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Abstract

We consider interactive epistemic models where individuals are described by
both their “knowledge” and their “beliefs”. Three intersubjective consistency
conditions are examined: Intersubjective Caution (if an individual believes something
to be common belief then he knows it to be common belief), Truth of Common Belief
(only true facts are commonly believed) and Qualitative Agreement. These conditions
are employed in characterizations of the following properties which describe either
the extent of intersubjective truth and/or the logic of common belief: common belief
in no error, common knowledge of common belief, negative introspection of common
belief, coincidence of common knowledge and common belief, and collapse of
individual belief and knowledge. We also discuss to what extent the three

fundamental conditions can be viewed as intersubjective rationality conditions.



1. Introduction

We consider interactive epistemic models where individuals are described by both their
“knowledge” and their “beliefs”. Knowledge is distinguished from belief by its higher degree of
subjective “certainty” (whatever is known is also believed, but not vice versa) and of veridicality.
In an intersubjective context, imposing the truth axiom on knowledge is a strong assumption: not
only are individuals never mistaken in what they know, but also this very fact is common

knowledge among them; this implies, in particular, that agent i must know event E whenever he

knows that some other agent | knows Siich “common knowledge of no error of knowledge” is

a prominent example of antersubjective consistency condition epistemic states, and plays a
prominent role in the foundations of game theory (cf. Ben Porath, 1997, Morris, 1994, Stalnaker,
1994, 1996, Stuart, 1997, Bonanno and Nehring, 1996, 1997ab). While this assumption might be
considered plausible for beliefs with the highest epistemic commitment (knowledge), the
distinguishing feature of the notion of belief proper is precisely the possibility of error. In
particular, individuals may come to believe other individuals to have mistaken beliefs. In this
paper, we will investigate various weaker intersubjective consistency properties and relate
“macro” properties of the interactive system (properties of the common belief and common
knowledge operators) to “micro” properties of individual belief hierarchies. It will be shown that
the assumption of common belief in no errorbe&iief can be derived from intersubjective
consistency conditions which involve belief, knowledge and their interplay. In Section 5 we will
also offer an evaluation of the extent to which the various conditions can be justified by some
appeal to “intersubjective rationality”.

Integrated epistemic systems that jointly consider knowledge and belief have been
studied in philosophy (Hintikka, 1962, Lentzen, 1978), artificial intelligence and computer
science (Halpern, 1991, van der Hoek, 1993, van der Hoek and Meyer, 1995, Kraus and

' In the technical part of the paper, we will in fact make use of a much weaker axiom, namely that individuals are
correct in what they know to be common knowledge. For simplicity of exposition, however, in the introduction
we shall assume that individual knowledge satisfies the Truth Axiom.



Lehmann, 1978), economics and game theory (Battigalli and Bonanno, 1997, Dekel and Gul,
1997, Geanakoplos, 1994). The philosophy and artificial intelligence literature has dealt mainly
with single-agent systems and the focus has been on the tendency of belief to collapse into
knowledge as the result of plausible-looking axioms. In game theory a study of systems of
knowledge and belief arises naturally in the context of extensive form games from the attempt to
model beliefs after counterfactual histories of play (at “unreached” information sets). Our work
ties in with both literatures: as in the former, there is the possibility of a somewhat surprising
collapse of belief into knowledge; the link to the latter is established by the above-mentioned
fine-grained analysis of the assumption of common belief in no error (of belief) which plays a
crucial role in the “construction” of the Common Prior Assumption under Incomplete
Information (Bonanno and Nehring, 1996) and in the justification of backward induction for
interesting classes of perfect information games (Ben Porath, 1997, Stalnaker, 1996, Stuart,
1997).

Emphasizing a “macro” rather than a “truth” perspective, one can also read this paper as
an account of how and when common belief differs qualitatively from common knowledge. This
is of interest particularly since common belief, in contrast to common knowledge, may exhibit
epistemically counterintuive properties. The next section provides a road map of the paper by
describing the specific questions that are asked and the results obtained (a visual summary is
given in Figure 3). By focusing on very simple yet qualitatively contrasting examples, it is hoped
that this section serves also the purpose of fleshing out the notions of common belief and
common knowledge to readers only minimally acquainted with the growing literature on

interactive epistemology.



2. Overview

81. While common knowledge obeys the formal logic of agents’ knowledge
(semantically, common knowledge inherits the partitional structure from individual agents’
knowledgéz), common belief may fail to obey the formal logic of belief. In particular, the event
that E isnot commonly believed need not be itself commonly believed (technically, common
belief may violate the axiom of Negative Introspection; cf. Colombetti, 1993, Lismont and
Mongin, 1994, 1995), and even more strikingly whereas individuals always know what they
believe (Transparenc?iy this is not necessarily so at the “common” level: it may well be that the

agents don't commonly know what they commonly believe (we will say that Common
Transparency is violated). To see this, consider the following example.

EXAMPLE 1. Individual 1 is a philosopher who knows the correct spelling of his
name (RabinoveR). Individual 2 mistakenly believes that the spelling is Rabimawshe even
believes this spelling to be common belief between them. These beliefs are represented by state

a in Figure 1, where the (thick) rectangles represent the knowledge partitions and the (thin)

. . 4
ellipses represent the belief sets.

Insert Figure |

? The notion of common knowledge was introduced by Lewis (1969) and Aumann (1976).
: Our terminology; there does not seem to be an established one.

4 . . . . .
For more details on the graphical representation of knowledge and belief see the next section.
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Figure 1

Let E be the event that represents the proposition “the spelling is Ratshawat is, E = {3}.

Then, at state, although E is not commonly believed (because individual 1 believes the spelling
to be Rabinowd?), it is not common belief that E is not commonly believed (because of
individual 2’s belief that BEs common belief). Furthermore, at st@#&eE is commonly believed,

but it is not common knowledge that it is commonly believed (because individual 2’s knowledge

set atB contains state where E isnot commonly believed).

Can one understand the properties of the common belief operator in terms of properties of
individual beliefs? This question is answered by the first main result of the paper which provides
a simultaneous characterization of theblic (= commonly known) versions of these conditions
in terms of a condition on individual belief hierarchies callgdrsubjective CautioriTheorem
1). An agent is “intersubjectively cautious” (at some state) if, for any event E, hbedielyesE
to be commonly believed if he in fakhowsE to be commonly believed, that is, he does not
open himself to the epistemic risk of being mistaken about what is commonly believed. Note that
in Example 1, individual 2 fails to be intersubjectively cautious at either state.



EXAMPLE 2. In the modification of Example 1 illustrated in Figure 2, at state
individual 2 still mistakenly believes the spelling to be Rabizowbut no longer believes this to
be commonly believed: at stateshe considers it possible (according to her beliefs) that the true

state isB where individual 1 believes that the spelling is Rabimawi

[Insert Figure ?
spelling: spelling: spelling:
Rabinowicz Rabinowizc Rabinowizc
a B Y
NON |
a B Y
AR
Figure 2

In Example 2 both agents are cautious at every state; as implied by Theorem 1, both Negative
Introspection of Common Belief and Transparency are satisfied at every state. (Indeed, in
Example 2, the only event that is commonly believed at any state is the universal event and

common belief and common knowledge come to coincide.)

82. Example 2 illustrates that it is quite easy for common knowledge and common belief
to coincide even though individual knowledge and belief differ substantially. When exactly is
this the case? First, such coincidence clearly requires Transparency at the common-level,
because any event that is common knowledge is commonly known to be common knowledge. In
addition — since any event that is commonly believed is commonly believed to be-true

anything that is commonly believed must in fact be commbnéwnto be true. Intuitively, this



expresses agents’ knowledge that the group can never be ealtegivelyin their beliefs while
they can be wrong individually. Building on Theorem 1, Theorem 2 asserts also the public

converse, characterizing the equality of common belief and common knowledge in terms of

public intersubjective caution plus public truth of common belief.

83. In Example 2, the agents “disagree” about sBaté is common belief that agent 1

believes for sure thg® won't occur and that agent 2 believes that sBateight occur (she is not
certain of its non-occurrence). This opens the possibility of extreme forms of betting among the
agents, even if they are risk-averse: agent 2 might promise agent 1 a high payoff3fdstase

not occur, in exchange for an extremely high payoff if it does occur; note that it is common
knowledge among the two agents that such bets are acceptable. If agents’ utility-functions are
unbounded, then arbitrarily large gains from trade (measured in terms of expected utility) can be
achieved through such bets. In Bonanno and Nehring (1997b) it has been shown that there are at
most bounded gains from trade for “moderately risk-averse” individuals if and only if it is not
commonly believed that there is no common belief in the truth of agents’ beliefs (a property
which we shall call Qualitative Agreement). In Theorem 4 we show that adding Qualitative
Agreement to the assumptions of Theorem 2 leads to the collapse of belief into kndetedge
every individual One thus encounters an intersubjective version of the “collapse problem”
known from the single-agent literature (Hintikka, 1962, Lenzen, 1978, van der Hoek, 1993, van
der Hoek and Meyer, 1995). Here, it is resolved by reading Theorem 4 as follows: if agents are
publicly intersubjectively cautious, and if “the group is always correct”, then any gap between
belief and knowledge results in disagreement. This reading suggests that the assumption of
common knowledge of the truth of common belief is the least plausible.

Theorem 2 is proved for the weakest possible system, where no veridicality assumptions of any sort are imposed
on agents’ knowledge.



84. Finally, we explore the consequences of assuming only Qualitative Agreement and
public Intersubjective Caution. Theorem 3 characterizes these as equivalent to common belief in
the correctness of agents’ beliefs plus Transparency. In view of the degeneracy uncovered by
Theorem 4, these conditions arguably define the strongest plausible integrated intersubjective
logic of knowledge and belief. Since Qualitative Agreement is motivated most compellingly via
the absence of infinite gains from betting, it applies to belief rather than knowledge; as a result,
Theorem 3 reveals that there is a sense in which the assumption of common belief in the
correctness of agents’ beliefs is easier to justify at the level of belief proper than at the level of

knowledge.

. . . . 6
Figure 3 contains a summary of the results proved in this paper.

Insert Figure B

85. Section 5 concludes by providing an assessment of the three fundamental conditions
as conditions of intersubjective rationality. In a nutshell, we argue in favor of the intersubjective
rationality of Qualitative Agreement, in qualified favor for that of Intersubjective Caution, and in

disfavor with respect to truth of common belief.

For grater clarity some of the arrows in Figure 3 point only in one direction. However, all the results proved are
full characterizations.
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3. Interactive systems of knowledge and belief

Let Q be a (possibly infinite) non-empty setstétes The subsets a2 are callecevents

Let N be a set oindividuals For each individual il N we postulate &elief operator

B.: ? L0 (where g denotes the set of subset<dj and aknowledge operatoK: : 7N o

For E0 Q, BE (respectively, KE) is the event that individual i believes (resp. knowg) Hhese

operators are assumed to satisfy the following propertieslgnotes complement)di [0 N,

0E, FO 2°
Necessity BQ=0Q and KQ=Q. (Ax.1)
Monotonicity: fEOFthenBEDBF and KEOKF. (Ax.2)
Conjunction: B(EnF)=BEnBF and KEnF)=KEn KF. (AX.3)
Consistency BEEL-B-E and KE U -K-E. (Ax.4)
Positive Introspection: BEOBBE and KEDKKE. (Ax.5)
Negativelntrospection: -BEUOB-BE and -KEUOK-KE. (Ax.6)
Priority of knowledge: KEOBE. (AX.7)
Transparency. B.E Ll KBE. (Ax.8)

Belief and knowledge pertain to propositions. Events, that is, subs@slwbuld be thought of as representing
propositions. In order to establish the interpretation of events as propositions one needs to introduce a formal
language and a procedure for associating an event with every formula in the language: see, for example, Battigalli
and Bonanno (1997, pp. 41-48).

10



We call a tuple{Q, N, {B} {K}.on ) where the operators Bnd K satisfy (Ax.1)-(Ax.8) a

iON ?
KB-system. Note that (unlike negative introspection) positive introspection of belief is redundant,

since it can be deduced from the other prope8rties

Systems for knowledge and belief have been studied by philosophers (cf. Hintikka, 1962,
Lenzen, 1978,), computer scientists (cf. Halpern, 1991, van der Hoek, 1993, van der Hoek and
Meyer, 1995, Kraus and Lehmann, 1988), as well as economists and game theorists (cf. Battigalli
and Bonanno, 1997, Dekel and Gul, 1996, Geanakoplos, 1994). In this literature it is customary to
impose the Truth Axiom for knowledge (KU E) so that-while incorrect beliefs are allowesl
only true facts can be known. In our analysis veridicality of knowledge is required only for a

small class of events (cf. (Ax.9) below).

We shall denote by : Q - o° (respectively, # . Q - 29) the possibility

correspondence associated with the belief operatdreBp. the knowledge operator) KThus,

Da0Q, B(a)={wlQ:a0-B~{d} and % (a) = {w0Q:a0-K-{a}}.

REMARK 1. It is well-known (cf. Chellas, 1984) that, for &l J Q and
EO0Q, al BE (resp.a U KE) if and only if é4(a) U E (resp.97{a) U E). Furthermore, B

satisfies consistency if and only # is serial (DwQ, 9 () # O), it satisfies positive
introspection if and only i3 is transitive (O a, B0 Q, if B0 dB(a) then B (L) O 9B(a)) and it

satisfies negative introspection if and onlydd is euclidean(Ca, 0 Q, if B O ¢ (a) then

° By (Ax.8) BIE g KiBiE; by (AX.7) K|BiE g BiBiE. Thus I$E g BiBiE. On the other hand, since we have not
assumed the Truth Axiom for knowledge, negative introspection of betiafrotbe deduced from the other
properties, as the following example sho¥is: {a, 8, ¥, K{ B} = KQ = Q and KE =[J for every other event
E, B{y} = {6 B{B1 =BQ=0Q and BE =J for every other event E. In this example K satisfies (Ax.1)-
(Ax.6), B satisfies (Ax.1)-(Ax.5) and they jointly satisfy (Ax.7)-(Ax.8). However, B fails to satisfy (Ax.6):
lettting E = {)}, we have that:BE = {a} € B-BE =0.

When the truth axiom is postulated fqrtlhfen both positive and negative introspectionidﬁeazome
redundant (cf. Kraus and Lehmann, 1988, and Meyer and vand der Hoek, 1995).

11



%(a) U B(P)). The same is true of Kand 97" . It is also well-known (cf. van der Hoek, 1993)

that (Ax.7) is equivalent t#d(w) O (), Dw O Q, and (Ax.8) is equivalent to the following:
Oa, B, yO Q, if B0 %B(a) andyd 97°(B) theny O 4B(q).

The common belief operatd8, and thecommon knowledge operati are defined as

follows. First, for every E1Q, let BE = (1 BE and KE = () KE ,thatis, BE (resp. IgE)

iON iCN
is the event that everybody believes (resp. knows) E. The event that E is commonly believed is
defined as the infinite intersection:
B.E = BeE N BeBeE N BeBeBeE n ..
Similarly, KE=KE n KKE n KKKE n ..
Let B, Q - 2? and H,.Q - 2 be the corresponding possibility correspondences:
Oa0Q, B.(a)={wdQ:a0-B-~{a}and%(a) ={wd Q:a0-K-{w} . Itis well

9 . . .
known™ that 98, can be characterized as thansitive closureof | J &, , that s,
iON

Da,B0Q, BO .(a) if and only if there is a sequencgi,, ... i ) in N (the
set of individuals) and a sequenge., Ny oo nm> in Q (the set of states) such

that: () n,=a, (i) n,, =B and (iii) for every k=0, ..., m1, n,,, 0% im(rlk) .

Similarly, 9, is the transitive closure of ] % .
iON

° See, for example, Bonanno (1996), Fagin et al (1995), Halpern and Moses (1992), Lismont and Mongin (1994,
1995). These authors also show that the common belief (knowledge) operator can be alternatively defined by
means of a finite list of axioms, rather than as an infinite conjunction.

12



Although we do not require individual knowledge to satisfy the Truth Axiom, for most of
the results we do require a weakening of it, namely the assumption that individuals cannot be

mistaken in what they know to be common knowledge:] N, CJE [ 29,

KK.E O KE (Ax.9)

It is shown in the Appendix (Lemm&.3) that (Ax.9) amounts to assuming Negative
Introspection of common knowledge K.E [0 K,-K,E). A KB-system that satisfies (Ax.9) will

be called aK+-system. Note that in such a system individuals might have (not only incorrect
beliefs but also) incorrect knowledge of any event which is not a common knowledge event. Thus
the logic of knowledge is still KD45 (using the terminology of Chellas, 1984) as is the case with

beliefs.

REMARK 2. In a K+-system & fortiori in a KB-system) the properties of

individual beliefs / knowledge are not inherited lyommonbelief / knowledge. In particular,

negative introspection of common belief§,E [0 B,~B,E) and Common Transparency (the
counterpart to (Ax.8): FE 00 K,B,E) arenot satisfied in general, as the following example
shows: N = {1, 2},Q ={a, B}, % (a) = B, (a) ={a}, #,(B) = B,(B)={B}, H,(a)=H,(B)=

{a, B 9B,(a) = B,B) ={B}. Thus # (a) = #.(B) ={a, B}, ¥.(a) ={a,p}and B.(B) =

{B}. This is illustrated in Figure 4 (which extends the representation of Figure 1 by adding the
common belief/knowledge correspondences) according to the following convention which will
be used throughout the paper. States are denoted by dots and a (individual or common) belief
possibility correspondence® : Q - 2% is represented by thin arrows and thin ellipses as
follows: w' O %B(w) if and only if eitherey andware enclosed in the same ellipsis or there is an
arrow from w, or from the ellipsis containingy, to the ellipsis containingy . Similarly, a
(individual or common) knowledge possibility correspondefsce Q — 2% is represented by

thick arrows and thick rectangles using the same convention: % (¢) if and only if either

13



« andwa re enclosed in the same rectangle or there is an arrowdromirom the rectangle

.. .. 10
containingw, to the rectangle containing' .

lInsert Figure #

o [] [

(1's beliefs/knowledge)

o B
2: e
(2's beliefs/knowledge)
o B

U- e e

(common belief/knowledge)

Figure 4

Let E = {8}. Then BE = {8}, -B.E = {a} and B,-B,E =[. Thus Negative Introspection of
common belief fails=B,E ¢ B,-~B,E. Furthermore, K8,E =[. Thus Common Transparency
fails at the intersubjective level.,,B £ K,B,E. [Note that (Ax.9) is satisfied, that is, the system

of Figure 4 is indeed K+-system since in this example individual knowledge satisfies the

Truth Axiom, in other words7", is partitional. ]

Given two events E and F, we denote by (E) [1 Q the following event

0 In most of the examples, for simplicity, eaﬁﬁi will be a partition, that is, the Truth Axiom for knowledge will
be satisfied (hence, a fortiori, (Ax.9)).

14



Thusa O (E - F) if and only ifa O E impliesa O F (hence EJ F is equivalent to (E-> F) =

Q). Furthermore, let

E-F=(E-Fn(F-E).

Thusa O (E - F) is equivalent tod [J E if and only ifa O F” (thus E = F if and only if
(E - F)=Q).

4. Results

The following events capture important intersubjective properties of beliefs/knowledge
(throughout the paper, events that represent properties of beliefs / knowledge are denoted by

bold-face capital letters). Let

Negative Introspection of common belief NIB = ﬂ(—. BBE- B-B E)

Em®
Common Transparency TRN = ﬂ(& E- KBE

Em®
Intersubjective caution ICAU = ﬂ ﬂ(B. BE- KB E)

iON E2°
Truth of common belief B = ﬂ(& E- E)

Em®

Equivalence of common belief and EQU* = ﬂ(& Eo K E)
common knowledge ER®

ThuswO NIB* if and only if, for every event E, 0 -B,E thenwU B,-B.E; w0l TRN* if
and only if, for every event E, b ] B,E thenw [ K,B,E; w ICAU if and only if, for every
individual i and every event E, U BB,E thenwU KB,E; wU TB* if and only if, for every

15



event E, ifw B,E thenw[ E; finally, w0 EQU* if and only if, for every event E, 0 B,E

thenw K E and vice versa.

NIB is the analogue, for common belief, of (Ax.6) for individual beliefs, W‘hReN* IS
the analogue, for common belief and knowledge, of property (Ax.8) of individual
beliefs/knowledgelCAU, on the other hand, captures the notion of intersubjective caution of
individual beliefs: individuals are cautious in what they believe to be common belief, in the sense
that, while— in general- they allow for the possibility that they have incorrect beliefs, such
mistakes are ruled out for common belief eveTi. captures the property that only true facts
are commonly believed arEIQU* the property that common belief and common knowledge

coincide.

Lemma 1 gives the semantic properties that characterize these five events. For example,
in the KB -system of Figure 4\IB = {8}, TRN = {a}, ICAU =0, TB = Q andEQU =

{a}. That ICAU =0 can be seen directly by noting that at every state individual 2 believes that
E = {B} is common belief (BB,E = Q2), but she does not know this, sing€,(«) = Q, for every

w, while B.E = {f}.

All the proofs are contained in the appendix.

LEMMA 1. In aKB-system (thus without assuming (Ax.9)) the following holds for
everya [ Q:

@ abO NIB  if and only if 9, is euclidean atr, that is,[18, y[I 4,(a), yUO3%,(B).
(i) aO TRN' if and only if, OB,y0Q, if 0 % ,(a) andy 4,(B) thenyO 34.(q).

(i) a OICAU if and only if the following property holds:

(Peay) UB yOQ, if pU 9 (a) andy U 48,(B) then there exists all &3,(a) such that
yO .(9).

(v) aOTB ifand only if a O @&.(a).

(v) aOEQU ifand only if &.(a) = #(q).

16



The following Theorem states that at the public (= common knowledge) level the three
properties of Negative Introspection of common belief, Common Transparency and

Intersubjective Caution coincide (although locally they typically do not).

THEOREM 1. In aK+-system the following holds:

KNIB = KTRN = KICAU.

The next theorem shows that if one adds to common knowledge of intersubjective
caution the hypothesis that it is common knowledge that only true facts are commonly believed,
one obtains the collapse (both locally and globally) of common belief into common knowledge.
This theorem, unlike the others, holds in general systems where no veridicality assumptions of

any sort are imposed on the knowledge of individuals.

THEOREM 2. In akB-system (thus without assuming (Ax.9)) the following holds:

KJICAU n K.TB = EQU n KEQU = KEQU

In both Theorems 1 and 2 (as well as in the ones to follow), common knowledge of the
events under consideration is crucial. For instance, in Figure 4, gBstdtde there is common
knowledge of the truth of common belief, there is only intersubjective caution but not common
knowledge of it; in line with Theorems 1 and 2, common transparency fails at that state (and
thus of necessity common knowledge and common belief fail to coincide); similar

. 11
counterexamples can be constructed in each case.

" Note also that, although*EQU* O EQU*, in generaI,EQU* e K*EQU* as the example of Figure 4 shows,
where EQU = {a} and KEQU =D

17



REMARK 3. None of the properties of beliefs/knowledge introduced so far embody
agreement-type restrictions on individual beliefs, as the following example (illustrated in Figure
5) shows. : N = {1, 2}Q ={a, B}, % (&) = () ={a, B}, for all w0 Q, B (a)= B (B) =
{B}, B a)=B(P) ={a}. Thus F,(0) = B,(«w) = Q, for allwO Q.

lInsert Figure 5

a B
2 e
a B

Figure 5

HereNIB = TRN =ICAU =TB =EQU =0 and yet the two individuals “agree to strongly
disagree” in the sense that, at every state, it is common knowledge and common belief that

individual 1 believes E =} while individual 2 believes:E.

We now introduce two more properties of beliefs, one of which captures the property of

Agreement. Let

Truth of individuals’ beliefs m'=() (((BE- E)
iON Em°
Qualitative Agreement QA = -B.-B TBi

18



Thusa [ TB' if no individual has any false beliefs at that is, for every i1 N and every
EOQ falO B.E thena [0 E. It is well-known (see Chellas, 1984) tloaf] TB' if and only if,

Hi0ON,al %.(a). The event BI'Bi captures a property known in the game theoretic literature

ascommon belief in no errgicf. Ben Porath, 1997, Stalnaker, 1994, 1996, Stuart, 1Q3V)s

a weaker property than this in that it only requiresatimon possibilityf common belief in

no error, that isg 0 QA if and only if forsome g0 ¢,(a), B O B*TBi. Qualitative Agreement

has been shown (Bonanno and Nehring, 1997b) to capture the notion of Agreement in two
equivalent ways: (1 O QA if and only if ata unbounded gains from betting are impossible
(assuming moderately risk-averse preferences)a (2)QA if and only if ata the individuals
cannot “agree to disagree” about “union consistent” qualitative belief indices (a generalization of

the Agreement property introduced by Aumann, 1976).

The following theorem shows that adding Qualitative Agreement to common knowledge
of intersubjective caution yields common belief in no error. Indeed the conjunction of the former
two properties is equivalent to the conjunction of common belief in no error and common

12
knowledge of common transparency

THEOREM 3. In aK+-system the following holds’

QA n KICAU = BTB n KTRN .

1 Lemma A.8 in the appendix shows that, in turn, common knowledge of common transparency implies common
transparency, thatis, KRN = TRN n K TRN .

" In aKB-system (i.e. if (Ax.9) is not satisfied) in gene@gh n K ICAU & B*TB', as can be seen by modifying
the example of Figure 4 in such a way that knowledge and belief coincide also for individual 2: N =J% 2},
{a,B), () = @ (a) ={a}, 7,(B) = B (B) =B}, H,a) = H,B)= B,(a)= BB = {B. Thus () =
@ .(a) ={a, B} and 7. (B) = 9B.(B) = {B}. In this exampleQA =ICAU = K ICAU = Q, while B*TBI ={p}
(sinceTBI ={B}.
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The following theorem shows that putting together the three conditions of Qualitative
Agreement, common knowledge of Intersubjective Caution and common knowledge that only
true facts are commonly believed leads to the collapse (both locally and globally) of belief into
knowledge for every individual. The theorem also states that such collapse of individual belief
into knowledge is brought about also by the hypothesis of common knowledge that every

individual has correct beliefs.

Let

Caution (coincidence of belief and _ K
knowledge for every individual) CAU = Q EQQ(E% E K E)

Thus a O CAU if and only if, for every individual i and event E, atindividual i
believes E ¢ U BE) if and only if she knows Ea(L] K.E).

THEOREM 4. In aK+-system the following holds’

QA n KICAU n K.TB = CAUn K.CAU n QA = K. TB'

H In aKB-system Theorem 4 does not hold. For instance, in the example of Footn@aW3, K CAU n QA

¢ K.TB' sinceCAU n K. CAU = QA ={a,8 whileTB' =K TB' = {B}.
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5. Conclusion: On the intersubjective rationality of the three

fundamental consistency conditions

The analysis of this paper has spanned the intersubjective gap between belief and
knowledge by three intersubjective consistency conditions: Qualitative Agreement,
Intersubjective Caution, and Common knowledge that only true facts are commonly believed.
How plausible are these conditions? Can they perhaps even be viewaaeasubjective

rationality” conditions?

As a reference point, it is instructive to consider the condition of “common belief in no
error” (corresponding to the evenUHB'). Prima facie a case for it as a requirement of
“intersubjective rationality” can be made by viewing it as an intersubjective generalization of

. .15 . - . . .
secondary reflexivity : every agent is willing to underwrite epistemically every other agent’s

beliefs to the extent that he knows about them.

However, a reinterpretation of Example 1 shows that this condition canralivags
applicable, which casts some doubt on the intersubjective rationality interpretation. Consider the
following augmentation of the story underlying Example 1. At date zero, both the philosopher
and his counterpart took it for granted that his name was spelled “Rabidjomawever, after
having per chance a private look at his birth certificate, he discovers to his great surprise that the
correct spelling is “..cZ'. Formally, this can be described in a two-state universe augmenting
Figure 1; the (non-augmented) figure now describes individuals’ beliefs at date 1, after the (one-
sided) inspection of the birth certificate. There are now two additional “epistemic agents”
describing the individuals’ beliefs at date O; these in fact coincide with individual 2’'s beliefs at
date 1. At date O, both individuals’ beliefs coincide and thus satisfy any meaningful

intersubjective rationality condition. Individuals’ beliefs at date 1, in particular the philosopher’s

15 Secondary reflexivity of individual beliefs is the property that each individual believes not to be mistaken in his
own beliefs (the individual believes that if he believes E then E is true). Secondary reflexivity is implied by
Negative Introspection (cf. Remark A.2 in the appendix).
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certainty of the falsity of his counterparts’ beliefs, are a necessary result of the information
received in the interim; thuseither individual’'s beliefs at date 1 can be criticized for lack of

intersubjective rationality.

Qualitative Agreement—B,— B*TBi) can be viewed as an appropriate weakening of

common belief in no error (EBB') . if the epistemic assessments of an event E (that E is

believed or that E is not believed, and more generally of a “qualitative belief index”) of both
agents are common belief, they must coincide. If any intersubjective consistency can stake a
claim on rationality, it would seem to be Qualitative Agreement: its equivalence to the absence
of unbounded gains form betting (cf. Bonanno and Nehring, 1997b) lends it strong normative
appeal. Moreover, it is not subject to the contingencies of history, as it restricts agent’s beliefs

only when they are jointly commonly known. In Example 1, for instance, only trivial beliefs are

.. 16 . . .
jointly commonly known . It would even make perfect sense to require Qualitative Agreement

after counterfactual histories in a game!

Intersubjective Caution, by contrast, is exposed to the same problems in a dynamic
setting that plague common belief in no error; note that it fails wittim individual 1 who at
date 0 took the wrong spelling for granted (and believed that he would continue to take it for
granted), recognizing the possibility (in terms of knowledge) that he might live to change his
mind. On the other hand, while not categorical, Intersubjective Caution seems highly reasonable
as a constraint on how individuals “initially” construct their intersubjective belief hierarchies,
prior to the receipt of specific private information (but incompletely informed of each other’s
beliefs), for example prior to the actual play of the game. This would be sufficient to justify the
striking Stalnaker-Stuart justification of non-cooperative play in the repeated prisoner’s dilemma
game (Stalnaker, 1996, Stuart, 1997) which preempts the “maintained rationality” critique of the

backward induction solution in extensive form games.

" Note that while individual 2's beliefs about the evefitdre commonly known, 1's beliefs aboy${are not.
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Common knowledge of the truth of common belief clearly has the flavor of an empirical

rather than a rationality assumption. It seems implausible as the latter; note, for example, that

applied to a group of one, it coincides with cautionn view of Theorem 2, and taking into
account the plausibility of bot@QA and ICAU, it seems implausible even as an empirical
assumption, in spite of the appeal to the reasonable intuition that a group’s beliefs may enjoy

higher epistemic dignity than any individual’'s beliefs.

17 . . g . .
By contrast, botlQA andICAU are automatically satisfied in this case.
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Appendix

PROOF OF LEMMA 1. (i) and (iv) are well-known (see Chellas, 1984);
(ii) follows from Theorem 4.3 (c) in van der Hoek (1993, p. 183) and (v) is straightforward.
Thus we shall only prove (iii).

(Not R, ,ata 0 aOICAU). Suppose R, , does not hold ar . Then there exist
B, yU Q suchthap U % (a), yO @.(B) and,ll 0% (a), yLB.(J). Let
E={wlQ:wl %,(«) for somew O & (a)}.

Then

yOE 1)
and, by construction,

aUBB,E (2)
By (1), sinceyd 4.(B), BU B,E. Hence, sincg U %" (a), a U KB,E. Thus, by (2),
a U (BB,E - KB,E). Hencea J ICAU .

(a OICAU O Not R, , ata). Suppose that [ ICAU. Then there exist B Q and
i O N such thatr 1 BB,E n ~K.B,E. Sincea [ -K.B,E, there exisp, y[J 2 such that
B0 9 (a)andyD 9B,(B) n ~E. Sincea  BB,E, 030 % ,(a), dUB,E, that is,
9,.(0) O E. HenceyOd 43,(9). Thus P.,  does not hold atr. ®

ICAU

The proof of Theorem 1 will be carried out in three steps. The first step is given by
Lemma A.1, which holds for alk B-systems (thus without assuming (Ax.9)). The second step

is given by Proposition A.1, which is a restatement of Theorem K Esystems that satisfy an
additional property. The third and final step is given by Lemma A.3 which shows that this
additional property is equivalent to (Ax.9).

Let (VBi* stands for “Veridicality of individual belief about common belief”)

ve8" = (1(\(BBE- BB,

iON Em9

ThuswO vB' if and only if for every individual i and event E «flJ B.B,E then
wU B,E, that is, atwno individual has mistaken beliefs about what is commonly believed.
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REMARK A.1. Foreverya 0 Q, all VBi* if and only ifJiCIN,
Oy0e.(a), D60 9B (a) such thaty[143,(9). For a proof see Lemma 2 in Bonanno and Nehring

(1997b)."

LEMMA A.1. InakB-system (thus without postulating (Ax.9)) the following
holds:

K.NIB- 0 KVB" 0O KICAU O K.TRN .

Proof. (K.NIB_ 0JK,VB"). First we show thallB [0 VB' . Leta CINIB . Fix an
arbitraryi UN and EJJ Q. We want to show that U (BB,E - B,E), or, equivalently, thatr [J

(-B.E - =B,B,E). Sincea U NIB*, a U (-B,E - B,~B,E). Suppose that
a U-B.E. Thena U B,~B,E. By definition of B, B,-B,E [l B-B,E. By Consistency ofi's
beliefs (cf. Ax.4), B-|B EDO —|BB E. Thus B-B.,E 0 -BB,E. Hence

aU-BB.E. ThusNIB ove" . By Monotommty of K, it follows that KNIB 0K, vB"

(K*VB OK,ICAU). Leta [ K*VB and fix an arbitraryd [0 %,(a). We want to show
that 30 ICAU . Fix arbitrary ilJ N and E0J Q such tha3 0 BB,E. Fix an arbitrary 0 % ().
We need to show that(] B,E. Since BB,E 1 KB.B,E (cf. Ax.8), 30 KB.B,E hence
yd BB,E. By deflnltlon of %, , smce,B O %(a) andyD 9 (B), yU %(a) Thus, since

a K, vB" , yU vB'. Hence, sincg 0 BB,E, y[ B,E.

(K,ICAU O K*TRN*). Let a O K,ICAU. Fix an arbitrary3 [0 %,(a). We want to show
that 3 0 TRN . Fix arbitrary ECJ Q such thap3 [0 B,E. We need to show that
B0 K,B,E. Fix arbitrary sequencés,, ..., i ) in N and(B,, B,, ..., B,) in Q such thaj3, = 3
and, foreveryk =1, ..., n§ 0 % (B,_,)- We need to show th@& [ B,E. First of all, note

k
that, sincg8 0 ,(a), by definition of 7, , B 0 97,(a) for allk =0, ..., m. Hence, since
a OK,ICAU,
B OICAU  forallk=0, ..., m. (3)
Since,B0 = B 0 B,E and, by definition of B B,E [ B. B,E, ,BO 0 B, B,E. Hence, by (3),
1 1

B, 0K B,E. Thus, sincg 0 % (3,), B, U B,E. Since BET B B,E, 8, B B,E. Hence, by

1 1 2 2

18 There the evem’Bl* is denoted by‘CB and the possibility corresponden@g (resp.@‘i ) is denoted by, I(resp.
1).
|
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(3), B, UK B,E. Thus, sincg, U 97 (B)), B, U B,E. Repeating this argument m times we get
2 2
that3 OB,E. B

REMARK A.2. A possibility correspondenc®: Q - 2%is secondary reflexivé
Oa,f0Q, B0 P(a) impliesB O P(P). Secondary reflexivity is implied by euclideanness.
Hence, for everyliN, ¢, and % are secondary reflexive. It follows from the definition%f
and %, that bothd3, and 97, are secondary reflexive.

Let (NIK* stands for “Negative Introspection of common knowledge”)

NIK = ((=K.E - K=K E).

ER?

REMARK A.3. Analogously to (i) of Lemma 1, it can be shown that
BUONIK ifand only if 9%, is euclidean aB, that is,[y, d 0 %,(B), 0 1 97.()).

PROPOSITION A.l. In aKB-system satisfying 1(\IIK* = Q the following holds:
K.NIB = KVB" = KICAU = K.TRN .

Proposition A.1 follows directly from Lemma A.1 and the following lemma which can be
viewed as a generalization of Lemma 2.2 in Kraus and Lehmann (1988) to the case where
individual knowledge satisfies the KD45 (rather than the S5) logic.

LEMMA A.2. InalkB-system the following holds:
KNIK n KTRN O KNIB.

Proof. Let a 00 K,NIK N K*TRN* and fix an arbitrary3 0 %7,(a). We need to show
that3 U NIB*, that is (cf. (i) of Lemma A.1), for ad, yO 93,(B), 00 98.(y). Fix arbitrary
o,y 4.(B). By secondary reflexivity of4, (cf. Remark A.2),

o0 B,(9) 4)

Since, for allw Q, @.(«) O F(a), v, 60 9 (0). SinceB 0 % (a) anda 0 KNIK

BONIK . Hence (cf. Remark A.3),
o0 (Y ©))

Sincep 0%, (a) andy 0 %,(B), by transitivity of 57, , yO%,(a). Thus, sincea [ K*TRN*,
yOTRN . (6)
It follows from (4)-(6) and (ii) of Lemma 1 that] 43,(y). &
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Let (VKi* stands for “Veridicality of individual knowledge about common knowledge”)

vk = [1N(KKE - KE).
iON E[p©
Thusw VK " if and only if for every individual i and event Efl] KK,E then
wU K,E, that is, atwno individual has mistaken knowledge about what is commonly known.

LEMMA A.3. InakB'-systemNIK =Q.

Proof. Note that in aK_+-systerri\/K "= Q, since (Ax.9) is equivalent t¢K "z0. We
want to show that, in turNKI = Q is equivalent toNIK = Q . We show this to be true in
general, fomny “common” operator. Let {B: 7 ZQ}iDN be any collection of individual

operators satisfying (Ax.B) (Ax. 6) (that is, Necessity, Monotonicity, Conjunction, Consistency,
Positive and Negative Introspection) and letB the corresponding common operator. We want to

show thatvB' = Q if and only ifNIB =

0 Let B Q ° be the possibility correspondence associated withds every

i O N construct the possibility corresponderige: Q — ° as follows:0 w, w1 Q,

w' 0% () if and only if 8 (w) = %.(c). Thens? gives rise to a partition @, that is,

Do o' 0Q, wl % (o) and if ' U % (@) thenF () = % (a) (in the economics and game-
theory literature this partition is called ttype partitionof individual i). Let K be the associated

knowledge operator of individual i. The system so constructediB-gystem (it is straightforward
to verify that (Ax.1)-(Ax.8) are satisfied). Le&¥, : Q - 7 be the transitive closure (ﬁj% :

iCN
and K the associated common knowledge operaid (J 29, K.E ={wl0 Q: 9%,() O E}). Then

9%, also gives rise to a partition &f and therefore is euclidean, that is (cf. Lemm&lll{,* =Q.
Thus we can invoke Proposition A.1 and conclude that

K.NIB = KVB @)
Furthermore, since?, is partitional, K satisfies the Truth Axiom, that iS,E [ 29,
K.E O E. Hence
DED2®,  KE=Q ifand only if E =Q 8)

1 This result can also be proved as a Corollary to Theorem 1 in Bonanno and Nehring (1997a).
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Suppose now thatB" = Q. Then, by Necessity,*MBi* = Q. Thus, by (7), I*<NIB* = Q and,
by (8),NIB* = Q. By the same argument,NIﬂB* =Q thenVB' =Q.m

PROOF OF THEOREM 1. By Lemma A.3, in e{l§+-systenNIK ‘=0, Thus, by
Monotonicity of K, K.NIK = Q. Hence Theorem 1 follows from Proposition AML.

The proof of Theorem 2 is split into several steps, given by Lemmas A.4-A.6.

LEMMA A.4. InaKB-system KEQU 0 EQU .

Proof. Leta 0 K,EQU . We want to show (cf. (v) of Lemma 1) thet (a) = %.(d),
that is (sinced,(w) O 97.(w) Dw O Q), that,(a) O 9,(a). Fix an arbitraryy 0 97.(a).
Then there existll N andB 0 % (a) such thay Ll 97°,(p) [in the case whergl %(a) we
can takg3 = yand use secondary reflexivity 6f’,]. Since %" (a) U 97.(a), B 0%, (a) and,
therefore (sincer O K*EQU*), B0 EQU*. Thus, by (v) of Lemma 197,(B) = %.(f). Hence
(sinceyd 97(B) U #,(B))
yO B.(B). 9)
By seriality of &8, (cf. Remark 1),98(a) # 0. Fix an arbitraryy 0 %8 (a). Since%8.(a) O 97.(a),
o0 9 (a). ThusB, 50 97'.(a); hence, by euclideanness@f., B0 97(J). Thus, sincer” (9
0 97.(9)
B0 H,(9). (10)
Sinced U 97 .(a) O 97,(a) anda [ K*EQU*, od EQU*. Hence, by (v) of Lemma 1,
97,(9) = 9,(9). Thus, by (10),
BO B,(9). (11)

Sinced 0 %8 (a) and %.(a) O 9%B.(a), 60 4,(a). It follows from this and (11), by transitivity of
@,, thatBO @ ,(a). Using this and (9) (and transitivity ¢8,) we conclude thay (033, (a).
Sincey O %,(a) was chosen arbitrarily, we have shown tlséf(a) 0 93,(a). ®

. 20
The following two lemmas are one-operator results.

2 In the case where the cardinality of N is 1, Lemma A.5 states that adding to Transparency the assumption that the
individual knows his beliefs to be correct leads to the collapse of knowledge and beliefs. In the philosophy
literature an alternative way in which this collapse can take place has been discussed, namely adding to
Transparency the assumption that if the agent believes something he believes that he knows it (cf. Hintikka, 1962,
Lentzen, 1978; see also van der Hoek, 1993 and van der Hoek and Meyer, 1995): this is the content of Lemma
A.6 (i).
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LEMMA A.5. InalkB-system (thus without assuming (A.9))
TRN n K.TB 0O EQU

Proof. Leta O TRN  n K*TB*. We want to show that#,(a) [ 93,(a). Fix an arbitrary
B0 %.(a). Then, sincex [J K*TB*, pUO TB . Thus (cf. (iv) of Lemma 1)3 0%, (B). Since

all TRN*, B0 %.(a) andB O34, (B), by (ii) of Lemma 1 (withy = ) it follows that
B0 %(a). ®

REMARK A.4. By transitivity and secondary reflexivity @B, and 97,, for every
event E, BE =BB,E and KE = KK_,E.

COROLLARY A.1l. InakB-system (thus without assuming (A.9))
K.TRN n KTB O KEQU

Proof. By Lemma A.5 and monotonicity of KK, TRN n KK.TB [ K.EQU . By
Remark A.4, KK.TB =K TB . ®

LEMMA A.6. InakB-system (thus without assuming (A.Q)EUQ, OiLN
() BKEOKE and (i) BK.E=KK.,E.

Proof. (i) From-K.E U K-KE (Ax.6) and K-K.E [ B-~KE ((Ax.7) applied to the
event-K E) we get-K.E [ B~ K.E, which is equivalent te B~ K E [ KE. This, in
conjunction with BK.E [ =B~ K E ((Ax.4) applied to the eventK), yields BKE U KE.

(i) Since (by definition of K) K.E U KK,E, by monotonicity of B BK,E I BKK.,E and, by
(), BKK.EOKK,E. Thus BK,E 0J KK,E. On the other hand, by (Ax. 7)KKE [l BK,E. B

COROLLARY A.2. InaKB-system (thus without assuming (A.9))
K.EQU 0 ICAU.

Proof. Let a [ K*EQU*. Fix arbitrary il N and E0 Q such thatr U1 BB,E. We want
to show thatr 1 KB, E. First we show that U BK,E. Fix an arbitrary3 1144 (a). Then

BUB.E. Sinced (a) U 97 (a) U 97.(a), BUI,(a) and thereforg [] EQU*. Hence, since
BUB.E, BUK,E. Thusa O BK,E. By (ii) of Lemma A.6a [J KK,E. Now choose an
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arbitraryy 11 97".(a). Theny K,E. Furthermore, since#’ (a) U %, (a), yU 9%, (a) and
thereforey [ EQU*. Thus, since/U K,E, yO B,E. Hencea U KB,E.

PROOF OF THEOREM 2. (KICAU n K,TB 0 K.EQU) By Lemma A.1, KICAU
n KTB 0O KTRN n K.TB and by Corollary A1, KRN n K.TB O KEQU .

(K.EQU [0 K_ICAU ) By Corollary A.2 and Monotonicity of K K.K.EQU' [J
K.ICAU. By Remark A.4, KK.EQU = K.EQU .

(K*EQU* O K*TB*). Leta DK*EQU* and fix an arbitrary [0 %,(a). We want to show

thatB 0 TB . Sincea OK.EQU , B0 EQU . Thus, by (v) of Lemma 1%.(8) = %(f). Since
B 0 9.(a), by secondary reflexivity o#7, (cf. Remark A.2)B 0 97.(B). Thusp O 4,(P).
Hence, by (iv) of Lemma 13 O 8.

Finally, by Lemma A.4, KEQU [ EQU henceEQU n K.EQU = K.EQU .m
The proof of Theorem 3 makes use of the following lemma.

LEMMA A.7. InaKB-system (thus without assuming (Ax.9)) the following holds:
QA n K.ICAU n NIK 0O BTB'

Proof. Leta 00 QA n K,ICAU n NIK ", Sincea O QA, there exists g [1 9,(a) such
that 8 [ B*TB'. Suppose that [ B*TB'. Then there existsjall 93,(a) such that

yOB.TB' (12)
Since 4,(a) O 97, (a), B, yO %.(a). Sincea O NIK *, 97, is euclidean atr, hence
yO #.(B). (13)

Sincea 0 K_ICAU andB 0 9% (a) and, by Lemma A.1, KCAU 00K, TRN , BOTRN .
Thus, sincg3 0 B, TB', B0 K,B,TB'. Hence, by (13)y0B,TB', contradicting (12).m
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PROOF OF THEOREM 3. (QA n K.ICAU 0 B.TB' n K. TRN ) By Lemmas A.3
and A.7,0A n KICAU 0 B.TB". By Lemma A.1, KICAU O K. TRN .
(B.TB' n K,TRN T QA n K.ICAU). By Remark A.4, BTB' = B.B,TB' and by seriality of
@.,B.B,TB' 0-B,~B,TB' =QA. Thus BTB' 0 QA. By Theorem 1, KRN I K,ICAU. ®

REMARK A.5. AlthoughQA n K,ICAU [ B*TBI N TRN*, the converse is not
true as the following example, illustrated in Figure A.1, shows. N = {12}= {a, (B, \},
g ()= (W ={a,w, #(B)=% (B)={B} B (o) =% (N={W 9 ,(a)=5,P) =
{a.B # (N =38 (N ={n B (a)=2%B,B)={B} Thus, DwD Q, % () ={By} and
() = Q.

| Insert Figure A.1

1: <> o> o)

L (e

> o

Figure A.1

Here we have thakB' = {3, )}, B.TB' = andTRN ={a}. Thus BTB' n TRN = {a}. On
the other handCAU = K, ICAU =0.

The following lemma highlights an interesting property of common transparency.

LEMMA A.8. InalkB-system (thus without assuming (Ax.9))

K, TRN O TRN .
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Proof. Leta 0O K, TRN and suppose by contradiction tleaf] TRN . Then there exists
an event E such that

a0 B,E (14)
and

a0-K,B,E (15).
By (15) there exists A%, (a) and ay 143, () such that
Sincep 0%, (a), by definition of 97, there exist J N andd [J Q such that

o % (a) a7)
and

BU 7. (9 (18)

[in the case wherf J % (a) we can také& =  and invoke secondary reflexivity of7;]. By
seriality of &4, (cf. Remark 1),93. (a) # U. Fix an arbitrary) 4. (a). Since 4. (a) U 97 (),
n 0 % (@) (19).
By (17), (19) and euclideanness%f,
&0 97 (n) (20).

Sinced Ul 97 (a) U 97, (a) anda U K,TRN , L0 TRN . Thus by (ii) of Lemma 1, since

B U A.(9) (cf. (18)) andy 11 48, (B),
y 4,(9) (21).

Sincen U . (a) U % (a) U 97, (a) anda UK, TRN , n O TRN . Hence by (20) [using the
fact thato# (n) U 97, (n)] and (21) and (ii) of Lemma ¥,0J 48, (n). Thus, by definition ofi4,
[sincen U 4.(a)], yU 9, (a). Hence, by (16)a [ =B, E, contradicting (14)

PROOF OF THEOREM 4. First we prove that
K.TB' 0 QA n K.ICAU n K. TB . (22)
First note that L(I'Bi O B*TBi and, as shown in the proof of Theorem ,BI'HB' O QA. Thus
K,TB' 0 QA. Furthermore, sinc&B' [ TB , by Monotonicity of K, K.TB' 01 K. TB . Finally,

sinceTBi 0 VBi*, by Monotonicity of K, K*TBI 0 K*VBi*. By Proposition A.1 and Lemma
A3, K.VB' = KICAU.

Next we prove that . _
QA n K,ICAU n K,TB 0O K, TB' (23)

32



Leta QA n KICAU n K.TB . By Theorems 2 and & 0 B,TB' n EQU . Hence
aOK.TB'
Thus, by (22) and (23),

QA n K.ICAU n K.TB = K.TB', (24)
Next we prove that

K.TB' O CAU (25)
Leta O K*TBi. Fix arbitrary il N and EJ Q and suppose that([] BE. We need to show that
a U KE. Fix an arbitrary3 U1 97 (a). We have to prove th@ [l E. Sincea U BE [l KB.E and
B0 #(a),

| BOBE. (26)

Sincea U K*TBI andp U 9% (a) O 97, (a), BU TB'. Hence, by (2),8 0 E.
By (25) and Monotonicity of K K.K.TB' [ K,CAU. By Remark A.4, KK, TB' = K TB'. Thus
K. TB' 0 K.CAU. It follows from this and (25) that

K.TB' O CAU n K.CAU 27)

From (24) we get (by intersecting both sides V@) thatQA n K,ICAU n K*TB* = QAN
K. TB' and from (27QA n K. TB' 0 CAU n K.CAU n QA. Thus

QA n K.ICAU n K.TB 00 CAU n K.CAU n QA (28)
We conclude the proof by showing that
CAU n K.CAU n QA 0O K.TB'. (29)
Let a 0 CAU n K.CAU n QA. By Lemma A.3NIK = Q. Sincea 0 CAU n K,CAU, NIK *
= NIB*. Thusa O NIB*n QA. By definition ofQA, NIB*n QA 01B,TB'. Thusa 0 B,TB..
Sincea [1CAU n K.CAU, a 0B,TB' ifandonly if ¢ DK, TB'. m
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