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Abstract

The interaction between knowledge and belief in a temporal context is
analyzed. An axiomatic formulation and semantic characterization of the principle
of belief persastency implied by the standard conditionalization rule are provided.
This principle says that an individual does not change her mind unless new
evidence forces her to do so. It is shown that if beliefs are conscious (or state-
Independent) and satisfy negative introspection then the principleof persistency of
beliefs is characterized by the following axiom schema: the individual believes
that ¢ at datet if and only if she believesat date t that she will believethat ¢ at
datet+1.



1. Introduction

In the anadlysis of economic modds with imperfect information the theorist
ascribes two kinds of (non probabilistic) beliefs to the agents, which correspond to two
nested epistemiclevels

() “hard” beliefs, given by the information that can be actudly acquired in the

economic interaction (usualy described by meansof information partitions), and

(i) "soft" beliefs, representing what an agent is sure of in each specific Situation
(athough the information actudly acquired may be per se insufficient to obtain such
certanty).

For example, in adiscrete game in extensve form “hard” beliefsare given by the
information sets, and "soft" beliefs are represented by the st of nodes in each
information set having positive conditional (subjective) probability. It is normaly
understood that ""hard” beliefs represent justified or veridical knowledge while "soft"
beliefs might be arbitrary (as is the case in non equilibrium solution concepts such as
rationalizability) and at most represent inferred knowledge that cannot be justified by
observation done. Following this interpretation, we adopt the convenient terminology of
calling “hard” beliefsknowledge and " oft" beliefssamply beliefs.

It may be argued that the distinction between knowledge and beliefs is not so
clear-cut because any kind of epistemic state is necessarily hypothetical and, to some

extent, unjustified.’ Even mere observations are "theory laden™ and to consider them as

!In their textbook on game theory Osborne and Rubingtein (1994, p. 135) write: " In our view a
model should attempt to capture the featuresof reality that the players perceive; it should not necessarily
aim to describe thereality that an outside observer per ceives, though obvioudy thereare links between the
two perceptions’.



hard factsis at best an abdraction.” Y, thereis a crucid difference between the two
epistemic levels mentioned above. Although the actua information acquired in an
economic interaction may be endogenoudy determined by the solution of the modd, the
informationstructure - semantically, what an agent knows at each state of the world -
isexogenoudy given as part of the descriptionof the modd itself. On the other hand, the
(soft) beliefsof an agent are endogenoudy determined by the solution of the modd. They
depend on the particular solution concept used and, for a fixed solution concept, on such
fundamentalsas the preferences of the agents. For example, for each information set of a
(discrete) game the set of nodes with positive conditional probability depend on the
equilibriumstrategies.

A number of recent papers have shown that it is useful to analyze the epistemic
aspects of decisions and social interaction using the tools of moda logic.> Modd logic
provides a rich and flexible framework for a rigorous definition, discusson and
characterizationof epistemic assumptions. We are interested, in particular, in the analysis
of the interaction between knowledge and belief in dynamic decison problems and
games. In this paper we take a first step in this direction by providing an axiomatic
formulation and a semantic chsuacterization of the minima propertiesof bdiefsimplied

by the standard conditionalization rule.

Consider an individual who in each period of time t may receive a new piece of

information. In the standard semantic representation used by economiststhere is a set of

% The conjectural character of all knowledge is the central tenet of the epistemological approach
broadly called critical rationalism (seg, for example, the volume edited by Lakatosand Musgrave, 1970).

3 For a list of references see the special issue of Theory and Decision on "Logic and the
epigemic foundationsof gametheory” (1994, Vol. 37).



states and a sequence of information partitions.* |f the individual assigns conditional
(subjective) probabilities to the states, her beliefs correspond to the support of her
conditiona probability measure. Let S be the support at time t and let H be the new
information set a time t+1. The standard conditionalization rule says that, if the
intersection S nH is non-empty, then SAH mugt be the new support. Epistemicaly, S
corresponds to the conjunction of al the propositionsthat the individua believes with
certainty at t (that is, the conjectura theory of the individual at t) and H correspondsto
the conjunction of all the propositions that she knows at t+1. The conditionaizationrule
implies that, as long as what the individual actually knows does not contradict her
conjectura theory, she continuesto believein it and smply addsto it the propositionsshe
has learned to be true. This captures an informal epistemic principle d persistency of
beliefs: an individual does not change her mind unless new evidence forces her to do so.
The conditionaization rule is illlustrated in Figure 1, where thick lines represent the
information partition of the individua (her knowledge) and thin lines represent the

support of her subjective conditiona probability distribution (her beliefs). Thus, if the
true dtate is, say, w,, then at time t the individual knows (is informed) that the state is

either w, or w, or w, and her subjective belief is that the true state is either w, or w;
(sheis™"certain” that thetrue state is not wy). Attimet+l she learns (isinformed) that the
true state is not w,. By the conditionalization rule she must now attach probability 1 to

Satew,.”

* Usually it is assumed that, as time progresses, the individual is given more information, that is
her knowledge increases(she learns). This assumption is trandated into the property that the information
partition of the individual at timet+| is arefinement of her information partition at timet.

’g milarly, if thetrue stateis W, theindividua knows, at datet, that the state is either W, Or W, or
w, and she attaches positive probability to al three. If at date t+ she learns that the true state is not W),
then she must attach positive probability to both w,, and Wi
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Despite the apparent simplicity of the principle of persistency of beliefs, an
axiomatic formalization in terms of moda logic is not so straightforward. For example,

the following axiom schema has been proposed (cf. Krausand Lehmann, 1988):°

(PB) If at datet, theindividual believesthat ¢, then at date #+1 either she
knowsthat ¢ is false or she till believesthat ¢.

® (PB) corresponds, in the framework of ow paper, to axiom schema (A21) in Kraus and Lehmann
(1988, p. 107). The difference between their approach and ours is that we analyze situations where “the
objective state of the world" does not change over time: the only thing that changes over time is the
epistemic state of the individua. Thus time enters our analysis only through the knowledge and belief
operators. In particular, unlike Krausand Lehmann (1988), we do not have a time operator O, where O¢
would be interpreted as™ at the next clate ¢”.



It easy to see that, in non trivial modes, this axiom schema is unacceptable.
Supposethat at datet the individual believesthat both P and Q aretrue, and at date t+l
shelearnsthat either P or Q is false, but according to her new knowledge neither P nor Q
can be ruled out asfalse. By (PIB), the individua must believe both P and Q at t+1, but
this belief contradicts her knowledge. The problem with (PB) isthat persstency of beliefs
is postulated for every proposition believed by the individual. No problem would arise if
persistency of beliefs were postulated for a single, specific proposition R. For example,
there are solution concepts for dynamic games relying on the informal assumption that
every player believes that the opponents are rationa, as long as she does not observe
behavior inconsistent with rationality (see, for example, Pearce, 1984; see also Kraus and

Lehmann’s, 1988, analysis of the" muddy children puzzl€™).

While postulating persistency of beliefs for specific propositionsis an approach
worth pursuing for the episgemic: analysis of dynamic economic models, it falls short of
characterizing the basic notion of persistency implied by the conditionalization rule. Our
previous discussion suggests that persstency of beliefs should be postulated for the
composite proposition given by the conjunction of al the propositions believed by the
individual, i.e. the theory of the individual. However, it is usualy the case that the theory
of the individud is given by an infinite set of propositionsand an infinite conjunction of
propositionsis not a well-formed formulain the formal languageof propositional (modal)
logic. Thus we cannot formally use an axiom like"'If T isthe individual's theory at t and
T is consistent with what the individua learns at t+1, then the individual believes T at

t+1.” We solve this problem by showing that, given other standard axioms and inference



rules for knowledge and belief, the rule of conditionalization is characterized by the

following axiom schema:’

(PB') Theindividual believes that ¢ at datet if and only if she believes
at datet that she will believethat ¢ at date £+1.°

The formal language that we put forward in Section 2 is the one that comes
closest to the dynamic models developed in the information economics literature. In
particular, we restrict our analysis to situations where the objective state of the world
does not change over time, that is, the truth value of the atomic propositions (which
provide a factual description of the world) is constant over time. The only thing that
varieswithtimeisthe epigemic: state of the individual, that is, what the individual knows
and believes about the world. Thus time enters our analysis only through the knowledge

and belief operators.

The paper is organized as follows. In Section 2 we develop the formal analysis.
Section 3 contains an extended discussion of the main result. Section 4 contains a

conclusion and adiscussion of related literature.

" In particular, we requirethat beliefs be state-independent or conscious( if the individual believes
that ¢ then she knowsthat she believesthat ¢) and that they satisfy negative introspection (if the individual
doesnot believethat ¢ then she believesthat she does not believe that $).

® The reader might have noticed the formal similarity between this axiom and the law of iterated
expectations.



2. Characterization of belief persistency

Let T < N (where N isthe set of non-negative integers). We consider a logic with
two modal operatorsfor every te T: B, andK, . Theintended interpretationof B ¢ is“at time
t the individual believes that ¢ and the interpretation of K¢ is"a time t the individual

knows~ that $”.1° The alphabet of the language consists of: (1) a finite or countable set

Il = {=,, m, ..} of sentence letters (representing atomic propositions), (2) aset T < N of

"
dates satisfying the property that if te N and t+1e T then te T, (3) the connectives — (for
“not”), v (for o), and, for every te T, B, and K, (4) the bracket symbols ( and ). A
wor d isa finite string of elementsof the aphabet. Theset @ of formulaeisthe subset of the
set of words defined recursively as follows:

(i) for every sentence letter i, (n)e O,
(i) if ¢c® then (—¢)e0,and,foreveryte T, (Bo)e ® and (K$)<0,

(i) if dwed then (pvy)ed.

Asiscustomary, we shdl often omit the outermost brackets(e.g. we shall write¢ vy
instead of (¢ vy)). Furthermore, we shal use the following metalinguistic abbreviations:
b A for —(=¢ v -wy) (the symbol A sands for "and") and ¢ — y for
(—=¢) v y (thesymbol — standsfor "if...then..").

® Asexplained in the introduction, the distinction between K, and B, ought to be thought of as a

distinction between " hard" beliefs (not necessarily knowledge) and "' soft” beliefs. In particular, our main
result doesnot requirethe Axiom of Truth for K, : K¢ — ¢.

' As explained in the introduction, our aim is to analyze situations where the only thing that
changesover time is the epistemic state of the individua: the factual statementsthat describe the world do
not change with time. Thustime enters our anadysis only through the knowledge and belief operators.



We denote by K™ the system or calculus specified by the following axiom

schemataand rulesof inference:

where

D

(2

@)

)

(4)

All the tautologies(that is, a suitableaxiomatization of propositional calculus),
the schema K (cf. Chellas, 1980):

K@ —~>v)—>(K$>Ky), foreveryteT,

B¢ —»>v)—> (B »By), foreveryteT,

therule of inference Modus Ponens:

MP L—‘H"

the rule of inference Necessitation:

$
K¢ forevery te T,
5
Bo forevery te T.

We now turn to the semantics. A standard frame isatuple

(W, T, (K}ers {(Bler)

W isaset of worlds or states, whose elementsare denoted by u, v, w ...

T Nissuchthat if te N and t+1e T thente T.

Forevery te T, XK, isabinary relationon W (intuitively v.Kw meansthat, a

timet, if the true stateisv then theindividual considersw possible, i.e. cannot
ruleout w).



(4) For every te T, B, isabinary relationon W (intuitively vBw meansthat, at time

t, if thetrue stateisv then the individual considersw likely, that is, attaches
positive probability to w).

A standard modd isatuple # = (W, T, {K}iers {B},1»f) where
(w,T, {K} 7> {B},. ) isastandard frame and f : IT — 2% 2" denotesthe set of

subsetsof W). For every propositional variable, f(n) isthe set of worldsat whichw is
true. Wesay that #/ is based on the frame (W, T, {XK},_;» {(B}...)
thte -

Given aformula¢ and a standard model #/ = (W, T, {K}or» {Bliq>f), the

truth set of ¢ in %), denoted by || ¢]|” isdefined recursively asfollows:
(1)  If & =(n) wheren isasentenceletter, then || ¢ n. f(n),

m . m . m
@  l=oll” = W—1loll” (thatis, || ~¢]|” is the complement of [ $|| )

@ Novwll™= lell™ o lwll”
(4) FordlteT

||Kt¢||m={ue W : for all v such that uKyv, ve lloll”1, and

| Bt4>||m—{ usW : foral v suchthatuBy, ve ||¢||m}.

If ve |loll” wesay that ¢ istrue atworldvin modd #. An alternative notation

for ve || ¢]l” is |=377¢ and.an dlternativenotationfor ve || ¢]|™ is h&\t’”q).AformuIa

¢ isvalidin model 77 if and only if =" forall ve W.



Let P be aproperty of the relations B, and/or the relations K, and 0 be an axiom

schema We say that o ischaracterized by property P if: (i) every instanceof oisvalidin
every modd based on aframethat satisfiesproperty P, and (ii) given a frame that violates
property P, thereexist amode 7/ based onit and an instance ¢ of ¢ that isnot vaidin #/ .
For example, it is wel known (see Chellas, 1980) that axiom schema (known as negative
introspection) —-B¢ — B-Bg¢ (respectively, ~K¢ — K~K¢) is characterized by the
property that B, (respectively, X,) is euclidean,”" axiom schema (known as positive
introspection) B¢ — BB ¢ (respectively, K¢ — KK¢) is characterized by the property
that B, (respectively, K,) istrangtive, axiomschemaK ¢ — ¢ (knownas veridicality) is

characterized by the property that X, isreflexive, etc.

We areinterested in the system obtained by adding the following axiom schemata

tothesysem K™
(Al) BB,6— By
(A2) B¢ —>BB,, ¢
(A3) B¢ > KB

(Al) saysthat if a datei: theindividua believesthat shewill believethat ¢ at
date t+1, then she must believethat ¢ at datet. (A2) saysthe converse: if she believesthat
¢ a datet, then she must also believe, a datet, that shewill believethat ¢ at datet+1.

(A3) saysthat beliefsare conscious: if theindividua believesthat ¢ then she knowsthat

she bdlievesthis.

"' Recall that B, iseudidean if uBy and uBw impliesvBw.

10



PROPOSITION |. Thefollowingcharacterizationholds

(1) Axiomschema(Al) ischaracterized by thefollowing property

(R1) VuveW,VteT, ifuBvand(t+l)e T thenIwe WsuchthatuBw and wB,,,v.

(2) Axiomschema(A2) ischaracterized by thefollowing property

R2) VuvweW,VteT, if uByv and vB, W then uBw.

(3) Axiomschema(A3) ischaracterized by the following property

(R3) Vuv,weW,VteT, if uKyv and vBw then uBw.

Proposition 1 can be seen as an application of Theorem 4.3 (c and €) in van der
Hoek (1993, p. 183)."2 For thereader’s convenience, and because van der Hoek does not
provide a complete proof, we give the proof of Proposition 1 in the appendix. (Note that
van der Hoek’s analysis has a completely different focusfrom ours: heinvestigatesthe
atemporal relationship between knowledge and belief, in particular, the maximal

" consciousness'” conditions compatible with the non-collapse of belief into knowledge.)

Our objectivein thispaper isto provide an axiomatic characterizationof the
notion of belief persistency correspondingto the rule of conditionalization. Semanticaly,
the notionthat beliefsare persistent — that is, an individual keepson believing her
previoustheory until sheknowsit isfalse -- iscaptured by property P whichisthe

conjunction of thefollowing two properties:

®1) VuveW,VteT, if uByv and uX, v then uB,, v,

t+1 t+1

12 \We are grateful to Joe Halpern for bringing thispaper to our attention.

11



(P2) VueWVteT, if 3ve WsuchthatuB, v and notuByv thenVweW
if uBw thennot uX, w.

t+1

Property (P1) saysthat if v is belief-accessible from u at timet and is knowledge-
accessiblefrom u at timet+1, thenit isalso belief-accessible at timet+1. Thus property
(P1) rulesout arbitrary contractionsof the belief set (cf. Figure1). Property (P2) says
that if, at timet+1, v is belief-accessiblefrom u despitethefact that it was not at timet,
then it must be the case that every w which was belief-accessible from u at timet isnot
knowledge-accessiblefrom u at time t+1. Thus (P2) rulesout arbitrary expansionsof the
belief set (cf. Figure 1).

PROPOSITION 2. If property (R3) issatisfiedand, for all te T, B, is

euclidean, then the conjunction of properties(R1) and (R2) impliesthe conjunction of

properties(P1) and (P2).
Proof: First we prove (P1). Fix arbitrary uand v suchthat uBv and uX,,,v. We

need to show that uB,, v. By (R1) thereexistsaw such that uBw and w3B,,,v. Since

vand vB, v, by (R3) it followsthat uB,,,v.

B,,,iseuclidean,vB _v. SnceuX »

t+1

Next we prove (P2). Note that (P2) can be written as (is equivalent to)
Vuv,we W, uBmv & u.’KtJrl
uB, v, ukK

t+1 t+1

w & uBw = uByv. Fixarbitrary u,v and w such that
w and uBw. By (P1) [which was proved above], sinceuBw and uX W,

it followsthat uB, , w. By euclicleannessof B,, , sinceuB,, v and uB

1 ) .+ W> We have that

wB,,,v. This, together with uBw, yields, by (R2), uBy. ®

We postpone until the next section adiscussionof what is needed in order to

proveapartia converseof Proposition 2.

12



The following proposition, together with Proposition 2, identifies a system that
provides an axiomatization of the notion of persistency of beliefs (for afurther discussion

seethe next section).”

PROPOSITION 3. Let I bethesystem obtained by addingto K™ the
following axiom schemata: for every te T, —-B¢ — BB ¢ (negativeintrospection of

beliefs), (Al), (A2) and (A3). Then X is sound and completewith respect to the classof
modelswhere: (1) Vte T, B, iseuclidean, (2) properties(R1), (R2) and (R3) are satisfied.

Proposition 3, again, can be seen as an application of Theorem 4.3 (2) in van der
Hoek (1993, p. 183). For the reader's convenience, and because van der Hoek does not
provideacomplete proof, we give the proof of Proposition 3in the appendix.

COROLLARY 1. Thesysem X axiomatizes the notion of belief persistency.

Proof: It followsfrom Proposition 3 and Proposition2. B

Noticethat, under many respects, 2 isaweaker system than the one normally
used in applications. In particular, modeling knowledgeby meansof information
partitionsimplies assuming veridicality (K¢ — ¢), and negativeintrospection
(—Ki$ — K—K), for the knowledge operator, which are not assumedin Proposition 3.
Indeed, no assumptionsconcerning the knowledge operator are made in Proposition 3

(asidefrom axiom (A 3) which concernsthe relation between knowledgeand belief),

B Recall that a logic is sound and complete with respect to a class C of models if: (i) every
theorem of the logic (that is, every formula that can be derived from the axiomsby means of the rules of
inference) is valid in every modd in C, and (ii) every formulathat is valid in every modd in C isa
theorem of thelogic.

13



although one would probably want to requireat |east KD45 (or weak S5) for
knowledge."* Similarly, modeling beliefswith (the support of conditional) probability
distributionsimplies (see Halpern, 1991) assuming not only negativeintrospection, but
asoconsistency (B¢ — —B,—¢) and positiveintrospection(Bg — BB ¢), for the belief
operator, which are not assumed in Proposition 3. For a further discussion of this point
seethe next section. Thefollowing example, illustrated in Figure 2, showsthe principle

of belief persistency applied to a situation where both knowledgeand belief satisfy the
logic of KD45 (semantically, K, and B, for t =0, 1, areserial,”® transitiveand

euclidean), but knowledgeis not veridical, that is, the Truth Axiom does not hold for K,
(semantically, therelation XX, is not reflexive).

EXAMPLE 1. T={0, 1}, W={u, v, w,x}, K, = {(u,v), (u,w), (0,x), (v,v),
(V,W), (V,X), (W,V), (W,w), (W,%), (x,V), (x,w), (x,¥)}, K| = {(wv), W,w), (v,v), (v,w),
W), (W), (50, L= { (0w, (8%, (v,w), (v,%), (Wew), (W), (5w), (),
B, =1 (w,w), (v,w), (w,w), x,x)}. In Figure 2 therelation K is represented by thick
arrowsand thick shapes, whiletherelation B, is represented by thin arrowsand thin
shapes (if aset S of worldsisenclosed in athick shape, then the relation K, restricted to
thissetisuniversa, that is, y Kz for dl y,ze S; similarly for thin shapes and the relation

B). Thusif thetrue stateisu, then at date 0 theindividual considersv, w and x possible

' In Chellas (1980) KD4s5 is the system where the knowledge oper ator satisfiesthe following
axiom schemata:

K K@->v->K$->Ky)

D. K¢ »>-K-¢ (condstency)
4, K¢ ->KKé (positive introgpection)
5. -K ¢ = K-K¢ (negativeintrospection).

It the Truth Axiom (K ¢ — ¢) isadded then the corresponding system iscalled S5 or KT5.

13 A relation R isserial if for every uthereisav such that uRwv.

14



(i.e. cannot rule out any of them), but attaches positive probability only to w and x. At

date 1 the individua learnsthat the true state is not x and she now attaches probability 1
tow. Let =, beapropositionwhose truth set is{v, w, x) and n, a propositionwhose truth

setis {w,x}. Then at date 0 and at Stateu, the individual knows (and believes) that =, and
doesnot know but believesthat =,. At date 1 and state u theindividual still (knows and
believesthat =, and) believesthat n,. At both datestheindividual iswrongin her

knowledgeand belief.

P———
N
< [F Q

w ® W
V V
.l u
date O date I
Figure 2
3. Discussion

It was remarked after Corollary 1 that, although Proposition 3 doesnot require
any assumptionsabout the knowledgeoperator and only negativeintrospectionfor the
belief operator (aswell asthe axiom that beliefs are conscious), reasonable

axiomatizations of knowledge (or ""hard beliefs") would requireat least consistency and

15



positiveand negativeintrospection, that is, at |east thelogic of KD45 (or weak Sb: cf.
footnote 14). Semantically, thistrandatesinto the requirement that X be serial, transitive

and euclidean. Furthermore,if beliefs(that is, “soft” beliefs) at aworld u are represented

by the support of a probability distributionover the set of nodesthat are knowledge-
accessiblefrom u, then B, would also satisfy KD45 (see Halpern, 1991). Moreover, for

beliefsto be based on knowledge, it is & so necessary to postul ate that the individual
believeseverythingthat she knows:

(Ad) K¢ - Bo

Thefollowing lemmais proved in the appendix.

LEMMA 1. Axiom schema(A4) is characterized by thefollowing property
(R4) VYuveW, VteT, if uByv then u.’Ktv.

Furthermore, the standard canonical modd. (see the appendix) of a system that contains
(A4) satisfies property (R4).

From now on we shall restrict attention to systemswhere both the knowledgeand
the belief'operatorssatisfy thelogic of KD45 and, furthermore, axiom schemata (A3)
(consciousnessof beliefs) and (A4) (what is known is believed) are postul ated.

Restricting attention to such systems, doesthe converseof Proposition 2 hold?

The answer is negétive, as thefollowing exampleshows.

EXAMPLE 2. LetT={1,2}, W= {u,v}, K, = B, = {(u,v),(v,v)} and K =
23, = {(u,u),(v,u)}. Thismodel, whichisillustrated in Figure 3, satisfiesthefollowing

properties: (1) for every t = 0,1, XK and B, are seridl, transitive and euclidean,

(2) properties(R3), (R4), (P1) and (P2) are satisfied. Yet both (R1) and (R2) are violated.

16
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date O date 1

Figure 3

Ateachdatet=0,1, K = B, isrepresented by arows.

However, if the Truth Axiomis added for the knowledge operator: K ¢ — ¢, that

Is, if knowledgesatisfiesthe logic of KT5 (or S5: see footnote 14) then the conjunction of
(P1) and (P2) becomesequivalent to the conjunction of (R1) and (R2), asthefollowing

proposition shows.

PROPOSITION 4. Supposethat properties(R3) and (R4) are satisfied and,
for every te T, B, iseuclideanand XK, isreflexive. Then the conjunctionof (P1) and (P2)

isequivalent to the conjunctionof (R1) and (R2).

Proof: By Proposition 2 it is enough to prove that (P1) & (P2) implies
(R1) & (R2). In fact, we will show the stronger result that (P1) implies (R1) and (P2)
implies (R2).

17



(P1) = (R1): Letu,ve W besuch that uBv. We want to show that thereexistsa

we W suchthet uBw and wB,,v. Choosew = v. Thenwe only haveto show that

vB,, v. By reflexivityof K, , vXK,, v. By euclideannessof B,, vByv. By (P1), since
vByv ad v.‘Ktﬂv, vB, V.
(P2) = (R2): Letu,v,we W besuchthat uB,v and vB,, w. We need to show that

vK

t+1

vB,  w and vK

t+1

uBw. By reflexivity of K

e v. By euclideannessof B, vB,v. Thus we have:

v and vByv.
By (P2) thisimpliesvBw. By (R4), sinceuB,v, uXyv. By (R3), sinceuKv and vBw, it

followsthat uBtw. [ |

To conclude our discussion, we shal consider afifth, and last, axiom schema:

(A5) K¢ K, ¢

Thisaxiom capturesthe notion of perfect memory or recall: if the individual knowsthat
¢ at datet then shewill know that ¢ at every futuredate. In the case whereknowledgeis
represented by information partitions, (A5) corresponds to the semantic assumptionthat
theinformation partition of the individual at timet+| isarefinement of her information

partitionat timet. Thefollowinglemmais proved in the appendix

LEMMA 2. Axiom schema (Ab) is characterized by the following property

(R5) YuveW,vteT, if ukX

t+1

v then uXy.
Furthermore, the standard canonical model of a systemthat contains(A5) satisfies
property (RS).

Axiom (A5) playsno role in our results. Thus our axiomatization of the
conditionalizationrule appliesalso to situationswhere memory islacking, as shown in

the example of Figure 4 below (where, as before, thick lines denote the information

18



partitionsthat represent knowledge, and thin lines denote the supportsof the conditional

probability distributionsthat represent beliefs).

e 10

V e Vv
_—
U e u

X (& x

date t date t+1

Figure 4

4. Related literature

We concludewith areview of related literature. The atemporal relationship
between knowledge and belief was first analyzed in Kr aus and Lehmanr{1 988). In
particular, the atemporal version of our axioms (A3) (consciousnessof beliefs) and (A4)
(what isknown isal so believed) can be found there. Kr aus and L ehmann postulated the
full S5 logicfor knowledge, consistency (B¢ — —B—¢) for beliefs, and (A3) and (A4) for
the interaction between knowledge and beliefs. They showed that positive and negative
introspectionfor the belief operator are theoremsof this system. Kraus and Lehmann aso
considered a multi-agent logic with operatorsfor common knowledgeand common

belief. Inthelast part of the paper the authors considered the possibility of extending the
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logic to includeatime operator. In particular, they addressed the question of how to
characterizethe notion of persstency of beliefs: "'if personi believes something, he will
keep on believing it until heknows it isfase™ (1988, p. 107). They listed, and briefly
discussed, a number of possibleaxioms (we mentioned, and criticized, one of theminthe
introduction) and concluded by saying that **An open problemis: find a natural family of

modelsfor which the systemsconsidered above are complete'.

One property of the system considered by Kraus and Lehmann isthat if oneadds
the axiom schemaB¢ — BK+ then knowledgeand belief becomeidentical, that is, one
obtainsthetheorem B¢ < Ké. This point istaken up by van der Hoek (1993) in an
extensiveanaysisof the causesof this* problem™ and of a smilar system that allowsone

to introducetheaxiom B¢ - BK¢ without obtaining a collapseof belief into knowledge.

An extensive analysis of'knowledgein atemporal context can befound in
Halpernand Vardi (1989). Among the issuesconsidered are: whether or not the
individual'® forgets, whether or not she learns, whether or not timeis synchronous, and
whether or not thereisauniqueinitial state in the system. The objective of their paper is

to characterizethe complexity of the validity problemfor al thelogicsconsidered.

Somewhat related is a so Scherl and Levesque (1995). The authors use situation
calculusto modd actions and their effects on theworld. Axioms are used to specify the
prerequisitesof actionsaswell astheir effects, that is, the fluentsthat they change. The
analysis centers on knowledge-:producing actions, that is, actionswhose effectsare to
changeastate of knowledge. Knowledgeis modeled as veridica: reflexivity of the

accessibility relation for knowledgeturnsout to be crucia for their results. An interesting

16 The authors are actually interested in modeling knowledge and time for digtributive systems
and ther eforetdk about the knowledge of a processor, rather than an individual.
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aspect of Scherl and Levesque’s analysisisthat memory emergesas a Sde-effect: if
somethingisknownin a certain situation, it remains known at successor Situations,

unless something rel evant has changed.

One more paper whichisrelevant to theissues considered hereisHal pern (1991),
which studies the relation between knowledge and certainty, whereafact isknown if itis
trueat al worldsan individua considers possible and certainiif it holdswith probability
1. Halpemshowsthat if one assumes onefixed probability assignment (such an
assumption would correspond, in our framework, to axiom (A3)) then the logic KD45
providesa complete axiomatization for reasoning about certainty. However, Halpem

doesnot deal with the issue of theevolution of knowledgeand belief over time.

Some of the papersreviewed abovedeal with the apparently more general case
wherethereare n 2 1 individuals, whereas we have restricted attention to the case of one
individual. It should be clear, however, that our results apply aso to the multi-agent case
(theonly modification required i n the statement of the resultsand in the proofsisthe
attachment of a superscripti to the epistemic operatorsand the accessibility relations,

wheretheindex i rangesover the set of agents).
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Appendix

Proof of Proposition 1. Proof of (1). (A). Let % beamode that satisfies
property (R1). Fix arbitrary ue W, te T and an arbitrary formula¢. Supposethat
= um BB,, 4. Wewant to show that = um B¢, that is, that for al v suchthat uByv, l=3” .
Fix an arbitrary v such that uB,v. By the assumed property, thereexistsaw such that
uBwandw3B,_ v. SinceuBw and & lanthcb, E anmcb and, sincew3B

v Mg,

(B). Let (W, T, {K},_,» {By},.) beaframe that violates property (R1). Then
thereexist te T and u,ve W suchthat uB,v and, for al we W, if uBw, then not wB, V.
Let © beapropositional variableand # amodd wherethe truth set of = is the set of

worldsthat can be reached from uin two steps, first with B, and then with B, that is,

t+1°

f(n) = {ze W : for somexe W, uBx and xB

.+ Z}- Then ve f(r). Hence (sinceuB,v)

"7 B On theother hand, by definitionof fr), =" g .

tt+l

Proof of (2). (A). Let # beamoded that satisfies property (R2). Fix arbitrary
usW, te T and an arbitrary formula¢. Supposethat = 3” B ¢. We want to show that

m . .
F, BB..¢- Fix arbitrary v and w such that uB,v and vB,,,w. By the assumed property,
uBw. Hence, since = m B¢, F m ¢.

(B). Let (W, T, {K} .1 {B},.1) beaframe that violates property (R2). Then
thereexist te T and u,v,we W such that uBv and vB,_ , w and not uBw.Letn bea

propositional variableand 7 amodel where f(r) = {ze W:uBz }. Thus= :” Br. On

the other hand, sincew¢ f(m), hbﬁ” BB, .m

tt+l

Proof of (3). (A). Let % beamode that satisfies property (R3). Fix arbitrary
usW, te T and an arbitrary formula¢. Supposethat = 3’7 B¢. We want to show that

22



l=:” K .B¢. Fix arbitrary v and w such that uKv and vBw. By the assumed property,
- m -M
uBw. Hence, since = | Bo, F= 0.

(B). Let (W, T, {XK}, ;> {BJ},.y) beaframe that violates property (R3). Then
thereexistte T and u,v,we W such that uKv and vBw and not uBw. Let n bea
propositional variableand 7 amodel where f(rt) = {ze W :uBgz }. Thus ?:um Bz On

the other hand, sincew¢ f(r), Ir#um KBn H

Proof of Proposition 3. (1) followsfrom a standard soundnessand compl eteness
theoremfor modal logic (see Chellas, 1980). That (Al), (A2) and (A3) arevalidinthis
class of modelsfollowsfrom Proposition |. Thuswe only need to prove completeness. We
proceed in the usua way. Let ¥ = (W, T, {K}er> {B}r- T T 2w) be the standard
canonica model for £. That is, W isthe set of maximal consistent setsof formulae, uKv

iff {¢ : K$eu) cvanduByiff {¢ : Bpeu) cv. Furthermore,for every sentence letter

n, f(r) ={we W : ne w). To prove completenessit is enough to show that the canonical

model satisfies properties(R1), (R2) and (R3) (cf. Chellas, 1980).

Proof of (R1). Choosearhitrary te T and u,ve W such that uByyv, that is,
{¢ :Bpe u) < v. We want to show that thereexistsawe W such that {¢ : Béeu) cw

and {¢:B,6sw)cv. By Theorem4.29in Chellas(1980, p. 158), {¢ : B,,,pew) c Vv

if andonly if {-B,, —w:wye v) cw. Thuswewant to find awe W such that

T UAcw,wherel'={$ : Bgeu) andA = {~B,, —~y : ye v}, By Lindenbaum's

lemma, thisisequivalent to showing that I U A isconsistent. Supposeit is not
consistent. Thenthereexist ¢, ..., ¢, € I and =B, =y, ..., =B,,,—w_e A (with n 20,

t+1

m20 and +m 21) suchthat —(¢, A ...A ¢ A =B~y A ... A =B~y ) isatheorem of

t+1

Z. [Note that it must be m > 1 because, otherwise, wewould havethat —(¢, A .. A d,)
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iIsatheoremof Z, contradictingthe assumptionthat, foreveryi=1,..,n, ¢evandvis

amaximal consistent set of formulae.] By propositional logic thisisequivaentto
@,A..A9)> B, ,~v,V..vB_ -y ) [inthecasewheren= 0, wewould have that
B,,~v, Vv - VB, ~y ) isatheoremof Z]. By theruleof inference RK (see Chellas,
1980, p. 121) for B,, it followsthat (B¢, A ... ABg) = B(B,,~w, vV ..VB_ —y )isa
theorem of Z: [in thecasewhere n= 0, by therule of necessitationfor B, we would have
that B(B

-y, V.. VB, v, ), whichis(i) below, isatheoremof X]. Henceit belongs

t+1 t+1

tou. Since, foreveryi=1, .., n, Bgeu (becausepel), itfollowsthat (B, A ... A
B¢, )e uand therefore

B@B,,,~v¥,Vv..vB, vy Jeu @)

Since (B,,,—~w, V... vB =y ) = B, (=W, V .. v -y _) isatheorem of every normal
system (see Chellas, 1980, p. 123), it belongsto u. Hence by the rule of inferenceRM
(see Chdllas,, 1980, p.114) the following formulabelongsto u:

BB, ,~v,V..VB, ~v ) - B B, (=, Vv..v-y). Itfollowsfrom (i) that

B, B, (=¥, V ... V oy )€ u. Since T containsaxiom schema(Al), the following formula
isinu: B,B, (=, V..V=y )= B(=y, v..v -y ). HenceB,(-y, v.. vy )
belongsto u. SinceuByy, it followsthat (—y, v ... v =y _)e v. By propositiona logic,

(=y, V...V -y ) isequivaentto-(y, A ... A y_). Hence

(Y, A Ay JEV (ii).
Ontheother hand, for everyj = 1,.., m, ye v (since-B,,~y; € A). Thus
W A Ay JeV (iii).

But (ii) and (iii) together imply that v isinconsi stent, contradicting the assumption that

ve W, that is, that v isamaximal consi stent set of formulae.
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Proof of (R2). Fix arbitrary te T and u,v,we W suchthatuBy and vB,,,w.
Choosean arbitrary formulay such that B,y e u. We need to show that we w. Since, by
(A2), By = BB,, y)isatheoremof X, (By — BB, y)e u. HenceBB,,,we u. Since

uBv,B,, ye vandsincevB, w,ye W.

Proof of (R3). Fix arbitrary te T and u,v,we W such that uX v and vBw. Choose
an arbitrary formulay suchthat By e u. We need to show that we w. Since, by (A3),
b

By — KB,y) isatheoremof %, By - KBw)e u. HenceKBye u. SinceuXyy,

Bye vandsince vBw,ye w. B

Proof of Lemma 1. (A). Let % beamodd that satisfiesproperty (R4). Fix
arbitrary ue W, te T and an arbitrary formula¢. Supposethat = Z” K. Choosean

arbitrary v such that uB,v. Then, by the assumed property, uK.v, hence = 3’” b

(B). Let (W, T, {X}, 1> {B}, ) beaframe that violates property (R4). Then

te T?

thereexistte T and u,ve W suchthat uB,v and not uKv. Let n beapropositional
variableand 7 amodd where f(n) = W-{v). Then = um K. On the other hand, since

ve f(m), If#ﬁ” Bm.

Now fix asystem that containsaxiom schema(A4) and consider the

corresponding standard canonical model. We want to show that it satisfies property (R4).
Fix arbitrary te T and u,ve W such that uB,v. Choose an arbitrary formulay such that

Kye u. Weneed to show that we v. Since, by (A4), (Kw — By) isatheorem of the
system, (K - By)e u. HenceBye u. SinceuBy, ye v. B
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Proof of Lemmaz2. (A). Let % beamode that satisfiesproperty (RS). Fix
arbitrary usW, te T and an arbitrary formula¢. Supposethat = :” K ¢. Choosean

arbitrary v such that uX,

t+1

v. By the assumed property, uKv, hence = 3” b.
(B). Let (W, T, {K}her {B},.r) beaframethat violates property (R5). Then
thereexist te T and u,ve W such that uX

t+1

varidbleand 7 amodel where f(n) ={we W : uKXw}. Then = :’7 K. Ontheother

v and not uXv. Letn bea propositional

hand, since v¢ f(n), V{” K.

Now fi X asystem that contains axiom schema(A5) and consider the

correspondingstandard canonical modd. We want to show that it satisfiesproperty (RS).
Fix arbitrary te T and u,ve W such that uX

t+1

v. Choose an arbitrary formulay such that
Kye u Weneed to show that we v. Since, by (AS), Ky — K,,,v) isatheorem of the

t

system, (Ky — K, w)e u. HenceK,,,we u. SinceuX|

t+1

v,yev. i
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