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EUDQFKLQJ WLPH ORJLF/ SHUIHFW
LQIRUPDWLRQ JDPHV DQG EDFNZDUG

LQGXFWLRQ

Jldfrpr Erqdqqr
Ghsduwphqw ri Hfrqrplfv/

Xqlyhuvlw| ri Fdoliruqld/

Gdylv/ FD <89490;8:; XVD

h0pdlo= jierqdqqrCxfgdylv1hgx

zzz1hfrq1xfgdylv1hgx2�erqdqqr

Iluvw gudiw= Qryhpehu 4<<;1

Frpphqwv zhofrph

Nh|zrugv= whqvh orjlf/ eudqfklqj wlph/

suhglfwlrq/ edfnzdug lqgxfwlrq/ lqwhuqdo frqvlvwhqf|1

Devwudfw

Wkh orjlfdo irxqgdwlrqv ri jdph0wkhruhwlf vroxwlrq frqfhswv kdyh vr idu
ehhq h{soruhg zlwklq wkh frq�qhv ri hslvwhplf orjlf1 Lq wklv sdshu zh wxuq
wr d gl�huhqw eudqfk ri prgdo orjlf/ qdpho| whpsrudo orjlf/ dqg sursrvh wr
ylhz wkh vroxwlrq ri d jdph dv d frpsohwh suhglfwlrq derxw ixwxuh sod|1 Zh
h{whqg wkh eudqfklqj wlph iudphzrun e| dgglqj djhqwv dqg e| gh�qlqj wkh
qrwlrq ri suhglfwlrq1 Zh vkrz wkdw shuihfw lqirupdwlrq jdphv duh d vshfldo
fdvh ri h{whqghg eudqfklqj wlph iudphv dqg wkdw wkh edfnzdug0lqgxfwlrq
vroxwlrq lv d suhglfwlrq1 Zh dovr surylgh d fkdudfwhul}dwlrq ri edfnzdug
lqgxfwlrq lq whupv ri wkh surshuw| ri lqwhuqdo frqvlvwhqf| ri suhglfwlrq1



41 Lqwurgxfwlrq

Wkh orjlfdo irxqgdwlrqv ri jdph wkhru| kdyh ehhq wkh remhfw ri d uhfhqw dqg
jurzlqj olwhudwxuh14 Prvw sdshuv lq wklv duhd pdnh xvh +gluhfwo| ru lqgluhfwo|,
ri hslvwhplf prgdo orjlf/ wkdw lv/ wkh orjlf ri nqrzohgjh dqg eholhi/ dqg wu| wr
ghwhuplqh zkdw dvvxpswlrqv rq wkh eholhiv dqg uhdvrqlqj ri wkh sod|huv duh lpsolflw
lq ydulrxv vroxwlrq frqfhswv1 Wkh wdvn ri wklv uhvhdufk surjudp lv wr lghqwli| iru
dq| jdph wkh vwudwhjlhv wkdw pljkw eh fkrvhq e| udwlrqdo dqg lqwhooljhqw sod|huv
zkr nqrz wkh vwuxfwxuh ri wkh jdph dqg wkh suhihuhqfhv ri wkhlu rssrqhqwv dqg
zkr uhfrjql}h hdfk rwkhu*v udwlrqdolw| dqg uhdvrqlqj delolwlhv1

Lq wklv sdshu zh wxuq wr d gl�huhqw eudqfk ri prgdo orjlf/ qdpho| whpsrudo
orjlf5/ dqg sursrvh wr ylhz wkh vroxwlrq ri d jdph dv d suhglfwlrq derxw ixwxuh
sod|1

Wkh irfxv ri wklv sdshu lv rq h{whqvlyh jdphv zlwk shuihfw lqirupdwlrq6/ zklfk
duh prghohg lq d qdwxudo zd| zlwklq wkh iudphzrun ri eudqfklqj wlph orjlf1 Lq
wkh qh{w vhfwlrq zh h{whqg wkh vhpdqwlfv ri eudqfklqj wlph e| dgglqj djhqwv dqg
e| gh�qlqj wkh qrwlrq ri suhglfwlrq1 D suhglfwlrq fdq eh wkrxjkw ri dv d eholhi
derxw wkh ixwxuh7 dqg Vhfwlrqv 5 dqg 6 duh ghyrwhg wr wkh dqdo|vlv ri zkdw orjlfdo
surshuwlhv rqh vkrxog dwwulexwh wr suhglfwlrqv lq jhqhudo18 Lq Vhfwlrq 7 zh vkrz
wkdw h{whqvlyh jdphv zlwk shuihfw lqirupdwlrq duh d vshfldo fdvh ri eudqfklqj
wlph iudphv dqg wkdw wkh edfnzdug0lqgxfwlrq vroxwlrq ri vxfk jdphv fdq lqghhg
eh ylhzhg dv d suhglfwlrq +wkdw lv/ lw vdwlv�hv wkh orjlf ri suhglfwlrq ghyhorshg
lq Vhfwlrq 6,1 Lq Vhfwlrq 8 zh surylgh d v|qwdfwlf fkdudfwhul}dwlrq ri edfnzdug
lqgxfwlrq lq whupv ri lqwhuqdo frqvlvwhqf| ri suhglfwlrq/ lq wkh iroorzlqj vhqvh1 Li
dw vrph suhglfwhg ixwxuh wlph Sod|hu �*v sd|r� lv ^ wkhq/ qr pdwwhu zkdw dfwlrq
Sod|hu � wdnhv/ lw zloo dozd|v eh wkh fdvh wkdw li Sod|hu �*v sd|r� lv/ ru lv suhglfwhg
wr eh/ o wkhq o lv qrw juhdwhu wkdq ^19

4H{whqvlyh vxuyh|v ri wklv olwhudwxuh duh jlyhq lq Edwwljdool dqg Erqdqqr +4<<;, dqg Ghnho
dqg Jxo +4<<:,1 Wkhvh wzr sdshuv surylgh d idluo| frpsuhkhqvlyh olvw ri uhihuhqfhv1

5Vhh/ iru h{dpsoh/ ydq Ehqwkhp +4<<4,/ Exujhvv +4<;7,/ Jrogeodww +4<<5, dqg Ûkuvwuûp dqg
Kdvoh +4<<8,1

6Vhh/ iru h{dpsoh/ Ixghqehuj dqg Wluroh +4<<4, ru Rveruqh dqg Uxelqvwhlq +4<<7,1
7Zkhq zh pdnh d qrq0wulyldo suhglfwlrq derxw wkh ixwxuh zh vhohfw/ dprqj wkh frqfhlydeoh

ixwxuh ghvfulswlrqv ri wkh zruog/ wkrvh wkdw dsshdu wr xv wr eh prvw olnho|1
8Wkh dqdo|vlv suhvhqwhg lq Vhfwlrqv 6 dqg 7 h{whqgv wkdw ri Erqdqqr +4<<;, zkhuh wkh orjlf

ri suhglfwlrq zdv �uvw vwxglhg1
9Lw zh wklqn ri wkh suhglfwlrq dv d �uhfrpphqgdwlrq� wr wkh sod|huv/ wkhq lqwhuqdo frqvlvwhqf|

vd|v wkdw li wkh uhfrpphqgdwlrq lv wkdw +wkh jdph eh sod|hg lq vxfk d zd| wkdw, Sod|hu l jhw d
sd|r� ri t wkhq lw lv qrw srvvleoh iru Sod|hu l wr wdnh dq dfwlrq diwhu zklfk khu sd|r� lv juhdwhu
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Wklv qrwlrq ri lqwhuqdo frqvlvwhqf| +ru vwdelolw|, ri d vroxwlrq lv qrw qhz=
lw zdv �uvw lqwurgxfhg zlwklq frrshudwlyh jdph wkhru| e| yrq Qhxpdqq dqg
Prujhqvwhuq +4<7:, dqg vxevhtxhqwo| dssolhg e| Mrvhsk Juhhqehuj +4<<3, lq klv
doo0hqfrpsdvvlqj wkhru| ri vrfldo vlwxdwlrq1 Wkh qryhow| ri wklv sdshu olhv lq wkh
lqwhusuhwdwlrq ri d vroxwlrq dv d suhglfwlrq zlwklq wkh iudphzrun ri eudqfklqj0
wlph orjlf dqg lq wkh surri wkdw wkh lpsolflw orjlf ehklqg wkh edfnzdug lqgxfwlrq
vroxwlrq lv wkdw ri dq lqwhuqdoo| frqvlvwhqw suhglfwlrq1 Dv idu dv zh nqrz wklv lv
dovr wkh �uvw wlph wkdw wkh wrrov ri whpsrudo orjlf kdyh ehhq xvhg wr dqdo|}h jdph
wkhruhwlf frqfhswv1:

51 Djhqwv lq eudqfklqj wlph

Gh�qlwlrq 5141 D eudqfklqj0wlph iudph zlwk djhqwv +EWD iudph iru vkruw, lv d

wxsoh
G
Ac!c �c �c i-�@jE�c@�M�f�

H
zkhuh

� A lv d vhw ri prphqwv ru srlqwv lq wlph ru vwdwhv

� ! lv d elqdu| uhodwlrq rq A +uhsuhvhqwlqj wkh rughulqj ri wlph, vdwlvi|lqj
wkh iroorzlqj surshuwlhv=

+S13, dqwlv|pphwu|= li |� ! |2 wkhq |2 	 |��
+S14, wudqvlwlylw|= li |� ! |2 dqg |2 ! |� wkhq |� ! |��
+S15, edfnzdug olqhdulw|= li |� ! |� dqg |2 ! |� wkhq hlwkhu |� ' |2 ru |� ! |2 ru |2 ! |��

� � ' i�c ���c ?j lv d �qlwh vhw ri djhqwv

� � lv d �qlwh vhw ri dfwlrqv

wkdq t ru wkh uhfrpphqgdwlrq lv wkdw +wkh jdph eh sod|hg lq vxfk d zd| wkdw, Sod|hu l jhw d
sd|r� juhdwhu wkdq t1

:Wkh orjlf ri djhqf| lq eudqfklqj wlph kdv ehhq vwxglhg h{whqvlyho| lq wkh sklorvrsklfdo olw0
hudwxuh= vhh/ iru h{dpsoh/ Ehoqds dqg Shuor� +4<;;,/ Fkhoodv +4<<5,/ Kruw| dqg Ehoqds +4<<8,/
Kruw| +4<<9, dqg uhihuhqfhv wkhuhlq1 Wkhvh sdshuv/ krzhyhu/ irfxv rq sklorvrsklfdo lvvxhv frq0
fhuqlqj wkh qrwlrq ri dfwlrq ru �vhhlqj wr lw wkdw� dqg wkhuh lv qr h{solflw frqvlghudwlrq ri jdph
wkhruhwlf lvvxhv1 Ixuwkhupruh/ zkloh zh pdnh xvh ri ylhz ri vwdqgdug whqvh orjlf/ wkrvh sdshuv
uho| rq wkh pruh frpsoh{ �Rfnkdplvw� vhpdqwlfv/ zkhuh wkh wuxwk ri d irupxod lv qrw hydoxdwhg
dw d vlqjoh srlqw lq wlph/ exw dw d sdlu frqvlvwlqj ri d wlph srlqw dqg d eudqfk ru klvwru| wkurxjk
lw> wkh ixwxuh rshudwru wkhq uhihuv wr wlph srlqwv lq wklv eudqfk rqo| dqg/ wkhuhiruh/ wkh uhvxowlqj
orjlf lv wkdw ri olqhdu wlph1 D ixuwkhu rshudwru lv wkhq dgghg wr fdswxuh wkh qrwlrq ri klvwrulfdo
qhfhvvlw| dqg frqwlqjhqf|1
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� iru hyhu| E�c @� 5 ���/ -�@ lv d elqdu| uhodwlrq rq A vdwlvi|lqj wkh iroorzlqj
surshuw|=

+S16, -�@ vxeuhodwlrq ri ! = li |�-�@|2 wkhq |� ! |21

Surshuwlhv +S13,0+S15, frqvwlwxwh wkh gh�qlwlrq ri eudqfklqj wlph lq whpsrudo
orjlf1; Lq sduwlfxodu/ +S15, h{suhvvhv wkh qrwlrq wkdw/ zkloh d jlyhq prphqw pd|
kdyh gl�huhqw srvvleoh ixwxuhv/ lwv sdvw lv vhwwohg1 Wkh lqwhusuhwdwlrq ri |�-�@|2 lv
wkdw dw wlph |� djhqw � kdv dydlodeoh dfwlrq @ zklfk ohdgv iurp |� wr |2� Surshuw|
+S16, h{suhvvhv wkh qrwlrq wkdw dfwlrqv fdq rqo| d�hfw wkh ixwxuh1 Lw lv srvvleoh

wkdw iru vrph � dqg |/ -�@E|�
_es
' i|� 5 A G |-�@|

�j lv hpsw| iru doo @ 5 �1 Lq vxfk d
fdvh djhqw � grhv qrw kdyh dq| dfwlrqv dydlodeoh dw wlph |1 <

Iru hyhu| � 5 � / ohw -�
_es
'

V
@M�-�@1 Wkxv |-�|

� li dqg rqo| li djhqw � kdv
dydlodeoh vrph dfwlrq dw | wkdw ohdgv iurp | wr |�1 43

H{dpsoh 5151 Wkh iroorzlqj lv d EWD iudph= A ' i|�c|2c ���c |.j/ � ' i�c 2j/
!' iE|�c |2�c E|�c |e�c E|�c |D�c E|2c |e�c E|2c |D�c E|�c |��c E|�c |S�c E|�c |.�c E|�c |S�c E|�c |.�j/
� ' i@c Kj/ -�@ ' iE|�c |2�j/ -�K ' iE|�c |��j/ -2@ ' iE|2c |e�c E|�c |S�j/
-2K ' iE|2c |D�c E|�c |.�j1 Wklv iudph lv vkrzq lq Iljxuh 4 zkhuh dq duurz iurp |
wr |� lqglfdwhv wkdw | ! |� dqg doo wkh duurzv gxh wr wudqvlwlylw| duh ghohwhg +wkxv
Iljxuh 4 lv wkh Kdvvh gldjudp ri kAc!l,> ixuwkhupruh wkh odeho �c @ lv dvvljqhg wr
wkh duurz iurp | wr |� li dqg rqo| li E|c |�� 5 -�@1

;Vhh/ iru h{dpsoh/ Exujhvv +4<;7,/ Kdoslq +4<;;,/ Ûkuvwuûp dqg Kdvoh +4<<8,1
<Rqh frxog uhtxluh dfwlrqv wr eh ghwhuplqlvwlf/ e| lpsrvlqj wkdw li wUldw

3 dqg wUldw
33 wkhq

w3 @ w331 Krzhyhu/ lq jhqhudo wkh h�hfw ri dq dfwlrq pd| ghshqg rq h{whuqdo idfwruv1 Iru h{dpsoh/
wkh dfwlrq ri rshqlqj wkh zlqgrz pd| ohdg iurp vwdwh w zkhuh wkh zlqgrz lv forvhg wr hlwkhu
vwdwh w3 zkhuh wkh zlqgrz lv rshq dqg lw udlqv ru wr vwdwh w33 zkhuh wkh zlqgrz lv rshq dqg
lw grhv qrw udlq1 Uhtxlulqj dfwlrqv wr eh ghwhuplqlvwlf zrxog wkhq pdnh lw qhfhvvdu| wr dgg
�Qdwxuh� wr wkh vhw ri djhqwv +lq wkh h{dpsoh/ Qdwxuh zrxog fkrrvh ehwzhhq udlq dqg qr udlq,1
Dqrwkhu srvvleoh uhtxluhphqw lv wkdw dfwlrqv eh �wlph0ghwhuplqlvwf� lq wkh vhqvh wkdw li wUldw

3

dqg wUldw
33 wkhq w3 	 w33 dqg w33 	 w31

43Qrwh wkdw vlpxowdqhrxv dfwlrqv duh qrw uxohg rxw/ wkdw lv/ lw lv srvvleoh wkdw/ iru vrph w dqg

vrph l dqg m zlwk l 9@ m/ erwk Ul+w,
ghi
@ iw3 5 W = wUlw

3j dqg Um+w, duh qrq0hpsw|1 Lq wklv fdvh
uhvwulfwlrqv qhhg wr eh lpsrvhg wr jxdudqwhh wkdw wkh dfwlrqv ri gl�huhqw djhqwv duh frpsdwleoh
zlwk hdfk rwkhu1 Iru wkh sxusrvh ri wklv sdshu vlpxowdqhlw| ri dfwlrqv fdq eh ljqruhg1
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W�

W� W�

W� W� W� W�

��D ��E

��D ��E ��D ��E

)LJXUH��

Hyhu| | 5 A vkrxog eh wkrxjkw ri dv d frpsohwh ghvfulswlrq ri wkh zruog dw wlph
|/ dqg vhwv ri gdwhv uhsuhvhqw sursrvlwlrqv1 Lq rughu wr hvwdeolvk wklv lqwhusuhwdwlrq
rqh qhhgv wr lqwurgxfh d irupdo odqjxdjh dqg wkh qrwlrq ri d prgho edvhg rq d
iudph1 Wklv zloo eh grqh lq Vhfwlrq 61

Lw zloo eh vkrzq lq Vhfwlrq 7 wkdw h{whqvlyh irupv zlwk shuihfw lqirupdwlrq duh
d vshfldo fdvh ri EWD iudphv1

Gh�qlwlrq 5161 Jlyhq d EWD iudph/ d suhglfwlrq iru lw lv d elqdu| uhodwlrq !R

rq A vdwlvi|lqj wkh iroorzlqj surshuwlhv=

+S17, !R vxeuhodwlrq ri ! = li |� !R |2 wkhq |� ! |2�
+S18, wudqvlwlylw|= li |� !R |2 dqg |2 !R |� wkhq |� !R |��
+S19, !R lv vhuldo li ! lv= ;| 5 A / li <|� v1 w1 | ! |�/ wkhq <|2 v1 w1 | !R |2�
+S1:, wlph frqvlvwhqf|= li |� ! |2 c |2 ! |� dqg |� !R |� wkhq |� !R |2 dqg |2 !R |��

+S17, h{suhvvhv wkh qrwlrq wkdw suhglfwlqj wkh ixwxuh frqvlvwv lq vhohfwlqj d
vxevhw ri wkh frqfhlydeoh ixwxuh vwdwhv +wkrvh wkdw duh eholhyhg wr eh prvw olnho|,1
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Wkh lqwhusuhwdwlrq ri !R lq whupv ri suhglfwlrq +l1h1 eholhi derxw wkh ixwxuh,
pdnhv +S18, d qdwxudo uhtxluhphqw= lw fdq eh ylhzhg dv lqfrusrudwlqj d sulqflsoh
ri frkhuhqfh ri eholhi forvh lq vslulw wr ydq Iuddvvhq*v Uh hfwlrq Sulqflsoh +ydq
Iudvvhq/ 4<;7,1 +S19, uhtxluhv wkdw d suhglfwlrq eh frpsohwh/ lq wkh vhqvh wkdw d
suhglfwlrq eh pdgh zkhqhyhu srvvleoh= li wkhuh lv d frqfhlydeoh ixwxuh ri | +wkdw lv/
li ! lv vhuldo dw |, wkhq wkhuh pxvw eh d suhglfwhg ixwxuh ri | +wkdw lv/ !R lv vhuldo dw
|,1 Surshuw| +S1:, vd|v wkh iroorzlqj1 Vxssrvh wkdw dw wlph |� d frqfhlydeoh ixwxuh
ghyhorsphqw lv uhsuhvhqwhg e| wkh sdwk |�|2|� +wkdw lv/ |� ! |2 dqg |2 ! |�,= wklv lv
vkrzq lq Iljxuh 5/ zkhuh/ dv ehiruh/ d frqwlqxrxv duurz iurp | wr |� ghqrwhv wkdw
| ! |�1 Vxssrvh dovr wkdw |� olhv lq wkh suhglfwhg ixwxuh ri |� +wkdw lv/ |� !R |�,=
wklv lv vkrzq lq Iljxuh 5 e| d grwwhg duurz iurp |� wr |�1 Wkhq +S1:, lpsrvhv wkh
iroorzlqj uhtxluhphqwv=

+d, vlqfh uhdfklqj |� uhtxluhv jrlqj wkurxjk |2/ |2 vkrxog olh lq wkh suhglfwhg
ixwxuh ri |� +wkdw lv/ |� !R |2,/ dqg

+e, vlqfh uhdfklqj |2 lv frqvlvwhqw zlwk +lv d sduwldo uhdol}dwlrq ri, wkh suhglfwlrq
wkdw |� zloo eh uhdfkhg/ wkh suhglfwlrq vkrxog frqwlqxh wr krog dw |2/ wkdw lv/
|� vkrxog eh lq wkh suhglfwhg ixwxuh ri |2 +|2 !R |�,1

W�

W�

W�

)LJXUH��

H{dpsoh 5171 Iru wkh EWD iudph ri H{dpsoh 515 +fi1 Iljxuh 4, wkh iroorzlqj
lv d suhglfwlrq dffruglqj wr Gh�qlwlrq 516= !R' iE|�c |��c E|�c |S�c E|�c |S�c E|2c |D�j1
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Wklv lv uhsuhvhqwhg lq Iljxuh 6 e| d grwwhg olqh qh{w wr dq duurz wkdw ehorqjv wr
erwk ! dqg !R/ rplwwlqj grwwhg olqhv wkdw fdq eh rewdlqhg e| wudqvlwlylw| +wkxv
wkh grwwhg olqhv dorqh uhsuhvhqw wkh Kdvvh gldjudp ri kAc !Rl,1

W�

W� W�

W� W� W� W�

��D ��E

��D ��E ��D ��E

)LJXUH��

Lw zloo eh vkrzq lq Vhfwlrq 7 wkdw wkh edfnzdug lqgxfwlrq vroxwlrq ri dq h{0
whqvlyh jdph zlwk shuihfw lqirupdwlrq lv d suhglfwlrq lq wkh vhqvh ri Gh�qlwlrq
5161

Gh�qlwlrq 5181 Dq dxjphqwhg EWD iudph lv d EWD iudph wrjhwkhu zlwk d suh0
glfwlrq iru lw1

61 V|qwd{

Zh frqvlghu d sursrvlwlrqdo odqjxdjh zlwk vhyhudo prgdo rshudwruv=

� Whqvh dqg suhglfwlrq rshudwruv= C/ M/ CR dqg MR1 Wkh lqwhqghg lqwhusuh0
wdwlrq lv dv iroorzv=

C� = �lw lv jrlqj wr eh wkh fdvh dw hyhu| ixwxuh gdwh wkdw ��
M� = �lw kdv dozd|v ehhq wkh fdvh wkdw ��
CR� = �lw lv jrlqj wr eh wkh fdvh lq hyhu| suhglfwhg ixwxuh wkdw ��
MR� = �lw kdv dozd|v ehhq wkh fdvh dw hyhu| sdvw gdwh dw zklfk wrgd|

zdv suhglfwhg wkdw ��

:



� Dfwlrq rshudwruv= ��@ +iru hyhu| E�c @� 5 � � �,/ zkrvh lqwhqghg lqwhusuh0
wdwlrq lv=

��@� = �diwhu djhqw � wdnhv dfwlrq @/ lw lv wkh fdvh wkdw ��

Wkh irupdo odqjxdjh lv exlow lq wkh idploldu zd| iurp wkh iroorzlqj frpsr0
qhqwv= d frxqwdeoh vhw 7 ri vhqwhqfh ohwwhuv +uhsuhvhqwlqj dwrplf sursrvlwlrqv,/ wkh
frqqhfwlyhv = dqg b +iurp zklfk wkh rwkhu frqqhfwlyhv a/ $ dqg ' duh gh�qhg

dv xvxdo, dqg wkh deryh prgdo rshudwruv144 Ohw 8�
_es
' =C=�/ ��

_es
' =M=�c

8R�
_es
' =CR=�/ �R�

_es
' =MR=� dqg/ iru hyhu| � 5 � / ���

_es
'

Y
@M���@�1 Wkxv

wkh lqwhqghg lqwhusuhwdwlrq lv=

8� = �dw vrph ixwxuh gdwh lw zloo eh wkh fdvh wkdw � �

�� = �dw vrph sdvw gdwh lw zdv wkh fdvh wkdw � �

8R� = �dw vrph suhglfwhg ixwxuh gdwh lw zloo eh wkh fdvh wkdw � �

�R� = �dw vrph sdvw gdwh dw zklfk wrgd| zdv suhglfwhg lw zdv wkh fdvh
wkdw � �

��� = �qr pdwwhu zkdw dfwlrq djhqw � wdnhv/ lw zloo eh wkh fdvh wkdw ��1

Uhpdun 41 Wkh qrwlrq wkdw djhqw � kdv wkh srzhu wr eulqj derxw wkdw � ru kdv
frqwuro ryhu � fdq eh h{suhvvhg e| wkh frqmxqfwlrq

#b
@M�

��@�

$
a =���

+wkdw lv/ wkh djhqw fdq eulqj derxw wkdw � zlwk vrph dfwlrq dqg lw lv qrw wkh fdvh
wkdw � krogv qr pdwwhu zkdw wkh djhqw grhv,145

44Wkh vhw � ri irupxodh lv wkxv rewdlqhg iurp wkh vhqwhqfh ohwwhuv e| forvlqj zlwk uhvshfw wr
qhjdwlrq/ glvmxqfwlrq dqg wkh rshudwruv J/ K/ Js/ Ks dqg �ld= +l, iru hyhu| s 5 V/ +s, 5 �/ +ll,
li !> # 5 � wkhq doo ri wkh iroorzlqj ehorqj wr �= +=!,/ +! b #,/ J!/ K!/ Js!/ Ks! dqg �ld!=

45Wkxv zh vlgh zlwk Fkhoodv +4<<5, lq �qglqj lw pruh ghvludeoh qrw wr lqfoxgh d qhjdwlyh
frqglwlrq lq wkh gh�qlwlrq ri �djhqw l eulqjv derxw +ru vhhv wr lw, wkdw !�1 Vhh/ lq sduwlfxodu/
wkh glvfxvvlrq lq Kruw| dqg Ehoqds +4<<8/ ss1 8<<0933,1
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Jlyhq dq dxjphqwhg EWD iudph rqh rewdlqv dprgho P edvhg rq lw e| dgglqj
d ixqfwlrq T G 7 $ 2A +zkhuh 2A ghqrwhv wkh vhw ri vxevhwv ri A � wkdw dvvrfldwhv
zlwk hyhu| vhqwhqfh ohwwhu R wkh vhw ri gdwhv dw zklfk R lv wuxh1 Iru qrq0prgdo
irupxodh wuxwk dw d srlqw lq d prgho lv gh�qhg dv xvxdo146 Ydolgdwlrq iru prgdo
irupxodh lv dv iroorzv=47

Pc | m' C� l� Pc |� m' � iru doo |� vxfk wkdw | ! |��

Pc | m' M� l� Pc |�� m' � iru doo |�� vxfk wkdw |�� ! |�

Pc | m' CR� l� Pc |� m' � iru doo |� vxfk wkdw | !R |
��

Pc | m' MR� l� Pc |�� m' � iru doo |�� vxfk wkdw |�� !R |�

Pc | m' ��@� l� Pc |� m' � iru doo |� vxfk wkdw |-�@|
�1

Lw iroorzv iurp wkh gh�qlwlrqv ri �� dqg -� wkdw

Pc | m' ��� l� Pc |� m' � iru doo |� vxfk wkdw |-�|
�1

D irupxod � lv ydolg lq prgho P li Pc | m' � iru doo | 5 A > lw lv ydolg rq d

iudph li lw lv ydolg lq hyhu| prgho edvhg rq lw1

Wkh vhpdqwlfv ri dxjphqwhg EWD iudphv fdq eh d{lrpdwl}hg dv iroorzv1 Gh0
qrwh e| Of wkh edvlf v|vwhp vshfl�hg e| wkh iroorzlqj d{lrp vfkhpdwd dqg uxohv
ri lqihuhqfh1

D{lrp vfkhpdwd= doo wkh fodvvlfdo wdxwrorjlhv dv zhoo dv wkh iroorzlqj

+D13d, CE� $ �� $ EC� $ C�� +D13e, CRE� $ �� $ ECR� $ CR��
+D13f, ME� $ �� $ EM� $ M�� +D13g, MRE� $ �� $ EMR� $ MR��
+D13h, ��@E� $ �� $ E��@� $ ��@��
+D13i, � $ C�� +D13j, � $ CR�R�
+D13k, � $ M8� +D13l, � $ MR8R�

46P> w m@ ! ghqrwhv wkdw ! lv wuxh dw wlph w lq prgho P dqgP> w 5 ! ghqrwhv wkdw ! lv idovh
dw w1 Iru d vhqwhqfh ohwwhu s/ P> w m@ s l� w 5 Y +s,> ixuwkhupruh/ P> w m@ =! l� P> w 5 ! dqg
P> w m@ +! b #, l� hlwkhu P> w m@ ! ru P> w m@ #1 Lw iroorzv wkdw P> w m@ +! a #, l� P> w m@ !

dqg P> w m@ #/ dqg P> w m@ +!$ #, l� P> w m@ ! lpsolhv P> w m@ #=
47Wkxv
P> w m@ I! l� P> w3 m@ ! iru vrph w3 zlwk w ! w3

P> w m@ S! l� P> w33 m@ ! iru vrph w33 zlwk w33 ! w

P> w m@ Is! l� P> w3 m@ ! iru vrph w3 zlwk w !s w
3

P> w m@ Ss! l� P> w33 m@ ! iru vrph w33 zlwk w33 !s w=

<



Uxohv ri lqihuhqfh=
Prgxv Srqhqv= iurp � dqg � $ � wr lqihu �/
Qhfhvvlwdwlrq= iurp � wr lqihu C�/ M�/ CR�/ MR� dqg ��@��

Ohw O� eh wkh h{whqvlrq ri Of rewdlqhg e| dgglqj wkh iroorzlqj d{lrp vfkhpdwd=48

+D14, C� $ CC�

+D15, �� a �� $ � E� a �� b � E� a ��� b � E�� a ��

+D16, C� $ ��@�

+D17, C� $ CR�

+D18, CR� $ CRCR�

+D19, CR� a 8� $ 8R�

+D1:d, �R� a �R� $ �RE� a �� b �RE� a �R�� b �RE�R� a ��

+D1:e, �R� a �� $ �RE� a �� b �RE� a ��� b �RE�� a ��

D irupxod � lv d wkhruhp ri O� l� lw fdq eh rewdlqhg lq d �qlwh qxpehu ri
vwhsv iurp wkh d{lrpv xvlqj wkh uxohv ri lqihuhqfh/ wkdw lv/ l� wkhuh lv d vhtxhqfh
k��c ���c �6l vxfk wkdw +l, �6 ' � dqg +ll, hdfk �� lv hlwkhu dq d{lrp ru lv rewdlqhg
iurp rqh ru pruh �& zlwk & 	 � e| xvlqj d uxoh ri lqihuhqfh1

Sursrvlwlrq 6141 +Vrxqgqhvv dqg Frpsohwhqhvv,1 Wkh iroorzlqj duh htxlydohqw=
+4, � lv d wkhruhp ri O�/
+5, � lv ydolg rq hyhu| dxjphqwhg EWD iudph1

Zh rplw wkh surri ri Sursrvlwlrq 6141 Erqdqqr +4<<;, suryhv vrxqgqhvv dqg
frpsohwhqhvv iru wkh v|vwhp zlwkrxw djhqwv +wkxv/ rq wkh vhpdqwlf vlgh/ iru iudphv
zlwkrxw wkh uhodwlrqv -�@ dqg/ rq wkh v|qwdfwlf vlgh/ iru d orjlf zlwkrxw wkh rshu0
dwruv ��@ dqg/ wkhuhiruh/ zlwkrxw d{lrpv +D13h, dqg +D16,,1 Wkh surri ri Sursr0
vlwlrq 614 lv dq h{whqvlrq ri wkdw uhvxow1

48Wkh d{lrpv kdyh ehhq qxpehuhg vr dv wr fruuhvsrqg wr wkh surshuwlhv ri iudphv1 Wkxv/ iru
3 � m � 9/ d{lrp +D1m, fruuhvsrqgv wr surshuw| +S1m, lq wkh vhqvh wkdw d iudph vdwlv�hv surshuw|
+S1m, li dqg rqo| li d{lrp +D1m, lv ydolg rq wkdw iudph1 Vlploduo|/ dv vkrzq lq Erqdqqr +4<<;,/
surshuw| +S1:, fruuhvsrqgv wr wkh frqmxqfwlrq ri +D1:d, dqg +D1:e,1
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71 H{whqvlyh jdphv zlwk shuihfw lqirupdwlrq

Lq wklv vhfwlrq zh vkrz wkdw dq h{whqvlyh jdph zlwk shuihfw lqirupdwlrq lv d vshfldo
fdvh ri d EWD iudph dqg wkdw wkh edfnzdug lqgxfwlrq vroxwlrq lv d vshfldo fdvh ri
d suhglfwlrq1 Lq Vhfwlrq 8 zh surylgh d fkdudfwhul}dwlrq ri edfnzdug lqgxfwlrq1

Uhfdoo wkdw d urrwhg wuhh lv d sdlu kAc�l zkhuh A lv d vhw ri qrghv dqg � lv
d elqdu| uhodwlrq rq A +li | � |� zh vd| wkdw | lpphgldwho| suhfhghv |� ru wkdw |�

lpphgldwho| vxffhhgv |, vdwlvi|lqj wkh iroorzlqj surshuwlhv=

41 wkhuh lv d xqltxh qrgh |f zlwk qr lpphgldwh suhghfhvvruv> lw lv fdoohg wkh
urrw/

51 iru hyhu| qrgh | 5 Aqi|fj wkhuh lv d xqltxh sdwk iurp |f wr |/ wkdw lv/ wkhuh
lv d xqltxh vhtxhqfh k%�c ���c %6l lq A zlwk %� ' |f/ %6 ' |/ dqg/ iru hyhu|
� ' �c ���6� �/ %� � %�n��

Jlyhq d urrwhg wuhh kAc�l/ d whuplqdo qrgh lv d | 5 A zklfk kdv qr lpphgldwh
vxffhvvruv1 Ohw ~ � A ghqrwh wkh vhw ri whuplqdo qrghv1 Lw lv hdv| wr vhh wkdw li
A lv �qlwh wkhq ~ 9' >�

Gh�qlwlrq 7141 D �qlwh h{whqvlyh irup zlwk shuihfw lqirupdwlrq lv d wxsoh
kAc�c�c l zkhuh kAc�l lv d �qlwh urrwhg wuhh/ � ' i�c ���c ?j lv d vhw ri sod|huv
dqg  G Aq~ $ � lv d ixqfwlrq wkdw dvvrfldwhv zlwk hyhu| qrq0whuplqdo ru ghflvlrq
qrgh wkh sod|hu zkr pryhv dw wkdw qrgh1 Li � ' E|� dqg | � |� zh vd| wkdw wkh
sdlu E|c |�� lv d fkrlfh ri sod|hu � dw qrgh |1

Iljxuh 7 ehorz vkrzv dq h{dpsoh ri dq h{whqvlyh irup zlwk shuihfw lqirupdwlrq
+ljqrulqj sd|r�v,1

Ohppd 7151 D �qlwh h{whqvlyh irup zlwk shuihfw lqirupdwlrq lv d vshfldo fdvh ri
d EWD iudph +fi1 Gh�qlwlrq 514,1

Surri1 Ohw ! eh wkh wudqvlwlyh forvxuh ri �/ wkdw lv/ | ! |� l� wkhuh lv d sdwk
iurp | wr |�1 Lw lv vwudljkwiruzdug wr vkrz wkdw ! vdwlv�hv surshuwlhv +S13,0+S16,
ri Gh�qlwlrq 5141 Ixuwkhupruh/ ohw � eh d vhw ri odehov zklfk lv lq rqh0wr0rqh
fruuhvsrqghqfh zlwk � +ylhzhg dv d vhw ri rughuhg sdluv,149 Jlyhq dq duelwudu|
E|c |�� 5�/ li @ 5 � lv wkh fruuhvsrqglqj odeho dqg � ' E|�/ wkhq +4, -�@ ' iE|c |��j
dqg +5, iru hyhu| � 9' �/ -�@ ' >1 Lw lv reylrxv wkdw surshuw| +S16, lv vdwlv�hg1

49Wkhuh duh rwkhu zd|v lq zklfk wkh vhw D ri dfwlrqv frxog eh gh�qhg/ h1j1 rqh frxog wdnh d
vhw ri odehov zlwk fduglqdolw| htxdo wr wkh pd{lpxp rxwghjuhh dprqj wkh qrghv lq W 1
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Gh�qlwlrq 7161 Jlyhq d �qlwh h{whqvlyh irup zlwk shuihfw lqirupdwlrq rqh re0
wdlqv d shuihfw lqirupdwlrq jdph e| dgglqj/ iru hyhu| � 5 � / d sd|r� ru xwlolw|

ixqfwlrq �� G ~ $ T +zkhuh ~ lv wkh vhw ri whuplqdo qrghv dqg T lv wkh vhw ri
udwlrqdo qxpehuv,1

Iljxuh 7 vkrzv d shuihfw lqirupdwlrq jdph zlwk wkuhh sod|huv1 Wkh yhf0
wru E%�c %2c %�� zulwwhq qh{w wr d whuplqdo qrgh 5 uhsuhvhqwv wkh sd|r� yhfwru
E��E5�c �2E5�c ��E5�� dqg wkhuh lv dq duurz iurp | wr |� li dqg rqo| li | � |�1 Iru
hyhu| ghflvlrq qrgh |/ wkh fruuhvsrqglqj sod|hu E|� lv zulwwhq qh{w wr lw1

W� W�

]� ]�]� ]�

W�

�

��

)LJXUH��

�
�
�

�
�
�

�
�
�

�
�
�
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3OD\HU �
V SD\RII

3OD\HU �
V SD\RII

D zhoo0nqrzq surfhgxuh iru vroylqj d shuihfw lqirupdwlrq jdph lv wkh edfnzdug
lqgxfwlrq dojrulwkp �uvw xvhg e| ]huphor +4<46, iru wkh jdph ri fkhvv1 Wkh
dojrulwkp vwduwv dw wkh hqg ri wkh jdph dqg surfhhgv edfnzdugv wrzdugv wkh
urrw=
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41 Vwduw iurp d ghflvlrq qrgh | zkrvh lpphgldwh vxffhvvruv duh rqo| whuplqdo
qrghv +h1j1 qrgh |� lq Iljxuh 7, dqg vhohfw rqh fkrlfh wkdw pd{lpl}hv wkh
xwlolw| ri sod|hu E|� +lq wkh h{dpsoh ri Iljxuh 7/ dw |� sod|hu 2 zrxog pdnh
wkh fkrlfh wkdw ohdgv wr qrgh 52 vlqfh lw jlyhv khu d sd|r� ri � udwkhu wkdq
f/ zklfk lv wkh sd|r� wkdw vkh zrxog jhw li wkh sod| surfhhghg wr qrgh
5�,1 Ghohwh wkh lpphgldwh vxffhvvruv ri | dqg dvvljq wr | wkh sd|r� yhfwru
dvvrfldwhg zlwk wkh vhohfwhg fkrlfh1

51 Uhshdw vwhs 4 xqwlo doo wkh ghflvlrq qrghv kdyh ehhq h{kdxvwhg1

Iljxuh 8 vkrzv d srvvleoh rxwfrph ri wkh edfnzdug lqgxfwlrq dojrulwkp iru
wkh jdph ri Iljxuh 71 Wkh fkrlfhv vhohfwhg e| wkh dojrulwkp duh vkrzq dv grwwhg
olqhv qh{w wr wkh fruuhvsrqglqj duurzv1

W� W�
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Qrwh wkdw wkh edfnzdug lqgxfwlrq dojrulwkp pd| |lhog pruh wkdq rqh vrox0
wlrq1 Pxowlsolflw| pd| dulvh li wkhuh duh sod|huv zkr kdyh pruh wkdq rqh xwlolw|0
pd{lpl}lqj fkrlfh1 Iru h{dpsoh/ lq wkh jdph ri Iljxuh 7 dw |2 erwk fkrlfhv duh
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rswlpdo iru Sod|hu 61 Wkh vhohfwlrq ri fkrlfh E|2c 5�� ohdgv wr wkh vroxwlrq vkrzq lq
Iljxuh 8/ zkloh wkh vhohfwlrq ri fkrlfh E|2c 5e� ohdgv wr d gl�huhqw vroxwlrq vkrzq
lq Iljxuh 91

W� W�
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Gh�qlwlrq 7171 D shuihfw lqirupdwlrq jdph lv jhqhulf li qr sod|hu lv lqgl�huhqw
ehwzhhq dq| wzr whuplqdo qrghv/ wkdw lv/ li ;� 5 �c ;5c 5� 5 ~ li ��E5� ' ��E5

��
wkhq 5 ' 5��

Uhpdun 51 Lq d jhqhulf jdph wkh edfnzdug lqgxfwlrq dojrulwkp |lhogv d xqltxh
vroxwlrq1

Wkh deryh h{dpsohv vxjjhvw d vlplodulw| ehwzhhq vroxwlrqv rewdlqhg xvlqj wkh
edfnzdug lqgxfwlrq dojrulwkp dqg wkh qrwlrq ri suhglfwlrq jlyhq lq Gh�qlwlrq 5161
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Zh qrz vkrz wkdw lqghhg d edfnzdug0lqgxfwlrq vroxwlrq lv d suhglfwlrq1 Wr gr
wklv zh qhhg wr jlyh d pruh suhflvh gh�qlwlrq ri edfnzdug0lqgxfwlrq1

Gh�qlwlrq 7181 Jlyhq d �qlwh shuihfw lqirupdwlrq jdph

Ac�c �c c i��j�M�

�
/

wkh vhw A& � A ri ohyho & qrghv +zlwk & � f, lv gh�qhg uhfxuvlyho| dv iroorzv=
+4, Af ' ~ +wkdw lv/ ohyho 3 qrghv duh doo dqg rqo| wkh whuplqdo qrghv,/
+5, iru & � �/ | 5 A& l� +d, | 5 Aq~/ +e, hyhu| lpphgldwh vxffhvvru ri | lv d

qrgh ri ohyho qrw juhdwhu wkdq & � �/ dqg +f, dw ohdvw rqh lpphgldwh vxffhvvru ri
| lv ri ohyho & � �1

Zh ghqrwh e| �E|� wkh ohyho ri qrgh | +wkxv | 5 A�E|�,1 Qrwh wkdw d qrgh | lv
ri ohyho & l� & lv wkh ohqjwk ri wkh pd{lpdo sdwk iurp | wr d whuplqdo qrgh/ dv
looxvwudwhg lq Iljxuh :1

)LJXUH��

OHYHO �

OHYHO �

OHYHO � OHYHO � OHYHO �

OHYHO �

OHYHO �

OHYHO �
OHYHO �

OHYHO �

OHYHO �

Gh�qlwlrq 7191 Jlyhq d �qlwh shuihfw lqirupdwlrq jdph

Ac�c �c c i��j�M�

�
gh�qh/ iru & � �/ d elqdu| uhodwlrq �

&
�U rq A dqg/ iru hyhu| � 5 �c wkh ixqfwlrq

�&� G A& $ T uhfxuvlyho| dv iroorzv=
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� gh�qlwlrq ri ��
�U =

+4, li | ��
�U |� wkhq +d, | 5 A� +wkdw lv/ | lv d ohyho04 qrgh, dqg | � |�/ +e,

�E|�E|
�� � �E|�E|

��� iru doo |�� vxfk wkdw | � |��/ +f, li | ��
�U |� dqg | ��

�U |��

wkhq |� ' |�� dqg

+5, | ��
�U |

� iru vrph |�>4:

� gh�qlwlrq ri ��� G A� $ T= ��� E|� ' �f� E|
�� zkhuh �f� ' �� dqg |� lv wkh xqltxh

qrgh vxfk wkdw | ��
�U |

�>4;

� gh�qlwlrq ri �&
�U iru & : �=

+4, li | �&
�U |

� wkhq +d, | 5 A& +wkdw lv/ | lv d ohyho0n qrgh, dqg | � |�/ +e,

�
�E|��
E|� E|

�� � �
�E|���
E|� E|��� iru doo |�� vxfk wkdw | � |��/ +f, li | �&

�U |
� dqg | �&

�U |
��

wkhq |� ' |�� dqg

+5, | �&
�U |

� iru vrph |�>

� gh�qlwlrq ri �&� G A& $ T= �&� E|� ' �
�E|��
� E|�� zkhuh |� lv wkh xqltxh qrgh vxfk

wkdw | �&
�U |

�1

Iru wkh h{dpsoh ri Iljxuh 9 deryh/ zh kdyh= ��
�U' iE|�c 52�c E|2c 5e�j c �2

�U'
iE|fc |��j/ E���E|2�c �

�
2E|2�c �

�
�E|2�� ' Efc �c ��/ E���E|��c �

�
2E|��c �

�
�E|��� ' E�c �c 2�/

E�2�E|f�c �
2
2E|f�c �

2
�E|f�� ' E�c �c 2�1

Gh�qlwlrq 71:1 Jlyhq d �qlwh shuihfw lqirupdwlrq jdph

Ac�c �c c i��j�M�

�
d

elqdu| uhodwlrq ��U rq A lv fdoohg d edfnzdug lqgxfwlrq uhodwlrq li

��U '

�E|f�^
&'�

�
&
�U

zkhuh wkh uhodwlrqv �&
�U duh rewdlqhg dffruglqj wr Gh�qlwlrq 7191

4:Wkxv�4

EL plplfv wkh �uvw vwhs ri wkh edfnzdug lqgxfwlrq dojrulwkp= iru hyhu| �odvw ghflvlrq
qrgh� w/ �4

EL dvvrfldwhv zlwk w d xqltxh lpphgldwh vxffhvvru w3 zklfk pd{lpl}hv wkh sd|r� ri
wkh sod|hu dvvljqhg wr qrgh w=

4;Wkxv/ iru hyhu| sod|hu l 5 Q / x4l dvvrfldwhv zlwk d ohyho04 ghflvlrq qrgh w wkh sd|r� dvvrfldwhg
zlwk wkh whuplqdo qrgh w3 vhohfwhg e| �4

EL 1 Wklv gh�qlwlrq fruuhvsrqgv wr wkh vwhs lq wkh
edfnzdug0lqgxfwlrq dojrulwkp ri suxqlqj wkh wuhh dqg pdnlqj w d whuplqdo qrgh zlwk wkh sd|r�
yhfwru dvvrfldwhg zlwk wkh whuplqdo qrgh wkdw iroorzv wkh fkrlfh vhohfwhg dw w1
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Wkxv/ iru wkh h{dpsoh ri Iljxuh 9/ ��U' iE|fc |��c E|�c 52�c E|2c 5e�j14<Qrwh wkdw

d jlyhq shuihfw lqirupdwlrq jdph pljkw kdyh pruh wkdw rqh edfnzdug0lqgxfwlrq
uhodwlrq1 Iru h{dpsoh/ iru wkh jdph ri Iljxuh 7/ rqh edfnzdug lqgxfwlrq uhodwlrq
lv wkh rqh mxvw ghvfulehg/ zklfk lv looxvwudwhg lq Iljxuh 9/ dqg d gl�huhqw rqh lv
��U' iE|fc |2�c E|�c 52�c E|2c 5��j/ zklfk lv looxvwudwhg lq Iljxuh 81

Wkh qh{w ohppd vkrzv wkdw d edfnzdug0lqgxfwlrq uhodwlrq ri d shuihfw lqiru0
pdwlrq jdph fdq eh ylhzhg dv d suhglfwlrq dffruglqj wr Gh�qlwlrq 5161

Ohppd 71;1 Ohw

Ac�c �c c i��j�M�

�
eh d �qlwh shuihfw lqirupdwlrq jdph dqg

��U d edfnzdug lqgxfwlrq uhodwlrq iru lw1 Ohw !R eh wkh wudqvlwlyh forvxuh ri
��U 1 Wkhq !R lv d suhglfwlrq lq wkh vhqvh ri Gh�qlwlrq 5161

Surri1 Zh qhhg wr vkrz wkdw !R vdwlv�hv surshuwlhv +S17,0+S1:, ri Gh�qlwlrq
5161 Iluvw ri doo/ lw lv fohdu iurp Gh�qlwlrq 719 wkdw !R lv d vxeuhodwlrq ri ! +wkh
wudqvlwlyh forvxuh ri �= vhh Ohppd 715,1 E| frqvwuxfwlrq/ !R lv wudqvlwlyh1 Lw lv
hdv| wr vhh iurp Gh�qlwlrq 719 wkdw | lv vxfk wkdw wkhuh lv qr |� zlwk | !R |

� rqo| li
| lv d whuplqdo qrgh +zklfk lv dovr wkh rqo| fdvh zkhuh wkhuh lv qr |� zlwk | ! |��>
wkxv surshuw| +S19, lv vdwlv�hg1 Ilqdoo|/ li |� !R |� dqg |� ! |2 dqg |2 ! |� wkhq=
+4, e| gh�qlwlrq ri !/ wkhuh lv d�0sdwk iurp |� wr |� wkurxjk |2/ +5, e| gh�qlwlrq
ri !R/ wkhuh lv d ��U0sdwk iurp |� wr |�/ zklfk/ vlqfh ��U lv d vxeuhodwlrq ri �/
lv dovr d �0sdwk iurp |� wr |�1 E| gh�qlwlrq ri wuhh/ wkh �0sdwk iurp |� wr |� lv
xqltxh> khqfh wkh ��U0sdwk iurp |� wr |� jrhv wkurxjk |2 1 Wkxv/ e| gh�qlwlrq ri
!R/ zh kdyh wkdw |� !R |2 dqg |2 !R |�/ wkdw lv/ surshuw| +S1:, lv vdwlv�hg1

Gh�qlwlrq 71<1 Jlyhq d shuihfw lqirupdwlrq jdph

Ac�c �c c i��j�M�

�
/ d uh0

odwlrq !R rq A lv fdoohg d edfnzdug lqgxfwlrq suhglfwlrq li !R lv wkh wudqvlwlyh
forvxuh ri d edfnzdug0lqgxfwlrq uhodwlrq ��U iru wkdw jdph1

Uhpdun 61 Hyhu| �qlwh shuihfw lqirupdwlrq jdph kdv dw ohdvw rqh edfnzdug0
lqgxfwlrq suhglfwlrq/ dowkrxjk/ dv qrwhg deryh/ lw pd| kdyh pruh wkdq rqh1 Krz0
hyhu/ lq jhqhulf jdphv +fi1 Gh�qlwlrq 717, wkh lv d xqltxh edfnzdug0lqgxfwlrq
suhglfwlrq1

Uhpdun 71 Lw lv fohdu iurp Gh�qlwlrqv 719/ 71: dqg 71< wkdw/

4<Lq jdph0wkhruhwlf whupv/�EL fruuhvsrqgv wr wkh vwudwhj| sur�oh dvvrfldwhg zlwk d edfnzdug
lqgxfwlrq vroxwlrq1
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+d, li | !R |
� dqg | !R |

�� dqg erwk |� dqg |�� duh lpphgldwh vxffhvvruv ri | wkhq
|� ' |��/

+e, iru hyhu| ghflvlrq qrgh | 5 Aq~/ wkhuh lv d xqltxh 5 5 ~ vxfk wkdw | !R 51

81 D fkdudfwhul}dwlrq ri edfnzdug lqgxfwlrq

Wkh uhodwlrqvkls ehwzhhq dq h{whqvlyh irup zlwk shuihfw lqirupdwlrq dqg d shuihfw
lqirupdwlrq jdph lv vlplodu wr wkh uhodwlrqvkls ehwzhhq d iudph dqg d prgho1
Ohppd 715 vkrzv wkdw dq h{whqvlyh irup zlwk shuihfw lqirupdwlrq lv d vshfldo
fdvh ri d EWD iudph1 Wr ylhz d shuihfw lqirupdwlrq jdph dv d prgho +dv gh�qhg
lq Vhfwlrq 6, doo zh qhhg wr gr lv lqfoxgh lq wkh vhw ri vhqwhqfhv +ru dwrplf
sursrvlwlrqv, vhqwhqfhv ri wkh irup E�� ' ^� zlwk � 5 � dqg ^ 5 T/ zkrvh
lqwhqghg lqwhusuhwdwlrq lv �sod|hu �*v xwlolw| +ru sd|r�, lv ^�1 Zh dovr qhhg wr dgg
wkh vwdqgdug rughulqj ri wkh udwlrqdo qxpehuv lq wkh irup ri vhqwhqfhv ri wkh irup
E^� � ^2� zkrvh lqwhqghg lqwhusuhwdwlrq lv �wkh udwlrqdo qxpehu ^� lv ohvv wkdq
ru htxdo wr wkh udwlrqdo qxpehu ^2�1 D jdph odqjxdjh lv d odqjxdjh rewdlqhg dv
h{sodlqhg lq Vhfwlrq 6 iurp d vhw ri vhqwhqfhv 7 wkdw lqfoxghv dwrplf sursrvlwlrqv
ri wkh irup E�� ' ^� dqg E^� � ^2�1

Gh�qlwlrq 8141 Ohw J eh d shuihfw lqirupdwlrq jdph dqg I eh wkh fruuhvsrqglqj
EWD iudph +fi1 Ohppd 715,1 D jdph prgho lv d prgho edvhg rq I +fi1 Vhfwlrq
6, rewdlqhg lq d jdph odqjxdjh e| dgglqj wr I d ydoxdwlrq T G 7 $ 2A vdwlvi|lqj
wkh iroorzlqj surshuwlhv=

� li R 5 7 lv ri wkh irup E^� � ^2� zlwk ^�c ^2 5 T wkhq

T ER� ' A li ^� � ^2 dqg T ER� ' > rwkhuzlvh

� li R 5 7 lv ri wkh irup E�� ' ^� wkhq

T ER� ' i5 5 ~ G ��E5� ' ^j1

Wkxv li P lv d jdph prgho wkhq/ ;| 5 A / Pc | m' E^� � ^2� li ^� lv ohvv wkdq ru
htxdo wr ^2 dqg Pc | m' =E^� � ^2� rwkhuzlvh> ixuwkhupruh/ Pc | m' E�� ' ^� li | lv
d whuplqdo qrgh zlwk ��E|� ' ^ dqg Pc | m' =E�� ' ^� li | lv hlwkhu d ghflvlrq qrgh
ru d whuplqdo qrgh zlwk ��E|� 9' ^1 Wkh ydoxdwlrq ri wkh rwkhu dwrplf irupxodh
dqg ri wkh qrq0dwrplf irupxodh lv dv h{sodlqhg lq Vhfwlrq 61
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Frqvlghu wkh iroorzlqj d{lrp vfkhph=

8RE�� ' ^� $ �� EEE�� ' o� b 8RE�� ' o�� $ Eo � ^�� +LF,

+LF, vd|v wkdw li dw vrph suhglfwhg ixwxuh wlph Sod|hu �*v sd|r� lv ^ wkhq/ qr
pdwwhu zkdw dfwlrq Sod|hu � wdnhv/ lw zloo eh wkh fdvh wkdw li Sod|hu �*v sd|r� lv/ ru
lv suhglfwhg wr eh/ o wkhq o lv qrw juhdwhu wkdq ^1 Lw zh wklqn ri wkh suhglfwlrq dv
d �uhfrpphqgdwlrq� wr wkh sod|huv/ wkhq +LF, vd|v wkdw li wkh uhfrpphqgdwlrq lv
wkdw +wkh jdph eh sod|hg lq vxfk d zd| wkdw, Sod|hu � jhw d sd|r� ri ^ wkhq lw lv
qrw srvvleoh iru Sod|hu � wr wdnh dq dfwlrq diwhu zklfk klv sd|r� lv juhdwhu wkdq ^ ru
wkh uhfrpphqgdwlrq lv wkdw +wkh jdph eh sod|hg lq vxfk d zd| wkdw, Sod|hu � jhw d
sd|r� juhdwhu wkdq ^1 Wkxv +LF, fdq eh ylhzhg dv h{suhvvlqj d qrwlrq ri lqwhuqdo
frqvlvwhqf| ri suhglfwlrq ru uhfrpphqgdwlrq +khqfh wkh qdph LF,/ lq wkh vhqvh
wkdw qr sod|hu fdq lqfuhdvh klv sd|r� e| ghyldwlqj iurp wkh uhfrpphqgdwlrq/
xvlqj wkh uhfrpphqgdwlrq lwvhoi wr suhglfw klv ixwxuh sd|r� diwhu wkh ghyldwlrq153

Wkh iroorzlqj sursrvlwlrqv vkrz wkdw d{lrp +LF, fkdudfwhul}hv wkh qrwlrq ri
edfnzdug lqgxfwlrq1

Sursrvlwlrq 8151 Ohw J eh d shuihfw lqirupdwlrq jdph dqg !R d edfnzdug lq0
gxfwlrq suhglfwlrq iru J +fi1 Gh�qlwlrq 71<,1 Wkhq d{lrp +LF, lv ydolg lq hyhu|
jdph prgho edvhg rq wkh dxjphqwhg iudph kI c!Rl/ zkhuh I lv wkh EWD iudph
dvvrfldwhg zlwk J +fi1 Ohppd 715,1

Surri1 Il{ dq duelwudu| jdph prgho P edvhg rq kI c!Rl1 Zh kdyh wr vkrz
wkdw hyhu| lqvwdqfh ri +LF, lv wuxh dw hyhu| | 5 A 1 Li | lv d whuplqdo qrgh/ wkhq
i|� 5 A G | !R |

�j ' > dqg wkhuhiruh Pc | m' =8RE�� ' ^� iru doo � 5 � dqg ^ 5 T�
Wkxv +LF, lv wuxh dw |1 Li | eh d ghflvlrq qrgh dqg � 9' E|� wkhq -�E|� ' > dqg
wkhuhiruh Pc | m' ��� iru hyhu| irupxod �> khqfh +LF, lv wuxh dw |1 Wkxv zh rqo|
qhhg wr frqvlghu wkh fdvh zkhuh | lv d ghflvlrq qrgh dqg � ' E|�1 Vxssrvh wkdw
+LF, lv idovh dw |1 Wkhq wkhuh duh qxpehuv ^c o 5 T vxfk wkdw

Pc | m' 8RE�� ' ^� +814,

dqg Pc | 5 �� EEE�� ' o� b 8RE�� ' o�� $ Eo � ^��/ wkdw lv/

53Dv uhpdunhg lq wkh lqwurgxfwlrq/ wkh qrwlrq ri lqwhuqdo frqvlvwhqf| lv gxh wr yrq Qhxpdqq
dqg Prujhqvwhuq +4<7:, dqg lv fhqwudo wr Mrvhsk Juhhqehuj*v +4<<3, wkhru| ri vrfldo vlwxdwlrqv1
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<|� 5 A G |-�|
� @?_ Pc |� m' EE�� ' o� b 8RE�� ' o�� a =Eo � ^��� +815,

E| Uhpdun 7 +Vhfwlrq 6, wkhuh lv d xqltxh 5 5 ~ vxfk wkdw | !R 51 E| +814,
��E5� ' ^� Ohw |�� eh wkh xqltxh lpphgldwh vxffhvvru ri | rq wkh !R0sdwk iurp |
wr 51 E| gh�qlwlrq ri -� +fi1 Ohppd 715,/ wkh |� ri +815, lv dovr dq lpphgldwh
vxffhvvru ri |1 Ohw 5� eh wkh xqltxh whuplqdo qrgh vxfk wkdw |� !R 5�1 Wkhq/ e|
+815,/ ��E5�� ' o dqg o : ^1 Wkxv

��E5
�� : ��E5�� +816,

E| Gh�qlwlrq 719/ ��E|
���

� E|��� ' ��E5�/ �
�E|��
� E|�� ' ��E5

�� dqg �
�E|���
� E|��� � �

�E|��
� E|��/

frqwudglfwlqj +816,1

Wkh qh{w sursrvlwlrq jlyhv d frqyhuvh wr Sursrvlwlrq 815 iru jhqhulf jdphv +fi1
Gh�qlwlrq 717,1

Sursrvlwlrq 8161 Ohw J eh d jhqhulf shuihfw lqirupdwlrq jdph/ I wkh dvvrfldwhg
EWD iudph dqg !R d suhglfwlrq iru I 1 Ohw P eh dq| jdph prgho edvhg rq
kI c!Rl +fi1 Gh�qlwlrq 814,1 Li d{lrp +LF, lv ydolg lq P wkhq !R lv wkh edfnzdug
lqgxfwlrq suhglfwlrq154

Surri1 Iluvw ri doo/ e| surshuw| +S17, ri Gh�qlwlrq 516 +!R vxeuhodwlrq ri !,/ doo
suhglfwlrqv frlqflgh zkhq uhvwulfwhg wr wkh vhw ri ohyho 3 +ru whuplqdo, qrghv +wkh|
duh htxdo wr wkh hpsw| vhw,1 Wkxv/ lq sduwlfxodu/ !R uhvwulfwhg wr Af frlqflghv
zlwk wkh edfnzdug0lqgxfwlrq suhglfwlrq uhvwulfwhg wr Af� Qrz zh vkrz wkdw !R

uhvwulfwhg wr A� +wkh vhw ri ohyho 4 qrghv= fi1 Gh�qlwlrq 718, frlqflghv zlwk wkh
uhvwulfwlrq ri wkh edfnzdug0lqgxfwlrq suhglfwlrq wr A�1 Ohw 	| 5 A� dqg ohw 	~ '
i5 5 ~ G 	| � 5j1 E| Surshuwlhv +S17, dqg +S19, ri Gh�qlwlrq 516 +!R vxeuhodwlrq
ri !/ dqg !R vhuldo li ! lv vhuldo,/ 	~ _ i| 5 A G 	| !R |j 9' >1 Il{ dq duelwudu|
	5 5 	~ _ i| 5 A G 	| !R |j1 Wkhq/ ohwwlqj � ' E	|� dqg ^ ' ��E	5�/

Pc 	| m' 8RE�� ' ^�� +817,

54Uhfdoo wkdw lq jhqhulf jdphv wkhuh lv d xqltxh edfnzdug lqgxfwlrq suhglfwlrq1 Qrwh dovr
wkdw wkh vwdwhphqwv �+LF, lv ydolg lq d jdph prgho edvhg rq kI >!sl� dqg �+LF, lv ydolg lq hyhu|

jdph prgho edvhg rq kI >!sl� duh htxlydohqw/ vlqfh +LF, lv pdgh xs rqo| ri dwrplf sursrvlwlrqv
ri wkh irup +xl @ t, dqg +u � t, dqg wkh ydoxdwlrqv ri gl�huhqw prghov frlqflgh rq wklv fodvv ri
dwrplf sursrvlwlrqv1
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Ixuwkhupruh/ lw pxvw eh wkh fdvh wkdw

^ � ��E5�c ;5 5 	~� +818,

Lq idfw/ vxssrvh wkdw/ iru vrph 5� 5 	~/ ��E5�� ' o : ^� Wkhq Pc 5� m' E�� '
o� a =Eo � ^�1 Vlqfh 	|-�5

�/ Pc 	| m' =�� EE�� ' o� $ Eo � ^��1 Wkxv/ e| +817, +LF,
zrxog eh idovh dw 	|/ frqwudu| wr wkh k|srwkhvlv wkdw +LF, lv ydolg lq P1 Vlqfh
wkh jdph lv jhqhulf/ li 5 5 	~ lv vxfk wkdw 5 9' 	5 wkhq/ e| +818,/ ��E5� 	 ^> lw
iroorzv wkdw i| 5 A G 	| !R |j ' i	5j1 Wkxv/ uhvwulfwhg wr A�/ !R frlqflghv zlwk
wkh edfnzdug lqgxfwlrq suhglfwlrq1 Qh{w zh vkrz wkdw li !R dqg wkh edfnzdug0
lqgxfwlrq suhglfwlrq frlqflgh zkhq uhvwulfwhg wr

V&

�'f A& iru & � �/ wkhq wkh|

frlqflgh zkhq uhvwulfwhg wr A&n�1 Il{ dq duelwudu| 	| 5 A&n�1 E| Surshuw| +S19, ri
Gh�qlwlrq 516/ <|�� 5 A vxfk wkdw 	| !R |

��1 Li |�� lv qrw d whuplqdo qrgh/ ohw |� eh wkh
xqltxh lpphgldwh vxffhvvru ri 	| rq wkh !0sdwk iurp 	| wr |��1 Wkhq/ e| Surshuw|
+S1:, ri Gh�qlwlrq 516/ 	| !R |

�1 Fohduo|/ �E|�� � &> khqfh/ e| rxu vxssrvlwlrq wkdw
!R frlqflghv zlwk wkh edfnzdug0lqgxfwlrq suhglfwlrq zkhq uhvwulfwhg wr

V&

�'f A&/

wkhuh lv d xqltxh 5� 5 ~ vxfk wkdw |� !R 5
�1 Ohw � ' E	|�dqg ^ ' ��E5

���Wkhq

Pc 	| m' 8RE�� ' ^�� +819,

Iru hyhu| | 5 A vxfk wkdw 	| � |/ li | lv qrw d whuplqdo qrgh ohw 5| eh wkh xqltxh
whuplqdo qrgh vxfk wkdw | !R 5| +rqfh djdlq/ xqltxhqhvv lv jxdudqwhhg e| rxu
vxssrvlwlrq> li | lv d whuplqdo qrgh/ ohw 5| ' |,1 Zh zdqw wr vkrz wkdw

��E5|�� � ��E5|�c ;| 5 A G 	| � | +81:,

Vxssrvh qrw1 Wkhq wkhuh h{lvwv d �| 5 A vxfk wkdw 	| � �| dqg ��E5�|� ' o :
^ ' ��E5|��1 Wzr fdvhv duh srvvleoh= +4, �| 5 ~/ ru +5, �| *5 ~1 Lq fdvh +4,/
Pc �| m' E�� ' o�a=Eo � ^�czkloh lq fdvh +5, Pc �| m' 8RE�� ' o� a=Eo � ^�1 Wkxv
lq hlwkhu fdvh Pc 	| m' =�� EEE�� ' o� b 8RE�� ' o�� $ Eo � ^��1 Khqfh/ e| +819,/
+LF, lv idovh dw 	|/ frqwudglfwlqj wkh k|srwkhvlv wkdw +LF, lv ydolg lq P1 Vlqfh wkh
jdph lv jhqhulf/ lw iroorzv iurp +81:, wkdw i5 5 ~ G 	| !R 5j ' i5|�j dqg/ wkhuhiruh/
li | lv dq lpphgldwh vxffhvvru ri 	| dqg 	| !R | wkhq | ' |�1 Wkxv wkh uhvwulfwlrq
ri !R wr A&n� frlqflghv zlwk wkh uhvwulfwlrq wr A&n� ri wkh edfnzdug lqgxfwlrq
suhglfwlrq1

Wkh uhdvrq zk| Sursrvlwlrq 816 lv qrw wuxh/ dv vwdwhg/ iru qrq0jhqhulf jdphv
lv wkdw +fi1 Uhpdun 7,/ zkloh d edfnzdug lqgxfwlrq suhglfwlrq lv vxfk wkdw wkh
suhglfwhg ixwxuh ri dq| qrgh | lv dozd|v d xqltxh sdwk/ lq qrq0jhqhulf jdphv lw
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lv srvvleoh wr vdwlvi| +LF, zlwk d uhodwlrq wkdw lqfoxghv pruh wkdq rqh sdwk rxw
ri vrph qrghv1 Wklv lv looxvwudwhg lq Iljxuh ; ehorz/ zkhuh +d, dqg +e, duh wkh
rqo| edfnzdug lqgxfwlrq uhodwlrqv/ zkloh wkh uhodwlrq looxvwudwhg lq +f, lv qrw d
edfnzdug0lqgxfwlrq uhodwlrq> krzhyhu/ lw lv hdv| wr vhh wkdw doo wkuhh ydolgdwh +LF,
lq hyhu| prgho edvhg rq wklv jdph1
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Lq rughu wr jhqhudol}h Sursrvlwlrq 816 wr qrq0jhqhulf jdphv zh qhhg wkh iro0
orzlqj ohppd1

Ohppd 8171 Ohw J eh d shuihfw lqirupdwlrq jdph/ I wkh fruuhvsrqglqj EWD
iudph dqg !R d suhglfwlrq iru I 1 Ohw P eh d jdph prgho edvhg rq kI c!Rl
zkhuh d{lrp +LF, lv ydolg1 Wkhq/ ;| 5 Ac ;^�c ^2 5 T/

li Pc | m' 8RE�E|� ' ^�� a 8RE�E|� ' ^2� wkhq ^� ' ^2�

Surri1 Il{ dq duelwudu| | 5 A dqg ohw � ' E|�1 Vxssrvh wkdw

Pc | m' 8RE�� ' ^�� a 8RE�� ' ^2�� +81;,

Vlqfh +LF, lv wuxh dw |/ iru hyhu| o 5 T/

Pc | m' �� EEE�� ' o� b 8RE�� ' o�� $ Eo � ^��� +81<,

dqg

Pc | m' �� EEE�� ' o� b 8RE�� ' o�� $ Eo � ^2�� +8143,

Ixuwkhupruh/ e| +81;,/ wkhuh h{lvw 5�c 52 5 ~ vxfk wkdw | !R 5�/ | !R 52/ ��E5�� ' ^�
dqg ��E52� ' ^21 Iru � ' �c 2 ohw |� eh wkh lpphgldwh vxffhvvru ri | rq wkh !0sdwk
iurp | wr 5�1 Wkhq

|-�|� dqg |-�|2� +8144,

Ixuwkhupruh/ e| Surshuw| +S1:, ri Gh�qlwlrq 71</ hlwkhu |� ' 5� ru |� !R 5� dqg
hlwkhu |2 ' 52 ru |2 !R 521 Khqfh

Pc |� m' E�� ' ^�� b 8RE�� ' ^�� +8145,

dqg

Pc |2 m' E�� ' ^2� b 8RE�� ' ^2�� +8146,

Lw iroorzv iurp +81<,/ +8144, dqg +8145, wkdw/ iru doo o 5 T/ Pc |� m' Eo � ^��> lq
sduwlfxodu/ Pc |� m' E^2 � ^��1 Vlploduo|/ lw iroorzv iurp +8143,/ +8144, dqg +8146,
wkdw Pc |2 m' E^� � ^2�1 Khqfh/ e| Gh�qlwlrq 814/ ^� ' ^21
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Gh�qlwlrq 8181 Jlyhq d shuihfw lqirupdwlrq jdph

Ac�c �c c i��j�M�

�
/ ohw �e^

eh d vxeuhodwlrq ri � dqg ohw ��U eh d edfnzdug0lqgxfwlrq uhodwlrq +fi1 Gh�ql0
wlrq 71:,1 Zh vd| wkdw �e^ lv htxlydohqw wr ��U li

+4, �e^ frqwdlqv ��U dqg
+5, li E|c |�� 5�e^ dqg E|c |�� *5��U wkhq/ ohwwlqj 5 eh wkh xqltxh whuplqdo qrgh

��U0uhdfkdeoh iurp | dqg 5� eh wkh xqltxh whuplqdo qrgh ��U0uhdfkdeoh iurp |�/
�E|�E5� ' �E|�E5

��1

Wkxv d vxshu0uhodwlrq ri d edfnzdug0lqgxfwlrq uhodwlrq lv htxlydohqw wr lw li/
zkhqhyhu dq duurz iurp d qrgh | wr rqh ri lwv lpphgldwh vxffhvvruv lv dgghg wr
wkh edfnzdug0lqgxfwlrq uhodwlrq/ wkh sod|hu zkr pryhv dw | lv lqgl�huhqw ehwzhhq
wkh whuplqdo qrgh uhdfkdeoh iurp | e| wkh edfnzdug0lqgxfwlrq uhodwlrq dqg dq|
rwkhu whuplqdo qrgh wkdw ehfrphv uhdfkdeoh gxh wr wkh dgglwlrq1

Gh�qlwlrq 8191 D suhglfwlrq iru d shuihfw lqirupdwlrq jdph lv htxlydohqw wr d
edfnzdug0lqgxfwlrq suhglfwlrq li lw lv wkh wudqvlwlyh forvxuh ri d vxeuhodwlrq ri �
zklfk lv htxlydohqw wr d edfnzdug0lqgxfwlrq uhodwlrq1

Wkh iroorzlqj sursrvlwlrq jhqhudol}hv Sursrvlwlrq 816 wr shuihfw lqirupdwlrq
jdphv wkdw duh qrw qhfhvvdulo| jhqhulf1

Sursrvlwlrq 81:1 Ohw J eh d shuihfw lqirupdwlrq jdph/ I wkh dvvrfldwhg EWD
iudph dqg !R d suhglfwlrq iru I 1 Ohw P eh dq| jdph prgho edvhg rq kI c!Rl1 Li
d{lrp +LF, lv ydolg lqP wkhq !R lv htxlydohqw wr d edfnzdug lqgxfwlrq suhglfwlrq1

Zh rplw wkh surri ri Sursrvlwlrq 81: vlqfh lw iroorzv gluhfwo| iurp Ohppd 817
zlwk dq dujxphqw vlplodu wr wkh rqh xvhg lq wkh surri ri Sursrvlwlrq 8161

91 Frqfoxvlrq

Wkh orjlfdo irxqgdwlrqv ri jdph0wkhruhwlf vroxwlrq frqfhswv kdyh vr idu ehhq gh0
yhorshg zlwklq wkh frq�qhv ri hslvwhplf orjlf1 Wkh sxusrvh ri wklv sdshu zdv wr
vkrz wkdw d gl�huhqw eudqfk ri prgdo orjlf/ qdpho| whpsrudo orjlf/ fdq r�hu qhz
lqvljkwv rq wkh orjlf ri vroxwlrq frqfhswv1 Zh sursrvhg wr ylhz wkh vroxwlrq ri
d jdph dv d frpsohwh suhglfwlrq derxw ixwxuh sod|1 Diwhu kdylqj h{whqghg wkh
eudqfklqj wlph iudphzrun e| dgglqj djhqwv dqg e| gh�qlqj wkh qrwlrq ri suh0
glfwlrq/ zh vkrzhg wkdw shuihfw lqirupdwlrq jdphv duh d vshfldo fdvh ri h{whqghg
eudqfklqj wlph iudphv dqg wkdw wkh edfnzdug0lqgxfwlrq vroxwlrq fdq eh ylhzhg dv
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d suhglfwlrq1 Zh frqfoxghg e| surylglqj d fkdudfwhul}dwlrq ri edfnzdug lqgxfwlrq
lq whupv ri wkh surshuw| ri lqwhuqdo frqvlvwhqf| ri suhglfwlrq1

Wkh dqdo|vlv lq wklv sdshu zdv frq�qhg wr shuihfw lqirupdwlrq jdphv1 Lq ixwxuh
zrun zh krsh wr h{whqg wklv dssurdfk wr jhqhudo jdphv lq h{whqvlyh irup1

Uhihuhqfhv

^4` Edwwljdool/ Slhusdror dqg Jldfrpr Erqdqqr +4<<;,/ Uhfhqw uhvxowv rq eholhi/
nqrzohgjh dqg wkh hslvwhplf irxqgdwlrqv ri jdph wkhru|/ Zrunlqj Sdshu/
Xqlyhuvlw| ri Fdoliruqld Gdylv ^iruwkfrplqj lq Uhvhdufk lq Hfrqrplfv`1

^5` Ehoqds/ Qxho dqg Plfkdho Shuor� +4<;;,/ Vhhlqj wr lw wkdw= d fdqrqlfdo irup
iru djhqwlyhv/ Wkhruld/ 87= 4:804<<1

^6` ydq Ehqwkhp/ Mrkdq/ Wkh orjlf ri wlph/ Noxzhu Dfdghplf Sxeolvkhuv/ 4<<41

^7` Erqdqqr/ Jldfrpr +4<<;,/ Wkh orjlf ri suhglfwlrq/ Zrunlqj Sdshu/ Xqlyhu0
vlw| ri Fdoliruqld Gdylv1

^8` Exujhvv/ Mrkq/ Edvlf whqvh orjlf/ lq= G1 Jdeed| dqg I1 Jxhqwkqhu +hgv1,/
Kdqgerrn ri sklorvrsklfdo orjlf/ Yro1 LL/ 4<;7/ ;<0466/ G1 Uhlgho Sxeolvklqj
Frpsdq|1

^9` Fkhoodv/ Euldq +4<<5,/ Wlph dqg prgdolw| lq wkh orjlf ri djhqf|/ Vwxgld Orj0

lfd/ 84= 7;8084:1

^:` Ghnho/ Hgglh dqg Iduxn Jxo +4<<:,1 Udwlrqdolw| dqg nqrzohgjh lq jdph wkh0
ru|1 lq Dgydqfhv lq Hfrqrplfv dqg Hfrqrphwulfv +G1 Nuhsv dqg N1 Zdoolv/
Hgv1,1 Fdpeulgjh XN= Fdpeulgjh Xqlyhuvlw| Suhvv1

^;` ydq Iuddvvhq/ Edv/ Eholhi dqg wkh zloo/ Mrxuqdo ri Sklorvrsk|/ 4<;7/ ;4= 5680
5891

^<` Ixghqehuj/ Guhz dqg Mhdq Wluroh +4<<4,1 Jdph Wkhru|1 Fdpeulgjh PD=
PLW Suhvv1

^43` Jrogeodww/ Urehuw/ Orjlfv ri wlph dqg frpsxwdwlrq/ FVOL Ohfwxuh Qrwhv Qr1
:/ 4<<51

^44` Juhhqehuj/ Mrvhsk +4<<3,/ Wkh wkhru| ri vrfldo vlwxdwlrqv/ Fdpeulgjh Xql0
yhuvlw| Suhvv1
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^45` Kdoslq/ Mrkq/ Lqghwhuplqlvp/ lqghwhuplqdwhqhvv/ dqg whqvh orjlf/ Mrxuqdo ri
Sklorvrsklfdo Orjlf/ 4<;;/ 4:=53:054<1

^46` Kruw|/ Mrkq +4<<9,/ Djhqf| dqg reoljdwlrq/ V|qwkhvh/ 43;= 59<063:1

^47` Kruw|/ Mrkq dqg Qxho Ehoqds +4<<8,/ Wkh gholehudwlyh vwlw= d vwxg| ri dfwlrq/
rplvvlrq/ delolw| dqg reoljdwlrq/ Mrxuqdo ri Sklorvrsklfdo Orjlf/ 57= 8;609771

^48` yrq Qhxpdqq/ Mrkq dqg Rvfdu Prujhqvwhuq +4<7:,/ Wkhru| ri jdphv dqg

hfrqrplf ehkdylru/ Sulqfhwrq Xqlyhuvlw| Suhvv1

^49` Ûkuvwuûp/ Shwhu dqg Shu I1 Y1 Kdvoh/ Whpsrudo orjlf/ Noxzhu/ 4<<81

^4:` Rveruqh/ Pduwlq dqg Dulho Uxelqvwhlq +4<<7,= D Frxuvh lq Jdph Wkhru|1
Fdpeulgjh PD= PLW Suhvv1

^4;` ]huphor/ H1 +4<46,/ ßehu hlqh Dqzhqgxqj ghu Phqjhqohkuh dxi glh Wkhr0
ulh ghv Vfkdfkvslhov/ lq= H1Z1 Krevrq dqg D1H1K1 Oryh/ Hgv1/ Suhfhhglqjv
ri wkh Iliwk Lqwhuqdwlrqdo Frqjuhvv ri Pdwkhpdwlfldqv/ Yro1 LL/ Fdpeulgjh
Xqlyhuvlw| Suhvv/ ss1 83408371
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