A Service of

ECOMNZTOR pr

Make Your Publications Visible.

Leibniz-Informationszentrum
Wirtschaft

Leibniz Information Centre
for Economics

Bonanno, Giacomo

Working Paper

Intersubjective Consistency of Beliefs and the Logic of

Common Belief

Working Paper, No. 95-8

Provided in Cooperation with:

University of California Davis, Department of Economics

Suggested Citation: Bonanno, Giacomo (1995) : Intersubjective Consistency of Beliefs and the Logic
of Common Belief, Working Paper, No. 95-8, University of California, Department of Economics,

Davis, CA

This Version is available at:
https://hdl.handle.net/10419/189438

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/189438
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

INTERSUBJECTIVE CONSISTENCY OF
BELIEFS AND THE LOGIC
OF COMMON BELIEF

Giacomo Bonanno
and
Klaus Nehring

Working Paper Series #95-08

Department of Economics
University of California
Davis, California 95616-8578




INTERSUBJECTIVECONS STENCY OF BELIEFS
AND THE LOGIC OF COMMON BELIEF

Giacomo Bonanno
and
Klaus Nehring

Working Paper Series No. 95-08
February 1995

Note:  The Working Papers o the Department of Economics, University of California, Davis, are preliminary materials
circulated to invite discussion and critical comment. These papers may be freely circulated but to protect their
tentative character they are NOt t0 be quoted without thr permission of the author.



Abstract

'We characterize the class of n-person belief systems for which common
belief has the propertiesof the strongest logic of belief, KD45. The characterizing
condition statesthat individuasare not too mistaken in their beliefs about common
beliefs. It is shown to be considerably weaker than the consistency condition on
interpersonal beliefs implied by the common knowledge assumption: it alows

individualsto " agreeto disagree" and to be quite incorrect about others’ beliefs.



1. Introduction

The concepts of common knowledge and common belief have been discussed extensively
in the literature, both syntacticaly and semantically.1 At the individual level the difference
between knowledge and belief is usualy identified with the presence or absence of the Truth

AxiomT: [] A— A, which isinterpreted as "if individua i believesthat A, then A". In such a

case the individua is often said to know that A (thus it is possiblefor an individua to believe a
false proposition but she cannot know a false proposition). Going to the interpersonal level, the
literature then distinguishes between common knowledge and common belief on the basis of
whether or not the Truth Axiom is postulated at the individua level. However, while at the
individua level the Truth Axiom captures merely a relationship between the individua's beliefs
and the external world, & the interpersonal level it has very strong implications. For example, the
following is a consequence of the Truth Axiom: [J[_]A =[] A, that is, if individual i believes
that individual j believesthat A, then individual i herself believesthat A.> Thus, in contrast to the

other axioms, the Truth Axiom does not merely reflect individual agents *logic of belief'. (The

reason why the Truth Axiom is much stronger in an interpersona context than appears at first

' Aumann (1976), Bacharach (1985), Binmore and Brandenburger (1990), Bonanno (1994), Colombetti
(1993), Geanakoplos (1992), Geanakoplos and Polemarchakis (1982), Halpern (1986), Halpern and
Moses (1992), Kaneko and Nagashima (1993), Lewis (1969), Lismont (1993), Lismont and. Mongin

(1994), Milgrom (1981), Monderer and Samet (1989), Rubinsteinand Wolinsky (1990), Samet (1990),
Shin (1993), Tan and Werlang (1985).

2 This can be seen as follows. First of al, any axiomatization of belief will include the so called K axiom:
(31 (4 - B) a [ A) - [] B and the so-called rule of Necessitation: from A to infer [&1 A. Now, from

the Truth Axiom for individual j, A — A, and the rule of Necessitation we obtain the following

theorem [i] (3] A — A). Hence, by Propositional Logic, [1[51A — Gl A A G GIA = A). By
axiom K the consequent of thislast formulai mplies|:| A.



glance is that it amounts to assuming that agreement of any individua's belief with the truth is
common knowledge). Given its logica force, it is not surprising to find that it has strong
implicationsfor the logic of common knowledge. In particular, if each individua's beliefs satisfy
the strongest logic of knowledge (namely SS or KTS), the associated common knowledge
operator satisfies this logic too (for technical details on this point and the following see the
beginning of Section 2). Such is not the case for belief bereft of the Truth Axiom, even the
strongest logic for individual beief (KD45) is insufficient to ensure the satisfaction of the
"Negative Introspection™ axiom for common belief - A — ¥ - A (where & denotesthe
common belief operator; see Colombetti, 1993, and Lismont and Mongin, 1994). That isto say,

it can happen that neither is A commonly believed nor isit common belief that A is not commonly

believed.

Negative Introspection has been variously chalenged based on arguments of bounded
rationality (see, for example, Samet, 1990). By contrast, we maintain full rationality of individuas
and investigate under what conditions “full rationality” —that is, Negative Introspection —holds
for common beliefs. We note in Section 2 that Negative Introspection for common belief (from
now on, we shall refer to it as"axiom 5*”) amounts to common beliefs being " publicly known".
The main result, Theorem 1, shows that common belief satisfies axiom 5* if and only if

individuals are not too mistaken about common beliefs. Formally, this condition is expressed as

follows:

c* GEA > -] -A



(recall that [{] denotes the belief operator of individua i and [¥] the common belief operator).

Thus C* has the following interpretation: if individual i believes that it is common belief that A
then it is not the case that individua j believes that not A. We cdl C* the

+-Compatibility Axiom. C* is much wesker than the Truth Axiom (] A — A). It alows

individuals to "agree to disagree™ and individuals beliefs about others' beliefs can be quite
incorrect. In other words, the strong logic of common belief (KD45) turns out to be quite robust,

if not completely so.

2. Compatibility of belief systems

Semantically, the notion of common knowledge is represented by the meet of the
information partitions of the individuals. This is a partition itself and, therefore, it validates the
same axioms that are postulated for the individuals. Requiring information partitions at the
individual leve amounts to postulating the following axiom schemata for every individual i (we

use the notation and namesthat are standard in modal logic: see, for example, Chellas, 1980):
K. [[JA->B)AGA - [(B
T. [JA-A
5. -HA->E-[A

as well as the rule of inference of Necessitation: from A to infer [i] A. Axiom schema 5 is

sometimes referred to as the Negative Infrospection axiom: if the individual does not know that A



then she knows that she does not know that A. Since the notion of common knowledge is
captured by the meet of the information partitions, the common knowledge operator will aso
satisfy axioms K, T and 5; in particular, it will be true that if a proposition is not common

knowledgethen it is common knowledgethat it is not common knowledge.

Moving from knowledge to beief implies dropping the Truth Axiom T. The strongest
axiomatization of belief at the individual level will then be represented by the following axiom

schemata (as well as the inference rule of Nectation):3

K. [J(A—-B)A[JA — [IB
4 [A->ORA

Axiom schema D is the Consistency axiom: it says that an individual cannot believethat A and at
the same time believe that not A. Axiom schema 4 is often referred to as the Postive
Introspection axiom: if the individual knows that A then she knows that she knows that A.

Semantically, the above axiom schemata correspond to the following properties of the

accessibility relation (cf. Chellas, 1980, pp. 76-80):

* Itiswell known (see Chellas, 1980) that axiomsD and 4 are theoremsof the KT5 (or S3) logic.

Economists often use information functions rather than accessibility relations. The two notions,

w
however, are equivalent. An information function is afunction| : W — 2 , where W is a st of
"states" or "'possible worlds'. Given such a function one can define the corresponding accessibility



AXIOM SCHEMA PROPERTY OF ACCESSIBILITY RELATION

K. Q(A->B)A[GJA — [[]B no restrictions

T JA->A Reflexivity: Va, aRa

D. @A->-]-A Seriality: Vo, 38 : aR B

4. A->[OHA Transitivity: Va, VB, Vv, if aR B and
BRy then oRy

5. -[{A->[O 1A Euclideanness. Va, VB, Vy, if aR.f and
aRy then PRy

For a syntactic axiomatization of the concept of common belief see Halpern and Moses (1992),
Lismont (1993) and Lismont and Mongin (1994). We review it in Appendix 1. Semanticaly, the
notion of common belief is captured by the transitive closure of the union of the accessibility
relations of the individuals.” It is easy to see from this that if the individuals belief operators
satisfy axiom D (respectively, T) then the common belief operator aso satisfies axiom D

(respectively, T). Furthermore, the common belief operator will always satisfy axiom 4.

relation as follows: aRp if and only if Bel(a). Conversdly, given an accessibility relation R on W
one can define the correspondinginformation function asfollows. I(et) = {B : «RB}. For example,

if L(+) denotesthe informationfunction of individual i, then reflexivity of i’s accessibility relation
correspondsto the following property of theinformationfunction: for every a, el (o).

Let R, .., Rn be binary relationson a set W and let R, denote the transitive closure of the union of

these relations. Then R, isabinary relation on W defined as follows: for all o,peW, aR f if and
only if there is a sequence il, im in (1, ..., n) and a sequence M My oo M in W such that:

(i)n,=a, (i)n_=p and (iii) for every k=0, ..., m-1, nkR.
i ben M1



Therefore, the only property at issue is the Negative Introspection axiom & the " interpersonal

level", which we will denote by 5*: —m A —[]-F A.

It has been noted (Colombetti, 1993, Lismont and Mongin, 1994) that, even if one

imposes axiomsK, D, 4 and 5 at the individual level, axiom 5 need not hold, that is, it is possible

that A is not common belief and yet it is not the case that it is common belief that A is not

common belief An exampleof thisisgiven below (Figure1). Note that S*impli$thefollowing:
P* —FA - [[-FHA
Since the complementary axiom:

PR. HA - [OXA

is part of the axiomatization of common belief (see Appendix 1), P* amountsto saying that there

is shared knowledge about common belief. Note also that s¥is, in fact, equivaent to P* (a proof

of thisclam isgivenin Appendix 2).

The following example shows that, even if individua beliefs satisfy KD45, the common
belief operator need not satisfy 5*. Let there betwo individuals, 1 and 2 and two worlds, aand B.

Let p be asentence whichistrueat aand faseat f. Let the accessibility relations R, and R, be
asillustrated in Figure 1 and let Tr R UR, be the transitive closure of the union of R, and R,

(which, in this case, coincideswith R R, see Figure 1).

lInsert Figure 1|




Ri: (3 (>

x B

R,: (2 .

x B

Tr RUR, ) ®!
o B

P -p

FIGURE 1

Note that R isan equivalence relation and R, is serid, transitive and euclidean. Hence they both
validate K, D, 4 and 5. Denote Tr R UR, by R. Since pisfasea f and BR.B, p iS not
common belief at B, that is, the formula —*] (p) is true at B.6 On the other hand, p is common
belief at a, that is, the formula®] (p) istrue a a. It followsthat, since BR, a, it isnot common
belief at B that p is not common belief, that is, the following formulaisfdse at B: & - (p).
Thus we can conclude that a B the formula (—~ p —> ¥ —® ) which isan instance of axiom

schema 5, isfalse. To put it differently, the above example shows that the transitive closure of n

relations, each of which isserid, transitive and euclidean, is not necessarily euclidean.

® Recall that. for every formula A,[_] A istrueat world 8 if and only if A istrue at every world v such that
8R.y. Similarly for [¥] A. See Appendix 1 for more details on this.



The example of Figure 1 has the following feature: at world § individua 1 believes that
not p while individual 2 believesthat p. In other words their beliefs are completely incompatible
(the two individuds are "worlds apart™). This situation cannot arise when the Truth Axiom is
imposed at the individua level, because a any world a there will be a world, namdy a itsalf,
which everybody can access, hence complete disagreement is ruled out. In this paper we explore
theimplicationsof merely requiring interpersona compatibility of beliefs, in variousforms, while

avoiding the extra strong implications of the Truth Axiom.

We begin with a simple, but rather strong, axiom which we cal the Compatibility Axiom

and denote by C:

Axiom C isthe interpersonal counterpart of the consistency axiom D: it saysthat it is not possible
for one individual to believe that A and, at the same time, for another individua to believe that
not A. Thus if individud i believesthat A, then individual j must allow for the possibility that A.
Note that by choosing i = ] we obtain the consistency axiom D at the individua level. Thus C
implies D for every individual. The following proposition gives the semantic counterpart of axiom
C. To prove Proposition 1 we need to make use of notation and definitions from moda logic and

therefore we postpone the proof to Appendix 2.

PROPOSITION 1  Axiom C is characterized by the following property of the set

{R,, .., R } (whereR. istheaccessihility relation of individua i,1 =1, ..., n):

Compatibility: Vi, ¥}, Va, 38: aRf and ochB.



That is, every model where the set {R,, ..., R } satisfies the Compatibility property validates
axiom C and, conversely, given a set of relations {R,, ..., R } that violates the Compatibility

property, there isa modd based on it and an instance of axiom C which isfasfied at some world

in the model.

In Section 3 it will be shown that Compatibility is sufficient to yied 5*; however, it isfar

from necessary, as the example of Figure 2 below shows.

[Insert Figure ZJ

[0 B
R2: Q °
x B
Tr R UR U
o8 B
FIGURE 2

In the above example, Compatibility is violated (hence, by Proposition 1, there is a model based

on this frame that fasifies axiom C). On the other hand, Tr R, R, is euclidean (in fact it is an

equivalencerelation), hence s* isvaid in thisframe.



Necessary conditions for 5% generally involve the common belief operator in their

statement (on this point see the example of Figure 7 in Section 3). Astheorem 1 below shows, a

necessary and sufficient condition for 5* is that individuals be correct in their beliefs that

something is commonly believed:
TN*. DEA > FA

Note that: it follows from the definition of common belief that (if individual beliefs are consistent)
individuals must be correct in their belief that something is not common belief (for a proof see

Appendix 2):
O-HA > —-FA

Thus TN* amounts to requiring that individual beliefs about common beliefsbe correct. Since 5%

isalso equivalent to P* (=< A — ] == A), itisequivalent to the property that common beliefs

be "publicly known". While interesting (and non-trivia), TN* is somewhat lame as a
characterization of 5%, sinceit involves restrictions on common beliefs themselves. As a result,,
there is no straightforward way to infer sufficiency of C from that of TN*. This problem is

overcome by the following condition C*

We will cal C* the *-Compatibility Axiom. It saysthat if individual i believes that it is common

belief that A then it is not the case that individua j believes that not A. Thus C* requires

individuals beliefs about what is commonly believed to be "not too far from the truth".

10



Proposition 2, which is proved in Appendix 2, gives a characterization of' C* in terms of a

property of the set of accessibility relations.

*
PROPOSITION 2. Axiom C is characterized by the following property of the set

R ={R, .., R} (where R is the accesshility relation of individua i, i = 1, .., n). Let

R =Tr UR  bethe transitiveclosure of the union of the individual accessibility relations,

*-Compatibility: Vi, Vj, Va, 3B,3y: aRB and BR*Y and oaRJy.

Our main result is contained in Theorem 1 below.

THEOREM 1. Assumethat, for every individua i, the belief operator 7] satisfiesaxioms

D and 5 (as wel asK and the rule of Necessitation). Then the following axioms are equivalent.
0 5 BA->E-EA),
@ TN' EA-DOA),

(i) C* (@A - -[1-A).

Proof. (i) = (ii). The proof isasfollows (PL standsfor " Propositional Logic"):
1. -'1A —)—|A (5*)
2. F-HA - [[Q-FA (SB: see.Appendix1)

3. [Z]—IA—? -»EA (Dforl)

11



4. A - -[[FEA (1,2,3,PL)

5. [HMA > FHA (4, PL).

(i) = (1i1). The proof isasfollows:

1. [OFEA-> @A (TN

2. FA - [(A (SB: see Appendix 1)
3. GJA - -[J]-A (D forj)

4. [OEA - --A (1, 2, 3, PL).

The more difficult part is to prove that (1)) = (i). In order to do this we need to
introduce a new property of relations (which we cdl "quasi-euclideanness”) and prove two

lemmas.

DEFINITION. A binary relation R on a set W is called quasi-euclidean if it satisfiesthe

following property:
Va,B,yeW, if aRB and aRy, then there existsan integer k = 1 such that BRky

where BRky meansthat there isa path of length k from B toy (that is, there is a sequence§,, ..., 6,

inW such that: (i) 8, =B, (ii)6 =y and (iii) for everyj =0, ... k-1, 8RS, ).

(Thus quasi-euclideannessis a weakening of euclideanness, sincethe latter corresponds to the

casewhere k =1).

12



LEMMA 1. LetRbearédationontheset W and let Tr R beitstransitive closure (that
is, the smallest trangitive relation containing R). Then R is quasi-euclidean if and only if Trr is

euclidean.

Proof. (=) Let R be a quasi-euclideanrelation and, to simplify the notation, denote the

transitiveclosure of R by R, Wewant to provethat R, iseuclidean. The proof isillustrated in
Figure 3. Fix arbitrary o, § and y such that aR B and aR Y- We need to show that R " Since

oR B, thereis sequenceB,, B,, ..., B, inW such that (i) B, = a, (ii) B, = B and (iii) for every
k=0,..m-1, B,RB,,,- Similarly, sinceaR*y, thereisa sequencey,, v,, ... v, in W such that
(i)y,=a, (ii)y,=yand (iii) for every t = 0, ..., s—1, vRy,,,. SinceaRP, and aRy, and Risquas-
euclidean, thereis a positiveinteger ¢ and an R-path of length ¢ from 8, toy,. Let 6 be the first

node on this path. We want to show that for every k > 1 thereisan R-path fiom B, to 6. Fork=1
we have aready proved it. By quasi-euclideannessof R, since §,Ré and B, R, thereisan R-path
fiom B, to 6. Let £ be thefirst node on this path. Then, since B,Re and B,RB,, by euclideannessof R
thereis an R-path from 8, to E. Joining this path with the path from E to 6 we obtain an R-path fiom
B, to 6. By repeating this argument m times we obtain an R-path from 8_ to , that is, a path from
to 6 (since B = B). Joining this path with the path from & to ¥, and then with the path fiom vy, toy, =
y, we obtain an R-path from 8 to y. Hence, sinceR_ isthe transitive closure of R, we have that
BR,y.

(CDet R be abinary relation on the set W, whose transitive closure, denoted by R, is

euclidean. We want to show that R is quasi-euclidean. Fix arbitrary a, B and y such that oRp and

13



aRy. Thenwealso havethat aR B and aR y. SinceR, iseuclidean, it followsthat SR y. By
definition oftransitive closure, this means that there existsa sequence§, 6,, ..., §_ in W such that

()6, =6, (i)8_=yand (iii) forevery k=0, ..., m-1, 8 R3, ,,. HenceR isquasi-euclidean. U

{Insert Figure 3|

FIGURE 3

LEMMA 2 Let 2 ={R,,R,, .., R } beaset of hinary relationson the set W and let

UR betheir union. If

(1) fordli=1,..,n R isquasi-euclidean, and

(2) theset{R, R, .., R } satisfiesthe*-Compatibility property,

14



then UR isquasi-euclidean.
Proof: The proof isillustrated in Figure 4. Fix a, 6 and € suchthat alUUR 8 and o URe.

Then there exist i and j such that aR.$ and aRja. By *-Compatibility there exist 8 and y such that
aR B, BR Y and aRjy, whereR " denotes the transitiveclosure of UR . By quasi-euclideannessof
R, there existsan R.-path from 6 to 3. By definition of transitiveclosure, there exists an UR -path

from B to y. Findly, by euclideannessof Rj, thereexistsan Rj-path fromy toe. Hencethereisan

UR -pathfrom 6 to g, that is, UR isquasi-euclidean. O

ﬁnsert Figure 4]

FIGURE 4

We can now complete the proof of Theorem 1. By Proposition 2, C* is valid in 4l

frames where {R,, ..., R } satisfies*-Compatibility, in particular, in the class of such frames

where every R. is euclidean. By Lemma 2, in this class of framesUR is quasi-euclidean and, by

15



Lemmal, thetransitiveclosureR* of UR iseudidean. Since 5* isvaid in the class of frames

where R_ is euclidean, by the completeness theorem for the logic of common belief (see
Halpern and Moses, 1992, Lismont, 1993, and Lismont and Mongin, 1994; see also Appendix

1), 5% is a theorem of every normal logic of common belief where the individuals belief
operators satisfy axiom 5 and, furthermore, axiom C* holds at the "interpersonal level" (recall

that axiom D for every individua is a consequenceof c*). ®

Thus Theorem 1 saysthat a (normal) logic where the individua belief operators satisfy
axioms D (Consistency) and 5 (Negative Introspection) and the common belief operator
satisfies axiom 5 is equivalent to a (normal) logic where the individual belief operators satisfy
axiom 5 and, at the interpersonal level, axiom C* is satisfied. (It is worth noting that axiom

4 - Positive Introspection — plays no role whatsoever in dl the results proved in this section.)

3. Intersubjective consistency of beliefs

In this concluding section we shdl discussthe relative strength of axioms T ((GJA — A),

*
C (A > -[i1-A)and C (F1[JA — —[il—-A). The connectionsamong these axiomsand

their internal structure are much clarifiedby relating them to four conditionson intersubjective
beliefsimplied by the Truth Axiom T (at the individual level); these conditions might also prove
quitevaluable in future research on related matters. T and C prove to be significantly stronger

* *
than C ; in particular, they imply some" agreement’ among individuals, which playsno rolein C

16



*
(respectively 5 ). Thefour implicationsof the Truth Axiom T for intersubjective beliefsare the

followi ng:7

TN. OOA - A
TP. O0A - $A
IN. - O0A -OA
IP dma - QA

The axioms come in two natural pairs, TN-TP and IN-IP. The T-axiomsare Smply instances of
the Truth Axiom T: truth conditions on individuals beliefsabout others’ beliefs. Thel-axioms,
on the other hand, are"interna™ conditionson individual belief systems relating beliefs about the
world to beliefsabout other agents' beliefs. IN, for instance, forbids agents to knowingly disagree.
IN and IP say, essentialy, that individualstake others to know something whenever they believe
it. Thisinterpretation corresponds to the syntactical fact that the |-axioms derive from T not
smply asinstances but as implications based on the inferencerule of Necessitation (aswell as
axiom schemaK). Thus the I-axioms reflect not so much T "per se”, but individuas

shared/common knowledgethat T.

"Weuse the notation @ A asashort-hand for —[i] —A. Recall that, semantically, |:|A istrueat world
aif and only if jor all p such that aR.B, A istrue at B. It is essy to see that, on the other hand,

@ Aistrueat aif and only if there existsa B such that oR.B and A istrueat B.

17



Figure 5 below gives a complete picture of the implication relation among the seven
presented axioms considered in isolation. The arcs are labeled by the assumptions on the
individual belief operators necessary to establish a particular implication; if an arc is absent, no

implication holds, even with the strongest logic for individua belief, namey KD45.

We also have included a single implication of one axiom by others, namely that of C by the
conjunction of IP and TP. In the transitivecase (that is, when axiom 4 is satisfied), thisyieldsin

fact a characterization of C.

{Insert Figure 5]

FIGURE 5

18



PROPOSITION 3. Thefollowing holds:
(i) IP and TP together imply C,
(i)  C and 4 together imply IP and TP,

(i) C and 5 together imply TN.
The proof of Proposition 3 is given in Appendix 2.

Thus C has strong implicationsfor truth of intersubjectivebdliefs; moreover, it crucialy
Involves some intersubjective agreement. Thisis underlined by the exampleof Figure 2 above,
which shows that intersubjectivetruth alone (TP and TN) fails to guarantee Compatibility sinceit

failsto imply any intersubjectiveagreement (1P or IN). Note that the frame of Figure 2 satisfies
the property of Proposition 2 and therefore it validates axiom C* (it also validates 5*, sincethe

transitive closure of R, R, is euclidean). In order to expand on the example of Figure 2 we need

the following lemma, which is proved in Appendix 2"

LEMMA 3. Axiom schemata TN and TP are valid in the class of frames that satisfy the
following :properties:

(1) R isserial for every i,

(2 Vi V)Va VB Vy, aRP& PRy = oRy.

® Note that Lemma 3 gives only a soundness result, not a characterization result.

19



The frame of Figure 2 satisfiesthe properties of Lemma 3 and therefore it validates both
TP and TN. On the other hand, it fasfies both IP and IN. This can be verified easly by
considering a model based on that frame where a sentence p is true at & and false at B. Indeed,

one then has that it is common belief that | and 2 disagree (they "agree to disagree"): the

formulam ([T]-(p) A [Z](p)) is trueat every world.

Conversely, the exampleof Figure 6 shows that intersubjectiveagreement has nothingto
* *
do with intersubjectivetruth, hence, a fortiori, it has nothing to do with C (respectively, 5 ).

[Insert Figure 6|

Ryt | } C)
R,: O §3
Tr R R, Q g 1

FIGURE 6

Figure 6 can be used to show that it is possiblefor IP and IN to be valid while, at the sametime,

TN, TP, C* and 5* arefalsified. Consider a model based on the frame of Figure 6 where agiven

20



sentence p is true at o and false at 8. Then at o both [Z](p) and <2> (p) are true. Hence at 8 both

O&EI(p) and [ <2> (p) are true. On the other hand, at 8 —(p) is true. Hence both the

following formulas are false at 8 : (p) &> [21(p) (which is an instance of TN) and

@ P -—)@ (p) (which is an instance of TP). Furthermore, since ¥ (p) is true at o, at B the

following formula is true: [1] (p) Since at 3 —(p), we have that at (3 the formula

(p) — —[2] —(p) (which is an instance of C*) is false. Finally, at B the formula —[%] (p)
is true (since at y it is true that %] =(p)). On the other hand, at B the formula [¥] —[® (p) is false
(since at c it is true that [&] (p)). It follows that at B the following formula (which is an instance of
5*) is false: =[x (p) = ¥ —[® (p). It only remains to show that IN and IP are valid in the frame

of Figure 6. This is established in the following lemma, which is proved in Appendix 2. (The frame

of Figure 6 satisfies the property of Lemma 4.)9

LEMMA 4. Axiom schemata IN and IP are valid in the class of frames that satisfy the

following property:

Vi, Vj, Ve, 3p such that (aR B and, ¥y, if Ry then PRy)

9 . . .
Note that Lemma 4 gives only a soundness result, not a characterization result.
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b 4
C then tumns out to weaken C in three ways. Firstly, it disposes of all internal

requirements. Secondly, it weakens truth of beliefs to “limited falsehood” (1G] A — o

A). Thirdly it allows intersubjective beliefs to be still further from the truth by imposing

3 . . - * .
restrictions only on beliefs about others’ common beliefs. How much weaker C is than C

is illustrated in the example of Figure 7. We want to show, with the aid of Figure 7, that it
is possible for C* and 5* to be valid, while at the same time TN, TP, IN and IP are
simultaneously falsified. First of éll, the transitive closure of R UR,UR, is euclidean and
satisfies the property of Proposition 2 (indeed it is the universal relation on {a,B,y}). Thus

the frame of Figure 7 validates both 5 and C*. Now we show that IP, IN, TP and TN
can be simultaneously falsified. Consider a model based on the frame of Figure 7 in which

a sentence p is true at both a and § and false at y. Then the following facts are easy to
verify:

(1) @G -(p)—>Z—(p) (whichis aninstance of TN) is false at a,

@ 0 <7> -(p) — <7> —(p) (which is an instance of TP) is false at a,

3) [ —(p) > —(p) (whichis aninstance of IN) is false at a,

(3) ¢ 2] -(p) —» ¢ —(p) (which is an instance of IP) is false at a.

llnsert Figure 7]

22



Tr RluRzuR3 :

B Y
G R
o B Y
@
(5.4 B y
o Y
B

FIGURE 7

23



Appendix 1

In this appendix we review the axiomatic characterization of common belief (for more
detail s see Bonanno, 1994, Halpem and Moses, 1992, Lismont, 1993, Lismont and Mongin,
1994). Given nindividuais, let 1 be the belief operator of individua 1 =1, ..., nand[] the

common belief operator. Consider thelogic, cdl it the CB logic, defined by the following axioms
and rules of inference:

AXIOM SCHEMATA RULES OF INFERENCE
(1) 4l thetautologies (1) Modus Ponens A, AB—>B
(2) foreveryje (1, ..., n, %}, axiom schemakK: (2) Necessitation: for d je{1, ..., n, %},
GJ(A->B)A[JA - [JB A
GlA
(3) fordlie {1, .. n}axiom schemaSB: (3) Truism (or RI):
EA = [OA A->[JAA .. AGRA

[AA .. AJA—>FA

(4) fordlie {1, .., n} axiomschemaPR:
A - [[OEA

The semanticsof common belief is asfollows. A sandardn-frame is an (n+1)-tuple
(W, R, ..., R ) where:

(1) W isanon-empty set whose members are called " possibleworlds”, or smply “worlds™

and aredenoted by &, B, v, ...,

(2) For every ie{l,....n} R, isa(possibly empty) binary "'accessibility" relation on W
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A standard n-model is an (n+2)-tuple #/ = (W, R,,...R,F), where(w, R, .., R )isa
standard n-frame and F: $ — 2Wis a function from the set of sentence letters Sinto the set of

subsets of W. We say that 7/ isbased on the frame (W, R, ., R).

Given a formula A and a standard n-model 7= (w, R,, .., R, F), the truth set of A in

7, denoted by || AHm, is defined recursively as follows:

m
(1) If A=(p) wherep isasentence letter, then || All "= F(p),
2 | —ﬁAHm =W -] A]Im (that is, I ﬂA”m is the complement of i A||m)

@ lavel”=llal” o lBI"

4) Foralli=1,..,n, lmAl”={aew : for all B such that aR B, BeHAHm},

(5) @Al ={aeW : foral B such that oR, B, pellAll”},

. . m
where R isthetransitiveclosureof R . UR_ (seefootnotes). If asi|All" wesay that

. . . . m
Ais true at world ain modd %  An aternative notation for aeHAHm is =_A andan

alternative notation for ae || All™ is #;77 A.

A formulaA isvalid in model % = (W, R,, ..., R , F) if and only if || All” =w, thatis,
if and only if ’;ZAfordl aeW

Halpern and Moses (1992) and Lismont (1993) proved the following completeness
theorem: If A isatheorem of the logic CB, then A isvalid in every standard n-model; conversely,

if Alisaformulathat isvdid in every standard n-model, then A isatheorem of thelogic CB.

It follows from the characterization of axiom 4 (Positive Introspection: see Section 2) that

the followingis a theorem of thelogicCB: ®A — A.

25



Appendix 2

In this appendix we prove Propositions 1, 2, 3 and Lemmas 3 and 4, aswell asafew extra
results. First we need to recal some definitionsand notation from modal logic (cf. Chellas, 1980).

We say that an axiom schemaS ischaracterized by the class B of standard n-frames (for

adefinition of standard n-frames see Appendix 1) if and only if

1) every instance of Sisvalid in every model based on a Framein B, and
2 if (W, R,, ... R ) isaframethat doesnot belong to B then thereisamodel # =
(W,R,, .., R , F) based on it and an instance A of Ssuch that A isnot validin m (that

is, for some world ain #, I#Z A).

We now prove Proposition 1, which states that axiom schema C: [[JA — =[i]1-A

is characterized by the class of standard frames that satisfy the Compatibility property:

Vi, Vj, va, 3B suchthat aRf and aRjB.

PROOF OF PROPOSITION 1 (1) Let (W, R,, .., R ) beaframe that satisfies the

Compatibility property. Let % be amodel based on this Frame. Fix arbitrary i, j and aand an

arbitrary formula A. Suppose that ‘:ZEA. Then ‘;Ym A for dl y such that aR.y. By

Compatibility, there exists a § such that «R 8 and aR 8. Hence #:7 []=-A. that is,

hfﬂnﬂA
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(2) Let(w, R, .., R ) beaframethat violatesthe Compatibility property. Then there

exig 1,  and a such that, for no B, aR B and aRjB. Three cases are possible: (2.1) thereisno
world which iSRj-accessible froma, (2.2) thereisno world whichisR.-accessible froma,
(2.3) there are worlds R -accessible from a and there are worlds 5-accessible from o but no

world is both R .-accessible and 5-accessible from a. In case (2.1) choose an arbitrary model 77

based on thisframe. Then, for every formulaA, &= ;’7 A (see Chellas, p. 77). Let B bea
tautology. Then & ;77 —B. Whether or not there are worlds that are R.-accessible from a, it
must be }=:;77 [0 B. Thus L#a[n(m B — —[i] -B). Case(2.2.)isdedt withinasmilar way.

Finally, consider case (2.3). Let I.= (yeW | aRy} and [, = {yeW | aRy}. Then T = O, I,#0

adT NI = O.Let pbeasentence letter and % beamode based on thisframe such that F(p)

=l =T, Then =" @ (p) and =" ~(p). Thus & (F1(p) > ~F1~(p)). ™

PROOF OF PROPOSITION 2. (1) Let (W, R, ..., R ) beaframethat satisfiesthe

*-Compatibility property. Let 7/ beamodel based on thisframe. Fix arbitrary i, j and aand an

arbitrary formula A. Suppose that = ZE] A. Then by *-Compatibility there exist g andy
suchthat oR B, PRy and onRJ.y. It followsfrom oR B that = éﬁ A and from the fact that BR "

that :tj%A. Since Ry, = 7 [T -A.
a

(2) Let(w, R, .., R ) be aframethat violatesthe +-Compatibility property. Then

there exist 1, j and @ such that, for al § and for al y, if oRB and BR v then not aRjB. Let pbea

27



sentence letter and let % be a model based on thisframe such that F(p) = || (p)|| "= T =

{yeW:3BeWwithaRB and BR v}. Let B = {BeW : aR,B}. Suppose first that B = O.Then
dsol'=Q. SinceB =, for every formulaA, :t;WEA, in particular for A=[F(p). Thus

= 7@ (P)- On the other hand, since ' = O, rza’”ﬁ(p). It follows that
L

9{7 (@E (p) —» ——(p)). Consider now the casewhere B # O. Fix an arbitrary  such that

aR.B. Then bg” (p) (thisistrue, trividly, in the case where there are no worldsthat areR_ -
accessiblefrom (3, and, by construction, aso in the case where there are worlds that are

R, -accessible from B, because every such world belongsto I'). Hence #:7 G (p). Onthe

other hand, by hypothesis, for every yeT, it is not the case that aR.y. Hence ‘:—;” —p. It

followsthat #:7 GEE - -G-F). n

PROOF OF PROPOSITION 3. (i) Wewant to show that C isatheorem of every
system that contains axiom schemata IP and TP. The proof goes asfollows (PL stands for

“Propositional Logic"):

1. O0-A > A (IP)
2 DA - OQA (1, PL)
3. [QA - QA (TP)
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(i) First we show that IP is atheorem of every norma system containing axiom 4 at the
individual level (that is, for every individual) and axiom C at the interpersonal level. The proof is

asfollows (RN stand for "' Rule of Necessitation™, MP for “Modus Ponens”, PL for "' Propositional

4. A -> QA

Logic™). The proof isasfollows:

1.

(V3]

[ (0 -A - -G A)

O({@M-A--J4A) - @OH-A->T-GA)

O0O-A->0G0O-A
0-A - GG -A

OOlA - OA

(2,3,PL)

(axiom C)

(1, RN fori)

(axiom K for i)

(2,3, MP)

(axiom 4 for 1)

((4, 5,PL)

(6, PL).

Next we show that TP is atheorem of every normal system containing axiom 4 at the

individua level and axiom C at the interpersonal level:

1.

ﬂA e d —|A

—'1A —> ﬂm‘ﬂﬂA

ada - QA

(axiom 4 for |)
(axiom C)

(1,2, PL)

(3, PL).
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(iii) We want to show that TN isatheorem of every normal system containing axiom 5 at

theindividua level and axiom C at the interpersonal level. The proof is as follows:

1. -UL]A = [G]-G]A (axiom 5 for j)
2.  [O-4a - -Gia (axiom C)

3. -0JA = G01A (1,2 /PL)

4. [OOA - [O0A (3,PL). ®

PROOF OF LEMMA 3. (1) First we prove that axiom schema TN isvalid in the class of

framesthat satisfy the two properties of Lemma 3. Fix an arbitrary model based on a frame that

satisfies those properties. Fix arbitrary i, j, @and an arbitrary formula A. Suppose that l=am EA.

By seridlity of R, there existsa B such that aR . Fix an arbitrary such . Then = ;77 QA.By

m

seridity of R, there existsay such that BRjy. Fix an arbitrary suchy. Then I=Y A.By property (2)

M
aRyy. Hence = _"[I A.

(2) Now weturn to axiomsschemaTP. Fix an arbitrary model based on a frame that

satisfiesthe two properties of Lemma3. Fix arbitrary i, j, o and an arbitrary formula A. Suppose

that tsamE] @'A. By seridlity of R, thereexistsa 8 such that aR 8. Then ;77 @ A. Hencethere

existsay such that BRjy. and t=377 A. By property (2) aRJ.y, Hence = @ A I
03
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PROOF OF LEMMA 4. (1) First we prove validity of IN. Fix an arbitrary model based

on aframe that satisfiesthe property of Lemmad4. Fix arbitrary i, j, @and an arbitrary formula A.

Suppose that = :7 CJL]A. Then, by the property, there existsa B such that oR 8. Choose an
arbitrary such B. Then = ;ﬁ []A. Choose an arbitrary y such that R y. By the assumed property,

BRyy. Hence (since %:;77|:|A) ;:Ym A. Therefore t=:7|:|A.

(2) Now we prove validity of IP. Fix an arbitrary model based on a frame that satisfiesthe

property of Lemma4. Fix arbitrary i, j, o and an arbitrary formula A. Suppose that t=:7 @I:l A

Then there exists a § such that aR 8 and = g” A. By the assumed property (choosing y = ),

BRJ.B. Hence = ;ﬁ A. Therefore, = U OA =
a

We conclude this Appendix by proving two claims made in Section 2.

CLAIM 1. Axiom schema 5™ is equivalent to axiom schema P*: —F A — [ - A .

Proof (1) First we provethat 5* implies P*:

1. —FA->F-FA 5™
2. E-EA-[O-3A (SB: see Appendix 1)
3. -FHA -G -®A (1,2, PL).
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(2) Next we provethat P* implies5*.

1. —HA-[O-HA ®*)
n —FA-GE-FEHA ®*)
. ~FA- ([-FEA A ..a @D-FEA) ) (1, ... n, PL)

2. (-EA A ..a @D-FA) ) >E-EHA (n+1, Truism: see Appendix 1)
nt3. FA-> FH-HA ( (n+1,n+2,PL). W

CLAIM 2. If individua beliefs satisfy axiom D (consistency) then thefollowingisa

theoremof thelogicCB: [[]-FA — —XA (whichisequivdentto: FA — -G A).
Proof. L. A->[OHA (PR: see Appendix 1)

3. EA--O-FA (1,2,PL). m
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