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GENERAL EQUILIBRIUM

John M. Hartwick#*
Queen's University

1. Introduction

The theory of the location of the'firm.is charac-
terized by a number of clagsic énalyses. Each analysis
has been concerned with developing a particular property
of the equilibriﬁm location 6f the firm, in general, for
quite different models of markets. However, there is a
consistent concéptual refocusing over time as we move from
Weber's (7) analysis in 1919 through Hoover's (3) and Isard's
(4) to Moses's (5) in 1958. The focus shifts ffom a trans-
portation-cost minimization locational equilibrium criterion
to a profit maximization criterion with successively more -
general treatments of the technology of production.t

The purpose of this article is to indicate a basic.
equilibrium condition for the efficient location of a pro-
rduction procéss characterized by a neoclassical technology.
Producers will locate at sites which maximize profits in
the face oﬁ éxisting commodity and factor prices, and trans-
portation costs. This condition was first présented by

Moses (5), geomeﬁriqally, in_a partial equilibrium model.

*This paper was prepared.whilé the author was associated
with the Urban AffairsVMinistry, Gevernment of Canada.




We shall conduct the analy51s in a Weber- like model of
.general equlllbrlum with a neo-classical technology.2

In Section 2, the model is developed in a context
whon'all ﬁorkets aroAgeographically'distinct and fixed

~in space. In Section 3, the location of producers is treated

as a variable.

2., Equilibrium When Locations Aré_Fixed

| our economy will be comprised of three commodities
produced with three faotors. .The commodity indexed 1 is a
transportation good-ahdothis good is consumed in the process
of transporting factors and the other tWo commodities. We
assume that the transport of the trahsPortaﬁion good re-
qulres no transportation good or takes place at zero cost.3
The commodltlos 1ndexed 2 and 3 aré orthodox commodities
 desired by consumers as final demands.' Commodity 1 in con-
trast aoes_not directly enter the utility functions of |
consumers and is only produced in order to permit trade to
take place,

' The.geography of ouf economj is iilustrated in

Figure 1 below.
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In Figure l,.there are three geographically distinct

factor supply sites, iabelled L, K; and N. These factor
supply sites are geographically fixed. There are three
geographically distinct commodity production sites, labelled.
1, 2, and 3. In this section we shali be concerned with
determining factér and commodity price vectors which results
in efficient production in the economy illustrated in

VFigure 1. In Section-3, we shall let the sites for the

. production of commodities 2 and 3 be variable and determine

"conditions which cause efficient production and locations
to obtain.
Transportation costs are defined on flows between

all points except for flows of the transportation good. For

N2
N

'required to transport a unit of the resources factor be-

N2
N

cost of transporting a unit of resource input between

example t is the physical amount of transportation good

tween supply point N and production poiht 2. t Py is the
éupply site R.and production site 2, wherewpl is the price
of a unit of the transportation good.

We assume that labor commutes to the production
sites at positive cost and consumes bundles of commodities
2 and 3 in town. Separate transportation costs are asso-
ciated with the delivery of commodities 2 and 3 to town;
that is, workers do not transport commodities 2 and 3 to

town on their homeward commuting trip.




_ Let the productlon functlons for the commodities
1;7 and 3 be.d - |
@)y = £ 0 k) G=1,2,9)
where y denotes the output of commodlty i; 2 the labour
‘1nput, k the capltal 1nnut, ‘and n, the resouroe input in-
the productlon of commodity ‘i. f are assumed:to be con-
cave, posxtlvely homogeneous of the first degree and dif- -
ferentlable.
The factors of productlon are assumed to be subject
to the restrlctlons | |
. l-..z R s
T2k +ky +ky < K
| By ¥Ry Rz En
.fwhere % is the fixed endowment of labour in'tonn, k, and

'n the endowments of capltal and resources at thelr respectlve

51tes.' _
Factor-product coefficients will be denoted by
o . - k. n,
= ._..-.J..:. - = _i - L _l i _
(2.3) a;. -Yi i by ¥s icy v (i Llse.e03)

when y, > 0. From the assumed homogeneity,
(2.4) £, (a;,b;,c5) =1 (1i=1,...,3)

Let (wl,r ,sl), (wz,rz,s ) and (w3,r3,s ) denote
the vectors of factor prices at productlon 51tes 1, 2,
and 3 respectlvely. w refers to the wage rate, r to the

réntal rate on capital, and s to the rental rate on resources.
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The minimum unit cost.functions-are defined at production
site i_for:non—hegétiﬁé”wi,_ri andisi'by'

(2.5) g, (w;,x;,8;) = min {w;a ex;bas;c;|£,(a,,by,ey) = 1} (i=1,2,3)
These are also homogeneous of degrée:one, and concave (cf.
.Uzawa {6)). The factor-product ratios entering the minimum
unit cost fundtioné {2.5) depend on factor ﬁrices: when fhe
depehdeﬁce.is unique, tﬂe functional rélationship will be
denoted'bj |

(2.6) a;(wy,r;,s)), by (wy T, ,8), cy(wy,Tir8,) (i =1,2,3)
where the funetiens are defined now for positive WirTss
'a_nd si. | | |

We requife sets of commodity and price vectors which
- not 6nly'sus£ain efficient production as in an aspatial
_éconoﬁy; but which also cause intérpoint flows to bé shipped
so as to sustain effiéieﬁt producﬁion at the various pro-
duction sites. AIn'equilibrium non-negative profits will

be madé by shippers aloﬁg routes where positive flows aré
carried.and negative profits will be sustained along alter-
native routes where no flows are carried. We shall limit
oﬁr-analysis to situétions where positivé amounts of com-
modities 1, 2, and 3 are produced and positive amounts of
'fhe three factors are required in the production of the
thiee commodities.

. Factor transportation1équi1ibrium requires




_ _th '
Wy~ L Pl ) Py
L2 L3

Womty, Pp T Y3 tL Py

= K2
S ET K Pl r, tK Py

K2 L, K3
ry~tg Py T r3vtg Py

(2;7?

si N1 sz"
N -1 5"ty P1
Sﬁ’tufpl' 83~ 2391
Eaéh equatiop'iﬁ (2.7) indicates that the difference be-
tween the'sﬁipping pride'for a factor and the delivered
price fo:‘the factor is eqﬁal_to the cost of transpor£.4
Also, inlan efficient equilibrium, minimum unit
¢§st conditions in (2.5) will be met at each production..
site and non;ﬁegative'pfofits (in-fact zero profits) will'
be made. That is, |

{(2.8) wiai+-ribi-+s'ici = P; (1 =1,2,3)

Equations-(2,7)_and (2.8) form a system of nine
equations in nine unknowns and define a set of pfices which
are efficient in the sense that all factors will be utilized
in minimum unit cost combinations. However, an efficient
- equilibrium reqﬁires in addition that_there be no excess
production of the transportation good over the exact require-
. ments made-by the economy. Thus we must limit the set of

_ prices defined by (2:7) and (2.8) to those in a subset




L o
defined Such_that the quantity of transportation geodrpré-
duced;equals the quantity required. The guantity produced

B is ¥y~ The quantity required is the left side of (2.9)

below. . o
thgl +f3 :;1 ""9'2%'2 + ﬁu3tg3

(2.9 +'1k1t§l+ic2t§2 +k3t§3

Note thills.zere since the transporﬁatlon good 15 pro-

duced in. the town’ where labor is supplied.

| The set of p01nts sustalned by our pflce eectors
define an efflclent sep of output combinations. If weg
specify a social utili&y function defined on buhdles'of
'commodltles 2 and 3, we could 1solate the optlmal productlon

" point for the economy.

3. Equilibrium When Loéatione Are Variable

Consider an efficient equilibfium as defi#ed in
Section 2 sustained by a particular set ef mill priees
'(ﬁi, 52, §3) and a corresPending set of delivered feeto:
 prices. Consider now the posgibility of the produCefs'of
_commodltles 2 and 3 belng able to Shlft their respectlve
sites of production at zero cost. Let u, and U, be 1ndlces |

of sites (to be explained below) for the production of

commodities 2 and 3, respectively.




| ‘At site Uyr the producers of commodlty 2 w111 face
unit m111 revenue pz(u ) and unlt mlll factor prlces | .-
' i.w (u ), r (u ) and s (uz) Slmllarly for the producers _'
o of commodlty 3 at,u3 At the perceptual level of the flrm,
these prices will vary only with transportatlon costs. -
Thus, producers of commodity 2; by shifting their site
will ohserve-changes in the'mill prices as different trans-

' portatlon cost burdens are incurred. These changés in
: dp2 . dw _dr. ds., ' '

2 ) 2 . 2 . ]
.mlll prices, duz P du2 ’ du2 ’ and aﬁ;-w1ll be preC1selyrr
defined as functions of changed. relatlve transportation
. dp
- costs for shifts in location for the firm. aag-w1ll be
. * . 2
a change in unit revenue for the firm and
dw - dr ds.,
- 2 T2 - 2
a,— + b +
2du2 2du2 2du2

- will be the change_in unit cOsts,_where_barrea.vaiues
indicate efficient intensities of factor utilization‘defined'
in Section 2. _ | o

Producers will shift siteé'in'the face of existing
 prices until no additiohal'pdsitive'profits\cah be made or
until | | |

dp; dw, dr. , dsi

qy T A T PiE CCiE T Wmd

© that is until zero profits obtain. -
In full general equllbrlum with varlable sites.
the a,'s b,'s, and c,'s will change as s1tes are shlfted

and factor prdportions are changed,f Wlth varlable_51tes,




the'phyéical't:anspoftatidn'uséwcoefficients_defihed'as
constants in"sectibnr2“will ncw:béiﬁafiaﬁlés:aepending on

| £he IGCation'ofﬁthe producers. Lét these then be variables
7depending on the site indices'u2; and u#,? Now ahféfficient
point in the economy ( on the production possibilitj fron-
tier ) will be one which simﬁiﬁaneouslj satisfies (2.7)

(2.8) (2.9) and the following condition (3.1).

(3.1) dp, 4w, dr, ds;

1 ) 1 1 1 o N
= -a, =— - b, =~ ¢, 37— =10 (i = 2,3)
dui i dui _ } du:‘L i Qui

' The ai's,'bi's, and ci's must Be unit_ccst minimizing
intensities corresponding to SOlutioﬁ values of the factor
price ved?ors._ Observe‘(2.1) (2.§) and (3.1) form a system
of eleven équations.in éleven unknowns, given the values
of the ai‘s, bi's, and ci's. This éystem of equétions is
.aﬁalogous to the system defining efficient points in an
aspatial world.5 )

| The site index or loCatioh index must be defined
on a étraight line in order to have the derivatives mathe-
: matically-defined. u; then can be defined.as the geo~
graphic distance as the crow flies from any fixed poiﬁt
in the plane to the site of produ?tiOn of-commodity i.
A_shift-in the site is represénted by cbanges in location
along the line.drawn from the arbitrary fixed peint to
the existing production site. We require, however, pertur-

bations in the site to take place in any direction around
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a possible site. Thus a'site_indgx.must be an arbitrarily
fixed distance to a possible production site where the
direction of the distance measure is defined over 2w

radians. Figure 2 below provides an illustration..
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Assume production takes piace at O-iying amohg'markets

- indicated by pointS'A,B,'and.C. fLét'the dotféd line
indicate the region of possiblé pérturbati6n of préduction
point 0. If X is an arbitrary poiht then we can ﬁerturb
site 0 along the line from K through 0. Maximum profiﬁs

. must result at 0 in equilibrium.6 But in oxrder to be the
unique site of maximum profits we must perturb 0 through-
out the region bounded by_the,dotted line or along, say,
aﬁother line from arbitrary point L through 0. A site
index is the distance from an arbitrar? point K or L
through 0 and this arbitrary point must rotate 27 radians
around 0 to insure that the region bounded by the dOtted

line is covered by possible perturbations.
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FOOTNOTES

See the comments in Moses (5).

Tn Hartwick (2) I treated Weber's location problem in

This

full general equilibrium with endogenous trans-
portation costs by means of Samuelson's "spatial

"price egquilibrium" approach or economic rent

maximization approach. In that model it was
necessary to take demand and supply functions
as given whereas in this model, we shall be more
general and start from factor endowments and
production functions. '

simplifying assumption could be relaxed without
changing the gualitative aspects of the model
significantly. We would have a certain fraction
of the transportation good evaporate in transit
and as in Section 3, optimize the location of
production of the transportation good.

We require in addition to the zero profit conditions

on routes along which commodities are shipped,

inequalities to hold for prices and transportation

costs on all alternative routes not used. That
is, negative profits must be made on all routes
not used.

See Chipman (1).

We can illustrate the analytics of shifting positions
: along the line from K diagrammatically. Considerxr

three alternative sites along the line, say at

Uyr Uy and u,. Given his unit mill price orx

ufiit #evenue g(u ) {which the producer considers

a parameter) at ui'for instance, he will allocate
the revenue among the two inputs so as to maximize
the output of the commodity. This is equivalent
to profit maximization with free entry. An
equilibrium level of output corresponding to iso-
quant I, will be arrived at for the site with
index ur. See I,, and the revenue constraint
in Figu%e F1 bel%w. ' ' '
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Facﬁor 1 %-

Figure F1
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Because there will be different relative trans-
portation costs on inputs and the output at dif-
ferent locations, different unit revenue and
factor prices will face the producer at different
locations. We have indicated the different iso~
guants, I, and I, corresponding to different
sites uz'gnd u in Figure 2 above. Efficient
locatiofi in a gartial equilibrium content will
be at u; where the highest isoquant is obtained.
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