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This paper discusses whether mavket achieved city size is greater or less
than optimum city size. The divergence between optimum and acnieved city
siza is duz to external diseconomies such as potlution. Imposing an optimal
tax on nollution may not, as is commonly thought, cause even an initial
reduction in output of the poliuting good, Moreover, the papsr shows even
i output initially falls with optimal taxation, the corresponding reduc-
tion in poliution and shift toward consumption of non-polluting goods will
make city inhabitants better off. The increased welfare of city inhabitants
will result in jwmigration to the city.
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A popularly held idea isrthat cities, in particular big cities, are
too large and that optimum size cities would be sma?ier.l -Non-optimality
arises because of unpriced production or consumption externalities such as
noise, air, or water poliution and céngestion, which if'properly priced
would lead to a veducticn in city sizes. This paper disputes this conclusion
for numerous reasons. For illustrative purposes, the paper concentrates on

an analysis of air and water pollution.

The first task is to formulate the problem in a simple but approp-
riate context. Firms produce an export good in a city. Dﬁe to a production
input such as sulphur bearing coal or petroleum, the production of the expdrt
good resuits in air or water borne emissions such as sulphur dioxide and

2 This pollution may affect production efficiency of firms {or

phenois.,
households); or, as will be the case in our principal example, it may just
enter utility functions of people living in the city. Concerning this, one
wight hypothesize that since many work places are air conditicned and purified
primarily to stabilize seasonal fluctuations in temperature, air poilution

in general does not enter production functions or affect efficiency signifi-
cantly. Similtarly, water pollution little affects the efficiency of water

use in industrial processes, However pollution certainly affects consumption
activity either directly entering the utility function or affecting efficiency
of household production. That is, it is part of the amenity income from

living in a city.

1. See Sandquist (1970) or Mills and de Ferranti (1970). Hills and
de Ferranti also question the standard conclusion.

2. See Kneese (1971) for a description of the multiple forms and
effects of poilution.
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Wnat happens if these externalities are priced to equate social and
private marginal costs (assuming they can be-priceds)? The usual analysis
states thét, if production of a good results in external diseconomies,
optimally taxing tﬁis good will result in a decline in its production and
an increase in production of other goods. The inference is then made that
if production of the poliuting good falls, the sizes of cities producing

that good fall. In contrast, our analysis leads to the following conclusions:

(1) Given the recent work of Plott (1966), Tolley (1969), and Schall
(1971) on externalities, in Part I the paper will show that the standard re-
sult of reduced production of a polluting good when optimally taxed is just
one of several results arising from a comprehensivé analysis of the problem.
Production of the good may well vise, - If production of the good rises then,
given the natﬁre of the conditions under which production increases and the
analysis in Part I{ of the paper, it seems likely city sizes will increase

following the imposition of the tax.

(2) Even if economy production of the good falls, there is no reason
to assume sizes of cities producing the good will fall. Two alternatives
are possibie, '
| (a) City production of the good will fall but city size will
stay the same or increase. The conclusion results from a comprehensive anal-
ysis of not only the effect of the tax upon the production of the polluting
good but its effect upon the production of other goods and the_éffecf of
reduced pollution upon the welfare of the city inhabitants. We conclude that,

with the imposition of the tax and initial decline in production of the

3. See Baumol and Oates (1971) and Bohm (1971) for a description of
pricing schemes and other methods of poliution control, _




poliuting good, the welfare of city inhabitants in cities producing the
polluting good rises relative to the rest of the economy and the cities
experience an influx of pecple. With this influx of people it is conceivabie

that production of the polluting good in some cities will rise beyond the

pre~-tax levels,

{b) If production of the good rises in some cities, how does
this mesh with the fact that economy production fails under the standard
analysis? First, economy production will fall under the standard analysis
because the tax makes the good more expensive to produce. Second, inhabi-
tants in cities producing the good will be made better off with the imposition
‘of the tax causing an influx of people into those cities and perhaps causing
| output of the polluting good té rise in some ciiies. If city production

rises in some cities, other cities will cease to produce the polluting good

T

to effect raduced economy production of the good, The idea is simply tha
the optimal size production-consumption unit or city producing the poliuting
good has risen but econcmy output has fallen, With increased optimal city

size, the number of cities producing the good falls.

The City

| Before proceeding to the main analysis, the concept of a city and of
a system of cities in an econcmy is examined. In discussing optimum city
size it is very impertant to understand what a city is and does and how it

relates to the total economy.

Cities produce a bundie of goods. As characterized by Mills {1967),
in even the most simple model, cities produce an export good or bundle of
goods, nousing, and a commuting good., Agglomeration in cities occurs because

of scale economies in producing the export good. Workers work in the city




center producing the export good and comvutﬂ from their home site to the
city center and back each day. As city size ‘increases, pey person comnuting
costs rise due to-increasing spatial distances that workers must commute and
rising congestion on the roads. As expressed in Mitls (1967) and in
Henderson {(1972), these rising commuiing costs with aggiomeration may offsep
the benefits of agglomeration or scale economy exploitation in traded good
production. That is, there is an efficient city size for production and

consumption,

Extending this analysis, Henderson (1972) then shows 1T there is an
cps ot tn .. , P ¢ 4
efficient city size where nat benefits of agglomeration are maximized, there
[
may be multiple cities producing the same bundle of goods.” Further, as has
been asserted by numerous pezople (e.g., Losch (1954) and Beckman (1968)),
Henderson also shows there are different types of cities in the econony .

Fach type of city spacializes in the production of a different good or bundle

L83

of export goods.

4. Henderson does not state the market achieves this efficient city
size, His analysis and any reasons for non-optimality are independent of
the analysis in ihis paper or external diseconomies.

5. This result can be derived in a Loschian (1954) world where
fficiaent city size is 1imited by the 1ncreas;ng transport costs of supply~
ing targer and larger rural areas as a city size increases.

_ 6. Henderson's {1972) reasoning is as follows. If th

f two axport goods cor bundies of export goods involve no benefits from a
common location such as utilizing a common specialized Tabour force or ioca-
tionally fixed intermediate input, then it may be beneficial to locate the
oroduction of these goods in different cities. Locaténg their production
together increases the labour force that must be housed and that adds to

average commubting costs in the city wnile not increasing er+1r1ﬁn\y in tne
‘production of the traded goods. Separating the production of the two goods
into different cities lowers the increase in pey perscen commuling costs
relative to scale economy exploitation per unit of traded good output, as
Traded qood production and city size rise, Separating the Two industries

of course involves further transportation expenditures due to inter-city
trade and a compiete analysis would have to accouni for these costs.
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These propositions indicate there are a system of citiés in an-econ—
omy with different types of cities producing different bundles of export
goods. Within each type of city, there may be one or multiple cities de-
pending on economy or worid demand for the export goods of that city type,
their costs of transportation in trade (the Loschian (1954) limitation on
city size), and their productibn technology, in particular, the degree of

scale economies (the extent of city agglomeration economies).

This above discussion relates to the exterﬁality question and our
opening remarks in the following way. Suppose there are two types of cities
“in the economy specializing in a manufactured export good and a service ex-
port good. Factors are mobile between all cities. The production of the
manufactured good involves external diseconomies or pollution and optimal
taxatioﬁ of the externalities may reduce output of the good in the economy
increasing output of the service good, Although manufaciuring production
talls, the efficiency of manufacturing cities as preduct%on~consumption units
producing hoﬂsing, household services, the manufactured good, and amenity
income may increase with the reduction of the externality in fthose cities.

If this is the case and given initial muitiple manufaﬁturing cities, average
city size and even producﬁion of manufactured goods in each city may increase.
Then lower economy output of that traded good occurs with a reduction in the

number of manufacturing cities.’

/. 1f the city-specialization argument is not accepted and it is
viewed that cities, under our simple assumptions, would produce all goods,
our argument is even stronger! Optimally pricing the good causing exter-
nalities will only change the production ratios o7 goods in the economy
and city. This says nothing, a priori, about the effect on city size.




Part 1: Externalities in Production

In this section we formally specify the nature of pollution and then

examine wnat nappens if pollution is optimally priced., In particular we

~

examine Tor fixed factor endowments in a county ry_ox or_in_g_city whether if

et e, PSP D U
——— - ———— —— /_7/ — S
— —

po?iuflon is priced the cutpua of the po]?u:;ng_gaoa will fall and also

waauheﬁwlabauLaempéoymenr in that industry will fall. For city size held
constant, we indicate that, by optimally pricing the good, output of ail
goods in the city may increase with pollution reduced ., Sinée the welfare
and income of city inhabitants must then be improved relative to the rest
of the country city size should increase through immigration. Also country
s well as city output of the good may rise. Until Part Il we do not fully
ekamine the change in equilibrium in a city, but our comments will be

sufficient to make our point,

The formal analysis is carried in terms of a representative city but

imptications for the country as a whole are followed through.  Our represen-
tative city produces an export good, X, and a non~traded good such as housing,

Y. Firms in the X industry utilize an ‘input that results in pollution which,
in turn, affects the efficiency of production in the X and Y industry.

Specifically, a firm's production function for the city's export good is:

R g (PYF, {1ys 1) T=1, ... ,n - (1)

E)“i"“i,’al’\i.E > 0 afi/aLi > O (dgi/dP){aP/aNj) <0, d,i=1, ... ,n

where X is the ith firm's output, Li and Nj are inputs of labour and an

imported resource, and P is poliution, fi is the constani returns to scaie

P §

production functicn of the Tirm, (P) is a production function shifter

that affects firms' efficiency in a Hick's veutral fashion with respect o




factor inputs; e.g., pollution corrodes machinery as well as irritating
workers. Our specification is essentially one of tndustry scale dis-econcmies
external to the firm. Conforming to Chipman's (1970) excellent article we
assume that Tirms do not account for the effect of their own production upon
pollution and their own efficiency. All pollution fnc}uding the firm's own
potlution is an unpriced externality to the fivm. Assuming perfect conpeti -
. Mo .
tion and given the firms perceive a constant returns to scale proauction
function, factor'payments based upon perceived marginal productivity exhaust
firm revenue, {Tha fact that to have urban agglomeration X would normally
be produced with industry (or firm) scale economies is ignored at the margin
- of current output; the analysis should not be qua?iiative]y distorted by
this, HNote that scale economiss are needed to explain why firms remain in
the C1tj crrwded together despite pollution, which they could avoid by

e

spatialiy separating themselves.)

The industry production function for Y is

—
jas]
Soart

Y = G(P)?(LY)

3?/83_\‘, > 0 dG/’dPoaP/aNi < 0, i=1, ... ,n
otk b db(olP <4 Shoanddatt -
G(P), caused by city production of X, is also a production function shifter.

Although Y is called hous g it could be expanded to include many other goods

such as household services,

{Our production specification is chosen for analytic convenience
In the alternative unpriced iﬁputs specification, in addition to the exter-
nality distortion, we have an unpriced input distortion since P would be an
unpriced input in the £, and F production functions in equations (1) and (2).

This would mean that P migni earn a negative rent which, in perfect compei-
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ition in output and Ffacter markets, would have to be "assigned" to the earn-
ings of one or both of the other factors creating further distortions such

8

as analyzed by Worcester (1969) and Meade (1952).° There has been some

debate on how Lo deal with an unpricaed factor® and we avoid this debate by
using the production function specification where the only distortion is the
externality itseif. WUe do footnote interesting results that would arise if

we treated the problem as an unpriced input.)

Pollution such as sulphur dioxide or phenol emissions is created due
to the use of a resource such as coal or petroleum by firms in the X industry

and is a public good. That is
o _ ?
P PN, N, ... Nn) (3)

where : S aP/oN, 2. aP/aN. i ]
. i< J

A1 firms employing N contribute to a stock of poliution that affects each
firm's production as an external diseconomy. (This stock formulation is

from Tolley (1969}.) Note that firms' marginal contributions to pollution, qu>

aP/a‘i\Lis may differ depending on relative spatial locations of firms and pre»(gj“”@
i [X A
o

o o 1 e . o 2 » . . 4 o ir
vailing winds or on individual firm production functions., The productio - o
. . . = Ce_ -

function of P is not necessarily homogeneous of degree ene. At Tow levels L%q;
7~ Peq)
/\’J_:gﬁ//,

8. It is possible with an unpriced factor which is non-rivairous
that the rent will be zero.
' g, Meade (1952} "assigns" the rent of the unpriced factor to capital
which, if the unpriced factor is an external diseconomy, is a negative rent.
Given perfect capital markess, the negative rent means capital is under-
utilized, since its social marginal product is less than the market price
which is egual to the private marginal product plus the negative vent. To
equate private and social marginal products, Meade suggest subsidizing
capital, from the tax proceeds received from taxing the source of the exter-
naiity. Mishan (1965) has criticized both the automatic assignment of rent
to capital versus other factors, as well as subsidizing capitai rather than
firm output,




of X output, additions of ¥ add Tittle to pollution. At highek levels the
natural absorption of pollution by the atmosphers or water from chemical
breakdown or spatial distribution by wind or water currents is slowed and
additions of N contribute significantly to pollutien,

As Plott (1966) points out, that Ni* not X is the cause of poltution
is crucial. Ni’ not X5 s the taxable externality source. Even, if X;
production falls with N_i taxation, this does not mean labou¥ employment will

fall, given factor substitution.

We are now ready td analyze equilibrium versus optfmum factor pricing,
production conditions and output. It is assumed readers aré familiar with
the details of the two (equilibrium and social optimum) constrained optimi-
zation problems and we turn directly to the vesults. In competitive equil-
ibrium, factors are paid the value of their perceived marginal products.
Following Chipman (3970}, from equation (1) for X;» where we just consider

two firms for expositional simplicity,

'PL = pxg'i(p)af’i/al"i ) 1= 1,2 (4)

i

0N
"N

f i o= 2 - \
Py3; (PYof. /aN, i=1,2 )

wheve all p's are prices. For Y, from equation (2)
P = pyG(P)dF/dLy (6)

Equations (4) and {6) also describe the value of social marginal
products Fer'iabour, However, the value of social marginal products for N
are different from equation (5). N, affects production efficiency of firms
in the X and Y industries by contributing to pollution which.in turn acts

as a production function shifter in these industries. For firms 1 and 2 the
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the social marginal products of N are
firm 1: Py = pxgl(P)afl/aNl

+ [Py(dg, /dP-aP/aN +F + dg,/dP.aP/aN -f,) + pyde/dP-aP/oN -F] (7))

+ [py(dg,/dP-aP/a, -F, + dg /dP-aP/aN,-f ) + pydG/dP.aP/al,F]  (8)

where f., f, and F are abbreviations for Fi(Li’ Ni) and F(LY). The first
and second terms in the square brackets indicate the negative effect in the
form of a production function shift of employing additional Ni in the X
industry and the third term represents the negative.effect in the Y industry,
In each case, per unit use of N should be taxed by the amount in the square
brackets_to equate both factor price with social marginal product and social
and private marginal costs,lO The standard result following the imposition

- of the tax is that, with the increase in D> the use of N and output of ¥

falls, There are three exceptions to this.

- Pollution in a city may be so extensive that additional use of N may
actually reduce total output. Although afi/aﬂﬁ > 0, additions [reductions]
to N may add [remove] so much to pollution and hence so affect nroduction
efficiency through large marginal reductionsrin the g; and G terms in
“equations (1) and (2}, that, in net, total outputrwﬁil fal}'[rise]. In other
words in competitive equilibrium, equations (7) and (8) for the social mar-
ginal product of N may be negative. If N is optimally priced or taxed fhe

importation and use of N wiil fall in the city. For initial reductions in

10, See Meade (1952) in his atmosphere case or Chipman (1970),




N total productivity or output will rise because the truz marginal product of
N is negative. In the social optimum, total productivity or output nolding
the city labour force fixed may be higher or Tower depending on how negative

the social marginal product of N originally was, what its optimum level is

3

and how the proportions of X and Y in a consumer index of total output chéﬂge
- given the increase in input cost in X production.l1 (Compare this with the
textbook curves for marginal and total product as M changes for a fixed L

in producing one good--if the marginal product of N is negative, reducing

its use will increase total product.)

In Tinal equilibrium both X and Y output could rise for the sape
Tabour force and reduced use of N or output ot X could fall and of Y could
rise given demand conditions,

v

Whether X and Y both rise or only Y rises depends aiso on whether

PS%}{,
1

the social margina;iof & in X production alone is negative--on whether the

first term in equations (7) and (8) is cutweighed by the first two terms
alone in the square brackets. In that case ¥ as well as Y production may
rise in the social optimﬁm, In either case since the index of total autput
for the same city labour force could rise with reduced use of ¥ and pollution,

city inhabitants mav be unambieouousi better off. If the city inhabitants
Y 3 g Y

initially had equalized walfare refative to people in other parts of the ‘

counttry the increase in welfare would lead to immigration and an increase in
ity size. This type of argument will be extended in part I more rigorously.

The point is city size and city and country production of X ali nay rise since

11, Tolley (1969) has a similar exampie but does not make the nega-

tive social marginal product condition expiicit. To quote Tolley, "A nani-
festation of the gain from reducing the externatity is likely to be that the

M
H
production function shift.,,.lowering costs, is greater than the effect of
the tax as a cost-raising item,®




e C e . . N s . .
the initial point of production is inefficient™ as well as non-optimal,

Gur second situation where optimally taxing a polluting good may

lead 1 rise in 1ts output also involves an inefficient initial equilib-

foM]

0

C'l'

rium. A simple exampie will illustrate the sttuation. There are two firme
initially producing equal amounts of X -and both experience eﬁua% amounts of
pé!?ution. However oa?y one firm creates poilutien due to differences in
production functions or spatial locations--for example the “non"-poltuting
firm may be downwind on the edge of the city. If all production wave shifted
to the non-polluting firm, for the same inputs, total output of X (and Y}

would rise

VIn other words, firms may not contribute ¢ equally to poliution at the
margin given either their production te chnology or relative spatial locations;
that is éP/aNi # eP/aN, . Alternatively, 9g,/aP e 9g,/3P; or pollution
affects efficiency of firms differ rentiy for the same reasons. If either is

the case equations (7} and (8) for social | rarginal product will not be equa)

i

in competitive equilibrium, (Of course, private marginal products wiil be

equal.) Suppose the social marginal product of N in firm 2 is greater than
in firm 1. If we held employment in Y and city labour force fixed, and moved

Fad

some of B, to Tirm 2, output of X would rise for ihe same inputs.

A1l this fmplies tha t we are not on the Pareto-efficient transfor-

mation surface in competitive equilibrium where ecuations (5) but not {(7)

Is {0 o 9 . 4 ot 1 4 v A e M
and (8) are ecualized. If we impose a Paveto-optimal fax on the use of N we

~

12, By inefficient, we nean if resources Wc?L divertad from national
produyction of ¥, not ow?y could production of X and ¥ or, at lTeast, an index
of total cutput of the two goods rise, but the diverted resources couid be
usad in production ﬁf other additiona’ nsumer goods, For the same initial

ot i total

resources by rearranging produ output of all goods
coutd rise,
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move from the private competitive equilibrium interior to the transformation

. curve in figure 1 to fhe social optimum on the transformetion curve for the
city., Iﬂi?%a%iy we are at the production point, S. By taxing Ni in the
production of x, and x,, we (a) rearrange production in the X industry
efficientiy, shifting us to the transformation cufve and (b) eliminate the
divergence between private and social marginal costs caused by the X‘industry
poliuting itself and the Y industry. Usually only (b)Y is considered which
would indicate a fall in X production. Including {a) may cause both outputs
to rise, as at production point T,13 Rearranging N usage and X production
between firms to those polluting Teés or being less affected by pollution,

X output may rise despite the tax on N and its fall in total usage. Note

£

&f

~
\\ -‘\«-Q% T
- \\5&
\ AN
N

privasg

price ratia
T
social price d\\\

ratio

Figure 1. Optimal Production

13. This arguient utilizes Schall's (1972) work,
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that th

pieta

decline in N usage by the city will actually shift the transicrmation

sl
D
—
K}J
el

surface back; equilibrium will be at, say T'. However the tota) output and
weifare of city inhabitants may still rise, resuiting in immigration and an
increase in city size. These arguments wili be reinforced following the

analysis in Part II of the paper,

Our third situation is a more economicatlly technicail one and our
discussion is brief. As Plott (1966} points out because poliution is caused
by the use of an input, taxing the input N may still lead netthe; to a fall
in X output nor in use of Tabour. The first case as shown in Bear (1965)

occurs if N is an "inferior" input, Taxing and reducing the use of N and

.

raising its price, can lead to an increase in X output for p, and PL hel

P8
constant. Secondly, raising the price of N in a partial equilibrium mode!
(our city or type of city is a smail portion of the economy) may or may not

reduce the use of Tabour in the X industry after factor substitution it {a}

and L are “complements" {an increase in the qu uantity of one facitor does
Ly _

&

not increase the marginal product of the other faths) for Py held constant

or (b} given factors are substitutes, the size of the elasticity of substi-

i~
[

tufion is greater than the elasticity of the demand for the product. for :
g H 5 X

5
)2

allowed to vary (see Allen {1968) pp. 371-374 Admittedly these conditions

Fe

are not expected to normally hoid; but, if they do, econiomy labour usage in

~

14. See, for example, Headerson and Quandt (1971}, p. 70.

PN
L . i - . . i
15, Allen's (1968) condition occurs when, for M = Py

A

ne elasticity of substitution, and n = elasticity of demand,

=]
it

(sL/op) - (py/L) = mlo=n) > 0, iF o » n.
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3 O : . 6
X and city size may well rise.

In this section we have shown that optimally taxing the use of the
factor causing an external diseconomy doss not necessari?y iead to & detiine
in the output of the industry. OFf particular interest is the very realistic
situation raised by Schall {1971) where firms poilute or are affected by
po??uiion in differing degrees. Taxing the factor source of pollution while
perhaps reducing use of that factor may lead to a more efficient allocation

of output between firms and a rise in total otitput,

Part 1I: Efficient City Size

We now turn to a comprehensive examination of the optimum city or
productéonuconsumption unit size. We deal with the standard situstion where
taxing output Teads to a decraase in output of the industry. Introducing
any of the cases in Part I would oniy strengthen our arguments, as will be-
come obvious, For simplicity we assume externalities caused by production
only affect consumption or production of leisure activities, The effect is
sumparized by placing pollution directly in the utility function.

fhe city to be considered is a representative city of the type that

1,

produces and exports good X to national and/or international markets. There
may be multiple cities producing X and other types of cities exporting other

goods. In addition to the export good, a variety of non-traded qoods and
! g g

16, If the problem is formuiated as an unpriced input, the analysis
is even wmore compiicated. For example, if there is a negative rent from the
unpriced pollution, and i it is “assigned" to labour in the X and Y industry
leading to too high a social marginal product of labour and too low tabour
usage, following Meade (1952), we would subsidize labour usage {or firm ocut-
pu rom the tax proceeds from N taxation., Then the factor substitution
ef

[ =Y

g 1
) th
ect 1s strongly in favour of raising total labour usage in X proauction!

T e

—h

C
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vicas ave produced in the city, summarized in a bundle of éoods Y. In
discussing the effec ct L of optimally taxing pollution in this section we devetop
a Framework to evaluate in net the effect of Toss in output of the polluting
good, benefits of pellution reduction, pollution tax proceeds, etg, |
Factor inputs are 1dnauf and a resource input, N. N is purchased
aL a fixzed price to the c¢ity from other areas such as processing towns or
mines. Labour is perfectly mobile in the economy andvmoves to equalize
utility levels, B8y using utility levels rather than wage rates we capture

£

the effect of not only wage differentials between cities but also differen-
tials in prices of non-traded goods and amenity income or, specifically in
our example, poliution.

Currently the city is in production and consumption equinbrium Its

3

1abour rs havb equ81173d utility levels with labourers in_other. citles and

1ts traﬁe 13 baianced However the use of N in producing X causes pollution h

WhTCﬁ enters peopie's utility functions as a public good {or bad), To move
towards & Pareto-optimum, the use of N is taxed and the proceeds redistri-
Vbuted to the city's inhabitants. This tax is introduced holding city popﬂu
fation initially fixed. As will be shown, the tax leads to a fall in M usage
| and X output; it also leads to a fall in pollution. Ve will examine whether
in the pew initial equilibrium utitity levels have risen or fallen in the
city and hence whether Jabour will migrate to or from the city, changing city

size and adjusting utility levels to those prevailing in national labour

markets, [ there is immigration, in the final equilibrium city output of X
may increase velative to the initial Tevels.
Assuming X producticn in the economy falls, if our representative

city and its production of X increases in size then some other cities pro-

ducing the good will either decline in size or more likely disappear. Which.
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services are produced in the city, summarized in a bundle of goous Y, In

discussing the effect of optimally taxing pollution in this section we develob

a framework to evaluate in naet the effect of joss in output of the polluting

its of poliution reduction, pollution tax proceeds, etg: '
Factor inputs are Tabour and a resource input, N. N is purchased

at a fixed price to the city from other areas suéh as processing towns or

mines. Labour is perfectly mobile in the economy and moves to equalize

utility levels, By using utility levels rather than wage rates we capture

the effect of not only wage dszpreﬂtla1s between cities but also differen-

tials in prices of non-traded goods and amenity income or, specifically in

our example, pollution. ;\\\\

Currently the city is in producticn and conisumption equilibrium. 1ts
¥ Y q

ia‘muvws have equalized utilify _.}?Jff?_1,5“‘{13'_,?3@.,,},@2b_QU'_f_'.ﬁi_ifswZ'Ln__o.t,'(iﬁ'f”_,,@if?i_@S_h.@,.ﬁd

in producing X causes poliution

its frade is Tanred Howaver the use of M

wiich enters peopie‘s utility functions as a public good (or bad), 'Ta,mgye
towards a Pareto-optimum, the use of N is taxed and the proceeds redistri-
‘buted to the city's inhabitants. This tax is introduced holding city popu-
fation initially fixed. As will be shown, the tax leads to a fall in M usage
and X output; it alse leads to a fall in poliution, We will ekanﬁne whether
in the new initial equitibrium utility Tevels have risen or fallen in the
city and hence whether 1abou% witl migrate to or from ths city, changing city

size and adjusting utiiity levels to those prevailing in national labour

¥

e

nal equilibrium city output of X

T
-
@

mavkets, If t! is immigration, in the
may increase velative o the initial levels.

[} =

Assuming X production in the econoay falls, if our representative
City and ils production of X {ncreases in size then some other cities pro-

ducing the good will either decline in size or more likely disappear. Which
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cities survive and increase in size and wnich disappear, given our information,
1s indeterminant. A more sophiéticated model would incorporate the aﬂaiysié
of the previous section. For example, those cities with firms that are the -
worst poltuters due to inefficiency or regional atmospheric stagnation, would

be the ones most adversely affected and would tend to disappear.
The production functions for the X and Y industry are respectively

X = X(L,, N) ' (9)

X’

o= ov(L) - (10)

i

These functions are homogeneous of degree one. (Aitthgh X and Y as pre-
viously mentioned are probably produced with non-~constant returns to scale,
this effect is ignored in the atgebraic presentation, although it is commented
on.)

Labour is fully employed in the city or

Ly # L, = L ' (11)

The use of N in the X industry results in poliution which enters the utility
function as an unpriced public good. It is assumed all firms pollute equally

and that pollution results from the use of N or

o= o) | (12)

City population is equated to labour force for stmplicity. A1l con-
sumers are assumed to have identical tastes and income. Per person utility
is definad by

K¢ ¢ .

U, = U (-, g-, %ﬁ., P) i=1...2 (13)

i i

'Superscripts C refer to goods consumed in the city when the distinction be-

tween consumed and produced applies. The city exports X and imports 7 and




- 18 .~

 the input N. The balance of trade equation for the city is

- + 14
pX(X—XF) . pzzc pyN (14)
In other words, city income or expenditures equal
I = pLL = pXX + py\# - Pyl (15)

At present pollution is an unpriced public good entering people's
utiiity functions. By pricing this externality we will achieve a potential
Pareto optimum relative to current equilibrium. To price the use of M, we

tax it redistributing the proceeds to the inhabitants.

To discover the effects of imposing the tax, we employ a general
equilibrium model of the Jones (1965) type. We assume Pys Py {excluding the
tax), and L»are all initiaily fixed, Although we will only explicitly use
the directional naturé {positive) of the tax on N, for completeness we cal-
cufate the tax here., We do not explicitly distinguish between the initial
tax imposed at the old equilibrium and the equitibrium (and presumably smailer)

tax in the Pareto-optimum solution.

After the imposition of the tax which is redistributed to labourers
D s

consumers maximize utitity subject to a budget constraint.
C C p
. X , Y z P -
{/L = px([_‘") ' py([’) + pz(‘{:“) + (I—)Ps PP < 0 (]-b)
where Pp is the price per unit of pollution and prL, the per person negative

head tax. From the constrained maximization problem, the Samuelsonian public

good condition says

—
BN
L—

. P . . |
PP/DX = U;\T—’ U/aX = UX,. Y UP (
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or the price ratio equals the sum of the marginal utilities of the public
good normalized by the marginal utility of a private good. If P and N were

the original quantities of pollution and ¥, then

pp(P-aP) = ~t(N-aN), >0 | (18)

which says that proceeds From the post-tax employment of N equal subsidies
(or negative head tax) paid to labourers, where A's refer to changes. Re-

arranging and using equations (12), (17), and (18), we get the tax,

- « U , |
= (1) TH(P/N-g M) (py gyt >0 (19)

To determine the effect of the tax, t, upon equilibrium we employ
Jones' (1965) equations o? change. Calculus or small changeé in variables
are used with all the aftendant qualifications on the nature of such solutions
--however in the paper we are only concerned with directional indications
not quantitative estimates. There is no reason to expect large rather than
marginal changes would involve a reversal in the directional changes predicted
in this paper. Those unfamiliar with Jones' model will find the accompanying

discussion revealing. Our basic equations are as follows:

a X +ay ¥ o= L {200
Ay X = N

vihere &ii refer to the amount of input j into a unit of i output, Equations

(20) say all resources are employed.
WP APy T Py

G P = Py




wiich say factor payments to inputs used to produce a unit of output equal
revenue From that output or equal price. There is perfect competition,

Following Jones, the equations of change for (20} and (21) are

o . ® . . F
SRR TR R 0 M |
% = # - ' (22)
i 4] ¥ ' M _J l a‘}*‘('N j '
- R . - _ * ks
SN O Py 0 LAl T Yxndu 1
* = * * I (23}
S N L 0 1

wriere an asterisk refers to a rate of change, wheve A.j refers to the frac-~
tion of the jth factor used in the production of the ith good and ( J refers

to the jth factor's share in the outpul revenue of the ith good. Hote that

ng = 0 by assumption of constant returns to scale and one input in Y. HNote
that AXN = 1 and Ayﬁ = 0 since all N is used in X production; also Oy, = i
and Oy = U since only Tabour is used in Y production. Hete finally that by
assumption E = 0 initially, §N = g§~ or the tax divided by the city import
price of N, and ;X = 0 initially or Py is determined in national and inter-

national markats,

With vespect to equation (23), Jones reasons by principles of cost

minimization that

#
Oty * Oxegy = O (24)
Solving equation (23) yields
* - O (N i 4 3
" XL

Since p, is fTixed, the rise in Py indicates P must fall fo maintain Py
LAY

R .i." . . i - . . L . . K . N ot .
and p,in tura causes p, Lo deciine. In other words the rise in the price
L oY
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of N causes substitution away from its use, a deciine in i/, and hence a
decline in Py -

Sk Lk
XL

We define an elasticity of substitution Oy T —we———, Using o,,
mH ¥ A
PR - Pf

equation (24}, and substituting in equation (25) for py and pf , equation

{22} becones

I o
T R 0-] Ayt kN/GXL
' % = % OyPs (26)
tooo || i A 1 |

To complete our model we need to introduce a demand side. Me specify

demand equations for Z and Y (the one for X is superfluous).

C
= ! 3 =
Vo= Y{Lpy, pys py)s z Z{Ipys pys Py)
Taking changes we got
' 3 & P . P %A '
Y Ty, 1 L+ an?Y Py s Py % Py = 0 (27)
:AC _ * 7 * '
RS S AW (28)
vhere My g and n,, {and N ) are respe tively income and price {money
i FaPy .._.SDY .
income held constant) e&astrstiﬂs of demand and p¥ is given in {25). 1 can

be derived Trom equation (15) or

. * % * pﬁN 5
I o= = Kby Y oE by - = N {29}

axes_ave refurned to city inhabitants as pollution

» the vrice paid for dmports of N is unchangad,

We define Kk, the relative amount of the initial consumer budget spent on Y

whayres pv‘f p i
whare ¢y = §~m- = giri— = LY/L. Combining (27), (29}, and (25) we qot
i £
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% ' px}"f % Di\efi e S A
= Kty 1) F e X e e % 3
Y (1-kymy 1) = K- ey g Nob oy P} by (30)
whare ny o T My, + kYnY [ < 0, the Hicks-Stutsky substitution eEast%cityﬁ
ﬂ\{ »f \i-‘ ] .

Fagsd
]

Since prices Py and p; are ixed, to solve fer equilibrium outputs
{not consumption) we do not need demand equations for X and Z. Equations

(26) and (30} determine outputs. Cowbining {25) and (30) yields

— 5 o ) — UX\! -
}LXL A\{L O X "}\XL O[{l"‘ O}{
” _
1 0 -1 Y = p§ oy (31)
Pyt Yo ' \55 # S XN
- " !
(= == ng, okyny 1) (ny “Ij) i Y.py O
: L Ly {
Solving, using Cramer's rule
S 0
: X! AN
B by pooky oy éi:”?“ A . .
X ey R AV <0, where py = S >0 (32)
ML N by
% O)Q\i : -
Vo= py (- ay Ay g (33)
by Oy
% * o M Oy o
s py (- v 2R <o (34)
XL ¥ OxL o 'ePy
Since | g{ G, consumption of the non-traded, noa-poliuting good rises
in the city. Production of X and use of N decline with the increase in
factor cost. HNote the two parameters involvad are n? and Oy - The first

indicates only substitulion effects in consumption are present. e have
taxed N which, given a ¢ixad Py» MmEANS p st decline whicn in turn means

Py must fall in consumption. But the tax proceeds orv the income effect of




- 23 -

the price and income changes are paid back to labourers leaving only pure

substitution effects in consumption. The oy indicates the degree of substi-

tution in production of N and Ly the higdher o

g ¥ tne more the use of N declines

in production.

To evaluate the changes in welfare of city inhabitants, we must know

*
consumption changes of X,Z,Y, and P. Y is given in (33). From equation (12)

e kno E = § jere e, = LA and therefore from (’4)
W k 17 EN! Wi E,N d?i;r..P 2 3

% -

x < g
P pyey (- 5

A
R T LR
b n ) < O (35)
XL Ox Py

The greater ay and hence tha more N is reduced with the tax, the more P will

fall.

Putting equation (14) for the balance of paywents in rate of change

% o & %
form ve get pi-p XX = p 7l + piN. Substituting in (32) for X, (34)

=

for ﬂ, and (28) for 7, we get

Orpns
[ AN 5 .~ S . : : 17
b4 = DN(*- a’;{‘i: I]Xf’py) <0 1T nxyp“ > 0 (36)
We can then sclve for
) 8
3 % A S S
L = Y P G if 0
{ oy, “[,py < : nZ,pY >‘ ' (37)

. . s , . C
Providing all goods are substitutes in consumption, we know X~ and
Z have declined in consumption whereas as Y and -P have risen. In net, we

are going to hypothesize that utility levels will probably rise.

. . . A S
is actuaily solved for as X~ = p, 5% 1/7k,) -(kun
. NRG X Yy
: , , XL
k nS )] but consumer theory tells us zk~n$. =
Z Ys. },z: J > B i X 3 ; ,‘ 3,; »

]

17. %¢ ¥
Py




From equation (13) for per person utility we know' S

C

W= L eusax ax® + ausov v + ausaz 28) + ausapap

From first order conditions of utility maximization we know for example

ali/ 3X = APy where X is the marginal utility of income. Therefore
)+ op (A 4 zc( )]+ (au79p 1/2)p (%0
O YUY R

Substituting in values for the rates of change from (33), (35), (36) and (37)

yields
ég N X _ GXN ( S t' k !P_ k ) + r)(aU 1) -
v Pl g kyny Py z”z Dy “x Y
(- X EXE.Eﬁﬁ.nS )]
L xe O YePy
But 3z k S . 0. Therefore
; itgpt T T
A
U al
xa XL kL >
18. Following Harbarger (1970), if we take the second term of the
Taylor expansion as well, in qnnera11ged rnotation :
A = 3 U.AM, + % & AUL AM.
PR ;T

wnere U. is the MaFgTﬂdi utility of 1 and M, a good. Differentiating first
order cénozt1ons yieids AU1 = AAp1 DAXN FADLAX, Upon substitution, neg-
lecting third order terms we have AU/{ + BAX) = X P Au + 50 Ap}AM} '
i i

In our example this reduces to aAU/{x%n2) = P(qd + 1’ARJ))
g A G -
X . 7YL "XN 8§ %
)ta( 0 + TG ‘ Ny D )PN bp V(p’\{
XL wLOUXL TRy
low it is no longer absolutely certain that the change ia utility is positive.

Presumably the latter term could eutue;cn the foraer. We hypothesize otner-
wise,

(x + La)




IT this approximaticn of the money value of change in utility is correct in
directiana1 51gn (see footnote on page 24), then utility in the city increases,
Intuitively this makes sense. The basic city resource is labour,
which pfoduces goods for its own consumption and to trade for other goods,
Given only basic resources of labour, a Pareto-optimal tax should by defini-
tion improve welfare., We tax the use of am input the city imports., The
effect of the tax is to reorder production priorities in the city away from
X to Y. Since the tax proceeds are returned to labour, only substitution
effects in consumption are present and we showed by_approximation that they
net out in terms of affecting utility. The lose from utilizing less imported
N is of second order magnitude. The main net result is a Pareto-optimal re-
duction in the imported input and the accompanying positive benefits from
the pptima? raduction in poliution,

1

If we ware to consider situations where fi(Li,N ) and F(LY) were not

.i
homogeneous of degree one, our result would be weakenad. If the production

of X were to have industry increasing returns to scale, apart from pollution,
and Y to have decreasing returns to scale as we originally hypothesized, then

the reduction of X and increase in Y would have adverse effects on Tabour

productivity and the production potential of the city.

Given utiiity levels in the city rise, we can extend the analysis to

the total economy. If utility levels vise, city size will increase as labour

ipmigrates to enjoy higher utility levels in that city, City output of ¥ wili

further increase and X output will increase relative to its post-tax level.
If pollution is optimally taxed in all cities producing X, but remains below
pre-~tax levels in all cities even when they increase in size, then we are

assurad that econony production of X will fali. Note thatl sinee X is being
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taxed throughout the economy by the standard analysis, N usage and X output

for the economy will fall, as resources are shifted to less costly production.
. y pre

It is also possible tﬁat uitimately X production in the city will
rise, given the city is a more efficient production-consumption unit and
imnigration may be large. VWhen N is optimally taxed in all cities, for X
output to fall in the economy but city production of X to rise, there must

be a decliine in the number of cities producing X. Given initial multiple

cities, the optimum city size of that type of ¢ity has risen and hence the

number of that type of c¢ity may decline. Even if there is only one initial
city producing X and economy X production falls there is no reason for the
city population to fall. Production priorities have been reordered away from
X to Y in the city and this reordering towards city non-traded goods should
be maintained. X labour usage will fall but Y and total city labour usage
wili rise,

Note that, if any of the situations in part I prevail, ocur arguments
are strengthened. There, the first vound effect may be that city and gconomy
output of X as well as Y will rise, since the initial equitibrium is ineffic-
ient as well as non-optimal. Given the arguments in this section, the second

round effect will be to increase city size further.

Concliusion

In this paper we examined optimum city size in the presence of eéxter-
nal diseconomies. The situations we examined were fairly specific but the
conceptuai conclusions and suggestions for future work are guite general:

a. When examining external diseconomies, production conditions must

be carefully reviewed before one can conciude that Pareto-optinum production
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of the source of the externality is less than its competitive production. e
saw that pollution could be so pervasive that the social marginal product of
the input causing poilution would be negative under competition. A reduction
in the input might then lead to increased output in the Pareto-optimum '
solution. Secondly by rearranging output between firms that pollute differ-
ent?y or are affected differently by pollution total output could rise

following the imposition of the optimal tax.

Immediéte parallels for other types of externalities spring to mind,
in particular for congestion. Is the effect of optimally pricing congestion,
to lower total traffic volume and hence (?) city size? Johnson {1964) has
shown when traffic density becomes very high, traffic flow or volume may
actually decrease as density and congestion rise {this occurs at about elsven
miles per hour). Then an optimal congestion tax while lowering traffic den-
sity would increase traffic volume at a reduced price. Furthermore by taxing
vehicles differentially, traffic composition might be changed at peak hours,
increasing automobiles relative %o trucks on intra-city expressways. Recently
Mohring (1970) has shown that a full analysis would compare the optimal
Switciing to a time variable congestion price would most likely reduce off-
peak prices while increasing peak prices relative to the competitive price
including gasoline taxes. A complete analysis weu]d'examine how average
price changes for all users, how optimal capacity of roads might change,
the effect of a different financing scheme, etc. Whether optimal total

e o L . 19
traffic flows and average prices rise or decline is uncertain.

19. Drawing from Mohring's (1970) analysis, suppose all expansion
1s initially gasoline financed and investwent occurs so that the marginal




~ 28 -

b. In discussing the externality-city size question it must be
realized we are discussing city size not firm/industry cutput, The city
produces a variety of goods and is a Lonsurplion as well as production
center. The tax on poliution ultimately affects consumers and as such will
increase utility levels, Productive capacity (in the export good industry)

may be reduced but so is the externality and the negative amenity income of

City inhabitants. Optimal city size will increase.

19, {continued)

benefits (reducticn in total travel costs) of investment equal the marginal
costs of investment. {This is ot the second-best solution; From Monring,

pp. 700 and 701, marginal benafits given gasoline taxes shouid excead marginal
costs.) Replacing the gasoline tax with a congestion tax will raise the peak
prices and lower the off-paak prices. Increasing tha peak price will reduce
peak usage and hence the marginal benefits of investment. Optimal capacity
may fait. A compiete answer would consider this, the effect upon total
traffic volume of the peak increase in price but the off-peak decrease and
the substitutes (rail and bus.express) for peak vs non-peak users. Presum-
ably the latter which are recreationally oriented have fewer, if any, sub~
stitutes, '

g
Uad
i
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Footnotes
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e (1971) for a description of the multipie forms and effects

3. See Baumol and Qates (1571) and Bohm (1971) for a description of pricing
schemes and other methods of pollution control.

4. Henderson does not state the market achieves this efficient city size.
His analysis and any reasons for non-optimality are independent of the
analysis in this paper or external diseconomies,

5. This result can be derived in a Loschian (1954) world where efficient
city size is Timited by the increasing transport costs of supplying
Targer and Targer rural areas as a city size increases.

6. Henderson's (1572) reasoning is as follows. If the production of twe

- export goods or bundles of export goods involve no benefits from a
coiaon focation such as utilizing a common specialized labour force or
Tocationally fixed intermediate input, then it may be beneficial to
tocate the production of these goods in different cities. Locating
their production together increases the Tabour force that must be housed
and that adds to average commuting costs in the city while not increasing
efficiency in the production of the traded 4o0Gs.  Scparating the produc-
tion of the two goods into different cities lowers the increase in per
person commuiing costs reiative to scale economy exploitation per unit of
traded good output, as traded good production and city size rise.
Separating the two industries of course involves further transportation
expenditures due to inter-city trade and a compiete analysis would have
to account for these costs.

7. IT the city-specialization arcument is not accepted and it is viewed that
cities, under our simple assumptions, would produce all goods, our argu-
rent is even stronger! Optimally pricing the good causing externalities
will only change the production ratios of goods in %he economy and c¢ity,
This says nothing, a priori, about the effect on city size.

8. It is possible with an unpriced factor which is non-rivalrous that the
rent witl be zero.

e (1952) "assigns' the rent of the unpriced Factor to capital which,
if the unpriced factor is an external diseconoiny, is a negative rent.
Given perfect capital markets, the negative rent means capital is under-
utilized, since its social marginal product is less than the market price

which is egual to the private marginal product gHus the negative rent,
To egquate private and social marginal products, rMeade suggaests subsidizing

capital, from the tax proceeds veceivad from “axing the source of the
externality. Mishan (1955) has criticized both fhe automatic assignuent
of rent to capital versus other factors, as weil as subsidizing capital
rather than Tirm outpub.




13.
14,
15,

16.

o
bt

18.

- 30 -

See Meads (1952) in his atmosphere case or Chxpmaﬂ {1970).

Tolley (1969) has a similar example but does not make the negative social
narg ‘nal pzuduCn condition explicit. To quote Tolley, "A manifastation
of the gain from reducing the externality is likely to be that the pro-
duction function %h1f¢..°.?cwer=ng costs, 1s greater than the effect of -
the tax as a cost-raising item,"

By inefficient, we mean iT resources were diverted from national pro-

duction of N, not only could proéurtzeﬂ of X and Y or, at least,

index of ftotal oubtput of the two gooaa rise, but the duverted rasources

could be used in production of other add%tienal consumer goods. For
ne same initial resocurces by rearvanging praductxsn conditions, total

output of ail goods could rise.

This argument utilizes Schall's (1972) work,

See, for example, Henderson and Quandt {1971), p. 70.
‘ : PN
Allen's (1968) condition occurs when, for M = ?E?- » o = the elasticity

of substitution, and n = elasticity of demand,
(BL/BQN)'(pf\é/L) = m(U“ﬂ) > GQ if o> n.

If the problem is formulated as an unpriced input, the analysis is even
more complicated, For example, i¥ there is a negative vent from the
unpriced pollution, and i¥ it 1s "assigned" to labour in the X and ¥
industry leading to too high a social marginal product of labour and

too Tow lasbour usage, following Meade (1952}, we would subsidize labour
usage (or firm GULPUT) from the tax praceOds from N taxation, Then the
factor substitution effect is strongly in favour of raising total labour
usage in X production!

0 ‘ ® % ‘9 .
X" is actuaily solvad for as K¢ = pNL AL }]x%) (ay Q, Py * kzna, pZ)J
: : %1
but consumer theory tells us gkinii = 3,
"i o

Following Harberger (1970}, if we take the second term of the Taylor
expansion as well, in gannral1;9d rotation

AY = % dg My * 3 ? ndiaﬁi

i i
wheve Up is the marginal utility of i and ﬁi a good, Differentiatin
first Ofdnr conditions yields AUy = Mp;Ah + ApsAX. Upon substitution,
neglecting third aerder terms we have AU/A + ZLA3 = g piAHi + 1 EApiAMi,

i i
- b2 al
In our example this veduced to AU/{M3a)) = (33-+ t(Aw§%;,
o, dyy By 5

) - YL XM o 2 5
(ot m) - g o S yp )2 (2,5

AL KL XL By UXL "Y
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Continued.

Now it is no longer absolutely certain that the change in utility is
positive. Presumably the latter term could cutweigh the former. Ue
hypothesize otherwise,

Drawing from Mohring's (1970) analysis, suppose all expansion is
initially gasoline financed and investment occurs so that the marginal
benefits (reduction in total travel costs) of investment equal the
marginal costs of investment. (This is not the second-best solution;
from Mohring, pp. 700 and 701, marginal benefits given gasoline taxcs
should exceed marginal costs.) Replacing the gasoline fax with a con-
gestion tax will raise the peak prices and lower the off-peak prices.
Increasing the peak price will reduce peak usage and hence the marginal
benefits of investment. Optimal capacity may fall. A complete answer
would consider this, the effect upon total traffic volume of the peak
inCcrease in price but the off-peak decrease and the substitutes {rail
and bus express) for peak vs non-peak users, Presumably the latter
which are recreationally orfented have fewer, if any, substitutes.




