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ABSTRACT

This paper contributes to atheory of rational choice under uncertainty for decision-
makers whose preferences are exhaustively described by partial orders representing
"limited information™. Specifically, we consider the limiting case of "Complete Ig-
norance” decision problems characterized by maximally incomplete preferences and
important primarily as reduced forms of general decision problems under uncertainty.

"Rationality" is conceptualized in terms of a "Principle of Preference-Basedness",
according to which rational choice should be isomorphic to asserted preference. The
main result characterizes axiomatically a new choice-rule called "Simultaneous Ex-
pected Utility Maximization" which in particular satisfies a choice-functional inde-
pendence and a context-dependent choice-consistency condition; it can be interpreted
as the fair agreement in a bargaining game (Kalai-Smorodinsky solution) whose play-
ers correspond to the different possible states (respectively extremal priors in the

general case).

Keywords: Ignorance, Ambiguity, Multiple Priors. Rational Choice, Incomple
Preference, Robustness. Independence, Sure-Thing Principle, Context-Dependence.

Choice Consistency.



1. INTRODUCTION

Decisions often have to be made on the basis o limited information. Sometime,
this does not present any specia difficulties to the decision maker; he may still be
willing to rank all alternatives in a complete order and simply choose the best al-
ternative. In other cases, this informational limitation may be perceived as a lack
of adequate groundsfor constructing such a ranking unambiguously; rather than ar-
bitrarily declaring one of two alternatives superior, or both to be indifferent, it will
seem more natural to acknewledge this lack and suspend judgment by asserting the
non-comparabilityl of the two alternatives; the decision-maker's preferences are then
to be described by a partial rather than a complete ordering.

In this paper, we deal with situations in which incompleteness arises from lim-
ited information about the likelihood d uncertain event?. Tn forma terms, we will
consider partial orders R that satisfy dl of the standard consistency conditions char-
acteristic o Subjective Expected Utility (SEU) preferences, with the exceptiun of the
completeness axiom. Such partial orders can be represented as unanimity-relations
(intersections) o the SEU-crders associated with convex sets d probability measures

("belief sets" of "acceptable priors”)?.

"Noncomparability is distinguished from genuine indifference by its lack of transitivity. Indeed,
non-comparability is typically robust with respect to small (unambiguous) changes in the value of
the alternatives. This is a typical feature of "hard" choices. For example, if you find it difficult to
decide whether to accept a job-offer at a salary of x dollars per year, you will find it just as difficult
to decide at = t 1 dollars, prubably also at = + 100, maybe even at « T 10000 dollars. (While you
will probably be able to telt the difference between = and ¢ + 10000 dollars, this may not settle the

maitter for you, as money may simply not he thereal issue.)
*This follows from standard representation theorems, c.g. Smith (1961) and Bewley (1986).

Partial orders with the assumed structure have receivedd a mathematically comprehensive and con-
ceptually profound treatment in Walley's recent monograph "Statistical Reasoning with Imprecise
Probabilities™ (1991). Belief-functions and upper-and lower probabilities, nther Frequently endorsed
generalizations of the probability calculus, ran be viewed as special (and restrictive) instances of

asseasing such partial orders (sse Walley (1991), ch. 4, especialy p. 182-4 and 197-9).



ns

Fori tance, the extremecase o "completeignorance” regarding the likely occur-
rence of uncertain eventsis represented by a maximally incomplete partial order in
which the decision-maker weakly prefers one act over another if and only if the act
generates a weakly better consequence in every state; this corresponds to a belief set
that includes all possible priors.

For another example, a decision-maker who is a classical statistician may well be
prepared to assume qualitative knowledge about the stochastic process generating
the observations, but will not want to make probabilistic assumptions concerning
parameter values. Such qualitative knowledgecan be described by a partial order R,
for instance in terms Uf condition? of * xchangt 1bility”3; the corresponding belief set

may include all priors consistent with the assumed qualitative knowledge.

The paper develops atheory o rational (or "optimal™) choicefor "decision-problems
under uncertainty" (d.p.u.s) defined by aset o acts X and a partial order Ron some
universe of acts primarily focussing on d.p.u.s characterized by complete ignorance.
"Optimality" for partial orders has been traditionally identified with the absence u
feasible superior alternatives ("admissibility"). By contrast, we will argue that opti-
mality is nut exhausted by admissibility in that some admissible acts may be superior
to others (in a context-dependent way) as compromase choices. The choice rule ana-
lyzed in this paper, "Simultaneous Expected Ctility Maximization” (SIMEU). makes
this intuition of optimal choice as a best compromise formally precise and provides
an axiomatic justification for it. As explained in detail in section 2. SIMEU can be
interpreted as Kalai-Smorodinsky bargaining solution representing a fair compromise
among "alter egos' corresponding to the different extremal priors; it can also be seen

asformalizing a notion o robustness."”

3The classical reference is de Finrtti {1937); for a discussion of exchangeability in the context of

partial orders, see Walley (ch. 9.5).
It should he emphasized that the normative motivation of the axioms does not appeal to an

intrinsic preference for robustness or to the intuitive force of the bargaining metaphor. |f such



Of the full axiomatic theory underlying SIMEU, the present paper presents half,
namely the limiting case o “maximally non-comparable" preferences characterized
by all-inclusive belief sets; these turn out to correspond to the classical notion of
"Complete Ignorance” (Cl);for a still valuable introduction to the literature, which
culminated in the early 1950's prior to Savage's "Foundations of Statistics" (1954},
see Luce/Raiffa (1957), ch. 13. CI problems can be viewed as reduced forms of
general d.p.u.s, i.e. that a large class o choice rules defined on ClI problems can be
canonically extended to the classd general d.p.u.s. This has been shown in Nehring
(1991, ch.2) and I\?éving (11192) . how it works is briefly sketched in section 7.

The main conceptual innovation o the paper in a new rationale fur axiomatic re-
strictions on choicesin Cl problems, the "Principle of Preference-Basedness” (PPB),
according to which the structure o choice should reflect the structure of preference.
ThisPrincipleyid amoreconvincingjustification of the hallmark axiom of the clas-
sical literature (here fornulated as "Symmetry") that leads beyond expected utility
maximization; Symmetry says that since Cl preferences are symmetric with respect,
to arbitrary event-permutations, Cl choices must be symmetric in the same way.

The Principle d Preference-Basedness also gives rise to the other key axiom of
“Consequence-Isomorphism” (CISO) which has no precedent in the d dcd litera-
ture. This axiom implies invariance o the choice rule with respect to positive affine
transformations d consequence utilities event-by-event, and thus permitsinterpreting
CI problems as bargaining problems. It makes little sense unless one views CIT pref-
erences as deliberately adopted (over other logically possible preference judgments)
by the decision maker who is fully aware of their extreme character ®Theorem 1.
the main result o the paper, characacterizes STMEU as equivalent to the conjunc-

tion of Admissibility, Symmetry, Consegquence Isomorphism and a context-dependent,

appeals wer e made, the solution could hardly stake a plausible claim of being canonical. Robustness
and compromise sSimply turn out to describe qualitative features of the solution; they confirm but

don’t ground its normative elaim.



choice-consistency condition WAREP

Theclassical literature was keenly aware d a conflict between context-independent.
choice-consistency conditions and independence®, and found itself unable to choose.
Probably representatively, Arrow (1960, p. 72) concluded that a rational solution
to complete ignorance problems is impossible: "Perhaps the most nearly definite
statement is that of Milnor (1954) who showed in effect that every proposed order-
ing principle contradicts at least one reawnable axiom." Based on the Principle of
Preference-Basedness which implies a choice-functional independence condition by
way d Consequence-lsomorphism, SIMEU theory resolvesthe conflict in favor o in-
dependence over context-independent cicic>consistency.® We will argue in section
6.3that what appear to be “inconsistencies” of choice from a traditional perspective
can be seen as natural consequences o asserted non-comparabilities.

That it is not the independence axiom that should give way is confirmed by ob-
sewing that the must convincing direct justifications o independence derive from
the logical structure o states as logically digoint ex post. Yet ignorance is part o
the decision situation ez ante, and, as a result, has no power per se to undermine
the normative appeal d the independence axiom."! Completeness, on the other hand,
and in its wake context-independent choice-consistency, Seem natural casualties of

"ignorance".

We conclude the introduction with some meta-remarks about the general approach
that are important to an adequate understanding of what wili follow. In the proposed

theory, partial orders determine choices as well-defined wholes; this is meaningful

*often also referred to as “the sure-thing principle.”
1n fact, CISO can be shown to be equivalent to an appropriate generalization of the "surething

principle’ to d.pa.s (see 6.2.6).
TOf course, unresolved ignorance may cause anxiety ete,, and thereby lead to Fllsbergian

uncertainty-aversion; this prima facie violation of independence can be accommodated by an ap-
propriate re-description of consequences.

Ble. the optimal choice may depend on every facet of the partial order.



only under an exhaustive interpretation, on which absence o weak preference (of x
over y and of y over x) isequivalent to a judgment of non-comparability ("1 decline
to prefer one alternative over another™). rather than to mere “non-comparedness”
as under an interpretation in terms of partial elicitation ("I have not made up my
mind"). In terms o beliefs, non-comparability corresponds to self-aware ignorance,
asin "l know that | don't know" (cf. section 6.1.4).°

In the terms o logical status, the partial order R represents an exhaustive list of
preference/belief judgments; its statusis thus akin to that of a statistical model, but
differsin category from that d a psychological state or behaviora disposition. The
envisaged theory determines the content of optimal choice for a wide class of hypo-
thetically asserted partial orders R in the presence of general rationality conditions
which are formalized as axioms. It is a "normative" logic of choice given prefer-
ence, rather than "prescriptive" advice with the goa o improved decision making.
Just asin the axiomatization of a social-choicerule, the issue o the decision-maker's
competence or computational resources never arises.

The paper is structured as follows. Section 2 presents and interprets the SIMEU
choice rule for general d.p.u.s in the two-event case. In Section 3, the formal frame-
work is established. Sections 4 and 3 contain the key rationality postulates o the
theory and axiomatize the SIMEU solution. A side result characterizes the lexico-
graphic maximin-rule which is also shown to coincide with Barbera-Jackson's (1988)
“protective criterion”. The axioms are discussed extensively in section 6, with par-
ticular emphasis on the Principle of Preference-Basedness. The concluding section 7
briefly sketches the extensiun d SIMEU to genera d.p.u.s . The appendix contains
bits of extra material and the proofs.

'In the language of epistemic logie, satisfaction of Negative Introspection is a key properly of

complete ignorance, which therefare has nothing Lo do with " unawar eness” in the sense of the recent
literature on that topic, fur which violation of Negative Introspection is deemed essential (cf. Modica-

Rustichini (1994), Dekel-Lipman-Rustichini {1996)).



2. PRELIMINARY EXPOSITION OF SIMEU

This section is devoted to the explanation o the SIMEU choice rule for general
partial ordersin the two-event case. An act z € R? maps consequences to cardinal
utilities'™. A belief set IT is a closed convex subset o A2, the unit simplex of R?; its
elements are called "acceptable”, its extreme points 7’ and 7" “extremal” priors. A
"consistent" partial order R on R2 is one that can be represented as the unanimity
relation Ry induced by a belief set II:

rRopyifandonlyfm-o>nm yforalxell

Note that unanimity with respect to al extremal priors coincides with unanimity
with respect to all acceptable ones.

A two-event decision-problem nunder uncertainty can then be specified as a pair
(X,1II), where X denotes the choice-set, a convex and compact subset of R?; if
IT = A2, the d.p.u. is one under complete ignorance. For simplicity, assume that
X is strictly convex such that, for al = € A?, there is a unique expected-utility
maximizing act z(m}.

An undisputed necessary condition of the optimality of an act x isits “admissibil-
ity,” i.e., the absence d any feasible alternative that is strictly preferred to it. In the
two-dimensional case, the set of admissible acts A(X,11) = A(X, Ry;) = {r e X |for
noy € X: yRpr and not xRy} traces out the boundary o X between ' and '’
the optimal acts under #’ and ="’ respectively’: see figure 1 below. A(X,II) may be
understood as the set of acts that compete for enactment. — While clearly necessary,
is admissibility sufficient as a criterion d optimality for partial orders?

Note that a positive answer to this question would imply that it were always
legitimate to arrive at a decision by selecting a complete order £, that extends

the given partial order Rp, with = € II. Since A(-. R(n) € A(:, Rn), any choice

¥ hese can be derived from a standard representation theorem (rf. section 3).

Massumed to be unique for simplicity.



optimal under R, would then also he optimal under the original partial order
Rp. A decision-maker could thus never loose by adopting complete preferences:
some decision must be made — some act will be chosen, after dl — so what use
isit to suspend judgment if you cannot suspend choice? At worst, some preference
judgment might be arbitrary The concept of non-comparability would be uselessfor
the purpose of decision-making, pragrmaticelly incoherent.

To salvage the pragmatic coherence of assertions of non-comparability, it is thus
necessary to show admissibility to be insufficient. as exclusive criterion of optimality,
by providing additional criteria. One such criterion isthat o rebusiness. Intuitively
speaking, an alternative lacks robustness as an optimal choice, if it is a very poor
choice from the perspective of some extremal prior. In Figure 1, choices o =’ or
z" exemplify failures of even "minimal robustness:" while each act performs best
against some prior {7’ respectively "}, it performs worst against its opposite {i.e.,
7" respectively n') compared to any other admissible act. Robustness requires at
a minimum choosing an act somewhere in between ' and x". An alternative is
"optimal in terms of robustness” if it minimizesthe risk of being a poor choice; the
SIMEU choice rule axiomatized in this paper can be interpreted as making this notion
precise. — It should be emphasized, however, that while the robustness interpretation
helps to make sense d the proposed choice riile, the axioms themselves do not rely
on the intuitively rather vague notion o “robustness;” instead, they rely on the much
sharper concept of "structural isomorphism”

The "Simultaneous Expected-Utility Maximization" (SIMEU) rule « is robust in
the sense of “implementing” each extremal prior 7" and 7" "to the same degree”. It is
based on a cardinal measure A o the "degree o implementation" defined as follows.

m-x—min{r-yly € A(X,[1)}

A, X ) = e T € AX. T} min {7 vly < AX, T}’

with 0/0 = 1 by definition.



We will often suppress the arguments .X and II. In effect, A(:, 7} is the von
Neumann-Morgenstern representation of the EU preferences induced by = such that
max { Ay, 7) |y € AX,I)} = 1 and min {A(y,7) |y € A(X,IT1}} = 0. For example
A", 7"y =1and Az",n") = 0.

The SIMEU choice rule ¢ is defined as the unique act that is admissible and

implements both virtual probabilities to the same degree:
z €o(X, 1) <= z € A(X,1I) and Mz, ="} = Az, 7).

It iseasly verified that (X, IT) can equivalently he defined as the unigue maximin

in degrees of implementation, i.e.,

o(X, ) = argmax,e x min(A(z,7'), A(z, 7).

Geometrically, & can be constructed as follows:

Figure 1 about here}

Define two reference points ! and 3" where 7 and #* simultaneously achieve their

maximal and minimal expected utilities. 3 isthus defined by the conditions=” -y =
7.z andn’' .yl =#'.2', e, asintersection o the indifference-linesfor =" through
«" and for ' through ' . Similarly, y* is defined by 7' . 4% = =" . 2’ and 7' . 4" =
‘ﬂ" s .’II”.

By co truction, A(y', ") = AMy!,#') = 1 and A(x°, 7"} = A(y°,7') = 0. By the
affine definition of A, setting y* = v° T (1- vy}, Ay, 7") = v = A(y",7'); the
straight line through y' and 4° describes therefore the loens o acts that implement
n" and 7’ to the same degree. o(X,II} is given as the intersection o this line and
the admissible set A(X, II).

It is easy to see from this construction that ¢ is formally identical to the Kalai-

Smorodinsky (1975) solution to a bargaining problem with two players whose pref-
erences are the EU preferences with respect to =’ and to . Technicaly speaking.



Figure 1



define amapping ¥ : R2—1R?, ¥(z) = {«'-z,7n"-x); ¥ mapsinto vectors o (expected)
utilities and is one-to-one. If £(Y, d) is defined as the Kalai-Smorodinsky solution for

a feasible set of utilities Y and a "threat-point" d, ¢ can be characterized by
E(W(X), T(y") = Y(o(X, 1)),

Note that while 4? is the threat-point (in act space), y' is the "ideal point" in the
terminology of Kalai and Smorodinsky.

To establish comparability to the definition o o, we shall also write £ as€ in terms
of the primitives. the feasible set X and the set o player's preferences I1. 1.e., we
shall write £(X,TT) for ¥~ 1 ¢(W(X), ¥(x™)).

The equivalence can then be restated as
o X, 1) = £(X, T0).

One can use this purely formal equivalence to interpret ¢ as the fair outcome of
a bargaining between the different fictitious "alter egos' of the decision maker given
by hisextrenial priors. his different virtual Bayesian selves, as it were.

Thisinterpretation d o as afar bargaining solution extend? to the general (tinite)
case: one can define o( X, TT) = £(.X.II), where £ refers to the lexicographic variant

d the KA S-solution which has been defined and axiomatized by Imai (1983)"".

3. FRAMEWORK AND NOTATION

Let ©2 denote an infinite universe o states, and let 3 be the set of finite partitions

F = {S}scr o £ into infinite subsets S. Note that.: by definition, any F' € 3is

12¢ provides an easy way to thematize the role of extremal priors. A plansible alternative to the
definition of SIMEU as 0 would be as o= (X, 1)  £(X,co 11); this is discussed in detail in Nehring
{1991, ch.2.5), with arguments suggesting the superiority of Ihr adopted specification of SIMEU as
o. For the moment, just note that while in higher dimensions the two specifications may easily differ,
in twa dimensions they are always identical; this has beea shown in Nehring (1991, ch.2), proposition

6.



infinitely divisible in the sense that any event of any partition in 3can be broken up
into arbitrarily many subevents!®; the role of this assumption is explained in remark
1 following theorem 2.

An act X maps states to consequencesc € K : z: 2 — K. For expositional sim-
plicity, we will assume K = [0, 1], interpreting c as cardinal utility (normalized von-
Neumann Morgenstern utility); such an interpretation can be justified by standard
arguments along the lines o Anscombe-Aumann’s (1963) two-stage "horse-lottery™
approach’. In particular, inaworldwith only two final consequences ("winning" and
"loosing", with winning preferred), z., can beidentified with the objective probability
o winning conditional on w.

A well-defined choice set is assumed to be closed with respect to the inclusion of
mixed acts, and is therefore formally represented as a convex set of acts X C [0, 1]%.
To canonically include mixed acts is technically necessary and seems to be the more
conservative way to proceed outside SEU-theory. Otherwise, standard choice rules
recommend the decision-maker to give up utility in order to use a random device;
this seems inappropriate since, presumably, he could just toss a coin in his head.

For F ¢ F, let [0,1]F denote the classdf F-measurable'® acts, and denote [0,1]7 =

U ‘[O,I]F, the class of simpie acts. A choice-set X issimpleif it isacompact convex
;jgset o [0,1)F for some F < F ([0,1]" being endowed with the Euclidean topology);
let X denote the class of all ssimple choice-sets. Some additional notation: “cl X" is
the closure d X, “co X7 is the convex hull o X, and [z,y] = co{X,y}. “z <y’
holds if x <y and z,, <y, for somew € Q, “z <« y" if £, < gy, for all w € ; e*
denotes the indicator-function d S, i.e., 5 = 1if w € S, and €5 = 0 otherwise.

A decision problem under Complete Ignorance ("Cl problem™) is a pair (X. Ry) »

"3 e., for each F € 3 and each #F-tuple of natural numbers (n4)se F, there exists a refinement

G o Fin 3such that #(T € GIT C 5} —n,.
HFor an exposition of the theury that does not assume (but effectively reduces to) |0,1}-valued

consequences, see Nehring {1695).

13y is F-measurable iff it is constant on each cell S & F.



where X is a choice set and fty denotes the Complete Ignorance preference relation
defined by
z Rpy < z, > yo fordlweq.
Since Hy is assumed fixed in amost all o the following, we will normally identify
a ClI problem (X,Hy) with its choiceset X, and define a choice function as a non-
empty-valued mapping € on X such that (X)) € X for al X € X. We will write
“r By y” for “o Ry yandnoty Ry x", aswdl as “z Np y” for "neither z Ry y nor
y Rg z”.
In discussing various axioms, it will sometimes be helpful to refer to partial orders
R other than Ry contained in some universe R of hypothetical orders on [0, 1], For
this purpose, it suffices to think d R as arich class d partial orders obtained as
the intersections (unanimity relation?) o sets o expected-utility orders £, , with
7 denoting a (finitely additive, say) probability measure on 2 and
T Ry y = frode > [ y.dr
The technical details are omitted; we just note that such classescan be axiomatized
along the lines o standard representation theorems in the literature'. In such more
general contexts, ad.p.u. isapair (X,R) € X x R, and a choice function is defined

on the domain X x R of such pairs.

4. SSIMEU AND LEXIIMIN: DEFINITION AND BASIC PROPERTIES.

The following sections are devoted to an axiomatization d SIMEU for Complete-
Ignorance problems, ¢“!. Along the way, we also obtain a choice-functional charac-

terization o the lexicographic maximin rule .M defined as follows.

LM(X)={xe X | Forally @ X :min,._ sy, Tu =

'6See Smith (1961), Bewley (1986) and in great generality Walley (1991), as well as Nehring (1995)

for a statement directly appropriate to SIMEU theory

11



Mily:q,, by, Yo bt with min § = -

As it reads, we have defined LA{(X) as Barbera-Jackson’s (1988) “protective cri-
terion". Since the following proposition shows:t to coincide (on convexsets) with the
lexicographic maximin, we will denote it by LM and refer to it by the latter, more
informative name.

The SIMEU rule ¢! modiies LM by normalizing ex-post utilities; the normaliza-
tion yields "degreesdo implementation” A, (z) of x within X in statew (respectively:

"for each extremal prior e ").

Aolz) = Tw—inlye agx Yo

. s .
T T S with 0/0 = 1 Ly convention.

Also, define

o X)={z€ X |Forallyec X: min,,.\ (z)£3.(y) Ao (T) =
ming,.s_er)£a(y) Aw(Y) }-

Lastly, for the sake of comparison, the following lexicographic version (“LML”) o
the "minimax loss” rule first proposed by Savage (1951) is df some interest:

LML(X) = LM(X —m{X)}), with m(X) = (max.c x T )wen
Proposition 1 i) If X € X, LM(X) and 0“}(X) are non-empty and single-valued
it) Moreover, if x € LM(X) and y € X\{z},

ming.x 2y, Tw > Mg £y, Yo

Similarly, if z € 0“4 X) and y € X\{z},
N, 2, )£ Ap) AMEw) > M2y 2ag.,y M)
Remark: Part ii) is crucial for the logical consistency o the subsequent axiom-

atization. The convexity-assumption on X is indispensable for its validity, as the

counter-example of X = {(1,0).(0,1)} shows."

" Taking any F such that X < [O,l]F. and wewing [0, ])F as a fintieeddimensional unit-cube, thr

proposition alse irnplies that the unique £ € LM{X) coincides with lexicographic maximin act as

12



5. AXIOMATIZATION OF SIMEU AND LEXIMIN

This section characterizes SIMEU and LM in complete ignorance problem?; while
the relevant axioms are given a first-round motivation. a more extensive discussion
of their meaning and plausibility is reserved for the next section.

The most basic rationality-requirement is compatibility with asserted preferences.

Axiom 1 (Admissibility, ADM) For all X € X and X,y € X: = F3 y implies
Y £ C(X).

If one rewrites the condition “x F; : 7 in utility-terms as "for al w € Q, z, > .,
and for some w € €2, r, > y.”, it isevident that ADM amounts to the standard
concept o strict admissibility.

The two key axioms of the theory are axioms o structural equivalence. The first
is based on the symmetry o Ry in events. For any one-to-one map ¢ : £ — F' on
event partitions E, ' € F, define an associated one-to-one map on acts @ : [0. 1]¥ —
[0,1]F by O(x) 45y = 25, for § € F. ®(x) isthe act that results if the consequence

x5 occurs in the event ¢(5} instead of in the event S.

Axiom 2 (Symmetry, S§Y) For «ll X € X and ¢ : FF — [ one-to-one such that
X is F-measurable: ®(X) = X = C(X) = ®(C(X)).

SY requires that symmetry o the choice set in events implies a corresponding
symmetry o the chosen set. It is a wesk version d the hallmark axiom o the CI
literature (seeremark 1 following theorem 1): it clearly rules out the representability

of 7 by some {as-if} subjective probability, as shown by the following example.

Example 1: The following matrix describes the payoffs d four acts in terms o

the event-partition F* = {5}, Sy, S3}.

defined ordinarily for finite-dimensional Euclidean spaces.
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51 5 5

w 1 0 1
r 1 1 0
y 0 1 1
=1 0 0

Suppose C to berepresentable by the as-if subjective probability vector {mr;, w2, 713).
SY applied to the choiceset [w, z], with F = £* and ¢ given by ¢(S1) = 81, ¢(S2) =
S3, and ¢(S3) = Sy, impliesz € C{(w,z]) & w € C(lw,z]) , and thus m3 = 713
An analogous application o SY to the choice set [w,y] yields my = @3, and thus
m = my = 13 = +. However, applying S to [y, z] with F = {5y, S31US3} and & given
by ¢(S1) = Sy U S, and o(5 U Sy) = S, impliesy € C{[y, z])) @z € C([y, z)) . and

thus 7, = m; T 73 , a contradiction. O

The conceptual basis o the symmetry axiom is clarified by viewing it as spe-
cial instance of a more general condition o "Event-lsomorphism". A mapping @ :
[0,1]F — [0.1)F" obtained from some bijection 4 : F — F' is an event-isomorphism

with respect to R if, for al z.y € [0,1)F : x ® y a &(z) R d(y).

Condition 1 (EISO*, Event-Isomorphism) For any event-isomorphism @ :

[0,1)7 — [01)"" with respect to Rand any X € [01]F : C(®(X), R)= ®(C(X, R)).

EISO' asserts, in words, that it does not matter per se which events yield certain
consequences as the result of specific acts, as long as the partial preference ordering
is unaffected by the substitution o events. Note that, due to its taking account of
the underlying preference ordering R, EISO' is perfectly compatible with expected-
utility maximization for complete orders. Indeed, it is obvious that in this case @
is an event-isomorphism with respect to R if and only if ¢ preserves the subjective
probability of events.

Since any ¥ is an event-isomorphism with respect to £y, one obtains as restriction

o EISO' to X x{Rjy} the followingcondition which implies SY.
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Condition 2 (EISO) For all X € X and ¢ : ¥ — F' oneto-one such that X
is F-measurable: C'(®(X)) = &(C(X)).

Cl-proble are thus treated completely on par with other d.p.u.s by EISO* ;they
are special only in the extreme richness o symmetries of £y which makes the appli-
cation of EISO' extracrdinarily powerful.

SY and EISO' can be derived from a more general "Principle d Preferences-
Basedness” (PPB), according to which the structure of choice should reflect the
structure o asserted preference. A basic instance o this principle is the axiom of
admissibility, which can be viewed as a requirement to map asymmetries of prefer-
ence into asymmetries o choice. A complementary co equence d the principle is
the requirement to map symmetriesd preference into symmetriesd choice. Thiscan
be formulated in term.; of conditions d “invariance with respect to order-preserving
transformatri](;'r?s," d which event-isomorphisms are a special case.

Based on a "dnal" class o order-preserving transformations, the PPB leads to a
"dual" axiom called " Consequence-Isomorphsm" (Cl SO) which allowsevents to mat-
ter, but does not permit consequencesto matter per se. The basisdf the argument for
CISO is that non-preference information properly defingt?, specifically: consequence-
information, should be rationally irrelevant in <he determination of choice.

To define CISO formally, let a conseguence-isomorphism with respect to K be a
mapping # from [0,1] to |0, 1]© (not necessarily onto) that preserves order as well

as mixture-information abeout acts and is separable in events, i.e., that satisfies

i) 6(z) RO(y) = xRy  Yr,yel(0,1}F,
i) 6(0x T (1— Ny) = A0(x) T (1 - )o(y) vr.y€[0,17,0< <1, and
iii) There exist (f,)weq, @ [0,1] = [0,1] such that #(z) = (6.(x.))wen-

Axiom 3 (CI SO, Consequence-Isomorphism) Foral X € X and any consequence-
1somorphism 8 with respect to Ry such that 0{X) € X, C(0(X)) = 0(C{X)).

15



Remark 1: Itiseasily verified thatfor CT problems, 8 isaconsequence-isomorphism
if and only if each 8,; is o the form 8,(c) = a,c + B, with a, = 0. Hence CISO

requires invariance under positive affine transformations state-by-state,

Remark 2: The mixture-conditionii) reflects the need to preserve cardinal-utility
information; as is well-known from bargaining theory, without it, no interesting the-
ory could be developed. Note aso that it is automatically satisfied by the event-

isomorphisms considered in EISO.18

As discussed in more detail in the following section, the preceding three axioms
are incompatible with traditional context-independent choice-consistency conditions

such as WARP.
Axiom 4 (WARP) foral x,ye XNY :z e C{X) =y e C(Y)=X e C(Y)]

In words: if X ischosen in X, it is "revealed to be at least as choice-worthy as
any alternativey in X, hence must be choseninY whenever y is.

To accommodate the PPB, it seem.. natural to contain the impact of context-
dependence by restricting WARP to pairs d decision problems for which it is un-
problematic. A move o this kind is quite standard in bargaining theory (see, for
instance, Roth (1977)).

X and X' are range-equivalent if proj, < A(X) = proj, ol A(X') for adl w € 2,

that is, if they agree on the set o "admissible consequences" in each state.

Axiom 5 (WAREP) For any mnge-equiualent X, X' € X and z, ' €
XNX:zeCX)= (¢ € C(X') = zeC(X").

81y would seem to be desirable to unify EISO and CISO in a general axiom of invariance with
respect to order-preserving information. We leave this to future work, as it is mathematically not
entirely trivial, raises further subtle issues and since a unified axiom would not seemto simplify the

demonstration of the results
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While WAREP does not seem to rest on quite as compelling a foundation as the
other axioms, it hasthe definite merit o leading to a tractable and nicely interpretable
solution. Moreover, it isweak in the sense o being satisfied by all major Cl-solutions
proposed in the literature, and aso in that it does not determine the qualitative

character of the choicerule, for which SY and CISO are responsible.

Theorem 1 %/ isuniquely characterized by Admissibility, Symmetry, Consegquence-

Isomorphism and WAREP.

If one insists on preserving context-independence, at least one of the other axioms
has to go. If one drops CISO, a charac eriz .tion of leximin is obtained by a much

simplified proof.
Theorem 2 LA is uniquely charactemzed by Symmelry, Admissibility and WARP.

Remark 1: Theorems 1 and 2 appear to be unigue in the literature in using only
symmetry besides the shared assumptions of admissibility and choice-consistency (as
well as CISO in the case of theorem 1). From Milnor (1954) on (see also Luce/Raiffa
(1957)), most use in addition an axiom based on some idea o description-invariance.
This conceptually not unproblematic requirement can be dispensed with due to the
infinite-divisibility assumption on the partitions F' € F. It has been the main reason

for making that assumption in the first place.

Remark 2. The two thecrems are the first in the literature that make Symmetry
and strict Admissibility compatible without an ad-hoc qualification o the axioms.
The problem of their apparent incompatibility has in fact been (at least implicitly)
a major issue o the Cl-literature in the 80°s. Maskin (1979), the first contribution
to that issue, had to impose an ad-hoc restriction on the applicability of "Column
Duplication”, Barbera/Jackson (1988) in effect restrict the requirement o preference
completeness. Lastly. Cohen and Jaffray (1980, 1983) feit forced to demand only

"approximate satisfaction" o certain conditions.
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Remark 3 Theorems1 and 2 arealso unique among axiomatizations of “maximin-
type" solutions in that they do not make any assumption of "uncertainty-aversion,”
beit in the form of a quasi-concavity condition on preferences, as Milnor (1954) and
Barbera/Jackson (1988) do, or of a convex-valuedness assumption, which would be
the choice-functional equivalent. We are enabled to drop such a condition by lemma

2 for which strict Admissibility iscrucial.

In the literature, Complete Ignorance is defined in terms o finite universes of
events; part 1 o the appendix showshow the characterization theorems of thissection

apply to finite universes via an embedding argument.

6. DISCUSSION

6.1 Symmetry and Event-lsomorphism

1. The PPB can be understood as a " second-ode~onsequentialism” tying choices
to asserted (consequentialist) preferences over acts and, as a result, to the valuation
of consequences and expectations of events contained in those preferences. It rules
out additional "security considerations’ asin Isaac Levi's (1980, ch.7) theory. Nor
isit compatible with the use o (non-preference) information about events, such as
the existence of “nltimate and indivisible events” as in Keynes (1921, p.64) or the
structure o language as in Carnap (1952).

Note that even if one grants the philosophica meaningfulness of such pieces of
information, it isunclear why they should and how they could be relevant for decision-
making. I n particular, if a decision-maker is prepared to accept their relevance, should

this not be reflected in his preference-judgments directly?

2. EISO* is appealing because it excludes the use only o information that typically

isirrelevant anyway, namely information about the nature of events; itsinterpretation



requires care, however, since seemingly counterintuitive implications for Cl-problems
arise almost at once. Consider, for instance, example 1 of section 5. SY implies both
reClzy) @yeCzry]) and z € C([z,y]) ay € C(lz,y]). This simultaneous
equivalence might be viewed as conflicting with the evident superiority of X over =
(due to the dominance & > z); that is, the argument would run, one should assert
{z} = C(l=z, y]).

Yet, since the partial order Ry aready captures this dominance relation, an ar-
gument from dominance is simply an argument based on the decision-maker’s own
preferences. As such, it lacks force because first, the implied superiority of x toy
conflicts with the asserted non-comparat ilit ; o x and y, and secondly, because the
argument is based on a transitivity principle: if z isindifferent to/weakly preferable
toy, x isstrictly preferable to z, then z must be strictly preferable to . However,
invoking this principle shows only via modus tollens that the equivalence o chuice
X € C(X) <y C(Y) cannot he interpreted as indifference; but again, this simply
reflects the fact that Fy asserts non-comparability o x and y, not indifference, and

that the non-comparability Npis inherently Intransitive

3. Note also the essential context-dependence o the asserted equivalence: for in-
stance, SY does not imply = € C(co {x.y,2}) @y € Cleo {X,y,2}); this context-
dependence, combined with that o the companion axiom CISO, naturally engenders
a context-dependent choice rule. A context-independent version o SY (i.e. one that
asserts equivalences of the form "2 € C(X) <= y € C{X), fordl X 3 y,z ")
would conflict with (strict) Admissibility!?. Such context-independent versions come
with the very set-up in contributions which define alternatives as sets of possible

consequences?, as well as in Jaffray's (1989) mixture-space approach.

"%as vl as with the conjunction of weaker conditions of Admissibility and Independence (see

6.2.5. below)
%The must recent contribution to that literature, Nehring-Puppe (1995), contains further

references
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4. SY may aso be viewed as expressing a "principle o insufficient reason”. It is
desirably wesker than the classical Laplacian version by merely asserting context-
dependent equivalences of choice, not indifferences or equiprobabilities. This makes
it possible to apply this principle to arbitrary event partition? simultaneously and
thereby to genuinely reflect complete ignorance,?!

It may seem that even it itsrevised version some knowledge on part of the decision-
maker must implicitly be assumed to obtain any determinate restriction on choice.??
Indeed, it s "assumed" that when asserting fy the decision-maker acknowledgesand,
in this sense, “knows of" his complete ignorance about events. In other words, the
symmetry axiom and indeed the axiomatic approach as a whnle are meaningful only

on an exhaustive interpretation o Ry as an incomplete preference relation.

6.2 Consequence-Isomorphism

1. Consider a typical instance d CISO

Example 2:
51 Sy
x 1 0
y 0 1
y¢ 0 e

Let X =[x, y], X* = [z,y*], and assume 0< ¢ < 1. Sincex N,y aswdl asz Ny y',
and as X¢ can be obtained from X by replacement o consequences, CISO implies
y e C(X) ay € C(X9).

" Datinghark to the nineteenth century, there hasheen along tradition of criticism of the principle

in its Laplacian form which has been revived in recent years under the name of "non-informative
Bayesian priors" (see Berger (1985, ch.3) lor a review and Walley (1991, ch.5) for an extended critique

of non-informative priors).
2 Otherwise, “something” woult appear to comne from "nothing”. Hewever, complete ignoranceis

not "nothing"; rather, it corresponds to an extreme and committed agnositicism
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On first blush, this implication seems wild, since it holds for arbitrarily small
positive . While it seems perfectly reasonable to choose y in X, who would not
choose X over ¥ in X¢? After all, X might be much better than y*¢ (in 5y) which at
best might only be dlightly better (in S;). Stch a reaction forgets, however, that the
decision-maker could have asserted this preference himself, but explicitly declined to
do =0 by asserting x Ny y*. There is no reason to patronize him and override his

asserted preference.

2. In effect, CISO asserts the inappropriateness o inter-event comparisons of ex-
post utility, whether in terms of utility levels as in maximin and its variants, or in
termsd utility differencesas in the m.nimax loss rule. C1S0 is thus responsible for

the bargaining interpretation of the proposed choice rule.??

3. The case for CISO rests entirely on the Principle o Preference-Basedness; this
principle is what justifies CISO’s exclusion o evidently meaningful and prima facie
important information such as the utility-differences between acts in different states.
The PPB implies that while such differences are undoubtedly crucial in rational
preference-formation, they are irrelevant once preferences have been formed - once
preferences are controlled for, as one might put it in another jargon.

EISO, by contrast, dog; nut involve the exclusion d any "apparently relevant”
information, as argued abuve. In the light «f this differenceit becomes clear why no
version o CI SO has ever appeared in the traditional CI-literature while EISO-type
axiom? occupy such a central place.

¥ Indeed, from the formal point of view, the axiomatization of SIMEU under Complete Ignorance

can be viewed as simply another characterization of the Kalai-Smorodinsky bargaining solution (with
endogenous threat point) in the context of a variable (or infinite) number of agents. However, within
the horizon of bargaining theory, our result seems to be of limited interest, since the axiam that is
mainly responsible for the qualitative character of the choice rule (" Symmetry" in the infinite, and
“Embedding™ in the finite version) lacks appeal, for it amounts to assuming that the solution does

not depend on the number of agents holding a particular preference ordering over social states.



4. It asofollows that justified acceptance o CISO must be accompanied by accep
tance of EISO. Thus, the classd hargaining solutions that make sensein the present
context is severely restricted; in particular, EISO implies that the solution cannot
depend on the number of players with identical preferences, as for instance adapta-
tions of the Nash solution would imply. When WAREP is assumed in addition, the
lexicographic Kalai-Smorodinsky solution is already uniquely singled out. Thus, its
privileged status does not hingeimplicitly on a special egalitarian concept of fairness
between alter egos, as would be the casefor instance in an axiomatization that relies

on a Kalai-Smorodinsky type “monotoniciﬁ\é” axiom.

5. AsEISO, CISO can beviewed asani tance d ageneral axiom of consequence-

isomorphism CISO* for arbitrary K.

Condition 3 (CISO") Forany (X.R} € X <R nnd any ronsequence-isomorphism
8 with respect to R, C(#(X), R) = 0(C(X,R))

Observation 1 i} For any B € R . any 6 of the form 8,(c} = ac + 3., uritha >0,
is order-preserving with respect to K.

i) If R 1 complete, any consequence-isomorphism w.r.t. Ris d this form.

Part ii) of the observation shows the compatibility of CISO* with expected-utility
maximization for complete R. Part i) implies that choice-functions satisfying CISO'

must satisfy the following choice-functional independence condition.

Condition 4 (IND, Independence) Foral X € X, z¢ [0,1)7 and0 <A <1
COOX +(1 - e R) = XX R) T (1- Nz

6. In combination with the reduction condition CIR described in section 7, CISO
implies, beyond independence, a “sure-thingpgnciple” (STP) which determines for
a particularly simple class of* decision proble  how choices respond to the "condi-

tioning" of preferences that results from a partial resolution o the uncertainty. It is
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shown in Nehring (1991, ch.1}, that in the presence of CIR, STP and CISO are in
fact equivalent.

8.3 On the Rationale for Context-lndependence

It follows easily from examples 1 and 2 that for single-valued choice-functions the

conjunction of EISO and CIS0O implies

INmyiv‘-C([r,y])={%I+%y}- (1)

This “coin-flip property” (1) endows judgments o non-comparability with well-
defined epermtional menning. It also entails that one cannot hope to reconcile these
axioms with traditional context-independent choice-consistency conditions such a

WARP. Indeed, the coin-flip property (1) violates even "contraction consistency”™ a.

Condition 6 ("a") fFforall X,Y € X suchtha! Y DOY andz Y :xc C(X)=
x = C(Y).

Tosee how essential context-dependenceisto SIMEU, consider in figure 1 of section
2 the subset X' o al acts in X above the straight line through »* and y!. While
a({X, 1T} isstill feasible in X', it is now worst against #' within the set of admissible
acts A(X',1I) = A(X,II) N X' ; as a result, to preserve even minimal robustness.
o (X', IT) must be "to the left" o ~(X,II), with lower payoff in state one and higher
payoff in state two, thus violating condition .

Interestingly, similar phenomena o context-dependence have been observed in a
multi-attribute context?* quite systematically in consumer-choice experiments (see
Simonson-Tversky (1992) and Tversky-Simonson (1993)) there is even a significant

overlap with SIMEU theory in the way these authors describe and explain their

24For an extension of the theory to amulti-attribute context, see Nehring {1995, 5.9)
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find ngs psychologically (independently from us), in particular in their use of notions

such as "compromise effect” and "extremeness aversion”.

I n the present non-comparability-based approach, the necessity o violating WARP
should come as no surprise. Indeed, since CISO and EISO express the requirement
that the choice-function take proper account o the (non-transitive) non-comparability
inherent in the structure of the underlying partial order Ry, WARP’s radical in-
compatibility with these axioms is simply tantamount to its inappropriateness. By
contrast, the case against WARP had been less clear in the traditional symmetry-
based approach to Complete Ignorance in which Symmetry and Independence were
motivated by entirely different considerations, rather than being unified by the PPB.

The inherent context-dependence o SIMEU alowsto resolve an apparent tension
between the assumed exhaustive interpretation o the underlying partial order and
the single-valnedness o the derived choice-rule: how can an act x be legitimately
chosen over another (y) when the decision maker has deliberately suspended judgment
between them? The answer is that suspension d judgment involves abstention only
from expressing a definite preference d = over y, and thus, given ADM, abstention
from context-independent choice o = over y. However, it is not difficult to show that
for any x, y such that zNpy, any choice d X over y is context-dependent, i.e. that
there exist X', X" 2 {z,y} such that {r} = C(X’) and{y} = C{X"). Intuitively,
non-comparability rules out the choice o one act over another as intrinsically better,
but is compatible with the choice d one act over another as a superior compromise
in the context o a particular choice-set.

A particularly clear-cut instance o this distinction occurs in the choice among
just two alternatives, where SIMEU recommends the flipping of afair coin. Clearly,
the only conceivable advantage o such randomization is the symmetric treatment of
both alternatives; this may not seem much. On the other hand, it seems obvious
that given the assumed suspension of judgment one cannot really hope to do better.

Psychologically, some dissatisfaction may still remain. But perhaps such dissatisfac-
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tion reveals just how hard it is to honestly face genuine ignorance and to suspend
judgment accordingly. In this vein, Elster (1989, p. 5459) argues that as a rule
there is a psychological bias against its acknowledgment. He makes a strong case for
the existence of a human tendency to exaggerate the support of many decisions by
"reasons,” summarizing (on p. 58): "The toleration of ignorance, like the toleration

of ambiguity more generally, does not come easily.” 2°

6.4. WAREP

Theonly axiomatizationin the litera ure of a choice rule that reconciles Symmetry
with Independence is Milnor’s (1954) axiomatization of the minimax loss rule. Milnor
assumes that a complete ordering”® of acts can be established that may vary across
choice-sets; while his approach implies WAREP, it assumes much more.

Technically, WAREP falls far short o implying the existence of a complete tran-
sitive ordering of acts in range-equivalent problems, due both to the convexity as-
sumption on choice-sets and the range-equivalence restriction inherent in WAREP.
Conceptnally, the statns of context-dependent orderings is unclear since nothing op-
erational (no hypothetical choices) corresponds to them. The comparative weakness

o WAREP?” implies also that significantly more careful constructions are required

?SElster also supports the “Snlormenic™ use of randomization in situations of ignorance.
84Ordering” refers here to an ordering generating the choice-function, rather than to the under-

lying preference relation Rg.
Two remarks on the technical definition of WAREP:

|. One might consider defining range-equivalence alternatively by: “¥Yw € © : proj, X = proj. X' "
However, this would make the choice rule highly dependent on the addition or deletion of strictiy
dominated arts. The present formulation avoids this, implying the condition * A{X) - A{X") =
C(X)=C0X") vX,x' ™.

2. It would he preferable to specify range-equivalence without using the topological concept
of closure, ie., as “Vw & Q: proy, A{X) = proj, A{X')". This is not possible in general, since

compactness of X fails toimply that of A(X) in more than two dirnensions (SeeArrow et al. (1953).
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to obtain a characterization result.

7. CONCLUDWG REMARKS

1. Due to their rich structure, the analysis & Complete Ignorance problems is
quite easy and fruitful. Their conceptual simplicity makes them also appealing to
intuition. Yet, thisis the simplicity of a logical extreme case. Assuch, it naturally
tends to generate extreme implications. Their frequent apparent contrariness to
common sense reflectsthe fact that in most situations it is simply unreasonable to
assert CI preferences Ry. Contemplating what rationally would have to be chosen if
one were completely ignorant brings to Light that one generally has beliefs over many
events, that is: that oneis prepared to bet if betting one must. Complete Ignorance
problems are thus relevant primarily because they can be viewed as "reduced forms”

o genera d.p.u.s

2. The axiomatically grounded reduction o general d.p.u.s is brought about by
a condition o "Complete Ignorance Reduction” (CIR)*®. In the two-event case, it

reads as follows (using the notatiun o section 2).
Condition 6 (CIR) C(X,IT) = ¥ YC(¥(X), A?)

CIR associates to each d.p.u. an equivalent Cl problem "in expected utility pro-
files"; these are obtained from taking the expected utility of an act with respect to

each extremal prior.

3. Asfar aswe know, the cnly other approach d extending choicesin Cl-problem

to a reawnably genera class o d.p.u.s is Jaffray’'s (1989) mixture-space approach

Compactness o A{X) is guaranteed, on the other hand, if X isa polyhedron.
83ee Nehring (1992), for a brief published statement, and Nehring {1991), ¢h.2 for a more extensive

discussion; it is d so effectively shown there (in a slightly different setting) that a choice rule defined

on the class d CI problemis h a a CIR extension if and only if it satisfies EI SO.



(MSA) taken up by Henden et al. (1994). We note the following differences between
the mixture-space approach and ours. The MSA applies only to "belief-functions”
which correspond to a rather restrictive classd belief sets. Since, moreover, the MSA
describes actsin terms d maryinel belief-functionson consequences, axiomsthat rely
on an a Savagelike event-based definition o acts such as CISO or ADM cannot even
be stated within the MSA; for the same reason, the PPB itself cannot be meaningfully
invoked to guide rational choice, nor can choice-rules such as LML or SIMEU even
be defined within the MSA. Thereisaso an important conceptual differencein terms
of interpretation. While the MSA takes the underlying belief-function (respectively
lower probability) as representing given evicence, an agent's incomplete preference
relation is viewed here as the outcome o the agent's judgment, and, in this sense, as
something chosen. The appeal to the agent's active suspension of judgment (inherent
in the very definition o Cl preferences on an exhaustive interpretation) has been

central to our justification of the key axioms Symmetry and CISO in section 6.

4. Finally, the approach adopted in this paper o determining the choice implica-
tions of hypothetically asserted partial orders poses subtle questions regarding the
logical status of such partial orders. In particular, it is not obvious to what extent
(if any) thisinvolvessacrificing the traditional identification o preference and binary
choice. While a more detailed analysisis left to future Workzg, it should be pointed
out that in a straightforward but important sense, no such sacrifice is involved. For
the theory itself establishes a tight connection between preference and choice. In
particular, as mentioned in section 6.3, for SIMEU maximizers asserting two acts to
be non-comparable is co-extensive to randomized choice between them (with equal

probabilities)

For a first attempt in thisdirection, see Nehring (1995) which distinguishes three levels of this

issue.
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APPENDI X
Al. Extension of Theorems 1 and 2 to Finite Universes

To derive versions o theorems 1 and 2 for finite universes, one has to interpret 3
as a class o conceivable "universes' £ described by finite sets of "states" (atomic
events); each F may be thought o as a "framework of description” related by the
common "language" (2.

A Cl-problemis now defined as a pair (X,R{) such that Fe 3and X isa compact
convex subset of (0,1]%. Let DF = {(X,R}y) | X C [0,1]"}; a solution is defined
on the class o such problems 2 = |J DY. The axioms are now applied to each

FeFr
subdomain separately.

The subdomains can be linked by an embedding condition
Axiom 6 (EMB) If X C[0,1}F and G is a refinement of F, C(X, Rg) = (X, Rg)

EMB can be read as saying that if a given frame F with complete ignorance Rg is
refined to G, that refinement shoild not affect the chosen set per se, i.e., aslong as
no preference is asserted beyond those affirmed by H“; and implied by the consistency
axiomson preferences. Following the terminology of Walley (1991, ch. 3.1).this may
be described as "Natural Extension" property . Noting that for any F, (7 € F there
exists H € F that is a refinement d both }' and ¢, EMB implies that

C(X,RE) = C(X,R§) , whenever X C[0,1)F n[0,1]°,

C may thus be viewed as defined on X only, and, with EMB in place, the axioms

definedon |J DF turn out to be equivalent to those definedon X x {fp}. It follows
FEF
that theore 1 and 2 carry over.

ds
ms

Remark: Althoughonenow nee to refer to Cl-problemsin alternative hypothet-

ical universes of events, as the traditional Cl-literature does, the present approach



still has the significant conceptual advantage that it does not make the assumption
that the frame o referenceisirrelevant. Such an assumption isimplicit in the tradi-
tional treatment of eventsas "generic events without names" which can be formalized
in the current setting by:

“ For dl F,G € 3and any oneto-onemap 4 : F — 7 : ®(C(X, R})) =
C(®(X), R§) .

A2, Proofs

For future reference, aset X C [0,1] is called normalized if, for al w € €2, proj..

el A(X) =10,1] or proj, ¢ A(X)={1}.

Proof of Proposition 1:

Since LM and ¢! agree on normalized choice-sets, it evidently suffices to prove
the proposition for LM. Let F' & 3be any partition such that X is ¥ —measurable.
For G € F,definep(.X, 7} = max,c ¥y minge; s and MM X, G ) = arg max,: x ming, ¢ €'

The key to the proof is the following lemma.

Lemmal If X is conver, then then emsts T & G such that. for all x € X :
xe MM(X,G) = or = u(X,0).

Proof of lemma.

The following simple fact will be used repeatedly:
Forany r € MM(X,()and S €G x5 > p(X.G). {2)

Suppose the claim o the lesmma to be false, i.e. that for every 7 € G there exists

2zl € MM(X,G} such that 2k > u(X,G). Then, setting 2/ = ¥ %CZT (¢ X by
TeG

convexity), in view o (2), minge¢ 25 > p(X, (), acontradiction. O

Let F(0)=F, X® =X ,and n=#F.
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Fork = 0,..,n—1, defineinductively X+ = MM(X®) p)y and F&EH =
FEN{S®) where $¢) isany T e F() satisfying the property asserted in the lemma
for (X%, ptk)),

It iseasily verified by induction that for all k < n—1 : X* is non-empty, compact
and convex. Fix some ¢ € X 1), and consider any y € X\{¢}.

We will show that

Miny,g, 2y, §o > MMy, £y, Yo (3)

Thisimpliesy ¢ LM(X}), and , sincey is arbitrary and LA(X) is non-empty,
indeed LA(X) = {£}, from which the asserted properties of LA follow in view o
(3).

To show (3), assume that ys > & for sume § € F; otherwise (3) is satisfied
£s <ys}, and let k* be the largest integer & such that

trivially. Let v =minge g{&€s
Egm) S 1

We will show that for some & < k%, ygx) < €gy. From this (3) follows, since
k < k' implies, for any k, &', p(X¥) F&Y < u(X¢)) PE)Y (by definition) which in
turn implies &gy < Equey by lemma 1.

Suppose that thelast claim isfase. i.e. that
for all & < k% ygm > g (4}

Let 2 =g-y+ (1-rg).¢&. For sufficiently small but strictly positive &, the following
three properties are satisfied:

) 25w 2 Eqo , for all k < k",

i) 250 > g, for some k < &*

i) 25, > v, foral & > &=

i) isstraightforward from (4); ii) followsfrom the definition of k* and (4);iii) finally
follows from the fact that £ ., > v ,for dl k > &* if € is chosen sufficiently small.

i) and iii) imply z¢ € X%) for all k < k'. But then ii) contradicts lemma 1, the
desired contradiction. W
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Proof of Theorem 2:
Necessity o the first three properties is straightforward, and that & WAREP is

implied by part ii) o proposition 1.

To show sufficiency, note first that WAREP implies the following property IDA
("Independence of Dominated Alternatives"):
(IDA) AX)=AXY=CX)=C(X") vX, X' eX.
It thus involves no loss of :generalityto restrict attention to normalized choice-sets.
A choice set Y C [0,1}F will be caled F-comprehensive if ' < x , X € Y , and
X €[0.1]F imply 2 £ Y.

Essential to the proof are the following tw: lemmas:

Lemma 2 [fY is F-measurable and Y is symmetric with respect to all ®: [0,7/F —
[0,1]F that leave events outside G C F invariant (i.e. such that ®(x)y = x4 YT €

FAG), then any x € (X'} is constant on UG.

Proof. By CISO and IDA, Y can assumed to be normalized and /"-comprehensive.
The proof is by contradiction: suppose that (Y} contains an act £ that is not
constant on iJ(G. Let v = minges g, and let Sy be any § € (' such that £ = v.
Also, let F* € F be any partition obtained from £ by splitting Sp into {S;. S} :
FI={SeF}|5#8}{5, 5}

Definen : [0,1)F — [0, 1] by

minyeg ry if =5
n(r)g = If S =255

otherwise,

Z C[0,1]F" as
Z=co ({n(z)z ey} ),
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and let Y' = {z € {0,1]"|z < y for some y € Y}, the “F'-comprehensive hull” of
Y.
Z has the following propel-ties:
ez Y,
i) ¥S € F : projs o A(Z) = projs el A(Y) = projs ¢l A(Y'})=[0,1].
iii) Z issymmetric w.r.t. all event-isomorphisms @ : [0,1]%" — [0, 1] that leave
al eventsin (F\G) U {S,} invariant.
Note that i) follows from the definition of Sy , ii) hinges on theinclusion of e in
Z, and iii) follows from the symmetry assumption on Y.

Since A(Y') = A(Y'), from IDA,

§ e C{Y'). (5)
Hence, using properties i) and ii) of Z, by WAREP also

£e (7). {6)

Since £ is non-constant. fur some 53 € G @ &g, < £g,. Let ¢ : F — F permute
So and S3, leaving other events invariant, and let ¢' : F — F' permute S; and Ss,
leaving other events invariant, with associated @ respectively ¢'. By property iii) of
Z, ®(Z} = Z; using 5Y, it thus follows from (6) that

' (¢) € C(2). (7)
By WAREP, from (5), (7) and propertiesi) and ii) of Z also
' (f) E C(Y"). (8)

However, by the symmetry assumption on Y, Y and hence Y’ contain also (&),
Noting ® (§)5, = £sy > €5, = P (€)g, and ®(€). 5 = ' {§) _4,, one has P (&) >
&' (f). By admissibility. ¢’ (£) ¢ (Y}, in contradiction to (8).0
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Lemma 3 Consider any normalized X,y € X, and F' such that X is F-measurable.
If then: existsz € X such that:

i)2s>0 VYSeF,

it) z isconstant on {S< F|zs #ys} , and

iii) for some S € F: 23> yg ,

then y¢ C(X).

Proof : Takeany X, F and y,z € X with the properties assumed in the statement.
of the lemma. Partition £ into the following three collections of events , fixing some
8 such that zg: > yg- .

F={5,
F'={Se F\ {8} | z5 # ys} , and
F"={5¢e¢ F|zs=ys}
It isclear that events S such that #projs X = 1 make no difference; hence, assume

w.lo.g. that there are no such events. Take any sufficiently large integers | and m
such that

F . .
m o> — and 1 > M (9)
ming zs (z2g' — ys')

Let G € F be arefinement of F such that S is “replicated” 1 times (i.e. such that
HT eG|7CS=1)aidany §# S is replicated m times. Also, let ' (resp.
G”, G™) denote the corresponding refinement of /' (resp. £, F'").

Let ¢* be the class of permutations ¢ of (i that leave events outside G’ 1J G
invariant (i.e. eventssuch that 7 ¢ G' U G" = ¢§(T) = T). Likewise, let ¢** be the
class of those permutations ¢ of G such that, for al T € G, &(T') isa "replica’ of
thesameevent in F as7 (ie. suchthat v € G.¥Se F:S2T =52 ¢(T)), and
let &*, @** denote the associated classes of event-isomorphisms @ : [0, 1]% — [0.1]¢.

Define a choice-set Z as follows:

z

il

co {({z}U{®{y)toece- U E),
with £

(e 11 =Ty UT, for some 10, Ty € G.T) # Tg}



If F =0, the claim follows directly from admissibility; assume thus F”' # @ which
implies z,» < 1in view o assumption ii). Hence any e € E such that 1 N 5" # Ois
admissible, which implies projr A(Z) = [0,1] ¥T € . Z is thus range-equivalent to
X.

Takew € C{Z) and express w as convex combination:

w=xzt 3 apb(y)t Z Agrefl,
P el ky

For any § € F, Z issymmetric under al permutations ¢ : G — G leaving events
outside S invariant. By lemma 2, w must thus be constant cn each 5§ € F| ie.
F-measurable.

It isalso not difficult. to verify that, for any F-measurable act x, X = Zo _1.;7@(1).

e

P
and, in view of (Q), that = > 22 > o(ef) for al e € E.

PP Féﬁ:

Thus, by the admissibility of w. Ay = 0 for al /{ such that e ¢ E (for otherwise
w < (A, + YoHep AH)Z + S eee- Ao P (y) . contradicting the admissibility of w).

Thisshowsw ¢ Z' = co ({2} {P(Y ) }sce-).

By the admissibility of = in Z’. the fact that forany « € Z' : X 0 gy =
2_ gy, and the convexity o Z°. it followsfrom a standardsupporting-hyperplane
argument that w must maximize TE’;;GHWT:CT in Z' for appropriate non-negative
coefficients . Since Z' issymmetric under all permutations ¢ £ ¢* by construction,
w must be constant on 'J{G" U C") by lemma 2; moreover, the m+ can assumed to
be constant (= 1) as well; it follows that w must in fact maximize ‘ 'Z L in
Z'. Since this is uniguely done by =z in view o the assnmption on 1 inT(&g();,L;ffollows
C{Z) = {z}, and in particular y ¢ C(Z). Since z € X,the claim then follows from

WAREP. a

Proof of theorem 1, ctd.: Fix any F such that X is F-measurable. By IDA, X
can be assumed to be F-comprehensive. Let ¢%1(X) = {£}.
1 iy, =&,
Take any y # £, and define z by 2z, = Y v ¢
min,. Yo FEL £ iy, #&
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By proposition 1, for some § & F, z5 > yg.Sincez < ¢ and by the F—comprehensiveness
of X, it followsthat z € X. Thus X,y, z, F satisfy the properties assumed by lemma

3 which yields y ¢ C(X}. It follows that C(X) = ¢“{.X) by the non-emptiness of
&N |

Proof of Theorem 2

Theorem 2 can be demonstrated using a significantty simplified version of the proof
of the Theorem 1. B
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