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WKH ORJLF RI SUHGLFWLRQ

Jldfrpr Erqdqqr�

Ghsduwphqw ri Hfrqrplfv/

Xqlyhuvlw| ri Fdoliruqld/

Gdylv/ FD <89490;8:; XVD

h0pdlo= jierqdqqrCxfgdylv1hgx

zzz1hfrq1xfgdylv1hgx2�erqdqqr

Wklv yhuvlrq= Vhswhpehu 56/ 4<<;

+Iluvw gudiw= Mxo| 4<<;,

Nh|zrugv= whqvh orjlf/ eudqfklqj wlph/ suhglfwlrq/ eholhi1

Devwudfw

Zkhq zh pdnh d qrq0wulyldo suhglfwlrq derxw wkh ixwxuh zh vhohfw/
dprqj wkh frqfhlydeoh ixwxuh ghvfulswlrqv ri wkh zruog/ wkrvh wkdw dsshdu
wr xv wr eh prvw olnho|1 Zlwklq d eudqfklqj0wlph iudphzrun zh fdswxuh
wklv e| phdqv ri wzr elqdu| uhodwlrqv/ !S dqg !R1 Li w� dqg w2 duh gl�huhqw
srlqwv lq wlph/ zh lqwhusuhw w� !S w2 dv vd|lqj wkdw w2 lv lq wkh frqfhlydeoh

ixwxuh ri w�/ zkloh w� !R w2 lv lqwhusuhwhg wr phdq wkdw w2 lv lq wkh suhglfwhg

ixwxuh ri w�= Zh sursrvh wkh iroorzlqj qrwlrq ri �frqvlvwhqf| ri suhglfwlrq0
v�1 Vxssrvh wkdw dw w� vrph ixwxuh prphqw w2 lv suhglfwhg wr rffxu/ wkhq
+d, hyhu| prphqw w ehwzhhq w� dqg w2 vkrxog dovr eh suhglfwhg dw w� dqg
+e, wkh suhglfwlrq ri w2 vkrxog frqwlqxh wr krog dw hyhu| w ehwzhhq w� dqg
w21 Zh surylgh d vrxqg dqg frpsohwh d{lrpdwl}dwlrq iru wklv qrwlrq ri
frqvlvwhqf|1

�L dp yhu| judwhixo wr Mrkdq ydq Ehqwkhp dqg \gh Yhqhpd iru wkh h{wuhph fduh zlwk zklfk
wkh| uhdg wkh �uvw gudiw dqg iru lpsruwdqw vxjjhvwlrqv rq krz wr lpsuryh wkh sdshu1 L dovr
ehqh�whg iurp frpphqwv e| Sdwulfn Eodfnexuq/ Mrh Kdoshuq/ Pdduwhq gh Ulmnh/ Ulfkprqg
Wkrpdvrq dqg Iudqn Zrowhu1



41 Lqwurgxfwlrq

Zkhq zh pdnh d qrq0wulyldo suhglfwlrq derxw wkh ixwxuh zh vhohfw/ dprqj wkh
frqfhlydeoh ixwxuh ghvfulswlrqv ri wkh zruog/ wkrvh wkdw dsshdu wr xv wr eh prvw
olnho|1 Wkxv wkh frqfhsw ri suhglfwlrq lqyroyhv +dw ohdvw, wkuhh qrwlrqv= +4, wlph
+suhglfwlrqv duh derxw wkh ixwxuh,4/ +5, frqfhlydeoh ixwxuh vwdwhv ri wkh zruog dqg
+6, d vhohfwlrq iurp wkh vhw ri frqfhlydeoh vwdwhv ri wkrvh wkdw duh frqvlghuhg olnho|1
Zh sursrvh d v|vwhp ri prgdo orjlf wkdw lqfrusrudwhv wkhvh wkuhh hohphqwv1 Iluvw
ri doo/ wkh qrwlrq ri d pxowlsolflw| ri srvvleoh ixwxuh vwdwhv lv fdswxuhg e| zkdw
lv nqrzq lq whpsrudo orjlf dv eudqfklqj wlph +vhh/ iru h{dpsoh/ ydq Ehqwkhp/
4<<4/ Exujhvv/ 4<;7/ Jrogeodww/ 4<<5/ Kdoslq/ 4<;;/ Ûkuvwuûp dqg Kdvoh/ 4<<8,1
Vhfrqgo|/ wr fdswxuh wkh glvwlqfwlrq ehwzhhq frqfhlydeoh dqg olnho| ixwxuh srvvl0
elolwlhv zh lqwurgxfh wzr elqdu| uhodwlrqv/ !S dqg !R1 Li |� dqg |2 duh gl�huhqw
srlqwv lq wlph/ zh lqwhusuhw |� !S |2 dv vd|lqj wkdw |2 lv lq wkh frqfhlydeoh ixwxuh
ri |�/ zkloh |� !R |2 lv lqwhusuhwhg wr phdq wkdw |2 lv lq wkh suhglfwhg ixwxuh ri |��
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Iljxuh 4

4D Fklqhvh suryhue vd|v/ �Suhglfwlrq lv gl!fxow/ hvshfldoo| zlwk uhjdug wr wkh ixwxuh�1
5Wklv gxdo iudphzrun lv uhplqlvfhqw ri wkh mrlqw wuhdwphqw +lq dqrwkhu eudqfk ri prgdo orjlf,

ri nqrzohgjh dqg eholhi +vhh/ iru h{dpsoh/ Kdoshuq/ 4<<4/ Klqwlnnd/ 4<95/ ydq ghu Krhn/ 4<<6/
Nudxv dqg Ohkpdq/ 4<;;/ Ohq}hq/ 4<:;,1 Lqghhg pdnlqj d suhglfwlrq lv hvvhqwldoo| h{suhvvlqj d
eholhi derxw wkh ixwxuh1 Wkh vhw ri frqfhlydeoh ixwxuh vwdwhv fdq eh wkrxjkw ri dv zkdw zh �nqrz�
derxw wkh ixwxuh/ zkloh wkh vhw ri olnho| ixwxuh ghyhorsphqwv uhsuhvhqwv zkdw zh �eholhyh� derxw
wkh ixwxuh1
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Wkh pdlq txhvwlrq zh dgguhvv lv zkdw �frqvlvwhqf|� surshuwlhv rxjkw wr eh
lpsrvhg rq wkh qrwlrq ri suhglfwlrq1 Zh sursrvh wkh iroorzlqj1 Vxssrvh wkdw dw
wlph |� d frqfhlydeoh ixwxuh ghyhorsphqw lv uhsuhvhqwhg e| wkh sdwk |�|2|� +wkdw
lv/ |� !S |2 dqg |2 !S |�,1 Wklv lv vkrzq lq Iljxuh 4/ zkhuh wkhuh lv d +frqwlqxrxv,
duurz odehoohg cf* iurp | wr |� li dqg rqo| li | !S |

�1 Vxssrvh dovr wkdw |� olhv lq
wkh suhglfwhg ixwxuh ri |� +wkdw lv/ |� !R |�= wklv lv vkrzq lq Iljxuh 4 e| d grwwhg
duurz odehoohg cs* iurp |�wr |�,1 Wkhq zh lpsrvh wkh iroorzlqj uhtxluhphqwv=

� +d, vlqfh uhdfklqj |� uhtxluhv jrlqj wkurxjk |2/ |2 vkrxog olh lq wkh suhglfwhg
ixwxuh ri |� +wkdw lv/ |� !R |2,/ dqg

� +e, vlqfh uhdfklqj |2 lv frqvlvwhqw zlwk +lv d sduwldo uhdol}dwlrq ri, wkh suh0
glfwlrq wkdw |� zloo eh uhdfkhg/ wkh suhglfwlrq vkrxog frqwlqxh wr krog dw |2/
wkdw lv/ |� vkrxog eh lq wkh suhglfwhg ixwxuh ri |2 +|2 !R |�,1

Zh surylgh d vrxqg dqg frpsohwh d{lrpdwl}dwlrq ri wklv qrwlrq ri wlph frq0
vlvwhqf|1 Wkh vhpdqwlfv lv vwxglhg lq Vhfwlrq 5/ zkloh wkh v|qwd{ lv ghyhorshg lq
Vhfwlrq 6/ zkhuh wkh vrxqgqhvv dqg frpsohwhqhvv wkhruhpv duh suryhg1 Vhfwlrq 7
glvfxvvhv srvvleoh h{whqvlrqv/ zkloh Vhfwlrq 8 frqwdlqv frqfoxglqj uhpdun1

51 Vhpdqwlfv

Zh frqvlghu zkdw lv nqrzq lq sklorvrsk| dv eudqfklqj wlph1 Ohw A eh d vhw ri wlph
lqvwdqwv +hdfk lqvwdqw zloo eh lqwhusuhwhg dv d vwdwh ri wkh zruog dw d wlph, dqg
!S dqg !R elqdu| uhodwlrqv rq A 1 Li |� !S |2 zh vd| wkdw |2 lv lq wkh frqfhlydeoh
ixwxuh ri |�/ zkloh li |� !R |2 zh vd| wkdw |2 lv lq wkh suhglfwhg ixwxuh ri |�1

Gh�qlwlrq 5141 D iudph lv d wulsoh I ' kAc!Sc!Rl zkhuh A lv d +srvvleo| lq�0
qlwh, vhw dqg !S dqg !R duh elqdu| uhodwlrqv rq A 1 D wuhh0iudph lv d iudph wkdw
vdwlv�hv wkh iroorzlqj surshuwlhv= ;|�c |2c |� 5 Ac

+U13, dqwlv|pphwu| ri !S= li |� !S |2 wkhq |2 	S |�/

+U14, wudqvlwlylw| ri !S= li |� !S |2 dqg |2 !S |� wkhq |� !S |�/

+U15, edfnzdug olqhdulw| ri !S= li |� !S |� dqg |2 !S |� wkhq
hlwkhu |� ' |2 ru |� !S |2 ru |2 !S |�/

+U16, !R vxeuhodwlrq ri !S= li |� !R |2 wkhq |� !S |2/
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+U17, wudqvlwlylw| ri !R= li |� !R |2 dqg |2 !R |� wkhq |� !R |�1

+U13,0+U15, frqvwlwxwh wkh gh�qlwlrq ri eudqfklqj wlph lq whpsrudo orjlf16 Lq
sduwlfxodu/ +U15, h{suhvvhv wkh qrwlrq wkdw/ zkloh d jlyhq prphqw pd| kdyh gl�hu0
hqw srvvleoh ixwxuhv/ lwv sdvw lv vhwwohg1 +U16, fdswxuhv wkh qrwlrq wkdw suhglfwlqj
wkh ixwxuh frqvlvwv lq vhohfwlqj d vxevhw ri wkh frqfhlydeoh ixwxuh vwdwhv= wkrvh
wkdw duh eholhyhg wr eh prvw olnho|1 Wkh lqwhusuhwdwlrq ri !R lq whupv ri suh0
glfwlrq +l1h1 eholhi derxw wkh ixwxuh, pdnhv +U17, d qdwxudo uhtxluhphqw= lw fdq
eh ylhzhg dv lqfrusrudwlqj d sulqflsoh ri frkhuhqfh ri eholhi yhu| forvh lq vslulw
wr ydq Iuddvvhq*v Uh hfwlrq Sulqflsoh +ydq Iudvvhq/ 4<;7,1 Li/ qrz/ L frqvlghu lw
srvvleoh wkdw dw vrph ixwxuh wlph Ludt vkrrwv grzq d XV uhfrqqdlvvdqfh sodqh
dqg lq d vwdwh ri d�dluv zkhuh wklv glg kdsshq L zrxog frqvlghu lw srvvleoh wkdw
wkh XV zrxog uhwdoldwh zlwk dq dlu vwulnh/ wkhq L pxvw qrz frqvlghu srvvleoh d
ixwxuh vwdwh ri d�dluv zkhuh wkh XV odxqfkhv d uhwdoldwru| dlu vwulnh rq Ludt17

Hyhu| | 5 A vkrxog eh wkrxjkw ri dv d frpsohwh ghvfulswlrq ri wkh zruog dw
wlph |1 Ixuwkhupruh/ vhwv ri gdwhv rxjkw wr eh wkrxjkw ri dv sursrvlwlrqv/ zklfk
lq wxuq duh wkh remhfw ri suhglfwlrqv derxw wkh ixwxuh1 Lq rughu wr hvwdeolvk wklv
lqwhusuhwdwlrq rqh qhhgv wr lqwurgxfh d irupdo odqjxdjh dqg wkh qrwlrq ri d prgho
edvhg rq d iudph1 Wklv zloo eh grqh lq Vhfwlrq 61

Jlyhq wkh lqwhusuhwdwlrq ri i|� 5 A G | !R |�j dv wkh �suhglfwhg ixwxuh ri
|�/ zkdw ixuwkhu uhvwulfwlrqv rq wkh uhodwlrqv !S dqg !R vkrxog rqh lpsrvhB Dv
dujxhg deryh/ wkh iroorzlqj vhhpv d qdwxudo �frqvlvwhqf|� uhtxluhphqw= li |� lv lq
wkh suhglfwhg ixwxuh ri |�/ dqg |2 lv rq wkh !S0sdwk iurp |� wr |� wkhq +l, |2 vkrxog
eh lq wkh suhglfwhg ixwxuh ri |� dqg +ll, |� vkrxog eh lq wkh suhglfwhg ixwxuh ri |21
Irupdoo| +cFS* vwdqgv iru cFrqvlvwhqf| ri Suhglfwlrq*,/

E�� � ;|�c |2c |� 5 Ac li |� !R |� dqg |� !S |2 dqg |2 !S |�
wkhq |� !R |2 dqg |2 !R |�

Wkh iroorzlqj/ pruh jhqhudo/ yhuvlrq ri wklv sulqflsoh lv hdvlo| vhhq wr eh htxly0
dohqw wr +FS, zkhqhyhu !S lv wudqvlwlyh1

8

6Vhh/ iru h{dpsoh/ Exujhvv +4<;7,/ Kdoslq +4<;;,/ Ûkuvwuûp dqg Kdvoh +4<<8,1
7Wkh rqo| uhvxow zkhuh wudqvlwlylw| ri !s lv xvhg lv Ohppd +517,1 Wkxv lw frxog hdvlo| eh

gursshg dqg wkh vrxqgqhvv dqg frpsohwhqhvv surriv iru wkh uhvxowlqj zhdnhu orjlf zrxog eh
vlpsol�hg yhuvlrqv ri wkh surriv jlyhq ehorz1

8+FS, lv d vshfldo fdvh ri +FS3, +wkh fdvh zkhuh q @ 6,1 Wr vkrz wkdw +FS, lpsolhv +FS3,/
ohw w4> ===> wq 5 W eh vxfk wkdw w4 !s wq dqg wl !f wl.4 ; l @ 4> ===> q � 41 Vxssrvh wkdw q A 61
E| wudqvlwlylw| ri !f/ w4 !f wq�41 Wkxv e| +FS, wq�4 !s wq dqg w4 !s wq�41 Wkxv zh kdyh
uhgxfhg wr wkh fdvh q� 41 Li q� 4 @ 6/ wkh surri lv frpsohwhg e| d vhfrqg dssolfdwlrq ri +FS,1
Li q� 4 A 6 wkhq wkh dujxphqw fdq eh uhshdwhg xqwlo wkh vhtxhqfh lv uhgxfhg wr wkuhh hohphqwv1
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E�� �� Us |�c ���c |? 5 Ac @oe r�S� |�@| |� !R |? @?_ |� !S |�n� ; � '
�c ���c ?� �c |�e? |� !R |�n� ; � ' �c ���c ?� �

Ohppd 5151 Li !S lv dqwlv|pphwulf dqg edfnzdug olqhdu dqg !R lv d vxeuhodwlrq
ri !S wkhq +FS, lv htxlydohqw wr wkh frqmxqfwlrq ri wkh iroorzlqj wzr surshuwlhv=

+U18, edfnzdug olqhdulw| ri !R = li |� !R |� dqg |2 !R |� wkhq hlwkhu |� ' |2
ru |� !R |2 ru |2 !R |�/

+U19, li |� !R |� dqg |2 !S |� wkhq hlwkhu +d, |� ' |2 ru +e, |2 !S |�
ru +f, |� !S |2 dqg |2 !R |�1

Surri1 Iluvw zh suryh wkdw +FS, lpsolhv +U18,1 Ohw |� !R |� dqg |2 !R |�1 Vlqfh
!R lv d vxeuhodwlrq ri !S/ |� !S |� dqg |2 !S |�1 Wkxv e| edfnzdug olqhdulw| ri !S/
hlwkhu |� ' |2 ru |� !S |2 ru |2 !S |�1 Li |� !S |2 wkhq +vlqfh |2 !S |� dqg |� !R |�,
e| +FS, |� !R |21 Li |2 !S |� wkhq +vlqfh |� !S |� dqg |2 !R |�, e| +FS, |2 !R |�1
Qh{w zh vkrz wkdw +FS, lpsolhv +U19,1 Ohw |� !R |� dqg |2 !S |�1 Wkhq/ vlqfh
!R lv d vxeuhodwlrq ri !S/ |� !S |�1 Lw iroorzv iurp edfnzdug olqhdulw| ri !S wkdw
hlwkhu +d, |� ' |2 ru +e, |2 !S |� ru +f, |� !S |21 Lq fdvh +f, lw iroorzv iurp +FS,
wkdw |2 !R |�1
Ilqdoo| zh vkrz wkdw wkh frqmxqfwlrq ri +U18, dqg +U19, lpsolhv +FS,1 Ohw |� !S |2/
|2 !S |� dqg |� !R |�1 Vlqfh |� !S |2 / e| dqwlv|pphwu| ri !S

|� 9' |2 @?_ |2 	S |�� +514,

Wkxv/ e| +U19,/ |2 !R |�1 Khqfh/ e| +U18, dqg +514, |� !R |2 +wkh fdvh |2 !R |� lv
uxohg rxw e| +514, dqg wkh idfw wkdw !R lv d vxeuhodwlrq ri !S,1

Fruroodu| 5161 Lq d wuhh0iudph +FS �, lv htxlydohqw wr +FS, zklfk/ lq wxuq/ lv
htxlydohqw wr wkh frqmxqfwlrq ri +U18, dqg +U19,1

Zh ylhz +FS, dv d plqlpxp uhtxluhphqw rq wkh qrwlrq ri suhglfwlrq1 Wkh
sxusrvh ri wklv sdshu lv wr lqyhvwljdwh wkh prgdo orjlf ri wkh prvw edvlf v|vwhp1
Ghshqglqj rq wkh dssolfdwlrq ru lqwhusuhwdwlrq rqh kdv lq plqg/ ixuwkhu uhvwulf0
wlrqv pljkw eh qhfhvvdu|1 Vrph ri wkhp duh glvfxvvhg lq Vhfwlrq 71 9

9Lw lv zruwk qrwlqj wkdw rqh surshuw| zklfk zh kdyh qrw lpsrvhg lv wkdw wkh suhglfwhg ixwxuh
ri w ehorqj wr wkh vdph ixwxuh klvwru|/ wkdw lv/ zh gr qrw uhtxluh iruzdug olqhdulw| ri !s= li
w4 !s w5 dqg w4 !s w6 wkhq hlwkhu w5 @ w6 ru w5 !s w6 ru w6 !s w51 Lqghhg/ dowkrxjk vrphwlphv
zh pdnh vkdus suhglfwlrqv/ riwhq zh gr qrw1
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Zh frqfoxgh wklv vhfwlrq e| vkrzlqj wkdw +FS, lqfrusrudwhv d sulqflsoh ri
�plqlpxp uhylvlrq ri suhglfwlrq�1: Ohw �E|� ' i|� 5 A G | !S |�j eh wkh vhw ri
!S0vxffhvvruv ri | +wkh frqfhlydeoh ixwxuh ri |, dqg � E|� ' i|� 5 A G | !R |�j wkh
vhw ri !R0vxffhvvruv ri | +wkh suhglfwhg ru olnho| ixwxuh ri |,1 Wkh sulqflsoh ri
plqlpxp uhylvlrq ri suhglfwlrq vwdwhv wkdw li |2 lv lq wkh frqfhlydeoh ixwxuh ri |�/
dqg wkh suhglfwhg ixwxuh ri |� kdv d qrq0hpsw| lqwhuvhfwlrq zlwk wkh frqfhlydeoh
ixwxuh ri |2/ wkhq wkh suhglfwhg ixwxuh ri |2 vkrxog frlqflgh zlwk wkdw lqwhuvhfwlrq1
Irupdoo| +cPU* vwdqgv iru *Plqlpxp Uhylvlrq*,/

E�-� Us |� !S |2 @?_ � E|�� _ �E|2� 9' >c |�e? � E|2� ' � E|�� _ �E|2��

Ohppd 5171 Li !R lv wudqvlwlyh/ +FS, lpsolhv +PU,1

Surri1 Dvvxph wkdw |� !S |2 dqg � E|�� _ �E|2� 9' >1 Iluvw zh vkrz wkdw � E|�� _
�E|2� � � E|2�1 Ohw |� 5 � E|��_�E|2�/ wkdw lv/ |� !R |� dqg |2 !S |�1 Wkhq e| +FS,
|2 !R |�/ wkdw lv/ |� 5 � E|2�1 Qh{w zh vkrz wkdw � E|2� � � E|�� _ �E|2�1 Il{ dq
duelwudu| |� 5 � E|�� _ �E|2� +wkhuh h{lvwv rqh/ ehfdxvh � E|�� _ �E|2� 9' >,1 Wkhq
+vlqfh |� !S |2, e| +FS, |� !R |21 Il{ dq duelwudu| | 5 � E|2�/ wkdw lv/ |2 !R |1 E|
wudqvlwlylw| ri !R/ |� !R |/ wkdw lv/ | 5 � E|��1 Khqfh � E|2� � � E|��1 Ilqdoo|/ vlqfh
!R lv d vxeuhodwlrq ri !S/ � E|2� � �E|2�1

Wkxv lq wuhh0iudphv +FS, lpsolhv +PU,1;

61 V|qwd{

Zh frqvlghu d sursrvlwlrqdo odqjxdjh zlwk irxu prgdo rshudwruv= CS/ MS/ CR dqg
MR1 Wkh lqwhqghg lqwhusuhwdwlrq lv dv iroorzv=

CS� = �lw lv jrlqj wr eh wkh fdvh lq hyhu| frqfhlydeoh ixwxuh wkdw ��

MS� = �lw kdv dozd|v ehhq wkh fdvh wkdw ��

CR� = �lw lv jrlqj wr eh wkh fdvh lq hyhu| suhglfwhg ixwxuh wkdw ��

:Lq d gl�huhqw frqwh{w +ri nqrzohgjh dqg eholhi, wklv sulqflsoh ri plqlpxp uhylvlrq fdswxuhv
wkh txdolwdwlyh sduw ri Ed|hv* frqglwlrqdol}dwlrq uxoh dqg kdv ehhq d{lrpdwl}hg lq Edwwljdool dqg
Erqdqqr +4<<:,1

;Rq wkh rwkhu kdqg/ +PU, grhv qrw lpso| +FS,/ dv wkh iroorzlqj h{dpsoh vkrzv= W @
iw4> w5> w6j/ F+w4, @ iw5> w6j/ F+w5, @ S +w4, @ S +w5, @ iw6j/ F+w6, @ S +w6, @ >1 Khuh +PU, lv
vdwlv�hg exw qrw +FS, vlqfh w5 @5 S +w4,1
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MR� = �lw kdv dozd|v ehhq wkh fdvh dw hyhu| sdvw gdwh dw zklfk wrgd|
zdv suhglfwhg wkdw ��1

Wkh irupdo odqjxdjh lv exlow lq wkh idploldu zd| iurp wkh iroorzlqj frpsr0
qhqwv= d frxqwdeoh vhw 7 ri vhqwhqfh ohwwhuv +uhsuhvhqwlqj dwrplf sursrvlwlrqv,/
wkh frqqhfwlyhv = dqg b +iurp zklfk wkh rwkhu frqqhfwlyhv a/ $ dqg ' duh gh0

�qhg dv xvxdo, dqg wkh prgdo rshudwruv CS/ MS/ CRc MR1
< Ohw 8S�

_es
' =CS=�/

�S�
_es
' =MS=�c 8R�

_es
' =CR=� dqg �R�

_es
' =MR=�1 Wkxv wkh lqwhqghg lqwhusuh0

wdwlrq lv=

8S� = �dw vrph frqfhlydeoh ixwxuh gdwh lw zloo eh wkh fdvh wkdw � �

�S� = �dw vrph sdvw gdwh lw zdv wkh fdvh wkdw � �

8R� = �dw vrph suhglfwhg ixwxuh gdwh lw zloo eh wkh fdvh wkdw � �

�R� = �dw vrph sdvw gdwh dw zklfk wrgd| zdv suhglfwhg lw zdv wkh fdvh
wkdw � �1

Jlyhq d iudph kAc!Sc!Rl rqh rewdlqv d prgho P edvhg rq lw e| dgglqj d
ixqfwlrq T G 7 $ 2A +zkhuh 2A ghqrwhv wkh vhw ri vxevhwv ri A � wkdw dvvrfldwhv
zlwk hyhu| vhqwhqfh ohwwhu ^ wkh vhw ri gdwhv dw zklfk ^ lv wuxh1 Iru hyhu| irupxod
�/ wkh wuxwk vhw ri � lqP/ ghqrwhg e| n�n}/ lv gh�qhg dv xvxdo= li � ' E^� zkhuh
^ lv d vhqwhqfh ohwwhu/ wkhq n�n} ' T E^�/ n=�n} ' A q n�n}/ n� b �n} '
n�n} ^ n�n}dqg

nCS�n
} '

q
| 5 A G ;|� 5 A li | !S |

� wkhq |� 5 n�n}
r

nMS�n
} '

q
| 5 A G ;|

��

5 A li |�� !S | wkhq |
��

5 n�n}
r

nCR�n
} '

q
| 5 A G ;|� 5 A li | !R |

� wkhq |� 5 n�n}
r

<Wkh vhw � ri irupxodh lv wkxv rewdlqhg iurp wkh vhqwhqfh ohwwhuv e| forvlqj zlwk uhvshfw wr
qhjdwlrq/ glvmxqfwlrq dqg wkh rshudwruv Jf/ Kf/ Js dqg Ks= +l, iru hyhu| t 5 V/ +t, 5 �/ +ll, li
!> # 5 � wkhq doo ri wkh iroorzlqj ehorqj wr �= +=!,/ +! b #,/ Jf!/ Kf!/ Js!/ dqg Ks!=

:



nMR�n
} '

q
| 5 A G ;|

��

5 A li |�� !R | wkhq |
��

5 n�n}
r
�43

Li | 5 n�n} zh vd| wkdw � lv wuxh dw wlph | lq prgho P1 Dq dowhuqdwlyh qrwdwlrq
iru | 5 n�n} lv Pc | m' � dqg dq dowhuqdwlyh qrwdwlrq iru | *5 n�n} lv Pc | 5 �1
Wkxv CS� +uhvs1 CR�, lv wuxh dw wlph | li � lv wuxh dw hyhu| frqfhlydeoh +uhvs1
suhglfwhg, ixwxuh ri |/ zkloh 8S� +uhvs1 8R�, lv wuxh dw wlph | li � lv wuxh dw vrph
frqfhlydeoh +uhvs1 suhglfwhg, ixwxuh ri |1 Vlploduo| iru MS�/ MR�/ �S� dqg �R�1

D irupxod � lv vdwlv�deoh lq d iudph li wkhuh lv d prgho P edvhg rq lw dqg d
wlph | vxfk wkdw Pc | m' �� D irupxod � lv ydolg lq prgho P li n�n} ' A / wkdw
lv/ li � lv wuxh dw hyhu| gdwh | 5 A 1 D irupxod � lv ydolg lq d iudph li lw lv ydolg lq
hyhu| prgho edvhg rq lw1

Frqvlghu wkh iroorzlqj d{lrp vfkhpdwd=

+D14, CS� $ CSCS�

+D15, �S� a �S� $ �SE� a �� b �SE� a �S�� b �SE�S� a ��

+D16, CS� $ CR�

+D17, CR� $ CRCR�

+D18, �R� a �R� $ �RE� a �� b �RE� a �R�� b �RE�R� a ��

+D19, �R� a �S� $ �RE� a �� b �RE� a �S�� b �RE�S� a ��

Wkh iroorzlqj fkdudfwhul}dwlrq lv vwudljkwiruzdug144

43Wkxv
nIf!n

P @
q
w 5 W = <w3 5 W vxfk wkdw w !f w

3 dqg w3 5 n!nP
r

nSf!n
P @

q
w 5 W = <w33 5 W vxfk wkdw w33 !f w dqg w

33 5 n!n
P
r

nIs!n
P

@
q
w 5 W = <w3 5 W vxfk wkdw w !s w

3 dqg w3 5 n!n
P
r

nSs!n
P

@
q
w 5 W = <w33 5 W vxfk wkdw w33 !s w dqg w

33 5 n!n
P
r

44Iru +d,/ +e,/ +f, dqg +h, vhh Exujhvv +4<;7,1 Iru +g, vhh ydq ghu Krhn +4<;6,1 Wr suryh
+i,/ frqvlghu d iudph wkdw vdwlv�hv +U19, dqg dq| prgho edvhg rq lw1 Il{ dq duelwudu| w6 5 W
dqg duelwudu| irupxodh ! dqg #1 Vxssrvh wkdw w6 m@ Ss! a Sf#1 Wkhq wkhuh h{lvw w4 dqg w5
vxfk wkdw w4 !s w6/ w5 !f w6/ w4 m@ ! dqg w5 m@ #1 E| +U19, hlwkhu w4 @ w5 +lq zklfk fdvh
w6 m@ Ss+! a #,, ru w5 !f w4 +lq zklfk fdvh w6 m@ Ss+! a Sf#,, ru w4 !f w5 dqg w5 !s w6 +lq
zklfk fdvh w6 m@ Ss+Sf! a #,,1 Frqyhuvho|/ frqvlghu d iudph wkdw ylrodwhv +U19,1 Wkhq wkhuh
h{lvw w4> w5> w6 5 W vxfk wkdw w4 !s w6/ w5 !f w6/ w4 9@ w5/ w5 	f w4 dqg li w4 !f w5 wkhq w5 	s w61
Ohw t dqg v eh dwrplf vhqwhqfhv dqg frqvlghu d prgho edvhg rq wklv iudph zkhuh ntn @ iw4j

;



Ohppd 6141 Ohw I ' kAc!Sc!Rl eh dq duelwudu| iudph +qrw qhfhvvdulo| d wuhh0
iudph,1 Wkhq

+d, I vdwlv�hv +U14, li dqg rqo| li +D14, lv ydolg lq I 1
+e, I vdwlv�hv +U15, li dqg rqo| li +D15, lv ydolg lq I 1
+f, I vdwlv�hv +U16, li dqg rqo| li +D16, lv ydolg lq I 1
+g, I vdwlv�hv +U17, li dqg rqo| li +D17, lv ydolg lq I 1
+h, I vdwlv�hv +U18, li dqg rqo| li +D18, lv ydolg lq I 1
+i, I vdwlv�hv +U19, li dqg rqo| li +D19, lv ydolg lq I 1

Gh�qlwlrq 6151 D S0iudph lv d wuhh0iudph wkdw vdwlv�hv +U18, dqg +U19,1

Zh ghqrwh e| Of wkh edvlf v|vwhp ri whpsrudo orjlf vshfl�hg e| wkh iroorzlqj
d{lrp vfkhpdwd dqg uxohv ri lqihuhqfh1
D{lrp vfkhpdwd= doo wkh fodvvlfdo wdxwrorjlhv dv zhoo dv wkh iroorzlqj

+D13d, CSE� $ �� $ ECS� $ CS�� +D13e, CRE� $ �� $ ECR� $ CR��
+D13f, MSE� $ �� $ EMS� $ MS�� +D13g, MRE� $ �� $ EMR� $ MR��
+D13h, � $ CS�S� +D13i, � $ CR�R�
+D13j, � $ MS8S� +D13k, � $ MR8R�

Uxohv ri lqihuhqfh=
Prgxv Srqhqv= iurp � dqg � $ � wr lqihu �/
Whpsrudo Jhqhudol}dwlrq= iurp � wr lqihu CS�/ MS�/ CR�/ dqg MR�1

Ohw O eh wkh h{whqvlrq ri Of rewdlqhg e| dgglqj +D14,0+D19,1

Wkhruhp 6161 +VRXQGQHVV WKHRUHP,1 O lv vrxqg zlwk uhvshfw wr wkh fodvv
ri S0iudphv/ wkdw lv/ hyhu| wkhruhp ri O lv ydolg lq hyhu| S0iudph1

Surri1 Lw vx!fhv wr vkrz wkdw hdfk d{lrp lv ydolg dqg wkdw hdfk uxoh ri lqihuhqfh
suhvhuyhv ydolglw|1 Iru d surri wkdw wkh lqihuhqfh uxohv suhvhuyh ydolglw| dqg wkdw
d{lrpv +D13d,0+D13k, duh ydolg/ vhh Exujhvv +4<;7,1 Ydolglw| ri d{lrpv +D14,0+D19,
iroorzv iurp Ohppd 6141

dqg nvn @ iw5j1 Wkhq w6 m@ Sst a Sfv1 Vlqfh w4 9@ w5/ wkhuh lv qr w vxfk wkdw w m@ t a v1 Wkxv
w6 5 Ss+tav,1 Vlqfh w5 	f w4/ wkhuh lv qr w vxfk wkdw w m@ taSfv1 Wkxv w6 5 Ss+taSfv,1 Ilqdoo|/
vlqfh w m@ Sft a v li dqg rqo| li w @ w5dqg w4 !f w5 dqg vlqfh w4 !f w5 lpsolhv w5 	s w6/ zh kdyh
wkdw w6 5 Ss+Sft a v,1 Wkxv dw w6 wkh lqvwdqfh ri +D19, zlwk ! @ t dqg # @ v lv idovh1

<



Wkhruhp 6171 +FRPSOHWHQHVV WKHRUHP,1 O lv frpsohwh zlwk uhvshfw wr
wkh fodvv ri S0iudphv/ wkdw lv/ li d irupxod lv ydolg lq hyhu| S0iudph wkhq lw lv d
wkhruhp ri O1

Lq rughu wr suryh wkh frpsohwhqhvv wkhruhp zh qhhg vrph suholplqdu| uh0
vxowv145 Ohw �@%O eh wkh vhw ri pd{lpdo O0frqvlvwhqw vhwv ri irupxodh1 Gh�qh
wkh iroorzlqj uhodwlrqv rq �@%O=

� @S � li dqg rqo| li/ iru hyhu| irupxod �/ li CS� 5 � wkhq � 5 �
� @R � li dqg rqo| li/ iru hyhu| irupxod �c li CR� 5 � wkhq � 5 �

Wkh qh{w wzr ohppdv duh zhoo0nqrzq +fi1 Exujhvv 4<;7/ Ohppdv 419 dqg 41:,1

Ohppd 6181 Ohw �c� 5 �@%O� Wkhq +4,0+7, ehorz duh htxlydohqw dqg +l,0+ly,
ehorz duh htxlydohqw=

+4, � @S �/
+5, iru hyhu| irupxod �/ li � 5 � wkhq �S� 5 �/
+6, iru hyhu| irupxod �/ li � 5 � wkhq 8S� 5 �/
+7, iru hyhu| irupxod �/ li MS� 5 � wkhq � 5 �1

+l, � @R �/
+ll, iru hyhu| irupxod �/ li � 5 � wkhq �R� 5 �/
+lll, iru hyhu| irupxod �/ li � 5 � wkhq 8R� 5 �/
+ly, iru hyhu| irupxod �/ li MR� 5 � wkhq � 5 �1

Ohppd 6191 Ohw � 5 �@%O dqg � eh dq| irupxod1 Wkhq
+d, li 8S� 5 �/ wkhq wkhuh h{lvwv d ( 5 �@%O zlwk � @S ( dqg � 5 (
+e, li �S� 5 �/ wkhq wkhuh h{lvwv dq � 5 �@%O zlwk � @S � dqg � 5 �
+f, li 8R� 5 �/ wkhq wkhuh h{lvwv d ( 5 �@%O zlwk � @R ( dqg � 5 (
+g, li �R� 5 �/ wkhq wkhuh h{lvwv dq � 5 �@%O zlwk � @R � dqg � 5 ��

Ohppd 61:1 Wkh iroorzlqj krogv1
+d, E| +D14, wkh uhodwlrq @S rq �@%O lv wudqvlwlyh146

+e, E| +D15, wkh uhodwlrq @S rq �@%O lv edfnzdug olqhdu147

45Wkh frpsohwhqhvv surri jlyhq ehorz iroorzv wkh dssurdfk sxw iruzdug e| Exujhvv +4<;7,1
46Pruh suhflvho|/ li O3 lv dq| h{whqvlrq ri O3 wkdw frqwdlqv d{lrp +D14,/ wkhq wkh uhodwlrq@f

rq Pd{O3 lv wudqvlwlyh1 D vlplodu vwdwhphqw dssolhv wr +e,0+i,1
47Wkdw lv/ li D@f G dqg E @f G wkhq hlwkhu D @ E ru D@f E ru E @f D
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+f, E| +D16, @R lv d vxeuhodwlrq ri @S1
48

+g, E| +D17, wkh uhodwlrq @R rq �@%O lv wudqvlwlyh1
+h, E| +D18, wkh uhodwlrq @R rq �@%O lv edfnzdug olqhdu149

+i, E| +D19, wkh uhodwlrqv @S dqg @R vdwlvi| wkh iroorzlqj surshuw|=

�s � @R ( @?_ � @S ( |�e? e�|�eo � ' � Jo � @S �
Jo E� @S � @?_ � @R (�

Surri1 Iru +d, dqg +g, vhh Exujhvv +4<;7/ s1 436/ �uvw ohppd,1 Iru +e, dqg +h,
vhh Exujhvv +4<;7/ s1 436/ vhfrqg ohppd/ dgdswlqj wkh surri jlyhq iru iruzdug
olqhdulw| wr wkh fdvh ri edfnzdug olqhdulw|,1 Wr suryh +f,/ ohw � @R � dqg ohw
�eh dq duelwudu| irupxod dqg dvvxph wkdw CS� 5 �1 Zh zdqw wr vkrz wkdw
� 5 �1 E| +D16,/ ECS� $ CR�� 5 �1 Wkxv CR� 5 �1 Khqfh e| Ohppd 618
+vlqfh � @R �, � 5 �1 Zh frqfoxgh e| surylqj +i,1 Vxssrvh wkdw � @R ( dqg
� @S ( dqg � 9' � dqg � 9 @S� +9 @S ghqrwhv wkh qhjdwlrq ri @S,1 Zh qhhg wr
vkrz wkdw +� @S � dqg � @R (,1 Zh gr wklv e| vkrzlqj wkdw � 9 @S� |lhogv
d frqwudglfwlrq dqg � 9 @R( |lhogv d frqwudglfwlrq1 Vlqfh � 9' �/ wkhuh h{lvwv d
� 5 � vxfk wkdw =� 5 �1 Vlqfh � 9 @S�/ e| Ohppd 618 wkhuh h{lvwv d � 5 �
vxfk wkdw =�S� 5 �� Wkxv

� a =�S� 5 � +614,

dqg

� a =� 5 � +615,

Vxssrvh wkdw� 9 @S�1 Wkhq e| Ohppd 618 wkhuh h{lvwv w 5 � vxfk wkdw =�Sw 5 �1
Wkhq/ xvlqj +614,/

w a � a =�S� 5 � +616,

dqg

� a =� a =�Sw 5 � +617,

E| +616, dqg Ohppd 618/ vlqfh � @R (/

48Wkdw lv/ li D@s E wkhq D@f E
49Wkdw lv/ li D@s G dqg E @s G wkhq hlwkhu D @ E ru D@s E ru E @s D1
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�R Ew a � a =�S�� 5 ( +618,

E| +617, dqg Ohppd 618/ vlqfh � @S (/

�S E� a =� a =�Sw� 5 ( +619,

Wkxv/ e| +618, dqg +619, dqg d{lrp +D19,/ hlwkhu

+l, �REw a � a =�S� a � a =� a =�Sw� 5 (/ ru

+ll, �R Ew a � a =�S� a �S E� a =� a =�Sw�� 5 (/ ru

+lll, �R E�S Ew a � a =�S�� a � a =� a =�Sw� 5 (1

Fdvh +l, lv lpsrvvleoh ehfdxvh � a =� lv d frqwudglfwlrq1 Fdvh +ll, lv lpsrvvleoh
ehfdxvh �S E� a =� a =�Sw� lpsolhv �S�/ frqwudglfwlqj =�S�1

4: Fdvh +lll, lv lp0
srvvleoh/ vlqfh �S Ew a � a =�S�� lpsolhv �Sw/ frqwudglfwlqj =�Sw1 Khqfh lw pxvw
eh wkdw � @S �1 Vxssrvh qrz wkdw � 9 @R(1 Wkhq e| Ohppd 618 wkhuh h{lvwv d
� 5 � vxfk wkdw

=�R� 5 ( +61:,

Wkhq/ xvlqj +615,/

� a � a =� 5 � +61;,

Vlqfh � @R (/ e| +614, dqg Ohppd 618/

�R E� a =�S�� 5 ( +61<,

Vlqfh � @S (c e| +61;, dqg Ohppd 618/

�SE� a � a =�� 5 ( +6143,

Wkxv e| +61<, dqg +6143, dqg d{lrp +D19,hlwkhu

4:Pruh suhflvho|/ wkhuh zrxog eh d pd{lpdo frqvlvwhqg vhw H vxfk wkdw H @s G dqg � a
! a =Sf# a Sf +# a =! a =Sf�, 5 H1 Wkhq =Sf# 5 H dqg Sf +# a =! a =Sf�, 5 H1 Vlqfh
Sf +# a =! a =Sf�,$ Sf# lv d wkhruhp ri O3/ zh zrxog kdyh wkdw Sf# 5 H1 Wkxv Sf#a=Sf# 5
H/ frqwudglfwlqj wkh gh�qlwlrq ri pd{lpdo frqvlvwhqw vhw1
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+l, �RE� a =�S� a � a � a =�� 5 (/ ru

+ll, �R E� a =�S� a �S E� a � a =��� 5 (/ ru

+lll, �R E�S E� a =�S�� a � a � a =�� 5 (1

Fdvh +l, lv lpsrvvleoh ehfdxvh � a =� lv d frqwudglfwlrq1 Fdvh +ll, lv lpsrvvleoh
ehfdxvh �S E� a � a =�� lpsolhv �S�/ frqwudglfwlqj =�S�1 Fdvh +lll, lv lpsrvvleoh
ehfdxvh lw lpsolhv �R� 5 (/ frqwudglfwlqj +61:,1 Wkxv lw pxvw eh � @R (1

Gh�qlwlrq 61;1 D sduwldo fdqrqlfdo iudph lv d txdguxsoh kfc!Sc!Rc sl vxfk
wkdw= +4, f lv d �qlwh vhw/ +5, kfc!Sc!Rl lv d S0iudph dqg +6, s G f $ �@%O1
D sduwldo fdqrqlfdo iudph lv frkhuhqw li/ ;%c + 5 fc

+4, li % !S + wkhq sE%� @S sE+�/ dqg
+5, li % !R + wkhq sE%� @R sE+��

Gh�qlwlrq 61<1 Ohw � eh d irupxod dqg kfc!Sc!Rc sl d sduwldo fdqrqlfdo iudph1
Zh vd| wkdw

+d, 8S� lv qrw vdwlv�hg dw % 5 f/ li 8S� 5 sE%� dqg wkhuh lv qr + 5 f vxfk
wkdw % !S + dqg � 5 sE+�1

+e, 8R� lv qrw vdwlv�hg dw % 5 f/ li 8R� 5 sE%� dqg wkhuh lv qr + 5 f vxfk
wkdw % !R + dqg � 5 sE+��

+f, �S� lv qrw vdwlv�hg dw % 5 f/ li �S� 5 sE%� dqg wkhuh lv qr + 5 f vxfk
wkdw + !S % dqg � 5 sE+��

+g, �R� lv qrw vdwlv�hg dw % 5 f/ li �R� 5 sE%� dqg wkhuh lv qr + 5 f vxfk
wkdw + !R % dqg � 5 sE+�

Gh�qlwlrq 61431 Jlyhq sduwldo fdqrqlfdo iudphv kfc!Sc!Rc sl dqg

f �c!�Sc!

�
Rc s

�
�

zh vd| wkdw wkh odwwhu lv dq h{whqvlrq ri wkh iruphu li +ylhzlqj uhodwlrqv dqg ixqf0
wlrqv dv vhwv ri rughuhg sdluv,=

+4, f � f �/
+5, !S�!�S/
+6, !R�!�R/
+7, s � s �1

Ohppd 61441 H[WHQVLRQ OHPPD1 Ohw kfc!Sc!Rc sl eh d frkhuhqw sduwldo
fdqrqlfdo iudph dqg ohw � eh d irupxod1
+d, Vxssrvh wkdw 8S� lv qrw vdwlv�hg dw % 5 f� Wkhq wkhuh h{lvwv d frkhuhqw
h{whqvlrq


f �c!�Sc!

�
Rc s

�
�
ri kfc!Sc!Rc sl dqg d + 5 f � vxfk wkdw % !�S + dqg

� 5 sE+�1
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+e, Vxssrvh wkdw 8R� lv qrw vdwlv�hg dw % 5 f1 Wkhq wkhuh h{lvwv d frkhuhqw
h{whqvlrq


f �c!�Sc!

�
Rc s

�
�
dqg d + 5 f � vxfk wkdw % !�R + dqg � 5 sE+�1

+f, Vxssrvh wkdw �S� lv qrw vdwlv�hg dw % 5 f� Wkhq wkhuh h{lvwv d frkhuhqw
h{whqvlrq


f �c!�Sc!

�
Rc s

�
�
dqg d + 5 f � vxfk wkdw + !�S % dqg � 5 sE+�1

+g, Vxssrvh wkdw �R� lv qrw vdwlv�hg dw % 5 f1 Wkhq wkhuh h{lvwv d frkhuhqw
h{whqvlrq


f �c!�Sc!

�
Rc s

�
�
dqg d + 5 f � vxfk wkdw + !�R % dqg � 5 sE+�1

Surri1 +d, Ohw % 5 f dqg 8S� 5 sE%�1 Wkhq e| Ohppd 619 wkhuh lv d � 5
�@%O vxfk wkdw sE%� @S � dqg � 5 �1 Frqvwuxfw wkh iroorzlqj h{whqvlrq ri
kfc!Sc!Rc sl rewdlqhg e| +l, dgglqj d qhz srlqw +/ +ll, dvvljqlqj wkh vhw � wr
+/ dqg +lll, dgglqj wkh sdlu E%c +� wr !S +dqg dq| qhz sdlu qhhghg wr suhvhuyh
wudqvlwlylw|,/ zkloh qr sdluv duh dgghg wr !R1 Ohw + 5 ` qf +zkhuh ` lv d
surshu vxshuvhw ri f/ zklfk zh �{ wkurxjkrxw wklv surri, dqg

f � ' f ^ i+j
!�S'!S ^iE%c +�j ^ iE�c +� G � !S %j
!�R'!R

s � ' s ^ iE+c��j1
Wkdw wkh qhz sduwldo iudph lv frkhuhqw iroorzv iurp wudqvlwlylw| ri@S +fi1 Ohppd
61:,1 Lw lv dovr fohdu wkdw wkh qhz iudph lv d S0iudph/ vlqfh wkh ruljlqdo iudph zdv
d S0iudph/ wudqvlwlylw| ri !S kdv ehhq suhvhuyhg dqg qr !R0sdluv kdyh ehhq dgghg1

+e, Ohw % 5 f dqg 8R� 5 sE%�1 Wkhq e| Ohppd 619 wkhuh lv d � 5 �@%O
vxfk wkdw sE%� @R � dqg � 5 �1 Frqvwuxfw wkh iroorzlqj h{whqvlrq rewdlqhg e|
+l, dgglqj d qhz srlqw +/ +ll, dvvljqlqj wkh vhw � wr +/ dqg +lll, dgglqj wkh sdlu
E%c +� +dqg dq| qhz sdlu qhhghg wr suhvhuyh wudqvlwlylw|, wr erwk !S dqg !R1 Ohw
+ 5 ` qf dqg

f � ' f ^ i+j
!�S'!S ^iE%c +�j ^ iE�c +� G � !S %j
!�R'!R ^iE%c +�j ^ iE�c +� G � !R %j
s � ' s ^ iE+c��j1

Wkdw wkh qhz sduwldo iudph lv frkhuhqw iroorzv iurp Ohppd 61: +@R vxeuhodwlrq
ri @Sc wudqvlwlylw| ri @S dqg @R,1 Lw lv dovr fohdu wkdw/ jlyhq wkdw wkh ruljlqdo
iudph zdv d S0iudph/ wkh qhz iudph lv dovr d S0iudph= wudqvlwlylw| ri erwk !S dqg
!R kdv ehhq suhvhuyhg/ hyhu| qhz !R0sdlu lv dovr d !S0sdlu dqg iru hyhu| � 5 f/ li
� !�R + wkhq wkh hqwluh !�S0sdwk iurp � wr + lv dovr d !�R0sdwk +li � ' % wklv lv wuxh
e| frqvwuxfwlrq> li � !S % wkhq � !�R + uhtxluhv � !R % khqfh/ vlqfh wkh ruljlqdo
iudph lv d S0iudph/ wkh hqwluh !S0sdwk iurp � wr % zdv dovr d !R0sdwk,1

+f, Ohw �S� 5 sE%� dqg vxssrvh wkhuh lv qr + 5 f vxfk wkdw + !S % dqg
� 5 sE+�1 Zh surfhhg e| lqgxfwlrq rq wkh qxpehu ? ri !S0suhghfhvvruv ri % lq
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f1 Vxssrvh ? ' f1 Vlqfh �S� 5 sE%�/ e| Ohppd 619 wkhuh h{lvwv d � 5 �@%O
vxfk wkdw � @S sE%� dqg � 5 �1 Frqvwuxfw wkh iroorzlqj h{whqvlrq rewdlqhg e|
+l, dgglqj d qhz srlqw +/ +ll, dvvljqlqj wkh vhw � wr +/ dqg +lll, dgglqj wkh sdlu
E+c %� wr !S +dqg dq| qhz sdlu qhhghg wr suhvhuyh wudqvlwlylw|,/ zkloh qr sdluv duh
dgghg wr !R1 Ohw + 5 ` qf dqg

f � ' f ^ i+j
!�S'!S ^iE+c %�j ^ iE+c �� G % !S �j
!�R'!R

s � ' s ^ iE+c��j1
Frkhuhqfh iroorzv iurp wudqvlwlylw| ri @S1 Lw lv dovr fohdu wkdw wkh qhz iudph lv
d S0iudph/ vlqfh wkh ruljlqdo iudph zdv d S0iudph/ wudqvlwlylw| ri !S kdv ehhq
suhvhuyhg dqg qr !R0sdluv kdyh ehhq dgghg1
Vxssrvh qrz wkdw ? � �1 Ohw %� eh wkh lpphgldwh !S0suhghfhvvru ri % lqf +uhfdoo
wkdwf lv �qlwh,1 E| rxu vxssrvlwlrq/ � *5 sE%��1 Li �S� 5 sE%�� wkhq zh fdq uhgxfh
+e| dsshdolqj wr wudqvlwlylw| ri !S dqg @S, wr wkh fdvh ?� � e| uhsodflqj % zlwk
%�1 Dvvxph wkhuhiruh wkdw �S� *5 sE%��1 Wkhq/ e| gh�qlwlrq ri pd{lpdo frqvlvwhqw
vhw/ E=� a =�S�� 5 sE%��1 Zh qhhg wr glvwlqjxlvk wzr fdvhv1
FDVH 4 = %� 	R %1 E| Ohppd 619/ vlqfh �S� 5 sE%� wkhuh h{lvwv d � 5 �@%O

vxfk wkdw � @S sE%� dqg � 5 �1 Frqvwuxfw wkh iroorzlqj h{whqvlrq/ rewdlqhg
e| +l, lqvhuwlqj d qhz srlqw + ehwzhhq %� dqg % dqg dvvljqlqj lw wkh vhw � / +ll,
dgglqj wkh sdluv E%�c +� dqg E+c %� wr !S +dqg dq| qhz sdlu qhhghg wr suhvhuyh
wudqvlwlylw|,/ zkloh qr sdluv duh dgghg wr !R � Ohw + 5 ` qf dqg

f � ' f ^ i+j
!�S'!S ^iE%�c +�c E+c %�j ^ iE�c +� G � !S %

�j ^ iE+c �� G % !S �j
!�R'!R

s � ' s ^ iE+c��j1
Wr yhuli| frkhuhqfh/ ehvlghv dsshdolqj wr wudqvlwlylw| ri @S/ zh qhhg wr vkrz
wkdw sE%�� @S �1 E| frkhuhqfh ri kfc!Sc!Rc sl/ sE%�� @S sE%�� Wkxv/ vlqfh
� @S sE%�/ e| edfnzdug olqhdulw| ri @S +fi1 Ohppd 61:, hlwkhu +l, sE%�� ' �
ru +ll, � @S sE%�� ru +lll, sE%�� @S �1 Fdvh +l, lv uxohg rxw e| � 5 � dqg
� *5 sE%��1 Fdvh +ll, lv uxohg rxw e| � 5 � dqg �S� *5 sE%�� +fi1 Ohppd 618,1 Wkxv
sE%�� @S �1 Ixuwkhupruh/ lw lv fohdu wkdw wkh qhz iudph lv d S0iudph/ vlqfh wkh
ruljlqdo iudph zdv d S0iudph/ wudqvlwlylw| ri !S kdv ehhq suhvhuyhg dqg lqvhuwlqj d
srlqw ehwzhhq %� dqg % zlwkrxw dgglqj dq| !R0sdluv zrxog kdyh ylrodwhg surshuw|
+FS, rqo| li lw kdg ehhq wkh fdvh wkdw %� !R %/ frqwudu| wr rxu vxssrvlwlrq1
FDVH 5= %� !R %1 E| frkhuhqfh ri kfc!Sc!Rc sl/ vlqfh E=� a =�S�� 5 sE%��/
�RE=� a =�S�� 5 sE%� +fi1 Ohppd 618,1 Wkxv �RE=� a =�S�� a �S� 5 sE%�1 E|
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gh�qlwlrq ri pd{lpdo frqvlvwhqw vhw/ d{lrp +D19, ehorqjv wr sE%�1 Wkxv

�RE=� a =�S� a �� b �RE=� a =�S� a �S�� b �RE�SE=� a =�S�� a �� 5 sE%�

Exw �RE=� a =�S� a �� *5 sE%� ehfdxvh E=� a �� lv d frqwudglfwlrq1 Iru wkh
vdph uhdvrq/ �RE=� a =�S� a �S�� *5 sE%�1 Wkxv �RE�SE=� a =�S�� a �� 5
sE%�� Wkhq e| Ohppd 619/ wkhuh h{lvwv d ( 5 �@%O vxfk wkdw ( @R sE%�
dqg �SE=� a =�S�� a � 5 (1 Frqvwuxfw wkh iroorzlqj h{whqvlrq/ rewdlqhg e| +l,
lqvhuwlqj d qhz srlqw + ehwzhhq %� dqg % dqg dvvljqlqj lw wkh vhw (/ +ll, dgglqj
wkh sdluv E%�c +� dqg E+c %� +dqg dq| qhz sdlu qhhghg wr suhvhuyh wudqvlwlylw|, wr
erwk !S dqg !R1 Ohw + 5 ` qf dqg

f � ' f ^ i+j
!�S'!S ^iE%�c +�c E+c %�j ^ iE�c +� G � !S %

�j ^ iE+c �� G % !S �j
!�R'!R ^iE%�c +�c E+c %�j ^ iE�c +� G � !R %

�j ^ iE+c �� G % !R �j
s � ' s ^ iE+c(�j1

Wr yhuli| frkhuhqfh/ ehvlghv dsshdolqj wr wudqvlwlylw| ri @S dqg @R dqg wkh
idfw wkdw @R lv d vxeuhodwlrq ri @S/ zh qhhg wr vkrz wkdw sE%�� @R (1 Vlqfh
sE%�� @R sE%� +e| frkhuhqfh ri kfc!Sc!Rc sl, dqg ( @R sE%�c e| edfnzdug
olqhdulw| ri @R +fi1 Ohppd 61:, hlwkhu +l, sE%�� ' ( ru +ll, ( @R sE%�� ru +lll,
sE%�� @R (1 Fdvh +l, lv uxohg rxw e| � 5 ( dqg � *5 sE%��� Vxssrvh +ll, zhuh wkh
fdvh1 Wkhq/ vlqfh � 5 (c �R� 5 sE%��� Exw e| +D16, �R� $ �S� 5 sE%��� Wkxv zh
zrxog jhw �S� 5 sE%��/ frqwudglfwlqj wkh idfw wkdw =�S� 5 sE%��� Khqfh lw pxvw
eh sE%�� @R (1 Lw lv dovr fohdu wkdw/ jlyhq wkdw wkh ruljlqdo iudph zdv d S0iudph/
wkh qhz iudph lv dovr S0iudph= wudqvlwlylw| ri erwk !S dqg !R kdv ehhq suhvhuyhg/
hyhu| qhz !R0sdlu lv dovr d !S0sdlu dqg surshuw| +FS, lv suhvhuyhg vlqfh wkh qhz
sdwk iurp %� wr % lv erwk d !R0sdwk dqg d !S0sdwk1

+g, Ohw �R� 5 sE%� dqg vxssrvh wkhuh lv qr + 5 f vxfk wkdw + !R % dqg
� 5 sE+�1 Zh qhhg wr glvwlqjxlvk wzr fdvhv1
FDVH 4= % kdv qr !S0suhghfhvvruv +khqfh qr !R0suhghfhvvruv, lq f1 Vlqfh �R� 5
sE%�/ e| Ohppd 619 wkhuh h{lvwv d � 5 �@%O vxfk wkdw � @R sE%� dqg � 5
�1 Frqvwuxfw wkh iroorzlqj h{whqvlrq rewdlqhg e| +l, dgglqj d qhz srlqw + dqg
dvvljqlqj lw wkh vhw �/ +ll, dgglqj wkh sdlu E+c %� +dqg dq| qhz sdlu qhhghg wr
suhvhuyh wudqvlwlylw|, wr erwk !S dqg !R1 Ohw + 5 ` qf dqg

f � ' f ^ i+j
!�S'!S ^iE+c %�j ^ iE+c �� G % !S �j
!�R'!R ^iE+c %�j ^ iE+c �� G % !R �j
s � ' s ^ iE+c��j1
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Lq wklv fdvh frkhuhqfh iroorzv iurp wudqvlwlylw| ri @S dqg @R dqg wkh idfw wkdw
@R lv d vxeuhodwlrq ri @S +fi1 Ohppd 61:,1 Lw lv dovr fohdu wkdw/ jlyhq wkdw wkh
ruljlqdo iudph zdv d S0iudph/ wkh qhz iudph lv dovr S0iudph= wudqvlwlylw| ri erwk
!S dqg !R kdv ehhq suhvhuyhg/ hyhu| qhz !R0sdlu lv dovr d !S0sdlu dqg surshuw|
+FS, lv suhvhuyhg vlqfh iru hyhu| � 5 f li + !�R � wkhq wkh hqwluh !�S0sdwk iurp
+ wr � lv dovr d !�R0sdwk +li � ' % wklv lv wuxh e| frqvwuxfwlrq> li % !S � wkhq
+ !�R � uhtxluhv % !R � khqfh/ vlqfh wkh ruljlqdo iudph zdv d S0iudph/ wkh hqwluh
!S0sdwk iurp % wr � zdv dovr d !R0sdwk,1
FDVH 5= % kdv d !S0suhghfhvvru1 Ohw %� eh wkh lpphgldwh !S0suhghfhvvru ri
% lq f +uhfdoo wkdw f lv �qlwh,1 Zh surfhhg e| lqgxfwlrq rq wkh qxpehu ? ri
!R0suhghfhvvruv ri % lq f1 Vxssrvh ? ' f1 Wkhq %� 	R %1 Li sE%�� @R sE%� dqg
� 5 sE%��/ wkhq vlpso| dgg iE%�c %�j ^ iE%�c �� G % !R �j wr !R1 Li sE%

�� @R sE%�
dqg � *5 sE%�� dqg �R� 5 sE%��/ wkhq dgg iE%�c %�j ^ iE%�c �� G % !R �j wr !R dqg
uhvwduw e| uhsodflqj % zlwk %�1 Li sE%�� @R sE%� dqg � *5 sE%�� dqg �R� *5 sE%��/
wkhq dgg iE%�c %�j ^ iE%�c �� G % !R �j wr !R dqg dsso| wr % lq wkh qhz iudph
wkh dujxphqw jlyhq ehorz iru wkh fdvh zkhuh ? � �1 Vxssrvh wkhuhiruh wkdw
sE%�� 9 @RsE%�1 Vlqfh �R� 5 sE%�/ e| Ohppd 619 wkhuh h{lvwv d � 5 �@%O vxfk
wkdw

� @R sE%� @?_ � 5 �� +6144,

Vlqfh %� !S %/ e| frkhuhqfh ri kfc!Sc!Rc sl/ sE%�� @S sE%�� Wkxv e| +6144, dqg
+i, ri Ohppd 61:/ jlyhq rxu vxssrvlwlrq wkdw sE%�� 9 @RsE%�/

sE%�� @S �� +6145,

Frqvwuxfw wkh iroorzlqj h{whqvlrq/ rewdlqhg e| +l, lqvhuwlqj d qhz srlqw + ehwzhhq
% dqg %� dqg dvvljqlqj lw wkh vhw �/ +ll, dgglqj wkh sdluv E%�c +� dqg E+c %� +dqg
dq| qhz sdluv qhhghg wr suhvhuyh wudqvlwlylw|, wr !S/ dqg +lll, dgglqj rqo| wkh sdlu
E+c %� +dqg dq| qhz sdluv qhhghg wr suhvhuyh wudqvlwlylw|, wr !R1 Ohw + 5 ` qf
dqg

f � ' f ^ i+j
!�S'!S ^iE%�c +�c E+c %�j ^ iE�c +� G � !S %

�j ^ iE+c �� G % !S �j
!�R'!R ^iE+c %�j ^ iE+c �� G % !R �j
s � ' s ^ iE+c��j1

Frkhuhqfh iroorzv iurp +6144, dqg +6145,/ wkh idfw wkdw @R lv d vxeuhodwlrq ri
@S dqg wudqvlwlylw| ri @S dqg @R +fi1 Ohppd 61:,1 Ixuwkhupruh/ jlyhq wkdw wkh
ruljlqdo iudph zdv d S0iudph/ wkh qhz iudph lv dovr d S0iudph1 Lq idfw/ wudqvlwlylw|
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ri erwk !S dqg !R kdv ehhq suhvhuyhg dqg hyhu| qhz !R0sdlu lv dovr d !S0sdlu1
Pruhryhu/ jlyhq wkdw zh kdyh qrw dgghg E%�c +� wr !R/ +FS, zrxog eh ylrodwhg
rqo| li % kdg d !R0suhghfhvvru lq wkh ruljlqdo iudph/ frqwudu| wr rxu vxssrvlwlrq1
Vxssrvh qrz wkdw ? � � +uhfdoo wkdw ? lv wkh qxpehu ri !R0suhghfhvvruv ri % lq
f,1 Ohw %� eh wkh lpphgldwh !R0suhghfhvvru ri % lq f +uhfdoo wkdw f lv �qlwh,1
Vlqfh �R� lv qrw vdwlv�hg dw %/ � *5 sE%��1 Li �R� 5 sE%�� wkhq zh fdq uhgxfh +e|
dsshdolqj wr wudqvlwlylw| ri !R dqg @R, wr wkh fdvh ?� � e| uhsodflqj % zlwk %�1
Dvvxph wkhuhiruh wkdw �R� *5 sE%��1 Wkhq/ e| gh�qlwlrq ri pd{lpdo frqvlvwhqw vhw/
E=�a=�R�� 5 sE%��1 Wkxv/ e| frkhuhqfh ri kfc!Sc!Rc sl/ �RE=�a=�R�� 5 sE%�
+fi1 Ohppd 618,1 Khqfh

�R� a �RE=� a =�R�� 5 sE%�

E| gh�qlwlrq ri pd{lpdo frqvlvwhqw vhw/ d{lrp +D18, ehorqjv wr sE%�1 Wkxv/

�RE� a =� a =�R�� b �RE�R� a =� a =�R�� b �RE� a �RE=� a =�R�� 5 sE%�

Exw �RE� a =� a =�R�� *5 sE%� ehfdxvh E� a =�� lv d frqwudglfwlrq1 Iru wkh
vdph uhdvrq/ �RE�R� a =� a =�R�� *5 sE%�1 Wkxv �RE� a �RE=� a =�R��� 5
sE%�� Wkhq e| Ohppd 619/ wkhuh h{lvwv d ( 5 �@%O vxfk wkdw ( @R sE%�
dqg � a �RE=� a =�R�� 5 (1 Frqvwuxfw wkh iroorzlqj h{whqvlrq/ rewdlqhg e| +l,
lqvhuwlqj d qhz srlqw + ehwzhhq %� dqg % dqg dvvljqlqj lw wkh vhw ( dqg +ll, dgglqj
wkh sdluv E%�c +� dqg E+c %� +dqg dq| qhz sdluv qhhghg wr suhvhuyh wudqvlwlylw|, wr
erwk !S dqg !R1 Ohw + 5 ` qf dqg

f � ' f ^ i+j
!�S'!S ^iE%�c +�c E+c %�j ^ iE�c +� G � !S %

�j ^ iE+c �� G % !S �j
!�R'!R ^iE%�c +�c E+c %�j ^ iE�c +� G � !R %

�j ^ iE+c �� G % !R �j
s � ' s ^ iE+c(�j1

Wr suryh frkhuhqfh/ ehvlghv dsshdolqj wr wudqvlwlylw| ri @S dqg @R dqg wkh idfw
wkdw @R lv d vxeuhodwlrq ri @S/ zh kdyh wr vkrz wkdw sE%�� @R (1 Vlqfh sE%�� @R

sE%� dqg ( @R sE%�c e| edfnzdug olqhdulw| ri @R +fi1 Ohppd 61:, hlwkhu +l,
sE%�� ' ( ru +ll, ( @R sE%

�� ru +lll, sE%�� @R (1 Fdvh +l, lv uxohg rxw e| � 5 (
dqg � *5 sE%��� Fdvh +ll, lv uxohg rxw e| � 5 ( dqg =�R� 5 sE%��1 Wkxv lw pxvw
eh sE%�� @R (1 Ilqdoo|/ wkh qhz iudph lv d S0iudph vlqfh wkh ruljlqdo iudph zdv
d S0iudph/ doo wkh qhz !R0sdluv duh dovr !S0sdluv dqg surshuw| +FS, lv suhvhuyhg
vlqfh wkh qhz sdwk iurp %� wr % lv erwk d !R0sdwk dqg d !S0sdwk1

Gh�qlwlrq 61451 D shuihfw fkurqlfoh rq d S0iudph kAc!Sc!Rl lv d ixqfwlrq s G
A $ �@%O vxfk wkdw kAc!Sc!Rc sl lv frkhuhqw4; dqg ixuwkhupruh/ ;| 5 A dqg

4;Wkdw lv/ w4 !f w5 lpsolhv i+w4,@f i+w5, dqg w4 !s w5 lpsolhv i+w4,@s i+w5,1
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iru hyhu| irupxod �/
+d, li 8S� 5 sE|� wkhq wkhuh h{lvwv d |� 5 A vxfk wkdw | !S |

� dqg � 5 sE|��c
+e, li �S� 5 sE|� wkhq wkhuh h{lvwv d |�� 5 A vxfk wkdw |�� !S | dqg � 5 sE|���c
+f, li 8R� 5 sE|� wkhq wkhuh h{lvwv d |� 5 A vxfk wkdw | !R |

� dqg � 5 sE|��c
+g, li �R� 5 sE|� wkhq wkhuh h{lvwv d |�� 5 A vxfk wkdw |�� !R | dqg � 5 sE|����

Wkh iroorzlqj ohppd lv suryhg lq Exujhvv +4<;7/ Ohppd 41<,1

Ohppd 61461 Li s lv d shuihfw fkurqlfoh rq kAc!Sc!Rl wkhq dq| phpehu ri dq|
sE|� lv vdwlv�deoh lq kAc!Sc!Rl �

Zh fdq qrz suryh wkh frpsohwhqhvv wkhruhp1

Surri1 +Frpsohwhqhvv Wkhruhp,1 Zh kdyh wr vkrz wkdw li � lv dq O0frqvlvwhqw
irupxod wkhq lw lv vdwlv�deoh lq d S0iudph1 E| Ohppd 6146 lw lv vx!flhqw wr
frqvwuxfw d shuihfw fkurqlfoh kAc!Sc!Rc sl vxfk wkdw � 5 sE|f� iru vrph |f� Ohw
` eh d frxqwdeo| lq�qlwh vhw dqg ohw E|fc �f�c E|�c ���c E|2c �2�c ��� eh dq hqxphudwlrq
ri`�x +zkhuh x lv wkh vhw ri irupxodh,1 Frqvwuxfw wkh iroorzlqj frkhuhqw sduwldo
fdqrqlfdo iudph= Af ' i|fj/ !f

S '!f
R' >/ sE|f� ' �/ zkhuh � lv d pd{lpdo O0

frqvlvwhqw vhw wkdw frqwdlqv �� Ohw �� eh wkh �uvw lqwhjhu vxfk wkdw

|��c ���

�
lv qrw

vdwlv�hg lq

Afc!f

Sc!
f
Rc sf

�
�4< Dsso| wkh H{whqvlrq Ohppd wr rewdlq d frkhuhqw

sduwldo fdqrqlfdo iudph

A�c!�

S c!
�
Rc s�

�
wkdw vdwlv�hv


|��c ���

�
1 Lq jhqhudo/ ohw �?

eh wkh �uvw lqwhjhu vxfk wkdw

|�?c ��?

�
lv qrw vdwlv�hg lq


A?3�c!?3�

S c!?3�
R c s?3�

�
dqg ohw


A?c!?

S c!
?
R c s?

�
eh wkh sduwldo fdqrqlfdo iudph rewdlqhg e| dsso|lqj wkh

H{whqvlrq Ohppd wr ��?
lq


A?3�c!?3�

S c!?3�
R c s?3�

�
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71 Vrph wkhruhpv ri O dqg srvvleoh h{whqvlrqv

Lq wklv vhfwlrq zh kljkoljkw vrph dvshfwv ri v|vwhp O dqg glvfxvv srvvleoh h{whq0
vlrqv1

Frqvlghu wkh iroorzlqj d{lrp vfkhph=

E��.� 8R�S� $ E� b �S� b 8R��

Ohppd 7141 Ohw I eh dq duelwudu| iudph +qrw qhfhvvdulo| d wuhh iudph,1 Wkhq
+D1:, lv ydolg lq I li dqg rqo| li I vdwlv�hv wkh iroorzlqj surshuw|= ;|�c |2c |� 5 A

+U1:, li |� !R |� dqg |2 !S |� wkhq hlwkhu +d, |� ' |2/ ru +e, |2 !S |� ru
+f, |� !R |2�

Surri1 Ohw I eh d iudph wkdw vdwlv�hv +U1:, dqg frqvlghu dq duelwudu| prgho
edvhg rq lw1 Il{ dq duelwudu| irupxod � dqg dq duelwudu| gdwh |�1 Vxssrvh wkdw
|� m' 8R�S�� Wkhq wkhuh h{lvw |2c |� 5 A vxfk wkdw |� !R |�c |2 !S |� dqg |2 m' �1
E| +U1:, hlwkhu |� ' |2/ lq zklfk fdvh |� m' �/ ru |2 !S |�/ lq zklfk fdvh |� m' �S�/
ru |� !R |2/ lq zklfk fdvh |� m' 8R�� Wkxv lq doo wkuhh fdvhv |� m' � b �S� b
8R�� Frqyhuvho|/ ohw I eh d iudph wkdw grhv qrw vdwlvi| +U1:,1 Wkhq wkhuh h{lvw
|�c |2c |� 5 A vxfk wkdw |� !R |�/ |2 !S |�c |� 9' |2/ |2 	S |� dqg |� 	R |21 Ohw ^ eh
d vhqwhqfh ohwwhu dqg frqvlghu d prgho edvhg rq I zkhuh n^n ' i|2j1 Wkhq doo ri
wkh iroorzlqj duh wuxh dw |�= 8R�S^/ =^ +ehfdxvh |� 9' |2,/ =�S^ +ehfdxvh |2 	S |�,
dqg =8R^ +ehfdxvh |� 	R |2,1 Wkxv wkh iroorzlqj lqvwdqfh ri +D1:, lv idovh dw |�=
8R�S^ $ E^ b �S^ b 8R^�1

Fruroodu| 7151 +D1:, lv d wkhruhp ri O1

Surri1 Iluvw zh vkrz wkdw li !R lv d vxeuhodwlrq ri !S dqg !S lv edfnzdug olqhdu/
wkhq +FS, lpsolhv +U1:,1 Ohw |� !R |� dqg |2 !S |�1 Vlqfh !R lv d vxeuhodwlrq
ri !S/ |� !S |�1 Khqfh/ e| edfnzdug olqhdulw| ri !S/ hlwkhu +d, |� ' |2/ ru +e,
|2 !S |� ru +f, |� !S |2� Lq fdvh +f,/ lw iroorzv iurp +FS, wkdw |� !R |21 Wkxv hyhu|
S0iudph vdwlv�hv +U1:,1 Khqfh/ e| Ohppd 714/ +D1:, lv ydolg lq hyhu| S0iudph1
Wkxv e| wkh frpsohwhqhvv wkhruhp/ +D1:, lv d wkhruhp ri O1

Lq vrph dssolfdwlrqv lw pd| pdnh vhqvh wr uhtxluh wkdw/ iru hyhu| gdwh |/ wkh
suhglfwhg ixwxuh ri | eh qrq0hpsw|/ xqohvv | lv d whuplqdo gdwh +l1h1 lw kdv qr
!S0vxffhvvruv,1 Vhpdqwlfdoo| wklv surshuw| fdq eh h{suhvvhg dv wkh uhtxluhphqw
wkdw !R eh vhuldo zkhqhyhu !S lv vhuldo1 Wkh iroorzlqj ohppd jlyhv wkh d{lrp
vfkhph wkdw fkdudfwhul}hv wklv surshuw|1
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Ohppd 7161 Ohw I eh dq duelwudu| iudph +qrw qhfhvvdulo| d wuhh iudph,1 Wkhq
wkh iroorzlqj d{lrp vfkhph

+D1;, CR� a 8S� $ 8R�

lv ydolg lq I li dqg rqo| li I vdwlv�hv wkh surshuw| wkdw !R lv vhuldo zkhqhyhu !S

lv vhuldo/ wkdw lv/

+U1;, ;| 5 A / li <|� vxfk wkdw | !S |�/ wkhq <|2 vxfk wkdw | !R |2�

Surri1 Il{ dq duelwudu| prgho edvhg rq d iudph wkdw vdwlv�hv wkh surshuw| wkdw
!R lv vhuldo zkhqhyhu !S lv vhuldo1 Il{ dq duelwudu| | 5 A dqg dq duelwudu| irupxod
�1 Vxssrvh wkdw | m' CR�a 8S�1 Vlqfh | m' 8S�/ <|� v1w1 | !S |� dqg |� m' �1 Wkxv
!S lv vhuldo dw |1 E| wkh dvvxphg surshuw|/ !R lv vhuldo dw |/ wkdw lv/ <|2 v1w1 | !R |2�
Khqfh/ vlqfh | m' CR�/ |2 m' �1 Wkxv | m' 8R�1 Frqyhuvho|/ �{ d iudph wkdw grhv
qrw vdwlvi| wkh deryh surshuw|1 Wkhq wkhuh h{lvw |c |� 5 A v1w1 | !S |� dqg/ ;|� 5 A /
| 	R |�� Frqvlghu d prgho edvhg rq wklv iudph zkhuh/ iru vrph dwrplf vhqwhqfh
^c n^n ' i|�j1 Wkhq | m' 8S^ dqg/ vlqfh | kdv qr !R0vxffhvvruv/ | m' CR^ a =8R^1
Wkxv CR^ a 8S^ $ 8R^ lv idovh dw |1

Dqrwkhu srvvleoh h{whqvlrq ri O fdq eh rewdlqhg e| dgglqj wkh uhtxluhphqw
wkdw suhglfwlrqv eh �xqltxh�/ lq wkh vhqvh wkdw wkh suhglfwhg ixwxuh ri dq| gdwh
| frqvlvw ri srlqwv rq wkh vdph eudqfk rxw ri |1 Wklv uhtxluhphqw lv fdswxuhg e|
wkh surshuw| ri iruzdug olqhdulw| ri !R/ zkrvh fkdudfwhul}lqj d{lrp lv jlyhq lq wkh
iroorzlqj ohppd +iru d surri vhh Exujhvv/ 4<;7,1

Ohppd 7171 Ohw I eh dq duelwudu| iudph +qrw qhfhvvdulo| d wuhh iudph,1 Wkhq
wkh iroorzlqj d{lrp vfkhph

+D1<, 8R� a 8R� $ 8RE� a �� b 8RE� a 8R�� b 8RE8R� a ��

lv ydolg lq I li dqg rqo| li I vdwlv�hv wkh surshuw| ri iruzdug olqhdulw| ri !R=

+U1<, ;|�c |2c |� 5 A / li |� !R |2 dqg |� !R |�/ wkhq hlwkhu |2 ' |�/
ru |2 !R |� ru |� !R |2�

Lw fdq eh vkrzq wkdw wkh v|vwhp rewdlqhg e| dgglqj +D1;, +uhvs1 +D1<,, wr O

lv vrxqg dqg frpsohwh zlwk uhvshfw wr wkh fodvv ri S0iudphv wkdw vdwlvi| surshuw|
+U1;, +uhvs1 +U1<,,1 Vlploduo|/ dgglqj erwk +D1;, dqg +D1<, wr O |lhogv d v|vwhp
wkdw lv vrxqg dqg frpsohwh zlwk uhvshfw wr wkh fodvv ri S0iudphv wkdw vdwlvi| erwk
+U1;, dqg +U1<,1
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81 Frqfoxglqj uhpdunv

Wkh sxusrvh ri wklv sdshu zdv wr lvrodwh d plqlpdo orjlf ri suhglfwlrq1 Ghshqglqj
rq wkh dssolfdwlrq dqg2ru lqwhusuhwdwlrq rqh kdv lq plqg/ lw pd| eh ghvludeoh wr
h{whqg wkh orjlf e| dgglqj ixuwkhu d{lrpv1 Rqh vxfk d{lrp/ zklfk zdv glvfxvvhg
lq wkh suhylrxv vhfwlrq/ lv wkdw �suhglfwlrq vsuhdgv iruzdug�/ lq wkh vhqvh wkdw
!R lv vhuldo zkhqhyhu !S lv vhuldo +fi1 d{lrp +D1;,,1 Wklv surshuw|/ wrjhwkhu zlwk
+FS, dqg wudqvlwlylw| ri !R/ lpsolhv wkdw wkh suhglfwhg ixwxuh ri dq| prphqw |
frqvlvwv ri d vhw ri eudqfkhv +l1h1 pd{lpdo !S0fkdlqv, wkurxjk |1 Lq wklv fdvh/
lqvwhdg ri wkh Nulsnh0vw|oh vhpdqwlfv xvhg lq wklv sdshu/ dq dowhuqdwlyh dssurdfk
lv srvvleoh/ qdpho| wkh �Rfnkdplvw� dssurdfk lq zklfk wkh wuxwk ri d irupxod lv
qrw hydoxdwhg dw d vlqjoh srlqw lq wlph/ exw dw d sdlu frqvlvwlqj ri d wlph srlqw dqg
d eudqfk wkurxjk lw> wkh ixwxuh rshudwru 8 wkhq uhihuv wr wlph srlqwv lq wklv eudqfk
rqo|1 Lw iroorzv wkdw wkh hydoxdwlrq ri whpsrudo irupxodh reh|v wkh odzv ri olqhdu
wlph= wkh hqylurqphqw lq zklfk dq| vxfk irupxod lv hydoxdwhg lv d vlqjoh eudqfk
+ru klvwru|,1 Ehfdxvh ri wklv/ lq rughu wr h{suhvv wkh pdqlirogqhvv ri wkh ixwxuh/
d srvvlelolw| rshudwru � lv qhhghg wr hqdeoh rqh wr txdqwli| ryhu wkh eudqfkhv
wkurxjk d jlyhq prphqw +fi1 Wkrpdvrq/ 4<;7 dqg ]dqdugr/ 4<<9,1 H{whqglqj
wkh dqdo|vlv ri wklv sdshu wr wkh Rfnkdplvw dssurdfk zrxog uhtxluh lqwurgxflqj
wzr srvvlelolw| rshudwruv/ �S dqg �R/ zlwk wkh iroorzlqj wuxwk frqglwlrqv zlwklq
hdfk prgho +| ghqrwhv d wlph srlqw dqg K d eudqfk wkurxjk |,= E|c K� m' �S� li
wkhuh lv d frqfhlydeoh eudqfk K� wkurxjk | vxfk wkdw E|c K�� m' �/ dqg E|c K� m' �R�
li wkhuh lv d suhglfwhg eudqfk K� wkurxjk | vxfk wkdw E|c K�� m' �1

Dowkrxjk wkh uhodwlrq!R zdv lqwhusuhwhg lq wklv sdshu dv h{suhvvlqj wkh qrwlrq
ri suhglfwlrq/ rwkhu lqwhusuhwdwlrqv duh srvvleoh1 Iru lqvwdqfh/ li wkh orjlf O lv
dxjphqwhg zlwk d{lrpv +D1;, dqg +D1<,/ wkhq rqh rewdlqv d v|vwhp zkhuh iru
yhu| lqvwdqw | wkh vhw i|� G | !R |�j jlyhv d xqltxh klvwru| diwhu |= vxfk d klvwru|
frxog eh lqwhusuhwhg dv wkh dfwxdo ixwxuh ri |1 Wkxv wklv orjlf frxog eh xvhg dv dq
d{lrpdwl}dwlrq ri wkh srlqw ri ylhz fdoohg Dfwxdolvp= dfwxdolvwv krog wkdw wkhuh
lv d sduwlfxodu srvvleoh ixwxuh ri d jlyhq prphqw |/ l1h1 wkh dfwxdo ixwxuh ri |/ wr
zklfk wkh ixwxuh rshudwru uhihuv1 Lq wkh orjlf O dxjphqwhg zlwk +D1;, dqg +D1<,/
rqh zrxog kdyh wzr ixwxuh rshudwruv= 8R dqg 8S1 Wkh lqwhusuhwdwlrq ri 8R� zrxog
eh �lw zloo eh wkh fdvh wkdw � lq wkh dfwxdo ixwxuh� zkloh wkh lqwhusuhwdwlrq ri 8S�
zrxog eh �wkhuh lv d frqfhlydeoh ixwxuh wlph dw zklfk � zloo eh wuxh/ dowkrxjk qrw
qhfhvvdulo| lq wkh dfwxdo ixwxuh�1
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