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I. Introduction

There has in recent years been a coﬁsiderable amount
of writing on behavioural theories of government. This
body.of literature has been concerned with the Spécification
of an ob jective function for representative governments in
order to gain insights inte public sector activity, The
arowing role of government in “private enterprise”
economies increases the importance of'deve!oping a realistic
behavioural theory, The work of Anthony Downs (1957) and
of Buchanan and Tullock (i962) typifies the work that has
been done at the behavioural level., However, a great deal
of public sector analysis has been carried out within the
traditional framework of the theory of the profit-maximizing
firm or the theory of consumer behaviour. The most general
type of objective function found in this work is a social
welfare (or utility) function whose arguments consist of
some set ot private and public goods,

The present paper tollows the neoclassical tradition
of private goods general equilibrium theory and integrates
public goods into a simple equilibrium modelt In so doing
no attempt is made to construct a behavioural theory of
-government to explain the articulation of individual demand
for public goods. In what follows it is assumed that private
and public goods are provided by a set of governments and
private Firms whose market behaviour repficates the long-

run equilibrium behaviour of pertactly competitive industr es,
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The paper will use a general equilibrium model to examine
the effects of a tederal subsidy to a provincial government,
thch produces a single public good fqr a province whose
population is endogenously determined.

The general equilibrium model to be used is the
standard two-good, two-factonr model| that is almost
ubiquitous in the international trade literature. Factor
Intensities will be assumed different in each of the two
goods, Our concern will differ trom that of the trade
fiterature in that we are interested in_one private and one
public aood, rather than with two private éoods. in
addition, the endowment of one of our two factors will be
endogenous while that of the other tactor will be tixed,

Some important theorems have been derived in the

‘standard trade model and our interest here s in éxtending

" these to the public goods modef. |In particular, the aim

of this paper is to find the eftects of a subs}dy to pro-
ducers of public goods, The trade theorems to which we
refer are typically derived from the production side of the
standard ceneral equilibrium model, at given product prices,
However, R.W. lJones (1965) H;s generalized these theorems
to a model in which demand ;s endogenous, The Rybeczynsk i
theorem (Rybczynski, 1955) states that at unchanged commod ity
prices an expansion in one factor results in an increase in
the output of the commodity intensive in the use of that

tactor, and that the proportional change in that output will
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exceed the.proportional change in the infensive factor.
However, when demand is endogenous, and éommodity prices
adjust, then output may not change as much as factor
endowments., The dual of the Kybczynsk tﬁeorem for two
private goods states that an increase in the price of a
aood will raise the ftactor return of the factor used tn-
tensively in producing that good by a greater relative
amount, This leads to the i1ssue of subsidies. The
theorem indicates that, at fixed commodity prices a
subsidy will be shifted backward to the intensive factor

in @ magnified way, This magnification effect may be

dampened when demand is endogenously introduced,

The discussion of international trade theorems has
Been presented for a purposé. Let it be assumed that a
federal government is making conditional grants to a pro-
vincial government and let us not tor the present be con-
cerned with the purpose tor these grants or subsidies but
note that the subsidy is “conditional” in the sense that it
relates to a particular public good. It s very likely
that the subsidy program wiil have some distributional
effects. In our model however, to be presented below, the
eftects will go beyond the standard trade results to which
reference has been made. Since provincial popuiafion Is a
variable the ;ubsidy may change factor endowments. When
provincial population changes, the optimizing subsidy may

also be changed, The analysis which tollows 1s designed to
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trace the general equilibrium incidence effects,
In Section Il the basic model will be presented.
Section {1l will integrate population mobility into the
analysis. In Section IV the model will be closed by mak ing

demand endogenous. Section V will conclude the paper,

Ii. The Model

The model that will be used here is an adaptation
of the general equilibrium model developed by R.W. Jones
(1965), This model embloys an activity analysis approach
for an economy with two ftinal goods and two primary ftactors
of production. For our purposes it will be convenient to
concentrate our attention upon a province which is a member
of a federation of provinces and which is small enough for
us to ignore aﬁy repercussionxeffects on other provinces,
We assume thet_our province is so small that changes in i1ts
public goods provision do not appreciably affect public
goods output, taxation or factor prices in the rest of the
federation.

In the provincial economy that is of interest to us
the two primary tactors of production are land (fixed in
amount TO) and labour (N units). The supply of land is
tixed while the supply of labour i1s variable, because of
the possibility of induced migration. Both the population
end the labour force are given by N and each worker supplies

a fixed amount of homogeneous labour. There are few land-
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lords in relation to workers and they may be |gn6red or
assumed to be included in N, The number of !andlérds 18
assumed to be fixed so that workers alone account for the
variability of N. There are two final goods, public goods
(measured as 2 units) and private goods (X). The product ion
functions for both of these goods exhibit constant returns
to scale. Wages (w) and rentals (r) are the returns earnéd
by workers and landlords for the use of factor services,
The market (unit) prices of public and private goods are
~denoted by Pp aﬁd Py reSpecfively. The notation Sk 'S
used to denote one plus the ad valorem rate of subsidy so
that SpPp represents the price received by producers., An
ad valorem rate of 50% then represents cost sharing of one-
‘third,

A requirement of the mode! is that both factors be
fully employed and this is given by (1) and (2),’in which
a,j refers to the quantity of tactor i required to produce

a unit of>commodity Je
(') aNRR + aNxx = N, and

(2) aTRR + apyX = Tg.

Long-run equilibrium in perfect competition requires zero

profits so that unit costs must be equal to the price re-

ceived by producers, The zero profit conditions are given

by (3) and (4).

L A A R e B B D R




(3) aypw + ajpr = PQsR = P, and
(4) ayxw + apxr = Py,

Following Jones, an asterisk will be used to denote

the relative change in a variable or parameter. |f we iet
X
ANR = aNR§ . ANX = eNXE ,
ONR T eNkE + ONx = NXp> -

and so forth, then the four equations in the rates of change,

from (1) to (4), are given by (5) to (¥).

(5) ANgR + anxX# = Ni-[xypang + ANXaNX ],

T*-LaTRaTR + ATX8TX],

it

(6)  AppR¥ + apyXs

]

(7)  onpw* + oprt = Pi-[ogpang + BTRG?R],

and

(3) GNXW* + Bryxr* = P;—[GNXaJX + GTXa¥x}.

In what follows it wili be assumed that the public
goods sector is labour intensive. Let A and 6 denote the
matrices of coefficients given in (5,6) and (7,8):

(9) = ANR  ANX
and

ATR A X




{ fi))‘ 0 -= BNR BTR
ONx Oy

Ry the factor intensity assumption both |\| and lef, in

(11) and {12) are positive,.

(1) b = ang-ATR = Apy-ANx, and
(12) e[| = onr-8Nx = 8Tx-07R
In generalizing the model to vaFiabIe coeflicients .Jones

(1965, p. 560) has shown that cost minimization leads to
equations (13) and (14), which simplity the ensuing deriva-

tions,
(13) BNRESR + BTR3$R =0, and
-(|4) BNXaﬁX + STX3¥X = Q.

To supplement the assumption of variable coefficients and
to provide more information about the production functions

the elasticities of substitution in production are introduced

in (15) and (16).

afp . ofiR

(15) op = % ¢ and
a b — a 5%
(16) oy = A=K
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"Equations (13,15) and (14,16) can be solved for the tech-

nical coefficients,to yield equations (17) to (20).

it

(17} ayy = =6ygog (wi-r¥),

(18) a7y = Oygop(wi-rs),
(19)  ayx = -87xox(w¥-r%), and

(20) afifx = eNxGx(w*—p*). .

These solutions can be substituted into equations (5) to

(8) to give:
(28)  ApgR* + anxXs = N + ¢y (wher¥),
(22)  AyRRF + apxX¥ = Tx - cp(wrep),
(23) ppw* + OTRe* = P* , and
(24)  opytw + aryr* = Pyt

where
(25) ¢y = ANROTROR * Myx9TX0x, a@nd
(26) ¢1 = ATRONROR * ATx8NxOX-

"In general, CN is the aggregate percentage saving in labor
inputs at unchanged outputs associated with a | per cent
rise in the relative wage rate, the saving resulting from

the adjustment to less labor-intensive techniques in both
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industries as relative wages rise.” (Jones, 1965, p., 561)

If we subtract (22) from (21) we get

. o NEaT | CNHCT
(27)  Re-Xox NIV NV ~—(WEepx) |

This equation shows how the change in the ratio of outputs
produced depends upon the growth in tactor supplies and the
change in the ratio of factor prices, The change in the

Factor price ratio can be derived from (23) and (24).

P*f PX 0 - PR ::""I"S R - PX %

LT Y '

(28) w*-—f‘ o=

If (28) is substituted into (27) then (29) is obtained,

(29)  R#-x* = Nﬁv} + og(P*=py)
where og is the elasticity of substitution between commodi -
ties on the supply side. From (29) it is clear that if
N >0 and T = 0 then (R*<X*) >0 at constant supply prices
(i.e.yFor Pi_Pyk = 0), Furthermore, from (23) it is clear
that if (P¥-Px%) >0 then (wi-r*) 30,

Let us now prove the Rybczynski theorem, Substi-

tute (28) into (21) and (22) and solve for Rk,

(30) R* = L ATxNE= g T+ T“T(kaCN+KNxCr)(P’ -Py )7

IXI

Al constant supply prices and for N=>0 and T* =0 jt ;s




' AN
clear that it = TIﬁ lll >,

R VI VAR

from equation (11). Again, using (23), (21) and (22) we

may solve for X%:
s i ste % E i prd
(31 % = R R Are* - paOrrenanrer) (PE-Py) .

In this case we tind that tor constant supply prices and

for N* >0 and 1% = 0 then

x TR _ (MR lAl)<;
T 0= T .
' (I*l Ir

e

This is the Rybczynski theorem.
Next it will be proved that if the supply price of
(i.e.,P) grows more rapidly than Px then wk 2 P >Pykyri,

Let us solve (23) and (24) for each of w* and P

Py x=Px™81R S1R
2 * = = P + =Py k)
. _ Pxrenp-Pranx o Onx
(33) poo= IBI ‘—PX' 'GI(P “Px )

1 (P*-PX*)3>0 then (32) and (33) show clearly that
wi > P 7 Pxx >p*k, Note that up to this point in our
analysis nothing new has been added to the trade theory

mode| by assuming that R is a regional public cood. We turn
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‘now to the integration of population mobility into the

analysis,

1. 1he Mobility Function

Equation (29) represenis the relationship between
growth in tactor supplies and the chance in the ratio of
outputs produced. It will be assumed here that T#=0 but
that the supply of workers (i.e.jcitizens) is variable,
The population of the region is assumed to be variable and
to depend upon the wage rate net of the individual tax
price of the public good, It is assumed that the cost of
public goods provision (i.e.,PRR, assuming no subsidies)
is divided equally among all citizens, Resident population
will also depend upon the output level ol the regional
pubiic cood, which is equally available to all residents,

The mobility ftunection is given by

(34) N = N(w,?), where

-, . f . =
w is {he wage rate deflated by an index of prices I

(35) w =

e

(36) P - PX“X + 1M, where
(37) w2

the lirst partial derivatives, E! and NZ of equation (34),
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are both positive by assumption. FEquation (36) s a4 price
index which is derived by invokine a set of weiahts, Qx

and 35, and by making the tax price of publtic qoods equal
Pl A

to ﬁl' From equations (35) and (34} it is possihle g

write:

) (3'3) —’\;* = W e E:,':

il
£
1

(PyQytmray ) #

From (37) we have:

NdP.,~P,dN
dn _ NN N
(39) - g )

r
]

so that (33) may be rewritten:
(40) w+ == w*~mxpxﬂ-mRPR*+mRN* ,

where my and m. are the proportions of income spent on A
and i, respectively, in the index.
The mobility function of equation (34} will play

. 2
an 1mportant role in what follows. From (34) we may write:

LAY

(4‘) Nt": = eww.‘:f -} en[et.'-'l

where €y, and €, are the elasticities ol L wjth respect {o




- 13 -

w and R, respectively, From (40), equation (41) becomes (42):

(42) N* = ey (wmm  Pymmp Ppictmo N )+ @R

It we substitute (34) into (42) then we obtain (43).

8 Bor s 6
. Wf STX L OTX L *( TR & )
(43) N éwIBR (TET ‘WJ + Spi o Py 75 ™

L.

+ n%i\)N ’:J + eRR*
fIX _ pux (X _ x JX

~

+ mRN%] + eRR* ..

. TX « 21X
Equation (43) expresses the rate of change in population in

terms of suppty prices, subsidies and the output level| of

the regional public good.

V.

Inteoration of Demand into the Model

The nexLVStep in the construction ot our generai
equilibrium model 1s the introduction ot demand. Following
Jones (1965, p. 563) we assume that taste patterns are homo-
thetic so that the-quantities of R and X consumed depends only

upon the relative (individual) price ratio, as in equation (44).

R - g
(44) x f(Px) .
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IT we substitute (37) into (44) then we may write (45),
where g 1s the elasticity of substitution between the two

gonds.
(45) :\).‘l,—x::i o __GD([)R:;:_N*_PX:,”.)

ihis gives us the demand side of our analysis and il we
invoke the concept of market equilibrium then prices will
adjust to equate demand and supply. Tlhe supply side is
given by (29) and if we equate (R*-X*) in (29) with k==X

in (45) then we obtain (46).

(46) =0y (P -NiPy) = o & oy (PriaSpr=Pei),

[

which may bhe rewritten as

(4;) . P;\’ -;_,__pxr:-' 7:: N::: - (GD - «—..‘!_.-_) -

The equitibrium set of prices will depend upon population
growth and subsidies.

In what follows, two equations of the form

CORW = g(N*,SQ*) and N*¥ = h(R*,SR*) will ve derived and these

will be empioyed to solve for R* in terms of Sp*. First,

rewrite (30) as
(43) Rt = =—="NE 4 L(PE=Py)

_ MixCno Tt OANXGT
where T o e

NI
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Next substitute (47) into (48) to vield (49).

ki X - N::: ’ '
(49) Rn = XN 4 E[b e N fop
Mo LR optog /)

AT NP S L N Lo

bs
D+Gs

)

- (9] N
A 5

- N lﬁlﬁ + E ( , '*'J +ES ¥ D
')\ ' GDVF—GS . \! OD+O'S

If (49) is compared with {30) then it may be

noted that

some exogenous change i1n N may have an amplified effect on

@2 but that this will depend upon the sign of (“n- T.i_.'._)
Mote that (49) is an equation of the form R* = g(N%, S ).
fo derive N7 = h(R*,SR*) we substitute (47) into
(43) to yield (50
7% | Sp
' - _ o} iR
591 0 = (= mg) L (om0 o
150) W IGI l‘_ LU!)+OS Ikl aptog
v OTx
+ eWSR* w|e| + emeN -+ QRR .
Solving this equation for N* we obtain
i ;] 53 g,
TX D D ,
N7t~ e — — - .
(51) [‘ Ulgl optoy mGan fog eWmRi
= e R TEIA hli -y SH IR or
1o UIJ+Gb of R
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] o 6 J
. L 1TTX S X _ 9
(52) Nt = ewSRr.- LT'GT - op¥os (Iel mR) + BRR
I- W_ (27X Sp+mpG:
optog \ {9 DTTRIS

where og = gg + T%T ’

To get R* in terms of Sp* we substitute the rather unwieldy

expression given in (52) into (49). In so doing let

o b -1
-1 ® W TX — -
= | |- +
e e s ([ = )
ST /A 3 6 ‘ o o
(53) R+ =e R [(_TX , gD ) TX ( - ..,SM) + S
Q v optos/ [ {9 f optos "Rop+os
..A. 6 b
Q Y optog optog '

e, /A o,
" RITTX D
Ree[1- RIIX g D
(54) [ Q ([ll . qﬁcs)]
P Q-l(ﬁIX_ + €D )( % 1x , s™@ L ¢ 9
R |™W N optos/\optos |6]  optog optog| .

Let us now attempt to simplify the expressions that have

been derived, Define the following:
°D We = S
optos ‘>  optos

’

Wp =




- op=1/}fr} N ostH
N I R ATA LY B
aptos optog

The denominator in (52) may now be written

- or R
(55) Q@ = li— (I I V + mpJ )] .
6‘T)(
We know that -+ exceeds unity, while mp « | and Wy+We=1,
8' . DTV

Assume for simplicity that (GD |k|)> 0 so that WD?>0

although WD<TWD. Assume also that Q>0 so that a small

increase in ey will reduce Q, but increase Q~ ’ Returning

to (54) define

7 :l:;_ %ﬁ (TI% + WDE)] .

A

The expression (Tw»-+ WDE> is bound to exceed unity by

our assumptions, For simplicity in interpretation let it
be assumed that Z is positive. A small increase in e
will reduce Z but increase Z . A _small increase in €.

iy

will reduce Z but also increase Z-!. Rewrite (54) as (56)

S = e Ay - 6 - ~
- - R Wi TX o X . \

I

This is the expression that indicates the effects of popula-
tion endogeneity upon the output of the public good, when

federal subhsidies arc paid. Il population were constant
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then (Sﬁ) would simply be % = SR*EWD, But, by our
assunptions, iQ*PSR* EWD so that the subsidy effects are
amplified. |

The solution for w¥ in (32) will be bhypassed and we
sﬁall now derive the solution for we~r?, From (2%) and

(47) we have

RIS P xap
R X
(57) wiori = i 4 R X

191 1]

S e - )
BDC I (PRPULEN, B (UD- )
8]\ optog/  aptog x| |9

~

opSg” 1 Niap

!
| 3] | (optog)

Next substitute R+ from (56) into (52) to derive N

SR 9 '
. N TX {7TX
( 5 8 ) Mt o= € w—'-b- [ ﬁ—-ewl- - WS (’]"é"l‘ - m R)J

| oWy Wy ey Ty W “1x
(5*.?) Wo—p o= ﬂl-)-'— S, + 'refl- a R TST - 5(T§T - mR)
e!\ w Sy\‘ e._ )\ A C v R -
D R TH P g e e X Yoy Fw

Equation (59) indicates that the effect of the subsidy upon




- 19 -

the ratio of factor prices when population is constant is

W
aiven by w¥.pi = Tﬁ%'sn*. If @, Z and (oD- ﬁia) are

P
positive then the introduction of population mobility will
increase the backward shifting of the subsidv to the fac-
tor intensive in the subsidized industry, |If, however, the
factor intensity expression (Ixl) is small so that 1/

is large in relation to op then the extent of backward

shiftino is reduced,

V. Conclusion

Federal subsidies to a province have been examined
in a general equilibrium setting. General equilibrium
analysis has been used to determine some of the incidence
effects on the assumption that both private and public
goods industries behave as if they are competitive, Ffor
é single small province it has been shown that when popula=~
tion is endogenous the effects of a subsidy may be ampli-
fied. The model is set out in a way that makes in-migration
a substitute for federal subsidies since new citizens
participate in an ongoingrbeneFit- and cost-sharing
arrangement. Since migration is endogenous the model allows
federal subsidies to the provincial public good to generate
a population influx.

In the previous section specific assumptions were

made concerning the parameters of the model. The possi-
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bility of amplified effects upon public good output and
relative factor prices was demonstnated. Some caveats
are now in order, The small province assumption is of
particular importance to our results., Also, federal
subsidies were given only to the province of interest,
Hence, the model is not fully general equilibrium én thgt
it must be heavily qualified for subsidy systems that
apply generally to all provinces,

The mobility function, N=N(¥W,6R), has been central
to our analysis. The net real wage rate, ®I depends
upon-the marginal product of labour, relative product
prices, and the size of the population. However, changes
in population arerlikely to affect relative prices and
marginal products, in a general equilibrium system. Let
us look in particular at the wage Ehte and the marginal
product of labour.

On the production side of the model the Rybczynski
theorem states that at unchanged commodity prices an
exogenous increase in the labour supply will lead to an
expansion in the output of the labour-intensive public
good and a contraction in the output of thé land intensive
private gpod. The adjustment involved in moving from the
initial position to the final equilibrium requires a
change in factor prices hut factor prices return to their
original level, The factor intensities for the two |inear

homogeneous production functions will also return to their
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original level. This follows from the well-known theorem
for !inear homogenous production functions that factor
prices depend upon the ratio of labour to land. This
meaéns that a Rybczynski~type displacement will not change
factor prices and, in particﬁiar, that an increase in the
supply of fully-employed workers will not reduce the wage
rate. When demand 1s introduced and prices are allowed
to adjust then factor intensities are likely to change
end diminishing returns to fabour are possible., The
relevance éF diminishing returns to our mode!l is clear
.since diminishing returns tend to choke off in-migration.:
Note that when factor intensities are the same in both
industries then no factor saving is possible through
inter-industry shifting of factors and diminishing returns
to labour appears whenever the supply of labour increases,
It has been shown above that it fs possible for population
mobility to increase the effect of federal subsidies upon
the wage-rental ratio, when factor intensities differ,

But when factor intensities are the same in both industries

then it can be shown, from (59), that suhsidies to the
provincial public good will result in a fall in the wage-
rental ratio. |f factor intensities are the same in both
industries (at all wage-rental ratios) then relative prices
will not change (i.e., P*-Px*=0] but an increase 1n the
subsidy will reduce Py and 7. However, if the reduction

in m induces an influx of people then diminishina returns
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to labour will reduce the wage-rental rate. The size of
this reduction will depend upon the elasticity of substi-
tution in demand and upon the proportion of income spent
upon the public good. It will also depend upon the elas-
ticities of population with respect to the net wage and
with respect to the output of the public good. This is
shown 1n equation (60).

Sp %
(60) whepix = - J'; Lewmg + epxTxop],

where Z = [| + ew(GTR-mR) - eRMy OD]

A final comment may be made with respect to the
special case where fixed supply-prices result from equal
factor intensities. From equation (56) it has been shown
that, when factor intensities differ between the two
industries, the subsidy may have an amplified effect on
R*_becausé of induced changes in population. This possibility
remains  when factor intensities are the same since

equation (56) then becomes

S*o A
~ . _ RDTX
(6') R = —-——Z——- (1 + ewBTX).
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. The price deflation technique applied here is adapted
from that used by Acheson (1971).

2. For a more compiete treatment of the role of population
' mobility in the theory of public: goods see Tiebout
(1956) and Vardy (1971a, pp. 42-52, and 1971b). "




- 24 -

REFERENCES

Acheson, K., "Commodity Taxes, Variable Labour Supply
and Trade,” Canadian Journal of Economics, 4 (February

1971).

Buchanan, J.M. and G. Tullock., The Calculus of Consent.
(Ann Arbor: University of Michigan, 1962),

Downs, A. An Economic Theory of Democracy. (New York:
Harper and Row, 1957).

Jones, R, W,, "The Structure of Simple General Equi-
librium Models ,” Journal of Politica] Economy 73
(Becember 19651.

Rybczfnski, T.M., “Factor Endowments and Relative
Commodity Prices,” Economica 12 (November 1955),

Tiebout, C., “The Pure Theory of Local Expenditures,”

Journal of Political Economy 64 (October 1956).

Vardy, D.A., "Regiona! Public Goods, Spillovers, and
Optimizing Federal Subsidies,” Queen’s University
Institute for Economic Research Discussion Paper

No, 43 (Rpril 1971d).

Vardy, D.A,, "The Efficient Provision of Regional
Public Goods in the Presence of Benefit Spillovers

and Population Mobility,” Queen’s lpiversit
Instjtute for Economic Research ﬁjagutsign Paper

No. 53 (Rugust 1971b)




