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Abstract

This paper analyses a stochastic international growth model with money
and country-specific forcing processes for productivity and money growth
rates. Monies are required due to cash-in-advance constraints for
consumption goods but the liquidity constraints need not be binding for all
periods. An individual can trade claims on future currency units for both
countries through government bond markets. Each country specializes in the
production of one of the goods but individual agents can invest, subject to
installation costs, in any available technology. Two versions of the model
are simulated in order to compare different degrees of international
mobility of physical capital.

The moments of the forcing processes are calibrated to a sample of
U.S. and Canadian data. A perfectly pooled equilibrium solution is
computed numerically, using the Marcet method of parameterized expectations,
and the moments of the endogenous variables are compared to those for the
actual data. The interdependence implied by the model is illustrated by a
series of impulse responses. Particular attention is focused on the
implications of capital mobility, the asymmetry of the forcing processes
across countries, the implications of the liquidity constraints, and the
interaction between the real and nominal components of the model. For
example, with endogenous production, we find that monetary fluctuations
cause business cycle behavior in consumption and investment while the
effect on goods and asset prices can be substantially different from that
in endowment models. We also find that the effects of monetary policy are
transmitted to other countries via exchange rate and terms of trade
adjustments.



1. Introduction

This paper analyses a stochastic international growth model with
money. By integrating stochastic growth with the intertemporal pricing of
nominal assets in a model in which money has an explicit role, and by
allowing country-specific forcing processes for productivity and money
growth rates, this international artificial economy extends the existing
literature in several ways.

Firstly, we build on recent international real business cycle models.
For example, Backus, Kehoe and Kydland (1989) construct an international
real business cycle model in which countries have different technology
shocks. They also analyze the effect of allowing international borrowing.
Baxter and Crucini (1990) focus on various savings/investment correlations.
Head (1990) analyses a multi-country real growth model which distinguishes
between tradeable and nontradeable goods. Stockman and Tesar (1990)
concentrate on the open economy aspects of real business cycles in a
two-country model which also incorporates traded and nontraded goods
sectors. They find that shocks to tastes are required to replicate some
features of the data.

Our international monetary growth model extends this real business
cycle literature by incorporating a financial structure and also by
introducing steady-state growth with country-specific forcing processes for
both money and productivity growth rates. These processes exhibit
cross-country correlations but are also allowed to have asymmetric
international diffusion rates as well as different degrees of persistence
across countries. The productivity shocks are parameterized as being
integrated in levels but stationary in growth rates. This structure
generates processes for aggregate quantities which are integrated in levels

as suggested by historical data.



The endogenous production and growth structure also builds on the
international monetary endowment economy models, for example, Bansal
(1983), Hodrick (1989), Lucas (1982), Macklem (1991) and Svensson (1985a).
As in many closed-economy stochastic general equilibrium monetary models,
for example, Coleman (1988), Cooley and Hansen (1988), Giovannini (1989),
Labadie (1983), Hodrick, Kocherlakota and Lucas (1991), Lee (1989) and
Svensson (1985b), money enters the model through cash-in-advance
constraints (CIA).

In our international case, consumption goods produced in a particular
'country must be purchased with that country’s currency. The timing of
markets and arrival of new information is that of Svennson which leads to
the possibility of nonbinding liquidity constraints. In order to get
explicit solutions, most models in this genre impose a strict equality for
the liquidity constraints. Using the Marcet (1988) numerical solution
technique, we are able to solve the model with the liquidity constraints
binding in some periods but not others. As in Hodrick, Kocherlakota and
Lucas (1991), these constraints are invariably binding for our baseline
parameterization. Therefore, we also solve the model with a
counter-factual parameter setting (lower domestic money growth) which leads
to a significant number of realizations of nonbinding liquidity
constraints. This feature is also asymmetric across countries. These
simulations give some indication of the impact of scarce money and the
implications of allowing the velocity of money to vary in CIA models.1

In this version of the model there is no government spending on goods
and no taxation so that the governments’ budget constraints equate net
changes in stocks of government bonds (claims on future currency units)
'An alternative method of addressing such issues is to extend the CIA

structure to incorporate money using a transactions costs structure as in
Bansal (1989) and Marshall (1991).



with the exogenous innovations to the respective money supplies. This
method of injecting new money into the economies and the opportunity to
trade in markets which allow diversification of risk associated with
monetary innovations is one way in which our model differs from the recent
international monetary growth model by Cho and Roche (1991).2

In our model, each country specializes in the production of one of the
goods. This output can either be consumed or re-invested subject to an
installation cost. Individual agents can invest in any available
technology by setting up their own firm in either or both countries (our
substitute for equity markets). We construct two versions of the model
which differ with respect to international mobility of physical capital or
investment goods. The no-cross-investment (NCI) version requires agents to
use output from a particular technology to augment the capital for that
technology (no substitutability of country 1 and country 2 goods for
investment purposes), whereas the cross-investment (CI) version allows
agents to import or export investment goods such that they are allocated to
the most productive technology. The assumption that investment goods are
perfect substitutes in the CI version implies that purchasing power parity
obtains for that case, in contrast to the NCI version.

The moments of the forcing processes are calibrated to a sample of
U.S. and Canadian data. The structure of the model is such that we are
able to compute a perfectly pooled equilibrium solution for this stochastic
international monetary growth model. That solution is computed numerically,
using the Marcet (1988) method of parameterized expectations, and the moments
of the endogenous variables are compared to those for the actual data.

The interdependence implied by the model is illustrated by a series of
2We also allow diversification of risk associated with productivity shocks

and introduce country-specific forcing processes and varying degrees of
international mobility of investment goods.



impulse responses. Particular attention is focused on the implications of
capital mobility, the liquidity constraints, the asymmetry of the forcing
processes across countries, and on the interaction between the real and
nominal components of the model. For example, with endogenous production,
we find that monetary fluctuations cause business cycle behavior in
consumption and investment while the effect on goods and asset prices can
be substantially different from that in endowment models (for example,
Svensson (1985a,b)). We also find that the effects of monetary policy are
transmitted to other countries via exchange rate and terms of trade
ad justments.

Section 2 outlines the structure of our international model including
the optimization problem faced by private sector agents and section 3
summarizes a stationary equilibrium. Section 4 and tables 1 and 2
summarize the calibration of the preference and technology parameters as
well as those for the forcing processes. Appendix B describes the
numerical solution procedure while section 5 and table 3 report various
summary statistics for the historical sample and for the artificial economy
under different assumptions about capital mobility. Section 6 and the
figures illustrate some interdependencies implied by the model using
impulse response plots. Section 7 concludes with some comments about
shortcomings and work to be done.
2. Structure of the International Artificial Economy and Agent Optimization

2.1 Market and information structure

We construct a two-country international growth model with money and
bonds. There are two goods. Each country specializes in the production of
one of the goods. There is trade in goods, monies and bonds between
countries.

Goods can either be consumed or invested in physical capital



accumulation. Allocating output to augment or maintain capital stock
involves installation costs. In the cross-investment (CI) version of our
model, output from a particular country can be invested in either country.
In the no-cross-investment (NCI) version, goods installed as capital stock
in a particular country must be produced in that country. That is, in the
former version investment goods are perfect substitutes whereas in the
latter version the substitutability of goods produced in different
countries is zero for investment purposes. In both versions, the goods are
imperfect substitutes from the perspective of consumption.

Factor markets are not explicit. Production is by self-employed
entrepreneurs such that revenue is imputed to the capital and
managerial/labor factors. We abstract from equity market issues by
allowing agents to invest in any available technology by setting up their
own firms in either or both countries.

Country-specific monies are required in the model by the
cash-in-advance (CIA) restrictions that all purchases of the goods for
consumption must be paid for in the currency of the producing country. The
trading and information structure is the same as that in Svensson (1985b).
Goods markets open at the beginning of the period when all information
regarding realizations of the stochastic variables during the period is
revealed. Asset markets open at the end of the period. In the goods
market the agent uses money carried over from the previous period’s asset
markets to purchase desired levels of the consumption goods. This
structure introduces a potential precautionary demand for money since the
amount of money available to purchase consumption goods in any period must
be determined in the previous period before the uncertainty concerning the
state of the world is resolved. The solution technique we use allows the

CIA constraints to be binding in some periods but not others.



2.2 A government’s problem

The assumption that agents can set up factories in either country
allows them to share risk associated with technological shocks by
diversification of production. Analogously, we allow agents to share risk
associated with the country-specific money growth rates by trading bonds
issued by the governments of both countries. These one-period discount
bonds pay-off one unit of the country’s currency the following period.3

We abstract from fiscal policy and do not distinguish between
governments and Central Banks. In this case, the budget constraint for the
government of country i is,

(Mite1 = Mie) + (PPBesq - By) = 0, i=1,2, (1)
where M; and B; are the aggregate stocks of money and government bonds,
respectively, and PY; is the price of the discount bond. This extreme
simplification of the role of governments implies that, given the exogenous
forcing processes for the growth rates of country-specific monies,
governments will issue debt such that their budget constraints given in (1)
obtain.

2.3 A private sector agent’s optimization problem

Resident in each country is a continuum of identical, infinitely-lived
agents or households which integrate to a representative agent for each
country. Where necessary, variables associated with a particular country
are subscripted with a 1 or a 2 while variables associated with a
particular representative agent are superscripted with a d or an f. This
subsection describes the optimization problem faced by the domestic
representative agent who is assumed to be resident in country 1.

2.3.1 Consumption

Each domestic agent maximizes expected discounted utility over an
3 Hodrick (1989) introduces state-contingent government bonds.
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infinite horizon,

00
Eo {tg gt U(C1t,02t)} , (2)

=0

where c; and c, are the individual’s consumption of domestic and foreign
goods respectively. Intraperiod utility is specified as a homothetic

function of a bundle of domestic and foreign goods. That is,

u(cit,cat) = (C1t¢ c%:v)(l—y)

1-y

, [=log(cTs 0%26) if ¥=1], (2’)

in which y is the coefficient of relative risk aversion, 1/7 is the
elasticity of intertemporal substitution, and ¢ is the share of country 1’'s
goods in the domestic agent’s consumption bundle.

As stipulated above, all purchases of goods for consumption must be
paid for in the currency of the producing country. Denoting P;: and P>y as
the own-currency prices of domestic and foreign goods respectively, this
restriction implies cash-in-advance (CIA) constraints,

Pyt Cig = me , (3)
Py Cot < mpy . (4)
In conformity with the market and information structure described above,
the m;y , i=1,2, are the domestic agent’s country 1 and country 2 money
balances carried over from asset market transactions at the end of period
t-1 and thus available at the start of period t to purchase desired levels
of the consumption goods.
2.3.2 Production

Output produced in country 1 by the domestic agent is denoted y; while

that produced by the domestic agent in the foreign country is denoted y-.

The production technologies available in the two countries are given by,

F1(K1¢-1,01¢) = 03¢ k$1—1 , (5)

Yit
o2
yat = falkat-1,02¢) = 62¢ kaot-1 , (6)
where k;i-1 is the domestic agent’s capital stock in place in country i at

7



the end of period t-1 and thus available for production in that country in
period t, «; is the capital share parameter in country i, and 6; is the
level of the productivity shock realized in period t in country i.

New investment becomes productive in the period following the decision
to invest. The capital stock depreciates at a rate of 1-8 per period.
Gross investment in country i in period t is denoted i;{ so that

kit = OKkig-1 , (7)

i1

th - ath_1 . (8)

i2¢
Investment is costly to install. In particular, a decision in pegiod t
to invest i; units of capital for use in period t+1 requires (i.+ ¢ ggi;_1)
units of output in period t. This formulation means that the
marginal cost of investment is increasing in the rate of investment. We
define output net of installation costg as y". That is,
Yt = Vit = @ %%%it_1, i=1,2 . (9)
Output not sold for consumption is invested in the available
production technologies. To take advantage of different productivity shocks
in the two countries it may be optimal for an agent to import the entire
next period capital stock and consume the current domestic output plus
depreciated capital, or even to consume some of the imported capital,
unless restrictions are placed on such activities.
In this paper, we assume that installed capital cannot be consumed and
also that it is immobile between countries. However, in the version of our
model which allows cross-investment (CI), output from a particular country

can be invested in either country. In this case, there 1is a resource

constraint on investment,

dit + dat = i3¢ + It , (10)
in which q; and q; are investments goods available from home and foreign

production respectively, while i; and i, are the desired allocations of



those goods.4 In contrast to the NCI case, this cross-country arbitrage in
goods will ensure that purchasing power parity will obtain in equilibrium.
2.3.3 An agent’s budget constraint and choice set
Given initial endowments of physical and financial assets, the domestic
representative agent maximizes (1) by choosing,

— e e 00
zy = {Cc1t» C2t» Tt d2t, 11t, I2¢, Mits1, Maes1, Dresr, batsrde=1

subject to, for all t=1,w, the production possibilities given by (5) and
(6), the CIA constraints given by (3) and (4), and the investment
installation and resource constraints in (7), (8), (9) and (10). 1In
particular, the domestic agent’s period t budget constraint can be

expressed as:

PitCit + S¢ParCat + Pieqie + SiPatqat +

b b
Mitse1 + SeMarsq + Pebyeer + SeP2ibat+

<2 2
o i (12 i
s Piy (09¢ kit-q = ggi:t_i) + Sy Pay (02 k2ot - ggﬁgt_1
+ My + Sg mpy + byy + S bz , (11)

where S;, the exchange rate, is the price of foreign currency in terms of
domestic currency; P,E and PZE are the own-currency prices of a domestic
and foreign government bond, respectively, which promise to pay one unit of
the corresponding currency in period t+1. Note that b;; are the number of
units of country i bonds which this agent redeems in period t. Recall that
the m;y are the country i money balances carried over from period t-1 to
period t which are available to this agent to purchase goods in period t.
2.4 Structure of the forcing processes and the state of the world economy
Each agent’s choices are conditional upon her own past actions and

information about the aggregate economy. The state of the economy at the
4Recall that in the no-cross-investment (NCI) version of our model, goods

installed as capital stock in a particular country must be produced in that
country so that there is no distinction between q;¢ and i;¢ in that case.

9



beginning of time t is described by the beginning of period capital and
money stocks, the current period realizations ;f the technology and money
growth rates, and the stochastic processes governing the evolution of
the technology and money growth rates.

The stochastic processes for the forcing variables are modelled as ARl
processes with cross-country correlations. Thus letting ©;t4+1/0i¢ = Vit
and M;:+1/Mjt+ = w;¢ be the country i growth factors for technology and money

1n w1

In V’] and X E[ ] , then the bivariate vector
() In w>

respectively, with Xv E[1n vz

AR1 processes for productivity growth and money growth are

X A +B X +¢ ,
Vt+l v v vt vt+l

(12)

X A +B X +¢ ,

wt+1 w W Wt wt+1

in which the A; and €;, j=v,w, are two-element vectors, and the B;, j=v,o,
are two-by-two non-symmetric matrices. For the moment, we do not allow
contemporaneous correlation between the shocks to productivity growth rates

and those to money growth rates. On the other hand, productivity shocks

may be correlated across countries as may those for money, that is,

’ ?

>
[ eVl ] ~ NID (O, Zv)

Ve

[zm ] ~ NID (0, £)

w2

with non-diagonal Zv and Zw.
2.5 Stationarity inducing transformation

Given that the stochastic processes governing money creation
and technological innovation are integrated in levels, the neoclassical
model implies that consumption, investment, and output will also be
integrated. The approach to solving a model with integrated driving
processes is to calibrate the forcing processes in terms of their growth
factors, as in (12), and to transform the system to induce stationarity by
dividing all the variables of the system by their associated growth

components. Goods prices are normalized by a ratio of the appropriate money

10



supplies and productivity factors while quantity variables are normalized
by the latter. All transformed variables are indicated with an overline,
for example,® Py = P;1010 % /M,y and K;¢ = K; /01 {17%

With freely mobile capitale, all quantity variables of the two
economies will have a common long-run growth rate. Given the exogenous,
and potentially asymmetric, processes for 6, and 6, this means choosing o,
and a, so that the implied long run growth rates for country 1 and country
;;1—051 = v;:ol-aa, where v, ~and v, = are

long-run growth rates of the technological processes for 6, and 6,

2 variables are the same, that is, v

respectively.
2.6 Solution to a private sector agent’s problem
The vector of information about the state of the economy at time t is
Q = (Kit-1, Kat-1, O1t-1, B2t-1, Vit, Var, Mit, Mar, wie, w2¢,) .
In terms of variables which have been transformed to obtain stationarity,

the value function of an individual agent satisfies:

- - - - - _ Eo‘ , El-a' 1-7
V(kyt-1, kat-1, Myg, Mma¢, by, bog, Q) = max {( 1t1_72t )
Z¢
+ E¢ [Besr V(Kt, Kat, Myes1, Maesr, Dresr, Daesr, Qesr) | Qt]}. (13)

subject to transformed versions of the budget constraint, of the CIA
constraints and of the resource constraints on domestic and foreign
investment. A complete solution of an agent’s problem for the
cross-investment (CI) version of the model, including definitions of the
transformed variables and first-order conditions, appears in Appendix A.1.

SNormalization of the consumption variables in the agents’ utility

functions also requires transforming their subjective discount factors.
c_ 1o

Thus B = B (vy' %' %2)

6In our CI version of the model cross-investment introduces goods arbitrage

and allows capital mobility on the margin even though installed capital is

not mobile.
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3. A stationary competitive equilibrium

An equilibrium in the transformed variables consists of stochastic
processes for the states,

Qe = {Kit-1, Oit-1, Vit, Mip, 4¢3 1=1,2 }, t=1,0 ; (14)
for the choice variables,

{Cie(Qe), Tie(Q), Qiel(Qe), Mira1(Qe), Biesr(Q) ;5 1=1,2}, t=1,mw ; (15)
and for the endogenous prices,

{Pie(Qe), PRe(Q:), S¢; 1=1,2}, t=1,w ; (16)
such that:

(i) given (14) and (16), the choices for the domestic and foreign
representative agents,

z{ = {cfe, e, aie, Miesr, Blesrs 1=1,2}, j=d,f and t=1,o ;
satisfy the optimization program described in section 2.6 above;

(ii) the government budget constraints are satisfied for all t; and

(iii) the markets for money, bonds and goods clear.

The assumptions that the preferences of the representative agents for
countries 1 and 2 are identical, that their initial endowments of physical
and financial assets are the same, in combination with the assumed market
structure that allows diversification of risks7, implies that their optimal
choices will be identical in a perfectly pooled equilibrium. In this case,

28(Q) = z{(Q,) = Z(Q,)/2
for each z, where z is an individual demand for a commodity or asset and Z
is an aggregate demand. Then market clearing conditions can be expressed

for money markets as:

Mita1 (Q) = Mise o Wit , 1=1,2 (17)

for bond markets as:

7That is, agents have access to the technologies in both countries and can
trade claims on future money issued by both countries.

12



Bits1(Q) = BiesrMig = Bieas , i=1,2 (18)

and for goods markets as:
Cie(Qe) + Qie(Q) = ¥, 1=1,2 . (19)
The world budget constraint (Walras’ Law), the budget constraints for
the two governments and the six market equilibrium conditions reduce to
five independent equilibrium conditions in the five prices (16).

In the CI version of the model, since aggregate investment goods
produced must add up to those allocated across countries, that is,

Qre + Qaepe = Tie + Towpe , pe=03 27070, (20)
combined with the aggregate budget constraints and the market equilibrium
conditions, implies that purchasing power parity obtains in goods, that is,
Pyt = SiPot . (21)
Of course, purchasing power parity will, in general, not obtain in the NCI
version of the model.

The simplifications which lead to a perfectly pooled equilibrium will
result in the two economies being indistinguishable in some respects. For
example, even with the heterogeneity due to country-specific forcing
processes, in the CI version of the model aggregate consumption and GNP
will be perfectly correlated for the two countries. On the other hand,
GDP, capital stocks, investments, prices and interest rates will differ
across the countries. The exchange rate and exchange rate risk will, of
course, be influenced by these heterogeneities. In equilibrium, the trade
and current account balances8 will reflect trade in goods and assets
between the representative agents’ domestic and foreign operations.

The pooled equilibrium allowed us to equate individual demands with
equal shares of economy-wide aggregates which we combine with an

individual’s first-order conditions to obtain the aggregate Euler

8The current account balance can be measured by the change in the net asset
positions across countries.

13



conditions. Appendix A.2 does this in detail. Eight of these Euler

conditions associated with the transformed system are reproduced below for

purposes of interpretation.

1/1-a %=1
_ -as _
= (IR 2T _ 3 5 a1Kq¢
Ap Pig| 1 + ———— = Et Bt+1 At+1 Press I
1/71-004
K1 ¢-1 Vit+1
=2 1/1—(!1 -
+ PIiesaPies + 9 + @ Litn
=2 1/1-04 =
23 Kit Vit Kt
= 1/1-a>
& B [ ) PR Y = = 5
At S¢ Py [ 1+ 7" °" = E¢ Bt+1 At+1 Ste1 Pareq
) Y
=2 1/1-0 -
, Plate1V2tan + E L, 9 Iates
=2 1/1-0t3 =
2 8 Kzt Vat+1 Kat

- R ~o ~l-c y1-7
At = EtBtH (At+1+E1t+]) = Et Bt+10"(C1 t+1 C2t+1)

Wit Pit+1Cresiwre

(1-0) (Cyg4y C3:99)'7

AtSt = Ets1Beer = ~
P2t+1Cats1wae

Atp?t = EtB§+]At+1
Wit

Atgtpgt = Et Bt+1AL+1SL+] .

W2t
- = =1-0y1-7
AtP1¢ = min 7_"‘ ) °'(C1EC2t )
2C¢ Cit
Q. P S - Co pl-oy1-7
A:S¢P2¢ = min A.t_st , (1 °')(C1fczt )
2Cae Ear

Equation (A19) equates the current marginal cost of investing I;:

of capital in the domestic industry with the expected future marginal

14
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return on invested capital. Equation (A20) does the same for investment in
the foreign industry. Marginal costs and benefits are measured in terms of
utility via the factors AP, and ASP, where A is the marginal utility of
nominal wealth, S is the exchange rate and the P; are the money prices of
the two goods. The marginal cost of additional investment reflects the
decrease in current consumption and the reduction in output due to
installation costs. The expected marginal benefits from investment are
composed of the future marginal product of capital and the reduction in
future installation costs because of the increase in the level of the
depreciated capital stock next period.

Equations (A21) and (A22) equate the marginal utility of increased
nominal wealth (adjusted for the increase in the money supply) with the
expected discounted marginal utility of consumption next period.

Additional money balances carried over to the next period are valued for
their purchasing power in next period’s goods market. As equations (A25)
and (A26) show the marginal utility of consumption will be greater than the
marginal utility of wealth when the agent is liquidity constrained.

Changes in the growth rate of the money supply have a direct effect on the
marginal utility of wealth and thus affect agents’ choices of real
variables as well. Our simulations show that the volatility of consumption
is directly related to the volatility of the money supply. (A23) and (A24)
are the Euler conditions associated with government bonds.

The system of eight simultaneous equations together with the resource
constraint on world investment capital (20) and the purchasing power parity
relation (21) can be solved for A, S, P,, P, P}, P8, I,, I, C;, and C, at
each point in time. As an analytic solution to the Euler equations and
equilibrium conditions is not possible, we employ the Marcet (1988) method

of parameterizing expectations and generating approximate solutions via

15



simulations of the exogenous stochastic processes. This numerical solution
procedure is summarized in Appendix B.
4. Calibration

The results of the simulations are dependent upon the values chosen
for the underlying preference and technology parameters as well as the
parameterizations of the exogenous processes.

The values assigned to the preference and technology parameters are
given in Table 1. Although these parameters could have been estimated via
calibration to the historical sample, in this paper we set them at values
which have been used elsewhere in the literature. Of course, they can be
varied across simulations to determine the sensitivity of the output to
different settings of the parameters. We have found the homotopy approach
described in Marcet (1989) to be useful for this exercise.

The subjective annual discount factor, B, is set at 0.96. The
coefficient of relative risk aversion, ¥, is initially set at 1.5. The
value of a chosen for the U.S. has been used by Baxter and Crucini (1990).
In the cross-investment (CI) version of the model, the value of « for
Canadian technology was then chosen, as described in section 2.5 above, to
support equality in long-run growth rates across countries. In the NCI
version, the values of «; were chosen to be the same as those for the CI
version for comparison purposes. Of course, one could also simulate the
NCI version with «; calibrated from historical data for each country.

The parameterizations of the forcing processes are summarized in Table
2. Parameters for the productivity growth processes, were obtained
from data in a study by Costello (1989). The availability of data on
productivity growth rates limited the use of data to yearly periods.
Monetary growth rate data were obtained from the CANSIM and CITIBASE

databases using annual data (average of quarterly data) on money supply
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(M1) levels.

Notice from Table 2 that the bivariate forcing processes for both
productivity growth (Xv) and money growth (Xw) exhibit contemporaneous
correlation (non-diagonal C matrices) as well as asymmetric lagged
spillovers (non-diagonal and asymmetric B matrices). The implied long-run
growth rates which are reported in Table 2 as iv and iw are also not equal
across countries.

In summary, for this sample (1957-85) and frequency (annual), the
volatility of shocks to productivity growth (v) are similar across
countries (°b1= .0302, L .0306) while the volatility of shocks to money
growth are higher in Canada (0@1= . 0340, ozm=.0160). The contemporaneous
correlation across countries is higher for productivity shocks (0.79) than
for money shocks (0.44). Lagged spillovers of shocks to productivity are
negative for both countries although considerably higher from the U.S. to
Canada than the other way around. Money growth rates were much more
persistent in the U.S. than in Canada, and although lagged spillovers were
fairly large for both countries they had opposite signs.

5. Baseline results

Table 3 contains summary statistics for selected variables. These
include the average growth rates for real GDP (Y), private gross fixed
capital investment (I), consumption of nondurables and services (C), the
GDP deflator (P), and the exchange rate of Canadian for U.S. dollars (S),9
as well as the ratios of the trade balance (NX) and the current account
balance (CA) to GNP, and the rates of interest (R). The means, standard
deviations, cross correlations and first-order auto correlations for these
percentage growth rates and ratios are presented in Tables 3.A to 3.D
respectively. In all these cases, the summary statistics are reported for

9Note that the statistics for P will refer to the rate of inflation and
those for S to the rate of depreciation.
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the historical sample and for both the NCI and CI versions of the model.

As described in the previous section, the forcing processes for money
growth were calibrated to historical data using a VAR process to estimate
the parameters. This was also the case indirectly for the productivity
growth processes since we used Costello’s parameterization of international
productivity growth rates for the same sample period. However, the
preference and technology parameters of the model were assigned values from
other studies rather than being calibrated to a particular sample in order
to match historical moments. In other words, our objective was not to
match historical data but rather to construct an artificial economy which
could be simulated under alternative assumptions about the structure of the
international economy in order to analyse some general equilibrium
implications of such assumptions. Therefore, any comparisons of the
moments of the model with those from historical data should be interpreted
with appropriate caution.

Mean growth rates for the artificial economy reported in Table 3.A
reflect the long-run equilibrium (the growth rate of quantities is similar
across countries and across categories as determined by the real forcing
process) and the two-country model (the trade and current account balances
of one country must be the negative of that of the other). Nominal interest
rates are higher than in the data but the differentials have the correct
sign. Relative purchasing power parity holds for both versions of the
model, in contrast to the historical sample, but absolute PPP only holds
for the CI version of the model as indicated in (21) above.'°
10 ye chose, for comparison purposes, to calibrate the NCI version using the
capital share parameters «; and o, which were consistent with the balanced
growth solution for the CI version of the model. We have also solved the NCI
model with ay and «, corresponding to the historical data for each country.
This required «y = .38 and «, = .35, and resulted in a non-balanced growth

solution for the NCI version. This had implications for inflation rates,
investment volatilities, and for some cross-correlations.
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Table 3.B reports that variability of consumption relative to output is
closer to what we observe in the data than is the case for many theoretical
models which often generate consumption series which are too smooth.
Investment is too variable relative to output although we could correct for
this by increasing the cost of installation parameter ¢. As will be
clearer in the next section, the difference in the volatility in investment
across countries in the NCI version of the model is due to the asymmetric
forcing processes -- in particular, the higher volatility of money growth
shocks in Canada. The volatility of the exchange rate matches that in the
data quite closely.

One stylized fact for the international economy is that the
correlation across countries for consumption is lower than that for output.
This stylized fact is difficult to match using theoretical models which
allow risk sharing. Indeed, as is clear from Table 3.C, even with the
heterogeneity due to aysmmetric forcing processes, in the CI version of the
model consumption across countries is perfectly correlated. On the other
hand, the NCI version generates relative rankings of the cross-country
correlations for Y, C and I much closer to that in the data. Also, unlike
some'international business-cycle models, domestic and foreign output
growth is positively correlated in our models and also relatively close to
the correlation observed in historical data. The investment-savings
correlations (I,Q) within each country are high in both versions of the
model.

Another stylized fact discussed in Backus, Kehoe and Kydland (19839) is
the countercyclical behaviour of trade balances. The correlations between
GDP growth and NX/GNP ratios reported in Table 3.C for the NCI version are
negative while those for the CI version are negative for the foreign

country as was the case in the historical sample.
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First-order auto correlations are reported in Table 3.D. These are
generally of the correct sign, except for two investment cases, and in
some cases of similar size to those in the historical data. The
time-series behaviour of the growth rates can be analysed using impulse
responses which we discuss in the next section.

6. Dynamic responses to impulse shocks

The dynamic responses of the endogenous variables to shocks to money
and productivity growth rates allow us to better interpret some of the
correlations seen in the tables. The figures provide impulse response
surfaces for these shocks for cross-investment versus no-cross-investment
(CI versus NCI) versions of the model. These figures are for the baseline
parameterizaton of the model for which the liquidity constraints were
invariably binding (BL). The shocks are once-off and one standard
deviation in size, and the figures plot percent deviations from steady

state growth rates.

The response of the economy to monetary shocks is substantially
different from the Svensson endowment economy model. The reason is that in
the endowment model there can be no shifts between consumption and savings
so that any desired shift induces offsetting changes in asset prices. To
trace the effect of a positive monetary shock in the steady state, note
that the purchasing power of money is a function of the current realization

of the state vector Q . In our case,
1 2]
P(Q) P(Q) M

A high current realization of the growth rate of money, w:, means more

1/1-
n(Q) =

money will be available in all states next period since Mi,; = wiM{. Thus, a
high w means that the purchasing power of money will be low next period.
Agents will therefore prefer to increase their current consumption. If

agents are not currently liquidity constrained, this will simply bid up the
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current price of goods and hence lower the current purchasing power of
money and current real balances. If agents are liquidity constrained or
become liquidity constrained, the shadow price of liquidity, p¢, increases
while the marginal utility of nominal and of real wealth, Ay and AP
respectively, decline at given prices.

The decrease in Ay has implications for production. For fixed current
output gross of installation costs, the marginal cost of investment
declines relative to its expected future return. Thus saving in the form
of new physical capital will be higher. Less output will be available for
consumption and since, as described above, agents wish to increase their
current consumption, goods prices will increase. If the liquidity
constraint is binding, current consumption will fall. This explains why
high variability in money growth rates can lead to high variability in
consumption and investment relative to output in the model.

The transmission mechanism for monetary shocks between countries is
the exchange rate. When liquidity constraints are mostly binding, the rate
of depreciation reflects the relative sizes of domestic and foreign money
growth rates. In the model with international capital flows, domestic and
foreign capital savings will be adjusted until the purchasing powers of the
two monies are equalized in each time period. Both countries will
therefore experience similar responses to a monetary shock in either one of
the countries. It can be seen that the effect of a money shock is more
asymmetrical when no cross-investment is allowed. Prices respond in very
much the same manner, but investment is more volatile and more unevenly
distributed.

Productivity shocks have very little effect on exchange rates. Agents
respond to increased productivity by moving investment capital into the more

productive technology and by increasing their current consumption. With
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international capital mobility price changes must be of the same size and
direction in both countries to maintain purchasing power parity. With no
cross investment, agents are unable to obtain full advantage of the
productivity increase and the effects of the shock are mostly contained to
the country in which it originated.

Relaxing the liquidity constraint for the domestic economy 75% of the
timeil, has a limited effect upon the magnitude of responses to real and
nominal shocks and no effect on their direction. The most notable effect
is on the volatility of the exchange rate and the forward risk premia.

When the domestic liquidity constraint is mostly non-binding, exchange rate
volatility is greatly reduced and risk-premia volatility increases.

Forward risk premia are negatively correlated with domestic money and
foreign productivity shocks while positively correlated with foreign money
and domestic productivity shocks. The nominal risk premia responds very
little to these shocks.

7. Concluding comments

Although preference and technology parameters were not calibrated to a
particular historical sample, our baseline artificial economy is able to
generate some of the international stylized facts. The growth model
generates aggregate series which are integrated in levels and, for the most
part, exhibits volatilities and correlations which are reasonable. In
particular, the relative ranking of output, consumption and investment
volatilites correspond to those in the historical sample and, at least for
one version of the model, the relative ranking of the cross-country
correlations for output, consumption and investment also reflects stylized
u This was implemented by adjusting the intercepts of the VAR for money
growth rates such that the long-run rate of growth for domestic money was
reduced to -.04 and that for foreign money was unchanged. The impulse

response figures for this non-binding liquidity (NBL) parameterization are
available from the authors on request.
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facts.

The financial structure of the model also generates sensible prices.
In particular, interest rates are positive (although with higher means and
lower variances than in the historical data), relative inflation rates have
the correct sign for all moments and, except for the mean rate of
depreciation, the exchange rate behaviour is quite close to historical
experience. The counter-factual absolute purchasing power parity result
for the CI version of the model could be relaxed by modifying the
assumption that investment goods are perfect substitutes across countries.
The relative purchasing power parity result for the NCI version of the
model might be relaxed by applying the CIA to investment goods. It could
also be relaxed by introducing trading frictions as in Backus, Kehoe and
Kydland (1989).

The effect of the cross-country asymmetric forcing processes for
money and productivity growth rates appear to have been useful in
reproducing stylized facts. Their effect was also seen by comparing the
dynamic responses to impulses to domestic versus foreign forcing processes.
These responses also highlight the transmission channels of financial
versus real shocks. Introducing contemporaneous correlation between real
and nominal shocks would be interesting in this regard. It would also be
interesting to further investigate the non-balanced growth solution
associated with capital shares calibrated to the historical data. Further
investigations of non-binding liquidity constraints or other extensions of

the CIA structure might be fruitful.
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APPENDIX A

Appendix A.1: Solution to an Agent’s Problem

Let Q¢ = (Kyjt-1, Kat-1, My, Mar, 6q¢-1, B2¢-1, W1t, Wat, Vit, Vat) denote
the vector of information about the state of the economy at time t.

In terms of variables which have been transformed to obtain stationarity, the
value function of an individual agent satisfies,

(cfe, CIE7)'7
1-y

V(E‘lt—h Ezt-h ’T'ln.; Y-"\zt- Bnp Szu Q) = _max {
Ci1tr,C2t

+ E¢ [Brsr V(kie, kat, Miter, Maesr, Diesr, baesr, QtH)IQt]}

subject to the following constraints (Lagrange multipliers in brackets):

(i) Overall Budget Balance Constraint (a.)

- - - R - = - - = b =
Mitsq + SeMaesr + P1eCie + StPatCar + PPt biesr + S¢Patbatss

=04 T2 . 1/1-04
5 = &5 = 5 Kit-g PiTevie
+ Pt 1t + StPatqar = Pit v—— -
2% M 23Kk ¢-1
=0l> T2 _1/71-0 - = -
+ §Pat kot-1  _ @i5.vos + —Me . _Semoe
t Ao/1-0p o~
Vot 28Kk ¢ W1 ¢-1 W2¢-1

+ BH’. . gtsac

W1t-1 Wat-1

(ii) Cash-In-Advance Constraints on Consumption Purchases (uy:, Mot)

5 = me
PitCiy =
Wyt-1
=5 = S¢ mpy
StParcay =
W2t -1

(1ii) Resource Constraints on Domestic and Foreign Investment (mi¢, m2¢, 7Mat)

S = 3ki14-1
i = k - e——t ~ ,
1t 1t /1
Vit



1/1"&
v 2
2t

Qit + prdat = 11t + peiae

pl{1-%2 jgl/1-
where p; = 2/0:¢

- _ 1/1-0t4 1/1-0
Cit = Cit / O1¢ Cat = C2t/03%

- 1/1-0t4 1/1-0>
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bit+1 = bres1/Myy Kot+1 = Kot+1/Mag

s 1/1-044 T 1/1-0t3
11¢ = 141¢/07% i = i2¢/02¢

- 1/1-044 - 1/1-0>
dit = q1¢/01t d2t = q2¢/02¢

= 1/1-044 = 1/1-0t5

Pit = P10t /My Poy = Pat@2y /Mo

= _ LO/1-0 1-07/1-0 -7
= BlVits1  V2t+1

The following are the first order necessary conditions for the value function

to be a maximum:
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(A1) (G): TV (6 4 By,

Cit
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Appendix A.2: Deriving Aggregate Euler Conditions
By equating individual demands with equal shares of economy-wide
aggregates and using equations (A1) to (A18) we can obtain the Euler

equations. From equations (A3), (A4), (A7) and (A9) we obtain,

s01-1 T2 1/1-0 -
= EvBss1Aso1P «:1 K1t + OIT+1V1141 + Bt+1M1 t41
Mt = EtBte1At+1Pre4
&1 /1 -y 28K%2 v1/1 -0y
1t+1 1t 1t+1
= 1/1-04 =01-1 =2 1/1-04
B $lievie 3 5 a,K I v
(A19) APy |1 + =128 = EtBrs1Ats1Press ; 1t + 2 Le21¥itey
8K1t-1 v /1y 28K3.
1t+1

1/1-04 =
Vits1 Kit

+ S + ¢T1t+1]

Substituting Ti¢ = Kyp - 8Kyeo1/vres X' from (iii) we have,

o 1/1-ay
AtPre|l - ¢ + QEfLElL___]
SKyt-1
—0ty -1 = 1/1-a
= EBretAeetPres a1kl + PRT ¢ 101y + 5| —2-¢
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Similarly equations (AS), (A6), (A8), (A10) and the resource constraint on

I, from (iii) give,

= 1/1-a> _*271
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Equations (A1), (A11) and (A12) imply that,

(A21)| At = Etét+1 (At+1+E1t+1) - Et Bt+1o‘((-:c1rt+1 65;21)1-7

Wit Pit+1Ciesine

Similarly from (A2), (A13) and (A14) we get

= - - C cl-c y1-7
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Equations (A15), (A16), (A17) and (A18) yield,

(A23) APS, = ESrs1ldenn

Wit W2t

, and  (A24) ASP8 = ELt212enSen

In the perfectly pooled equilibrium, money market clearing implies that the

cash-in-advance constraints from (ii) reduce to,

P14Cie = L and PyCo¢ = L
2 2

Thus when the liquidity constraints are binding,

Py =

When the liquidity constraints are not binding the Lagrange multipliers p;¢
and p¢ are zero. Thus in that case, from equations (A1) and (A2), prices

are given by,

- C?.Cl-oy1-7 _ - 7o R1-cy1-7
By = O‘(C1 +Cot ) and Poy = (1 0')(C1tC2t )

A:Cie A:Se Ca

Combining these yields.
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Finally, goods market clearing and the resource constraint on total

investment in (iii) imply that,
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APPENDIX B: Numerical solution procedure

Solving the system of simultaneous equations consisting of the
Euler equations and the equilibrium conditions requires evaluating
expectations of future returns conditional on the current values and
transition processes of the state variables. The system of Euler equations
can be written symbolically as

H(Z,,X) = E{G(zm,xm) |nt} (B1)
where Xt is a vector of period t state variables, Zt is a vector of
endogenous variables, Q: is the information set of the agent at time t, and
E is the conditional expectations operator. Q; contains the vector of
state variables X.

For our solutions, Xt = (I-(1t.-1’ Kzt-f 61¢, 62, Vie Voo 9 th)
and Zy = (Cye, Cars Ines Iats A, Ses Pie, Par, Pe, P3i) .

In this application there are eight Euler equations involving
conditional expectations. The method of parameterized expectations,
developed by Marcet (1988) for solving systems of Euler equations, involves
approximating each conditional expectation with an exponential polynomial
of Xt, g(Xt,w), where Y is a parameter vector. In the space of positive
continuous functions of Xt’ of which the conditional expectation is a
member, the approximation can be made arbitrarily close by increasing the
degree of the polynomial.

Given a sufficiently close apprdximation of the right hand side of
(B1) at each t, soutions can be found for the vector Z.. The information
contained in the calculated series {Z;} is then used to estimate a new
parameter vector for g(X.,y). Iterations on this procedure lead to
convergence of the vector y.

An approximate rational expectations equilibrium consists of:

an expectations rule é(X,@) which approximates the equilibrium



conditional expectations; g(X.,y¥) is taken to be the non-linear least
squares estimator of E{G[Zts1 (Xts1(Xe,p),¥), Xen1 (Xe,p)] | Xe}

transition functions X+ (Xt,p) for the exogenous and endogenous
state variables where p is the vector of parameters for the transition
functions;

policy functions Z(X,y) for the endogenous variables. The
policy functions are defined implicitly by the equilibrium Euler equations
with g(X,@) replacing the conditional expectations. Thus, for each t,

H(Zy (Xe,9),Xe) = g(Xe,9) .

The solution procedure involves finding the fixed point, @, of this
non-linear mapping and solving for the associated policy functions Z.

The algorithm for the solution of the approximate rational
expectations equilibrium is as follows:

(i) Fix n, the dimension of the Yy vector; T, the length of the time
series; wo, an initial guess for the n-dimensional parameter vector; and
starting values for the state vector elements (t=1 values).

(ii) For each t = 2,..... , T,

compute g(Xt,wo) ’
compute 22 from the implicit relation g(Xt,wg) = H(Z?,Xt);

T
(iii) Solve the problem wl = argmin } [G(Ze,Xt) - g(Xt,l,b)]2 ;
¥ t=1

(iv) Repeat (ii) to (iii) with T replacing wo ;

(v) Iterate until the difference wl - wo is as small as desired.



TABLE 1

Baseline Parameters for Preferences and Technology

B = 0.96 : Annual subjective discount factor

c = 0.5 : Share of domestic consumption in period utility
r = 1.5 : Degree of relative risk aversion

¢ = 2.0 : Installation cost parameter

d = 0.97 : One minus the rate of capital depreciation

(a4, 2)=(0.28, 0.42) Capital shares in domestic and foreign production
which support balanced growth

TABLE 2

Specification and Baseline Parameters for Exogenous Stochastic Processes
Vector Autoregressive specifications, that is,

Xe41 = A + B Xt + C Eg4q . E ~ NID(O, 1),

and X = [ ﬁ‘ ] in which X; is the log of a domestic (Canadian) growth rate
2
and X; is the log of a foreign (U.S.) growth rate

Productivity Growth Rate Parameters (based on Costello (1989) data):
A= 0.0155 B = 0.1945 -0.0428 C = 0.0302 0.0000
0.0114 -0.0060 0.1846 B 0.0242 0.0188

% = [0-0185
v~ | 0.0139

Monetary (M1) Growth Rate Parameters
(based on CANSIM and CITIBASE data for the period 1957-1985):

A = 0.0384 B = 0.3394 0.0864 C = 0.0340 0.0000
0.0218 ~ (-0.0832 0.7384 0.0070 0.0144

>

_ [ 0.0663
w ~ | 0.0624



TABLE 3: Summary Statistics for Selected Variables

TABLE 3.A
Mean Growth Rates and Ratios* (%)

HISTORICAL NCI MODEL** CI MODEL**
DOMESTIC FOREIGN DOMESTIC FOREIGN DOMESTIC FOREIGN
Y 4.16 2.97 2.42 2.40 2.42 2.40
I 4.12 3.25 2.42 2.40 2.41 2.39
C 4.11 3.13 2.42 2.41 2.41 2.41
NX/GNP 1.34 -0.583 -0.16 0.16 24.68 -24.68
CA/GNP -1.29 -0.01 5.21 -5.18 1.03 -1.03
R 7.14 6.64 12. 42 12.01 12. 41 12.02
P 5.31 4.73 4.04 3.65 4.05 3.66
S 1.30 .40 .40

* Y - Real Gross Domestic Product; I - Private Gross Fixed Capital
Investment; C - Consumption of Non-durables and Services; NX - Net
Exports; CA - Current Account Balance; R - Interest Rates on 1-year
Treasury Bills and Government Bonds; P - GDP Deflator; S - Exchange Rate
of Canadian for U.S. Dollars. Historical data are obtained from the
Cansim, Citibase, and IFS databases for the period 1957-1985. Data are
first differences of logarithms (except for NX/GNP, CA/GNP and R).

** NCI Model refers to results obtained from a model in which there are no
physical capital movements across countries. The two goods are distinct
for investment purposes. In the CI Model cross-investment is allowed.

TABLE 3.B

Standard Deviations

HISTORICAL NCI MODEL CI MODEL

DOMESTIC FOREIGN DOMESTIC FOREIGN DOMESTIC FOREIGN

Y 2.15 2.83 3.02 3.09 2.99 3.02

I 6.15 7.29 16. 41 6.08 12.31 14.69

C 2.00 1.22 2.80 3.29 2.24 2.24
NX/GNP 1.43 1.06 1.44 1.44 33.72 33.72
CA/GNP 1.44 0.24 1.04 1.00 5.21 5.21
R 3.10 3.13 1.71 1.85 1.82 1.89
P 4.02 3.11 3.95 3.20 3.61 2.80

S 3.00 3.39 3.39



TABLE 3.C

Cross Correlations

HISTORICAL NCI MODEL CI MODEL
DOMESTIC FOREIGN DOMESTIC FOREIGN DOMESTIC FOREIGN
Yoa , Y 0.64 0.78 0.77
Ig , I¢ 0.24 0.45 0.84
c*, cf 0. 49 0.66 1.00
I,Q 0.94 0.86 0.91 0.90
Y, I 0.65 0.80 0.30 0.84 0.74 0.65
Y, C 0.86 0.72 0.97 0.93 0.77 0.80
Y, NX/GNP 0.17 -0. 47 -0.05 -0.03 -0.01 -0.01
Y, CA/GNP 0.02 -0.20 -0.01 -0.16 0.01 -0.03
Y, R -0.27 -0.22 0.07 0.09 -0.02 0.03
Y, P -0.33 -0.60 -0. 66 -0.78 -0. 46 -0.56
TABLE 3.D

First-Order Auto Correlations

HISTORICAL NCI MODEL CI MODEL
DOMESTIC FOREIGN DOMESTIC FOREIGN DOMESTIC FOREIGN
Y 0.21 0.11 0.19 0.24 0.21 0.30
I 0.28 0.14 -0.24 0.23 -0.01 -0.06
C 0.38 0.36 0.14 0.00 0.19 0.19
NX/GNP 0.65 0.69 0.44 0.44 1.00 1.00
CA/GNP 0.71 0.77 0.87 0.87 1.00 1.00
P 0.44 0.52 0.43 0.40 0.54 0.55

S 0.38 0.43 0.43
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