw P eh wkh iroorzlqj prgho edvhg rq wklv iudph= wkhuh lv d vlqjoh
vhqwhqfh ohwwhu Z/ uhsuhvhqwlqj wkh sursrvlwlrq �wkh hduwk lv  dw�/ zklfk lv wuxh
dw q dqg idovh dw k1 Wklv prgho lv vkrzq lq Iljxuh 4 dffruglqj wr wkh frqyhqwlrq
hvwdeolvkhg lq Uhpdun 61

D

7KH�HDUWK�LV

127�IODW

7KH�HDUWK

LV�IODW

E

S�S

)LJXUH���
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Vwdwh k lq wklv prgho uhsuhvhqwv d vlwxdwlrq zkhuh/ dv d pdwwhu ri idfw/ wkh
hduwk lv qrw  dw exw wkh lqglylgxdo lqfruuhfwo| eholhyhv wkh hduwk wr eh  dw1 Wkh
srvvlelolw| ri lqfruuhfw eholhiv lv wdnhq wr eh wkh glvwlqjxlvklqj ihdwxuh ehwzhhq
nqrzohgjh dqg eholhiv= rqo| wuxh idfwv fdq eh nqrzq1

Uhpdun 71 Il{ d iudph I dqg d vwdwh k 5 l1 Wkhq +fi1 Fkhoodv/ 4<;7/ s1 497,
uh h{lylw| ri wkh srvvlelolw| fruuhvsrqghqfh � dw k fruuhvsrqgv wr fruuhfwqhvv ri
eholhiv dw k/ wkdw lv/ wkh iroorzlqj duh htxlydohqw=8

+l, k 5 � Ek�/
+ll, ;. � l/ li k 5 �. wkhq k 5 . +htxlydohqwo|/ k 5 =�. ^ .,
+lll, iru hyhu| prgho P edvhg rq I dqg iru hyhu| irupxod �/ wkh irupxod �� $
� lv wuxh dw k/ wkdw lv/ k 5 n�� $ �n} +li/ dw k/ wkh lqglylgxdo eholhyhv � wkhq/
dw k/ � lv lqghhg wuxh,1

Li wkh srvvlelolw| fruuhvsrqghqfh lv uh h{lyh dw hyhu| vwdwh/ wkhq ;. � l/
�. � .1 Wklv lv fdoohg wkh Wuxwk D{lrp1 Zkhq wkh Wuxwk D{lrp lv lpsrvhg/
rqh qrupdoo| vshdnv ri nqrzohgjh udwkhu wkdq eholhi dqg wkh fruuhvsrqglqj iudph
lv fdoohg dq V8 iudph dqg lv fkdudfwhul}hg e| wkh idfw wkdw wkh srvvlelolw| fruuh0
vsrqghqfh jlyhv ulvh wr d sduwlwlrq ri l1

Uhpdun 81 Lq d NG78 iudph lw lv srvvleoh iru dq lqglylgxdo wr eholhyh vrphwklqj
zklfk lv idovh +fi1 Iljxuh 4,1 Krzhyhu/ wkh lqglylgxdo dozd|v eholhyhv wr kdyh
fruuhfw eholhiv1 Wklv lv d frqvhtxhqfh ri vhfrqgdu| uh h{lylw|= d srvvlelolw| fruuh0
vsrqghqfh lv vhfrqgdu| uh h{lyh li/ ;kc q 5 l/ li q 5 � Ek� wkhq q 5 � Eq�1 Lw
fdq eh vkrzq wkdw wkh iroorzlqj duh htxlydohqw1
+l, Wkh srvvlelolw| fruuhvsrqghqfh lv vhfrqgdu| uh h{lyh
+ll, ;. � l/ �E=�. ^.� ' l/
+lll, Iru hyhu| prghoP dqg iru hyhu| irupxod �/ wkh irupxod �E�� $ �� lv ydolg
lq P +wkh lqglylgxdo eholhyhv wkdw li vkh eholhyhv � wkhq � lv wuxh,1

Vhfrqgdu| uh h{lylw| lv lpsolhg e| hxfolghdqqhvv1 Wkxv lq d NG78 iudph wkh
lqglylgxdo dozd|v eholhyhv wr eh fruuhfw lq khu eholhiv1

8Wkh uhdghu pd| kdyh qrwlfhg d gl�huhqfh ehwzhhq wkh zruglqj ri Uhpdun 5 dqg wkdw ri
Uhpdun 71 Lq Uhpdun 5 wkh surshuwlhv ri wkh srvvlelolw| fruuhvsrqghqfh +vhuldolw|/ wudqvlwlylw|
dqg hxfolghdqqhvv, zhuh dvvxphg wr krog joredoo|/ wkdw lv/ dw hyhu| vwdwh1 Khuh zh doorz iru
wkh srvvlelolw| wkdw uh h{lylw| pd| krog dw vrph vwdwhv exw qrw rwkhuv/ wkdw lv/ wkh surshuw| lv
wuhdwhg dv d orfdo surshuw|1 D joredo surshuw| lv rqh wkdw h{suhvvhv wkh orjlf ri udwlrqdo eholhi1
D orfdo surshuw|/ rq wkh rwkhu kdqg/ lv rqh wkdw lv qrw uhtxluhg e| wkh qrwlrq ri udwlrqdo eholhi1
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5151 Eholhiv edvhg rq lqirupdwlrq

Lw lv riwhq wkh fdvh wkdw lqglylgxdov irup wkhlu eholhiv rq wkh edvlv ri lqirupd0
wlrq wkh| uhfhlyh1 Qhzv wkdw wkh Ghsduwphqw ri Mxvwlfh lv frqwhpsodwlqj wdnlqj
dfwlrq djdlqvw Plfurvriw frqyh|v lqirupdwlrq derxw Plfurvriw*v delolw| wr uhohdvh
Zlqgrzv <; rq wkh gdwh ruljlqdoo| dqqrxqfhg1 Wklv lqirupdwlrq pljkw ohdg vrph
lqyhvwruv wr eholhyh wkdw wkh uhohdvh ri Zlqgrzv <; zloo eh ghod|hg dqg wkdw wkh
sulfh ri Plfurvriw vkduhv zloo gurs1 Rwkhuv pljkw irup wkh frqwudu| eholhi wkdw
Plfurvriw zloo qrw eh ghwhuuhg e| wkh wkuhdw ri ohjdo dfwlrq dqg wkdw Zlqgrzv
<; zloo eh uhohdvhg rq wlph/ zlwk qr h�hfw rq wkh sulfh ri vkduhv1 Lq rughu wr
glvwlqjxlvk ehwzhhq lqirupdwlrq dqg eholhiv/ zh frqvlghu d fodvv ri vwuxfwxuhv wkdw
uhsuhvhqw wkh sdudgljp lq wkh hfrqrplfv ri lqirupdwlrq olwhudwxuh19 Ohw l eh d
vhw ri vwdwhv1 Wkh lqglylgxdo kdv d sduwlwlrq ri wkh vhw l/ uhsuhvhqwlqj khu lq0
irupdwlrq ru nqrzohgjh1 Zh uhsuhvhqw wklv sduwlwlrq e| phdqv ri dq lqirupdwlrq
fruuhvsrqghqfh N G l $ 2l wkdw vdwlv�hv wkh iroorzlqj surshuwlhv= uh h{lylw|
E;/ 5 lc / 5 NE/��/ wudqvlwlylw| +;kc q 5 l/ li q 5 NEk� wkhq NEq� � NEk��
dqg hxfolghdqqhvv +;kc q 5 l/ li q 5 NEk� wkhq NEk� � NEq�,1: Iru hyhu| vwdwh
/ 5 l/ NE/� lv wkh vhw ri vwdwhv wkdw/ dffruglqj wr khu lqirupdwlrq/ wkh lqglylg0
xdo fdqqrw uxoh rxw dw /1 Wkh lqglylgxdo*v eholhiv duh uhsuhvhqwhg/ dv ehiruh/ e|
phdqv ri d eholhi fruuhvsrqghqfh E G l $ 2l wkdw vdwlv�hv vhuldolw|/ wudqvlwlylw|
dqg hxfolghdqqhvv1 Ixuwkhupruh/ eholhiv duh edvhg rq lqirupdwlrq dqg ghshqg
rqo| rq lw/ lq wkh iroorzlqj vhqvh= ;kc q 5 l

+U4, EEk� � NEk�
+U5, li q 5 NEk� wkhq EEq� ' EEk�1

Zkhqhyhu l lv d qrq0hpsw| vhw/ N = l $ 2l lv uh h{lyh/ wudqvlwlyh dqg hxfolg0
hdq/ E G l $ 2l lv vhuldo/ wudqvlwlyh dqg hxfolghdq dqg wrjhwkhu wkh| vdwlvi| +U4,
dqg +U5,/ zh fdoo wkh vwuxfwxuh klcNcEl d NE0iudph +cNE* vwdqgv iru cNqrzohgjh
dqg Eholhi*,1; Iurp wkh lqirupdwlrq fruuhvsrqghqfh N rqh rewdlqv d nqrzohgjh

9Vhh/ iru h{dpsoh/ Jhdqdnrsorv +4<<7/ ss1 478908;,1 Iru wkh lpsruwdqfh ri wkh lqwhudfwlrq
ehwzhhq nqrzohgjh dqg eholhi lq jdph wkhru| vhh Ghnho dqg Jxo +4<<:,1

:Wudqvlwlylw| lv lpsolhg e| wkh frqmxqfwlrq ri uh h{lylw| dqg hxfolghdqqhvv +vhh Fkhoodv/ 4<;7/
s1 ;8,1 Krzhyhu/ wkurxjkrxw wkh sdshu zh vkdoo doorz iru vrph uhgxqgdqflhv zkhq wkh| dgg
fodulw| wr wkh h{srvlwlrq ru pdnh wklqjv orrn pruh idploldu lq wkh oljkw ri wkh h{lvwlqj olwhudwxuh1

;Lq wkh hfrqrplfv ri lqirupdwlrq olwhudwxuh eholhiv duh xvxdoo| uhsuhvhqwhg e| d froohfwlrq ri
suredelolw| phdvxuhv/ rqh iru hdfk fhoo ri wkh lqirupdwlrq sduwlwlrq1 Lq wklv fdvh rqh fdq lqwhusuhw
E+$, dv wkh vxssruw ri wkh suredelolw| phdvxuh ryhu wkh fhoo ri wkh sduwlwlrq wkdw frqwdlqv vwdwh
$1 Lw lv hdv| wr yhuli| wkdw/ zlwk wklv lqwhusuhwdwlrq/ wkh eholhi fruuhvsrqghqfh E lqghhg vdwlv�hv
vhuldolw|/ wudqvlwlylw| dqg hxfolghdqqhvv/ dv zhoo dv +U4, dqg +U5,1 Vhh dovr Kdoshuq +4<<4,1
Suredelolvwlf eholhiv duh lqwurgxfhg lq Vhfwlrq 6141
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rshudwru g G 2l $ 2l e| vhwwlqj/ ;. � l/ g. ' i/ 5 l G NE/� � .j� Wkh
eholhi rshudwru � G 2l $ 2l lv gh�qhg vlploduo| +fi1 Vhfwlrq 514,1

Uhpdun 91 +U4, fruuhvsrqgv wr wkh uhtxluhphqw wkdw wkh lqglylgxdo dozd|v eh0
olhyh zkdw vkh nqrzv1 Wkdw lv/ wkh iroorzlqj duh htxlydohqw1
+l, ;/ 5 l/ EE/� � NE/�/
+ll, ;. � lc g. � �.1
Vlploduo|/ +U5, fruuhvsrqgv wr wkh uhtxluhphqw wkdw wkh lqglylgxdo nqrz khu rzq
eholhiv1 Wkdw lv/ wkh iroorzlqj duh htxlydohqw=
+l, ;kc q 5 l/ li q 5 NEk� wkhq EEq� ' EEk�/
+ll, ;. � l/ �. � g�.�<

Qrwh wkdw lq d NE iudph lw lv vwloo wkh fdvh wkdw wkh lqglylgxdo pljkw kdyh
lqfruuhfw eholhiv +dowkrxjk vkh lv dozd|v fruuhfw lq zkdw vkh nqrzv,1 Ixuwkhupruh
+fi1 Uhpdun 8, vkh dozd|v eholhyhv khu eholhiv wr eh fruuhfw1 Krzhyhu/ lw lv
qrw qhfhvvdulo| wkh fdvh wkdw vkh nqrzv wkdw khu eholhiv duh fruuhfw1 Frqvlghu wkh
iroorzlqj h{whqvlrq ri wkh h{dpsoh ri Iljxuh 4= l ' ikc qjc EEk� ' EEq� ' iqjc
NEk� ' NEq� ' ikc qj� Wklv lv vkrzq lq Iljxuh 5/ zkhuh wkh +wulyldo, sduwlwlrq
jhqhudwhg e| N lv ghqrwhg e| d wklfn uhfwdqjoh1

<Dv uhpdunhg ehiruh/ eholhi dqg nqrzohgjh shuwdlq wr sursrvlwlrqv dqg hyhqwv vkrxog eh
wkrxjkw ri dv uhsuhvhqwlqj sursrvlwlrqv1 Lq rughu wr hvwdeolvk wkh lqwhusuhwdwlrq ri hyhqwv dv
sursrvlwlrqv zh qhhg wr lqwurgxfh d odqjxdjh zlwk wzr rshudwruv= �E dqg �N1 Wkh lqwhqghg
lqwhusuhwdwlrq ri �E! lv �wkh lqglylgxdo eholhyhv !� dqg wkh lqwhusuhwdwlrq ri �N! lv �wkh
lqglylgxdo nqrzv !�1 Wkh qrwlrq ri d prgho edvhg rq d iudph lv wkhq ghyhorshg dv h{sodlqhg
lq wkh suhylrxv vhfwlrq1 Li I lv d NE iudph/ wkhq/ iru hyhu| prgho P edvhg rq lw dqg iru
hyhu| irupxod !/ e| +U4, wkh irupxod �N! $ �E! lv ydolg lq P dqg e| +U5, wkh irupxod
�E!$ �N�E! lv ydolg lq P1

;



D

7KH�HDUWK�LV

QRW�IODW

7KH�HDUWK

LV�IODW

E

S�S

)LJXUH���

Lq wklv h{dpsoh wkh lqglylgxdo dw vwdwh k lqfruuhfwo| eholhyhv wkh hduwk wr eh  dw
dqg eholhyhv wr eh fruuhfw lq khu eholhi1 Krzhyhu/ jlyhq khu lqirupdwlrq/ vkh fdqqrw
uxoh rxw wkh srvvlelolw| +uhsuhvhqwhg e| vwdwh k, wkdw vkh lv zurqj lq khu eholhi
wkdw wkh hduwk lv  dw1 Lw fdq eh vkrzq wkdw li rqh lpsrvhv wkh uhtxluhphqw wkdw
wkh lqglylgxdo nqrz wr kdyh fruuhfw eholhiv/ wkhq eholhi dqg nqrzohgjh frlqflgh1
Wkdw lv/ wkh iroorzlqj duh htxlydohqw=43 +l, ;. � l/ gE=�. ^ .� ' l dqg +ll,
;. � l/ �. ' g.�

NE iudphv fdq eh xvhg wr prgho fkdqjh ri eholhiv ryhu wlph lq uhvsrqvh wr
fkdqjhv lq lqirupdwlrq= ehwzhhq gdwh | dqg gdwh |n� wkh lqglylgxdo pljkw uhfhlyh
qhz lqirupdwlrq zklfk pljkw surpsw khu wr uhylvh wkh eholhiv vkh khog dw wlph |1 D
edvlf sulqflsoh lq eholhi uhylvlrq lv wkh vr fdoohg �sulqflsoh ri eholhi shuvlvwhqfh�/ ru
�frqvhuydwlylw| sulqflsoh�/ zklfk vwdwhv wkdw �Zkhq fkdqjlqj eholhiv lq uhvsrqvh
wr qhz hylghqfh/ |rx vkrxog frqwlqxh wr eholhyh dv pdq| ri wkh rog eholhiv dv

43Dqrwkhu zd| ri rewdlqlqj wkh froodsvh ri eholhi lqwr nqrzohgjh lv wr dvvxph wkdw li wkh
lqglylgxdo eholhyhv vrphwklqj wkhq kh eholhyhv wkdw kh nqrzv lw= ;H � > EH � ENH +fi1
Ohq}hq/ 4<:;,1
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srvvleoh� +Kdupdq/ 4<;9/ s1 79,1 Lq sduwlfxodu/ wklv phdqv wkdw li dq lqglylgxdo
jhwv qhz lqirupdwlrq/ vkh kdv wr dffrpprgdwh lw lq khu qhz eholhi vhw +wkh vhw ri
sursrvlwlrqv vkh eholhyhv,/ dqg/ li wkh qhz lqirupdwlrq lv qrw lqfrqvlvwhqw zlwk wkh
rog eholhi vhw/ wkhq +l, wkh lqglylgxdo kdv wr pdlqwdlq doo wkh eholhiv vkh suhylrxvo|
kdg dqg +ll, wkh fkdqjh vkrxog eh plqlpdo lq wkh vhqvh wkdw hyhu| sursrvlwlrq lq
wkh qhz eholhi vhw pxvw eh ghgxfleoh iurp wkh xqlrq ri wkh rog eholhi vhw dqg wkh
qhz lqirupdwlrq1

D �srvvleoh zruog� irupdol}dwlrq ri wkh sulqflsoh hdvlo| frphv wr plqg1 Wkh vhw
ri doo wkh sursrvlwlrqv wkdw wkh lqglylgxdo eholhyhv fruuhvsrqgv wr wkh vhw ri vwdwhv
ri wkh zruog wkdw vkh frqvlghuv srvvleoh dqg lv d vxevhw ri wkh vhw ri vwdwhv wkdw
duh qrw uxohg rxw e| wkh lqglylgxdo*v lqirupdwlrq +ru nqrzohgjh,1 Wkh sulqflsoh ri
eholhi shuvlvwhqfh wkhq uhtxluhv wkdw +4, li wkh lqglylgxdo frqvlghuv d vwdwh srvvleoh
dqg khu qhz lqirupdwlrq grhv qrw h{foxgh wklv vwdwh/ wkhq vkh frqwlqxh wr frqvlghu
lw srvvleoh/ dqg +5, li wkh lqglylgxdo uhjdugv d sduwlfxodu vwdwh dv lpsrvvleoh/ wkhq
vkh vkrxog frqwlqxh wr uhjdug lw dv lpsrvvleoh xqohvv khu qhz lqirupdwlrq h{foxghv
doo wkh vwdwhv wkdw vkh suhylrxvo| uhjdughg dv srvvleoh1 Wklv lv forvho| uhodwhg
wr wkh zhoo0nqrzq frqglwlrqdol}dwlrq uxoh wr xsgdwh suredelolw| phdvxuhv1 Li dq
lqglylgxdo kdv suredelolvwlf eholhiv/ wkh vhw ri vwdwhv wkdw vkh frqvlghuv srvvleoh lv
vlpso| wkh vxssruw ri khu vxemhfwlyh suredelolw| phdvxuh1 Ohw >f eh wkh suredelolw|
phdvxuh uhsuhvhqwlqj wkh djhqwv* eholhiv ehiruh vkh uhfhlyhv lqirupdwlrq . dqg >?
khu vxemhfwlyh suredelolw| phdvxuh diwhu vkh ohduqv .1 Wkh �txdolwdwlyh sduw� ri
wkh frqglwlrqdol}dwlrq uxoh vwdwhv wkh iroorzlqj=

li 7�RRE>f� _. 9' > wkhq 7�RRE>?� ' 7�RRE>f� _.

zkhuh 7�RRE>� ghqrwhv wkh vxssruw ri wkh suredelolw| phdvxuh >1
Lq rughu wr h{suhvv wklv sulqflsoh zlwklq wkh iudphzrun ri NE iudphv/ zh qhhg

wr lqgh{ wkh eholhi dqg nqrzohgjh fruuhvsrqghqfhv e| wlph1 Wkxv iru hyhu| gdwh |
+zkhuh | lv d qdwxudo qxpehu,/ zh srvwxodwh d vhuldo/ wudqvlwlyh dqg hxfolghdq eholhi
fruuhvsrqghqfh E| G l $ 2l dqg d uh h{lyh/ wudqvlwlyh dqg hxfolghdq nqrzohgjh
fruuhvsrqghqfh N| G l $ 2l 1 Ixuwkhupruh/ iru hyhu| |/ zh lpsrvh +U4, dqg +U5,/
wkdw lv/ ;k/ q 5 l/ E|Ek� � N|Ek� dqg li q 5 N|Ek� wkhq E|Ek� ' E|Eq�1 Zlwklq
rxu iudphzrun/ wkh frqglwlrqdol}dwlrq uxoh fdq eh vwdwhg dv iroorzv1

E�� ;|c ;/c li E|E/� _ N|n�E/� 9' > wkhq E|n�E/� ' E|E/� _ N|n�E/��

Wkh iroorzlqj prgl�fdwlrq ri wkh h{dpsoh ri Iljxuh 5 lv dq looxvwudwlrq ri d
iudph wkdw vdwlv�hv frqglwlrq +F,= l ' ikc qj/ E|Ek� ' E|Eq� ' iqj/ N|Ek� '
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N|Eq� ' ikc qj/ E|n�Ek� ' N|n�Ek� ' ikj/ E|n�Eq� ' N|n�Eq� ' iqj1 Wklv lv
vkrzq lq Iljxuh 61 Khuh zh kdyh wkdw E|Ek� _ N|n�Ek� ' > khqfh frqglwlrq +F,
lv wulyldoo| vdwlv�hg dw k1 Rq wkh rwkhu kdqg/ E|Eq� ' N|n�Eq� ' E|n�Eq� dqg
wkxv +F, lv dovr vdwlv�hg dw q1 Qrwh wkdw dw vwdwh k wkh lqglylgxdo +lqfruuhfwo|,
eholhyhv wkh hduwk wr eh  dw dqg eholhyhv wkdw kh zloo frqwlqxh wr eholhyh vr lq wkh
ixwxuh +dowkrxjk kh fdqqrw uxoh rxw/ jlyhq klv lqirupdwlrq/ wkdw lq wkh ixwxuh kh
zloo ohduq � dqg wkhuhiruh eholhyh � wkdw wkh hduwk lv qrw  dw,1
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Wkh iroorzlqj uhvxow lv suryhg lq Edwwljdool dqg Erqdqqr +4<<:d,1 Ohw �| G 2
l

$ 2l eh wkh eholhi rshudwru rewdlqhg iurp E| dqg g| G 2
l $ 2l eh wkh eholhi

rshudwru rewdlqhg iurp N|1

Sursrvlwlrq 5141 Il{ dq duelwudu| wlph0lqgh{hg NE iudph1 Wkhq wkh iroorzlqj
duh htxlydohqw=
+l, wkh iudph vdwlv�hv +F,
+ll, ;. � l/ �|. ' �|�|n�.�
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Wkxv/ dffruglqj wr wkh deryh sursrvlwlrq/ wkh frqvhuydwlylw| sulqflsoh hperg0
lhg lq wkh frqglwlrqdol}dwlrq uxoh lv htxlydohqw wr wkh uhtxluhphqw wkdw wkh li dw
dq| wlph wkh lqglylgxdo eholhyhv . wkhq kh pxvw eholhyh wkdw kh zloo frqwlqxh wr
eholhyh . lq wkh ixwxuh dqg/ frqyhuvho|/ li kh eholhyhv wkdw lq wkh ixwxuh kh zloo
eholhyh . wkhq kh pxvw eholhyh . qrz144

5161 Lqwhudfwlyh eholhiv dqg wkh qrwlrq ri frpprq eholhi

Jdph wkhru| prghov vlwxdwlrqv zkhuh lqglylgxdov lqwhudfw zlwk rwkhu lqglylgxdov1
Lq vxfk lqwhudfwlyh vlwxdwlrqv lw lv lpsruwdqw wr prgho qrw rqo| zkdw d sduwlfxodu
lqglylgxdo eholhyhv derxw wkh h{whuqdo zruog exw dovr zkdw vkh eholhyhv derxw
rwkhu lqglylgxdov/ lq sduwlfxodu derxw wkhlu eholhiv1 Wklv lv fdswxuhg e| wkh qrwlrq
ri lqwhudfwlyh eholhi iudph1

D NG78 iudph iru lqwhudfwlyh eholhiv lv d wxsoh I '

�clc i��j�M�

�
/ zkhuh

� ' i�c � � � c ?j lv d �qlwh vhw ri lqglylgxdov/ l lv d vhw ri vwdwhv +ru srvvleoh zruogv,
dqg iru hyhu| lqglylgxdo � 5 � / �� G l $ 2l lv �*v srvvlelolw| fruuhvsrqghqfh zklfk
vdwlv�hv vhuldolw|/ wudqvlwlylw| dqg hxfolghdqqhvv1 Lqglylgxdo �*v eholhi rshudwru �� G
2l $ 2l lv gh�qhg dv xvxdo +;. � l/ ��. ' i/ 5 l G ��E/� � .j,1 Wkh qrwlrq
ri prgho edvhg rq d iudph lv dv h{sodlqhg ehiruh1 Wkh rqo| prgl�fdwlrq frqvlvwv
lq hqodujlqj wkh odqjxdjh wr lqfoxgh ? prgdo rshudwruv ��c�2c � � � c�? / rqh iru
hdfk lqglylgxdo1 Wkh lqwhqghg lqwhusuhwdwlrq ri ��� lv �lqglylgxdo � eholhyhv wkdw
��1 Wkxv li I lv d iudph/ . � l dq hyhqw dqg P d prgho edvhg rq I zkhuh
. lv wkh wuxwk vhw ri vrph irupxod � +wkdw lv/ . ' n�n},/ wkhq ��. lv wkh
wuxwk vhw ri wkh irupxod ���/ wkdw lv/ ��. ' n���n

}1 Iru h{dpsoh/ frqvlghu wkh
iudph ri Iljxuh 7 dqg d prgho edvhg rq lw zkhuh Z lv wkh dwrplf sursrvlwlrq �wkh
xqlyhuvh lv h{sdqglqj�/ zklfk lv wuxh dw vwdwhv � dqg �/ wkdw lv/ nZn ' i� c �j1
Khuh wkh wuxwk vhw ri ��Z lv i�j/ zkloh wkh wuxwk vhw ri �2Z lv i�c �j1 Lw iroorzv
wkdw wkh wuxwk vhw ri ���2Z lv i�j1 Vwdwh � ghvfulehv d zruog zkhuh lq idfw wkh
xqlyhuvh lv h{sdqglqj dqg erwk lqglylgxdov fruuhfwo| eholhyh wkdw lw lv h{sdqglqj>
krzhyhu/ zkloh lqglylgxdo 4 eholhyhv wkdw lqglylgxdo 5 eholhyhv wkdw wkh xqlyhuvh
lv h{sdqglqj/ lqglylgxdo 5 lv xqfhuwdlq dv wr zkhwkhu 4 fruuhfwo| eholhyhv wkdw lw
lv h{sdqglqj ru 4 lqfruuhfwo| eholhyhv wkdw lw lv qrw h{sdqglqj +n��=Zn ' iqc �j,
dqg lqfruuhfwo| dwwulexwhv wkh vdph eholhi wr lqglylgxdo 5 +n���2=Zn ' iqc �j,1

44Iru ixuwkhu fkdudfwhul}dwlrqv ri wkh frqglwlrqdol}dwlrq uxoh lq whupv ri frqwudfwlrqv dqg
h{sdqvlrqv ri wkh lqglylgxdo*v �eholhi vhw� +wkh vhw ri irupxodv eholhyhg e| khu, eurxjkw derxw
e| fkdqjhv lq khu nqrzohgjh vhw +wkh vhw ri irupxodv nqrzq e| khu, vhh Edwwljdool dqg Erqdqqr
+4<<:d,1 Lq wkdw sdshu d v|qwdfwlf dqdo|vlv ri eholhi uhylvlrq lv dovr jlyhq/ wrjhwkhu zlwk d surri
ri vrxqgqhvv dqg frpsohwhqhvv1
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Wkh frpprq eholhi rshudwru �W lv gh�qhg dv iroorzv1 Iluvw/ iru hyhu| hyhqw
. � l/ ohw �e. '

W
�M� ��./ wkdw lv/ �e. lv wkh hyhqw wkdw hyhu|erg| eholhyhv

.1 Iru dq| rshudwru �/ gh�qh �&/ wkh &wk lwhudwlrq ri �/ dv iroorzv= iru doo ./
& � �/ �f. ' . dqg �&. ' ��&3�.1 Wkh hyhqw wkdw . lv frpprqo| eholhyhg lv
gh�qhg dv wkh lq�qlwh lqwhuvhfwlrq=

�W. ' �e. _�e�e. _ �e�e�e. _ ��� '
_
&D�

�&
e.

Wkxv dq hyhqw . lv frpprqo| eholhyhg li hyhu|erg| eholhyhv lw/ hyhu|erg|
eholhyhv wkdw hyhu|erg| eholhyhv lw/ dqg vr rq/ dg lq�qlwxp1

Wkh fruuhvsrqglqj frpprq srvvlelolw| fruuhvsrqghqfh �W G l $ 2l lv jlyhq
e|= iru hyhu| k 5 l/ �WEk� ' i/ 5 l G k 5 =�W=i/jj1 �W fdq eh fkdudfwhul}hg45

dv wkh wudqvlwlyh forvxuh ri
V
�M�

��/ wkdw lv/

45Vhh/ iru h{dpsoh/ Erqdqqr +4<<9,/ Idjlq hw do +4<<8,/ Kdoshuq dqg Prvhv +4<<5,/ Olvprqw
dqg Prqjlq +4<<7/ 4<<8,1 Wkhvh dxwkruv dovr vkrz wkdw wkh frpprq eholhi rshudwru fdq eh
dowhuqdwlyho| gh�qhg e| phdqv ri d �qlwh olvw ri d{lrpv/ udwkhu wkdq dv dq lq�qlwh frqmxqfwlrq1
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;kc q 5 l/ q 5 �WEk� li dqg rqo| li wkhuh lv d vhtxhqfh k��c � � � c �6l
lq � +wkh vhw ri lqglylgxdov, dqg d vhtxhqfh k#fc #�c � � � c #6l lq l +wkh
vhw ri vwdwhv, vxfk wkdw= +l, #f ' k/ +ll, #6 ' q dqg +lll, iru hyhu|
& ' fc ���c6� �/ #&n� 5 ��&n�E#&��

Lq rughu wr fdswxuh wkh qrwlrq ri frpprq eholhi lq d prgho/ rqh qhhgv wr
h{whqg wkh odqjxdjh e| dgglqj dqrwkhu rshudwru�W1 Li � lv d irupxod/ wkh lqwhqghg
lqwhusuhwdwlrq ri �W� lv �lw lv frpprq eholhi wkdw �� dqg li P lv d prgho zkhuh
. ' n�n} wkhq wkh wuxwk vhw ri �W� lq P lv jlyhq e| �W. ' i/ 5 l G �WE/� �
.j1 Iru h{dpsoh/ frqvlghu djdlq wkh iudph ri Iljxuh 71 Wkh frpprq srvvlelolw|
fruuhvsrqghqfh lv jlyhq e| �WEq� ' iqj dqg �WE�� ' �WE�� ' iqc �c �j1 Iljxuh 8
looxvwudwhv �W iru wkh prgho ri Iljxuh 7 +dffruglqj wr wkh frqyhqwlrq hvwdeolvkhg lq
Uhpdun 6, zlwk wkh h{whqghg odqjxdjh wkdw lqfoxghv wkh frpprq eholhi rshudwru
�W1 Dw vwdwh � lqglylgxdo 4 zurqjo| eholhyhv wkdw lw lv frpprq eholhi wkdw wkh
xqlyhuvh lv qrw h{sdqglqj> khqfh/ vlqfh � 5 �2E��/ dw vwdwh � lqglylgxdo 5 frqvlghuv
lw srvvleoh wkdw lqglylgxdo 4 kdv vxfk lqfruuhfw eholhiv +=�2=���W=Z lv wuxh dw
�,1

�WKH XQLYHUVH LV
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Uhpdun :1 Qrwh wkdw/ dowkrxjk �W lv dozd|v qrq0hpsw|0ydoxhg +ru vhuldo, dqg
wudqvlwlyh/ lq jhqhudo lw qhhg qrw eh hxfolghdq/ ghvslwh wkh idfw wkdw wkh lqglylgxdo
srvvlelolw| fruuhvsrqghqfhv duh +uhfdoo wkdw �W lv hxfolghdq li dqg rqo| li�W vdwlv�hv
Qhjdwlyh Lqwurvshfwlrq= ;. � lc =�W. � �W=�W.,1 Iru h{dpsoh/ lq wkh iudph
ri Iljxuh 8/ q 5 �WE�� ' l exw �WE�� - �WEq� ' iqj1 Ohw . ' iqj1 Wkhq � 5
=�W. exw � *5 �W=�W. vlqfh q 5 �WE�� dqg q 5 �W.1

Uhpdun ;1 Lw fdq eh vkrzq wkdw lq d NG78 lqwhudfwlyh iudph d sursrvlwlrq lv
frpprqo| eholhyhg li dqg rqo| li hyhu|erg| eholhyhv wkdw lw lv frpprqo| eholhyhg=
iru hyhu| . � l/ �W. '

W
�M�

���W.1

5171 Lqwhuvxemhfwlyh surshuwlhv ri eholhiv

Wkh vwuxfwxuhv wkdw duh prvw riwhq xvhg lq wkh hfrqrplfv dqg frpsxwhu vflhqfh
olwhudwxuh wr glvfxvv lqwhudfwlyh eholhiv2nqrzohgjh duh sduwlwlrq vwuxfwxuhv146 Sdu0
wlwlrq vwuxfwxuhv hperg| wkh V8 orjlf iru lqglylgxdo eholhiv/ lq sduwlfxodu wkh Wuxwk
D{lrp/ wkdw lv/ wkh dvvxpswlrq wkdw lw lv d qhfhvvdu| wuxwk +wuxh lq doo srvvleoh
zruogv ri wkh prgho, wkdw qr rqh kdv dq| idovh eholhiv1 Dv Vwdoqdnhu +4<<7/ 4<<9,
srlqwv rxw/ wkhuh lv dq lpsruwdqw frqfhswxdo gl�huhqfh ehwzhhq d wkhru| wkdw
exlogv V8 lqwr wkh frqfhsw ri eholhi +zklfk � Vwdoqdnhu dujxhv � lv edvhg rq
htxlyrfdwlqj ehwzhhq nqrzohgjh dqg eholhi, dqg d wkhru| wkdw ghvfulehv hslv0
whplf frqglwlrqv xqghu zklfk nqrzohgjh dqg eholhi frlqflgh/ dqg wkhq frqvlghuv
wkh frqvhtxhqfhv ri dvvxplqj wkrvh frqglwlrqv1 Lq wkh odwwhu wkh Wuxwk D{lrp
fdq eh h{suhvvhg orfdoo| +wkdw lv/ dv d surshuw| ri wkh lqglylgxdov* eholhiv, dv wkh
frqglwlrq wkdw qr rqh kdv dq| idovh eholhiv dqg wkdw lw lv frpprq eholhi wkdw qr
rqh kdv dq| idovh eholhiv1

Ohw A� � l +iru Wuxwk ri �*v eholhiv, eh wkh iroorzlqj hyhqw=47

A
�
'

_
.M2l

E=��. ^ .�

Wkxv/ iru hyhu| k 5 l/ k 5 A� li dqg rqo| li lqglylgxdo � grhv qrw kdyh dq|

46Vhh/ iru h{dpsoh/ Dxpdqq +4<:9/ 4<;:/ 4<;</ 4<<8/ 4<<9/ 4<<;,/ Jhdqdnrsorv +4<<5,/ Idjlq
hw do +4<<8,1

47Wkurxjkrxw wkh sdshu/ erog0idfh fdslwdo ohwwhuv duh xvhg wr ghqrwh hyhqwv +vhwv ri vwdwhv,
zlwk d sduwlfxodu lqwhusuhwdwlrq zh zdqw wr hpskdvl}h1 Wkh ohwwhu xvhg lv phdqw wr eh vxjjhvwlyh
ri wkh lqwhusuhwdwlrq1
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idovh eholhiv dw k +iru hyhu| . � l/ li k 5 ��. wkhq k 5 .,148 Ohw A +iru Wuxwk,
eh wkh hyhqw wkdw qr lqglylgxdo kdv dq| idovh eholhiv=

A '
_
�M�

A�

Iru h{dpsoh/ lq wkh iudph ri Iljxuh 8/ A ' iqc �j dqg/ wkhuhiruh/ �WA ' iqj1

Gh�qlwlrq 5151 Iru hyhu| k 5 l/ wkh Wuxwk Frqglwlrq krogv dw k li dqg rqo| li
k 5 A _ �WA1

Wkh deryh gh�qlwlrq lv mxvwl�hg e| wkh iroorzlqj revhuydwlrq1 Jlyhq d iudph
�clc i��j�M�

�
/ dqg d vwdwh � 5 l/ gh�qh wkh � 0uhgxfhg iudph dv wkh iudph

�cl�c i� �
�j�M�

�
/ zkhuh l� ' �WE��^i�j dqg � �

� lv wkh uhvwulfwlrq ri �� wr l�1 Ohw
��
� eh wkh fruuhvsrqglqj eholhi rshudwru ri lqglylgxdo � dqg � �

W wkh fruuhvsrqglqj
frpprq srvvlelolw| fruuhvsrqghqfh1 Wkhq � �

W lv wkh uhvwulfwlrq ri �W wr l� ^lq
sduwlfxodu/ � �

WE�� ' �WE��` dqg/ iru hyhu| .� � l�c ��
�.

� ' ��.
� _ l�1 Il{ d iudph

�clc i��j�M�
�
/ dqg d vwdwh � 5 l vxfk wkdw � 5 A _ �WA1 Wkhq lq wkh � 0uhgxfhg

iudph wkh iroorzlqj lv wuxh= ;� 5 �c ;.� � l�/ ��
�.

� � .� +qrwh/ krzhyhu/ wkdw lq
wkh ruljlqdo iudph lq jhqhudo lw lv qrw wuxh wkdw ;� 5 � / ;. � l/ ��. � .= vhh
Iljxuh 9d,1 Wkxv wkh � 0uhgxfhg iudph lv d sduwlwlrqdo iudph +xqolnh wkh ruljlqdo
iudph/ lq jhqhudo,1 Iljxuh 9e vkrzv wkh � 0uhgxfhg iudph fruuhvsrqglqj wr wkh
iudph ri Iljxuh 9d1

48Uhfdoo +fi1 Uhpdun 7, wkdw � 5 Wm li dqg rqo| li � 5 Sm+�,=
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Wkh lqwhuvxemhfwlyh lpsolfdwlrqv ri wkh Wuxwk D{lrp +;� 5 �c ;. � lc ��. �
., duh vwurqj=

�Wkh dvvxpswlrq wkdw Dolfh eholhyhv +zlwk suredelolw| rqh, wkdw
Ehuw eholhyhv +zlwk suredelolw| rqh, wkdw wkh fdw dwh wkh fdqdu| whoov
xv qrwklqj derxw zkdw Dolfh eholhyhv derxw wkh fdw dqg wkh fdqdu|
wkhpvhoyhv1 Exw li zh dvvxph lqvwhdg wkdw Dolfh nqrzv wkdw Ehuw
nqrzv wkdw wkh fdw dwh wkh fdqdu|/ lw iroorzv/ qrw rqo| wkdw wkh fdw lq
idfw dwh wkh fdqdu|/ exw wkdw Dolfh nqrzv lw/ dqg wkhuhiruh eholhyhv lw
dv zhoo� +Vwdoqdnhu/ 4<<9/ s1 486,1

Wklv revhuydwlrq fdq eh vwdwhg dv d orfdo surshuw| ri eholhiv/ dv iroorzv1 Jlyhq
wzr lqglylgxdov/ � dqg �/ dqg d vwdwh k/ � lv olnh0plqghg zlwk � dw k li dqg rqo|
li � vkduhv doo wkh eholhiv wkdw vkh dwwulexwhv wr �/ wkdw lv/ iru hyhu| hyhqw H/ li
k 5 ����. wkhq k 5 ��.1 Ohw w�� eh wkh hyhqw wkdw � lv olnh0plqghg zlwk �=

w�� '
_
.\l

E=����. ^��.� �

4;



Ohw w eh wkh hyhqw wkdw hyhu| lqglylgxdo lv olnh0plqghg zlwk hyhu| rwkhu
lqglylgxdo=

w '
_
�M�

_
�M�

w��

Wkh iroorzlqj htxlydohqfh +suryhg lq Erqdqqr dqg Qhkulqj/ 4<<;d, irupdol}hv
Vwdoqdnhu*v revhuydwlrq dqg h{klelwv d frqyhuvh wr lw1 Lw lv d vwudljkwiruzdug
frqvhtxhqfh ri vhfrqgdu| uh h{lylw|1

Sursrvlwlrq 5161 w�� ' ��A� dqg/ wkhuhiruh/ �Ww ' �WA1

Wkxv � lv olnh plqghg zlwk � li dqg rqo| li � eholhyhv wkdw � kdv fruuhfw eholhiv>
ixuwkhupruh/ frpprq eholhi lq olnh0plqghgqhvv lv htxlydohqw wr frpprq eholhi wkdw
qr lqglylgxdo kdv dq| zurqj eholhiv1 Zh fdoo wklv odwwhu surshuw| +uhsuhvhqwhg e|
wkh hyhqw �WA, frpprq eholhi lq qr huuru1 Lw zloo eh vkrzq lq Vhfwlrqv 6 wkdw
wkh dvvxpswlrq ri frpprq eholhi lq qr huuru kdv lpsruwdqw lpsolfdwlrqv lq wkh
hslvwhplf irxqgdwlrqv ri vroxwlrq frqfhswv lq jdph wkhru| +vhh/ iru h{dpsoh/ Ehq
Srudwk/ 4<<:/ Vwdoqdnhu/ 4<<7/ 4<<9/ Vwxduw/ 4<<:,1

D zhdnhu surshuw| wkdq frpprq eholhi lq qr huuru lv Djuhhphqw/ gh�qhg dv
wkh frpprq srvvlelolw| ri frpprq eholhi lq qr huuru dqg ghqrwhg e| �=

� ' =�W=�WA

Wkh whup �Djuhhphqw� lv mxvwl�hg e| wkh idfw wkdw wklv surshuw| lv htxlydohqw
wr wkh lpsrvvlelolw| ri �djuhhlqj wr glvdjuhh� derxw txdolwdwlyh eholhi lqglfhv +vhh
Erqdqqr dqg Qhkulqj/ 4<<;d, dqg lv wkxv d txdolwdwlyh jhqhudol}dwlrq ri wkh qrwlrq
ri djuhhphqw lqwurgxfhg e| Dxpdqq +4<:9,1

Wr jdlq ixuwkhu lqvljkw lqwr wkh surshuw| ri frpprq eholhi lq qr huuru dqg wkh
Wuxwk D{lrp zh lqwurgxfh wzr pruh surshuwlhv wkdw/ wrjhwkhu zlwk Djuhhphqw/
surylgh d ghfrpsrvlwlrq ri wkh Wuxwk D{lrp1

Ohw A�� +iru Wuxwk derxw frpprq eholhi, dqg AW +iru Wuxwk ri frpprq
eholhi, eh wkh iroorzlqj hyhqwv

A�� '
_
�M�

_
.\l

E=���W. ^ �W.�

AW '
_
.\l

E=�W. ^ .�

4<



A�� fdswxuhv wkh qrwlrq wkdw lqglylgxdov duh fruuhfw lq wkhlu eholhiv derxw zkdw
lv frpprqo| eholhyhg= k 5 A�� li dqg rqo| li/ iru hyhu| hyhqw . dqg lqglylgxdo
�/ li/ dw k/ lqglylgxdo � eholhyhv wkdw . lv frpprqo| eholhyhg/ wkhq/ dw k/ . lv
lqghhg frpprqo| eholhyhg +li k 5 ���W. wkhq @ 5 �W.,1 Rq wkh rwkhu kdqg/
k 5 AW li dqg rqo| li dw k zkdwhyhu lv frpprqo| eholhyhg lv wuxh +iru hyhu| hyhqw
./ li k 5 �W. wkhq k 5 .,149 Wuxwk ri frpprq eholhi +AW, lv d pxfk zhdnhu
surshuw| wkdq wuxwk +ru fruuhfwqhvv, ri lqglylgxdo eholhiv +A,> lq sduwlfxodu/ hyhu|
g(eD iudph vdwlv�hv wkh surshuw| wkdw �WA

W ' lc zkloh lq jhqhudo �WA 9' l�
Wkxv/ zkloh w|slfdoo| A _ �WA 9' Ac lw lv dozd|v wkh fdvh wkdw AW _ �WA

W ' AW�
Lq wklv vhqvh AW fdq eh ylhzhg dv �wuxwk zlwk qr lqwhuvxemhfwlyh lpsolfdwlrqv�=
wkh dgglwlrq ri �WA

W wr AW grhv qrw |lhog d vwurqjhu surshuw| wkdq AW1
Wkh iroorzlqj sursrvlwlrq +suryhg lq Erqdqqr dqg Qhkulqj/ 4<<;d, jlyhv d

ghfrpsrvlwlrq ri wkh Wuxwk D{lrp lq whupv ri Djuhhphqw/ Wuxwk ri frpprq
eholhi dqg +frpprq eholhi lq, Wuxwk derxw frpprq eholhi1

Sursrvlwlrq 5171 A _�WA ' AW _ �WA�� _��

Uhpdun <1 Qrqh ri AW/ A�� dqg �WA��/ hlwkhu lqglylgxdoo| ru lq frqmxqfwlrq
zlwk wkh rwkhuv/ kdv dq| �djuhhphqw� lpsolfdwlrqv1 Wklv fdq eh vhhq iurp Iljxuh
: zkhuh AW ' A�� ' �WA�� ' l dqg |hw dw erwk � dqg q wkh lqglylgxdov
djuhh wr vwurqjo| glvdjuhh/ lq wkh vhqvh wkdw lw lv frpprq eholhi wkdw lqglylgxdo 5
eholhyhv . dqg lqglylgxdo 4 eholhyhv =./ zkhuh . ' i�j= �WE��=. _�2.� ' l1
Rq wkh rwkhu kdqg/ dv uhpdunhg ehiruh/ � lv suhflvho| wkh surshuw| wkdw uxohv rxw
glvdjuhhphqw1

49Lw lv vwudljkwiruzdug wkdw d 5 W� li dqg rqo| li/ � 5 S�+�,1
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Dv qrwhg lq Uhpdun :/ wkh frpprq srvvlelolw| fruuhvsrqghqfh �W vdwlv�hv
qrq0hpsw|0ydoxhgqhvv dqg wudqvlwlylw| exw qrw qhfhvvdulo| hxfolghdqqhvv1 Lw iro0
orzv wkdw wkh frpprq eholhi rshudwru �W vdwlv�hv frqvlvwhqf| E�W. � =�W=.�
dqg srvlwlyh lqwurvshfwlrq E�W. � �W�W.� exw qrw qhfhvvdulo| qhjdwlyh lqwur0
vshfwlrq E=�W. � �W=�W.,1 Wkxv Qhjdwlyh Lqwurvshfwlrq ri frpprq eholhi
lpsolhv lqwhuvxemhfwlyh uhvwulfwlrqv rq eholhiv/ zklfk duh xqfryhuhg lq Sursrvlwlrq
518 ehorz1

Ohw +QL vwdqgv iru �Qhjdwlyh Lqwurvshfwlrq�,

�WW '
_
.\l

E�W. ^ �W=�W.�

Wkxv k 5 �WW li dqg rqo| li/ iru hyhu| hyhqw H/ zkhqhyhu dw k lw lv qrw frpprq
eholhi wkdw ./ wkhq/ dw k/ lw lv frpprq eholhi wkdw . lv qrw frpprqo| eholhyhg +li
k 5 =�W. wkhq k 5 �W=�W.,1 Wkh iroorzlqj uhvxow lv suryhg lq Erqdqqr dqg
Qhkulqj +4<<;e,1

Sursrvlwlrq 5181 �WW ' A�� _ �WA��1
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Wkxv Qhjdwlyh Lqwurvshfwlrq ri frpprq eholhi lv htxlydohqw wr Wuxwk derxw
frpprq eholhi dqg frpprq eholhi lq lw14: Vlqfh �WW fdq eh ylhzhg dv ghvfulelqj
wkh �orjlf� ri frpprq eholhi/ d joredo +ru �d{lrpdwlf�, yhuvlrq ri Sursrvlwlrq 518
lv ri vrph lqwhuhvw1 Lw lv surylghg lq wkh iroorzlqj fruroodu|1

Fruroodu| 5191 �WW ' l li dqg rqo| li A�� ' l14;

Lw lv fohdu iurp Sursrvlwlrqv 517 dqg 518 wkdw A�� fdswxuhv dq lpsruwdqw
lqwhuvxemhfwlyh surshuw| ri eholhiv1 Lw zloo eh vkrzq lq wkh qh{w vhfwlrq wkdw A��

fdq eh lqwhusuhwhg dv uh hfwlqj dq lqwhuvxemhfwlyh qrwlrq ri fdxwlrq1

5181 Nqrzohgjh dqg eholhi dw wkh lqwhuvxemhfwlyh ohyho

Lq wklv vhfwlrq zh h{whqg wkh nqrzohgjh dqg eholhi iudphv ri Vhfwlrq 515 wr lqwhudf0
wlyh vlwxdwlrqv1 Lqwhjudwhg hslvwhplf v|vwhpv wkdw mrlqwo| frqvlghu nqrzohgjh dqg
eholhi kdyh ehhq vwxglhg lq sklorvrsk| +Klqwlnnd/ 4<95/ Ohqw}hq/ 4<:;,/ duwl�fldo
lqwhooljhqfh dqg frpsxwhu vflhqfh +Kdoshuq/ 4<<4/ ydq ghu Krhn/ 4<<6/ ydq ghu
Krhn dqg Ph|hu/ 4<<8/ Nudxv dqg Ohkpdqq/ 4<:;,/ hfrqrplfv dqg jdph wkhru|
+Edwwljdool dqg Erqdqqr/ 4<<:d/ Ghnho dqg Jxo/ 4<<:/ Jhdqdnrsorv/ 4<<7,1 Wkh
sklorvrsk| dqg duwl�fldo lqwhooljhqfh olwhudwxuh kdv ghdow pdlqo| zlwk vlqjoh0djhqw
v|vwhpv dqg wkh irfxv kdv ehhq rq wkh whqghqf| ri eholhi wr froodsvh lqwr nqrzo0
hgjh dv d uhvxow ri sodxvleoh0orrnlqj d{lrpv1 Lq jdph wkhru| d vwxg| ri v|vwhpv ri
nqrzohgjh dqg eholhi dulvhv qdwxudoo| lq wkh frqwh{w ri h{whqvlyh irup jdphv1 Lq
wklv vhfwlrq zh irfxv rq lqwhuvxemhfwlyh surshuwlhv ri nqrzohgjh dqg eholhiv dqg
vwxg| wkhlu lpsolfdwlrqv1

Dq lqwhudfwlyh NE0iudph lv d wxsoh k�clc iE�j�M� c iN�j�M�l zkhuh � lv d vhw
ri lqglylgxdov/ l d vhw ri vwdwhv dqg/ iru hyhu| lqglylgxdo �/ E� = l$ 2l lv �*v eholhi
fruuhvsrqghqfh dqg N� G l $ 2l lv �*v lqirupdwlrq fruuhvsrqghqfh1 E� lv dvvxphg

4:Rqh pd| zrqghu zkhwkhu wkhuh lv vrphwklqj txdolwdwlyho| gl�huhqw derxw wkh wuxwk ri wklv
yhu| vshfldo w|sh ri eholhiv1 Wklv txhvwlrq fdq eh dqvzhuhg d!updwlyho|/ lq wkdw wuxwk derxw
frpprq eholhi lv qhfhvvdu| dqg vx!flhqw iru lqglylgxdov* eholhiv derxw frpprq eholhi wr frlqflgh=
zh fdoo wklv �Vkduhg Zruogv�1 +E| frpsdulvrq/ kdylqj fruuhfw eholhiv derxw zkdw rwkhuv eholhyh/
lq jhqhudo/ grhv qrw lpso| vkdulqj wkhlu eholhiv1, Ohw VZ eh wkh iroorzlqj hyhqw= VZ @W

l5Q

W

m5Q

W

H�

+=ElE�H ^ EmE�H,1 VZ fdswxuhv wkh qrwlrq wkdw lqglylgxdov djuhh rq zkdw lv

frpprqo| eholhyhg= � 5 VZ li dqg rqo| li/ iru hyhu| hyhqw H/ zkhqhyhu rqh lqglylgxdo eholhyhv
wkdw lw lv frpprq eholhi wkdw H/ wkhq hyhu| rwkhu lqglylgxdo eholhyhv wkdw wrr1 Lw fdq eh vkrzq
wkdw VZ @ WFE1

4;Wkdw lv/ wkh iroorzlqj duh htxlydohqw= +l, ;H � / =E�H � E�=E�H dqg +ll, ;l 5 Q /
;H � / ElE�H � E�H1
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wr eh vhuldo/ wudqvlwlyh dqg hxfolghdq zkloh N� lv dvvxphg wr eh uh h{lyh/ wudqvlwlyh
dqg hxfolghdq1 Ixuwkhupruh wrjhwkhu wkh| vdwlvi| wkh iroorzlqj surshuwlhv= ;kc q 5
l/ +U4, E�+k, � N�+k, +nqrzohgjh lpsolhv eholhi, dqg +U5, li q 5 N�Ek� wkhq
E�Eq� ' E�Ek� +nqrzohgjh ri rzq eholhiv,1 Ohw �� G 2

l$ 2l dqg g� G 2
l$ 2l eh

wkh dvvrfldwhg eholhi dqg nqrzohgjh rshudwruv +uhvshfwlyho|, ri lqglylgxdo �1 Wkh
frpprq eholhi rshudwru �W lv gh�qhg dv lq Vhfwlrq 516 dqg wkh frpprq nqrzohgjh
rshudwru gW lv dqdorjrxv= ge. '

W?

�'�g�. lv wkh hyhqw �hyhu|erg| nqrzv .�
dqggW. '

W
6D�g

6
e .� Ohw EW G l $ 2l dqgNW G l $ 2l eh wkh fruuhvsrqglqj

srvvlelolw| fruuhvsrqghqfhv=

;k 5 lcEWEk� ' i/ 5 l G k 5 =�W=i/jj / NWEk� ' i/ 5 l G k 5 =gW=i/jj �

Dv h{sodlqhg ehiruh/ EW lv wkh wudqvlwlyh forvxuh ri
V
�M� E� dqgNW lv wkh wudqvlwlyh

forvxuh ri
V
�M� N�1

Dv qrwhg ehiruh +fi1 Uhpdun :, wkh frpprq eholhi rshudwru grhv qrw lqkhulw
doo wkh surshuwlhv ri wkh lqglylgxdo eholhi rshudwruv/ lq sduwlfxodu lw grhv qrw qhf0
hvvdulo| vdwlvi| Qhjdwlyh Lqwurvshfwlrq1 Kdylqj pryhg wr d nqrzohgjh dqg eholhi
iudphzrun/ zh qrz �qg d vhfrqg surshuw| zklfk lv qrw uh hfwhg dw wkh �frpprq�
ohyho/ qdpho| surshuw| +U5,1 Wkdw lv/ zkhuhdv lqglylgxdov dozd|v nqrz zkdw wkh|
eholhyh/ wklv lv qrw qhfhvvdulo| vr dw wkh frpprq ohyho= lw pd| eh wkdw wkh lqgl0
ylgxdov grq*w frpprqo| nqrz zkdw wkh| frpprqo| eholhyh1 Wklv lv looxvwudwhg lq
wkh iroorzlqj h{dpsoh1
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H{dpsoh 51:1 Lqglylgxdo 4 lv d jdph wkhrulvw zkr nqrzv wkh fruuhfw vshoolqj
ri klv qdph +Kduvdq|l,1 Lqglylgxdo 5 plvwdnhqo| eholhyhv wkdw wkh vshoolqj lv
Kduvdql|1 Vkh hyhq eholhyhv wklv vshoolqj wr eh frpprq eholhi ehwzhhq wkhp1
Wkhvh eholhiv duh uhsuhvhqwhg e| vwdwh k lq Iljxuh ;/ zklfk uhsuhvhqwv wkh iroorzlqj
iudph= E�Ek� ' N�Ek� ' ikj/ E�Eq� ' N�Eq� ' iqj/ E2Ek� ' E2Eq� ' iqj/
N2Ek� ' N2Eq� ' ikc qj1 Wkxv EWEk� ' ikc qj/ EWEq� ' iqj dqg NWEk� '
NWEq� ' ikc qj1 Ohw . eh wkh hyhqw wkdw uhsuhvhqwv wkh sursrvlwlrq �wkh vshoolqj
lv Kduvdql|�/ wkdw lv/ . ' iqj1 Wkhq/ dw vwdwh q/ . lv frpprqo| eholhyhg/ exw
lw lv qrw frpprq nqrzohgjh wkdw lw lv frpprqo| eholhyhg +ehfdxvh lqglylgxdo 5*v
lqirupdwlrq vhw dw q frqwdlqv vwdwh k zkhuh . lv qrw frpprqo| eholhyhg,1 Wkdw
lv/ q 5 �W. exw q *5 gW�W.1

Wkh iroorzlqj hyhqwv fdswxuh lpsruwdqw lqwhuvxemhfwlyh surshuwlhv ri eholhiv
dqg nqrzohgjh=

� Frpprq Wudqvsduhqf|=

A+�W '
_
.\l

E=�W. ^gW�W.� �
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� Lqwhuvxemhfwlyh fdxwlrq=

W��N '
_
�M�

_
.\l

E=���W. ^g��W.� �

� Htxlydohqfh ri frpprq eholhi dqg frpprq nqrzohgjh=

,"NW '
_
.\l

EE�W. _gW.� ^ E=�W. _ =gW.�� �

Wkxv / 5 A+�W li dqg rqo| li/ iru hyhu| hyhqw ./ li / 5 �W. wkhq / 5
gW�W.> / 5 W��N li dqg rqo| li/ iru hyhu| lqglylgxdo � dqg hyhu| hyhqw ./ li /
5 ���W. wkhq / 5 g��W.> �qdoo|/ / 5 ,"NW li dqg rqo| li/ iru hyhu| hyhqw ./
/ 5 �W. li dqg rqo| li / 5 gW.1 A+�W lv wkh dqdorjxh/ iru frpprq eholhi dqg
nqrzohgjh/ ri surshuw| +U5, ri lqglylgxdo eholhiv2nqrzohgjh1 W��N/ rq wkh rwkhu
kdqg/ fdswxuhv wkh iroorzlqj qrwlrq ri lqwhuvxemhfwlyh fdxwlrq ri eholhiv1 Zkloh/
lq jhqhudo/ dq lqglylgxdo pd| vlpxowdqhrxvo| eholhyh vrphwklqj dqg qrw nqrz lw
+wkdw lv/ kh fdqqrw uxoh rxw wkh srvvlelolw| wkdw kh lv zurqj lq klv eholhi,/ iru
frpprq eholhi hyhqwv wkh lqglylgxdo*v nqrzohgjh uxohv rxw wkh srvvlelolw| wkdw klv
eholhiv pljkw eh zurqj= li kh eholhyhv wkdw . lv frpprq eholhi wkhq kh dovr nqrzv
wkdw . lv frpprq eholhi1 ,"NW fdswxuhv wkh surshuw| wkdw frpprq eholhi dqg
frpprq nqrzohgjh frlqflgh1

Wkh iroorzlqj uhvxow +suryhg lq Erqdqqr dqg Qhkulqj/ 4<<;f, vkrzv wkdw wkh
frqmxqfwlrq ri frpprq nqrzohgjh ri lqwhuvxemhfwlyh fdxwlrq dqg Djuhhphqw +gh0
�qhg lq wkh suhylrxv vhfwlrq, |lhogv frpprq eholhi lq qr huuru ri eholhiv +�WA/
gh�qhg lq wkh suhylrxv vhfwlrq, dv zhoo dv frpprq wudqvsduhqf|1

Sursrvlwlrq 51;1 Lq dq lqwhudfwlyh NE0iudph wkh iroorzlqj krogv=

� _gWW��N ' �WA _A+�W _gWA+�W

Wkxv Sursrvlwlrq 51; jlyhv dq lqwhusuhwdwlrq ri frpprq eholhi lq qr huuru dv
dq h{suhvvlrq ri lqwhuvxemhfwlyh fdxwlrq1 Dv vkrzq lq Vhfwlrq 6/ frpprq eholhi
lq qr huuru lv dq lpsruwdqw surshuw| lq jdph wkhruhwlf uhdvrqlqj1

Wkh qh{w uhvxow +dovr suryhg lq Erqdqqr dqg Qhkulqj/ 4<<;f, vkrzv wkdw li
rqh dggv wr frpprq nqrzohgjh ri lqwhuvxemhfwlyh fdxwlrq wkh k|srwkhvlv wkdw lw
lv frpprq nqrzohgjh wkdw rqo| wuxh idfwv duh frpprqo| eholhyhg/ rqh rewdlqv wkh
froodsvh ri frpprq eholhi lqwr frpprq nqrzohgjh1
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Sursrvlwlrq 51<1 Lq dq lqwhudfwlyh NE0iudph wkh iroorzlqj krogv=

gWW��N _gWA
W ' ,"NW _gW,"NW

Ixuwkhu lqwhuvxemhfwlyh surshuwlhv ri nqrzohgjh dqg eholhiv duh vwxglhg lq Er0
qdqqr dqg Qhkulqj +4<<;f,1

61 Hslvwhplf irxqgdwlrqv ri vroxwlrq frqfhswv= +D, Vwudwhjlf0

irup jdphv

Wkh remhfwlyh ri wkh olwhudwxuh rq wkh hslvwhplf irxqgdwlrqv ri jdph wkhru| lv
wr ghwhuplqh zkdw dvvxpswlrqv rq wkh eholhiv dqg uhdvrqlqj ri wkh sod|huv duh
lpsolflw lq ydulrxv vroxwlrq frqfhswv1 Wklv lv d uhfhqw olqh ri lqtxlu| lq jdph
wkhru| dqg rqh wkdw lv jdlqlqj prphqwxp1 Lq wklv dqg wkh qh{w vhfwlrq zh jlyh dq
lqwurgxfwlrq wr wkh jhqhudo dssurdfk dqg uhylhz vrph ri wkh pdlq frqwulexwlrqv1

Zk| zruu| derxw wkh hslvwhplf irxqgdwlrqv ri vroxwlrq frqfhswvB D frpprq
ylhz lv wkdw uhvxowv wkdw uhodwh hslvwhplf frqglwlrqv +vxfk dv frpprq eholhi lq
udwlrqdolw|, wr d sduwlfxodu vroxwlrq frqfhsw khos h{sodlq krz lqwurvshfwlrq dorqh
fdq ohdg sod|huv wr dfw lq dffrugdqfh zlwk lw1 Wkh wdvn ri wklv uhvhdufk surjudp
lv wr lghqwli| iru dq| jdph wkh vwudwhjlhv wkdw pljkw eh fkrvhq e| udwlrqdo dqg
lqwhooljhqw sod|huv zkr nqrz wkh vwuxfwxuh ri wkh jdph dqg wkh suhihuhqfhv ri wkhlu
rssrqhqwv dqg zkr uhfrjql}h hdfk rwkhu*v udwlrqdolw| dqg nqrzohgjh1

Dowkrxjk vhyhudo ri wkh sdshuv lq wkh olwhudwxuh ghdo zlwk wkh vshfldo fdvh ri
nqrzohgjh dqg frpprq nqrzohgjh/ zh zloo wdnh d pruh jhqhudo srlqw ri ylhz
zkhuh wkh sulplwlyh frqfhsw lv wkdw ri eholhi +dqg nqrzohgjh fdq eh ylhzhg dv d
sduwlfxodu irup ri eholhi= fi1 Vhfwlrq 5,1

Wklv vhfwlrq lv ghyrwhg wr wkh dqdo|vlv ri qrupdo0irup +ru vwudwhjlf0irup,
jdphv/ dowkrxjk vrph lpsolfdwlrqv iru h{whqvlyh jdphv duh dovr glvfxvvhg1 Iluvw
zh qhhg wr lqwurgxfh suredelolvwlf eholhiv1

6141 Ed|hvldq iudphv

Gh�qlwlrq 6141 D �qlwh lqwhudfwlyh Ed|hvldq iudph +ru Ed|hvldq iudph/ iru vkruw,
lv d wxsoh E '


�clc iR�j�M�

�
/ zkhuh � ' i�c ���c ?j lv d �qlwh vhw ri lqglylgxdov/

l lv d �qlwh vhw ri vwdwhv dqg iru hyhu| lqglylgxdo � 5 � / R� G l $ {El� +zkhuh
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{El� ghqrwhv wkh vhw ri suredelolw| glvwulexwlrqv ryhu l, lv d ixqfwlrq wkdw vshfl0
�hv khu suredelolvwlf eholhiv/ vdwlvi|lqj wkh iroorzlqj surshuw| ^zh xvh wkh qrwdwlrq
R�ck udwkhu wkdq R�Ek�`= ;kc q 5 l/

li R�ckEq� : f wkhq R�cq ' R�ck� E��

Wkxv R�ck 5 {+l, lv lqglylgxdo �*v vxemhfwlyh suredelolw| glvwulexwlrq dw vwdwh
k dqg frqglwlrq +4, vd|v wkdw hyhu| lqglylgxdo nqrzv khu rzq eholhiv1 Zh ghqrwh
e| nR� ' R�ckn ' i/ 5 l G R�c/ ' R�ckj wkh hyhqw wkdw �*v eholhiv duh jlyhq e| R�ck 5
{El�1 Lw lv fohdu wkdw wkh froohfwlrq ri vxevhwv inR� ' R�c/n G / 5 lj lv d sduwlwlrq
ri l> lw lv riwhq uhihuuhg wr dv lqglylgxdo l*v w|sh sduwlwlrq1

Jlyhq d Ed|hvldq iudph E/ lwv txdolwdwlyh iudph +ru iudph/ iru vkruw, lv wkh
wxsoh T '


�clc i��j�M�

�
/ zkhuh � dqg l duh dv lq Gh�qlwlrq 614 dqg iru hyhu|

lqglylgxdo � 5 � / �� G l $ 2l lv �*v srvvlelolw| fruuhvsrqghqfh/ ghulyhg iurp �*v
suredelolvwlf eholhiv dv iroorzv=4<

��Ek� ' 7�RRER�ck�

Wkxv/ iru hyhu| k 5 l/ ��Ek� lv wkh vhw ri vwdwhv wkdw lqglylgxdo � frqvlghuv
srvvleoh +l1h1 dwwdfkhv srvlwlyh suredelolw| wr, dw k1 Lw iroorzv iurp frqglwlrq +4,
ri Gh�qlwlrq 614 wkdw wkh srvvlelolw| fruuhvsrqghqfh ri hyhu| lqglylgxdo � lv vhuldo/
wudqvlwlyh dqg hxfolghdq1 Wkxv wkh txdolwdwlyh iudph fruuhvsrqglqj wr d Ed|hvldq
iudph frlqflghv zlwk wkh qrwlrq ri lqwhudfwlyh iudph lqwurgxfhg lq Vhfwlrq 5161
Ohw �� = 2l $ 2l eh wkh eholhi rshudwru ri lqglylgxdo � dqg �W G 2l $ 2l wkh
fruuhvsrqglqj frpprq eholhi rshudwru1

6151 W|sh vsdfhv dqg klhudufklhv ri eholhiv

Ohw xv uhfdslwxodwh vrph ri wkh frqfhswv lqwurgxfhg vr idu dqg hoderudwh rq wkhp1
D vwdwh ri wkh zruog vkrxog eh wkrxjkw ri dv d frpsohwh ghvfulswlrq ri hyhu|
uhohydqw dvshfw ri d vlwxdwlrq1 Lq dq lqwhudfwlyh hslvwhprorj| iudphzrun wklv
ghvfulswlrq kdv wzr frpsrqhqwv= d ghvfulswlrq ri wkh h{whuqdo vwdwh +h1j1 wkh
zhdwkhu ru wkh dfwlrqv ri wkh lqglylgxdov, dqg d ghvfulswlrq ri wkh hslvwhplf vwdwhv
ri wkh lqglylgxdov1

Il{ dq lqwhudfwlyh eholhiv iudph I '

�clc i��j�M�

�
1 Lq d prgdo orjlf ds0

surdfk zh surylgh dq lqwhusuhwdwlrq ri vwdwhv ri wkh zruog / 5 l e| lqwurgxflqj

4<Li � 5 �+,/ Vxss+�, ghqrwhv wkh vxssruw ri �/ wkdw lv/ wkh vhw ri vwdwhv wkdw duh dvvljqhg
srvlwlyh suredelolw| e| �1

5:



d vhw � ri sulplwlyh vhqwhqfhv derxw wkh h{whuqdo vwdwh dqg d ixqfwlrq s G � $ 2l

vshfli|lqj wkh vhw ri vwdwhv dw zklfk d sulplwlyh vhqwhqfh lv wuxh1 Wkxv wkh vhw
ri vhqwhqfhv iZ G / 5 sEZ�j lv wkh ghvfulswlrq ri wkh h{whuqdo zruog dw vwdwh /
+uhfdoo wkdw li / *5 sEZ� wkhq =Z lv wuxh dw /,1 D odqjxdjh x lv frqvwuxfwhg
e| lqwurgxflqj prgdo rshudwruv �� +�� eholhyhv wkdw�, dqg frpelqlqj sulplwlyh
vhqwhqfhv lqwr irupxodv e| phdqv ri orjlfdo frqqhfwlyhv dqg prgdo rshudwruv1
Wkh srvvlelolw| fruuhvsrqghqfhv �� +� 5 �, duh xvhg wr vshfli| zklfk irupxodv
lqyroylqj hslvwhplf rshudwruv duh vdwlv�hg dw d jlyhq vwdwh1 Wkxv wkh vhw ri irupx0
odv i��� G ��E/� � n�nj lv d ghvfulswlrq ri wkh hslvwhplf vwdwh ri lqglylgxdo � dw
/1 Wklv vhw fdq eh sduwlwlrqhg lqwr irupxodv lqyroylqj eholhiv ri gl�huhqw rughuv1
Iluvw0rughu eholhiv duh lqglylgxdo �*v eholhiv derxw wkh h{whuqdo zruog1 Vhfrqg0rughu
eholhiv duh �*v eholhiv derxw wkh h{whuqdo zruog dqg wkh �uvw rughu eholhiv ri doo wkh
lqglylgxdov �153 ?wk0rughu eholhiv duh �*v eholhiv derxw +wkh h{whuqdo zruog dqg, wkh
�� |J� E?� ��wk0rughu eholhiv ri doo wkh lqglylgxdov �1 Ohw xf uhsuhvhqw wkh vhw ri
irupxodv zklfk gr qrw lqyroyh dq| hslvwhplf rshudwru1 Wkhq wkh �uvw0rughu eholhiv
vhw ri lqglylgxdo � dw vwdwh / lv wkh vhw ri irupxodv i��� G � 5 xfc ��E/� � n�nj1
Ohw x� ' xf^i��� G � 5 �c� 5 xfj1 Wkhq �*v vhfrqg0rughu eholhiv vhw dw / lv wkh
vhw ri irupxodv i��� G � 5 x�c ��E/� � n�nj154 Lqglylgxdo �*v ?wk0rughu eholhiv vhw
fdq eh frqvwuxfwhg lqgxfwlyho|155

615141 Ed|hvldq iudphv/ prghov dqg w|sh vsdfhv

Wkh eholhiv frqvlghuhg deryh duh qrw suredelolvwlf/ exw lw vkrxog eh lqwxlwlyho| fohdu
wkdw lw pdnhv vhqvh wr wklqn ri suredelolvwlf eholhiv ri gl�huhqw rughuv1 Zh lqwur0
gxfhg suredelolvwlf eholhiv lq wkh suhylrxv vhfwlrq e| phdqv ri Ed|hvldq iudphv1
E| gh�qlwlrq/ iudphv gr qrw surylgh dq| lqwhusuhwdwlrq ri wkh vwdwhv ri wkh zruog1
Wkhuhiruh/ zlwklq d Ed|hvldq iudph/ zh fdqqrw vhsdudwh h{whuqdo vwdwhv iurp hslv0
whplf vwdwhv dqg zh fdqqrw ghvfuleh eholhiv ri gl�huhqw rughuv1 Zh pljkw surylgh
dq lqwhusuhwdwlrq xvlqj wkh prgdo orjlf dssurdfk1 Krzhyhu/ wkh irupdol}dwlrq ri

53Zh pd| dovr frqvlghu rqo| l*v eholhiv derxw rwkhu lqglylgxdov* eholhiv1 Wkh lqwurvshfwlrq
surshuwlhv wdnh fduh ri l*v eholhiv derxw klpvhoi1

54Qrwh wkdw zh gh�qh wkh vhfrqg0rughu eholhiv vhw dw $ wr eh lqfoxvlyh ri wkh �uvw0rughu eholhiv
vhw1 Wkxv dq hohphqw ri wklv vhw lv hlwkhu d irupxod # @ �l! zlwk ! 5 �3 dqg Sl+$, � n!n/ ru d
irupxod # @ �l�m! zlwk ! 5 �3 dqg Sm+$

3, � n!n iru doo $3 5 Sl+$,1 Wklv lv dqdorjrxv wr wkh
gh�qlwlrq ri vhfrqg0rughu suredelolvwlf eholhiv jlyhq ehorz1

55Ohw
�q�4 @ �q�5 ^

�
�m! = m 5 Q>! 5 �q�5

�
=

Wkhq wkh qwk0rughu eholhiv vhw ri lqglylgxdo l dw vwdwh $ lv
�
�l! = ! 5 �q�4> Sl+$, � n!n

�
1
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suredelolvwlf eholhiv e| phdqv ri prgdo orjlf wxuqv rxw wr eh gl!fxow156 Zh wdnh
dq hdvlhu urxwh1 Zh dvvxph wkdw wkhuh lv d zhoo0gh�qhg vhw 7 +�qlwh xqohvv zh h{0
solflwo| vd| rwkhuzlvh, ri h{whuqdo vwdwhv/ zkrvh lqwhusuhwdwlrq zh wdnh iru judqwhg1
Wkhq zh dgg wr wkh Ed|hvldq iudph E '


�clc iR�j�M�

�
d ixqfwlrq j G l $ 7 /

zkhuh jE/� fruuhvsrqgv wr wkh ghvfulswlrq ri wkh h{whuqdo zruog dw vwdwh /1 Iru
h{dpsoh/ li zh kdyh d �qlwh vhw ri sulplwlyh vhqwhqfhv � ' iZ�c ���c Zgj/ zh ohw 7
' ifc �j� +wkh vhw ri ixqfwlrqv iurp � wr ifc �j,/ zkhuh rEZ&� ' � +rEZ&� ' f,
phdqv wkdw Z& lv wuxh +idovh, dw h{whuqdo vwdwh r1 Wkhq wkh ixqfwlrq j fruuh0
vsrqgv wr dq lqwhusuhwdwlrq ixqfwlrq s G � $ 2l/ zkhuh r ' jE/� li dqg rqo| li
/ 5 sEZ&� iru doo Z& vxfk wkdw rEZ&� ' �1 +Rwkhu h{dpsohv ri wkh vshfl�fdwlrq
ri 7 duh jlyhq lq wkh iroorzlqj vxevhfwlrqv= 7 fdq eh wkh vhw ri vwudwhj| sur�ohv
lq d frpsohwh lqirupdwlrq jdph ru wkh vhw ri sur�ohv ri sd|r�0uhohydqw vwdwhv dqg
vwudwhjlhv lq d jdph zlwk lqfrpsohwh lqirupdwlrq1, Wkh sdlu P ' kEc jl lv dq
hslvwhplf prgho iru 7157 Wkh �uvw0rughu +suredelolvwlf, eholhiv ri lqglylgxdo � dw
vwdwh k lq prgho P duh jlyhq e| wkh suredelolw| phdvxuh >��ck 5 {E7� vdwlvi|lqj
>��ckEr� '

S
/Mj3�Er� R�ckE/�1 Kljkhu0rughu eholhiv fdq eh vshfl�hg lqgxfwlyho|1 Iru

h{dpsoh/ �*v vhfrqg0rughu eholhiv +eholhiv derxw wkh h{whuqdo vwdwh dqg wkh rwkhu
lqglylgxdov* eholhiv, dw vwdwh k duh jlyhq e| wkh phdvxuh >2�ck 5 {

�
7 � d{E7�o?3�

�
vdwlvi|lqj

>2�ck

�
rc
�
>��
�
� �'�

�
'

[
/GEjE/�cE>��c/�� �'��'

�
rcE>���� �'�

�
R�ckE/��

^Qrwh wkdw lw lv lpsruwdqw wkdw zh vshfli| vhfrqg0rughu eholhiv dv mrlqw eholhiv
derxw wkh h{whuqdo vwdwh dqg rwkhu lqglylgxdov* +�uvw rughu, eholhiv1 Iru h{dpsoh/
li wkh h{whuqdo vwdwh ghvfulehv hdfk lqglylgxdov* dfwlrqv dqg zh zdqw wr prgho wkh
dvvxpswlrq wkdw � eholhyhv wkdw � lv udwlrqdo/ zh kdyh wr orrn iru wkh vhw ri vwdwhv
ri wkh zruog zkhuh � dvvljqv suredelolw| }hur wr hyhu| frpelqdwlrq ri dfwlrqv dqg
�uvw rughu eholhiv iru � wkdw ylrodwh �*v udwlrqdolw|1` Frqwlqxlqj wklv zd|/ zh fdq
vhh wkdw iru dq| vwdwh ri wkh zruog / lq d prgho iru 7 wkhuh lv d fruuhvsrqglqj

E?n��0wxsoh
�
jE/�c

�
>��c/c >

2
�c/c ���

�
�M�

�
vshfli|lqj wkh h{whuqdo vwdwh dqg dq lq�qlwh

klhudufk| ri eholhiv iru hdfk lqglylgxdo �1
Zh qrz wxuq wr d uhodwhg/ exw vrphzkdw pruh wudqvsduhqw uhsuhvhqwdwlrq ri

h{whuqdo dqg hslvwhplf vwdwhv gxh wr Kduvdq|l +4<9:09;,1 Wkh lqglylgxdov lq �

56Zh pljkw lqwurgxfh prgdo rshudwruv �s
l zlwk wkh lqwhusuhwdwlrq �l dvvljqv suredelolw| dw

ohdvw s wr111�1 Exw lq rughu wr kdyh d frxqwdeoh odqjxdjh zh vkrxog frqvlghu rqo| udwlrqdo ydoxhv
ri s1 Vhh/ iru h{dpsoh/ Idjlq dqg Kdoshuq +4<<7,1

57Ru dq V0edvhg eholhi vsdfh/ lq Phuwhqv dqg ]dplu*v +4<;8, whuplqrorj|1
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duh xqfhuwdlq derxw wkh h{whuqdo vwdwh r 5 7 dqg kdyh eholhiv derxw wkh h{whuqdo
vwdwh dqg derxw hdfk rwkhu*v eholhiv1 Wkh v|vwhp ri eholhiv ri lqglylgxdo � lv
ghwhuplqhg e| d sdudphwhu |�/ fdoohg wkh hslvwhplf w|sh ri �/ wkurxjk d ixqfwlrq
w� zklfk dvvljqv wr hdfk |� d suredelolw| phdvxuh rq wkh vhw ri h{whuqdo vwdwhv dqg
hslvwhplf w|shv ri rwkhuv1 Hslvwhplf prghov ri wklv nlqg duh fdoohg w|sh vsdfhv1
Zh irfxv pdlqo| rq �qlwh w|sh vsdfhv wr dyrlg phdvxuh0wkhruhwlf whfkqlfdolwlhv1

Gh�qlwlrq 6151 Ohw 7 eh d �qlwh vhw ri h{whuqdo vwdwhv1 D �qlwh w|sh vsdfh iru
7 lv d wxsoh W '


�c7c iA�j�M� c iw�j�M�

�
zkhuh � ' i�c 2c ���c ?j lv d �qlwh vhw

ri lqglylgxdov dqg iru hyhu| lqglylgxdo � 5 � / A� lv d �qlwh vhw ri w|shv dqg
w� G A� $ {E7 �A3�� lv d ixqfwlrq vshfli|lqj wkh suredelolvwlf eholhiv ri hdfk
w|sh derxw wkh h{whuqdo vwdwhv dqg wkh rwkhu lqglylgxdov* w|shv +zkhuh A3� '
A� � ���� A�3� � A�n� � ���� A?,1

D vwdwh ri wkh zruog lq d w|sh vsdfh W iru 7 lv dq E?n��0wxsoh Erc |�c ���c |?� 5 7
�A������A? vshfli|lqj wkh h{whuqdo vwdwh dqg wkh hslvwhplf w|shv1 Hyhu| hslvwhplf
w|sh fruuhvsrqgv wr dq lq�qlwh klhudufk| ri eholhiv1 Iluvw0rughu eholhiv duh rewdlqhg
lq dq reylrxv zd|= iru hyhu| lqglylgxdo � dqg w|sh | 5 A�/ wkh �uvw0rughu eholhiv ri |
duh jlyhq e| wkh suredelolw| phdvxuh >�

�c| ' 6o}7w�c| 5 {E7 �/ zkhuh6o}7 ghqrwhv
�pdujlqdo glvwulexwlrq rq 7� dqg zh zulwh w�c| udwkhu w�E|� iru wkh suredelolw|
phdvxuh dvvljqhg e| w|sh | ri sod|hu �158 Rqfh zh kdyh rewdlqhg wkh �uvw0rughu0
eholhiv pdsslqjv | :�$ >�

�c| iru doo wkh lqglylgxdov �/ zh fdq gh�qh wkh vhfrqg

rughu eholhiv ri dq| w|sh | ri dq| lqglylgxdo �= >2
�c| 5 {

�
7 � d{E7�o?3�

�
lv wkh

suredelolw| phdvxuh vdwlvi|lqj

>2
�c|

�
rc
�
>��
�
� �'�

�
' w�c|

�q
Erc |3�� G ;� 9' �c >�

� ' >��c|�

r�
�

Qrwh wkdw 6o}7>
2
�c| ' >�

�c|= vlqfh vhfrqg rughu eholhiv +lq rxu gh�qlwlrq, duh dovr
eholhiv derxw wkh h{whuqdo vwdwh/ wkh| pxvw vxevxph �uvw rughu eholhiv1 Kljkhu
rughu eholhiv iru hdfk w|sh duh frqvwuxfwhg lqgxfwlyho|1 Wkh| vdwlvi| dq dqdorjrxv
�pdujlqdol}dwlrq surshuw|� dqg dvvljq suredelolw| }hur wr wkh orzhu rughu klhudu0
fklhv ri rwkhu lqglylgxdov ylrodwlqj wklv surshuw|1 Ri frxuvh/ wkh vdph surshuwlhv
duh vdwlv�hg e| wkh klhudufklhv ri eholhiv jhqhudwhg e| d prgho iru 71

Eholhi +fhuwdlqw|, rshudwruv fdq eh gh�qhg lq d txlwh vwudljkwiruzdug zd|1 Zh
lqirupdoo| dvvxph wkdw hyhu| lqglylgxdo nqrzv klv hslvwhplf w|sh +fi1 Vhfwlrqv 515

58Wkxv �4l>w+v, @
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dqg 614,1 Wkhuhiruh iru dq| hyhqw . � 7 �A�� ����A? dqg w|sh |� ri lqglylgxdo �
wkh vhw ri vwdwhv lq . wkdw � grhv qrw uxoh rxw lv iEr�c |��c ���c |

�
?� 5 . G |�� ' |�j1 Ohw

.|� ' iEr�c |�3�� 5 7 � A3� G Er
�c |�c |

�
3�� 5 .j

W|sh |� eholhyhv + lv fhuwdlq ri, . li w�c|�E.|�� ' �1 Wkxv wkh hyhqw �sod|hu � eholhyhv
.� lv

��. ' iErc |�c |3�� G w�c|�E.|�� ' �j �

Pxwxdo dqg frpprq eholhi rshudwruv duh wkhq gh�qhg lq wkh xvxdo zd|1 Lw fdq eh
yhul�hg wkdw wkhvh eholhi rshudwruv vdwlvi| doo wkh surshuwlhv ri wkh fruuhvsrqglqj
rshudwruv gh�qhg iru vwdqgdug +vhuldo/ wudqvlwlyh/ hxfolghdq, iudphv1

Dv wkh iroorzlqj uhpdun vkrzv/ d w|sh vsdfh iru 7 lv hvvhqwldoo| d prgho ri 7
zkhuh wkh vwdwhv ri wkh zruog duh h{solflwo| ghfrpsrvhg lqwr h{whuqdo dqg hslvwhplf
vwdwhv1 Ixuwkhupruh/ hyhu| prgho iru 7 fdq eh pdsshg lqwr d fruuhvsrqglqj w|sh
vsdfh1

Uhpdun 431 Il{ d �qlwh vhw 7 ri h{whuqdo vwdwhv1
+4, Iru dq| prgho P iru 7/ ohw W} ghqrwh wkh fruuhvsrqglqj w|sh vsdfh zkhuh/
iru hdfk � 5 � / A� � {El� lv wkh udqjh ri R� dqg w� lv vxfk wkdw/ iru doo k 5 l/
r 5 7/ E^��� �'� 5 A3� � d{El�o?3�/

w�cR�ck Erc E^��� �'�� '
[

/GjE/�'rcER�c/�� �'�'E^��� �'�

R�ckE/��

Wkhq P dqg W} jhqhudwh wkh vdph klhudufklhv ri eholhiv/ wkdw lv/ iru doo / 5 l/

� 5 � /
�
>�
�c/c >

2
�c/c ���

�
'

�
>��cR�c/ c >

2
�cR�c/

c ���
�
1

+5, Iru dq| w|sh vsdfh W iru 7/ ohw P9 ghqrwh wkh fruuhvsrqglqj prgho zkhuh
l ' 7 � A� � ���A?/ j G l $ 7 lv wkh surmhfwlrq ixqfwlrq dqg iru hdfk � 5 � / R� lv
vxfk wkdw/ iru doo Erc |�c |3�� 5 l/ Er�c |�3�� 5 7 � A3�/

R�cErc|�c|3��
�
r�c |�c |

�
3�

�
' w�c|�

�
r�c |�3�

�
�

Wkhq W dqg P9 jhqhudwh wkh vdph klhudufklhv ri eholhiv/ wkdw lv/ iru doo � 5 � /
/ ' Erc |�c |3�� 5 l/

�
>�
�c|�
c >2

�c|�
c ���

�
'

�
>��c/c >

2
�c/c ���

�
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615151 Wkh xqlyhuvdo w|sh vsdfh

Zh kdyh vhhq wkdw iru dq| jlyhq vhw 7 ri h{whuqdo vwdwhv zh fdq xvh dq hslvwhplf
prgho ru d w|sh vsdfh iru 7 wr surylgh frqvlvwhqw uhsuhvhqwdwlrqv ri wkh lqglylg0
xdov* v|vwhpv ri eholhiv1 Lq sduwlfxodu/ hyhu| vwdwh ri wkh zruog lq wkh prgho +ru
w|sh vsdfh, lqgxfhv d frqvlvwhqw lq�qlwh klhudufk| ri eholhiv1 Exw qrw doo wkh frq0
vlvwhqw klhudufklhv duh jhqhudwhg lq dq| sduwlfxodu �qlwh prgho159 Lq idfw/ wkhuh
duh lq�qlwho| pdq| frqfhlydeoh �uvw rughu eholhiv/ doo wkh hohphqwv ri {E7�1 Pruh
jhqhudoo|/ hyhq dq lq�qlwh prgho qhhg qrw uhsuhvhqw doo wkh frqvlvwhqw klhudufklhv
ri eholhiv dqg/ d sulrul/ lw lv qrw hyhq reylrxv wkdw wkhuh h{lvw lq�qlwh prghov uhs0
uhvhqwlqj doo wkh frqvlvwhqw klhudufklhv1 Wklv lv wr eh frqwudvwhg zlwk zkdw zh fdq
dfklhyh xvlqj wkh prgdo orjlf dssurdfk wr uhsuhvhqw qrq suredelolvwlf eholhiv1 Iru
dq| jlyhq v|vwhp P ri d{lrpv dqg lqihuhqfh uxohv zh fdq frqvwuxfw d fdqrqlfdo
prgho zklfk lv suhflvho| d prgho zkhuh hyhu| +hslvwhplf ru qrq hslvwhplf, irupxod
lq wkh odqjxdjh x zklfk lv frqvlvwhqw zlwk P lv vdwlv�hg dw vrph vwdwh1 D olwwoh
pruh suhflvho|/ d vwdwh ri wkh zruog lq wkh fdqrqlfdo prgho lv gh�qhg dv d pd{l0
pdo vhw ri irupxodv zklfk duh pxwxdoo| frqvlvwhqw +gr qrw jhqhudwh frqwudglfwlrqv,
jlyhq wkh d{lrpv dqg lqihuhqfh uxohv lq P1

Lw wxuqv rxw wkdw li 7 lv �qlwh5: zh fdq surylgh d vruw ri suredelolvwlf0eholhiv0
dqdorj ri wkh fdqrqlfdo prgho ri prgdo orjlf/ wkdw lv/ d xqlyhuvdo w|sh vsdfh
frqwdlqlqj doo wkh frqfhlydeoh klhudufklhv ri eholhiv1 Zh zloo dujxh wkdw wklv lv
lpsruwdqw wr dqdo|}h wkh hslvwhplf irxqgdwlrqv ri jdph wkhru| +vhh Vhfwlrqv 616
dqg 7,1 Wkhuhiruh zh surylgh khuh d vxppdu| ri wklv frqvwuxfwlrq1

Zh zdqw wr gh�qh wkh vhw ri doo lq�qlwh klhudufklhv ri eholhiv vdwlvi|lqj wkh
vdph frqvlvwhqf| surshuwlhv ri wkh klhudufklhv wkdw rewdlq dw vrph vwdwh ri d w|sh
vsdfh +ru hslvwhplf prgho, iru 71 Iru h{dpsoh/ �uvw rughu eholhiv vkrxog eh wkh
pdujlqdov ri vhfrqg0rughu eholhiv dqg wklug rughu eholhiv vkrxog uxoh rxw klhudufklhv
ri eholhiv ri rwkhu lqglylgxdov wkdw gr qrw vdwlvi| wklv pdujlqdol}dwlrq surshuw|1

Ohw xv xvh wkh iroorzlqj qrwdwlrq=

� ff ' 7 /

� ~� ' d{Eff�o?3�/ f� ' ff � ~�/

� ~2 ' d{Ef��o?3�/ f2 ' f� � ~2

59Ixuwkhupruh/ wkh ixqfwlrq � lq d prghoP iru V qhhg qrw eh rqwr/ zklfk phdqv wkdw vrph
frqfhlydeoh h{whuqdo vwdwhv duh qrw uhdol}hg dw dq| vwdwh ri wkh zruog lqP1

5:Lqghhg li V lv d �qlfh� wrsrorjlfdo vsdfh/ h1j1 d Srolvk/ ru d frpsdfw phwulf vsdfh1
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Jlyhq f& zh gh�qh

� ~&n� ' d{Ef&�o?3�/ f&n� ' f& � ~&n��5;

Iru dq| jlyhq lqglylgxdo �/ ~� lv wkh vhw ri wkh frqfhlydeoh frpelqdwlrqv ri
�uvw0rughu eholhiv ri doo wkh rwkhu lqglylgxdov1 Wkh vhw ri klv vhfrqg0rughu eholhiv lv
wkhuhiruh {E7�~�� ' {Ef��1 Klv frqfhlydeoh wklug0rughu eholhiv duh hohphqwv ri
{Ef2� wkdw uxoh rxw dq| frpelqdwlrq ri �uvw dqg vhfrqg0rughu eholhiv zklfk grhv
qrw vdwlvi| wkh pdujlqdol}dwlrq surshuw| iru dw ohdvw rqh lqglylgxdo �1 Lq jhqhudo/
wkh frqfhlydeoh &0rughu eholhiv +& � �, ri dq lqglylgxdo � irup rqo| d vxevhw
ri {Ef&�/ dv vrph hohphqwv ri {Ef&� gr qrw uxoh rxw doo wkh �lqfrqfhlydeoh�
klhudufklhv ri ohqjwk & iru wkh rwkhu lqglylgxdov1 Ixuwkhupruh/ hdfk frqfhlydeoh
klhudufk| E>�c ���c >&c >&n�c ���� pxvw vdwlvi| wkh �pdujlqdol}dwlrq surshuw|�= >& '
6o}f&3�>&n�1 Wkxv wkh vhw ri frqfhlydeoh lq�qlwh klhudufklhv iru dq| lqglylgxdo
� lv d vxevhw AL

� � {Eff� � {Ef�� � ��� � {Ef&� � ���/ zklfk fdq eh gh�qhg
lqgxfwlyho| dv iroorzv=5<

� t �
3� ' f�c

� t &
3� ' iErc EE>�

��� �'�c ���c E>
&3�
� �� �'�c E>

&
� �� �'�� 5 f&3� � ~& G

;� 9' �c6o}f&32>&� ' >&3�� c >&� Et
&3�� ' �j/

� AL
� ' iE>�� c >

2
� c ���c >

&
� c ���� 5

T"
&'f{Ef&� G

;& � �c6o}f&32>&� ' >&3�� c >&� Et
&3�
3� � ' �j�

Wkh iroorzlqj ixqgdphqwdo uhvxow lv gxh wr Phuwhqv dqg ]dplu +4<;8,163 Lw
vkrzv wkdw d yhfwru �

rc
�
E>�� c >

2
� c ����

�
�M�

�
5 7 �

\
�M�

AL
� �

lv d frpsohwh dqg frqvlvwhqw ghvfulswlrq ri wkh vwdwh ri wkh zruog dqg wkdw AL
� fdq

eh lqwhusuhwhg dv d vhw ri hslvwhplf w|shv lq d w|sh vsdfh1 Ohw AL
3� '

T
� �'� A

L
� 1

5;Lw fdq eh vkrzq wkdw hdfk [n lv d phdvxudeoh vsdfh dqg khqfh wkh vhw �+[n, ri doo sured0
elolw| phdvxuhv rq [n lv zhoo0gh�qhg1

5<Doo wkh lqglylgxdov duh v|pphwulf lq wklv frqvwuxfwlrq ehfdxvh wkh| doo kdyh eholhiv derxw
wkh vdph vhw ri h{whuqdo vwdwhv1 Exw v|pphwu| lv qrw dq lpsruwdqw ihdwxuh ri wkh prgho1

63Vhh dovr Eudqghqexujhu dqg Ghnho +4<<6,/ Khlihw} dqg Vdphw +4<<9, dqg wkh uhihuhqfhv
wkhuhlq1
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Sursrvlwlrq 6161 Wkhuh lv d �fdqrqlfdo krphrprusklvp� ehwzhhq AL
� dqg {E7

�AL
3��/ wkdw lv/ d elmhfwlyh dqg elfrqwlqxrxv

64 ixqfwlrq wL� G AL
� $ {E7 �AL

3�� vxfk
wkdw iru doo | ' E>�

� c >
2
� c ���� 5 AL

� dqg iru hdfk lqwhjhu & � �/

6o}f&3�wL�c| ' >&� �

Wkh surri ri Sursrvlwlrq 616 lv eh|rqg wkh vfrsh ri wklv sdshu/ exw wkh pdlq
lghd ri wkh surri lv uhodwlyho| vlpsoh dqg fodul�hv wkh zkroh frqvwuxfwlrq1 Wkh pdlq
srlqw vkrxog eh idploldu wr wkrvh zkr nqrz vrph wkhru| ri vwrfkdvwlf surfhvvhv
dqg Nroprjrury*v h{whqvlrq wkhruhp1 Zlwklq vsdfh 7 �AL

3� wkhuh duh ��qlwh0
glphqvlrqdo� hyhqwv +phdvxudeoh vxevhwv, zklfk duh vlpso| ghvfulehg e| surshu0
wlhv ri wkh h{whuqdo vwdwh dqg wkh rwkhu lqglylgxdov* eholhiv xs wr rughu &1 Ohw .&

ghqrwh vxfk dq hyhqw1 Iru h{dpsoh/ .f ' t � AL
3� +zkhuh t � 7 , lv dq hyhqw lq

7 �AL
3� wkdw lv rqo| ghvfulehg e| surshuwlhv ri wkh h{whuqdo vwdwh1 Doo wkh eholhiv

ri rughu & n � ru kljkhu lq klhudufk| | ' E>�
� c >

2
� c ���, dvvljq d suredelolw| wr hyhqw

.& +iru eholhiv ri rughu 6 ' & n 2c & n �c ��� mxvw wdnh wkh pdujlqdo rq f&,1 E|
frqvlvwhqf|/ doo wkhvh suredelolwlhv pxvw eh wkh vdph1 Iru h{dpsoh/ wkh suredelolw|
dvvljqhg e| klhudufk| | ' E>�� c >

2
� c ���, wr .f ' t � AL

3� lv >�
� Et �1 Ohw wL�c|E.

&�
ghqrwh wkh suredelolw| dvvljqhg e| | wr .&1 Wkhq zh fdq wdnh olplwv wr rewdlq wkh
suredelolw| ri vhwv ri wkh irup . '

W
&Df.

& G

wL�c|E.� ' *�4
6<"

wL�c|

#
6_
&'f

.&

$
�

Ilqdoo|/ zh fdq gh�qh wL�c| iru doo wkh +phdvxudeoh, vxevhwv ri 7 �AL
3� e| +frxqwdeoh,

dgglwlylw|1 Lqwxlwlyho|/ wklv pxvw eh wkh �uljkw� suredelolw| phdvxuh wr dvvljq
wr wkh lq�qlwh klhudufk| ri eholhiv |1 Qrz vxssrvh zh �{ d suredelolw| phdvxuh
>� 5 {E7 �AL

3��1 Wkhq zh fdq ghulyh dq lq�qlwh klhudufk| ri eholhiv | ' E>�� c >
2
� c ����

mxvw e| wdnlqj wkh pdujlqdo rq hdfk vsdfh f&/ & ' fc �c ���/ dqg lw wxuqv rxw wkdw
wL� E|�� ' >�1

Sursrvlwlrq 616 phdqv wkdw zh fdq wklqn lqwhufkdqjhdeo| ri w|shv dv lq�qlwh
klhudufklhv ri eholhiv dqg w|shv dv suredelolw| phdvxuhv rq wkh vsdfh ri frpelqd0
wlrqv ri h{whuqdo vwdwhv dqg rwkhu sod|huv* w|shv1 Wkh �uvw qrwlrq ri w|sh lv h{solflw/
ehfdxvh lw uholhv rq dq lwhudwlyh frqvwuxfwlrq vwduwlqj iurp �uvw rughu eholhiv/ d

64Lw fdq eh vkrzq wkdw �+[n, +n @ 3> 4> ==,/ WX
l dqg �+V � WX

�l, duh frpsohwh/ vhsdudeoh dqg
phwul}deoh zlwk uhvshfw wr wkh wrsrorj| ri zhdn frqyhujhqfh ri phdvxuhv1 Frqwlqxlw| lv gh�qhg
zlwk uhvshfw wr wklv wrsrorj|1 Vhh h1j1 Eudqghqexujhu dqg Ghnho +4<<6,1

67



frqfhsw zh douhdg| xqghuvwrrg zhoo1 Wkh vhfrqg qrwlrq ri w|sh lv lpsolflw= lwv
vhoi0uhihuhqwldo qdwxuh pdnhv lw srvvleoh wr dvvljq wr hyhu| w|sh dq lq�qlwh klhudu0
fk| ri eholhiv/ exw wklv klhudufk| lv qrw h{solflwo| jlyhq1 Wklv vkrxog ulqj d ehoo=
zh duh edfn wr w|sh vsdfhv1 Lqghhg/ Sursrvlwlrq 616 vkrzv wkdw

W L '
G
�c7c

�
AL
�

�
�M�

c
�
wL�

�
�M�

H
lv d w|sh vsdfh1 Wklv sduwlfxodu w|sh vsdfh/ krzhyhu/ kdv wzr ihdwxuhv= +4, lw lv
lq�qlwh dqg lq�qlwh glphqvlrqdo/ +5, lw lv xqlyhuvdo lq wkh vhqvh wkdw lw �frqwdlqv�
hyhu| w|sh vsdfh +pruh suhflvho|/ lw frqwdlqv doo wkh klhudufklhv ri eholhiv fruuh0
vsrqglqj wr wkh w|shv ri dq| w|sh vsdfh W iru 7,1 Wklv lv pdgh irupdo e| wkh
iroorzlqj uhvxow=

Sursrvlwlrq 6171 Iru hyhu| w|sh vsdfh W '

�c7c iA�j�M� c iw�j�M�

�
wkhuh lv d

xqltxh q0wxsoh ri ixqfwlrqv ) ' E)��/ )� G A� $ AL
� / vxfk wkdw iru doo � 5 � / | 5 A�/

. � 7 � AL
3� +phdvxudeoh,

w�c|
��

Er�c |�3�� 5 7 � A3� G Erc )3�E|3��� 5 .
��

' wL�c)�E|�E.�

zkhuh zh zulwh )3�E|3�� ' E)�E|���� �'�1

Wkh phdqlqj ri Sursrvlwlrq 617 lv wkdw wkhuh lv rqh dqg rqo| rqh zd| wr dvvljq
wr hyhu| w|sh | ri hyhu| sod|hu � lq w|sh vsdfh W d fruuhvsrqglqj lq�qlwh klhudufk|
ri eholhiv +l1h1 d w|sh lq W L, vr wkdw wkh vdph suredelolw| lv dvvljqhg e| | dqg )�E|�
wr fruuhvsrqglqj hyhqwv1 Qrwh wkdw wkh �qlwhqhvv ri 7 �A3� lpsolhv wkdw w

L
�c)�E|�

pxvw eh d suredelolw| phdvxuh zlwk �qlwh vxssruw1 Lqghhg iru hdfk w|sh | 5 A� wkh
klhudufk|2w|sh )�E|� 5 AL

� �lv fhuwdlq� wkdw klv rssrqhqwv* klhudufklhv ri eholhiv
ehorqj wr wkh lpdjh vhw )3�EA3��� Wkxv W fruuhvsrqgv wr d �qlwh/ �eholhi0forvhg�
vxevsdfh ri W L 1

Wkh pdlq vwhs lq wkh surri ri Sursrvlwlrq 617 lv wkh lqgxfwlyh frqvwuxfwlrq ri
wkh ixqfwlrqv )�1 Wkhvh ixqfwlrqv vlpso| dvvljq wr hdfk w|sh | 5 A� wkh lq�qlwh
klhudufk| ri eholhiv E>�

�c|c >
2
�c|c ��� ghulyhg deryh165

6161 Prghov ri vwudwhjlf0irup jdphv

Wkurxjkrxw wklv sdshu zh vkdoo uhvwulfw dwwhqwlrq wr �qlwh jdphv1 D �qlwh qrupdo0
irup ru vwudwhjlf0irup jdph lv d wxsoh C ' k�c i7�j�M� c i��j�M�l/ zkhuh � '

65Qrwh wkdw wkh ixqfwlrqv *l qhhg qrw eh lqmhfwlyh ehfdxvh d w|sh vsdfh pd| frqwdlq �gxsol0
fdwh� ru �uhgxqgdqw� w|shv1
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i�c 2c � � � c ?j lv d vhw ri sod|huv/ 7� lv d �qlwh vhw ri vwudwhjlhv iru sod|hu � dqg
�� G 7 $ ? +zkhuh 7 ' 7�� � � ��7? dqg ? lv wkh vhw ri uhdo qxpehuv, lv sod|hu �*v
yrq Qhxpdqq Prujhqvwhuq sd|r� +ru xwlolw|, ixqfwlrq1 Wklv +vwdqgdug, gh�qlwlrq
ri jdph uhsuhvhqwv rqo| d sduwldo ghvfulswlrq ri wkh lqwhudfwlyh vlwxdwlrq/ lq wkdw
lw ghwhuplqhv wkh fkrlfhv wkdw duh dydlodeoh wr wkh sod|huv dqg wkh suhihuhqfhv
ryhu vwudwhj| sur�ohv/ exw grhv qrw vshfli| wkh sod|huv* eholhiv derxw hdfk rwkhu ru
wkhlu dfwxdo fkrlfhv1 Wkh qrwlrq ri prgho ri C surylghv d zd| ri frpsohwlqj wkh
ghvfulswlrq1 Qrwh wkdw lq wkh iroorzlqj gh�qlwlrq lw lv lpsolflwo| dvvxphg wkdw C lv
d jdph zlwk frpsohwh lqirupdwlrq +wkh sd|r� ixqfwlrqv duh frpprq nqrzohgjh,1

Gh�qlwlrq 6181 Il{ d qrupdo0irup jdph C1 D prgho ri C lv d sdlu P '
kEc ij�j�M�l/ zkhuh E '


�clc iR�j�M�

�
/ lv d Ed|hvldq iudph +fi1 Gh�qlwlrq

614, dqg/ iru hyhu| sod|hu l/ j� = l $ 7� lv d ixqfwlrq wkdw vshfl�hv iru hyhu| vwdwh
wkh fkrlfh pdgh e| sod|hu � dw wkdw vwdwh1

Iru hyhu| vwdwh / 5 l/ ohw jE/� ' Ej�E/�c � � � c j?E/�� 5 7 eh wkh vwudwhj| sur�oh
sod|hg dw / dqg/ iru hyhu| sod|hu �/ ghqrwh e| j3�E/� 5 73� wkh E?� ��0wxsoh ri
vwudwhjlhv sod|hg e| wkh sod|huv rwkhu wkdq �1 Wkh dvvrfldwlrq ri d vwudwhj| sur�oh
zlwk hyhu| vwdwh lv zkdw jlyhv frqwhqw wr wkh eholhiv ri wkh sod|huv dqg doorzv wkh
ghulydwlrq ri d sur�oh ri lq�qlwh klhudufklhv ri eholhiv iru hdfk vwdwh/ dv h{sodlqhg
lq vxevhfwlrq 6151 Doo wkh sdshuv rq wkh hslvwhplf irxqgdwlrqv ri qrupdo0irup
vroxwlrq frqfhswv frqvlghuhg khuh xvh wklv nlqg ri hslvwhplf prghov1 Wkhuhiruh
zh frqirup wr wklv irupdol}dwlrq1 Exw lw lv zruwk vwuhvvlqj wkdw doo wkh uhvxowv
frxog eh uhirupxodwhg lq whupv ri w|sh vsdfhv iru 71 Zh zloo dujxh lq Vhfwlrq 7
wkdw w|sh vsdfhv duh sduwlfxoduo| zhoo vxlwhg iru wkh hslvwhplf dqdo|vlv ri h{whqvlyh
irup jdphv1

Zh �uvw surylgh d suhflvh gh�qlwlrq ri wkh hyhqw �sod|hu � lv udwlrqdo� zlwklq
d prgho P ri jdph C1

Gh�qlwlrq 6191 Il{ d vwudwhj| r� dqg d suredelolw| phdvxuh > 5 {E73��1 Zh vd|
wkdw r� lv d ehvw uhvsrqvh wr > � zulwwhq r� 5 o�E>� � li/ iru doo r

�
� 5 7�[

r3�M73�

d��Er�c r3��� ��Er
�
�c r3��o>Er3�� � f�

Gh�qlwlrq 61:1 Sod|hu � lv udwlrqdo dw vwdwh k 5 l li khu eholhiv dw k dvvljq sure0
delolw| rqh wr khu fkrlfh dw k dqg wklv fkrlfh lv d ehvw uhvsrqvh wr khu +pdujlqdo,
eholhiv derxw wkh rssrqhqwv* fkrlfhv= ohw r�ck ' j�Ek�/ wkhq
+4, ��Ek� � j3�� Er�ck� dqg
+5, r�ck 5 o�E6o}73�R�ck�1
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Ohw+�A� eh wkh vhw ri vwdwhv zkhuh sod|hu � lv udwlrqdo dqg+�A '
W

�M� +�A�

wkh hyhqw wkdw doo sod|huv duh udwlrqdo1 Qrwh wkdw/ e| frqglwlrq +4, ri Gh�qlwlrq
61: li sod|hu � lv udwlrqdo/ vkh lv fhuwdlq ri ehlqj udwlrqdo ++�A� � ��+�A�,/
exw wkh frqyhuvh grhv qrw krog1 Krzhyhu/ pdq| sdshuv rq wkh hslvwhplf irxq0
gdwlrqv ri jdph wkhru| dgrsw d vwurqjhu gh�qlwlrq ri prgho ri d jdph dvvxplqj
wkdw frqglwlrq +4, krogv joredoo| +dqg gursslqj +4, iurp wkh gh�qlwlrq ri udwlr0
qdolw|,1 Lq wkhvh prghov/ li d sod|hu eholhyhv vkh lv udwlrqdo/ vkh lv lqghhg udwlrqdo
+��+�A� � +�A�,1 Zh suhihu wkh pruh jhqhudo irupxodwlrq zkhuh +4, lv dvvxphg
rqo| orfdoo| dv sduw ri d sod|hu*v udwlrqdolw| ehfdxvh wklv irufhv d pruh wudqvsdu0
hqw irupxodwlrq ri uhvxowv dqg ehfdxvh lw lv pruh dssursuldwh iru wkh dqdo|vlv ri
h{whqvlyh irup jdphv +vhh Vhfwlrq 7,1

H{dpsoh 61;1 Iljxuh <e vkrzv d prgho ri wkh wzr0shuvrq jdph looxvwudwhg lq
Iljxuh <d1 Khuh zh kdyh wkdw +�A� ' i� c qj dqg +�A2 ' l> khqfh +�A '
i�c qj� Qrwh dovr wkdw ��+�A ' i� c qj/ �2+�A ' i�j dqg �W+�A ' >1
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/ & 5
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6171 Udwlrqdol}delolw|

Wkh �uvw vroxwlrq frqfhsw zh frqvlghu lv udwlrqdol}delolw| +Ehuqkhlp/ 4<;7/ Shdufh/
4<;7,/ zklfk lv lqwhqghg wr fdswxuh wkh lpsolfdwlrqv ri udwlrqdolw| dqg frpprq
eholhi lq lw1

Wkh k|srwkhvlv ri udwlrqdolw| ri doo wkh sod|huv doorzv wkh holplqdwlrq ri doo
vwudwhjlhv wkdw duh qhyhu ehvw uhvsrqvhv1 Ixuwkhupruh/ li hyhu| sod|hu lv eholhyhg
wr eh udwlrqdo e| hyhu|erg| hovh/ wkhq qr sod|hu vkrxog dwwdfk srvlwlyh vxemhfwlyh
suredelolw| wr vwudwhjlhv ri wkh rwkhu sod|huv wkdw duh qhyhu ehvw uhvsrqvhv1 Krz0
hyhu/ wkhuh pljkw eh vwudwhjlhv wkdw duh qhyhu ehvw uhvsrqvhv jlyhq vxfk uhvwulfwlrqv
rq eholhiv1 Wkhq wkh k|srwkhvlv wkdw hyhu|erg| eholhyhv hyhu|erg| hovh wr eh ud0
wlrqdo doorzv wkh holplqdwlrq ri vxfk vwudwhjlhv wrr1 Wklv ohdgv xv wr frqvlghu wkh
iroorzlqj lwhudwlyh holplqdwlrq surfhvv=

� ;� 5 � / 7f
� ' 7�/ ;& � f/ 7& '

T
�M� 7&

� / 7
&
3� '

T
� �'� 7

&
� /

6;



� ;� 5 � /

7&n�
� '

�
r� 5 7&

� G <> 5 {E73��c r� 5 o�E>�c >E7
&
3�� ' �

�
/

� 7"� '
W

&D� 7
&
� / 7

" '
T

�M� 7"� 166

Lqwxlwlyho|/ wklv surfhgxuh rxjkw wr ohdg wr wkh vxuylydo ri doo dqg rqo| wkrvh
vwudwhjlhv wkdw duh frpsdwleoh zlwk udwlrqdolw| dqg frpprq eholhi lq udwlrqdolw|1
Wkh vxuylylqj vwudwhjlhv duh fdoohg udwlrqdol}deoh167 ^Qrwh wkdw e| �qlwhqhvv ri 7
wkhuh lv vrph g vxfk wkdw 7g ' 7"1 Lq frpsdfw0frqwlqxrxv jdphv 7" lv wkh
+Kdxvgru�, olplw ri 7& dv & $ 41`

E| vwdqgdug uhvxowv lq olqhdu surjudpplqj/ d vwudwhj| ri sod|hu � lv qhyhu d ehvw
uhvsrqvh li dqg rqo| li lw lv vwulfwo| grplqdwhg/ lq wkh iroorzlqj vhqvh1 Uhfdoo wkdw
d suredelolw| glvwulexwlrq ryhu 7� fdq eh lqwhusuhwhg dv d pl{hg vwudwhj| iru sod|hu
�1 Li D� 5 {E7�� dqg r� 5 7�/ zh ghqrwh e| D�Er�� wkh suredelolw| dvvljqhg wr r� e|

D�1 D vwudwhj| r� 5 7� lv vwulfwo| grplqdwhg e| D� 5 {E7�� rq e73� � 73� li/ iru doo

r3� 5 e73�/ ��ED�c r3�� : ��Er�c r3��/ zkhuh ��ED�c r3�� '
S
%M7�

D�E%� ��E%c r3��� ^Iru

h{dpsoh/ lq wkh jdph ri Iljxuh 43d/ vwudwhj| E ri sod|hu 4 lv vwulfwo| grplqdwhg
e| wkh pl{wxuh E�

2
�c �

2
(�1` Wkhuhiruh zh rewdlq wkh iroorzlqj dowhuqdwlyh gh�qlwlrq

ri udwlrqdol}deoh vwudwhjlhv=

Sursrvlwlrq 61<1 +Shdufh/ 4<;7, Iru doo & � f/ � 5 � /

7&n�
� '

�
r� 5 7&

� G ;D� 5 {E7&
� �c r� lv qrw vwulfwo| grplqdwhg e| D� rq 7&

3�

�
�

Iru wkh jdph ri Iljxuh 43d/ 7�/ 72 dqg 7� ' 7" dqg wkh fruuhvsrqglqj
uhvwulfwhg jdphv duh vkrzq lq Iljxuhv 43e0g1 Lq wkh jdph ri Iljxuh <d/ 7" @
~+W/O,/ +W/F,/ +E/O,/ +E/F,�/ vlqfh iru Sod|hu 4 P lv vwulfwo| grplqdwhg e| W dqg
� diwhu ghohwlrq ri P � iru Sod|hu 5 U ehfrphv vwulfwo| grplqdwhg e| erwk O
dqg F1

66Lw lv hdvlo| vkrzq wkdw/ lq wkh gh�qlwlrq ri Vn.4
l / rq wkh rqh kdqg wkh uhvwulfwlrq vl 5 Vn

l

fdq eh holplqdwhg +dq|zd|/ vwudwhjlhv fdqqrw �frph edfn�,/ rq wkh rwkhu kdqg vl 5 ul+�, fdq eh
uhsodfhg e| wkh frqvwudlqhg pd{lpl}dwlrq frqglwlrq vl 5 dujpd{v3

l
5Vn

l

xl+v
3

l> �,1 Wkxv d vwudwhj|
vxuylylqj vwhs n ri wkh surfhgxuh qhhg rqo| eh frpsduhg zlwk rwkhu vwudwhjlhv vxuylylqj vwhs n1

67Wklv lv wkh gh�qlwlrq ri �fruuhodwhg� udwlrqdol}delolw|1 Wkh gh�qlwlrq �uvw jlyhq e| Shdufh
+4<;7, dqg Ehuqkhlp +4<;7, frqvlghuhg rqo| ehvw uhvsrqvhv wr xqfruuhodwhg eholhiv1
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Wkh iroorzlqj uhvxowv surylgh dq hslvwhplf fkdudfwhul}dwlrq ri udwlrqdol}delolw|1
Wkh �uvw vxfk fkdudfwhul}dwlrq zdv h{solflwo| surylghg e| Wdq dqg Zhuodqj +4<;;,
xvlqj d xqlyhuvdo w|sh vsdfh +fi1 Vhfwlrq 7/ zklfk dovr surylghv d fkdudfwhul}dwlrq
ri hdfk vxevhw 7&,1 Wkh vwdwh vsdfh irupxodwlrq xvhg lq Sursrvlwlrqv 6143 dqg
6144 lv gxh wr Vwdoqdnhu +4<<7, +vhh dovr Rveruqh dqg Uxelqvwhlq/ 4<<7,/ exw lw
zdv lpsolflw lq Eudqghqexujhu dqg Ghnho +4<;:,168

Jlyhq d jdph C dqg d prgho P ri lw/ zlwk voljkw dexvh ri qrwdwlrq ohw 5"

eh wkh hyhqw wkdw d vwudwhj| sur�oh wkdw vxuylyhv lwhudwhg ghohwlrq ri vwulfwo|

68Lq rxu whuplqrorj|/ Eudqghqexujhu dqg Ghnho +4<;:, vkrz wkdw lq d prgho ri J zkhuh
sod|huv duh udwlrqdo dw hyhu| vwdwh/ wkh sod|huv dozd|v sod| udwlrqdol}deoh vwudwhjlhv/ dqg wkdw
wkhuh lv d prgho ri J zkhuh wkh sod|huv duh udwlrqdo dw hyhu| vwdwh dqg hyhu| udwlrqdol}deoh
sur�oh lv sod|hg dw vrph vwdwh1
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grplqdwhg vwudwhjlhv lv sod|hg= 5" ' i/ 5 l G jE/� 5 7"j1 Iru h{dpsoh/ lq wkh
prgho ri Iljxuh <e/ 5" ' i�c qj1

Sursrvlwlrq 61431 Ohw C eh d jdph dqg P dq duelwudu| prgho ri lw1 Wkhq

+�A _�W+�A � 5" _�W5
"�

Wkdw lv/ li dw d vwdwh doo wkh sod|huv duh udwlrqdo dqg wkhuh lv frpprq eholhi lq
udwlrqdolw| wkhq wkh vwudwhj| sur�oh sod|hg dw wkdw vwdwh lv udwlrqdol}deoh dqg lw lv
frpprq eholhi wkdw rqo| udwlrqdol}deoh vwudwhj| sur�ohv duh sod|hg1

Wkh frqyhuvh ri Sursrvlwlrq 6143 grhv qrw krog/ wkh uhdvrq ehlqj wkdw d prgho
iru C w|slfdoo| frqwdlqv �wrr ihz� vwdwhv ri wkh zruog1 Iluvw/ wkh udqjh ri wkh
vwudwhj| ixqfwlrq j pd| eh vpdoohu wkdq 7 dqg hyhq vpdoohu wkdq 7"1 Vhfrqg/ wkh
vhw ri lq�qlwh klhudufklhv ri eholhiv +hslvwhplf w|shv, fruuhvsrqglqj wr wkh vwdwhv
ri wkh prgho pd| eh wrr vpdoo wr �udwlrqdol}h� doo wkh udwlrqdol}deoh vwudwhjlhv1
D udwkhu h{wuhph h{dpsoh lv surylghg e| wkh iroorzlqj prgho ri wkh jdph ri
Iljxuh 43= l ' i�j/ ��E�� ' �2E�� ' i�j/ jE�� ' E�c @�1 Wkhq � 5 5" _
�W5

" exw +�A2 ' > +dqg khqfh �W+�A @ >,/ ehfdxvh Sod|hu 5*v eholhi wkdw
Sod|hu 4 lv sod|lqj � grhv qrw mxvwli| khu fkrlfh ri @1 Lq jhqhudo/ wkdw lv/ iru dq|
vroxwlrq frqfhsw/ wkhuh lv dozd|v wkh srvvlelolw| wkdw dw d vwdwh lq d prgho wkh
sod|huv pdnh wkh �uljkw� fkrlfhv �dfflghqwdoo|� ru �iru wkh zurqj uhdvrqv�1 Wkh
iroorzlqj wkhruhp/ krzhyhu/ h{sodlqv wkh vhqvh lq zklfk wkh qrwlrq ri frpprq
eholhi lq udwlrqdolw| fdq eh wkrxjkw ri dv htxlydohqw wr wkdw ri udwlrqdol}delolw|169

Sursrvlwlrq 61441 Ohw C eh d jdph1 Wkhq wkhuh lv d prgho P ri C vxfk wkdw/
iru hyhu| r 5 7/ r lv udwlrqdol}deoh li dqg rqo| li wkhuh lv dq / 5 l vxfk wkdw= +4,
/ 5 +�A _ �W+�A/ dqg +5, jE/� ' r1

6181 Vwurqj Udwlrqdol}delolw|

Qrwh wkdw Sursrvlwlrqv 6143 dqg 6144 duh qrw edvhg rq dq| dvvxpswlrq ri fru0
uhfwqhvv ri sod|huv* eholhiv +fi1 Uhpdun 7,/ wkdw lv/ lw lv qrw dvvxphg wkdw li d
sod|hu lv fhuwdlq ri hyhqw . +l1h1 dwwdfkhv suredelolw| 4 wr ., wkhq . lv lqghhg
wuxh1 Lq sduwlfxodu/ d sod|hu fdq eh plvwdnhq lq uxolqj rxw vrph vwudwhj| fkrlfhv
ri wkh rwkhu sod|huv1 D qdwxudo txhvwlrq wr dvn lv zkhwkhu uxolqj rxw lqfruuhfw

69Wkh htxlydohqfh ehwzhhq udwlrqdol}delolw| dqg frpprq eholhi lq udwlrqdolw| lv pdgh hyhq
pruh wudqvsduhqw zlwklq d xqlyhuvdo w|sh vsdfh/ zklfk � e| gh�qlwlrq � frqwdlqv doo wkh frqfhly0
deoh klhudufklhv ri eholhiv +fi1 Wdq dqg Zhuodqj/ 4<;;/ dqg Vhfwlrq 7,1
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eholhiv ixuwkhu uhgxfhv wkh vhw ri vwudwhj| sur�ohv wkdw fdq eh sod|hg zkhq wkhuh lv
frpprq eholhi lq udwlrqdolw|1 Wkh dqvzhu lv d!updwlyh/ dv Vwdoqdnhu +4<<7, vkrzv
+vhh dovr Erqdqqr dqg Qhkulqj/ 4<<9e,1 Wkh iroorzlqj dojrulwkp lv vlplodu wr wkh
lwhudwlyh ghohwlrq ri vwulfwo| grplqdwhg vwudwhjlhv/ exw gl�huv iurp wkh odwwhu lq
wkdw lw uhtxluhv wkh lwhudwlyh ghohwlrq ri sur�ohv udwkhu wkdq vwudwhjlhv1

Gh�qlwlrq 61451 Jlyhq d qrupdo0irup jdph C/ d vwudwhj| sur�oh % 5 f � 7 lv
lqihulru uhodwlyh wr [ li wkhuh h{lvwv d sod|hu � dqg d +srvvleo| pl{hg, vwudwhj| >

�

ri sod|hu � +zkrvh vxssruw fdq eh dq| vxevhw ri 7�/ qrw qhfhvvdulo| wkh surmhfwlrq
ri f rqwr 7�, vxfk wkdw=
+4, ��E%� 	 ��E>�c %3�� dqg
+5, iru doo r3� 5 73� vxfk wkdw E%�c r3�� 5 f/ ��E%�c r3�� � ��E>�c r3��1

^Wkxv li f ' 7 wkhq % lv lqihulru li dqg rqo| li wkhuh lv d sod|hu � iru zkrp
%� lv zhdno| grplqdwhg e| vrph pl{hg vwudwhj| >� vxfk wkdw ��E>�c %3�� : ��E%�1`
Iru hyhu| & � f/ gh�qh 7&

r
� 7 dqg (&

r
� 7 dv iroorzv +wkh vxevfulsw r vwdqgv

iru Rvwurqj�,= 7f
r
' 7/ (&

r
lv wkh vhw ri sur�ohv wkdw duh lqihulru uhodwlyh wr 7&

r

dqg 7&n�
r

' 7&

r
q (&

r
1 Ohw 7"

r
'

W
"

&'f
7&

r
1 Wkh vwudwhj| sur�ohv lq 7"

r
duh fdoohg

vwurqjo| udwlrqdol}deoh1

H{dpsoh 61461 Lq wkh jdph ri Iljxuh 44d/ wkh �uvw vwhs lq wkh dojrulwkp ohdgv
wr wkh sur�ohv vkrzq lq Iljxuh 44e ^iru Sod|hu 5 G lv zhdno| grplqdwhg e| H dqg
iru Sod|hu 4 F lv zhdno| grplqdwhg e| E`/ wkh vhfrqg vwhs ohdgv wr wkh sur�ohv
vkrzq lq Iljxuh 44f ^qrz I lv grplqdwhg e| H dqg F lv grplqdwhg e| D` dqg wkh
wklug dqg �qdo vwhs ohdgv wr wkh sur�ohv vkrzq lq Iljxuh 44g ^qrz E lv grplqdwhg
e| D`1 Wkxv 7"

r
' iE�c(�c E�c(�c E�c.�c E�c8 �j1 Qrwh wkdw/ rq wkh rwkhu kdqg/

hyhu| vwudwhj| sur�oh lv udwlrqdol}deoh/ wkdw lv/ 7" ' 7/ vlqfh qr sod|hu kdv dq|
vwulfwo| grplqdwhg vwudwhjlhv1
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Jlyhq d jdph C dqg d prgho P ri lw/ zlwk voljkw dexvh ri qrwdwlrq ohw 5"
r
eh

wkh hyhqw wkdw d vwurqjo| udwlrqdol}deoh vwudwhj| sur�oh lv sod|hg= 5"
r

' i/ 5 l G
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jE/� 5 7"
r
j1 Ohw A +Wuxwk, eh gh�qhg dv lq Vhfwlrqv 5171

Sursrvlwlrq 61471 +Vwdoqdnhu/ 4<<7> vhh dovr Erqdqqr dqg Qhkulqj/ 4<<9e,16:

Ohw C eh d jdph dqg P d prgho ri lw1 Wkhq

+4, �WA _�W+�A � �W5
"

r
dqg

+5, A _ �WA _ �W+�A � 5"
r
_ �W5

"

r
�

Wkdw lv/ li wkhuh lv frpprq eholhi lq qr huuru dqg frpprq eholhi lq udwlrqdolw|/
wkhq lw lv frpprq eholhi wkdw rqo| vwurqjo| udwlrqdol}deoh sur�ohv duh sod|hg1 Li/
ixuwkhupruh/ qr lqglylgxdo kdv idovh eholhiv/ wkhq lw lv dovr wuxh wkdw wkh vwudwhj|
sur�oh dfwxdoo| sod|hg lv vwurqjo| udwlrqdol}deoh1

Wr vhh wkdw/ lq jhqhudo/ �WA _ �W+�A - 5"
r

frqvlghu wkh prgho ri wkh jdph
ri Iljxuh 44d looxvwudwhg lq Iljxuh 451 Lw lv hdv| wr fkhfn wkdw +�A ' l +lqghhg/
iru % 5 iqc �j/ jE%� lv d Qdvk htxloleulxp,1 Khqfh dw � +lqghhg dw hyhu| vwdwh, lw
lv frpprq eholhi wkdw doo wkh sod|huv duh udwlrqdo1 Ixuwkhupruh wkhuh lv frpprq
eholhi +dw � / lqghhg dw hyhu| vwdwh, wkdw qr sod|hu kdv idovh eholhiv/ wkdw lv/ �WA '
l1 Krzhyhu/ zkloh � 5 �WA _ �W+�A/ jE�� ' E�c(� *5 7"

r
1

6:Vwdoqdnhu +4<<7/ s1 96, lqfruuhfwo| vwdwhv wkh uhvxow dv E�W _ E�UDW � V4v 1 Erqdqqr
dqg Qhkulqj +4<<9e, jlyh d frxqwhuh{dpsoh dqg suryh wkh uhvxowv dv vwdwhg lq Sursrvlwlrq 61471
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D sduwldo frqyhuvh wr Sursrvlwlrq 6147 lv jlyhq e| wkh iroorzlqj uhvxow1

Sursrvlwlrq 61481 Ohw C eh d jdph dqg r 5 7"
r
1 Wkhq wkhuh lv d prgho P ri

C vxfk wkdw= +4, � 5 A _ �WA _ �W+�A/ dqg +5, jE�� ' r1

Wkh h{dpsoh ri Iljxuh 44 vkrzv wkdw vwurqj udwlrqdol}delolw| lv frqvlghudeo|
vwurqjhu wkdq udwlrqdol}delolw|1 Wr vwuhvv wklv srlqw/ frqvlghu wkh h{whqvlyh jdph
ri Iljxuh 46d/ zkrvh qrupdo irup lv vkrzq lq Iljxuh 46e1
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Iljxuh 46e

Iru wkh qrupdo irup/ 7" ' 7 +wkdw lv/ doo wkh vwudwhj| sur�ohv duh udwlrqdol}0
deoh,/ vlqfh qr vwudwhj| ri dq| sod|hu lv vwulfwo| grplqdwhg1 Khqfh hyhu| rxwfrph
lv frpsdwleoh zlwk frpprq eholhi lq udwlrqdolw| +lq wkh vhqvh ri Sursrvlwlrq 6144,1
Rq wkh rwkhu kdqg/ 7"

r
@ iE(Cc _�c E(Cc @�c E(�c _�c E(�c @�j6; dqg doo wkh vwudw0

6;Lq wkh �uvw urxqg +DJ> d, dqg +DF> d, duh holplqdwhg ^wkh �uvw ehfdxvh g zhdno| grplqdwhv
d/ wkh vhfrqg ehfdxvh DJ zhdno| grplqdwhv DF`> lq wkh vhfrqg urxqg +DJ> g, dqg +DF> g, duh
holplqdwhg +ehfdxvh 4*v vwudwhj| lv grplqdwhg e| GJ,1
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hj| sur�ohv lq 7"
r

jlyh ulvh wr wkh Qdvk htxloleulxp rxwfrph/ qdpho| wkh sd|r�
yhfwru +4/3,1

Rqh pljkw zrqghu zkhwkhu wkh deryh h{dpsoh fdq eh jhqhudol}hg wr wkh fodlp
wkdw lq wkh qrupdo irup ri dq h{whqvlyh jdph zlwk shuihfw lqirupdwlrq vwurqj
udwlrqdol}delolw| lpsolhv wkh sod| ri d Qdvk htxloleulxp rxwfrph16< Wkh dqvzhu lv
qhjdwlyh/ dv wkh iroorzlqj h{dpsoh vkrzv1 Iljxuh 47e vkrzv d prgho ri wkh qrupdo
irup ri wkh h{whqvlyh jdph ri Iljxuh 47d1 Dw vwdwh � wkh sod|huv fkrrvh +D/ g/ J,/
zklfk lv qrw d Qdvk htxloleulxp> ixuwkhupruh/ wkhuh lv qr Qdvk htxloleulxp wkdw
jlyhv ulvh wr wkh rxwfrph +5/5/5,1 Qrwh wkdw � 5 A _ �WA _ �W+�A +uhphpehu
wkdw A _�W+�A � +�Ac lq sduwlfxodu/ Sod|hu 4*v fkrlfh ri � lv udwlrqdo/ jlyhq
klv eholhi wkdw Sod|hu 5 sod|v _ dqg @ zlwk htxdo suredelolw|,1
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Wkh h{whqvlyh jdph ri Iljxuh 47d kdv vhyhudo Qdvk htxloleuld dqg pruh wkdq
rqh Qdvk htxloleulxp rxwfrph1 Grhv vwurqj udwlrqdol}delolw| lpso| Qdvk htxl0
oleulxp rxwfrph li wkhuh lv d xqltxh vxfk rxwfrphB Rqfh djdlq/ wkh dqvzhu lv
qhjdwlyh dv wkh iroorzlqj prgl�fdwlrq ri wkh jdph ri Iljxuh 47d vkrzv173 Khuh
wkhuh lv d xqltxh Qdvk htxloleulxp rxwfrph/ qdpho| wkh sd|r� yhfwru +:/ :/ :/ :,1
\hw lq wkh prgho vkrzq lq Iljxuh 48e dw vwdwh � wkh uhdol}hg rxwfrph lv +5/ 5/ 5/
43, ghvslwh wkh idfw wkdw � 5 A _ �WA _ �W+�A174

73Wklv h{dpsoh lv gxh wr Vwdoqdnhu +4<<9/ sulydwh frppxqlfdwlrq,1
74Krzhyhu/ lq shuihfw lqirupdwlrq jdphv olnh wkh Fhqwlshgh +vhh Vhfwlrq 7,/ zklfk kdv d

xqltxh Qdvk htxloleulxp rxwfrph lq hyhu| vxejdph/ vwurqj udwlrqdol}delolw| lpsolhv wkh Qdvk
+dqg vxejdph shuihfw, htxloleulxp rxwfrph +iru d uhodwhg uhvxow vhh Dxpdqq/ 4<<;d,1
Dxpdqq dqg Eudqghqexujhu +4<<8, surylgh vx!flhqw hslvwhplf frqglwlrqv iru Qdvk

htxloleulxp1
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6191 Fruuhodwhg htxloleulxp

Zh qrz wxuq wr wkh qrwlrq ri fruuhodwhg htxloleulxp zklfk zdv lqwurgxfhg e|
Dxpdqq +4<:7/ 4<;:,1

Gh�qlwlrq 61491 Ohw C eh d qrupdo0irup jdph1 D fruuhodwhg htxloleulxp glvwul0
exwlrq lv d suredelolw| glvwulexwlrq R ryhu wkh vhw 7 ri vwudwhj| sur�ohv vxfk wkdw/
iru hyhu| sod|hu l dqg hyhu| ixqfwlrq _� G 7� $ 7�

[
rM7

��Er� REr� �
[
rM7

��E_�Er��c r3�� REr� +614,

H{dpsoh 614:1 Frqvlghu wkh jdph ri Iljxuh 49 +glvfxvvhg e| Dxpdqq/ 4<:7,
dqg wkh iroorzlqj glvwulexwlrq= RELcu� ' RE(c-� ' �

2
1 Frqvlghu Sod|hu 41 Wkh

ohiw0kdqg vlgh ri +614, lv htxdo wr �

2
Dn �

2
� ' �1 Wkh srvvleoh ixqfwlrqv _ G iLcuj $

iLcuj duh wkh lghqwlw| ixqfwlrq �_ ^zklfk jlyhv wkh OKV ri +614,`/ _L ^gh�qhg e|
_LE%� ' L iru doo %`/ _( ^gh�qhg e| _(E%� ' ( iru doo %` dqg _f ^gh�qhg e|
_fEL� ' (c _fE(� ' L `1 Zlwk _L wkh UKV ri +614, lv htxdo wr �

2
D n �

2
f ' 2�D/

zlwk _( lw lv htxdo wr �

2
en �

2
� ' 2�D/ zlwk _f lw lv htxdo wr

�

2
en �

2
f ' 21 Wkxv +614,

lv vdwlv�hg iru Sod|hu 41 Vlplodu fdofxodwlrqv vkrz wkdw +614, lv dovr vdwlv�hg iru
Sod|hu 51 Wkxv RELcu� ' RE(c-� ' �

2
lv d fruuhodwhg htxloleulxp glvwulexwlrq1
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Hyhu| Qdvk htxloleulxp lv d fruuhodwhg htxloleulxp175 Ixuwkhupruh/ hyhu| frq0
yh{ frpelqdwlrq ri Qdvk htxloleuld lv dovr d fruuhodwhg htxloleulxp1 Lq d wzr0
shuvrq }hur0vxp jdph doo fruuhodwhg htxloleuld duh frqyh{ frpelqdwlrqv ri sdluv ri
rswlpdo +pd{plq dqg plqpd{, vwudwhjlhv1 Wkxv li d wzr0shuvrq }hur0vxp jdph

75Iru h{dpsoh/ li v lv d sxuh0vwudwhj| Qdvk htxloleulxp/ wdnh s vxfk wkdw s+v, @ 41
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kdv d xqltxh sxuh0vwudwhj| Qdvk htxloleulxp r wkhq r lv wkh xqltxh fruuhodwhg
htxloleulxp srlqw1 Krzhyhu/ lq jhqhudo/ wkhuh duh fruuhodwhg htxloleuld wkdw duh
rxwvlgh wkh frqyh{ kxoo ri wkh vhw ri Qdvk htxloleuld1

Rqh lqwhusuhwdwlrq ri wkh fruuhodwhg htxloleulxp frqfhsw lv wkdw d fruuhodwhg
htxloleulxp glvwulexwlrq lv wkh rxwfrph ri d Qdvk htxloleulxp ri dq h{sdqghg jdph
zlwk dv|pphwulf lqirupdwlrq zkhuh hdfk sod|hu sulydwho| revhuyhv d udqgrpo|
jhqhudwhg/ sd|r�0luuhohydqw vljqdo ehiruh fkrrvlqj khu dfwlrq1 Fruuhodwlrq ehwzhhq
wkh vljqdov wr gl�huhqw sod|huv lqgxfhv +vsxulrxv, fruuhodwlrq ehwzhhq wkh sod|huv*
dfwlrqv1 Lq rwkhu zrugv/ wkh sod|huv xvh d fruuhodwlrq ghylfh dqg d vhoi0hqiruflqj
fkrlfh uxoh wr frruglqdwh wkhlu dfwlrqv1 Exw Dxpdqq +4<;:, sxw iruzdug dqrwkhu
lqwhusuhwdwlrq ri fruuhodwhg htxloleulxp �dv dq h{suhvvlrq ri Ed|hvldq udwlrqdolw|�1
Klv lqwhusuhwdwlrq uholhv rq wkh iroorzlqj uhvxow1

Ohw l eh d vhw ri vwdwhv> iru hyhu| sod|hu � ohw K� eh d sduwlwlrq ri l dqg ghqrwh
e| M�E/� wkh hohphqw ri wkh sduwlwlrq wkdw frqwdlqv vwdwh /1 Ohw R� 5 {El� eh
lqglylgxdo �*v �sulru� vxfk wkdw R�EM�� : f iru doo M� 5 K�� Ohw j� G l $ 7� eh d
ixqfwlrq wkdw vshfl�hv �*v fkrlfh ri vwudwhj| dw hyhu| vwdwh/ vdwlvi|lqj wkh surshuw|
wkdw li /� 5 M�E/� wkhq j�E/

�� ' j�E/� ^wkdw lv/ sod|hu � nqrzv klv rzq vwudwhj|`1
Ohw j ' Ej�c � � � c j?�� Sod|hu � lv udwlrqdo dw vwdwh k li wkh vwudwhj| kh fkrrvhv dw
k pd{lpl}hv klv h{shfwhg xwlolw| fdofxodwhg rq wkh edvlv ri klv �srvwhulru� eholhiv
R�E� mM�Ek��=

76

;% 5 7�/
[
/Ml

��EjE/�� R�E/mM�Ek�� �
[
/Ml

��E%c j3�E/�� R�E/mM�Ek���

Qrwh wkdw khuh wkh vwdwhv / uhsuhvhqw srvvleoh zruogv/ qrw wkh rxwfrphv ri d
fruuhodwlrq ghylfh1 Dffruglqj wr wklv lqwhusuhwdwlrq/ wkhuh lv qr h{ dqwh vwdjh
zkhuh wkh sod|huv frqwhpsodwh zklfk vljqdov wkh| frxog uhfhlyh dqg krz wkh|
vkrxog uhdfw wr wkhp/ dqg wkh �sulru� R� lv vlpso| d qrwdwlrqdo ghylfh wr ghvfuleh
sod|hu �*v eholhiv dw hdfk srvvleoh zruog1

Sursrvlwlrq 614;1 +Dxpdqq/ 4<;:,1 Li wkh sod|huv kdyh d frpprq sulru +l1h1 li
wkhuh lv d suredelolw| phdvxuh R rq l vxfk wkdw R� ' � � � ' R? ' R, dqg hdfk
sod|hu lv udwlrqdo dw hyhu| vwdwh/ wkhq wkh suredelolw| glvwulexwlrq lqgxfhg e| R rq
7 lv d fruuhodwhg htxloleulxp glvwulexwlrq1

76Gh�qhg e| sl+$ mKl+�,, @
sl+$,

sl+Kl+�,,
^zkhuh sl+Kl+�,, @

S

{5Kl+�,

sl+{,` li $ 5 Kl+�, dqg

sl+$ mKl+�,, @ 3 rwkhuzlvh1
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Lw lv fohdu wkdw wkh vwuxfwxuh frqvlghuhg e| Dxpdqq lv mxvw d vshfldo fdvh ri
wkh qrwlrq ri prgho ri d jdph jlyhq lq Gh�qlwlrq 6181 Wkh h{wud dvvxpswlrqv
wkdw Dxpdqq lqwurgxfhv duh= +4, wkdw wkh srvvlelolw| fruuhvsrqghqfhv jlyh ulvh wr
sduwlwlrqv dqg +5, wkdw wkh �srvwhulru� eholhiv ri wkh sod|huv duh Kduvdq|l frqvlv0
whqw/ lq wkh vhqvh wkdw wkh| duh ghulyhg iurp d frpprq sulru177 Dq lqwhuhvwlqj
txhvwlrq lv wkhuhiruh zkhwkhu Dxpdqq*v wkhruhp fdq eh jhqhudol}hg wr wkh fdvh
zkhuh wkh srvvlelolw| fruuhvsrqghqfhv duh qrq0sduwlwlrqdo +l1h1 zkhuh vrph sod|huv
pljkw kdyh idovh eholhiv,1 Lq rughu wr gr vr rqh �uvw qhhgv wr kdyh d orfdo gh�ql0
wlrq ri Kduvdq|l frqvlvwhqf| +l1h1 ri wkh h{lvwhqfh ri d frpprq sulru,1 Krzhyhu/
rewdlqlqj d orfdo irupxodwlrq ri wkh qrwlrq ri d frpprq sulru lv rqo| sduw ri wkh
gl!fxow|1 Uhfhqw frqwulexwlrqv +Jxo/ 4<<;/ Ghnho dqg Jxo/ 4<<:/ Olspdq/ 4<<8,
kdyh srlqwhg rxw wkdw wkh phdqlqj ri d frpprq sulru lq vlwxdwlrqv zkhuh wkhuh
lv qr h{ dqwh vwdjh lv kljko| sureohpdwlf1 Wklv vnhswlflvp fdq eh ghyhorshg dorqj
wkh iroorzlqj olqhv1 Dv vkrzq lq Vhfwlrq 615/ wkh ghvfulswlrq ri wkh �dfwxdo zruog�
lq whupv ri eholhi klhudufklhv jhqhudwhv d froohfwlrq ri �srvvleoh zruogv� +frpelqd0
wlrqv ri h{whuqdo vwdwhv dqg lq�qlwh klhudufklhv ri eholhiv,/ rqh ri zklfk lv wkh dfwxdo
zruog1 Wklv vhw ri srvvleoh zruogv/ ru vwdwhv/ jlyhv ulvh wr dq hslvwhplf prgho zlwk
w|sh sduwlwlrqv iru hdfk lqglylgxdo1 Wkxv 0 dv Kduvdq|l +4<9:09;, qrwlfhg 0 wkhuh
lv d irupdo vlplodulw| ehwzhhq vlwxdwlrqv zkhuh wkh sulplwlyhv duh wkh lqglylgxdov*
eholhi klhudufklhv dqg wkrvh ri dv|pphwulf lqirupdwlrq +zkhuh wkhuh lv dq h{ dqwh
vwdjh dw zklfk wkh lqglylgxdov kdyh lghqwlfdo lqirupdwlrq dqg vxevhtxhqwo| xsgdwh
wkhlu eholhiv lq uhvsrqvh wr sulydwh vljqdov,1 Krzhyhu/ zkloh d vwdwh lq wkh odwwhu
uhsuhvhqwv d uhdo frqwlqjhqf|/ lq wkh iruphu lw lv �d �fwlwlrxv frqvwuxfw/ xvhg wr
foduli| rxu xqghuvwdqglqj ri wkh uhdo zruog� +Olspdq/ 4<<8/ s1 5,/ �d qrwdwlrqdo
ghylfh iru uhsuhvhqwlqj wkh ?0wxsoh ri lq�qlwh klhudufklhv ri eholhiv� +Jxo/ 4<<;/
s1 <57,1 Dv d uhvxow/ qrwlrqv vxfk dv wkdw ri d frpprq sulru/ �vhhp wr eh edvhg
rq jlylqj wkh duwl�fldoo| frqvwuxfwhg vwdwhv pruh phdqlqj wkdq wkh| kdyh� +Ghnho
dqg Jxo/ 4<<:/ s1 448,1 Wkxv dq hvvhqwldo vwhs lq surylglqj d mxvwl�fdwlrq iru
fruuhodwhg htxloleulxp lq vxfk vlwxdwlrqv lv wr surylgh dq lqwhusuhwdwlrq ri wkh
frpprq sulru edvhg rq �dvvxpswlrqv wkdw gr qrw uhihu wr wkh frqvwuxfwhg vwdwh
vsdfh/ exw udwkhu duh dvvxphg wr krog lq wkh wuxh vwdwh�/ wkdw lv/ dvvxpswlrqv
�wkdw rqo| xvh wkh duwl�fldoo| frqvwuxfwhg vwdwhv wkh zd| wkh| ruljlqdwhg 0 qdpho|

77Ohw xv hpskdvl}h rqfh djdlq wkdw wkh sulru eholhiv sl ri sod|hu l srvwxodwhg e| Dxpdqq
sod| qr uroh= rqo| wkh srvwhulru eholhiv sl+� mKl+$,, duh uhohydqw1 Lqghhg/ jlyhq d prgho ri d
jdph dffruglqj wr Gh�qlwlrq 618/ rqh fdq rewdlq d �sulru� iru sod|hu l e| wdnlqj dq| frqyh{
frpelqdwlrq ri wkh gl�huhqw eholhiv +w|shv, ri wkdw sod|hu/ wkdw lv/ d sulru ri sod|hu l lv dq| srlqw
lq wkh frqyh{ kxoo ri isl>$ = $ 5 j1
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dv hohphqwv lq d klhudufk| ri eholhiv� +Ghnho dqg Jxo/ 4<<:/ s1449,178

Dq lqwhusuhwdwlrq ri wkh ghvluhg nlqg ri wkh frpprq sulru dvvxpswlrq lq vlwxd0
wlrq zkhuh wkhuh lv qr h{ dqwh vwdjh zdv surylghg uhfhqwo| +Erqdqqr dqg Qhkulqj/
4<<9d> vhh dovr Ihlqehuj/ 4<<8 dqg Vdphw/ 4<<9e/ 4<<;, lq whupv ri d jhqhudol}hg
qrwlrq ri devhqfh ri djuhhlqj wr glvdjuhh ã od Dxpdqq +4<:9,/ fdoohg frqvlvwhqf|
ri h{shfwdwlrqv1

Gh�qlwlrq 614<1 Dw vwdwh k wkhuh lv Frqvlvwhqf| ri H{shfwdwlrqv li wkhuh gr qrw
h{lvw udqgrp yduldeohv t� G l $ ? +� 5 �, vxfk wkdw=
+4, ;/ 5 l/

S
�M�

t�E/� ' f/ dqg

+5, dw k lw lv frpprq eholhi wkdw/ iru hyhu| lqglylgxdo �/ �*v vxemhfwlyh h{shfwdwlrq
ri t� lv srvlwlyh/ wkdw lv/ k 5 �WEn.� : fn _ � � � _ n.? : fn�/ zkhuh n.� : fn '
i/ 5 l G

S
/�Ml

t�E/
��R�c/E/

�� : fj�

Frqvlvwhqf| ri H{shfwdwlrqv wxuqv rxw wr eh htxlydohqw wr d sduwlfxodu orfdo
yhuvlrq ri wkh Frpprq Sulru Dvvxpswlrq gh�qhg dv iroorzv1

Gh�qlwlrq 61531 Iru hyhu| > 5 {El�/ ohw O"�> +iru Kduvdq|l Txdvl Frqvlv0
whqf| zlwk uhvshfw wr wkh �sulru� >, eh wkh iroorzlqj hyhqw= k 5 O"�> li dqg
rqo| li

+4, ;� 5 �c ;/c/� 5 �WEk�/ li >EnR� ' R�c/n� : f wkhq R�c/E/
�� '

>E/��

>EnR� ' R�c/n�
li /� 5 nR� ' R�c/n dqg R�c/E/

�� ' f rwkhuzlvh +wkdw lv/ R�c/ lv rewdlqhg iurp > e|
frqglwlrqlqj rq nR� ' R�c/n,/79 dqg
+5, >E�WEk�� : f�
Li k 5 O"�>/ > lv d orfdo frpprq sulru dw k1 Ixuwkhupruh/ ohw O"� 'V
>M{El�

O"�>1

Sursrvlwlrq 61541 7: Dw k Frqvlvwhqf| ri H{shfwdwlrqv lv vdwlv�hg li dqg rqo|
li k 5 O"�1

78Iru d ghihqvh ri wkh frpprq sulru dvvxpswlrq vhh Dxpdqq +4<<;e,1
79Zkhuh/ iru hyhu| hyhqw H/ �+H, @

S

$5H

�+$,1 Qrwh wkdw/ iru hyhu| $ 5  dqg l 5 Q / $ 5

nsl @ sl>$n1 Wkxv �+$, A 3 lpsolhv �+nsl @ sl>$n, A 31
7:Iru d surri vhh Erqdqqr dqg Qhkulqj +4<<9d,1 Vhh dovr Ihlqehuj +4<<8,/ Pruulv +4<<7, dqg

Vdphw +4<<9d,1
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Kduvdq|l Txdvl Frqvlvwhqf| pd| vhhp zhdnhu wkdq h{shfwhg lq wkdw frqglwlrq
+5, ri lwv gh�qlwlrq rqo| uhtxluhv wkh ghulyhg frpprq sulru wr dvvljq srvlwlyh
suredelolw| wr vrph frpprqo| srvvleoh vwdwh exw doorzv wkh vwdwh uhsuhvhqwlqj
wkh dfwxdo eholhiv wr eh dvvljqhg }hur �sulru� suredelolw|1 Krzhyhu/ dv looxvwudwhg
lq wkh h{dpsoh ri Iljxuh 4:/ Frqvlvwhqf| ri H{shfwdwlrqv +dqg Qr Wudgh0w|sh
dujxphqwv, fdqqrw gholyhu pruh1
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Lq wklv h{dpsoh/ dw vwdwh � lqglylgxdo 4 zurqjo| eholhyhv wkdw lw lv frpprq
eholhi wkdw wkh hduwk lv  dw/ zkloh lqglylgxdo 5 fruuhfwo| eholhyhv wkdw wkh hduwk lv
qrw  dw dqg nqrzv 4*v lqfruuhfw eholhiv1 H{shfwdwlrq frqvlvwhqf| lv vdwlv�hg dw �
+dv zhoo dv dw q,1 Lq idfw/ ohw t� dqg t2 eh udqgrp yduldeohv rq i� c qj vxfk wkdw
t2 ' �t� dqg vxssrvh wkdw � 5 �W n.� : fn/ wkdw lv/ dw � lw lv frpprq eholhi wkdw
lqglylgxdo 4*v h{shfwdwlrq ri t� lv srvlwlyh1 Wkhq t�Eq� : f/ khqfh t2Eq� 	 f1
Wkxv q *5 n.2 : fn/ wkdw lv/ dw q lqglylgxdo 5*v h{shfwdwlrq ri t2 fdqqrw eh
srvlwlyh1 Vlqfh q 5 �WE��/ lw iroorzv wkdw � *5 �W n.2 : fn1 Wkxv Frqvlvwhqf| ri
H{shfwdwlrqv lv qhfhvvdulo| vdwlv�hg dw � 1 E| Sursrvlwlrq 6154 wkhuh pxvw eh d >
vxfk wkdw � 5 O"�>1 Lqghhg vxfk d orfdo frpprq sulru lv jlyhq e| >Eq� ' �1

Lv Kduvdq|l Txdvl Frqvlvwhqf| dq dghtxdwh hslvwhplf edvlv iru fruuhodwhg htxl0
oleulxpB Shukdsv qrw wrr vxusulvlqjo|/ lq ylhz ri wkh suhylrxv h{dpsoh/ Kduvdq|l
Txdvl Frqvlvwhqf| lv lqvx!flhqw e| lwvhoi/ dv ghprqvwudwhg e| wkh iroorzlqj h{0
dpsoh1 Iljxuhv 4;d dqg 4;e vkrz d wzr0shuvrq }hur0vxp jdph zlwk d xqltxh
fruuhodwhg htxloleulxp +E/U,/ dqg dq hslvwhplf prgho ri lw1
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Lq wklv h{dpsoh/ dw vwdwh � +l, wkh sod|huv* eholhiv vdwlvi| Kduvdq|l Txdvl Frqvlv0
whqf| +� 5 O"�> ' l zkhuh >El� ' �,/ +ll, wkhuh lv frpprq eholhi lq udwlrqdolw|
+�WE�� ' l dqg dw hyhu| vwdwh hdfk sod|hu*v vwudwhj| lv rswlpdo jlyhq khu eholhiv,
dqg +lll, qr lqglylgxdo kdv dq| idovh eholhiv +� 5 A,1 \hw dw � wkh sod|huv sod|
+W/O, zklfk lv qrw d fruuhodwhg htxloleulxp vwudwhj| sur�oh ^qr fruuhodwhg htxl0
oleulxp glvwulexwlrq dvvljqv srvlwlyh suredelolw| wr +W/O,`1 Qrwh wkdw lq wkh deryh
h{dpsoh/ dowkrxjk wkh ghulyhg frpprq sulru dvvljqv }hur suredelolw| wr � / wkhuh
lv qr vhqvh lq zklfk wkh eholhi klhudufklhv ghvfulehg e| vwdwh � duh �lpsuredeoh�
dqg frqvwlwxwh d qxoo hyhqw1 Lqghhg wkh dfwxdo eholhiv ri doo sod|huv dvvljq srvlwlyh
suredelolw| wr � 1

Zkdw vhhpv wr jr zurqj lq wkh h{dpsoh lv wkdw/ zkloh Sod|hu 5 eholhyhv Sod|hu
4 wr eh zurqj dw 0/ wklv grhv qrw vkrz xs dv glvdjuhhphqw � dqg khqfh dv d
ylrodwlrq ri Kduvdq|l Txdvl Frqvlvwhqf| � vlqfh Sod|hu 4 idovho| eholhyhv dw 0
wkdw wkhuh lv djuhhphqw wkdw wkh wuxh vwdwh lv l1 Khqfh A�� lv ylrodwhg dw 0/ dqg
wkhuhiruh �WA�� dw � +wkh hyhqw A�� zdv gh�qhg lq Vhfwlrq 517,1

Lqghhg 0 lq wkh devhqfh ri froohfwlyho| idovh eholhiv 0 �WA�� lv h{dfwo| zkdw
qhhgv wr eh dgghg wrO"� wr hqvxuh wkh sod| ri d fruuhodwhg htxloleulxp vwudwhj|0
sur�oh/ dv wkh iroorzlqj wkhruhp vkrzv1 Wr wdnh dffrxqw ri wkh orfdo fkdudfwhu ri
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rxu dqdo|vlv/ zh fdoo d vwudwhj| sur�oh d fruuhodwhg htxloleulxp vwudwhj| sur�oh li lw
lv sod|hg zlwk srvlwlyh suredelolw| lq vrph fruuhodwhg htxloleulxp +lq wkh ruglqdu|
vhqvh,1 Ohw �, eh wkh hyhqw wkdw +l1h1 wkh vhw ri vwdwhv dw zklfk, d fruuhodwhg
htxloleulxp vwudwhj| sur�oh lv sod|hg1

Sursrvlwlrq 61551 +Erqdqqr dqg Qhkulqj/ 4<<;e,1 Il{ dq duelwudu| �qlwh qrupdo0
irup jdph C dqg dq duelwudu| prgho ri lw1 Wkhq

AW _ �WA�� _O"� _�W+�A � �,�

Wkdw lv/ li � lv d vwdwh zkhuh= +4, zkdw lv dfwxdoo| frpprqo| eholhyhg lv wuxh
dqg wkhuh lv frpprq eholhi lq Wuxwk derxw frpprq eholhi/ +5, Kduvdq|l Txdvl
Frqvlvwhqf| ri eholhiv lv vdwlv�hg dqg +6, wkhuh lv frpprq eholhi lq udwlrqdolw|/ wkhq
wkh vwudwhj| sur�oh dvvrfldwhg zlwk � +l1h1 wkh vwudwhj| sur�oh dfwxdoo| sod|hg, lv
d fruuhodwhg htxloleulxp vwudwhj| sur�oh1 Rq wkh rwkhu kdqg/ dv wkh h{dpsoh ri
Iljxuh 4; vkrzv/ li +5, dqg +6, duh vdwlv�hg dqg lqvwhdg ri � 5 AW _ �WA�� rqh
dvvxphv � 5 A wkhq wkh vwudwhj| sur�oh dvvrfldwhg zlwk � qhhg qrw eh d fruuhodwhg
htxloleulxp1

Uhpdun 441 Li wkh frqglwlrq AW _ �WA�� lv zhdnhqhg wr �WW +ru/ htxlydohqwo|
0 fi1 Sursrvlwlrq 518 0 A�� _ �WA��, wkhq wkh frqfoxvlrq lv wkdw lw lv frpprq
eholhi wkdw d fruuhodwhg htxloleulxp lv sod|hg= �WW _O"� _ �W+�A � �W�, 1

D frqyhuvh wr Sursrvlwlrq 6155 lv jlyhq e| wkh iroorzlqj uhvxow1

Sursrvlwlrq 61561 Ohw C eh d jdph dqg R 5 {E7� d fruuhodwhg htxloleulxp
glvwulexwlrq1 Wkhq wkhuh h{lvwv d prgho P ri C/ d suredelolw| phdvxuh > 5 {El�
dqg d vwdwh � vxfk wkdw
+4, � 5 AW _ �WA�� _ O"�> _ �W+�A/
+5, wkh glvwulexwlrq ryhu vwudwhj| sur�ohv lqgxfhg e| > uhvwulfwhg wr i�j ^ �WE��
frlqflghv zlwk R dqg
+6, >E�� : f +vr wkdw wkh vwudwhj| sur�oh dfwxdoo| sod|hg lv lq wkh vxssruw ri R,1

71 Hslvwhplf irxqgdwlrqv ri vroxwlrq frqfhswv= +E, H{whqvlyh0
irup jdphv

Wkh wkhru| ri h{whqvlyh irup +g|qdplf, jdphv lv pruh frpsoh{ dqg pruh frq0
wuryhuvldo wkdq wkh wkhru| ri vwudwhjlf irup +vwdwlf, jdphv dqg xqwlo uhfhqwo| wkh
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hslvwhplf irxqgdwlrqv ri h{whqvlyh irup vroxwlrq frqfhswv zhuh qrw zhoo xqghu0
vwrrg1 Wkh ixqgdphqwdo uhdvrq ri wkhvh gl!fxowlhv lv wkdw d fuxfldo lqjuhglhqw ri
wkh wkhru| lv prgholqj krz sod|huv zrxog ehkdyh dqg zkdw wkh| zrxog eholhyh
lpphgldwho| diwhu hyhu| +sduwldo, klvwru| ri sod|/ lqfoxglqj wkrvh wkdw duh lqfrq0
vlvwhqw zlwk wkh sod|huv* lqlwldo eholhiv dqg2ru zlwk wkh wkhru|1 Jdph wkhrulvwv
djuhh wkdw �vwdwlf� vroxwlrq frqfhswv duh wrr zhdn zkhq dssolhg wr wkh vwudwhjlf
irup ri g|qdplf jdphv/ ehfdxvh wkh| gr qrw wdnh lqwr dffrxqw wkdw hdfk sod|hu
dqwlflsdwhv wkdw khu rssrqhqwv zrxog uhdfw udwlrqdoo| wr zkdwhyhu lqirupdwlrq
wkh| uhfhlyh1 Exw vhyhudo �uh�qhphqwv� ri vwudwhjlf irup vroxwlrq frqfhswv kdyh
ehhq sursrvhg zlwkrxw d fohdu xqghuvwdqglqj ri wkhlu hslvwhplf xqghuslqqlqjv1
Lq idfw/ wkh vwdwlf hslvwhplf prghov suhvhqwhg lq Vhfwlrq 6 gr qrw kdyh vx!flhqw
h{suhvvlyh srzhu wr uhsuhvhqw wkh vxewohwlhv ri wkh wkhru| ri g|qdplf jdphv/ eh0
fdxvh wkh| fdqqrw uhsuhvhqw wkh frqglwlrqdo eholhiv ri wkh sod|huv dqg khqfh wkhlu
frxqwhuidfwxdo uhdvrqlqj17;

Lq wkh odvw ihz |hduv rxu xqghuvwdqglqj ri wkh irxqgdwlrqv ri wkh wkhru| ri
h{whqvlyh irup jdphv kdv ehhq vxevwdqwldoo| lpsuryhg e| wkh ghyhorsphqw ri dg0
htxdwh hslvwhplf prghov/ zklfk pdnh lw srvvleoh wr surylgh vx!flhqw hslvwhplf
frqglwlrqv dqg hyhq ixoo hslvwhplf fkdudfwhul}dwlrqv ri vrph h{whqvlyh irup vrox0
wlrq frqfhswv1 Lq wklv vhfwlrq zh suhvhqw vrph ri wkhvh uhvxowv zlwklq d frpprq
iudphzrun1 Vhfwlrq 714 surylghv dq lqirupdo glvfxvvlrq ri wkh pdlq lvvxhv xvlqj d
ihz vlpsoh h{dpsohv1 Wkh dujxphqwv suhvhqwhg khuh duh irupdol}hg odwhu1 Vhfwlrq
715 lqwurgxfhv h{whqvlyh irup hslvwhplf prghov1 Vlqfh doo wkh h{dpsohv zh duh
frqfhuqhg zlwk duh pxowlvwdjh jdphv zlwk revhuyhg dfwlrqv dqg +srvvleo|, vlpxo0
wdqhrxv pryhv lq vrph vwdjhv +l1h1 jdphv zlwk doprvw shuihfw lqirupdwlrq,/ zh
uhvwulfw rxu dqdo|vlv wr wklv fodvv ri jdphv1 Wklv idflolwdwhv wkh glvfxvvlrq ri lqwhu0
dfwlyh eholhiv dv wkh sod| xqirogv1 Vhfwlrq 716 suhvhqwv wkh qrwlrq ri frqglwlrqdo
frpprq eholhi lq vhtxhqwldo udwlrqdolw| dqg d fkdudfwhul}dwlrq ri d zhdn qrwlrq ri
h{whqvlyh irup udwlrqdol}delolw|1 Wkh phwkrgrorj| dqg frqfhswv khuh duh vwloo txlwh
vlplodu wr wkrvh ghyhorshg iru vwudwhjlf irup jdphv1 Vhfwlrq 717 ihdwxuhv d udglfdo
ghsduwxuh iurp vwudwhjlf irup dqdo|vlv lq rughu wr h{soruh wkh hslvwhplf irxqgd0
wlrqv ri vroxwlrq frqfhswv uho|lqj rq d �iruzdug lqgxfwlrq� sulqflsoh1 Vhfwlrq 718
dqdo|}hv hslvwhplf lqghshqghqfh dqg edfnzdug lqgxfwlrq1

7;Krzhyhu/ vwdwlf hslvwhplf prghov fdq eh xvhg wr surylgh dq hslvwhplf fkdudfwhul}dwlrq ri d
zhdn h{whqvlyh irup uh�qhphqw ri wkh udwlrqdol}delolw| vroxwlrq frqfhsw +fi1 Vhfwlrq 716,1
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7141 Lqwurgxfwru| h{dpsohv

714141 Wkh Hqwu| jdph

Wkh vlpsohvw h{dpsoh looxvwudwlqj wkh gl�huhqfhv ehwzhhq vwudwhjlf irup dqg h{0
whqvlyh irup dqdo|vlv fdq eh irxqg lq dq| uhfhqw wh{werrn rq jdph wkhru|1 Wkh
xvxdo vwru| lv wkdw wkhuh lv d prqrsrolvwlf pdunhw dqg sod|hu 4 lv d srwhqwldo hq0
wudqw/ zkloh sod|hu 5 lv wkh lqfxpehqw prqrsrolvw1 Sod|hu 5 pd| �jkw wkh hqwudqw
+s, ru dftxlhvfh +@, dqg vsolw wkh pdunhw1 Wkh jdph lv ghslfwhg lq Iljxuh 4<d/
zkloh Iljxuh 4<e vkrzv lwv vwudwhjlf irup1
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Wkh jdph kdv wzr Qdvk htxloleuld lq sxuh vwudwhjlhv/ EU?c @� dqg E��|c s�/ exw
rqo| wkh �uvw rqh lv �sodxvleoh1� Wkhuh lv qr glvdjuhhphqw derxw wkh uljkw zd|
wr sod| wklv jdph= li wkh sod|huv xqghuvwdqg wkh jdph +frpsohwh lqirupdwlrq,
dqg duh udwlrqdo/ dqg li sod|hu 4 eholhyhv wkdw sod|hu 5 lv udwlrqdo/ wkhq wkh|
sod| EU?c @�/ ehfdxvh wkh srwhqwldo hqwudqw dqwlflsdwhv wkdw wkh lqfxpehqw zrxog
uhdfw rswlpdoo| wr hqwu|1 Wklv lv wkh vr fdoohg �edfnzdug lqgxfwlrq� orjlf1 Khuh
zh rqo| zdqw wr hpskdvl}h wkdw wkh vwdqgdug dujxphqw xvhg wr ghhp E��|c s�
�lpsodxvleoh� ru �zurqj� lpsolflwo| uholhv rq wkh srvvlelolw| ri dvvljqlqj d wuxwk
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ydoxh wr d vxemxqfwlyh frqglwlrqdo1 Dffruglqj wr wklv dujxphqw/ lq htxloleulxp
E��|c s� sod|hu 4 eholhyhv zlwk srvlwlyh suredelolw| wkdw wkh vwdwhphqw �li L hqwhu/
sod|hu 5 �jkwv� lv wuxh zkloh kh vkrxog eh fhuwdlq wkdw wkh vwdwhphqw lv idovh1 Exw
vlqfh sod|hu 4 vwd|v rxw/ wkh vwdwhphqw lv frxqwhuidfwxdo1 Li wkh vwdwhphqw zhuh
lqwhusuhwhg dv wkh pdwhuldo lpsolfdwlrq �hlwkhu L vwd| rxw/ ru sod|hu 5 �jkwv� lw
zrxog eh wuxh/ ehfdxvh sod|hu 4 lv dfwxdoo| vwd|lqj rxw/ dqg sod|hu 4 vkrxog eh
fhuwdlq wkdw wkh vwdwhphqw lv wuxh1

Wkh edfnzdug lqgxfwlrq orjlf xvhg wr vroyh wkh Hqwu| jdph lv xqfrqwuryhu0
vldo lq doo wzr0vwdjh jdphv zkhuh +l, hdfk dfwlyh sod|hu kdv d grplqdqw dfwlrq
lq wkh vhfrqg vwdjh +zklfk pd| ghshqg rq wkh rxwfrph ri wkh �uvw vwdjh, dqg
+ll, dqwlflsdwlqj d vhfrqg0vwdjh grplqdqw fkrlfh |lhogv d xqltxh udwlrqdo fkrlfh lq
wkh �uvw vwdjh1 Vwdfnhoehuj jdphv dqg wkh wzlfh uhshdwhg Sulvrqhuv* Glohppd duh
zhoo0nqrzq h{dpsohv1 Lqwxlwlyho|/ frpprq eholhi � dw wkh ehjlqqlqj ri wkh jdph
� lq vhtxhqwldo udwlrqdolw| +frqglwlrqdo h{shfwhg xwlolw| pd{lpl}dwlrq, |lhogv wkh
edfnzdug lqgxfwlrq vroxwlrq1 Doo wkh h{whqvlyh irup vroxwlrq frqfhswv frqvlghuhg
lq wklv vhfwlrq duh frqvlvwhqw zlwk lqlwldo frpprq eholhi lq vhtxhqwldo udwlrqdo0
lw| dqg khqfh djuhh zlwk wkh edfnzdug lqgxfwlrq orjlf lq vxfk jdphv1 Exw lq
pruh frpsoh{ jdphv wkh htxloleulxp uh�qhphqw fdswxulqj wkh edfnzdug lqgxf0
wlrq orjlf/ vxejdph shuihfwlrq/ ehfrphv pruh sureohpdwlf1 Rq wkh rqh kdqg/
wkhuh duh edfnzdug0lqgxfwlrq0vroydeoh jdphv zlwk pruh wkdq wzr vwdjhv zkhuh
lqlwldo frpprq eholhi lq vhtxhqwldo udwlrqdolw| vhhpv wr eh frqvlvwhqw zlwk vxe0
jdph lpshuihfw rxwfrphv dqg dvvxplqj frpprq eholhi lq vhtxhqwldo udwlrqdolw|
dw odwhu vwdjhv lv sureohpdwlf1 Wkh �qlwho| Uhshdwhg Sulvrqhuv* Glohppd/ wkh
Fkdlqvwruh jdph dqg wkh Fhqwlshgh jdph7< +glvfxvvhg ehorz, duh zhoo0nqrzq h{0
dpsohv1 Rq wkh rwkhu kdqg/ wkhuh duh jdphv/ vxfk dv wkh Edwwoh ri wkh Vh{hv +ErV,
zlwk dq Rxwvlgh Rswlrq/ zkhuh vrph vxejdph shuihfw htxloleulxp rxwfrphv duh
lqfrqvlvwhqw zlwk wkh �iruzdug lqgxfwlrq� dvvxpswlrq wkdw hdfk sod|hu wulhv wr
�udwlrqdol}h� wkh revhuyhg ehkdylru ri khu rssrqhqwv1

714151 Wkh Fhqwlshgh

Iljxuh 53 ghslfwv d yhuvlrq ri wkh Fhqwlshgh jdph zlwk lwv vwudwhjlf irup183 Wklv
lv d pxowlvwdjh jdph ri ohqjwk g zlwk dowhuqdwlqj pryhv1 Dw wkh &wk vwdjh ri wkh

7<Wkh Fkdlqvwruh jdph lv d �qlwh uhshwlwlrq ri wkh Hqwu| jdph zkhuh wkh lqfxpehqw vhtxhq0
wldoo| idfhv gl�huhqw srwhqwldo hqwudqwv lq gl�huhqw pdunhwv +Vhowhq/ 4<:;,1 Wkh Fhqwlshgh jdph
zdv �uvw lqwurgxfhg e| Urvhqwkdo +4<;4, wr glvfxvv wkh �sdudgr{lfdo� lpsolfdwlrqv ri edfnzdug
lqgxfwlrq lq wkh Fkdlqvwruh dqg rwkhu jdphv1

83Wklv lv Uhq|*v �Wdnh0lw0ru0Ohdyh0lw� jdph +vhh h1j1 Uhq|/ 4<;8/ 4<<8,1
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jdph wkhuh duh & grooduv rq wkh wdeoh/ wkh dfwlyh sod|hu fdq hlwkhu wdnh wkhp dqg
whuplqdwh wkh jdph ru ohdyh wkhp rq wkh wdeoh1 Lq wkh vhfrqg fdvh rqh groodu lv
dgghg rq wkh wdeoh1 Wkh jdph lv lqwhuuxswhg diwhu g vwdjhv zlwk wkh dfwlyh sod|hu
hlwkhu wdnlqj g grooduv ru ohdylqj wkhp wr wkh rssrqhqw1
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Iljxuh 53

Olnh wkh Uhshdwhg Sulvrqhuv* Glohppd/ wklv jdph kdv d xqltxh Qdvk htxlole0
ulxp rxwfrph dqg d xqltxh vxejdph shuihfw htxloleulxp +edfnzdug lqgxfwlrq,
vwudwhj| sur�oh= dw hdfk vwdjh wkh dfwlyh sod|hu lv vxssrvhg wr wdnh wkh grooduv1
Exw wkhuh duh rwkhu rxwfrphv frqvlvwhqw zlwk lqlwldo frpprq eholhi lq frqglwlrqdo
h{shfwhg xwlolw| pd{lpl}dwlrq1 Vxssrvh wkdw sod|hu 5 lv lqlwldoo| fhuwdlq wkdw
sod|hu 4 zloo dsso| wkh edfnzdug lqgxfwlrq orjlf dqg wdnh rqh groodu/ exw sod|hu
4 ohdyhv lw1 Wkhq sod|hu 5 zloo eh vxusulvhg dqg pd| eholhyh wkdw sod|hu 4 lv sure0
deo| luudwlrqdo dqg zrxog ohdyh klp wkuhh grooduv li jlyhq wkh rssruwxqlw|1 Jlyhq
vxfk eholhiv/ diwhu dfwlrq u�/ sod|hu 5 zrxog udwlrqdoo| ohdyh wzr grooduv rq wkh
wdeoh1 Vxssrvh wkdw sod|hu 4 lv udwlrqdo dqg dvvljqv d vx!flhqwo| kljk suredelolw|
wr wkh hyhqw wkdw sod|hu 5 lv udwlrqdo dqg zrxog kdyh vxfk eholhiv diwhu u�1 Wkhq
sod|hu 4 lqlwldoo| ohdyhv rqh groodu +fruuhfwo|, krslqj wr jhw wkuhh grooduv odwhu1
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Lq wkh vlwxdwlrq mxvw ghvfulehg/ +3, hdfk sod|hu lv d frqglwlrqdo h{shfwhg xwlolw|
pd{lpl}hu/ +4, hdfk sod|hu lv lqlwldoo| fhuwdlq ri +3,/ +5, hdfk sod|hu lv lqlwldoo|
fhuwdlq ri +4,/ dqg vr rq1

Fdq zh rewdlq wkh edfnzdug lqgxfwlrq rxwfrph e| dvvxplqj wkdw wkhuh zrxog
eh frpprq eholhi lq vhtxhqwldo udwlrqdolw| dw odwhu vwdjhvB Qr1 Frpprq eholhi lq
vhtxhqwldo udwlrqdolw| diwhu dfwlrq u� lv lpsrvvleoh= li sod|hu 5 eholhyhv wkdw sod|hu
4 lv udwlrqdo/ kh wdnhv wzr grooduv1 Li sod|hu 4 lqlwldoo| eholhyhv wkdw sod|hu 5 lv
udwlrqdo dqg wkdw sod|hu 5 zrxog eholhyh wkdw sod|hu 4 lv udwlrqdo diwhu u�/ sod|hu
4 wdnhv rqh groodu lpphgldwho|1 Sod|hu 4*v eholhiv derxw sod|hu 5 gr qrw fkdqjh
diwhu khu rzq lqlwldo dfwlrq1 Wklv ohdyhv xv zlwk rqo| wzr srvvlelolwlhv= hlwkhu +d,
sod|hu 4 lv luudwlrqdo dqg fkrrvhv u�/ ru +e, sod|hu 4 lv udwlrqdo/ fkrrvhv A �/ exw
zrxog eholhyh/ li vkh fkrvh u�/ wkdw sod|hu 5 lv udwlrqdo dqg zrxog eholhyh wkdw
sod|hu 4 lv udwlrqdo1 Vlqfh wkhvh wzr hyhqwv duh pxwxdoo| h{foxvlyh/ sod|hu 5 frxog
qrw eholhyh erwk diwhu revhuylqj u�1

Zh frqfoxgh wkdw/ dowkrxjk wkh edfnzdug lqgxfwlrq orjlf pd| vhhp dv frp0
shoolqj dv wkh udwlrqdol}delolw| orjlf lq vwdwlf jdphv/ lw fdqqrw eh mxvwl�hg e|
d vwudljkwiruzdug h{whqvlrq ri wkh hslvwhplf dvvxpswlrqv fkdudfwhul}lqj qrupdo
irup udwlrqdol}delolw|1
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714161 Wkh Edwwoh ri wkh Vh{hv +ErV, zlwk dq Rxwvlgh Rswlrq
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Iljxuh 54

Frqvlghu wkh jdph ghslfwhg lq Iljxuh 541 Sod|hu 4 +e| frqyhqwlrq d ihpdoh,
lqlwldoo| ghflghv zkhwkhu wr sod| wkh ErV vxejdph +U?, ru wdnh dq rxwvlgh rswlrq
+��|, wkdw |lhogv dq lqwhuphgldwh sd|r�1 Wklv jdph kdv wzr vxejdph shuihfw
htxloleulxp rxwfrphv/ ��| dqg EU?c EAc u��/84 exw lw lv riwhq dujxhg wkdw rqo|
wkh vhfrqg lv �uhdvrqdeoh1� Lq idfw/ rqo| wkh vhfrqg htxloleulxp lv frqvlvwhqw
zlwk wkh iroorzlqj dvvxpswlrqv= +3, doo sod|huv duh udwlrqdo/ +4, doo sod|huv eholhyh
+3, zkhqhyhu srvvleoh/ +4, doo sod|huv eholhyh +3,)+4, zkhqhyhu srvvleoh1 E| +3,
sod|hu 4 grhv qrw sod| wkh vwulfwo| grplqdwhg vwudwhj| EU?c��1 Rq wkh rwkhu kdqg/
vwudwhj| EU?c A � fdq eh udwlrqdol}hg e| vrph eholhiv1 Wkhuhiruh +3, dqg +4, lpso|
wkdw/ li sod|hu 5 revhuyhg U?/ kh zrxog eholhyh wkdw sod|hu 4 lv sod|lqj EU?c A � dqg
khqfh zrxog uhvsrqg zlwk u1

Qrwh wkdw wkh vdph dvvxpswlrqv |lhog wkh edfnzdug lqgxfwlrq rxwfrph lq
wkh Fhqwlshgh jdph ri Iljxuh 531 Lq erwk fdvhv wkh vroxwlrq lqgxfhg e| wkhvh

84Rxw lv vxssruwhg e| wzr htxloleuld lq ehkdylrudo vwudwhjlhv= ^+Rxw>E,> U` dqg ^+Rxw> 6
7
W .

4

7
U,> +4

7
O. 6

7
U,`1
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dvvxpswlrqv fdq eh rewdlqhg e| lwhudwlyho| ghohwlqj zhdno| grplqdwhg vwudwhjlhv1
Lq jhqhudo/ zh pd| frqvlghu d orqjhu olvw ri dvvxpswlrqv zkhuh dvvxpswlrq +n.4,
lv= doo sod|huv eholhyh +3,)+4,)111)+n, zkhqhyhu srvvleoh1 Zh zloo vhh wkdw wkhvh
dvvxpswlrqv duh fdswxuhg e| d qrwlrq ri h{whqvlyh irup udwlrqdol}delolw| zklfk lv
txlwh vlplodu wr wkh lwhudwlyh +pd{lpdo, ghohwlrq ri zhdno| grplqdwhg vwudwhjlhv1
Wkhvh dvvxpswlrqv fruuhvsrqg wr d �iruzdug lqgxfwlrq� orjlf= hdfk sod|hu dozd|v
wulhv wr �udwlrqdol}h� wkh revhuyhg ehkdylru ri khu rssrqhqwv/ orrnlqj iru lwv �prvw
vrsklvwlfdwhg� h{sodqdwlrq1

7151 Hslvwhplf prghov iru h{whqvlyh irup jdphv

D �qlwh pxowlvwdjh jdph zlwk revhuyhg dfwlrqv lv d wxsoh

K '

�c i��j�M� c Mc ~c i��j�M�

�
zkhuh � ' i�c 2c ���c ?j lv d vhw ri sod|huv/ �� lv d qrqhpsw| �qlwh vhw ri d sulrul
ihdvleoh dfwlrqv iru sod|hu �/ M lv d qrqhpsw| �qlwh vhw ri sduwldo klvwrulhv ri
sod|/ ~ lv d qrqhpsw| �qlwh vhw ri frpsohwh +ru whuplqdo, klvwrulhv ri sod| dqg
�� G ~ $ ? lv sod|hu �*v sd|r� ixqfwlrq1 D klvwru| ri ohqjwk & lv d �qlwh vhtxhqfh
ri dfwlrq sur�ohv

� '
��
@��c ���c @

�
?

�
c ���c

�
@&�c ���c @

&
?

��
5 �&c

zkhuh � ' �� � ���� �?1
85 Dv xvxdo/ �3� ghqrwhv wkh vhw ri dfwlrq sur�ohv ri doo

sod|huv rwkhu wkdq �1 Iru qrwdwlrqdo frqyhqlhqfh wkh hpsw| vhtxhqfh � ghqrwhg
e| � � lv dovr uhjdughg dv d klvwru| suhfhglqj hyhu| rwkhu klvwru| dqg uhsuhvhqwlqj
wkh ehjlqqlqj ri wkh jdph1 Wkh vhw ri +sduwldo dqg frpsohwh, klvwrulhv lv qdwxudoo|
rughuhg e| wkh uhodwlrq �lqlwldo +surshu, vxeklvwru| ri/� wkdw lv/ � ' E@�c ���c @&�
suhfhghv �� ' EK�c ���c K6� li dqg rqo| li & 	 6 dqg E@�c ���c @&� ' EK�c ���c K&�1 Wkh vhw
ri klvwrulhv zlwk wklv sduwldo rughu lv d wuhh/ zlwk urrw jlyhq e| wkh hpsw| klvwru|
�186

85Vhh Ixghqehuj dqg Wluroh +4<<4,/ Vhfwlrq 61514 dqg Rveruqh dqg Uxelqvwhlq +4<<7,/ Vhfwlrqv
91414 dqg 916151

86Wkh vhwv ri sduwldo dqg frpsohwh klvwrulhv kdyh wkh iroorzlqj +txlwh reylrxv, surshuwlhv= iru

doo k> k3 5 i!j ^
�V

n�4D
n
�
/ dl> el 5 Dl/ d�l> e�l 5 D�l/

� li k3 5 K ^ ] dqg k suhfhghv k3/ wkhq k 5 Kq]/

� li k 5 K/ wkhq k suhfhghv vrph frpsohwh klvwru| } 5 ]/

� li +k> +dl> d�l,, 5 K ^] dqg +k> +el> e�l,,, 5 K ^ ]/ wkhq +k> +el> d�l,, 5 K ^ ]1
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Iru hyhu| vhtxhqfh � ' E@�c ���c @&� 5 �& dqg dfwlrq sur�oh @ 5 � zh ghqrwh
wkh frqfdwhqdwlrq ri � dqg @ e| E�c @� ' E@�c ���c @&c @�1 Wkh vhw ri ihdvleoh dfwlrqv
iru sod|hu � lpphgldwho| diwhu sduwldo klvwru| � 5 M lv

��E�� ' i@� 5 �� G <@3� 5 �3�c E�c E@�c @3��� 5 M ^ ~j �

Wkh vhw ri ihdvleoh dfwlrq sur�ohv lpphgldwho| diwhu � 5 M lv ��E��� �����?E��1
Wkh vhw ri +sxuh, vwudwhjlhv iru sod|hu � lv 7� � E���

M / zkhuh r� 5 7� li dqg rqo| li
r�E�� 5 ��E�� iru doo � 5 M187 Wkh frpsohwh klvwru| lqgxfhg e| d vwudwhj| sur�oh
r 5 7 lv ghqrwhg e| lEr�188 Wkxv L� ' �� � l G 7 $ ? lv sod|hu �*v vwudwhjlf irup
sd|r� ixqfwlrq1 Wkh vwudwhjlf irup ri jdph K lv CK '


�c i7�j�M� c iL�j�M�

�
1

Iru wkh vdnh ri qrwdwlrqdo vlpsolflw| zh duh dvvxplqj wkdw hdfk sod|hu wdnhv dq
dfwlrq dw hdfk vwdjh/ exw wkh dvvxpswlrq lv frpsohwho| lqqrfxrxv/ ehfdxvh wkh vhw
ri ihdvleoh dfwlrqv ri d sod|hu pd| eh d vlqjohwrq1 Wkxv zh duh deoh wr uhsuhvhqw
dq| frpelqdwlrq ri vhtxhqwldo dqg vlpxowdqhrxv pryhv1 Zh vd| sod|hu � lv dfwlyh
dw � 5 M li ��E�� kdv dw ohdvw wzr hohphqwv1 Jdph K kdv shuihfw lqirupdwlrq li
wkhuh lv dw prvw rqh dfwlyh sod|hu dw hdfk klvwru|1 K lv vwdwlf/ ru vlpxowdqhrxv/
li M ' i�j1 K lv jhqhulf li iru doo sod|huv � 5 � dqg whuplqdo klvwrulhv 5� 9' 5��/
��E5

�� 9' ��E5
����

^Qrwh wkdw wr uhsuhvhqw d jdph zlwk revhuyhg dfwlrqv dqg vlpxowdqhrxv pryhv
lq vrph vwdjhv zlwk wkh vwdqgdug judsk0wkhruhwlf gh�qlwlrq +h1j1 Nuhsv dqg Zlo0
vrq/ 4<;5, zh zrxog kdyh wr holplqdwh lqdfwlyh sod|huv iurp hdfk vwdjh dqg lq0
wurgxfh +l, dq duwl�fldo rughu dprqj vlpxowdqhrxv pryhv dqg +ll, dssursuldwh
lqirupdwlrq vhwv1 Wklv zrxog pdnh wkh glvfxvvlrq ri lqwhudfwlyh nqrzohgjh dqg
eholhiv dv wkh sod| xqirogv pruh fxpehuvrph dqg frpsoh{1 Lq sduwlfxodu/ zh lp0
solflwo| dvvxph wkdw d sod|hu uhfhlyhv lqirupdwlrq derxw sdvw ehkdylru hyhq zkhq
vkh lv lqdfwlyh/ zkloh wkh vwdqgdug irupxodwlrq ri h{whqvlyh irup jdphv uhsuhvhqwv
rqo| wkh lqirupdwlrq d sod|hu uhfhlyhv zkhq vkh lv dfwlyh dqg lpsolflwo| dvvxphv
wkdw qr lqirupdwlrq lv uhfhlyhg rwkhuzlvh1 Wkxv wkh vwdqgdug irupxodwlrq grhv
qrw doorz d v|qfkurqrxv uhsuhvhqwdwlrq ri lqwhudfwlyh nqrzohgjh dqg eholhiv189`

Wkh �uvw wzr surshuwlhv lpso| wkdw K _] @ > dqg wkdw wkh vhw K ^] rughuhg e| wkh qdwxudo
suhfhghqfh uhodwlrq �lqlwldo vxeklvwru| ri� lv d wuhh zlwk urrw ! zkhuhK lv wkh vhw ri qrq whuplqdo
qrghv dqg ] lv wkh vhw ri whuplqdo qrghv1 Wkh wklug surshuw| vd|v wkdw iru hyhu| sduwldo klvwru|
wkh vhw ri ihdvleoh dfwlrq sur�ohv lv d Fduwhvldq surgxfw ri lwv surmhfwlrqv rq wkh dfwlrq vhwv Dl/
l 5 Q 1

87Uhfdoo wkdw \ [ lv wkh vhw ri doo ixqfwlrqv zlwk grpdlq [ dqg udqjh \ 1
88Wkxv/ �+v, @ +d4> ===> dp, li dqg rqo| li vl+d

4> ===> dn, @ dn.4l iru doo l 5 Q / n ? p1
89Edwwljdool dqg Erqdqqr +4<<:e, vkrz krz wr h{whqg wkh lqirupdwlrq vwuxfwxuh ri h{whqvlyh
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Il{ d pxowlvwdjh jdph zlwk revhuyhg dfwlrqv K1 Zh pd| rewdlq dq hslvwhplf
prgho ri K vlpso| e| surylglqj d prgho ri +ru w|sh vsdfh iru, lwv vwudwhjlf irup
CK1 Vxfk d prgho vshfl�hv wkh lqlwldo eholhiv dqg wkh vwudwhj| ri hdfk sod|hu dw
hdfk srvvleoh zruog1 Dowkrxjk wkh irupdolvp lv wkh vdph dv lq Vhfwlrq 6/ wkh
prvw qdwxudo jdph0wkhruhwlf lqwhusuhwdwlrq khuh lv gl�huhqw1 Vlqfh d vwudwhj| lv
d frqwlqjhqw sodq ri dfwlrq/ wkh prgho vshfl�hv/ iru hdfk vwdwh ri wkh zruog/ wkh
dfwlrqv wdnhq dorqj wkh dfwxdo sdwk exw dovr wkh dfwlrq wkdw sod|hu � zrxog wdnh
dw hdfk sduwldo klvwru| � li klvwru| � rffxuuhg1 Lq rwkhu zrugv/ zh lqwhusuhw wkh
vwdwhphqw �li � rffxuuhg/ � zrxog wdnh dfwlrq @�� dv d vxemxqfwlyh frqglwlrqdo1
D vwudwhj| lv d frpelqdwlrq ri vxemxqfwlyh frqglwlrqdov dqg zh dvvxph wkdw wkh
vxemxqfwlyh frqglwlrqdo �li � rffxuuhg/ � zrxog wdnh dfwlrq @�� lv yhul�hg dw vwdwh
/ li dqg rqo| li sod|hu �*v vwudwhj| dw / lv d ixqfwlrq r� vxfk wkdw r�E�� ' @�/
lqghshqghqwo| ri zkhwkhu klvwru| � rffxuv dw vwdwh / ru qrw18:

Iru wkh vdph uhdvrq/ wkh prvw qdwxudo qrwlrq ri udwlrqdolw| lq dq h{whqvlyh irup
frqwh{w lv pruh ghpdqglqj wkdq lq d qrupdo irup frqwh{w1 Lqwxlwlyho|/ sod|hu �
lv udwlrqdo li iru hyhu| klvwru| � khu frqwlqxdwlrq vwudwhj| dw � pd{lpl}hv khu
frqglwlrqdo h{shfwhg sd|r� jlyhq � +vhh/ iru h{dpsoh/ Nuhsv dqg Zlovrq/ 4<;5,1
Krzhyhu/ �*v frqglwlrqdo eholhiv jlyhq � duh +lpsolflwo|, vshfl�hg dw d vwdwh / ri d
prgho iru CK rqo| li �*v eholhiv dw / dvvljq srvlwlyh suredelolw| wr wkh hyhqw wkdw
� rffxuv1 Lq wklv fdvh/ frqglwlrqdo eholhiv jlyhq � fdq eh ghulyhg yld Ed|hv uxoh>
rwkhuzlvh/ wkh prgho lv vlohqw derxw vxfk eholhiv1 Wkxv lw vhhpv wkdw lq rughu wr
pdnh vhqvh ri wkh qrwlrq ri udwlrqdolw| lq dq h{whqvlyh jdph iudphzrun zh kdyh wr
hqulfk wkh prgho e| vshfli|lqj/ iru hdfk vwdwh ri wkh zruog/ d sod|hu*v frqglwlrqdo
eholhiv iru dq| jlyhq sduwldo klvwru| �1 Lq rwkhu zrugv/ d vwdwh ri wkh zruog vkrxog
ghvfuleh/ qrw rqo| wkh dfwlrq wkdw sod|hu � zrxog wdnh dw �/ exw dovr wkh frqglwlrqdo
eholhiv wkdw � zrxog kdyh dw �1

Lq rughu wr ghvfuleh frqglwlrqdo eholhiv zh �uvw gh�qh wkh frqfhsw ri frqglwlrqdo
suredelolw| v|vwhp +Uíq|l/ 4<88/ P|huvrq/ 4<;9,1 Ohw l eh d �qlwh vhw dqg ohw K
eh d froohfwlrq ri qrqhpsw| vxevhwv ri l18; Wkh vhw ri doo ixqfwlrqv dvvljqlqj wr
hdfk hohphqw ri K +d vxevhw, d suredelolw| phdvxuh rq l lv d{El�oG1 Iru hyhu|

irup jdphv +lqkhulwlqj wkh shuihfw uhfdoo surshuw|, vr wkdw d sod|hu uhfhlyhv lqirupdwlrq dw hyhu|
qrgh/ lqfoxglqj wkrvh rzqhg e| rwkhu sod|huv1

8:Sduwldo klvwru| k rffxuv dw $ li wkh vwudwhj| sur�oh dw $ lv v dqg k suhfhghv �+v,1 Qrwh
wkdw hyhq wkh gh�qlwlrq ri udwlrqdolw| iru vwdwlf prghov lpsolflwo| uholhv rq vxemxqfwlyh frqgl0
wlrqdov/ ehfdxvh d sod|hu frpsduhv wkh h{shfwhg frqvhtxhqfhv ri khu dfwxdo ghflvlrq zlwk wkh
frqvhtxhqfhv wkdw +lq khu rslqlrq, zrxog rffxu li vkh fkrvh d gl�huhqw dfwlrq1

8;K pd|/ exw qhhg qrw eh wkh idplo| ri hyhqwv fruuhvsrqglqj wr wkh rffxuuhqfh ri sduwldo
klvwrulhv lq �1
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vxfk ixqfwlrq > 5 d{El�oG/ zh zulwh >E�m�� iru wkh suredelolw| phdvxuh dvvrfldwhg
wr vxevhw � 5 K dqg zh lqwhusuhw >E.m�� dv wkh suredelolw| ri . jlyhq �1 Zkhq
frqyhqlhqw zh zulwh > dv d yhfwru= > ' E>E�m����MG1 D frqglwlrqdo suredelolw|

v|vwhp rq klcKl lv d ixqfwlrq > 5 d{El�oG vxfk wkdw iru doo . � l/ �c� 5 K/

� +4, >E�m�� ' �c

� +5, li . � � � �/ wkhq >E.m�� ' >E.m��>E�m��1

Frqglwlrq +4, lv reylrxv1 Frqglwlrq +5, vd|v wkdw wkh xvxdo uxoh wr frpsxwh
frqglwlrqdo suredelolwlhv dssolhv zkhqhyhu srvvleoh1 Wkh vhw ri frqglwlrqdo sure0
delolw| v|vwhpv rq klcKl lv ghqrwhg {GEl�1 Wzr vshfldo fdvhv duh zruwk ri
dwwhqwlrq1 +l, Vxssrvh wkdw wkh vhw ri vwdwhv lv d surgxfw l ' 7 � A dqg ohw K eh
d froohfwlrq ri qrqhpsw| vxevhwv ri 71 Wkhq zh rewdlq d fruuhvsrqglqj froohfwlrq
K7fA ri vxevhwv ri l/ wkdw lv/

K7fA ' i� ' 7� � A G 7� 5 Kj �

Wkh lqwhusuhwdwlrq lv wkdw rqo| wkh r0frruglqdwh ri wkh vwdwh Erc |� lv +sduwldoo|,
revhuydeoh dqg K7fA lv d froohfwlrq ri srwhqwldoo| revhuydeoh hyhqwv1 Lq wklv fdvh/
zlwk d voljkw dexvh ri qrwdwlrq/ zh zulwh {GE7 � A � iru wkh vhw ri frqglwlrqdo
v|vwhpv1 +ll, Li K lv wkh froohfwlrq ri doo qrqhpsw| vxevhwv ri l +K ' 2lq i>j,/
wkhq d frqglwlrqdo suredelolw| v|vwhp rq klcKl lv fdoohg frpsohwh1 D frpsohwh
frqglwlrqdo suredelolw| v|vwhp uhsuhvhqwv d eholhi uhylvlrq uxoh wkdw fdq eh dssolhg
iru dq| lqirupdwlrq vwuxfwxuh rq l18< Wkh vhw ri frpsohwh frqglwlrqdo suredelolw|
v|vwhpv lv ghqrwhg {WEl�1 Zh zloo irfxv pdlqo| rq fdvh +l,1

715141 W|sh vsdfhv iru h{whqvlyh irup jdphv

Zkhq wkh sod|huv uhdvrq derxw wkhlu ehvw frxuvh ri dfwlrq dw dq| srlqw ri wkh
jdph wkh| irup eholhiv derxw zkdw wkhlu rssrqhqwv zrxog gr dqg zkdw wkh|
zrxog eholhyh lpphgldwho| diwhu vrph gl�huhqw klvwrulhv ri sod|/ li vxfk klvwrulhv
rffxuuhg1 Vlploduo|/ dv �h{whuqdo revhuyhuv/� ru �wkhrulvwv/� zh zrxog olnh wr eh
deoh wr vshfli|/ iru hyhu| srvvleoh zruog/ zkdw wkh sod|huv zrxog gr dqg zkdw wkh|
zrxog eholhyh derxw hdfk rwkhu*v ehkdylru dqg eholhiv dw hdfk sduwldo klvwru| ri
wkh jdph1 H{whqvlyh irup w|sh vsdfhv duh hslvwhplf prghov zlwk vxfk h{suhvvlyh
srzhu1

8<Iru uhihuhqfhv rq eholhi uhylvlrq vhh Jçughqiruv +4<;;,1 Vhh dovr Vwdoqdnhu +4<<9/ 4<<;, dqg
Eudqghqexujhu +4<<:,1
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Ohw 7 eh wkh vhw ri vwudwhj| sur�ohv ri jdph K dqg/ iru hyhu| � 5 M/ ohw 7E��
ghqrwh wkh vhw ri sur�ohv lqgxflqj/ ru �uhdfklqj/� �/ wkdw lv/

7E�� ' ir 5 7 G � suhfhghv lEr�j �

Fohduo|/ 7E�� ' 7�E��� ���� 7?E��/ zkhuh 7�E�� lv wkh surmhfwlrq ri 7E�� rq 7�1
93

Wkh froohfwlrq ri vxevhwv
K ' i7E�� G � 5 Mj

uhsuhvhqwv d idplo| ri frpprqo| revhuydeoh hyhqwv derxw sod|huv* ehkdylru1 Qrwh
wkdw K kdv d vshfldo vwuxfwxuh/ zklfk uh hfwv wkh wuhh0vwuxfwxuh ri M= 7 ' 7E�� 5
K dqg iru doo 7�c 7�� 5 K/ hlwkhu 7� � 7��c ru 7� � 7�� ru 7� _ 7�� ' >1

Gh�qlwlrq 7141 D �qlwh w|sh vsdfh iru K lv d wxsoh W '

�c7cKc iA�j�M� c iw�j�M�

�
zkhuh/ iru hyhu| � 5 � / A� lv d �qlwh vhw dqg w� lv d ixqfwlrq w� G A� $ {GE7�A3��
+A3� '

T
� �'� A�,1

94

Qrwh wkdw Gh�qlwlrq 714 h{whqgv wkh qrwlrq ri w|sh vsdfh jlyhq lq Vhfwlrq
6151 Wkh vwudwhjlf irup gh�qlwlrq lv rewdlqhg dv d vshfldo fdvh li K lv d vwdwlf
jdph1 Ixuwkhupruh/ vlqfh 7 ' 7E�� 5 K/ wkh prgho vshfl�hv wkh dfwxdo lqlwldo
eholhiv ri hdfk sod|hu dw wkh dfwxdo vwdwh= li �*v w|sh lq d jlyhq vwdwh lv | 5 A�/
khu lqlwldo eholhiv dw wklv vwdwh duh jlyhq e| wkh suredelolw| phdvxuh w�c|E�m7�A3��1
Wkhuhiruh dq h{whqvlyh irup w|sh vsdfh frqwdlqv d w|sh vsdfh lq wkh xvxdo vhqvh
dqg zh fdq gh�qh wkh eholhi rshudwruv �� +� 5 �, dqg wkh frpprq eholhi rshudwru
�W dv ehiruh1 Exw lq wklv h{whqghg prgho zh fdq gr pruh= iru hyhu| � 5 �
dqg � 5 M/ zh fdq gh�qh d eholhi rshudwru ��c�/ zkhuh ��c�. lv wkh hyhqw wkdw
sod|hu � zrxog eholhyh . lpphgldwho| diwhu klvwru| �/ li � rffxuuhg1 Vlqfh hdfk
klvwru| lv frpprqo| revhuyhg/ lw pdnhv vhqvh wr gh�qh frpprq eholhi rshudwruv
�Wc� +� 5 M,/ zkhuh �Wc�. lv wkh hyhqw wkdw/ li � rffxuuhg/ . zrxog eh frpprqo|

93Lq jdphv zlwk lpshuihfwo| revhuyhg dfwlrqv/ shuihfw uhfdoo lpsolhv wkdw/ li L lv dq lqirupdwlrq
vhw ri sod|hu l/ wkhq V+L, @ Vl+L,� V�l+L,/ zkhuh V+L, lv wkh vhw ri vwudwhj| sur�ohv lqgxflqj d
sdwk wkurxjk lqirupdwlrq vhw L1

94Lq�qlwh w|sh vsdfhv duh vlploduo| gh�qhg/ exw rqh kdv wr wdnh fduh ri phdvxuh0wkhruhwlf
lvvxhv1 Wkh h{whqvlrq ri wkh frqfhsw wr jhqhudo h{whqvlyh irup jdphv dqg g|qdplf jdphv ri
lqfrpsohwh lqirupdwlrq lv vwudljkwiruzdug1
Ilqlwh h{whqvlyh irup w|sh vsdfhv kdyh ehhq ruljlqdoo| lqwurgxfhg e| Ehq Srudwk +4<<:,

+wkh zrunlqj sdshu yhuvlrq lv gdwhg 4<<5,1 Wkh gh�qlwlrq jlyhq khuh lv gxh wr Edwwljdool dqg
Vlqlvfdofkl +4<<;d,/ zkr hoderudwh rq wkh frqfhsw1 Lq sduwlfxodu/ wkh| dqdo|}h w|sh0prusklvpv
ehwzhhq jhqhudo +srvvleo|, lq�qlwh vsdfhv dqg frqvwuxfw d xqlyhuvdo h{whqvlyh irup w|sh vsdfh1
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eholhyhg1 Irupdoo|/ iru hyhu| hyhqw . � 7 � A� � ��� � A? dqg sod|hu � 5 � zh
gh�qh95

��c�. ' iErc |c |3�� G w�c|E.|m7E��� A3�� ' �j c

�ec�. '
_
�M�

��c�./ �Wc�. '
_
&D�

�&
ec�.c

��. ' ��c�./ �W. ' �Wc�.1

Lw lv hdvlo| fkhfnhg wkdw wkhvh eholhi rshudwruv kdyh doo wkh surshuwlhv ri wkh fru0
uhvsrqglqj rshudwruv gh�qhg iru Ed|hvldq iudphv196 Lq sduwlfxodu/ wkh| vdwlvi|
frqvlvwhqf|/ frqmxqfwlrq/ srvlwlyh lqwurvshfwlrq dqg prqrwrqlflw|/ dqg wkh lqgl0
ylgxdo eholhi rshudwruv ��c� dovr vdwlvi| qhjdwlyh lqwurvshfwlrq1

715151 Klhudufklhv ri frqglwlrqdo eholhiv dqg xqlyhuvdo w|sh vsdfhv

Zh nqrz wkdw d �vwdwlf� hslvwhplf prgho iru d jdph zlwk vwudwhj| vsdfh 7 lpsolf0
lwo| vshfl�hv d sur�oh ri lq�qlwh klhudufklhv ri eholhiv iru hdfk vwdwh +vhh Vhfwlrq
615,1 Vlploduo|/ d w|sh vsdfh iru K lpsolflwo| vshfl�hv d sur�oh ri lq�qlwh klhudu0
fklhv ri frqglwlrqdo eholhiv1 Wkh �uvw0rughu frqglwlrqdo eholhiv ri w|sh | 5 A� duh
jlyhq e| wkh frqglwlrqdo suredelolw| v|vwhp

>��c| ' E6o}7w�c|E�m7E��� A3����MM 5 {GE7��

Jlyhq doo wkh �uvw0rughu pdsslqjv |� :�$ >��c|� +� 5 �, zh fdq gh�qh wkh vhfrqg0
rughu frqglwlrqdo eholhiv ri w|sh | 5 A�= iru doo � 5 M/

>2�c|

�
Erc E>���� �'��m7E���

�
{GE7�

�?3��
'

w�c|
�q

Erc |3�� G ;� 9' �c >��c|� ' >��

r
m7E��� A3�

�
�

Kljkhu0rughu eholhi pdsslqjv fdq eh rewdlqhg lqgxfwlyho|1 Wkxv/ d klhudufk| ri
frqglwlrqdo eholhiv iru d jlyhq sod|hu � vshfl�hv iru hdfk rughu & dqg hdfk klvwru|

95Uhfdoo wkdw/ iru hdfk hyhqw H dqg w|sh w 5 Wl/ Hw lv hyhqw H iurp wkh srlqw ri ylhz ri w|sh
w/ l1h1 wkh vhw ri hohphqwv ri V � W�l wkdw duh frqvlvwhqw zlwk hyhqw H dqg w|sh w +vhh Vhfwlrq
615,1

96Lq idfw/ iru hdfk klvwru| k 5 K/ zh fdq ghulyh iurp W d w|sh vsdfh Wk iru V+k,= mxvw wdnh
wkh eholhi ixqfwlrqv �l>k = Wl $ �+V+k, � W�l,/ zkhuh �l>k>w+H, @ �l>w+HmV+k, � W�l, iru doo
H � V+k,� W�l1 Dv zh qrwlfhg lq Vhfwlrq 615/ d w|sh vsdfh iru V+k, fruuhvsrqgv wr d prgho ri
V+k, lq dq reylrxv �eholhiv suhvhuylqj� zd|1 Wkh frqglwlrqdo eholhi rshudwru El>k fruuhvsrqgv
wr l*v eholhi rshudwru lq wklv prgho1
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� wkh eholhiv wkdw � zrxog kdyh dw � derxw klv rssrqhqwv* frqwlqjhqw ehkdylru
dqg orzhu0rughu frqglwlrqdo eholhiv iru dq| klvwru| ��197 Dv zlwk �vwdwlf� w|sh
vsdfhv/ dw hdfk vwdwh Erc |� wkh fruuhvsrqglqj klhudufklhv ri eholhiv vdwlvi| d qdwxudo
�pdujlqdol}dwlrq surshuw|� dqg dvvljq }hur suredelolw| wr wkh vwdwhv ylrodwlqj wklv
surshuw|1

Dq| �{hg w|sh vsdfh frqwdlqv rqo| d vpdoo vxevhw ri wkh vhw ri doo frqfhlydeoh
klhudufklhv ri frqglwlrqdo eholhiv iru jdph K1 Zh kdyh vhhq lq wkh dqdo|vlv ri
vwudwhjlf irup jdphv krz wkh �vpdooqhvv/� ru lqfrpsohwhqhvv/ ri hslvwhplf prghov
suhyhqwv wkh irupxodwlrq ri vlpsoh �li dqg rqo| li� fkdudfwhul}dwlrqv ri vroxwlrq
frqfhswv olnh qrupdo irup udwlrqdol}delolw|1 Wkh lqfrpsohwhqhvv ri w|sh vsdfhv
ehfrphv pruh uhohydqw lq wkh frqwh{w ri h{whqvlyh irup jdphv1 Lq idfw/ li zh zdqw
wr irupdol}h wkh dvvxpswlrq wkdw d sod|hu zrxog wu| wr �udwlrqdol}h� wkh revhuyhg
dfwlrqv ri klv rssrqhqwv zkhqhyhu srvvleoh +dv lq rxu glvfxvvlrq ri wkh ErV zlwk dq
Rxwvlgh Rswlrq,/ zh zrxog olnh wklv sod|hu wr eh deoh wr frqvlghu dq| frqfhlydeoh
sur�oh ri rssrqhqwv* klhudufklhv ri frqglwlrqdo eholhiv1 Exw lq dq lqfrpsohwh w|sh
vsdfh wklv vhdufk iru klhudufklhv wkdw fdq udwlrqdol}h vrph revhuyhg ehkdylru lv
duwl�fldoo| olplwhg1 Wkxv wkh srvvlelolw| ri frqvwuxfwlqj d xqlyhuvdo w|sh vsdfh lv
hyhq pruh lpsruwdqw iru h{whqvlyh irup jdphv1 Zh suhvhqw ehorz wkh frqvwuxfwlrq
ri d xqlyhuvdo w|sh vsdfh iru K gxh wr Edwwljdool dqg Vlqlvfdofkl +4<<;d,/ zklfk lv
txlwh forvh wr wkh vwdqgdug frqvwuxfwlrq ri Vhfwlrq 615198

Lq dqdorj| zlwk wkh frqvwuxfwlrq iru wkh vwdwlf fdvh/ zh ohw {GEf&� ghqrwh
wkh vhw ri doo &wk0rughu frqglwlrqdo eholhiv +lqfoxglqj wkh lqfrqvlvwhqw rqhv, dqg
~& ghqrwh wkh vhw ri &wk0rughu eholhiv ri d jlyhq sod|hu*v rssrqhqwv=

� ff ' 7 /

� jlyhq f&3� +& � �,/ ~& ' d{GEf&3��o?3�/ f& ' f&3� � ~&�

97Dffruglqj wr rxu gh�qlwlrq ri w|sh vsdfh d sod|hu dovr kdv eholhiv derxw khu rzq ehkdylru1
Exw zh zloo dvvxph wkdw udwlrqdo sod|huv duh dozd|v fhuwdlq ri wkhlu ehkdylru1

98Lq wkh frqvwuxfwlrq zh xvh d pruh jhqhudo gh�qlwlrq ri frqglwlrqdo suredelolw| v|vwhp rq d
srvvleo| lq�qlwh vsdfh1 Ohw  eh d phdvxudeoh vsdfh zlwk d vljpd0dojheud ri hyhqwv D dqg ohw
K � D1 Vlqfh lq rxu dqdo|vlv wkh dssursuldwh vljpd0dojheudv duh dozd|v xqghuvwrrg/ wkh| duh qrw
h{solflw lq rxu qrwdwlrq1 D frqglwlrqdo suredelolw| v|vwhp rq k>Kl lv d ixqfwlrq � 5 ^�+,`

K

vdwli|lqj wkh vdph surshuwlhv dv lq wkh �qlwh fdvh iru doo phdvxudeoh vxevhwv H dqg doo E>F 5 K1
Zh frqvlghu vsdfhv ri wkh irup  @ V � W hqgrzhg zlwk wkh lqirupdwlrq vwuxfwxuh K � 5V /
zkhuh V dqg K duh ghulyhg iurp wkh �qlwh jdph �/ dqg W lv vrph phwul}deoh/ vhsdudeoh dqg
frpsohwh wrsrorjlfdo vsdfh hqgrzhg zlwk wkh Eruho vljpd0dojheud1 Zlwk wkh xvxdo voljkw dexvh
ri qrwdwlrq zh zulwh �K+V � W , iru wkh vhw ri frqglwlrqdo v|vwhpv hyhq li K lv qrw d froohfwlrq
ri vxevhwv ri V � W 1 Lw fdq eh vkrzq wkdw dovr �K+V � W , lv d phwul}deoh/ vhsdudeoh/ frpsohwh
wrsrorjlfdo vsdfh/ jlyhq wkh +surgxfw, wrsrorj| ri zhdn frqyhujhqfh ri phdvxuhv1
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Qrz zh gh�qh wkh vhw AL
� � {GEff��{GEf�������{GEf&����� ri �frqfhly0

deoh� klhudufklhv ri eholhiv/ l1h1 wkrvh zklfk vdwlvi| wkh dssursuldwh frqvlvwhqf|
surshuw|=99 iru qrwdwlrqdo frqyhqlhqfh zh zulwh >&�c� iru sod|hu �*v eholhiv frqgl0
wlrqdo rq wkh hyhqw fruuhvsrqglqj wr klvwru| �=

� t �
3� ' f�c

� t &
3� ' iErc EE>���� �'�c ���c E>

&3�
� �� �'�c E>

&
� �� �'�� 5 f&3� � ~& G

;� 9' �c ;� 5 Mc6o}f&32>&�c� ' >&3��c� c >&�c�Et
&3�� ' �j/

� AL
� ' iE>�� c ���c >

&3�
� c >&� c ���� 5

T"
&'f{

GEf&� G
;& � �c ;� 5 Mc6o}f&32>&�c� ' >&3��c� c >&�c�Et

&3�
3� � ' �j�

Wkh frqvlvwhqf| surshuw| khuh vd|v wkdw wkh pdujlqdol}dwlrq frqglwlrq pxvw eh
vdwlv�hg iru hyhu| jlyhq klvwru|/ dqg wkdw doo frqglwlrqdo eholhiv pxvw uxoh rxw rwkhu
sod|huv* klhudufklhv ylrodwlqj wklv frqglwlrq dv zhoo dv wkh klhudufklhv qrw uxolqj rxw
rwkhu sod|huv* klhudufklhv ylrodwlqj wklv frqglwlrq/ dqg vr rq1 Ohw AL

3� '
T

� �'� A
L
� 1

Sursrvlwlrq 7151 Wkhuh lv d �fdqrqlfdo krphrprusklvp� ehwzhhq AL
� dqg{GE7

�AL
3��/ wkdw lv/ d elmhfwlyh dqg elfrqwlqxrxv ixqfwlrq wL� G AL

� $ {GE7 �AL
3�� vxfk

wkdw iru doo | ' E>�� c >
2
� c ���� 5 AL

� / & � � dqg � 5 M/

6o}f&3�wL�c�c| ' >&�c�c

zkhuh wL�c� lv wkh �0frruglqdwh ixqfwlrq ri wL� 1

Lq dqdorj| zlwk wkh vwdwlf fdvh/ Sursrvlwlrq 715 vkrzv wkdw

W L '
G
�c7cKc

�
AL
�

�
�M�

c
�
wL�

�
�M�

H
lv d w|sh vsdfh iru K1 W|sh vsdfh W L lv xqlyhuvdo lq wkh iroorzlqj vhqvh=

Sursrvlwlrq 7161 Iru hyhu| w|sh vsdfh W '

�c7cKc iA�j�M� c iw�j�M�

�
wkhuh lv

d xqltxh q0wxsoh ri +phdvxudeoh, ixqfwlrqv ) ' E)���M� / )� G A� $ AL
� / vxfk wkdw

iru doo � 5 � / | 5 A�/ . � 7 � AL
3� +phdvxudeoh, dqg � 5 M/

w�c�c|
��

Er�c |�3�� 5 7 � A3� G Erc )3�E|3��� 5 .
��

' wL�c�c)�E|�E.��

99Djdlq/ doo wkh lqglylgxdov duh v|pphwulf lq wklv frqvwuxfwlrq +dv lq wkh vwdwlf fdvh,/ exw v|p0
phwu| lv d vshfldo ihdwxuh gxh wr v|pphwulf lqirupdwlrq1 Lq jhqhudo h{whqvlyh jdphv hdfk sod|hu
kdv khu rzq lqirupdwlrq vwuxfwxuh Kl dqg wklv lqwurgxfhv dq dv|pphwu| lq wkh frqvwuxfwlrq1
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715161 Vwdwh vsdfh prghov dqg eholhi uhylvlrq

Wkh iroorzlqj gh�qlwlrq ri d prgho iru K lv dgdswhg iurp Vwdoqdnhu +4<<9,9: dqg
h{whqgv wkh qrwlrq ri d prgho iru d vwudwhjlf irup jdph1

Gh�qlwlrq 7171 D �qlwh prgho iru K lv d wxsoh
�c i7�j�M� c iR�j�M� c ij�j�M� c i^�j�M�

�
zkhuh


�c i7�j�M� c iR�j�M� c ij�j�M�

�
lv d prgho iru CK zlwk w|sh sduwlwlrq A� '

inR� ' R�c/n G / 5 lj +vhh Gh�qlwlrq 618, dqg/ iru hdfk sod|hu �/ ^� G l $
V
'MA�

{WE'�
lv d ixqfwlrq vxfk wkdw/ iru doo k 5 lc doo / 5 l/
+4, ^�ck 5 {W EnR� ' R�ckn� dqg ^�ck E�mEnR� ' R�ckn�� ' R�ck/
+5, li R�ck ' R�c// wkhq ^�ck ' ^�c//
+6, iru hdfk � 5 M wkhuh lv vrph zruog / 5 l vxfk wkdw jE/� 5 7E��1

Uhfdoo wkdw {WEf� � d{Ef�o2
f.t�� lv wkh vhw ri frpsohwh frqglwlrqdo suredelo0

lw| v|vwhpv rq d jlyhq vhw f1 D frpsohwh FSV uhsuhvhqwv dq lqglylgxdo*v eholhi
uhylvlrq srolf| lqghshqghqwo| ri wkh fodvv ri srwhqwldoo| revhuydeoh hyhqwv1 Frq0
glwlrq +4, ri Gh�qlwlrq 717 vd|v wkdw iru hdfk vwdwh ri wkh zruog k sod|hu � kdv
d frpsohwh FSV ^�ck rq wkh vwdwhv zkhuh �*v hslvwhplf w|sh lv wkh vdph dv lq k
dqg wkdw wkh �lqlwldo eholhiv� jlyhq e| ^�ck frlqflgh zlwk R�ck +dfwxdoo|/ wkh R� eholhi
ixqfwlrqv duh uhgxqgdqw lq wklv gh�qlwlrq/ exw wkh| idflolwdwh wkh frpsdulvrq zlwk
wkh vwdqgdug gh�qlwlrq ri prgho iru d jdph,1 E| frqglwlrq +5,/ wkh w|sh sduwlwlrq
ixoo| h{suhvvhv sod|hu �*v hslvwhplf dwwlwxghv/ lqfoxglqj khu glvsrvlwlrqv wr uhylvh
khu eholhiv frqglwlrqdo rq dq| srvvleoh hyhqw1 Frqglwlrq +6, vd|v wkdw hdfk sduwldo
klvwru| rewdlqv dw vrph zruog1 Uhsuhvhqwlqj hslvwhplf w|shv dv frpsohwh FSVv
doorzv xv wr ljqruh wkh lqirupdwlrq vwuxfwxuh ri K lq wkh gh�qlwlrq ri wkh hslvwhplf
prgho/ h{fhsw iru wkh �ulfkqhvv� frqglwlrq +6,19;

Dq h{whqvlyh irup w|sh vsdfh W fdq eh ghulyhg iurp vxfk d prgho P +fi1
Uhpdun 43,1 Ohw |�E/� ghqrwh wkh fhoo ri sod|hu �*v w|sh sduwlwlrq frqwdlqlqj

9:Vwdoqdnhu*v ruljlqdo gh�qlwlrq xvhv �hslvwhplf sulrulw|� uhodwlrqv1 Lw fdq eh fkhfnhg wkdw
wkhuh lv d fdqrqlfdo elmhfwlrq ehwzhhq wkh fodvv ri prghov ã od Vwdoqdnhu dqg wkh fodvv ri prghov
gh�qhg khuh1

9;Wkh vwurqjhu frqglwlrq wkdw wkh pdsslqj � eh rqwr dyrlgv dq| gluhfw uhihuhqfh wr wkh
xqghuo|lqj h{whqvlyh irup1 Vwdoqdnhu +4<<9, xvhv d qrwlrq ri �shuihfw udwlrqdolw|� jlyhq e|
oh{lfrjudsklf h{shfwhg xwlolw| pd{lpl}dwlrq/ zklfk dovr h{foxvlyho| uholhv rq wkh vwudwhjlf irup1
Shuihfw udwlrqdolw| lpsolhv frqglwlrqdo h{shfwhg xwlolw| pd{lpl}dwlrq dw hyhu| uhohydqw lqirupd0
wlrq vhw lq wkh h{whqvlyh irup1
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zruog / lq P1 Wkhq zh fdq ghulyh pdsslqjv w� G A� $ {GE7 � A3�� dv iroorzv=

;k 5 lc;. � 7 � A3�c ;� 5 M/ w�c|�Ek� E.m7E��� A3�� '

^�ck Ei/ 5 |�Ek� G EjE/�c |3�E/�� 5 .j m i/ 5 |�Ek� G jE/� 5 7E��j� 1

Lw lv hdvlo| yhul�hg wkdw zh jhw hvvhqwldoo| wkh vdph klhudufklhv ri frqglwlrqdo
eholhiv dw fruuhvsrqglqj vwdwhv ri W dqg P1 Zh fdq dovr gr wkh frqyhuvh/ l1h1
rewdlq d prgho P iru K iurp d +�qlwh, w|sh vsdfh W iru K1 Exw/ h{fhsw iru wulyldo
fdvhv/ wkhuh duh vhyhudo prghov P fruuhvsrqglqj wr W / ehfdxvh lq jhqhudo wkhuh
duh pdq| zd|v wr frpsohwh d FSV rq E7cK�1

7161 Vhtxhqwldo udwlrqdolw| dqg frpprq eholhi

Vwudwhjlhv kdyh wzr lqwhusuhwdwlrqv lq wkh suhvhqw iudphzrun1 D vwudwhj| iru sod|hu
� lv +l, d frpsrqhqw ri d srvvleoh zruog ghvfulelqj d frpelqdwlrq ri vxemxqfwlyh
frqglwlrqdov ri wkh irup �� zrxog wdnh dfwlrq @� dw klvwru| � 5 M/� +ll, d sodq
ri dfwlrq zklfk lv sduw ri �*v eholhiv derxw krz wkh sod| zloo xqirog dqg khqfh
jxlghv �*v fkrlfh dw dq| jlyhq klvwru|1 Li dq lqglylgxdo uxohv rxw wkh srvvlelolw|
ri plvwdnhv lq lpsohphqwlqj khu sodq/ vkh grhv qrw kdyh wr sodq lq dgydqfh iru
frqwlqjhqflhv suhyhqwhg e| wkh sodq lwvhoi1 \hw d vwudwhj| r� pd| vshfli| ehkdylru
dw klvwrulhv +pruh jhqhudoo| dw lqirupdwlrq vhwv, zkrvh rffxuuhqfh lv suhyhqwhg
e| r�1 Wkxv d sodq ri dfwlrq lv w|slfdoo| d ohvv frpsohwh ghvfulswlrq ri d sod|hu*v
frqwlqjhqw ehkdylru wkdq d vwudwhj| +vhh h1j1 Uxelqvwhlq/ 4<<4,19< Lq wklv vhfwlrq
zh irfxv rq wkh qrwlrq ri vhtxhqwldo udwlrqdolw| ri sodqv ri dfwlrq/ exw udwkhu wkdq
zrunlqj h{solflwo| zlwk sodqv ri dfwlrq/ zh wdnh wkh htxlydohqw dqg qrwdwlrqdoo|
vlpsohu dssurdfk ri fkhfnlqj wkh surshuwlhv ri d vwudwhj| r� rqo| dw klvwrulhv qrw
suhyhqwhg e| r� lwvhoi1 Ohw MEr�� ghqrwh wklv vhw ri klvwrulhv/ wkdw lv/ M�Er�� '
i� 5 M G r� 5 7�E��j1 Vlploduo|/ ohw K3�Er�� ' i73�E�� � 73� G � 5 M�Er��j ghqrwh
wkh fruuhvsrqglqj froohfwlrq ri vxevhwv ri rssrqhqwv* vwudwhj| sur�ohv1 Lq Vhfwlrq
6 zh dvvxphg wkdw d udwlrqdo sod|hu lv fhuwdlq ri khu rzq vwudwhj|/ zklfk lv d
ehvw uhvsrqvh wr khu pdujlqdo eholhiv derxw wkh rssrqhqwv1 Olnhzlvh/ zh dvvxph
khuh wkdw d udwlrqdo sod|hu lv lqlwldoo| fhuwdlq ri khu rzq vwudwhj| dqg/ iru hdfk
klvwru| frqvlvwhqw zlwk lw/ zrxog frqwlqxh wr eh fhuwdlq ri khu vwudwhj| dqg zrxog
rswlpl}h djdlqvw khu frqglwlrqdo eholhiv derxw wkh rssrqhqwv1

9<Irupdoo|/ d sodq ri dfwlrq lv gh�qhg dv d fodvv ri uhdol}dwlrq0htxlydohqw vwudwhjlhv1 Wkh sodq
ri dfwlrq frqwdlqhg lq vl lv jlyhq e| wkh pd{lpdo vhw ^vl` � Vl ri vwudwhjlhv v

3

l vxfk wkdw/ iru
hyhu| v�l 5 V�l/ �+vl> v�l, @ �+v3l> v�l,1 Lw wxuqv rxw wkdw ^v

3
l` @ ^vl` li dqg rqo| li vl+k, @ v3l+k,

iru doo k vxfk wkdw vl> v
3
l 5 Vl+k,1
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Uhpdun 451 Il{ r� 5 7� dqg > 5 {GE7 � A3��1 Vxssrvh wkdw

;� 5 M�Er��/ >Eir�j � 73� � A3�m7E��� A3�� ' �� +714,

Wkhq wkh yhfwru ri suredelolw| phdvxuhv >3� '
�
6o}7

3�
>3�E�m7E��� A3��

�
�MMEr��

lv d frqglwlrqdo suredelolw| v|vwhp rq k73�cK3�Er��l/ wkdw lv/ >3� 5 {G
3�Er��E73��1

Gh�qlwlrq 7181 Il{ r� 5 7� dqg >3� 5 {G
3�Er��E73��1 Zh vd| wkdw r� lv d +zhdno|,

vhtxhqwldo ehvw uhvsrqvh wr >3� � zulwwhq r� 5 o�E>3�� � li/ iru doo � 5 MEr�� dqg doo
r�� 5 7�E��c [

r
3�

dL�Er�c r3��� L�Er
�
�c r3��o>3�Er3�m73�E��� � f�

Zh vd| �zhdno| vhtxhqwldo� ehfdxvh h{shfwhg sd|r� pd{lpl}dwlrq lv uhtxluhg
rqo| dw klvwrulhv frqvlvwhqw zlwk wkh jlyhq vwudwhj|1 Wklv vlpso| uh hfwv wkdw zh
duh gh�qlqj d qrwlrq ri vhtxhqwldo udwlrqdolw| iru sodqv ri dfwlrq1 Exw zh sxw
�zhdno|� lq sduhqwkhvhv ehfdxvh iurp qrz rq zh vlpso| vd| �vhtxhqwldo1�

Gh�qlwlrq 7191 Il{ d w|sh vsdfh W iru K1 Sod|hu � lv vhtxhqwldoo| udwlrqdo dw
vwdwh Er�c r3�c |�c |3�� li
+4, w|sh |� lv fhuwdlq ri r� zkhqhyhu srvvleoh/ wkdw lv/ r� dqg > ' w�c|� vdwlvi| frq0
glwlrq 714 deryh/
+5, r� lv d vhtxhqwldo ehvw uhvsrqvh wr

�
6o}7

3�
w�c|�E�m7E��� A3��

�
�MMEr��

+wkh �uvw0

rughu frqglwlrqdo eholhiv ri w|sh |� derxw wkh rssrqhqwv dw klvwrulhv frqvlvwhqw
zlwk r�,1

Ohw 5+�A� ghqrwh wkh vhw ri vwdwhv zkhuh sod|hu � lv vhtxhqwldoo| udwlrqdo
dqg ohw 5+�A '

W
�M� 5+�A� ghqrwh wkh hyhqw wkdw doo sod|huv duh vhtxhqwldoo|

udwlrqdo1

Uhpdun 461 +Wdexodu uhsuhvhqwdwlrq, Zkhq frqvlghulqj wzr0shuvrq jdphv/
zh uhsuhvhqw wkh hvvhqwldo ihdwxuhv ri �qlwh w|sh vsdfhv dv iroorzv1 Iluvw/ zh uhvwulfw
rxu dwwhqwlrq wr vwdwhv zkhuh frqglwlrq 714 +fhuwdlqw| ri rqh*v rzq vwudwhj|, lv
vdwlv�hg dqg wklv lv frpprq eholhi1 Wkhq/ iru hdfk sod|hu � zh frqvwuxfw d pdwul{
zkhuh hdfk urz ixoo| vshfl�hv khu ehkdylru dqg uhohydqw eholhiv1 Wkh �uvw hohphqw
lv sod|hu �*v vwudwhj|/ wkh vhfrqg hohphqw lv khu hslvwhplf w|sh odeho/ wkh iroorzlqj
hohphqwv duh wkh pdujlqdo frqglwlrqdo glvwulexwlrqv rq 7��A� iru hyhu| klvwru| � 5
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M +�*v eholhiv derxw khuvhoi duh lpsolhg e| frqglwlrq 714 dw doo klvwrulhv frqvlvwhqw
zlwk wkh jlyhq vwudwhj| dqg duelwudu| rwkhuzlvh,1 Iru hdfk � 5 M/ wkh &wk hohphqw
ri wkh fruuhvsrqglqj suredelolw| yhfwru lv wkh suredelolw| ri urz & lq wkh pdwul{
iru sod|hu �1 D vwdwh ri wkh zruog lv odehohg e| wkh rughuhg sdlu ri lqglfhv ri wkh
fruuhvsrqglqj urzv lq wkh pdwulfhv iru sod|hu 4 dqg 51

3OD\HU��� 3OD\HU���

VWUDWHJ\ W\SH I ,Q VWUDWHJ\ W\SH I ,Q

� ,Q W
�
© � � � � � � � D W

�
© � � � � � �

� 2XW W
�
§ � � � � � � � I W

�
§ � � � � � �

)LJXUH����

H{dpsoh 71:1 Wkh wdeohv lq Iljxuh 55 uhsuhvhqw wkh hvvhqwldo ihdwxuhv ri d w|sh
vsdfh iru wkh Hqwu| jdph +Iljxuh 4<,1 Qrwh wkdw/ lq sod|hu 5*v pdwul{/ doo wkh
suredelolw| glvwulexwlrqv ri wkh froxpq fruuhvsrqglqj wr klvwru| EU?� dvvljq sure0
delolw| rqh wr wkh �uvw urz ri sod|hu 4*v pdwul{1 Wklv lv lpsolhg e| frqglwlrqlqj rq
wkh revhuyhg klvwru|1 Lq idfw/ sod|hu 4*v �uvw urz lv wkh rqo| rqh zkhuh vkh sod|v
U?1 +Ixuwkhupruh/ lq urz 4/ sod|hu 4 grhv qrw fkdqjh khu eholhiv diwhu sod|lqj U?
ehfdxvh vkh ruljlqdoo| dvvljqhg suredelolw| rqh wr wklv dfwlrq1 Khu urz05 eholhiv
frqglwlrqdo rq U? duh lppdwhuldo iru rxu dujxphqwv1, Sod|hu 4 lv +vhtxhqwldoo|,
udwlrqdo dw hdfk vwdwh / 5 i�c 2j�i�c 2j1 Sod|hu 5 lv vhtxhqwldoo| udwlrqdo dw E�c ��
dqg E2c ��1 Dw vwdwh E�c �� wkhuh lv frpprq eholhi lq vhtxhqwldo udwlrqdolw|1

Il{ d sduwldo klvwru| � 5 M1 Zh zrxog olnh wr fkdudfwhul}h wkh vwudwhjlhv
frqvlvwhqw zlwk +klvwru| �/ vhtxhqwldo udwlrqdolw| dqg, frpprq eholhi lq vhtxhq0
wldo udwlrqdolw| dw �1 Wkh iroorzlqj lwhudwlyh surfhgxuh lv phdqw wr fdswxuh wklv
dvvxpswlrq +fi1 Uhq| 4<;8/ 4<<6/ 4<<8,=:3

:3Uhq|*v sdshuv gr qrw xvh dq hslvwhplf prgho1 Wkh hslvwhplf irxqgdwlrqv ri Uhq|*v zrun duh
surylghg lq Edwwljdool dqg Vlqlvfdofkl +4<<;d,1 Lq sduwlfxodu/ Uhq| +4<<6, gh�qhv d jhqhudo fodvv
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� ;� 5 � / 7f
�c� ' 7�E��/ ;& � f/ 7&

� '
T

�M� 7&
�c�/ 7

&
3�c� '

T
� �'� 7

&
�c�/

� ;� 5 � /

7&n�
�c� '

�
r� 5 7�E�� G <>3� 5 {G

3�Er��E73��c r� 5 o�E>3��c >E7
&
3�c�m73�E��� ' �

�
c

� 7"� '
W

&D� 7
&
�1

7�
�c� lv wkh vhw ri vhtxhqwldoo| udwlrqdo vwudwhjlhv frqvlvwhqw zlwk �1 Wkh sur0

srvhg lqwhusuhwdwlrq ri 72
�c� lv wkh vhw ri vwudwhjlhv frqvlvwhqw zlwk � dqg zlwk wkh

hyhqw wkdw sod|hu � lv vhtxhqwldoo| udwlrqdo dqg zrxog eholhyh dw � wkdw hyhu|erg|
lv vhtxhqwldoo| udwlrqdo1 7&n�

�c� kdv d vlplodu sursrvhg lqwhusuhwdwlrq1 Lw lv hdvlo|

suryhg e| lqgxfwlrq wkdw 7&n�
� � 7&

�1 Vlqfh 7 lv �qlwh/ wkhuh lv vrph &W vxfk wkdw
7&
� ' 7"� iru doo & � &W1

H{dpsoh 71;1 Lq wkh Fhqwlshgh jdph ghslfwhg lq Iljxuh 53/ 7&
Eu�� ' > iru doo

& � �1 Lq idfw/ wdnlqj lqwr dffrxqw wkdw u�u�� lv vwulfwo| grplqdwhg e| A � zklfk lv
wkh xqltxh ehvw uhvsrqvh wr |/ zh kdyh 7�

Eu�� ' iu�A ��j�i,c |j/ 72
Eu�� ' iu�A ��j�i|j/

7�
Eu�� ' >1

ri surfhgxuhv wr fkdudfwhul}h wkh vhw ri vwudwhjlhv V4I frqvlvwhqw zlwk +vhtxhqwldo udwlrqdolw|
dqg, frpprq eholhi lq +wkh rssrqhqw*v, vhtxhqwldo udwlrqdolw| iru d jlyhq vhw ri klvwrulhv I � K1
Edwwljdool dqg Vlqlvfdofkl +4<<;d, vkrz wkdw/ lq wzr0shuvrq jdphv/ V4I lv lqghhg wkh surmhfwlrq
rq V ri wkh iroorzlqj hyhqw +gh�qhg lq W X / rwkhuzlvh wkh surmhfwlrq lv lqfoxghg lq V4I ,=

VUDW_

3
C _

k5I>l>m5+4>5j>m 9@l

El>kVUDWm

4
D_

3
C _

k>j5I>l>m5i4>5j>m 9@l

El>kEm>jVUDWl

4
D _ ===

Uhq| +4<<6, dgguhvvhv wkh iroorzlqj sureohp= Zh frxog mxvwli| edfnzdug lqgxfwlrq lq jhqhulf
shuihfw lqirupdwlrq jdphv e| dvvxplqj frpprq eholhi lq udwlrqdolw| iru wkh fodvv ri doo sduwldo
klvwrulhv frqvlvwhqw zlwk udwlrqdolw| h{fhsw wkrvh zkhuh wkh dfwlyh sod|hu kdv d grplqdqw frq0
wlqxdwlrq vwudwhj|1 Ohw I +�, eh wklv fodvv iru jdph �1 Fohduo| wklv mxvwl�fdwlrq ri edfnzdug
lqgxfwlrq lv srvvleoh rqo| li V4

I +�, 9@ >1 Lw lv hdv| wr yhuli| lq vlpsoh h{dpsohv wkdw V4
I +�, pd|

eh hpsw| +Fhqwlshgh jdph, ru qrw +Hqwu| jdph,1 Uhq| vkrzv wkdw V4
I +�, lv hpsw| li dqg rqo|

li I +�, lv lqfoxghg lq wkh vhw ri edfnzdug0lqgxfwlrq klvwrulhv1
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Qrwh wkdw wkh deryh surfhgxuh |lhogv qrupdo irup udwlrqdol}delolw| lq vwdwlf
jdphv1 Ixuwkhupruh/ iru � ' �/ wkh surfhgxuh lv yhu| vlplodu wr qrupdo irup udwlr0
qdol}delolw|> wkh rqo| gl�huhqfh lv wkdw �ehvw uhvsrqvh� lv uhsodfhg e| �vhtxhqwldo
ehvw uhvsrqvh1� Wkh i7&

�j&D� surfhgxuh vhohfwv wkh edfnzdug lqgxfwlrq vroxwlrq
lq wkh Hqwu| jdph dqg pruh jhqhudoo| lq doo �edfnzdug0lqgxfwlrq0vroydeoh� wzr0
vwdjh jdphv/ exw qrw lq pruh frpsoh{ jdphv1 Iru h{dpsoh/ wkh rqo| vwudwhj|
holplqdwhg lq wkh Fhqwlshgh jdph ri Iljxuh 53 lv Eu�c u��� dqg wkh rqo| vwudwhj|
holplqdwhg lq wkh ErV zlwk dq Rxwvlgh Rswlrq +Iljxuh 54, lv EU?c��1 Zh fdoo
wklv surfhgxuh zhdn h{whqvlyh irup udwlrqdol}delolw|/ zkhuh wkh dgmhfwlyh �zhdn�
uhihuv wr wkh idfw wkdw wkh sod|huv gr qrw qhfhvvdulo| wu| wr �udwlrqdol}h� wkhlu rs0
srqhqwv ehkdylru diwhu xqh{shfwhg klvwrulhv1 D vwurqjhu qrwlrq ri udwlrqdol}delolw|
ihdwxulqj wklv �iruzdug lqgxfwlrq� sulqflsoh lv suhvhqwhg lq Vhfwlrq 7171

Jlyhq wkh vlplodulw| wr qrupdo irup udwlrqdol}delolw|/ lw vkrxog qrw frph dv d
vxusulvh wkdw zhdn h{whqvlyh irup udwlrqdol}delolw| lv uhodwhg wr d qrwlrq ri lwhudwhg
grplqdqfh1 Uhfdoo wkdw d vwudwhj| r� 5 7� lv zhdno| grplqdwhg e| d +sxuh ru,
pl{hg vwudwhj| >� 5 {E7�� li dqg rqo| li +d, ;r3� 5 73�/ L�Er�c r3�� � L�E>�c r3��
dqg +e, <rW3� 5 73�/ L�Er�c r

W
3�� 	 L�E>�c r

W
3��1 Ohw `� � 7� ghqrwh wkh vhw zhdno|

xqgrplqdwhg sxuh vwudwhjlhv ri sod|hu �*v dqg ohw ` R
� � `� ghqrwh wkh vhw ri

sod|hu �*v sxuh vwudwhjlhv qrw zhdno| grplqdwhg e| rwkhu sxuh vwudwhjlhv1 Zh
vd| wkdw d vwudwhj| r� 5 7� lv frqglwlrqdoo| grplqdwhg dw klvwru| � 5 M li dqg
rqo| li r� 5 7�E�� dqg r� lv +vwulfwo|, grplqdwhg rq wkh vxevhw 73�E�� e| vrph
pl{hg vwudwhj| >� 5 {E7�� zlwk 7�RRE>�� � 7�E��1 Zh ohw ��E�� ghqrwh wkh vhw
ri frqglwlrqdoo| xqgrplqdwhg vwudwhjlhv dw � +qrwh wkdw =7�E�� � ��E��,1 Wkh
iroorzlqj uhvxowv uhodwh frqglwlrqdo grplqdqfh/ zhdn grplqdqfh dqg vhtxhqwldo
udwlrqdolw|1:4

Ohppd 71<1 +Edwwljdool/ 4<<:/ Ehq Srudwk/ 4<<:/ Vklprml dqg Zdwvrq/ 4<<:,
Il{ d �qlwh jdph zlwk revhuyhg dfwlrqv K dqg dq duelwudu| sod|hu � lq K1
+4, `� � 7�

�c� '
W

�MM ��E��1
+5, Li K lv jhqhulf/ 7�

�c� � ` R
� 1

+6, Li K kdv shuihfw lqirupdwlrq/ `� ' ` R
� 1

+7, Li K lv jhqhulf dqg kdv shuihfw lqirupdwlrq/ `� ' 7�
�c� ' ` R

� 1

Ohw 7�` +7�` R, eh wkh vhw ri vwudwhj| sur�ohv zkrvh hohphqwv duh qrw vwulfwo|
grplqdwhg e| d pl{hg vwudwhj| lq wkh uhvwulfwlrq ri vwudwhjlf jdph CK wr ` � 7
+` R � 7,1 Vlploduo|/ ohw 7&` +7&` R, eh wkh vhw ri vwudwhj| sur�ohv zkrvh ho0
hphqwv duh qrw vwulfwo| grplqdwhg e| d pl{hg vwudwhj| lq wkh uhvwulfwlrq ri CK

:4Uhvxowv +4, dqg +5, krog iru doo �qlwh h{whqvlyh irup jdphv zlwk shuihfw uhfdoo1

::



wr 7&3�` +7&3�` R,1:5 Wkh iroorzlqj uhvxow lv d vwudljkwiruzdug frqvhtxhqfh ri
Ohppd 71< dqg � wrjhwkhu zlwk lw � surylghv dq �lwhudwlyh grplqdqfh fkdudfwhul0
}dwlrq� ri zhdn h{whqvlyh irup udwlrqdol}delolw|1

Fruroodu| 71431 Iru doo & � �/
+4, 7&` � 7&n�

� /

+5, li K lv jhqhulf/ 7&n�
� � 7&` R/

+6, li K lv jhqhulf dqg kdv shuihfw lqirupdwlrq/ 7&` ' 7&n�
� ' 7&` R1

H{dpsoh 71441 Xvlqj Fruroodu| 7143 lw lv hdv| wr fkhfn wkdw wkh vhw ri zhdno|
h{whqvlyh irup udwlrqdol}deoh vwudwhjlhv lq wkh Fhqwlshgh jdph ri Iljxuh 53 lv
txlwh odujh= 7"� ' 7�

� ' iA �A ��c A �u��c u�A ��j � i,c |j1 Vlploduo|/ iru wkh ErV zlwk
dq Rxwvlgh Rswlrq/ 7"� ' 7�

�@iE��|c A �c E��|c��c EU?c A �j � iuc-j1

Wkh iroorzlqj uhvxowv vkrz wkdw wkh lqwhqghg lqwhusuhwdwlrq ri wkh surfhgxuhv�
7&
�

�
&D�

+� 5 M, lv lqghhg fruuhfw1 Lq sduwlfxodu/ wkh| surylgh dq hslvwhplf

fkdudfwhul}dwlrq ri zhdn h{whqvlyh irup udwlrqdol}delolw| +fi1 Sursrvlwlrqv 6143 dqg
6144,1:6 Iru vwdwlf jdphv/ zh rewdlq d �w|sh vsdfh� fkdudfwhul}dwlrq ri qrupdo
irup udwlrqdol}delolw|1 Wkh fkdudfwhul}dwlrq ri udwlrqdol}delolw| gxh wr Wdq dqg
Zhuodqj +4<;;, lv d vshfldo fdvh ri Sursrvlwlrq 7146 ehorz1 Iru dq| jlyhq w|sh
vsdfh W dqg klvwru| �/ ohw d�o G' 7E���

T
�M� A� ghqrwh wkh hyhqw wkdw � rffxuv1

Sursrvlwlrq 71451 +Ehq Srudwk/ 4<<:,1 Ohw K eh d �qlwh jdph zlwk revhuyhg
dfwlrqv dqg �{ d w|sh vsdfh W iru K1 Wkhq/ iru doo � 5 M dqg & ' fc �c 2���
+l, 5+�A_�&

ec�5+�A _ d�o � 7&n�
� �

�T
�M� A�

�
dqg

+ll, 5+�A _ �Wc�5+�A _ d�o � 7"� �
�T

�M� A�
�
1

:5Wkh VnZ surfhgxuh kdv ehhq �uvw sxw iruzdug e| Ghnho dqg Ixghqehuj +4<<3, wr fkdu0
dfwhul}h wkh lpsolfdwlrqv ri lwhudwhg zhdn grplqdqfh wkdw duh urexvw wr d �vpdoo dprxqw� ri
lqfrpsohwh lqirupdwlrq1 Eùujhuv +4<<7, vkrzv wkdw V4Z lv wkh vhw ri vwudwhjlhv frqvlvwhqw
zlwk �doprvwv frpprq eholhi� +frpprq eholhi zlwk suredelolw| forvh wr rqh, lq udwlrqdolw|1 Jxo
+4<<9, dqg Eudqghqexujhu +4<<5, surylghg rwkhu fkdudfwhul}dwlrqv1 Rq wklv vhh Ghnho dqg Jxo
+4<<:,1

:6Zhdn h{whqvlyh irup udwlrqdol}delolw| fdq eh jlyhq dq hslvwhplf fkdudfwhul}dwlrq xvlqj �vwd0
wlf� hslvwhplf prghov1 Ohw W eh d �vwdwlf� w|sh vsdfh iru wkh vwudwhjlf irup jdph J�1 Vd| wkdw
l lv h{whqghg udwlrqdo dw vwdwh +vl> v�l> wl> w�l, li wkhuh lv vrph ��l 5 �K

�l+vl,+V�l, vxfk wkdw
��l+�mV�l, @ pujV

�l
�l>wl dqg vl 5 ul+��l,1 Wkhq v 5 V4! li dqg rqo| li wkhuh wkhuh lv vrph w|sh

vsdfh W iru J� dqg vrph vwdwh +v> +wl,l5Q, vxfk wkdw hyhu| l lv h{whqghg udwlrqdo dqg wkhuh lv
frpprq eholhi lq h{whqghg udwlrqdolw| dw +v> +wl,l5Q,1

:;



Sursrvlwlrq 71461 +Edwwljdool dqg Vlqlvfdofkl/ 4<<;d,1 Ohw K eh d �qlwh jdph
zlwk revhuyhg dfwlrqv dqg frqvlghu wkh xqlyhuvdo w|sh vsdfh W L iru K1 Wkhq/ iru
doo r 5 7/ � 5 M dqg & ' fc �c 2c ���/
+l, r 5 7&n�

� li dqg rqo| li wkhuh lv d w|sh sur�oh E|���M� 5
T

�M� AL vxfk wkdw�
rc E|���M�

�
5 5+�A_�&

ec�5+�A _ d�oc

+ll, r 5 7"� li dqg rqo| li wkhuh lv d w|sh sur�oh E|���M� 5
T

�M� AL vxfk wkdw�
rc E|���M�

�
5 5+�A_�Wc�5+�A _ d�o�

+Ehq Srudwk/ 4<<:, Ixuwkhupruh/ wkhuh lv d �qlwh w|sh vsdfh W iru K vdwlvi|lqj
wkh vdph surshuwlhv1
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H{dpsoh 71471 Sursrvlwlrq 7146 lpsolhv wkdw wkh vhw ri vwudwhj| sur�ohv frqvlv0
whqw zlwk lqlwldo frpprq eholhi lq vhtxhqwldo udwlrqdolw| lq wkh Fhqwlshgh jdph ri
Iljxuh 53 lv iA �A ��c A �u��c u�A ��j � i,c |j +fi1 H{dpsoh 7144,1 Iljxuh 56d vkrzv d
w|sh vsdfh iru wklv jdph1 Vlqfh zh duh lqwhuhvwhg lq sodqv ri dfwlrqv/ zh gr qrw
frpsohwho| vshfli| wkh vwudwhj| ri sod|hu 4 zkhq vkh fkrrvhv A �1 Zh ixuwkhu vlp0
soli| wkh wdeohv e| frdohvflqj wkh froxpqv fruuhvsrqglqj wr klvwrulhv zkhuh sod|hu
� kdv wkh vdph pdujlqdo glvwulexwlrq derxw sod|hu �1 Iljxuh 56e uhsuhvhqwv lqwhu0
dfwlyh eholhiv dw wkh ehjlqqlqj ri wkh jdph zlwk wkh xvxdo judsklfdo frqyhqwlrqv
+fi1 Uhpdun 6,1 Lw fdq eh fkhfnhg wkdw dw vwdwh E2c �� wkh sod|huv duh vhtxhqwldoo|
udwlrqdo dqg wklv lv frpprq eholhi dw wkh ehjlqqlqj ri wkh jdph1 Wkh rxwfrph
lv Eu�c ,c A ���1 Wklv frq�upv rxu lqirupdo glvfxvvlrq ri wkh Fhqwlshgh jdph1 Vwdwh
E�c 2� fruuhvsrqgv wr wkh edfnzdug lqgxfwlrq htxloleulxp1 +Wklv lv wkh rqo| vwdwh
vdwlvi|lqj wkh Wuxwk Frqglwlrq1,

7171 Vwurqj eholhi dqg iruzdug lqgxfwlrq

Dv zh phqwlrqhg lq Vhfwlrq 71416/ zh zrxog olnh wr irupdol}h dqg fkdudfwhul}h wkh
iroorzlqj vhtxhqfh ri dvvxpswlrqv=

+3, hyhu| sod|hu lv vhtxhqwldoo| udwlrqdo/
+4, hyhu| sod|hu eholhyhv +3, zkhqhyhu srvvleoh/
+5, hyhu| sod|hu eholhyhv +3,)+4, zkhqhyhu srvvleoh/

;3



111
+n.4, hyhu| sod|hu eholhyhv +3,)+4,)111)+n, zkhqhyhu srvvleoh/
111 1
Zh kdyh dujxhg wkdw dvvxpswlrqv +3,/ +4, dqg +5, holplqdwh wkh vxejdph shu0

ihfw htxloleulxp rxwfrph ��| lq wkh ErV zlwk dq Rxwvlgh Rswlrq1 Exw lq rughu
wr dssursuldwho| irupdol}h wklv dujxphqw zh pxvw eh fduhixo zlwk wkh txdol�fd0
wlrq �zkhqhyhu srvvleoh1� Li zh uhsuhvhqw wkh sod|huv* lqwhudfwlyh eholhiv zlwk d
�vpdoo� w|sh vsdfh/ d sod|hu pd| �qg lw lpsrvvleoh wr udwlrqdol}h klv rssrqhqw*v
ehkdylru mxvw ehfdxvh wkh vsdfh grhv qrw frqwdlq wkh frqfhlydeoh hslvwhplf w|shv
wkdw udwlrqdol}h vxfk ehkdylru1
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�
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�
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�
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�
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� ,Q� 7 W
�
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)LJXUH ��

H{dpsoh 71481 Iljxuh 57 vkrzv wzr w|sh vsdfhv iru wkh ErV zlwk dq Rxwvlgh
Rswlrq1 Lw fdq eh fkhfnhg wkdw w|sh vsdfh +d, fdq eh hpehgghg lq w|sh vsdfh

;4



+e,/ wkdw lv/ wkh sur�ohv ri vwudwhjlhv dqg klhudufklhv ri frqglwlrqdo eholhiv fruuh0
vsrqglqj wr wkh vwdwhv ri vsdfh +d, duh d vxevhw ri wkh sur�ohv fruuhvsrqglqj wr
vwdwhv ri vsdfh +e,1:7 Lq vsdfh +d, wkhuh lv qr vwdwh frqvlvwhqw zlwk wkh iruzdug
lqgxfwlrq vwru|/ ehfdxvh sod|hu 5 lv irufhg wr eholhyh/ lq wkh ErV vxejdph/ wkdw
rqo| luudwlrqdo vwudwhj|2w|sh sdluv frxog kdyh fkrvhq U?1 Rq wkh frqwudu|/ lq
vsdfh +e, sod|hu 4*v udwlrqdo vwudwhj|2w|sh sdlu EU?c A ( |����� � fkrrvhv U? dqg sod|hu
5*v udwlrqdo vwudwhj|2w|sh sdlu Euc |

���

2 � udwlrqdol}hv wklv pryh1 Vwdwh +7/6, ri w|sh
vsdfh +e, lv frqvlvwhqw zlwk wkh iruzdug lqgxfwlrq vwru| ri Vhfwlrq 714161

W|sh vsdfh +e, lq wkh deryh h{dpsoh lv vx!flhqwo| ulfk wr fruuhfwo| uhsuhvhqw
wkh iruzdug lqgxfwlrq vwru|/ exw lq rughu wr surylgh d qhdw irupdol}dwlrq lw lv ehwwhu
wr zrun zlwk d w|sh vsdfh wkdw frqwdlqv doo wkh frqfhlydeoh hslvwhplf w|shv/ wkdw
lv/ wkh xqlyhuvdo w|sh vsdfh iru wkh jlyhq h{whqvlyh irup jdph1 Khuh zh suhvhqw
vrph frqfhswv dqg uhvxowv gxh wr Edwwljdool dqg Vlqlvfdofkl +4<<:,1 Uhodwhg lghdv
duh glvfxvvhg e| Vwdoqdnhu +4<<;,1

717141 H{whqvlyh irup udwlrqdol}delolw|

Zh �uvw lqwurgxfh wkh vroxwlrq surfhgxuh fdoohg �h{whqvlyh irup udwlrqdol}delolw|�
wkdw lv vxssrvhg wr fdswxuh dvvxpswlrqv +3,/ +4,/ 111/+n,/111 1

Gh�qlwlrq 71491 Ohw 7f
e ' 71 Dvvxph wkdw 7�

e /111/ 7
&
e kdyh ehhq gh�qhg1 Wkhq

r ' Er���M� 5 7&n�
e li dqg rqo| li r 5 7&

e dqg/ iru hdfk sod|hu �/ wkhuh h{lvwv vrph
FSV >3� 5 {G3�Er��E73�� vxfk wkdw=

41 Iru hdfk � 5 MEr��/ 73�E�� _ 7&
ec3� 9' > , >3�E7

&
ec3�m73�E��� ' �1

51 r� 5 o�E>3��1

D vwudwhj| sur�oh r lv h{whqvlyh irup udwlrqdol}deoh li dqg rqo| li r 5
W

&:f 7
&
e 1

Wkh suhfhglqj gh�qlwlrq lv yhu| vlplodu wr wkdw ruljlqdoo| sursrvhg e| Shdufh
+4<;7, +vhh Edwwljdool/ 4<<:,1 Lw fdq eh fkhfnhg wkdw wkh rqo| h{whqvlyh irup
udwlrqdol}deoh sur�oh lq wkh ErV zlwk dq Rxwvlgh Rswlrq lv wkh �iruzdug lqgxfwlrq�
htxloleulxp dEU?c A �c uo1

:7Wr eh suhflvh/ zh vkrxog dovr fkhfn wkh vwdwhv lqfrqvlvwhqw zlwk dvvxpswlrq +4, ri Gh�qlwlrq
718/ exw zh duh iuhh wr vshfli| wkh eholhiv dw vxfk vwdwhv vr wkdw wkh fodlp krogv1
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717151 Vwurqj +ru urexvw, eholhiv

Qh{w zh gh�qh wkh phdqlqj ri �eholhylqj hyhqw . zkhqhyhu srvvleoh1� Wklv lv
fdswxuhg e| wkh qrwlrq ri �vwurqj� +ru �urexvw�, eholhi1:8 Il{ wkh xqlyhuvdo w|sh
vsdfh W L iru jdph K1 Uhfdoo wkdw dq hyhqw lq W L lv d +phdvxudeoh, vxevhw . �
7 �

T
�M� AL

� 1

Gh�qlwlrq 714:1 Iru dq| hyhqw ./ sod|hu � dqg w|sh +klhudufk| ri frqglwlrqdo
eholhiv, | 5 AL

� zh vd| wkdw w|sh | vwurqjo| eholhyhv . +eholhyhv . zkhqhyhu
srvvleoh, li iru doo sduwldo klvwrulhv � 5 M/

.| _ E7E��� AL
3�� 9' > , w�c|E.|m7E��� AL

3�� ' ��

Ohw �r
�. ghqrwh wkh hyhqw wkdw sod|hu � vwurqjo| eholhyhv . dqg ohw �r

e. ghqrwh
wkh hyhqw wkdw hyhu|erg| vwurqjo| eholhyhv ./ wkdw lv=

� �r
�. G'�
Erc |�c |3�� G ;� 5 Mc.|� _ E7E��� AL

3�� 9' > , w�c|�E.|� m7E��� AL
3�� ' �

�
c

� �r
e. G'

W
�M� �r

� E.�1

E| lqvshfwlqj wkh gh�qlwlrq ri vwurqj eholhi/ rqh qrwlfhv wkdw wkh hyhqw . lwvhoi
ghwhuplqhv wkh fodvv ri lqirupdwlrq vhwv � 5 M zkhuh Sod|hu �*v frqglwlrqdo eholhiv
duh uhvwulfwhg1 Wklv vlpsoh revhuydwlrq kdv wzr lpsruwdqw frqvhtxhqfhv1 Iluvw/
iru duelwudu| hyhqwv . dqg 8 / zh kdyh �r

� E. _ 8 � � �r
�. _ �r

�8 / exw htxdolw|
qhhg qrw krog1 Fohduo|/ hyhu| vwdwh ri wkh zruog lq �r

�. _�r
�8 lv vxfk wkdw Sod|hu

�*v eholhi dw dq| lqirupdwlrq vhw � 5 M frqvlvwhqw zlwk . _ 8 +l1h1 vxfk wkdw
E. _ 8 �|� _ E7E�� � AL

3�� 9' >, dvvljqv suredelolw| rqh wr erwk . dqg 8 / khqfh
wr . _ 8 = wkxv/ hyhu| vxfk vwdwh lv dovr dq hohphqw ri �r

� E. _ 8 �1 Krzhyhu/ wkh
frqyhuvh qhhg qrw eh wuxh/ ehfdxvh wkhuh pljkw eh dq lqirupdwlrq vhw � 5 K�

zklfk lv lqfrqvlvwhqw zlwk 8 exw frqvlvwhqw zlwk . +ru ylfh yhuvd,= lq wklv fdvh/
�r
� E. _ 8 � sodfhv qr uhvwulfwlrqv rq Sod|hu �*v eholhiv dw dq| vxfk �/ exw fohduo|

�r
�. _ �r

�8 grhv1 Wkxv/ d jlyhq vwdwh ri wkh zruog pd| eh dq hohphqw ri wkh
iruphu vhw/ exw qrw ri wkh odwwhu1 Dv d uhvxow/ rqh pxvw eh fduhixo wr lqwhusuhw
d{lrpv lqyroylqj frqmxqfwlrqv ri vwurqj eholhi rshudwruv dffxudwho|1

Vhfrqg/ qrwh wkdw wkh dujxphqw deryh lpsolhv wkdw/ xqolnh vwdqgdug hslvwhplf
rshudwruv/ wkh vwurqj eholhi rshudwru �r

� lv qrw prqrwrqh +rwkhuzlvh wkh lqfoxvlrq
uhodwlrq �r

� E. _ 8 � � �r
�. _�r

�8 zrxog qhfhvvdulo| krog dv dq htxdolw|,1

:8�Urexvw eholhi� lv wkh whuplqrorj| xvhg e| Vwdoqdnhu +4<<;, iru d vlplodu frqfhsw1
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Qrz zh gh�qh dq dx{loldu| rshudwru wkdw vlpsol�hv wkh uhsuhvhqwdwlrq ri dv0
vxpswlrqv +3,/ +4,/ +5,/ 111 1 Iru dq| hyhqw ./ ohw

�. ' . _�r
e.

ghqrwh wkh vhw ri vwdwhv zkhuh . lv wuxh dqg hyhu|erg| vwurqjo| eholhyhv .1 Zh
fdq gh�qh lwhudwlrqv ri � lq wkh xvxdo zd|1 Lq sduwlfxodu/ zh rewdlq wkh iroorzlqj
lghqwlwlhv=

�f. ' .c

��. ' . _ �r
e.c

�2. ' � E. _�r
e.� ' . _ �r

e. _ �r
e E. _ �r

e.� c

���� 1

Lw vkrxog eh fohdu wkdw wkh lwhudwhg dssolfdwlrq ri wkh rshudwru � |lhogv d
qhvwhg vhtxhqfh ri hyhqwv zklfk uhsuhvhqw wkh lqirupdo dvvxpswlrqv +3,/ +4,/ +5,/111
glvfxvvhg deryh/ wkdw lv/ hyhqw �&5+�A uhsuhvhqwv +3,)+4,)111)+n,1 Zh fdq
dfwxdoo| eh hyhq pruh h{solflw=

Uhpdun 471 E| lqvshfwlrq ri wkh gh�qlwlrqv deryh

�65+�A '
_
�M�

%
5+�A� _

#
63�_
&'f

�r
� E�

&5+�A�

$&
�

Wkhuhiruh Erc E|���M�� 5 �65+�A li dqg rqo| li/ iru hdfk sod|hu �/ r� lv d
+zhdno|, vhtxhqwldo ehvw uhvsrqvh wr wkh �uvw rughu eholhiv ri w|sh |� dqg |� vwurqjo|
eholhyhv �&5+�A iru doo & ' fc � � � c ?� �1

717161 Fkdudfwhul}dwlrq

Kdylqj glvsrvhg ri doo wkh suholplqdulhv/ zh duh uhdg| wr vwdwh wkh pdlq uhvxow=

Sursrvlwlrq 714;1 Iru hyhu| vwudwhj| sur�oh r 5 7 wkh iroorzlqj vwdwhphqwv
krog=
+d, iru doo & � f/ r 5 7&n�

e li dqg rqo| li wkhuh h{lvwv d sur�oh ri lq�qlwh klhudufklhv
ri frqglwlrqdo eholhiv E|���M� 5

T
�M� AL

� vxfk wkdw Erc E|���M� � 5 �&5+�A>
+e, r 5

W"

&'f 7
&
e li dqg rqo| li wkhuh h{lvwv d sur�oh ri lq�qlwh klhudufklhv ri eholhiv

E|���M� 5
T

�M� AL
� vxfk wkdw Erc E|���M�� 5

W"
&'f�

&5+�A1
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717171 Vwurqj eholhi dqg edfnzdug lqgxfwlrq

Lq wkh lqwurgxfwru| glvfxvvlrq ri Vhfwlrq 714 zh qrwlfhg wkdw dvvxpswlrqv +3,/ +4,
dqg +5, |lhog wkh edfnzdug lqgxfwlrq rxwfrph lq wkh Fhqwlshgh jdph ri Iljxuh
531 Wklv revhuydwlrq fdq eh jhqhudol}hg1 Lq idfw/ h{whqvlyh irup udwlrqdol}delolw|
lv jhqhulfdoo| htxlydohqw wr edfnzdug lqgxfwlrq lq jdphv zlwk shuihfw lqirupdwlrq
+fi1 Uhq|/ 4<<5 dqg Edwwljdool/ 4<<:,/ wkhuhiruh zh fdq ghulyh iurp Sursrvlwlrq
714; wkh iroorzlqj uhvxow1

Sursrvlwlrq 714<1 Vxssrvh wkdw wkh jlyhq jdph K kdv shuihfw lqirupdwlrq dqg
lv jhqhulf1 Wkhq iru hyhu| vwdwh Erc E|���M�� 5

W"

&'f�
&5+�A/ lEr� +wkh frp0

sohwh klvwru| lqgxfhg e| r, lv suhflvho| wkh +xqltxh, edfnzdug lqgxfwlrq frpsohwh
klvwru|1

Zh hpskdvl}h wkdw wkh mrlqw dvvxpswlrqv +3,)+4,)+5,)111 gr qrw lpso| wkdw
d sod|hu dw d qrq0udwlrqdol}deoh sduwldo klvwru| zrxog sod| dqg2ru h{shfw wkh
edfnzdug lqgxfwlrq frqwlqxdwlrq1 Lq fhuwdlq jdphv wklv lv dfwxdoo| lqfrqvlvwhqw
zlwk vwurqj eholhi lq vhtxhqwldo udwlrqdolw|1 Wkh iroorzlqj h{dpsoh +Iljxuh 6 lq
Uhq|/ 4<<5,/ looxvwudwhv wklv srlqw=

� � ��
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�
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Iljxuh 58

H{dpsoh 71531 Frqvlghu wkh jdph ghslfwhg lq Iljxuh 581 Dw wkh �uvw lwhudwlrq/
�f5+�A ' 5+�A holplqdwhv ��(�� iru sod|hu 4 dqg @�@�� iru sod|hu 51 Wkhq/
��5+�A ' 5+�A_�r

e5+�A holplqdwhv ����� dqg _�/ zklfk |lhogv wkh edfnzdug
lqgxfwlrq rxwfrph1 Khqfh/ li sod|hu 5 zhuh uhdfkhg/ kh pxvw frqfoxgh wkdw lw lv
qrw wkh fdvh wkdw hyhu|erg| lv vhtxhqwldoo| udwlrqdo dqg wkhuh lv vwurqj eholhi
lq vhtxhqwldo udwlrqdolw|1 Krzhyhu/ kh fdq frqwlqxh wr +vwurqjo|, eholhyh wkdw
hyhu|erg|/ lq sduwlfxodu sod|hu 4/ lv vhtxhqwldoo| udwlrqdo1 Ri frxuvh/ wklv lpsolhv
wkdw sod|hu 5 vkrxog h{shfw sod|hu 4 wr pryh Dfurvv dw khu vhfrqg qrgh1 Hyhqw

�25+�A ' ��5+�A _ �r
e�

�5+�A '
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5+�A _ �r
e5+�A _�r

eE5+�A _ �r
e5+�A�

lqfrusrudwhv suhflvho| wklv uhvwulfwlrq1 Krzhyhu/ edfnzdug lqgxfwlrq uhdvrqlqj
lpsolhv wkdw sod|hu 5/ xsrq ehlqj uhdfkhg/ vkrxog h{shfw Sod|hu 4 wr pryh Grzq
dw khu qh{w qrgh1

717181 Udwlrqdol}delolw| dqg frqglwlrqdo frpprq eholhi lq vhtxhqwldo ud0
wlrqdolw|

Zh kdyh vhhq wkdw frpprq eholhi lq vhtxhqwldo udwlrqdolw| dw d jlyhq sduwldo klvwru|
� pd| eh lpsrvvleoh1 Qrz/ dv d frqvhtxhqfh ri Sursrvlwlrq 714;/ zh fdq lghqwli|
d vhw ri klvwrulhv frqvlvwhqw zlwk frpprq eholhi lq vhtxhqwldo udwlrqdolw|= doo wkh
klvwrulhv lqgxfhg e| h{whqvlyh irup udwlrqdol}deoh sur�ohv1

Sursrvlwlrq 71541 Il{ d sduwldo klvwru| � 5 M1 Li wkhuh lv dq h{whqvlyh irup
udwlrqdol}deoh vwudwhj| sur�oh r lqgxflqj � +l1h1 7"e _ 7E�� 9' >,/ wkhq wkhuh lv d
w|sh vsdfh iru K vxfk wkdw

5+�A _ �Wc�5+�A _ d�o 9' >�

Qrwh wkdw wkh sursrvlwlrq surylghv rqo| d vx!flhqw frqglwlrq1 Wkhuh duh jdphv
zlwk klvwrulhv frqvlvwhqw zlwk frpprq eholhi lq vhtxhqwldo udwlrqdolw| dqg |hw
xquhdfkdeoh e| sur�ohv ri h{whqvlyh irup udwlrqdol}deoh vwudwhjlhv +Edwwljdool dqg
Vlqlvfdofkl/ 4<<:> vhh dovr Uhq|/ 4<;8,1

7181 Hslvwhplf lqghshqghqfh dqg edfnzdug Lqgxfwlrq

Zh vd| wkdw sod|hu �*v eholhiv h{klelw hslvwhplf lqghshqghqfh li lqirupdwlrq h{fox0
vlyho| frqfhuqlqj rssrqhqw � grhv qrw d�hfw �* eholhiv derxw rssrqhqw &1:9 Khuh
zh uhodwh wkh dvvxpswlrq ri hslvwhplf lqghshqghqfh wr wkh edfnzdug lqgxfwlrq
surfhgxuh1 Frqvlghu wkh iroorzlqj prgl�fdwlrq ri wkh Fhqwlshgh jdph ri Iljxuh
53= sod|hu 4 lv vsolw lqwr wzr gl�huhqw sod|huv/ 4* dqg 4�/ zlwk lghqwlfdo sd|r�v1
Vxssrvh wkdw +l, hdfk sod|hu lv vhtxhqwldoo| udwlrqdo dqg khu eholhiv h{klelw hslv0
whplf lqghshqghqfh/ +ll, wklv lv frpprq eholhi dw wkh ehjlqqlqj ri wkh jdph1 Wkhq

:9Wkh skudvh �hslvwhplf lqghshqghqfh� lv gxh wr Vwdoqdnhu +4<<;,1 Dxpdqq +4<:7,/ Vwdoqdnhu
dqg rwkhuv dujxh wkdw hslvwhplf lqghshqghqfh lv qrw d frqvhtxhqfh ri fdxvdo lqghshqghqfh +wkh
edvlf whqhw wkdw wkh sodqv dqg wkrxjkw surfhvvhv ri gl�huhqw sod|huv fdqqrw d�hfw hdfk rwkhu,1
Wklv dujxphqw lv qrz zlgho| dffhswhg1

;9



sod|hu 4* fkrrvhv A � dqg wkh rwkhu wzr sod|huv zrxog fkrrvh wkhlu edfnzdug lq0
gxfwlrq dfwlrq li jlyhq wkh rssruwxqlw|1 Lq idfw/ vlqfh sod|hu 5 lqlwldoo| eholhyhv
wkdw sod|hu 4� lv udwlrqdo/ vkh zrxog qrw fkdqjh wklv eholhi diwhu u�/ d pryh ri d
gl�huhqw rssrqhqw1 Wkhuhiruh sod|hu 5 zrxog dqwlflsdwh A �� dqg � e| vhtxhqwldo
udwlrqdolw| � fkrrvh | diwhu u�1 Lqlwldo frpprq eholhi lq wkh hyhqw ^udwlrqdolw| dqg
hslvwhplf lqghshqghqfh` lpsolhv wkdw sod|hu 4* dqwlflsdwhv fkrlfh |1

Lq rughu wr irupdoo| gh�qh wkh hslvwhplf lqghshqghqfh dvvxpswlrq lq wkh
suhvhqw vhwwlqj zh orrn dw �pdujlqdo� FSVv rq wkh vhwv ri vwudwhjlhv dqg w|shv ri
hdfk sod|hu �1 Ohw K� ' iE7�E�� � A�� G � 5 Mj eh wkh vhw ri frqglwlrqlqj hyhqwv
frqfhuqlqj sod|hu �1 Wkh vhw ri �pdujlqdo� FSVv rq k7� � A�cK�l lv ghqrwhg e|
{G�E7� � A��1 Zlwk d voljkw dexvh ri qrwdwlrq zh dovr ghqrwh e| {G�E7�� wkh vhw
ri pdujlqdo FSVv rq wkh vhw ri sod|hu �*v vwudwhjlhv1

Gh�qlwlrq 71551 Il{ d w|sh vsdfh W iru K1 Zh vd| wkdw FSV > 5 {GE7 � A3��
h{klelwv hslvwhplf lqghshqghqfh li wkhuh duh pdujlqdo FSVv >� 5 {G�E7��/ >� 5
{G�E7� � A�� +� 9' �, vxfk wkdw/ iru doo � 5 M/ >E�m7E�� � A3�� lv wkh surgxfw
phdvxuh rewdlqhg iurp >�E�m7�E��� dqg

�
>�E�m7�E��� A��

�
� �'�

1 Ohw W ghqrwh wkh vhw

ri vwdwhv Erc |� vxfk wkdw w�c|� h{klelwv hslvwhplf lqghshqghqfh iru hdfk � 5 � 1

Wkh hslvwhplf lqghshqghqfh dvvxpswlrq fdq eh xvhg wr gh�qh prgl�fdwlrqv
ri wkh qrwlrqv ri zhdn h{whqvlyh irup udwlrqdol}delolw| dqg h{whqvlyh irup udwlr0
qdol}delolw| +vhh Edwwljdool dqg Vlqlvfdofkl +4<<;e,,1 Edwwljdool +4<<9, glvfxvvhv
wkh uhodwlrqvkls ehwzhhq wklv qrwlrq ri lqghshqghqfh +iru �uvw rughu eholhiv, dqg
frqvlvwhqf| ri dvvhvvphqwv lq wkh vhqvh ri Nuhsv dqg Zlovrq +4<;5,1 Khuh zh
vlpso| frqvlghu wkh ehkdylrudo lpsolfdwlrqv ri hslvwhplf dvvxpswlrqv frqfhuqlqj
udwlrqdolw| dqg lqghshqghqfh lq d fodvv ri vlpsoh jdphv1 Uhfdoo wkdw �W ghqrwhv
wkh �lqlwldo frpprq eholhi� rshudwru1 Ixuwkhupruh/ ohw r�U ghqrwh wkh +xqltxh,
edfnzdug lqgxfwlrq vwudwhj| sur�oh ri d jhqhulf jdph zlwk shuihfw lqirupdwlrq1

Sursrvlwlrq 71561 +fi1 Vwdoqdnhu +4<<;,/ Edwwljdool dqg Vlqlvfdofkl +4<<;e,, Ohw
K eh d �qlwh dqg jhqhulf jdph zlwk shuihfw lqirupdwlrq vxfk wkdw qr sod|hu lv
dfwlyh pruh wkdq rqfh dorqj dq| sod| sdwk +iru doo 5 5 ~/ � 5 � / wkhuh lv dw prvw
rqh � suhfhglqj 5 vxfk wkdw ��E�� kdv dw ohdvw wzr hohphqwv, dqg �{ d w|sh W
vsdfh iru K1
+4, Iru doo vwdwhv Erc |� 5 �WEW _ 5+�A�/ sduwldo klvwrulhv �c �� 5 M dqg sod|huv
�c � 5 � / li � suhfhghv �� dqg � lv dfwlyh dw ��/ wkhq

w�c|�
�
ir�U� j � 73� � A3�m7E��� A3�

�
' ��

+5, Iru doo vwdwhv Erc |� 5 EW _ 5+�A� _�WEW _ 5+�A�/ r ' r�U 1
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Sduw +4, ri Sursrvlwlrq 7156 vd|v wkdw lqlwldo frpprq eholhi lq udwlrqdolw| dqg
lqghshqghqfh lpsolhv wkdw �uvw rughu eholhiv derxw ixwxuh ehkdylru frqirup wr
edfnzdug lqgxfwlrq1 Sduw +5, lv wkh vhoi0h{sodqdwru| frqvhtxhqfh ri wklv idfw1
Wkh dvvxpswlrq wkdw qr sod|hu pryhv pruh wkdq rqfh lq dq| sod| sdwk lv fux0
fldo1 Iru h{dpsoh/ lw lv hdvlo| fkhfnhg wkdw lq wkh w|sh vsdfh iru wkh ruljlqdo
Fhqwlshgh uhsuhvhqwhg lq Iljxuh 56 vwdwh +4/5, vdwlv�hv wkh hslvwhplf dvvxpswlrqv
ri Sursrvlwlrq 7156/ exw ylrodwhv edfnzdug lqgxfwlrq1

Gl�huhqw hslvwhplf irxqgdwlrqv iru wkh edfnzdug lqgxfwlrq vroxwlrq kdyh ehhq
surylghg e| Dxpdqq +4<<8/ 4<<9,/ Vdphw +4<<9d, dqg Edonhqeruj dqg Zlqwhu
+4<<:,1 Wkh hslvwhplf prghov xvhg lq wkhvh sdshuv gl�hu vxevwdqwldoo| iurp wkh
rqh xvhg khuh ehfdxvh wkh| gr qrw uhsuhvhqw Ed|hvldq xsgdwlqj1 Wklv pdnhv
d irupdo frpsdulvrq gl!fxow1 Zh uhihu wr Vwdoqdnhu +4<<:, dqg Edwwljdool dqg
Vlqlvfdofkl +4<<;d, iru d glvfxvvlrq ri wkhvh prghov1 Dxpdqq +4<<;d, surylghv d
uhvxow iru wkh Fhqwlshgh wkdw lv uhodwhg wr rxu glvfxvvlrq ri vwurqj udwlrqdol}delolw|
lq vwudwhjlf irup jdphv lq Vxevhfwlrq 6181

Uhihuhqfhv

^4` Dxpdqq/ U1 +4<:7,1 Vxemhfwlylw| dqg fruuhodwlrq lq udqgrpl}hg vwudwhjlhv1
Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/ 4/ 9:0<91

^5` Dxpdqq/ U1 +4<:9,1 Djuhhlqj wr glvdjuhh1 Dqqdov ri Vwdwlvwlfv/ 7/ 45690456<1

^6` Dxpdqq/ U1 +4<;:,1 Fruuhodwhg htxloleulxp dv dq h{suhvvlrq ri Ed|hvldq
udwlrqdolw|1 Hfrqrphwulfd/ 88/ 404;1

^7` Dxpdqq/ U1 +4<;<,1 Qrwhv rq lqwhudfwlyh hslvwhprorj|/ plphr/ Kheuhz Xql0
yhuvlw| ri Mhuxvdohp1

^8` Dxpdqq/ U1 +4<<8,1 Edfnzdug lqgxfwlrq dqg frpprq nqrzohgjh ri udwlr0
qdolw|1 Jdphv dqg Hfrqrplf Ehkdylru/ ;/ 904<1

^9` Dxpdqq/ U1 +4<<9,1 Uhso| wr Elqpruh1 Jdphv dqg Hfrqrplf Ehkdylru/ 4:/
46;04791

^:` Dxpdqq/ U1 +4<<;d,1 Rq wkh fhqwlshgh jdph1 Jdphv dqg Hfrqrplf Ehkdy0
lru/ 56/ <:04381

^;` Dxpdqq/ U1 +4<<;e,1 Uhso| wr Jxo1 Hfrqrphwulfd/ 99/ <5<�<6;1

;;



^<` Dxpdqq/ U1 dqg D1 Eudqghqexujhu +4<<8,1 Hslvwhplf frqglwlrqv iru Qdvk
htxloleulxp1 Hfrqrphwulfd/ 96/ 4494044;31

^43` Edonhqeruj/ G1 dqg H1 Zlqwhu +4<<:,1 D qhfhvvdu| dqg vx!flhqw hslvwhplf
frqglwlrq iru sod|lqj edfnzdug lqgxfwlrq1 Mrxuqdo ri Pdwkhpdwlfdo Hfr0
qrplfv/ 5:/ 65806781

^44` Edwwljdool/ S1 +4<<9,1 Vwudwhjlf lqghshqghqfh dqg shuihfw Ed|hvldq htxloleuld/
Mrxuqdo ri Hfrqrplf Wkhru|/ :3/ 53405671

^45` Edwwljdool/ S1 +4<<:,1 Rq udwlrqdol}delolw| lq h{whqvlyh jdphv1 Mrxuqdo ri Hfr0
qrplf Wkhru|/ :7/ 730941

^46` Edwwljdool/ S1 dqg J� Erqdqqr +4<<:,1 Wkh orjlf ri eholhi shuvlvwhqfh1 Hfr0
qrplfv dqg Sklorvrsk|/ 46/ 6<08<1

^47` Edwwljdool/ S1 dqg J1 Erqdqqr +4<<:e,1 V|qfkurqlf lqirupdwlrq dqg frp0
prq nqrzohgjh lq h{whqvlyh jdphv1 lq +P1 Edfkdudfk/ O1D1 Jhudug0Yduhw/ S1
Prqjlq/ dqg K1 Vklq hglwruv, Hslvwhplf Orjlf dqg wkh Wkhru| ri Jdphv dqg
Ghflvlrqv1 Gruguhfkw= Noxzhu1

^48` Edwwljdool/ S1 dqg P1 Vlqlvfdofkl +4<<:,1 Dq hslvwhplf fkdudfwhul}dwlrq ri h{0
whqvlyh irup udwlrqdol}delolw|1 Vrfldo Vflhqfh Zrunlqj Sdshu 433</ Fdoliruqld
Lqvwlwxwh ri Whfkqrorj|1

^49` Edwwljdool/ S1 dqgP1 Vlqlvfdofkl +4<<;d,1 Klhudufklhv ri frqglwlrqdo eholhiv dqg
lqwhudfwlyh hslvwhprorj| lq g|qdplf jdphv/ plphr/ Sulqfhwrq Xqlyhuvlw|1

^4:` Edwwljdool/ S1 dqg P1 Vlqlvfdofkl +4<<;e,1 Lqwhudfwlyh eholhiv/ hslvwhplf lq0
ghshqghqfh dqg vwurqj udwlrqdol}delolw|/ plphr/ Sulqfhwrq Xqlyhuvlw| dqg
Hxurshdq Xqlyhuvlw| Lqvwlwxwh ^iruwkfrplqj lq Uhvhdufk lq Hfrqrplfv`1

^4;` Ehq Srudwk/ H1 +4<<:,1 Udwlrqdolw|/ Qdvk htxloleulxp dqg edfnzdugv lqgxf0
wlrq lq shuihfw lqirupdwlrq jdphv1 Uhylhz ri Hfrqrplf Vwxglhv/ 97/ 560791

^4<` Ehuqkhlp/ G1 +4<;7,1 Udwlrqdol}deoh vwudwhjlf ehkdylru1 Hfrqrphwulfd/ 85/
43350435;1

^53` Erqdqqr/ J1 +4<<9,1 Rq wkh orjlf ri frpprq eholhi1 Pdwkhpdwlfdo Orjlf
Txduwhuo|/ 75/ 63806441
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^54` Erqdqqr/ J1 dqg N1 Qhkulqj +4<<9d,1 Krz wr pdnh vhqvh ri wkh Frpprq
Sulru Dvvxpswlrq xqghu lqfrpsohwh lqirupdwlrq1 Zrunlqj sdshu/ Xqlyhuvlw|
ri Fdoliruqld Gdylv1 ^H{whqghg devwudfw lq= Lw}kdn Jloerd +hg1,/ Wkhruhwlfdo
Dvshfwv ri Udwlrqdolw| dqg Nqrzohgjh +WDUN 4<<;,/ Prujdq Ndxipdq/ Vdq
Iudqflvfr/ 4<<;/ ss147:04931`

^55` Erqdqqr/ J1 dqg N1 Qhkulqj +4<<9e,1 Rq Vwdoqdnhu*v qrwlrq ri vwurqj ud0
wlrqdol}delolw| dqg Qdvk htxloleulxp lq shuihfw lqirupdwlrq jdphv/ plphr/
Xqlyhuvlw| ri Fdoliruqld Gdylv1 ^Iruwkfrplqj lq Wkhru| dqg Ghflvlrq1`

^56` Erqdqqr/ J1 dqg N1 Qhkulqj +4<<;d,1 Dvvhvvlqj wkh Wuxwk D{lrp xqghu
lqfrpsohwh lqirupdwlrq/ Pdwkhpdwlfdo Vrfldo Vflhqfhv/ 69/ 605<1

^57` Erqdqqr/ J1 dqg N1 Qhkulqj +4<<;e,1 Rq wkh orjlf dqg uroh ri qhjdwlyh
lqwurvshfwlrq ri frpprq eholhi1 Pdwkhpdwlfdo Vrfldo Vflhqfhv/ 68/ 4:0691

^58` Erqdqqr/ J1 dqg N1 Qhkulqj +4<<;f,1 Lqwhuvxemhfwlyh frqvlvwhqf| ri nqrzo0
hgjh dqg eholhi/ Zrunlqj sdshu/ Xqlyhuvlw| ri Fdoliruqld Gdylv1

^59` Eùujhuv/ W1 +4<<7,1 Zhdn grplqdqfh dqg dssur{lpdwh frpprq nqrzohgjh1
Mrxuqdo ri Hfrqrplf Wkhru|/ 97/ 59805:91

^5:` Eudqghqexujhu/ D1 +4<<5,1 Oh{lfrjudsklf suredelolwlhv dqg lwhudwhg dgplv0
vlelolw|/ lq Gdvjxswd/ Jdoh/ Kduw dqg Pdvnlq +hgv1, Hfrqrplf Dqdo|vlv ri
Pdunhwv dqg Jdphv1 Fdpeulgjh PD= PLW Suhvv1

^5;` Eudqghqexujhu/ D1 +4<<:,1 D orjlf ri ghflvlrq1 Zrunlqj Sdshu <;036<1 Kdu0
ydug Exvlqhvv Vfkrro1

^5<` Eudqghqexujhu/ D1 dqg H1 Ghnho +4<;:,1 Udwlrqdol}delolw| dqg fruuhodwhg htxl0
oleuld1 Hfrqrphwulfd/ 88/ 46<4047351

^63` Eudqghqexujhu/ D1 dqg H1 Ghnho +4<<6,1 Klhudufklhv ri eholhiv dqg frpprq
nqrzohgjh1 Mrxuqdo ri Hfrqrplf Wkhru|/ 8</ 4;<04<;1

^64` Fkhoodv/ E1 +4<;7,1Prgdo Orjlf1 Fdpeulgjh XN= Fdpeulgjh Xqlyhuvlw| Suhvv1

^65` Ghnho/ H1 dqg G1 Ixghqehuj +4<<3,1 Udwlrqdo ehkdylru zlwk sd|r� xqfhu0
wdlqw|1 Mrxuqdo ri Hfrqrplf Wkhru|/ 85/ 57609:1
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^66` Ghnho/ H1 dqg I1 Jxo +4<<:,1 Udwlrqdolw| dqg nqrzohgjh lq jdph wkhru|1 lq
Dgydqfhv lq Hfrqrplfv dqg Hfrqrphwulfv +G1 Nuhsv dqg N1 Zdoolv/ Hgv1,1
Fdpeulgjh XN= Fdpeulgjh Xqlyhuvlw| Suhvv1

^67` Idjlq/ U1 dqg M1 Kdoshuq +4<<7,1 Uhdvrqlqj derxw nqrzohgjh dqg suredelolw|1
Mrxuqdo ri wkh Dvvrfldwlrq iru Frpsxwlqj Pdfklqhu|/ 74/ 673069:1

^68` Idjlq/ U1/ M1 Kdoshuq/ \1 Prvhv dqg P1 Ydugl +4<<8,= Uhdvrqlqj derxw
Nqrzohgjh1 Fdpeulgjh PD= P1L1W1 Suhvv1

^69` Ihlqehuj/ \1 +4<<8,1 D frqyhuvh wr wkh Djuhhphqw Wkhruhp/ Glvfxvvlrq Sdshu
& ;6/ Fhqwhu iru Udwlrqdolw| dqg Lqwhudfwlyh Ghflvlrq Wkhru|/ Mhuxvdohp1

^6:` Ixghqehuj/ G1 dqg M1 Wluroh +4<<4,1 Jdph Wkhru|1 Fdpeulgjh PD= PLW
Suhvv1

^6;` Jçughqiruv/ S1 +4<;;,1 Nqrzohgjh lq Iox{1 Fdpeulgjh PD= PLW Suhvv1

^6<` Jhdqdnrsorv/ M1 +4<<5,1 Frpprq nqrzohgjh1 Mrxuqdo ri Hfrqrplf Shuvshf0
wlyhv/ 9/ 860;51

^73` Jhdqdnrsorv/ M1 +4<<7,1 cFrpprq nqrzohgjh*/ lq= U1 Dxpdqq dqg V1 Kduw/
Hgv/ Kdqgerrn ri Jdph Wkhru|/ yro1 5/ ss1 476:047<9 +Hovhylhu,1

^74` Jxo/ I1 +4<<9,1 Udwlrqdolw| dqg frkhuhqw wkhrulhv ri vwudwhjlf ehkdylru1 Mrxu0
qdo ri Hfrqrplf Wkhru|/ :3/ 40641

^75` Jxo/ I1 +4<<;,1 D frpphqw rq Dxpdqq*v Ed|hvldq ylhz/ Hfrqrphwulfd/ 99/
<560<5:1

^76` Kdoshuq/ M1 +4<<4,1 *Wkh uhodwlrqvkls ehwzhhq nqrzohgjh/ eholhi dqg fhuwdlq0
w|*1 Dqqdov ri Pdwkhpdwlfv dqg Duwl�fldo Lqwhooljhqfh/ 7/ 63406551

^77` Kdoshuq/ M1 dqg \1 Prvhv +4<<5,1 D jxlgh wr frpsohwhqhvv dqg frpsoh{lw|
iru prgdo orjlfv ri nqrzohgjh dqg eholhi1 Duwl�fldo Lqwhooljhqfh/ 87/ 64<06:<1

^78` Kdupdq/ J1 +4<;9,1 Fkdqjh lq ylhz= sulqflsohv ri uhdvrqlqj1 PLW Suhvv1

^79` Kduvdq|l/ M1 +4<9:09;,1 Jdphv ri lqfrpsohwh lqirupdwlrq sod|hg e| Ed|hvldq
sod|huv1 Sduwv L/ LL/ LLL1 Pdqdjhphqw Vflhqfh/ 47/ 48<04;5/ 6530667/ 7;908351
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^7:` Khlihw}/ D1 dqg G1 Vdphw +4<<9,1 Wrsrorj|0iuhh w|srorj| ri eholhiv1 plphr/
Who Dyly Xqlyhuvlw|1

^7;` Phuwhqv M1I1 dqg V1 ]dplu +4<;8,1 Irupxodwlrq ri Ed|hvldq dqdo|vlv iru jdphv
zlwk lqfrpsohwh lqirupdwlrq1 Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|/ 47/ 40
5<1

^7<` Klqwlnnd/ M1 +4<95,1 Nqrzohgjh dqg Eholhi1 Fruqhoo Xqlyhuvlw| Suhvv1

^83` Nuhsv/ G1 dqg U1Zlovrq +4<;5,1 Vhtxhqwldo htxloleuld1 Hfrqrphwulfd/ 83/ ;960
;<71

^84` Nudxv/ V1 dqg G1 Ohkpdqq +4<;;,1 Nqrzohgjh/ eholhi dqg wlph1 Wkhruhwlfdo
Frpsxwhu Vflhqfh/ 8;/ 48804:71

^85` Ohq}hq/ Z1 +4<:;,1 Uhfhqw zrun lq hslvwhplf orjlf1 Dfwd Sklorvrsklfd Ihq0
qlfd/ 63/ 405531

^86` Olspdq/ E1 +4<<8,1 Dssur{lpdwho| frpprq sulruv/ plphr/ Xqlyhuvlw| ri
Zhvwhuq Rqwdulr1

^87` Olvprqw/ O1 dqg S1 Prqjlq +4<<7,1 Rq wkh orjlf ri frpprq eholhi dqg frp0
prq nqrzohgjh1 Wkhru| dqg Ghflvlrq/ 6:/ :804391

^88` Olvprqw/ O1 dqg S1 Prqjlq +4<<8,1 Eholhi forvxuh= d vhpdqwlfv iru frpprq
nqrzohgjh iru prgdo sursrvlwlrqdo orjlf1 Pdwkhpdwlfdo Vrfldo Vflhqfhv/ 63/
45:04861

^89` Pruulv/ V1 +4<<7,1 Wudgh zlwk khwhurjhqhrxv sulru eholhiv dqg dv|pphwulf
lqirupdwlrq1 Hfrqrphwulfd/ 95/ 465:0467:1

^8:` P|huvrq/ U1 +4<;9,1 Pxowlvwdjh Jdphv zlwk Frppxqlfdwlrq1 Hfrqrphwulfd/
87/ 656068;1

^8;` Rveruqh/ P1 dqg D1 Uxelqvwhlq +4<<7,= D Frxuvh lq Jdph Wkhru|1 Fdp0
eulgjh PD= PLW

^8<` Shdufh/ G1 +4<;7,1 Udwlrqdol}deoh vwudwhjlf ehkdylru dqg wkh sureohp ri shu0
ihfwlrq1 Hfrqrphwulfd/ 85/ 435<043831

^93` Uhq|/ S1 +4<;8,1 Udwlrqdolw|/ frpprq nqrzohgjh dqg wkh wkhru| ri jdphv/�
plphr/ Ghsduwphqw ri Hfrqrplfv/ Sulqfhwrq Xqlyhuvlw|1
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^94` Uhq|/ S1 +4<<5,1 Edfnzdug lqgxfwlrq/ qrupdo irup shuihfwlrq dqg h{solfdeoh
htxloleuld1 Hfrqrphwulfd/ 93/ 959097<1

^95` Uhq|/ S1 +4<<6,1 Frpprq Eholhi dqg wkh Wkhru| ri Jdphv zlwk Shuihfw Lq0
irupdwlrq1 Mrxuqdo ri Hfrqrplf Wkhru|/ 8</ 58:05:71

^96` Uhq|/ S1 +4<<8,1 Udwlrqdo Ehkdylrxu lq H{whqvlyh Irup Jdphv1 Fdqdgldq
Mrxuqdo ri Hfrqrplfv/ 5;/ 40491

^97` Uíq|l/ D1 +4<88,1 Rq d Qhz D{lrpdwlf Wkhru| ri Suredelolw|1 Dfwd Pdwkh0
pdwlfd Dfdghpldh Vflhqwlduxp Kxqjdulfdh/ 9/ 5;806681

^98` Urvhqwkdo/ U1 +4<;4,1 Jdphv ri Shuihfw Lqirupdwlrq/ Suhgdwru| Sulflqj dqg
wkh Fkdlq0Vwruh sdudgr{1 Mrxuqdo ri Hfrqrplf Wkhru|/ 58/ <504331

^99` Uxelqvwhlq/ D1 +4<<4,1 Frpphqwv rq wkh lqwhusuhwdwlrq ri jdph wkhru|1
Hfrqrphwulfd/ 8</ <3<0<371

^9:` Vdphw/ G1 +4<<9d,1 K|srwkhwlfdo nqrzohgjh dqg jdphv zlwk shuihfw lqirupd0
wlrq1 Jdphv dqg Hfrqrplf Ehkdylru/ 4:/ 56305841

^9;` Vdphw/ G1 +4<<9e,1 Frpprq sulruv dqg Pdunry fkdlqv/ plphr/ Who Dyly
xqlyhuvlw|1

^9<` Vdphw/ G1 +4<<;, Frpprq sulruv dqg vhsdudwlrq ri frqyh{ vhwv/ Jdphv dqg
Hfrqrplf Ehkdylru/ 57/ 4:504:71

^:3` Vhowhq/ U1 +4<:;,1 Wkh fkdlqvwruh sdudgr{1 Wkhru| dqg Ghflvlrq/ </ 45:048<1

^:4` Vklprml/ P1 dqg M1 Zdwvrq +4<<:,1 Frqglwlrqdo grplqdqfh/ udwlrqdol}delolw|/
dqg jdph irupv1 Glvfxvvlrq Sdshu <:049/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhu0
vlw| ri Fdoliruqld/ Vdq Glhjr1

^:5` Vwdoqdnhu/ U1 +4<<7,1 Rq wkh hydoxdwlrq ri vroxwlrq frqfhswv1 Wkhru| dqg
Ghflvlrq/ 6:/ 7<0:71

^:6` Vwdoqdnhu/ U1 +4<<9,1 Nqrzohgjh/ eholhi dqg frxqwhuidfwxdo uhdvrqlqj lq
jdphv1 Hfrqrplfv dqg Sklorvrsk|/ 45/ 46604961

^:7` Vwdoqdnhu/ U1 +4<<;,1 Eholhi uhylvlrq lq jdphv= iruzdug dqg edfnzdug lqgxf0
wlrq/ Pdwkhpdwlfdo Vrfldo Vflhqfhv/ 69/ 640891
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^:8` Vwxduw/ K1 +4<<:,1 Frpprq eholhi ri udwlrqdolw| lq wkh �qlwho| uhshdwhg Sulv0
rqhuv* Glohppd1 Jdphv dqg Hfrqrplf Ehkdylru/ 4</ 4660476

^:9` Wdq/ W1 dqg V1 Zhuodqj +4<;;,1 Wkh Ed|hvldq irxqgdwlrq ri vroxwlrq frqfhswv
ri jdphv1 Mrxuqdo ri Hfrqrplf Wkhru|/ 78/ 6:306<411

^::` ydq ghu Krhn/ Z1 +4<<6,1 V|vwhpv iru nqrzohgjh dqg eholhi1 Mrxuqdo ri Orjlf
dqg Frpsxwdwlrq/ 6/ 4:604<81

^:;` ydq ghu Krhn/ Z1 dqg M10M1 Fk1 Ph|hu +4<<8,1 Hslvwhplf Orjlf iru Duwl�fldo
Lqwhooljhqfh dqg Frpsxwhu Vflhqfh1 Fdpeulgjh Xqlyhuvlw| Suhvv1
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