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Abstract

This paper exhibits a class of infinite-horizon economies with incomplete markets (GEI) for
which the equilibrium can be explicitly derived. We show that if agents have preference orderings
represented by expected discounted quadratic utilities and if their endowments are tradable, then
the equilibrium consumption and welfare of agents can be expressed as a function of the least
variable income stream (LVI) obtainable by trading on the financial markets. If in addition the
economy has a Markov structure, then the LVI can be calculated. The model is used to study
the behaviour of agents on the equity and bond markets in an economy in which the growth and
inflation processes are calibrated to fit US data. Two related findings emerge: first, the proportion
of bonds in the portfolios of even the most risk-averse agents is small (less than 2 %); second, since
equity dominates the portfolios of agents, the welfare loss due to variable inflation is small.

We are grateful to Steve LeRoy, Rajiv Mehra and Andy Neumeyer for helpful discussions, and to partic-
ipants in seminars at U.C. Santa Cruz, Stanford University, U.C.L.A., U.C. Davis and U.C. Santa Barbara
for stimulating comments.



1. Introduction

1. Introduction

The general equilibrium model with incomplete markets (GEI) provides a rich framework for
analyzing problems of macroeconomics. The model is a generalization of the Arrow-Debreu model
in which trade is sequential and agents have access to a limited array of financial instruments and
contracts for co-ordinating their decisions and sharing their risks. Recently a number of papers
have shown how this model can be extended to an open-ended future, giving conditions on the
characteristics of the economy under which an equilibrium exists (Magill-Quinzii (1994, 1996b),
Levine-Zame (1996), Hernandez-Santos (1996)). The natural next step in this program of research
seems to lie in obtaining a better understanding of the properties of such equilibria.

This paper shows that under certain assumptions on agents’ preferences and on the marketabil-
ity of their endowment streams, a rather complete description of equilibrium prices and agents’
consumption streams can be obtained. This permits both a qualitative evaluation and a quantita-
tive prediction (calibration) of equilibrium. The main assumption that permits our method of proof
to be used is that agents have preference orderings represented by expected discounted quadratic
utilitites. This class of preference orderings leads naturally to a metric on the space of income
streams induced by a scalar product in which each node is weighted by its discounted probability.
With this metric the space of income streams become an f5 space and preferences are measured
by “distances”, permitting the projection techniques of Hilbert spaces to be applied. While it is
assumed that agents can share their individual risks by trading on the financial markets, these
markets are incomplete in that perfect consumption smoothing is not achievable. There is however
an income stream obtainable by trading on the financial markets which best approximates perfect
consumption smoothing, namely the stream which lies closest to the constant annuity in the /o
topology, and we call this the least variable income stream (LVI) in the marketed subspace.

The structure of equilibrium is such that at equilibrium agents have diversified their individual
risks and only have to resolve a trade-off between consumption smoothing (achievable by holding the
LVI) and holding some share of aggregate output (which defines the aggregate risk of the economy).
Risk-averse agents choose a high component on the LVI and hold only a small share of aggregate
output: such agents favor a high degree of intertemporal consumption smoothing. Risk-tolerant
agents, by contrast, choose leveraged portfolios and carry a larger share of the aggregate risks:
their consumption is higher on average but also more variable. The incompleteness of the market
is measured by the “lack” of consumption smoothing achievable on the financial markets—namely

the distance of the LVI from the constant annuity of one unit of income for ever— and the utility
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of agents at equilibrium can be expressed in terms of this distance: the greater the incompleteness
of the markets, the smaller the equilibrium welfare of the agents.

One of the interesting results of the the finite horizon (two-period) GEI model is that if markets
are incomplete and if there are nominal securities (bonds), then fluctuations in monetary policy have
real effects through the fluctuations they create in the real payoffs of the bonds.! While these effects
can be exhibited and analyzed theoretically in a two-period model?, an assessment of their order
of magnitude in such a model is likely to lead to an overestimate. For in an intertemporal setting,
even with a limited number of securities, agents have access to powerful dynamic income-smoothing
strategies, which may permit the harmful effects of variable inflation to be neutralized. This is
precisely the macroeconomic problem which motivated this paper and the framework outlined
above permits us to assess, in a calibrated model, the order of magnitude of these effects. The
quantitative evaluation is carried out in a model® in which agents trade equity and bonds and in
which Markov processes for growth and inflation are calibrated to fit those of the US economy.

Estimating the effect of variable inflation amounts to estimating how far it moves the LVI
from the constant annuity. The salient facts which emerge from the calibration are following: the
effect of (variable) inflation on agents’ welfare is small (less than 0.6% of equivalent permanent
consumption),* while the effect on agents’ portfolio holdings of nominal securities is surprisingly
strong. With the mild variability of US inflation, the portfolio generating the LVI contains less
than 3% of bonds so that even the most risk-averse agent has less than 2% invested in bonds. By
contrast, in the two-period model (calibrated with the same rates of return as those generated by
the infinite horizon model) the LVI (which in this case is the minimum variance portfolio) has more
than 95% invested in bonds. This is a striking example of the difference between the predictions
of a two-period and an infinite-horizon model.

In an economy with growth, the LVI is the income stream which lies closest to the consumption
stream growing steadily at the trend rate of growth of the economy. The dividends on equity
automatically provide this growth: thus constructing the LVI with equity alone requires only the

limited trades needed to smoothe the variability of its dividends. This can be achieved by carry-over

!The channel through which these real effects take place is through the role of money as a standard for deferred
payments: this differs from the traditional channel which is through the seignorage effect, namely the depreciation
in the value of agents’ money balances that are held either for transactions purposes [see Bailey (1956) and the
subsequent literature on the transactions demand for money, Cooley-Hansen (1989, 1991), R. Lucas (1994)] or for
precautionary (consumption-smoothing) motives [Imrohoroglu (1992)), Kehoe-Levine-Woodford (1992)].

2See Balasko-Cass (1989), Geanakoplos-Mas-Colell (1989), Magill-Quinzii (1992, 1996b), Neumeyer (1997a, b)

3This model is an intertemporal generalization of the two period-model studied in Magill-Quinzii (1997).

4The fact that the welfare effects of inflation are small seems to be a common result of the literature: in all the
papers cited in footnote 1, except for Imrohoroglu (1992), the estimated welfare loss is small, being of the order of
0.4% of permanent consumption for 10% inflation.
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strategies which consist in buying (selling) equity when output is above (below) trend, and such
strategies achieve significant income smoothing. By contrast, the dividends on bonds loose their
real value over time, making frequent purchases necessary to obtain a growing income stream. Since
the prices of bonds vary with the real interest rate and with the expectations of inflation, frequent
purchases imply a large exposure to price variability, making bonds unattractive instruments for
intertemporal income smoothing, even when their dividends are subject to small risks from variable
inflation. It is only in the idealized case where a Friedman rule for monetary policy ensures that
there is constant deflation that long-term bonds (a consol in this model) provide growing dividends
and form a significant part of the portfolio generating the LVI.

The GEI model over an infinite horizon has close connections with another strand of the macroe-
conomic literature which has grown out of the represententative-agent theory of asset pricing initi-
ated by Lucas (1978). After Mehra-Prescott (1985) had the idea of calibrating the model to data
for the US economy, and in the process uncovered the risk free rate and the equity premium puz-
zles many researchers have studied, in calibrated models, if incomplete markets and heterogeneous
agents can help resolve these puzzles [Huggett (1993), Telmer (1993), Den Haan (1994, 1996), D.
Lucas (1994), Heaton-Lucas (1996), Judd-Kubler-Schmedders (1997)].> The problem studied in
these papers is somewhat different from the one analyzed here: their focus is on the effects of
uninsurable individual risks, while our framework studies the effect of aggregate risks, assuming
that individual risks can be diversified away by trading equity. Their objective is to study how
incompleteness of markets and other market imperfections affect the structure of security prices,
whereas our focus is on agents’s portfolio strategies, consumption streams and welfare. Following
Mehra-Prescott these papers typically assume constant relative risk aversion while we use quadratic
utility functions. An advantage of the model that we study is that the form of the equilibrium can
be derived theoretically so that the model can be calibrated without drawing on approximation
techniques: as a result our approach admits asset structures of almost arbitrary complexity and
greater heterogeneity among agents.

The paper is organized as follows. Section 2 presents the abstract model and shows how the
equilibrium can be derived under the assumption that the financial markets do not permit perfect
consumption smoothing. Section 3 introduces the assumption of Markov endowments and security
payoffs, and derives the value function which is minimized by the LVI: the associated first-order
conditions define the portfolio strategies which yield maximum income smoothing. Section 4 studies

a version of the model, calibrated to US data, with Markov deviations from a deterministic growth

5See Kocherlakota (1996) for an excellent survey
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trend and Markov rates of inflation.

2. Equilibrium of a Quadratic GEI Economy.

Consider a one-good endowment economy with a finite number I of infinitely-lived agents each
having a stochastic endowment stream. At each date the economy experiences one of a finite
number of shocks, s; € § = {1,..., S} the shock sy being exogenously given and known at date 0.
Let oy = (sq,...,st) denote the history of the shocks up to date t: let ¥; = 8 x ... x S denote the
set of all such histories to date ¢ and let ¥ = | J;2, X; denote the collection of all such histories for
all dates. ¥ defines an event-tree: for any node o; € ¥ define the predecessor o, of o; and the set

o} of S immediate successors of oy by

o; = (50,...,81), o ={(s0,...,50,841)]| 8111 S}

Let p(o¢) > 0 denote the probability of node o}, where p : ¥ — [0, 1] is a map satisfying p(og) = 1,
Yes, Plor) = Land plor) =32, c,+ plo’). Let w' = (Wi(ot), 00 € ) and z' = (2%(01), 04 € T)
denote agent i’s stochastic endowment and consumption streams, w'(o¢) denoting the endowment
at date ¢ if the history is o;: w’ is non-negative and bounded i.e. there exists M; > 0 such that
0< wi(at) < M; for all oy € 3. Each agent is assumed to have a preference ordering defined by an

additively separable quadratic utility function

wi(a) = —% Y 6p(on) (af —a'(0r)) i=1.....1 (1)
DY
Thus agents have common probability beliefs p(o;) and discount the future at the same rate § with
0 < 6 < 1. Quadratic utility functions induce a natural geometry on the space of income streams.
To see this, consider a numbering (a bijective map) n : ¥ — N of the nodes of the event-tree to
the integers, which respects the dates of the nodes i.e. which is such that n(cp) = 1, and if two
nodes o; and o, are such that ¢t > 7, then n(o;) > n(o;). Let A denote the infinite diagonal matrix
whose nth diagonal element is A,, = §*p(0) for the node o, such that n(o;) = n and let R denote
the vector space of all maps = : 3 — R (i.e. the income streams defined on ¥). Define the space
B3 = {r RS |7TAT= 5 _plon)| alor) )< o0 )
gt

of all income streams which are square summable with respect to the metric A. Note that the

expression ' Az is written with the assumption that all vectors z € R are expressed as sequences
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whose components are ordered by 7. If for all 2,y € £5(X) we define the inner product

[z,y]a= D> 8p(or)x(or)y(or)
atGE

with associated norm® | = |[a= vVZTAxz, then (ZQA(E), [[,]]A> is a Hilbert space. To permit pro-
jection techniques of /5*(X) to be used to explicitly compute the equilibrium, we assume that the
consumption space is all of EQA(E): later we show how restrictions can be placed on the parameters
of the model to ensure that each agent i’ s consumption stream is non-negative and does not exceed
the ideal consumption level a’.

To smooth their consumption streams agents can trade J securities at each date. A security can
be short-lived, paying a dividend only in the next period (e.g. a one-period bond), long-lived with
a finite maturity (e.g. a k-period bond) or infinite-lived (e.g. an equity contract). To accommodate
these cases while always retaining the same fixed number J of tradeable securities, we adopt the
following approach: let h : {1,...,J} — {0,1,...,J} be a map which indicates that security j
at date t becomes security h(j) at date ¢ + 1, with h(j) = 0 if the security is short lived, and
h(j) = j if the security is infinite lived. For example if securities 1, ..., k are bonds with maturities
1,...,k, then h(1) =0, h(2) =1,..., h(k) = k — 1. In a standard model one unit of a long-lived
security j delivers one unit of security h(j) at date ¢t + 1. However, if the model is the reduced
form of a monetary model with the possibility of inflation and growth (as in section 4) and if the
characteristics of the securities are to remain time invariant, then one unit of security j at date t may
vield less than one unit of security h(j) at date t + 1. Let f7(oy41) with 0 < f/(0141) < 1, denote
the amount of security h(j) that security j traded at date-event oy delivers at node o1 € o7 :

then security j purchased for the price ¢/(o¢) at date-event o; has the payoff

Ri(o111) = d(o01) + f1(0141)¢" D (0141) (2)

at the immediate successors o;11 € o; . We assume the sequence of dividends d? = (d’(0;), 0 € )
is bounded.

Let 2} (o) denote the number of units of security j purchased (if 2}(o¢) > 0) or sold (if 2}(o¢) < 0)
by agent i at node oy. For any node which is not the initial node ¢ £ 0, the budget equation of

agent 7 is given by

J J
2'(o1) —w'(or) = Z:Rj(at%(ff{) - Z:qj(fft>2§(0t) (3)

fIn the notation of stochastic processes used in finance and macroeconommics, [ z,y Ir = E(ZZO 8" xry:) and
| z |la=FE (Zrio 5t(1’t)2). For simplicity in the analysis that follows we omit the subscript A on the inner product

and the norm.
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At date 0 we assume 2}(0g) = 0, so that for ¢ = 0 the first term in (3) is absent. Since the model is
written under the assumption that there are no transactions costs, we use the standard convention
that at each date-event o, and for each security j, the position z;-(at* ) taken at the predecessor is
closed (sold) and a new amount zj(o) is purchased.

In order to write the budget equations in a more condensed form consider the infinite matrix 7
W constructed in the following way. The columns of W give for each node o4 and for each security
j, the stream of income over the event-tree X generated by purchasing one unit of security j at
node o; and selling it at each of the immediate successors 011 € O':— . Thus each of the columns of
the matrix correspond to each of the elements of 3 x J, while each row corresponds to a node of
3, and the ordering of the columns and rows respects the ordering of the nodes given by n. The
column corresponding to security j traded at node oy has the entry —¢’ (o) in row (o) and the
entries R’ (0’) in rows n(o’) with o’ € o;": in every other row of this column the entry is zero. The
first J columns of the matrix correspond to the J securities traded at the initial node og (with
n(og) = 1), then comes the block of J columns corresponding to the J securities traded at the
node with number 2 (this is an immediate successor of op) and so on. Each column (oy, j) of W
is a vector in £5*(X) which is orthogonal to all other columns (o/, j') except those corresponding to
the node oy itself, its immediate predecessor and its immediate successors i.e. columns (¢, j') with

o' =o0,0r 0’ =0, oro €o;. Let
q=((¢"(@).....a" (o)), o1 € =) e R X 7

denote the vector of security prices: the matrix constructed above depends on ¢ — when we want
to stress this dependence, we write W(q), and when it is not essential to do so, we use the simpler
notation W.

Let 2° = ((2i(0¢),...,25(0¢)), 00 € £) denote agent i’s portfolio strategy for the J securities
across the event-tree 3. With this notation the budget equations of agent i can be written as
' —w' = W(q)z". Some restriction must be placed on agent i’s portfolio strategy z*, for otherwise,
regardless of the prices of the securities, agent ¢ could always borrow so as to consume the “ideal
consumption” o’ at each node, postponing indefinitely the repayment of the debt. As recent papers
(Magill-Quinzii (1994, 1996b), Levine-Zame (1996), Hernandez-Santos (1997)) have shown, in an
infinite-horizon GEI economy a no-Ponzi scheme condition is one of the key ingredients required
to ensure existence of an equilibrium. To eliminate Ponzi schemes it is sufficient to insist that the

strategies followed by agents be limits of strategies in which they repay their debt in finite time. Let

"This matrix was introduced in Magill-Quinzii (1996a, section 20) for a T-period economy and leads to substantial

simplifications in the analysis of the multiperiod finance model.
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(W(q)) denote the smallest closed subspace of £5*(X) containing all finite linear combinations of
the columns of W (q). A trading strategy 2’ over the infinite horizon gives rise to an income stream
7" in (W(q)) if 7* is the limit in ¢5*(X) of the income streams obtained by following truncated
strategies z!. such that 2! (o;) = z(0¢) if ¢ < T and 2! (o;) = 0 if ¢ > T. This leads to the following

transversality condition

R(c") (o) <00 (TR)

T-1 9
Jim 376 p(or) | Ren)7 (07) —alon)2 ()| + Y 670(o)

=0 oledir
where X7 denotes the set of all nodes at date T'. The budget set of agent ¢ over the infinite horizon
is thus defined by
xt— W= W(q)zi, z' e [R2 X J }

[Bq,w"’= ' e ,
( ) { (%) 2" satisfies (T'R)

Let w = (ul,...,u!) and w = (w!,...,w!) denote the agents’ characteristics and let D =

(d',....d’, f',.... f7,h) denote the basic data on security payoffs, then £(u,w, D) will denote
the associated economy.
Definition. A financial market equilibrium of the economy &(u,w, D) is a pair of actions and

prices

such that
(i) &' =arg max {u'(z")| ' € B(g,w")} and @' —w' = W(q)z', i=1,...,I

(i) Y, 2'=0
Finding Equilibrium by Projection. The subspace of income transfers
(W) = {7’ € 12(Z)| T = Wz, z satisfies (TR)}

which agents can achieve by trading on the financial markets, will be called the market subspace.
Since (W) is a closed subspace, the space £2(X) can be decomposed into a direct sum of the
market subspace (W) and its orthogonal complement (W)* ie. (8(X) = (W) @ (W)L (see
Dunford-Schwartz (1966, p. 249)). Thus any income stream x € (5 () can be decomposed
uniquely as

rx=x"+& witha* € (W), & (W) (4)
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Let Proj yy, : (8(X) — (W) denote the projection operator which assigns to any x in £5(X) its
orthogonal projection * onto (W'). As is well-known, * is the vector in the subspace (W) which

best approximates @ in the sense that it lies closest to @ in the metric induced by || ||
o* =argmin{l| z -y ||| y € (W)}
Note that agent ¢’s utility function can be written as
i L i T i i Ly P2 /
u(m)z—g(al—w)A(al—m)=—§||a 1—2a' | (1"

where 1 = (1,1,...) € £5(X) denotes the perpetual annuity of 1 unit of the good (income) for ever.
Thus the utility of the income stream * is the loss induced by the (square) of the distance of z'
from the agent’s ideal consumption stream o'1.

Consider the maximum problem (i) of agent i in an equilibrium: the agent’s budget set B(q, w?)

is the translation of the market subspace which passes through the agent’s initial endowment stream

w',

B(g,w") = '+ (W(q))
In view of (1), agent #’s most preferred consumption stream is the solution of the problem

7 =arg min {[| o'l -2 ||| ' € W'+ (W(@))} (5)

and is thus the income stream in the budget set which lies closest to the agent’s ideal income stream

o'l . If 7" = x' — w' denotes agent i’s net trade, then the problem (5) can be written as
F=argmin {|a'l-w —7 || 7 € (W(g)}
so that 7/ is the vector in the closed subspace (W (q)) which lies closest to (a’1 — w?)
7= Pr0j<W(q)>(ai1 —w) (6)
and the utility of agent i at equilibrium is
o 1. , _ _ _
u'(z') = -5 | @'l —w' — P1'0J<W(q)>(a’1 — w2
By (4), this is the projection of a’1 — w® onto the orthogonal complement (dual space) (W (q))*
o 1 . _ _
W (@) = =3 || Prof gy gy (o1 — ) [ 7)

Agent i begins with a “deficiency” a’1 —w’ whose norm measures the loss of the agent at the initial

endowment w’, and ends up after trade with the shorter deficiency Proj (W((]))JL(O‘il —wh).

8
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The equilibrium price vector q is determined by the market clearing equations for the securities,

I _1 2" = 0, which are equivalent to the market clearing equations for the good at every date-event

Z-I:l(i — w') =0, namely ./, 7 = 0. Thus setting the sum of the vectors in (6) equal to zero

gives the equilibrium condition

: : 1 L~
Pro.]<W(q)>(a1—w)=0 with « =72a, w=72w (8)

Define w = al — w: this is just the vector of (instantaneous) marginal utilities of the average agent
with utility function u(z) = —1 || a1 — & ||? consuming the per-capita endowment w. By (8), the
vector of equilibrium prices § must be such that the market subspace (W (g)) is orthogonal® to the
average agent’s vector of node prices 7. This can be written as w" AW (q) = 0, which implies that
each column of the matrix W (g) is orthogonal to 7r: thus for j =1,...,J and for all oy € ¥

(08" p(o)d (o) + Y (08" p(e')RI (o) = 0 (9)

[ea EU;F

which shows that the equilibrium security prices are obtained from the implicit present value prices
(oy) = 6" p(or)m(0r), Yor€X

Thus whatever the payoff structure or number of the securities traded — and in particular whether
markets are complete or incomplete — the prices of the securities are derived from the vector of
present value prices IT = A7, namely the vector of present values of the (instantaneous) marginal
utilities of consumption of the average agent at w. The recursive system of equations (9) has a
unique solution if we require that the price of each security at any node is equal to the present value
of its future dividends (its so-called fundamental value at this node). All other solutions involve
bubbles, and although equilibria with bubbles can exist for infinite-lived securities in zero net supply
(see Magill-Quinzii (1996b), Santos-Woodford (1997)) we will not consider them here. We derive

the unique equilibrium of the economy & in which each security is priced at its fundamental value

i.e. for each j =1,...,J and each o; € ¥ the equilibrium price is given by
T(O14r) 1, hT=1(5)
gi(or) = 6 p(otir | Ut)WFJ(UH—T)d (ot4r) (10)
T>1

where 1°(j) = j, Fj(ors1) = 1, ¥V o1 € of and for 7 > 2, Fj(or4r) = fi(o141) fa(jy(ona2) - .

frr—1(j)(014+), this latter expression being evaluated along the path from oy to oy, If, for some F,

8(8) is equivalent to ol —w € (W (g))™.
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h¥(5) = 0 then by convention Irr(j) (k1) = 0 (i.e. the security matures at date ¢+ & and delivers
nothing thereafter). For short-lived securities (h(j) = 0) and infinitely-lived securities which do
not “shrink” over time (f;(o;) =1, V 04), (10) is the standard present-value formula for the price

of a security.

Complete Markets. As a reference case we first calculate the consumption and utility of each
agent in an Arrow-Debreu equilibrium. This is the same as the consumption and utility of agents
in a financial market equilibrium in which at each node agents can trade at least S securities with
linearly independent payoffs at the immediate successors — a case that we refer to as “complete”
financial markets. In this case it can be shown that there is a unique vector (up to multiplication
by a scalar) w € ¢5(32) which is orthogonal to all the columns of W(q), so that dim(W (gq))* =1
and agents choose their net trades 7° from the hyperplane [, 7'] = 0 (see Magill-Quinzii (1996a,
ch. 4) for the T-period case, which is easily extended to the infinite-horizon case). When markets
are complete it is straightforward to derive an explicit solution for the equilibrium consumption
and utility levels of agents, since the projections of a1 — w® onto (W (g)) and (W (q))* are readily
found. Let

i

' =a'l —w

denote the vector of (instantaneous) marginal utilities of agent i at the initial endowment w?®.

Proposition 1 (Complete Markets Equilibrium): The Arrow-Debreu equilibrium consump-

tion streams and utility levels of the agents are given by (i = 1,...,1I).
- : : : , a || 7 |?—afxw] [7' 7]
(i) &yp = aypl + bypw with ay, = ERE o Wyp = IERE
N [~ =]’
(ii) vl = — 52—
AP |

Proof. Since dim(W(g))* = 1, by (8), the vector 7 is a basis for (W(q))". The orthogonal

decomposition of 7w’ can thus be written as

B TPy B o

which implies .
N = —[h";’ 7|’|2ﬂ A= N, 7= (o' = Na)l - o' + Nw (11)
By (6), &4, = w' + 7", and by (7), vy, = —% | &' ||°. Substituting the expressions (11), gives
(i) and (ii). ]

10



2. Equilibrium of a Quadratic GEI Economy

Incomplete Markets. Although the Arrow-Debreu equilibrium is derived by assuming that the
financial markets are complete, such a rich array of securities is not necessary to achieve this Pareto
optimal allocation: all that is needed is that agents can trade from their initial endowment to a
consumption stream which is a combination of a sure income stream and the average endowment.
Whether or not such trades are achievable depends on the “span” of the markets from date 1 on.
To express such conditions we introduce the following notation. Let X, = ¥\{op} denote the

event tree after date 0: for a stochastic income stream x € £5(X), let
ry = (ZE(O’t),Ut € E+)

denote the associated income stream after date 0, obtained by deleting the date 0 component. The
space of after date 0 income streams IR2+ is endowed with the natural scalar product derived from

the scalar product on R

[zry, ] = > 8 plon)x(on)ylor) =i Ary,

where A, is matrix obtained from A by deleting the first row. For simplicity we use the same
notation to denote the scalar product and norm on R and R+ Finally let W(q)+ denote the
matrix obtained from W (q) by deleting the first row and let (W (q)+) denote the smallest closed
subspace of £5(2 ) spanned by the columns of W (q). In economic terms the difference between
(W(q)) and (W (q)+) is that the date 0 cost is not taken into account in (W (q)4) while it is in
(W (q)): we refer to (W (q)4) as the marketed subspace. For some cost at date 0 agents can have
access to all income streams in (W (q)).

The Arrow-Debreu equilibrium allocation can be achieved under the following assumptions:
A1l (Diversifiable individual risks): w' € (W(q)+), i=1,...,1T
A2 (Perfect consumption smoothing): 1. € (W(q)4).

A1 is an assumption about the diversifiability (marketability) of the agents’ real individual risks;
it is satisfied if output is generated by a finite number of firms (whose production plans are taken
as fixed), if agents’ endowments consist of ownership shares of the firms, and if the equity contracts
of the firms are traded. A2 is normally viewed as an assumption on the bond market. In a two-
period model it is satisfied if there is a bond whose real payoff is constant across the states: this
requires either that the bond is indexed and that perfect indexation is possible, or that the bond is
nominal and that inflation is not variable (see Magill-Quinzii (1997)). In a multiperiod model A2

is a stronger assumption. For suppose that at each date-event there is a short-lived bond which

11



2. Equilibrium of a Quadratic GEI Economy

gives one unit of real purchasing power at each of the immediate successors. This still does not
permit a constant income stream over time to be achieved if the real interest rate is variable. For
a portfolio strategy on a short-lived bond which delivers income at every date requires that a part
of the payoff of the bond purchased at date ¢ be used to finance the purchase of the bond at date
t + 1: when the price of the bond varies across date-events, there is no portfolio strategy that
delivers a constant income stream across date-events. Thus not only the variability of inflation,
but also the variability of the real interest rate can lead to A2 being violated. Since there are even
more reasons for dispensing with assumption A2 in a multiperiod model, we will study the agents’
consumption and welfare in an economy in which real individual risks are diversifiable (A1), but
in which A2 is not necessarily satisfied. If agents do not have access to the sure income stream,
it seems natural that they will seek to replace it by the least risky income stream in the marketed

subspace (W (q)+). This leads to the following definition.

Definition: The orthogonal projection of 14 onto (W(q)4) is called the least variable income
stream (LVI for short) in the marketed subspace, and is denoted by 1. Thus 7 is defined by the

orthogonal decomposition

Lo=n+d, ne (W@, 72¢c W@ (12)

Proposition 2 (Incomplete Markets Equilibrium): If individual risks are diversifiable (A1),

then the equilibrium consumption streams and utility levels of the agents (i = 1,...,I) are given
by
N i oo P e a] o [ww] - ad | P
(i) & =a'(1,n)+ b'w with o’ = — , b= n
[ |2 —a® || A |? |2 —a? || 9 |
N O 1PalPy o’ : o o
(i) v'(&") =u'yp |1 + — with B = , Y= : -
AD[ 1-B|#|* } [ [w =] =]

Proof. As in Proposition 1, the proof consists in calculating the projections 7% and #’ of 7* onto
(W(q)) and (W (q))*. However since (W (q))" is now larger than a one dimensional space, the
calculation of the projections is more involved. We will compute the projections on (W(qg)) and
(W(q))" by taking limits of projections on finite dimensional subspaces obtained by truncating
trade at date T', for T'=1,2,.... For simplicity we omit § when writing (W). Let (W), denote
the subspace of (W) obtained by using trading strategies which stop at date T i.e. z(oy) = 0 if

t > T. (W), lies in the subspace AT of /5*(X) consisting of vectors with zero co-ordinates after

12



2. Equilibrium of a Quadratic GEI Economy

date T: let BT denote the complement in ¢5*(X) consisting of vectors with zero co-ordinates up to

date T
Al = {x e () | 2(oy) =0if t > T}, B = {& c 05(2) | x(0x) = 0if t <T}

Let AL and BY denote the associated subspaces of £2(X.). A vector & € £5*(X) can be written as
T =x, + x>, with z. € AT and z-,. € BT. AT is a finite dimensional subspace of dimension N,.
where N_. is the number of nodes up to date T (i.e. N = 1+S+,...,+S7) and (W).. is a subspace
of AT of maximum dimension (1+ S +...4+ ST=1)J. The vector 7* = o'l — w' can be decomposed
as ' = wi* + &' 4wl where 7* is the projection of 7' (and also of 7wl ) onto (W), , @’ is the

orthogonal complement of 77?‘ in AT, and 71"">T € B”. Thus
T = Proj<W>T (m"), & +7mi_. = Proj<W>J; (")

Since (W), C (W), C...C (W), T =1,2,... is an increasing sequence of subspaces of (W),

and since (W) = [J77_ (W)

T?
. i . . i
Proj yy, (") = Th_n}OO PI’OJ<W>T(7T ) (13)
(see Lorch (1962, theorem 5.1)). To calculate 7’ it suffices to compute ﬁ”T To this end, consider
a basis {v1,..., v} of the orthogonal complement of (W), in A", which we denote by (W)=,

to differentiate it from (W)L, the orthogonal complement of (W), in ¢ (%), where (W)L =
(W) @ B". We need to find the coefficients (c1, ..., cp,) such that

ﬁ';:Cl’Ul-i-...-i-Cm’Um

To find these coefficients we use the property that 7‘-; — ﬁ'; = m; is orthogonal to each v; i.e.

[#5v;] = [mh,v;] for j=1,...,m, namely
alvi,v1] + ..o [vmvr ] = [7, 0]
(14)
calvi,om] + ot em [Vmvm ] = [, 0m]
Solving this system of m equations determines (cy,...,¢y): a careful choice of basis for (W)# will

simplify the calculation.
Let W, denote the finite matrix obtained by eliminating all but the first N, rows and (N, —
ST).J columns of W. Note that (W), is isomorphic to the subspace of RVt spanned by the columns

of W .. Since the vector of present value prices II = A(al — w) is orthogonal to every column of

13



2. Equilibrium of a Quadratic GEI Economy

W and since W has only zeros below the matrix W, it follows that H;WT =0,T=12,....
Since Il = o — wg > 0, the first row of the matrix W is a linear combination of its remaining

rows: thus rank W, = rank W, + <= dim (W) = dim (W), so that
dim(W)2 =1 + dim (W,)7 (15)

Case 1: 14 ¢ (W ). Then there exists T such that 1,0 ¢ (W), for T >T. Let 1., =n_+
N, Where n_ = Proj<W+>T(1+T), N, = Proj<W>#(1+T). For T >T,7, #0. Let {f)_,es,...,en}
be an orthogonal basis for (W ). Since II' W, = w] AW . =0, 7, belongs to (W) and since
mo = a—wp > 0,7, and (0,7.) (respectively (0,e;),j = 3,...,m) are linearly independent. Thus

in view of (15), the vectors
V) =Tp, V2= (O’ﬁT>’ V3 = (0763)7“'7’0177,: (Ovem,)

form a basis for (W).-. With this basis, let us evaluate the inner products in (14): only a few

are non-zero, so the system of equations (14) can be simplified. [v1,v2] = af1,,(0,7,.)] —
[wr (0.7,)] = a |4, | since [1,,(0,9,.)] = [L47,0. 1 = [0, + 0, + 00,1 =l 9, |7
and since w', € (Wy), = wi, € (W), = [w,;,(0,4,)] =0. For j >3, [v,v;] =

a[14,,(0,€5) ]+ [w,(0,e;)] =0, [v2,v;] =0 by the choice of {es,...,en} and [vj,v;] =0 if
j' > 3,4 # j. For j > 3, the right-hand side [ ! , v; | of (14) satisfies [ 7", v;] = o'[ 14, (0, e;)]—
[w:,(0,e;)] =0 and since [vj,v;] # 0 the coefficients cs, ..., ¢y, are zero. Thus (14) reduces to
the pair of equations in the coefficients (c;, ¢y ) (recalling that they depend on T')

1> =[5 ]

T ~ T ~ ; ~
coallal” +ela, 1? = o |,

T T ~
o [ 7p [I* + ey 1,

with solution
I [7pme ] —aa® 9, P« _ o' |7 |* —a [, ]
! l7p 12 = A, 2 7

|7 2 —a? |9, |I?
Since

lim n_ = Tli_rr)loo Pr0j<W+>T(1+) :Proj<W+>(1+) =n

T—00
1, =n,+ 7, + 1>, implies limp_ (7, +15,) = 11 —limy__.n, =1 —n = 7 and since
1., — 0in £2(2),limr o A, = . By a similar argument, using
Bk

lim 77" = lim  Projyy,

——00 T—00 T

() = Proj yy, (7)==

14



2. Equilibrium of a Quadratic GEI Economy

%

t=al+ A+l and = " + 7', we deduce limp @) = &', Since 7l — 7' and

T

w, — m, it follows from (16) that

g lmml—ad' |0 |° o |7 | —a [ 7]
o 2 2 5 112
[ [? —a® [l

——(0,7) (17)
fm > =2 9>
and 7™ = 7w — #’. Since the equilibrium consumption and utility level of agent ¢ satisfy &' =

w' + 7w and wi(z') = —3 || &' ||?, substituting from (17) gives (i) and (ii) of the proposition.

Case 2: 1, € (W). Let {ey,..., ey} be an orthogonal basis for (W )1, Then v = 7, vy =

(0,e2),...,0p = _(0, en) is a basis for (W1). Solving the system of equations (14) in this case,

r (7m0 Y . . )

leads to ¢; = W, c; =0, j=2,...,m, so that after taking limits, " and 7* are given by
7TT

(11). 0

Explaining Equilibrium Consumption. The expressions for the coefficients (a’,b') in Propo-
sition 2, which determine the agents’ equilibrium consumption streams, are those that fall most
naturally out of the proof of the proposition and are useful for computation. There is however an

alternative way of writing these coefficients which brings out better the economic logic underlying

the agents’ equilibrium consumption streams. For ¢ = 1,...,1, define the variables
- , - a’ @
Vi=[mno'], Y=[mrw], =7, B=t—7 (18)
[m w'] [m, w]

By substituting the values of w’ and 7 it is easy to see that (a’,b") can be expressed as the following
functions of the variables in (18)

i Y B-p

Y _Y' (i) —alq]*) -1
Yol |2 —a® |4

S Y B([m ] -alla]?) -1

The coefficients (a4, b4 ) for the Arrow-Debreu equilibrium are obtained by setting # equal to 0.

bi

a

(19)

Since IT = A is the equilibrium vector of present value prices, lw® = 7T Aw? = [w,w'] = Y’
is the present value of w’, namely the equilibrium wealth of agent i. The ratio [[7;2}]] = B[, 1],

which measures the wealth required to purchase the ideal stream o'l relative to agent i’s wealth,
can be interpreted as a measure of the agent’s “ambition”. The more ambitious agent ¢ is, the less
curved is the indifference surface passing through w?, and thus the less curved are the indifference

surfaces in the relevant consumption region®

{2’ € R> | M2’ <MW, u'(z') > u'(w')}

9We know, from the theory of incomplete markets, that the budget set B(q, w?) is a subset of the Arrow-Debreu
budget set {z" € rR> | Iz < TIw'}. Thus agents’ choices need not be considered outside this set.

15



2. Equilibrium of a Quadratic GEI Economy

Thus a high ambition is equivalent to a high level of risk tolerance and ' = o'/[w,w'] is the

measure of the risk tolerance of agent ¢ which is natural in this model. Given the homogeneity of

the expressions (19) in Y, the equilibrium consumption stream of agent i can be written as
.Y . .

@' = 3 (a(6)(1,m) + b(8")w) (20)
where (a(3"),b(/3")) are the expressions in (19) for the normalized wealth level Y* =Y. It follows
from (20) that an agent’s risk tolerance 3° completely determines the relative weights of the agent’s
consumption stream on the LVI and the per-capita endowment. An agent who is less risk tolerant
than average (3" < 3) has a(3') > 0 and b(3") < 1, with @' increasing and b’ decreasing in the
difference 3 — 3% thus, since (1,m) is less variable than w, an agent who is less risk tolerant
than average has an equilibrium consumption stream which is less variable than the per-capita
endowment process. The inequalities are reversed for an agent who is more risk tolerant than
average, the increased variability being compensated by a higher average consumption (or more
accurately by a higher expected discounted consumption).!

To interpret the equilibrium utility levels (ii) in Proposition 2, note that | 7 |=|| 1 — n |

measures the distance of the LVI from the constant annuity 1;: it gives an average measure

(across all possible realizations) of the inability of the market to provide intertemporal consumption
KA
|7 [ —a2 || 7 |2 |
7 ||%, the equilibrium utility of any agent who differs from the average agent (v 0) is a
n g ge ag
[

smoothing. Since v, < 0, and since the function is an increasing function of

decreasing function of || 9 Thus the greater the inability of the financial markets to provide

consumption smoothing, the smaller the welfare of the agents in equilibrium.

Ensuring Non-negative Consumption. The equilibria in Propositions 1 and 2 can be ob-
tained by projecting each agent’s vector o'l — w’ onto the market subspace (W (q)), because two
simplications are made in the definition of equilibrium. First, the non-negativity constraints on
consumption are omitted, and second, the free disposal of income is not assumed, since there is a
utility penalty for consumption in excess of a’. These simplifications are warranted if the resulting
equilibrium is such that the consumption streams are non-negative and do not exceed the ideal
points of the agents. It is straightforward to deduce from Proposition 1 the set of parameter values

(a',w")I_, for which the complete markets equilibrium satisfies the requirement 0 < z% ,,(0¢) < o'

0This can be shown by evaluating the ratio of an agent’s expected discounted consumption to his wealth
E(} 2, 8%)/Y" = [1,2']/[7,w']. This ratio is equal (after some calculations) to a fraction with a positive
denominator and a numerator equal to: a(1+ || 7 ||?) 4+ (]| w ||> (1+ || 5 ||?) = [1,w]?). Since w4 is in (W),
[1,w] = [(1,7),w] and, by the Cauchy-Schwartz inequality, the coefficient of 3' is positive. Thus, for a given
wealth level, an agent’s average discounted consumption increases with his risk tolerance.
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2. Equilibrium of a Quadratic GEI Economy

for all oy € X, for all agents ¢ = 1,...,I (see Proposition 3(i) below). With incomplete markets
we can only obtain an approximate result: for the equilibrium consumption stream &' of agent
i in Proposition 2 involves a component on (1,1), and the LVI 5 is close to 1. in the £5(Z,)
norm, but this does not imply that n(o¢) is uniformly close to 1 for all o € ¥ ; that is, the fact
that S°02, 6%p(0r)(1 —n(o¢))? is small does not prevent 1(o;) from being far from 1 for date-events
ot for which p(ot) is small and/or ¢ is large. Thus bounds for 7(o:) can only be obtained for
events of sufficiently high probability which do not lie too far in the future. It follows that the
best condition that can be obtained is a restriction on the agents’ characteristics which ensures
that with probability greater than p the equilibrium consumption stream of each agent satisfies
0< a_:i(af,) < o' for all dates t < T: the greater p and T, the smaller the admissible dispersion of
agents’ characteristics. To state this condition, note that all economies with the same average-agent
characteristics (o, w) and the same security structure D have the same equilibrium security prices
q, the same market subspace (W (q)), and the same LVI 1. Let ', = inf {w'(0¢),0: € T} and

inf

Wi =sup {wi(oy), 00 € B}

sup

Proposition 3 (Restrictions on Parameters): Let («,w, D) be the average-agent character-
istics and security structure of an economy with o > w.,,. Let m = ol —w and let i) be the LVL
For T > 1 and p € (0,1) define

Al o
N T
3 = a1l + K) = Wy 7 = a(l+ K) — Wiy
b = G Imil-ald Ermw]

[mw](l+r) = ([m 1] — a9 [*)wm

(i) Let (A1, A2) be satisfied (so that fj = 0). If the agents’ characteristics (a',w")._, satisfy
% Sat=a, % S I W' = w and if the implied risk tolerance 3 of each agent satisfies
By < 3" < By, then the equilibrium consumption in Proposition 1 satisfies 0 < % ;,(01) <
o forallo, €3, fori=1,...,1.

(ii) Let A1 be satisfied and let f) # 0. If (T, p) are chosen so that a(l — k) > w,,, and if
(', W, satisfy %Z{Zl o' = a, %Z{:l W' = w, B, < B < B, fori=1,...,1, then
with probability greater than p the equilibrium consumption in Proposition 2 satisfies

0 < 2 (oy) < o' for all oy witht < T, fori=1,... 1.
Proof. (see appendix).

sup’?

Note that 8, = 1/[7, 1], so that with complete markets the condition a' > w!  which implies

a'[mw,1] > [w,w'] is sufficient to ensure that 7(c¢) < o' for all oy. By depends on w;, and is
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equal to the risk tolerance of the average agent /[ 7, w ] if w;,; = 0: this is natural, since an agent
who is more risk tolerant than average takes more risk and has lower than average consumption in
unfavorable states. If the average (and aggregate) output is zero in the worst date-event, then any
agent who is more risk-tolerant than average will have negative consumption: in this case, negative
consumption can be avoided only if agents have the same risk tolerance. In typical economies
Wing > 0, so that there is room for differences in the risk tolerance of agents without violating the
non-negativity constraints. The allowable interval [ﬁﬁ, BH} for agents’ risk tolerance with incomplete
markets is smaller than the interval with complete markets [@0,30]: furthermore, the greater the
incompleteness of markets as measured by || 7 || (i.e. the lack of consumption smoothing) and the
larger  (i.e. the probability and/or the length of time over which consumption is to be positive),
the smaller the allowable interval.

(ii) essentially asserts that with high probability the consumption of all agents is positive on the
first T periods: this implies that the equilibrium is a good approximation of a “true” equilibrium in
which default occurs with small probability and in which social arrangements exist (bankruptcy) for
sharing the losses incurred by default among the lenders. On the side of borrowers there are utility
penalties for bankruptcy, since the utility loss —%(0// — 2%(04))? increases if planned consumption
is negative. On the side of lenders, the payoffs of the securities should be corrected by the effect of
default for those date-events at which some borrowers have negative consumption. If these events
have small discounted probability §'p(o;), then the prices of the securities when appropriately
corrected for default will be close the prices ¢ given by (10), and the linear map ﬁ/(ij) in which the
prices and payoffs of the securities are appropriately corrected will be close to W (q) (in the /5 (%)
norm). Then by continuity, the projection 7' of a’l — w' will be close to the net trade 7' given
in Proposition 2: in short, since bankruptcy only occurs for distant and/or low probability events,
agents plans would not be much affected if they in fact took into account the true consequences of
default by borrowers. The trading strategies of agents are shaped by the most likely scenarios on
the significant part [0, 7] of the future: much less weight is placed on events in the distant future
(T, 0), and on those of low probability within the immediate horizon [0, 7], even if they lead to
bankruptcy. The projection technique thus leads to a concept of equilibrium which approximates
an equilibrium with bankruptcy, but in which the likelihood and consequences of bankruptcy for

agents is small.

Loss from Imperfect Consumption Smoothing. An Arrow-Debreu equilibrium provides a

natural measure of the maximum gain that each agent can obtain from trade: if u}) = u‘(w?)

18



2. Equilibrium of a Quadratic GEI Economy

denotes agent i’s utility with no trade, then Y, — u} measures the agent’s maximum gain from
trade. These gains will be achieved if the market structure is complete or well-adapted to the
characteristics of the economy (assumptions A1 and A2). If assumption A2 is not satisfied, the
market structure is imperfect and , o
& = “fqpi - U7(f§77)
Uap — U

measures the proportion of the potential gains from trade for agent ¢ which are left unexploited at
the equilibrium, or more briefly, the unexploited gains from trade for agent i. Equivalently 1 — ¢
measures the proportion of the potential gains from trade captured by the given market structure.
Under assumption A1l the gains from trade for the agents in the economy come from two sources:
(i) the gains from diversifying (sharing) their individual risks; (ii) the gains from using the least
risky income stream 77, to adjust their share of the aggregate risk to their risk characteristic
measured by 3 = of /TIw?. It is useful to think of the equilibrium as being reached in two steps:
w? — f'w — . The first step can be achieved by trading on the financial (equity) markets,
since w’, € (W) for all i implies w, = 4327 | w®y € (W.); furthermore #'w satisfies the agent’s
budget constraints if 6" is chosen so that the present value of the agent’s income is unchanged:
TTw® = TI(#'w). This step generates the agent’s individual risk-sharing (or diversification) gain. In
the second step, agent i trades from §'w to &' = a'(1,n) + b'w, either reducing or increasing the
variability of his consumption stream relative to the variability of per-capita output w, depending
on his risk tolerance 3°. This second step generates what we may call the agent’s aggregate risk-
sharing gain: note that there are gains to trade at this second stage only if there is aggregate risk
(w4 is not collinear to 1), for otherwise all agents would already have achieved a riskless income
stream by sharing their individual risks and there would be no further gains from trade.

Under assumption A1l the gains from sharing individual risks are fully captured; the market
imperfection (14 ¢ (W)) only affects the agents’ ability to share aggregate risk. To measure
the impact of this imperfection it is natural to measure the unexploited gains in the second step,
assuming that there is aggregate risk and that agents’ endowments are collinear. The next proposi-
tion shows that with these assumptions ¢’ is the same for all agents and leads to a natural measure

of the loss due to this imperfection.

Proposition 4 (Unexploited Gains from Trade): In an economy in which there is aggregate
risk, if individual risks are diversifiable (A1) and if agents’ endowments are collinear (w" = 6w, i =

1,...,1I), then the unexploited gains from trade arising from the absence of perfect consumption
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smoothing are the same for all agents, and are given by the increasing function

[7,w]”

TP w 2 =1 w]?

. 7 ]2
=k h k
619 1) = K)o ey Where k(w)

Proof: (see appendix)

In section 4 the measure ¢ will be used to evaluate the relative benefits of trading with different

market structures.

3. Calculating the LVI in a Markov Economy

Proposition 2 gives an expression for the equilibrium of the economy &(u,w, D) in terms of
the LVI 5. In this section we show how 1 can be calculated when the exogenous shock process
has a recursive Markov structure. We follow the strategy used in the proof of Proposition 2: first
calculate n_ = Proj<W+>T(1+), then find n = lim7 .o 7.,..

To model the exogenous shocks as a Markov process, let

K = [K(S, S,)J s,8'=1,...S

denote a transition matrix, where K(s,s’) > 0 is the probability that shock s’ occurs in the next
period, given that the current shock is s. The probability p defined in section 2 is thus assumed to
satisfy

p(tr1 = (50, se41) |01 = (0, 50) ) = Klst, s141)

so that the transition probability to state s;11 at date ¢ + 1 depends only on the current state s;.
The initial shock 5¢ is taken as exogenously given. Agents’ endowments, the dividends on securities

at date ¢, and the coefficients f(o¢) in (2) are assumed to depend only on the current state

W B0y, 5) = wi(s), d(s0,...,8) =d (s1) f(s0,...,50) = fI(s¢)
Under these assumptions, it follows from (10) that the prices of the securities at date ¢ in the
infinite horizon economy depend only on the current state. Since in a Markov economy the basic
variables depend only on the current state, we can adopt a simpler notation. Let w’ denote agent

7’s endowment if the current state is s and let
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denote the associated S-vector: the vector w' € R” is to be distinguished from the vector w’ € R
(written in boldface) which denotes the agent’s stochastic endowment over the whole event tree.

Similarly let

w:(wlv--'awS)v QJZ(Q{aanS)a d]:(djvadfs’)v f]:(f]jJ?fg’)

be the vectors denoting the S-possible values of per-capita output, and the price and dividend of

each security j = 1,...,J. The matrix of possible payoffs of the securities in the different states is
thus an S x J matrix
di+fla .. di +jidf
R= : 3 (22)
dy+ fay ... di+ fidd

R7 denotes the jth column of R (the vector of payoffs of security j across the states), while Ry

b vow of R (payoffs of the J securities in state s). In the same way, ¢/ denotes

denotes the st
the vector of prices of security j across the states (and is considered as a column vector), while
qs = (¢}, ..., q!) denotes the prices of the J securities in state s (and is considered as a row vector).

By (9) the security prices are solutions of the stationary pricing equations

S
(a0 —ws)Gs =6 Z K(s,s)(a —wy)Rg(q), s=1.,...,8 (23)
s'=1
Let R denote the matrix in (22) evaluated with the equilibrium prices 7 satisfying (23). We assume
that at these equilibrium prices there are no redundant securities, an assumption which is satisfied

generically if J < S and the dividend vectors of the securities are linearly independent.

A3 (No Redundant Securities): rank(R)=J

The projection 1, of 1, onto (W (g) ), (defined in the proof of Proposition 2) is obtained by
finding the portfolio strategy z up to date T'— 1 which solves the problem

min Z §' (o) <1 — Rg,2(0,) + (Istz((jt)>2 , 2(er)=0 (24)

JN,
zeR™ T o€ \oo
where N, , =1+ S +...+ ST~ is the number of date-events at which the components of z are

chosen and where p(o;) = K(50,$1) ... K(st_1, s¢) for o = (30, ..., s¢). If 2* is the solution of (24),

extended by setting 2*(oy) = 0 if ¢ > T, then the income stream 7., = W(g) 2" is the projection

1=l 7, |I” (using

the notation introduced in the proof of Proposition 2). Even though R,, and ., only depend on

of 1, onto (W (g)), and the minimum value in (24) is equal to || 117 —n,_
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3. Calculating the LVI in a Markov Economy

the exogenous state s; at date ¢, the optimal choice z(o¢) depends on the portfolio z(o; ) chosen
at the previous date ¢ — 1. Thus the optimal portfolio at date ¢t depends on three variables: the
portfolio inherited from the previous period, the current state and the number of periods to go

(T —t). Let VT (2, s) denote the value function

VI8 = min {Z ﬁp(af)(l—z«zﬁz(at>+q-5tz<at>)2z(ao>=z,ao=s,z<aT>=o}

zElRJNT_l ey

(25)
which gives the minimum distance from 1 that can be achieved between date 0 and date T starting

in state s with an initial portfolio z. V7(z, s) is a solution of the Bellman (functional) equation

s
V1(z,5) = min {(1 —Rez+q:2)*+ 6 K(s, s\ V(2 s')} (26)
ZIGRJ s'=1

with boundary condition V%(z, s) = (1 — Rs2)%. The solution to the date 0 unconstrained problem

(24) can be derived from V1 ~1(z, s) by optimizing over the choice of the initial portfolio

S
I, 7= min 6 K(s0,5)V" ' (20,5) (27)

zZ0€ s=1

In view of (27), to find || 7. || it suffices to calculate the value function which solves (26).

Solution of Bellman Equation. A solution V(- s) of (26) must be a quadratic function of
z for each s = 1,...,S: since V9(-, &) is a quadratic function for all s = 1,...,.5 and since the
the FOC for the minimizing 2’ in the computation of V!(-,s) gives a linear relation between 2’
and z, substituting the resulting expression for 2’ leads to a quadratic expression for V!(-,s). By
backward induction this property is true for V(- s).

The next proposition gives the recurrence equations which are satisfied by the coefficients of
the quadratic expression for V7'(-, s) and proves that they converge when T — oo. We use the
following notation: if 2 : § — R™ or x: § — R is a real-valued, vector-valued or matrix-valued
function on S i.e. a random scalar, vector or matrix, let Es;x denote the conditional expectation of

x given the current state s
S

Egx =Y K(s,s)ny
s'=1

Proposition 5 (Value Function for the LVI): (i) For T = 0,1,2,... the finite horizon value
function VT : R’ x 8§ — R which is a solution of the Bellman equation (26) is given by the S

linear-quadratic functions

VI(z,s) =al + 201 Rz + ¢! 2"RIRsz, s=1,...,8 (28)
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3. Calculating the LVI in a Markov Economy

where the coefficients

(a 67,y = (a0l el s=1,...,8) e R*®

are solutions of the system of difference equations, for s =1,...,5
al =1+ 6,071 — (G + 6B IR)GT (G + 6ELTIR)
bf = —1+&[GT ) M@+ 0BT IR) (29)
s =1-&G g

with initial condition (a2,b?,c?) = (1,—1,1) and where

GI=' = qlg,+ 6E.c''R'R (30)
EbR =Y K(s,s)byRy, Ex''R'R=)Y K(s,s)cl 'RLRy
s=1 s'=1

(ii) The coefficients converge
(a7, ey — (a,b,¢,) as T — oo

and the resulting value function V(z, s), defined by (28) with the coefficients (a, b, ¢), satisfies

S
V(z,s) = min {(1 — Roz + (jsz')Q +46 Z K(s,sYV(Z, S’)} (31)

J
ZIER s'=1

Proof: (i) We prove by induction that the value function has the form given by (28) - (30). If
T = 0, there is no choice of portfolio since there is no period which follows and V9(z, s) = (1— Rs2)?

so that (a?,82,¢%) = (1,—1,1) for all s = 1,...,5. Suppose VI~! has the form (28); let us show

that V7 has the same form, with the coefficients (a”,b”,c’) given by (29)-(30) as functions of

(aT=1, 671 cT=1). The first order conditions for the minimizing problem

VT(z,8) = mﬁj {(1 — Rz + G2 + 6Es(a” "+ 20" 'Rz + chlz’TRTRz’)} (32)
z'e
are given by the system of linear equations
(1 — Rez+ 2@t + 6B 'R" + 6E. " 'RTR2 = 0
If the matrix G ~! defined by (30) is invertible, then the optimal portfolio is given by

2= —[GT7) (1 — Re2)ql + 6E' 'R (33)
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3. Calculating the LVI in a Markov Economy

Substituting (33) into (32) shows that the new coefficients (a’, ", cT) are given by the system of
equations (29).

To prove that G1~! is invertible for all T > 1, it suffices to prove by induction that ¢! > 0 for
all T > 0 and all s. For if ¢!’ > 0, then

S
2'GE 2 = (Gs2)? + 6 Z K(s,s)c¢h(Ry2)?
s'=1
is non-negative and equal to zero if and only if gz = 0 and Ryz =0V s’ =1,...,5. (Recall that
K(s,s") > 0 for all s, s’). Since, by A3, rank R = J, Rz = 0 is possible only if z = 0. Thus G7 is
positive definite.

To prove by induction that ¢!’ > 0 for all T > 0, first note that ¢® = (1,...,1) > 0. Then
consider for all s = 1,...,S and all T > 0 the functions g7 : (0, +00) — R7*/ and ¢! : (0, +o0) —
R defined by

95(9) = ngs + 69ESCTRTRa d’Z(e) =1- QS[QZ(H)]_IQS
By the same reasoning as above, if ¢! > 0 and 6 > 0, g () is positive definite and ¢! (8) is well
defined. By (29), ¢! = ¢I'(1). Thus the property will be proved by induction if we show that
e’ > 0 implies ¢T (1) > 0 for all s =1,...,8. If ¢ >> 0, then the derivative
gy
df

() = aslgd (0)] [0 Ec" R™R][9(0)) "ai

is positive for # > 0. Thus ¢! (1) > 0 can be deduced from the property

which is a consequence of the following Lemma, proved in the Appendix
Lemma 6: Ifz € R, 2 # 0 and A is a J x J positive definite symmetric matrix, then

lim z"[za” 4+ 0A] 'z =1
0—0+

To prove (ii), consider the function

z2(oy ) = z,00 =5, 2(01) # 0 for } (34)

at most a finite number of nodes

V(z,8) = inf{ Z 5tf0(‘7t) <1 - Rsf'z(gt_) + qstz(0t>>2
af,eE
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3. Calculating the LVI in a Markov Economy

(34) is the greatest lower bound of the (square of the) distances to 1 which can be attained by
trading at most at a finite number of nodes, when starting in state s with the inherited portfolio
z. Since all trading strategies which stop at date T are admissible for V'

sT+1

1-6

Vi(z,s) = VT(z,5) +

Since the constraint that the portfolio be zero from date 1" on is less severe than the equivalent
constraint from date T — 1 on, the sequence T — V7(z,s) + % is decreasing (for any fixed
(z,8)). Since the sequence is bounded below, it converges and the limit is V(z, s). For suppose not,
V(z,8) < limy_.oo V7T(z,s), then there would be a trading strategy satisfying the constraints of
(34) — which can be considered as a trading strategy admissible for V' for some T'— which gives
a distance to 1 smaller than V7 (z,s) + %, contradicting the definition of VT, Finally, to show
that the coefficients (a”, b7, c') converge, note that by (28), VT(0, s) = al and since VT converges,
al’ - a as T — oo. Similarly for Rz = 1, 261 + ¢l — a4 and for Rz = —1,-2b + ¢l —

Bs = ¢l — g+ Bs = cs, bz — ag— (Bs =bs as T — o0. It is easy to check that the limiting

S

function V(z,s) defined by (28) with (a”,b”, ") = (a, b, ¢) satisfies (31). O

The function V' defines the minimum distance from 1 to (W(q)) which can be achieved if there
is an inherited portfolio z at date 0. When 1. is projected onto (W(q))+, there is no inherited
portfolio— the date 0 portfolio can be chosen freely. Thus || 77 || is given by the analog of (27) for

the infinite horizon problem

S
|9 1P= min 63 K(50.5)V (20, 5) (35)

20€ s=1

which is consistent with the result % = limr . 7)., established in the proof of Proposition 2.
Taking the first order conditions for the minimization problem (35) leads to the the optimal date
0 portfolio

20 = — [Es,(cR™R)] ' Ex, (bR") (36)

Substituting (36) into (35) gives the following corollary of Proposition 5.

Corollary 7: | % ||*= ¢ (Ego(]/—Ego(bR) [Es(cR™R)] Ego(bRT)> where (a,b,c) are given by
Proposition 5(ii).
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4. Calibrated Economy with Growth and Inflation

4. Calibrated Economy with Growth and Inflation

As an application of the analysis of the previous sections we study a calibrated economy with
growth and inflation in which the financial instruments consist of equity and bonds. In such a
setting, A1 amounts to assuming that agents’ individual risks arise from ownership shares of firms
whose equity contracts are traded on the stock market. To simplify the calibration, we assume
that the gains from diversifying individual risks by trading the equity contracts have already been
realized and that agents begin with initial shares of aggregate output. Aggregate output is assumed
to satisfy a trend growth process with deterministic growth rate g and stochastic deviation from
trend v, where  is a three state Markov process (g, var, vz,) with associated transition matrix K.
The inflation rate i also satisfies a three state Markov process (ip,iar,77) with transition matrix

K;. The economy is thus driven by a Markov process with nine states

S:{Slw'wSQ} = {('\/HaiH)v(“/HviJ\f)v('\/HviL%(7ﬂ17iH>7"'7(7L7iL>}

If ot = (s0,...,st) denotes the history up to date ¢ and if Y (o) and P(o:) denote the aggregate

output and the money (dollar) price of one unit of the good respectively, then
Y(or) = Yo g'vs,  Plor) = Plog)(1+1is,) (37)

We make the simplifying assumption that the output and inflation processes are independent: thus
the transition matrix K for the combined output-inflation process defining the state of the economy
is given by K ((vk,0), (Vs ier)) = Ky(Yies Yoo ) Kiiv, i0r), where kK £,0' € {H,M,L}. The values
of g,7,1, K, and K; are obtained by calibrating to US data (ERP, 1959-1995):

1.04 0.786 0.214 0 0.1 0.7 0.3 0
g=1023 = 1 Ky= | 0256 054 0204 [i= [ 0.05 K;= ] 0175 0.696 0.129
0.96 0 0.182 0.818 0.02 0 0.375 0.625

In the analysis that follows the output process parameters given by (38) are always retained, as
is the transition matrix K; for the inflation process. We explore the effect of different inflation
processes i—different constant inflation rates versus a variety of random inflation rates, where the
latter are multiples of 7 in (38).

Since the scale of the economy grows by the factor g’ it is natural to adjust agents’ utility
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4. Calibrated Economy with Growth and Inflation

functions to reflect this change of scale!!

)

W(X')=E [Z §'(a'gt — XZ)Q]
t=0

with §g? < 1 (to ensure convergence of the sum), so that an agent’s ideal consumption level a‘g’

grows at the growth rate of the economy.

There is a single equity contract whose dividend stream is aggregate output, and an agent’ s
initial endowment consists of a share of this contract: w’ = #'Y, i =1,...,I. The other securities
are nominal bonds: we consider the two extreme maturities, a short-lived bond delivering one unit
of money in the period after it is issued, and a consol promising to deliver one unit of money for
ever. Let (Qy(or), Qclor), Qv(or)) denote the money price of the equity, consol and short bond

respectively at node o;. Agent i’s budget equation'? at node o; can be written as

P(o1)(X"(01) —w'(01)) = (P(or)Y (01) + Qy(01)) Zy (0, ) + (1 + Qclor)) Zi(oy ) + Zi(o, )
—Qy(01)Z (1) — Qelor) Zi(o1) — Qu(01) Zh (o) (39)

where (Z;, AR Zg) denote the portfolio holdings of the equity, consol, and short bond respectively.
When the market structure is restricted to a subset of the securities, then the corresponding com-
ponent of the portfolio is set equal to zero: thus if there is only trade in equity, we set Z! = Z] = 0,

or if there is only trade in the equity and consol, then Zg = 0.

Growth-factored ppm Economy. To revert to the model of sections 2 and 3, which is a real
model without growth, we need to divide by the price level P(o;) and factor out growth by dividing
by g'. Let v(s;) = 1/P(oy) denote the purchasing power of money (ppm) and let ny = 1/(1 + is)
denote the loss of value of the ppm in state s. The inflation process in (37) can be written as an
equivalent process for the ppm: if oy = (So,...,st) then v(ot) = v(oy )ns,. Given that it is the
rate of decrease of the ppm which is Markov and not the ppm itself (which is the real value of
the bonds’ dividends), an additional transformation is needed to map the economy into a Markov

economy: it is based on the idea that it is equivalent to invest in a security which costs ¢ and gives

We use capital letters to denote variables in the model with growth: a change of variable is needed to map the
model into the framework of sections 2 and 3, and lower-case notation is used to denote the transformed variables.

12This budget equation differs from the budget equation of a standard cash-in-advance model (Lucas 1980) in
that at node o, the agent can spend the value of the current endowment P(af)wi’(ot) rather than the value of the
endowment at the predecessor P(o; )w’(o; ). It is compatible with the transaction technology introduced in Magill-
Quinzii (1992, 1996a): money circulates in exchange for goods within periods, but is held in coffers of a “Central
Exchange” across periods. This approach factors out the seignorage tax on money balances, focusing instead on the

effects of inflation on the real payoffs of nominal securities.
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4. Calibrated Economy with Growth and Inflation

a payoff of R or to invest in a security which costs Ag and has the payoff AR, since it suffices to
divide the amount invested in the security by A. Using this observation, we may replace a nominal
security which costs @Q(o;) units of money (e.g. the consol with price Q.(o+)) by a security which

costs Q(o) growth-factored units of the good.'® This leads to the change of variable

o) =T ey = zien. it =220, o = L5 24000
V\ O,
4y(or) = (gﬂczy(ot), 40 = Qo). wlo) = Qulo)
in terms of which the budget equation (39) becomes
i i if— Mgy | Mgy i - Ny i —
Pl =0V, = (V07 + gy (o) (07) + (224 Zaon) ) slor) + 2o
—qy(01)zy(01) — qe(o1)2L(01) — @v(o1) 24 (o) (40)

In these new variables, agent i’s maximum problem consists in finding a portfolio strategy z' =

(25 2, 2,) which maximizes

subject to the budget equations (40) and the transversality condition (TR): thus the analysis of
section 2 applies. Moreover in these variables, the payoffs of the securities satisfy the Markov
assumption of section 3: the dividends of the equity contract and the bonds (Ypvys, and ng, /g
respectively) depend only on the current state, and the consol ”shrinks” by the factor f¢(o+) = ns, /g
each period.

To determine the stationary prices of the securities using equations (23), the parameters 6 and
a =521, a?/I need to be specified: these parameters are chosen so as to generate a “reasonable”
real interest rate and equity premium, with the additional proviso that the nominal interest rate
is positive even in the high-output low-inflation state. This leads to the choice § = 0.92, § =
6% = 0.963, o = 1.13wq (with wg = Yy/I). When growth is factored out, the consumption (equal
to output) of the average agent varies between 1.04w, and .96w,: the above value of o implies a

coefficient of relative risk aversion between 5.6 and 11.5. The (implicit) real interest rate is then

13 At each node o, we replace a nominal security which costs Q(o+) units of money by a security which costs Q(o+)
of (rescaled) units of the good. This amounts to multiplying the nominal price of the security by A = ;(-‘7;7) and thus
the nominal payoff of the new security at date ¢t 4+ 1 is A(1 + Q(0%)), so that its real value in the rescaled units is

v(ot41) q' _ Psign o
) | 214 Qo) = 252 (14 Qo)
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4. Calibrated Economy with Growth and Inflation

—3% when 7 is high, 8% when v is medium and 11% when v is low, giving an average of 5.1%.
The equity premium, equal to the real rate of return on equity minus the real interest rate, is
2% when ~ is high, 4.5% when ~ is medium and 1% when + is low, giving an average of 2.4%.
As in the model of Mehra and Prescott (1985)(with power utility) and in many later models (see
Kocherlakota (1996)) the real interest rate is somewhat high and the equity premium low relative

to US historical levels.

Equity and Bonds. Since the agent’s endowments are assumed to be collinear, the gains from
trade in the economy come from using the LVI to adjust the fluctuation of agents’ consumption
streams to their risk tolerance. To quantify the relative benefits of using equity and bonds to
achieve this redistribution of aggregate risks, we consider four market structures: (A) equity only,
(B) equity and consol, (C) equity and short bond, (D) equity, consol and short bond, and use
Proposition 4 to evaluate the unexploited gains from trade characteristic of each structure. The
economy is subjected to different inflation scenarios, first increasing levels of constant inflation
(-2.2, 0, 6 and 24 percent) and second, increasing levels of variable inflation,'* (US inflation i, 2i
and 4i). The average value'® of ¢ is shown in Table 1. The average proportions of the securities
in the LVI portfolio are given in Table 2. The time average is taken over a one thousand period
realization of the Markov process defined by (38); the actual portfolio proportions lie within the

bounds 4+ 1% to £ 2% of these mean values.

” Table 1: Percentage Unexploited Gains from Trade ”

constant, inflation variable inflation
[ -22% [ 0% | 6% [ 12% [ 24% || us [ 2xus [ axus |
Al 213 | 213213 213|213 | 21.3 | 21.3 21.3 equity only
B 0 0.06 | 0.07 | 0.08 | 0.1 12.2 | 144 15.9 equity-consol
C - - 0.3 ] 03 | 03 0.8 2 4.7 equity-bond
D - - 0 0 0 0.35 0.4 0.5 equity-consol-bond

'“In each case the persistence of inflation summarized by the matrix K; in (38) is left unchanged.
5Since the norm || || and inner product [, ] appearing in the expression for ¢ in Proposition 4 depend on the state
s in which the economy starts out at date 0, we use the steady-state probabilities of the matrix K* = limz—co K7

to evaluate the average value of ¢.
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4. Calibrated Economy with Growth and Inflation

” Table 2: Portfolio Proportions for Least Variable Income Stream ”

constant inflation variable inflation
[-22%] 0% | 6% [ 12% [ 24% || us | 2xus [ axus |
A 100 100 | 100 | 100 | 100 | 100 100 100 equity
B 0 79.6 | 92 | 94.3 | 95.8 || 97.6 99 99 equity

100 | 204 8 5.7 | 4.2 2.4 1 1 consol

C - - 98 98 98 98 98 99 equity
- - 2 2 2 2 2 1 bond

- - 85 | 89.4 | 92.3 || 98.4 | 98.4 98.4 equity

D - - 17.7 1 13.9 | 11.9 || -1.1 -1.3 -1.6 consol

- - 2.7 | -3.3 | 4.2 2.7 2.9 3.2 bond

The market structure A where equity is the only financial instrument is used as the reference
case. The payoff of equity is independent of inflation and depends only on the real shocks. The
LVI strategy z; defined by (33) and (36) depends on the previous period portfolio z;_; by a simple,
state-dependent, linear rule'®: after a certain amount is withdrawn for “consumption” (this gives
7¢), when the state is favorable (unfavorable) the holding of equity z; is increased (decreased),
remaining approximately unchanged in the medium state. Constructing the LVI reduces in essence

7 what is striking in this setting is how successful such a carryover

to a “carryover” problem:!
strategy is at creating a smooth consumption stream—repeated trading of equity permits 80% of
the potential gains from trade to be realized.

The extent to which adding a particular nominal security permits the remaining gains from
trade to be captured depends on how much closer it brings the LVI to the constant annuity 1,:
the annuity 14 in the transformed economy corresponds to a stream which grows at the constant
rate ¢ in the original economy. This stream can be achieved by the consol in the idealized case
where the monetary policy ensures that the ppm grows at the rate g, namely when there is constant

deflation at the rate i = —2.2%. In this case the ideal LVI, is achieved by purchasing the consol at

date 0 and keeping it for ever, and this permits the Arrow-Debreu equilibrium to be achieved.'®

181n state s the portfolio rule is z; = Asz;—1 — s where (s, us) are (1.01, - 0.01), (1.002, -0.001) and (0.99, 0.01)
for s = H, M, L respectively. The three lines intersect the diagonal at the same point z* = TI—Jng = 0.885.

1"See for example (Gustafson (1958), Schechtman (1976), Yaari (1976), Bewley (1977)). '

8 This setting of constant deflation in which the consol acts as an ideal security is however strictly speaking not
within the framework of the model considered here, which assumes that the velocity of circulation is one. For in
the high output state the real rate of interest is negative (-3%): this would induce agents to hold onto some of their
money balances (earned from the sale of their endowment) as a store of value for use in the subsequent period and
this would reduce the velocity of circulation. Handling this case with variable velocity of circulation is somewhat

complex and we shall not enter into it here: for an analysis of this case see Magill-Quinzii (1992). Note that the
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4. Calibrated Economy with Growth and Inflation

When there is inflation, the constant nominal dividend of the consol does not provide the growth
in purchasing power required by the LVI and repeated retrading is necessary. Generating the LVI
with the consol alone becomes impossible: for the real shocks to output imply that the real interest
rate varies, and this in turn leads to variations in the price of the consol. The same is true of
the (short) bond which would need to be constantly repurchased. Table 2 shows that the solution
to consumption smoothing does not lie in investing mainly in the nominal security despite the
constancy of its dividend: rather, it is better to invest in equity for growth and to smooth the
4% variations up and down in its dividend by exploiting the differences in price changes across
the states between the equity and the bond. This strategy is very successful at creating a smooth
income stream as shown by the less than 1/10% (resp. 3/10%) unexploited gains for the consol
and bond respectively. Thus, as is familiar from other settings (see Woodford (1990)), a strict
adherence to the Friedman rule!” of constant deflation is not essential, what is important is that
inflation should not be variable.

The consol is particularly vulnerable to variable inflation: with security structure B, more than
half the gains from trade vanish with the rather mild variability of US inflation. The effect is
much less marked with the short-term bond (structure C). Variable inflation has more impact on
the long-term bond because it creates variability both in its dividend and in its capital value (this
latter effect coming from the permanence in the transition matrix Kj;), while for the short bond it
only affects its dividend. This conforms with the observation that when inflation increases—and
typically this means that the variability of inflation increases — agents retreat from long-term to
short-term instruments.

The last row of Table 1 with security structure D illustrates the effectiveness of hedging: since
the payoffs of the consol and the bond are positively correlated, going short on the riskier security
(the bond with constant inflation or the consol with variable inflation) and long on the less risky
security creates a less risky income stream out of the two nominal securities: forming appropriate
proportions of this strategy and the purchase and sale of equity leads to the least risky security.
With constant inflation there are 3 states and 3 securities: the markets are complete, and all gains
from trade are realized.

So far we have focused on the percentage of the potential gains from trade that remain unex-

ploited with different market structures. Clearly the actual welfare loss depends on the magnitude

same problem arises in Table 2 for the cases of constant inflation of -2.2% and 0% for the security structures C and
D which involve the bond: the nominal interest rate cannot be negative if agents can carry money balances from one

period to the next.
19Gee Friedman (1969).
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of the potential gains from redistributing the aggregate risks between agents with different risk
tolerance. In this model, since agents’ endowments are collinear the coefficient of risk tolerance
B = a'/[w,w'] can be simplifed to o’ /@ wp: the requirement that agents’ equilibrium consump-
tion streams satisfy 0 < z%(0t) < o, for i = 1,...,I for the first 100 periods (¢ < 100) with
probaiblity 0.96, for the most risky security structure A leads to the bounds?® on the coefficients
of risk tolerance, 1.056 < a!/f'wy < 2.26. If the agents had to stay at their initial endowments,
then the loss relative to the Arrow-Debreu equilibrium, measured in units of equivalent permanent
consumption,?! is 0.26% for the most risk-averse agent and 3% for the most risk-tolerant agent.
Since trading the equity contract captures 80% of these gains from trade, the gains (in equivalent
permanent consumption) which remain to be exploited by adding nominal bonds are of the order of
.06% for the most risk-averse agent and 0.6% for the most risk tolerant. The economy-wide average
depends on the distribution of characteristics, but is in every case less than 0.6%. This gives an
upper bound on the average loss due to inflation, since at worst high and variable inflation cancels
all the benefits from trading nominal bonds.

In this model the most striking consequence of inflation lies not so much in its effect on welfare,
which is limited, as in its impact on the role of bonds, and especially long-term bonds, as instruments
for dynamically smoothing income. The proportion of both long and short-term bonds in the
portfolio of a typical investor falls rapidly as inflation increases and becomes virtually negligible
when inflation is variable. For example, the coefficient a’ on the LVI of the most risk-averse
agent is approximately 0.6 in all market structures, and multiplying the proportion of the nominal
security in Table 2 by 0.6 gives a good approximation of the average proportion of bonds in such an
agent’ s optimal portfolio. Thus even in the most favorable setting of constant (but non-negative)
inflation the most risk-averse agent never has more than 13% invested in the consol. As soon as
inflation is variable—and in the real world positive inflation is typically accompanied by variability
of inflation—the proportion of bonds, whether long-term or short-term, in the optimal portfolio

falls dramatically to less than 2%. While the model gives firm support to one aspect of popular

2OInstead of using the value of k given by Proposition 3, which is based on a rather crude bound for 7, we drew
1000 sample paths of the model economy over 100 periods and calculated i each time. In 96% of the cases n(o:) lay
in the interval [.93,1.07], so that the value xk = .07 was used to calculate ﬁﬂ and 3,

2!More precisely the permanent consumption ¢’ equivalent to the level of utility v’ is defined by

1 teit i te 1 1 Ste i N2 i Lo i aye i
—525((19—09) =u @—525((1 - =u {:)—g(a—c)/(l—ﬁ)—u
t t

that is, ¢' is the permanent consumption equivalent to u' in the transformed economy in which the growth is
incorporated in the discount factor. Thus if ¢y and ¢’y are the amounts of permanent consumption equivalent to
ug = u'(w") and u'(z!4p) respectively, then the percentage loss is measured by 1 — ¢p/csp.
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investment lore, that agents seeking to participate in the long-run growth of the economy should
invest in the stock market, it firmly rejects the other popular maxim that risk-averse agents should

have a significant proportion of their portfolio invested in bonds.

Appendix.

Proof of Proposition 3. Since (i) is readily deduced from (ii), it suffices to prove (ii). || 7 ||? =
o0
52 8'plon) (1~ n(on)) —
14 1% 25 espen, 1ononisey 8 Po) (L =n(er))?
20T
e Z{UTEET | [1—n(o¢)|>~ for some node on the path [og,07]} p(O'T)

which implies

| 7 ||> > &*"P (| 1—n |> & for some t <T)

where P denotes the probability that a set of paths of X satisfy a given condition. Thus if (T, p)
are fixed and & is given by (21), then

P(11 = n(or)] > ki for some t <T) <1—p <= P (| 1=n(or) |[< s, ¥1<T) > 7

Thus with probability greater than p, 1 —k <n(o) <1+r, Vt <T.

Upper bound on 3. a'n(ot) + biw(or) >0

= (o |7 | —al" 7w ])n(o) + ([, 7] - ac’ || 7 [?) <at> >0
= [-alw+aw’, 7 n(o) + ([l - o', w] —aa’ |7 |?) w(e
= o ([mwln(on) - ([7,1] —a | 7 [Pw(or)) < [[ ’ﬂ(om(at) (o))
Since we have assumed that (p,T) are chosen so that a(l — k) > w,,,, when (o¢) > 1 — &, the

right side is positive. If the coefficient of o’ is negative then the inequality is satisfied. Thus when

n(or) > 1—k, ji(af) > () is equivalent to

4 < o) ~wlo) )
[7,w]n(or) = ([7, 1] — a7 [|?) w(o)

for all o+ such that the denominator is positive. Consider the function

oy —x

Ty = Ty —r il —a 7 D=
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Computing the partial derivatives gives

0

sign (51 ) = sign (alm 1] - [mw]—a® [ 4]2)y
= sign (|7 [? —a? |7 |?)y = sign(y)

and sign (g—{:) = -sign (), since?? || 7 |2 —a? | A |*> 0. Thus if x € [wy,, Wy, and y € [1—&, 1+]

then the minimum of f(x,y) is attained for (z,y) = (Wi, 1 + &).

Lower bound on 3'. a'n(oy) + bw(oy) < of
e (o |7 | —al ', w 1) nien) + ([7' 7] — aa’ |5 ) wio) <o’ (| = [ —a? || 7 |?)
=o' ((a—wE))([m 1] —a |4 [*) + [ w]ne) - 1) > [7,w] (anlo) - w(en))

after some calculation. The coefficient of o' can be written as

alm 1] —a? | 7 [P ~[mw] —w(o) ([m, 1] —a || 4 ?) +n(en)[ 7, w]
and is larger than (|| 7 |2 —a? || A [|2)(1 — w(0oy))/a) since n(o¢) > w(oy)/a, and is thus positive.
Thus a'n(ot) + blw(oy) < ot for all o is equivalent to

an(ot) —w(o)
(a—w(oy)) ([m, 1] —a |7 [?) + [m,w](nlor) — 1)

for all o¢. Studying the partial derivatives of the function

B >

(z.9) e
g(z,y) = -
(a—a)([m 1] —afn |?) + [mw](y-1)

shows that if # € [Wine, Weup] and y € [1 — k,1 + k] then the maximum of g(z,y) is attained for

(#,9) = (Warp, L + ). O
. 1 . . o

Proof of Proposition 4. Substituting uy = —3 | 7 ||? and the expressions for u’y;, and u’(&")

in Propositions 1 and 2 gives

& = (@ | | —af=', w])? 7| _ g I |7
|7 |2 || = |2 = [« = ]* |7 2 —a2 [ 9 |2 |7 |* —a® || 9|2

We want to show that &’ is independent of 7. Define &' by &'’ = o then

i (@]l -w|?-a[d't —w, a1l - w])’

TJal-wl? al-w | - [al - w, al-w]’

*By Pythagoras theorem, | 7 |*=] a1 —w [I*=|| a(1,n)+a(0,%) —w [[*=[| a(1,n)—w |* +a® | 7 |*> o || 4 ||*.
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Developing the terms in the numerator and denominator and assuming o — &’ # 0, the term

(a — a')? can be factored out and the expression for & reduces to

P [7.w]’
TP w2 - [Lwl

i=1,...,1

For an agent with the average characteristics (w’ = w/I, o' = a/I) 6" = 1/I so that &’ = a: thus
@' is not defined and must be understood as the limit of ¢* when a* — a/I. Note also that k'
and hence ¢’ is not well-defined when there is no aggregate risk, since in this case the denominator

of k' is zero. O

Proof of Lemma 6. The proof consists in computing the expression 2"[zz" 4+ 0 A] "1z and letting
§ — 07 To find the matrix inverse we begin by computing det[zz" + 6 A]. Let A7 denote the jth
column of A (j =1,...,J) and note that the jth column of xa" is xz;. Develop det[zz" + 0A] as

a polynominal of order J in # using the multilinearity of the determinant

J
det[xz" + 0a] = Z a;0’ = det[zay + 0A', xao+0A% .. . zxy+0A7)
7=0

ay=detA, a;_ 1 = Zle det[A, ... AT qa; AP LU AY] a; = 0if § < J — 2, since at least

two vectors of the form zx;, rx; are linearly dependent. Thus

det[zz" + 0A] = (det A)07 + ZJ: det[Al, ..., AT  aw;, ATTY A7)0
j=1
Note that the coefficient of #/~! is non-zero: for the coefficient to be zero, x would have to belong
to the intersection of all the J — 1 dimensional subspaces generated by J — 1 vectors from the basis
{A', ..., A7} and this intersection is the zero vector, contradicting x # 0. For a matrix B, let
cof (B) denote the matrix of cofactors of B. We need to compute cof (zz" + #A). (Note that we do

not need to take the transpose of za™ + #A to compute the inverse, since A is symmetric.). Let ¢}

denote the cofactor corresponding to column j and row ¢ of (xx" 4+ 0 A), then

J J
wlcof(za’ + 0A)r =) > xjmc)
=1 j=1

J J
= Z Z xjredet[za; + 9A', ... ,xTi_1 + AT ey, rTip1 + AT axy +0AY]
1=1j=1
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where ey is the column vector with 1 in row ¢ and zero elsewhere. Summing over ¢ with j fixed
gives
J

Z zjdet[zz + gA', ... ,xri_1 + A’ Tl + QAT rxs+ HAJ]
7j=1

J
Z det[za; +0AY, ... X1 + A"t Ly, TTjq + AT xxg 4+ HAT)
7j=1

(Jrj_lej_l
Thus since ay_1 # 0,

J—1
aj_19

T T HA—I —
' zx' + 0A  x P Y ——ry

—lasfd—0
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