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.. IN MULTEREGLQNAL.GENERAL EQUILIBRIUM.

John M. Hartwick
Queen’s University

| Von Thunen taught us, with the aid of a simple
model [ 151, how to allocate and price agricultural land
around a town. Cournot [ l], Enke [ 3], and Samuelson
[ 10] demonstrated how to price commodities at different
points in space so as to cause efficient interregional
trade to result when transportation costs impede the flow
of commodities., The conceptual framework which Cournot
and Samuelson gtiiized can be shown to yield the equiif-
librium which von Thilnen . discovered. The first part of
this paper is concerned with the elucidation of the von
ThUinen . equilibrium and illustrates the power of the
Cournot-Samuelson approach. In Sections 2 and 3, the
von Thiinen  model is extendedvto incorporate more than
one town or region when these towns are involved in trade,
to incorporate many agricultural commodities with demand
functions not exhibiting only infinite elasticities of
demand, and to incorporate commodities produced solely
in town rather than :in fields around the town. In Sec-
tions 4 and 5, the trade model is extended to inéorporate
endogenous |y produced transportation goods. In Section 6,
the general model is compared with other modeis of spatial
general equilibrium,

The determination of and the nature of equilibria
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are the principal themes of this paper. We observe that
the equilibria can be defined to resultvfbom a mathemafical
problem of maximizing economic rent subject to certain
economic feasibility restrictions. This was the approach
taken by Cournotl and Samuelson [10] and utilized by
Takayama and Judge L 123, [ 13], for the case of many
commodities. )Haptwick [ 4] indicated that the dual to
the rent maximfzation problem was a problem of minimizing
rent foregone because of the existence of positive trans-
portation costs as contrasted with a situation in which
there were no transportati on costs. This dual appears
naturally in the simple von Thiinen mode! and the exten-
sions in this paper. Hotelling [5 ] rigorousiy analyzed
the welfare aspects of.the economic rent minimization
problem when excise taxes were the distortion rather than

2
transportation costs,

The minimization of economic rent foregone does serve as
a wel|fare criterion.

The mathematical foundation for this econamic
analysis is & primal-dual non~linear program. The proofs
of the existence of solutions become difficult as the
egonomic problem becomes more general. No attempt is made
in this paper to demonstrate_mathematicaf!y the existence
of solutions to the programs: the diagrammatic presentation

of the economic equilibria is straightforward and diagrams
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are frequently utilized. Proofs of the existence of
solutions to allied problems have been successfully de-

veloped.4

SECTION I, SIMPLE VON THENENWMODEL‘

. The v6h>TﬁGﬁeh Q6;13 conéi#ts of a homogeneous
plain with a popﬁlation center, say a town, located in
the plain. Various types of crops are grown in the area
around the town and these crops are distinguished from
each other by different prices in consumption and also
by the fact that each requires a different area of land
per unit output.

It is assumed that the crops produced are sh ipped
from therfield to town at some transportation cost. It
is well known that the different crops will be grown in
different belts or rings around the town as in Figure 1.

5

The von Thiinen problem” is to determine the frontiers of
these rings and how these frontiers or demarcation |ines
depend on the nature of production, transportation costs,
and values assigned to the various crops at the town,

Figure 1 illustrates the allocation of land in equilibrium in a

simple von Thinen model,




Figure 1.
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The town is at 0. Crop | is grown in the first
ring, crép 2 in the second éné crop 3 in the third,

The model is of a partial equilibrium type, We
assume fixed prices for agricultural commodities at the
town. Transportation costs per unit distance are also
exogenoﬁs. We will deal with the case in which there are
three different crops which can be grown around the town.
The n crop case has no essential differences.

We assume that each crop requires a fixed amount
of land per unit of output, e.g. it might be | acre per
bushel. The coefficients are as follows.

a} is the area of land required to produce a

unit of crop i.

i=1,2,3
We wish to maximize the value of the crops delivered to
the town less the transportati on costs, i.e. determine

frontiers uj,us and uz which
maximize: V = pyx| + pyxp + p3xz - T} - Ty - T3 (1)

where p), py, and p3 are the prices in the town for units

of crops |, 2, and 3 respectively.

Ty, T2' and T3 are the total costs of transporting

amounts of the three crops x|, xg, and x3 respectively.
Let us assume that crop one is grown in the ring closest to
ﬁhe_town, crop two in the next ring and crop three in the

last ring. Below we will determine the conditions on our
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coefficients which assures that this will be so. The

total amount of the first crop x| grown will be

2
2
x| = f fuia[u du d 8 = 2m aj hal ]
o ) 2

That is the total area used for x| times the amount grown

per acre used., Similarly

2 2

2m uo us  uj
x2 =4 [ “aoudud 8 = 2m ag(—~2 - =)
255 w2 203 -7

I

2 u | 2 42
x3 = £ J 3 agu du db = 27 a3(%§ - %%)

Transportation costs for a unit of crop | will be t| per
unit distance. t9 and t3 are transportation cost for a

unit of goods and 2 and 3 per unit distance.

Izﬁ Jnul U?
Tl =o Y ajutju du d 6 = 2m a|t|—~3-

2m fuz C2m Lug
Tz = ‘(i) ;{; azutzu du d 8 - _£ .L azutzu du d B
! ¥
= 2nagtso 3 - 2ragtg T
Izﬁ u IZH fu
Tq = t du d 8 - t du d 8
375 . ajutau du { o agutgu du

ug u3
= 21763‘!:3,:1-,—3— - 2 agtj '§2'

Ty is the transportation cost of moving x| to the town.




-7 -
Recall crop | was grown in the first ring.
To is the transportation cost of moving Xxg, the amount
grown in the second ring to town. Ty is determined
by finding the cost of moving the aﬁount of crop 2
grown in a circle of radius ug around the town minus
the cost of moving the amount of crop 2 grown in a
circle of smaller radius uj around the town.
T3 is the transportation cost associated with X34
We can now substitute for X1, X9, X3, T!, Tz, and
T3 in (1) above and maximize the expression. We want to
find what values uy, uz, and u3, the frontiers between
different crops assume when V or the value of the crops

in town is at its maximum. The conditions are:

3V 2 2
SU[ = 2pymaju; - 2pamatju| + 2nagtgu; = 0

P2%2 =Py
or uf = ‘tzaz -t Iﬁ |
Vv 7 2 & 2 2 =
SEZ = 2p2na2u2 - an3a3u2.- Tagtaug + Zmagtaug = 0
2 tjaz-tpdy”
v ' 2
and ~33 = 2p3ﬂa3u3 - 2ﬁ33t3u3 = 0
or 23

u3=‘t3
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The second order conditions assuring a maximum rather than
a minimum obtains are that the determinants of the prin-
cipal minors of the matrix of second partial derivatives
of V with respect to ug, ug, and ug must alternate in

sign starting with -QE%>O.

Diagrammatically, our maximization problem can be
expressed as follows: determine up, ug, and uz so that
area plc[dloi - dio"Fl + pozdz'Fz - szzOzgz + p303‘F3 -

03f30393 is a maximum in f:gure 2abc,




- \
-9
9@ /) .
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(c)

Fjgurerz.
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Observe that in Figure 2a area pjcydjo| is the total land
rent associated with the production of crop | on ring |.
Area o,leI is the total transportation cost associated
with the output of crop | on ring 1. The cqrEeSponding
areas in Figure 2b and 2¢c have a simiiér interpretation.
The curvafure of the § schedulfes in Figure 2 results
from the fact that output increases more than proportion-
ately as distance from town as we move out along a radius
from town. Distances 02F2 and 03F3 are respectively the
cost of tranéporting a unit of commodity 2 and 3 from the
frontier of the field nearest town, to the town.

Our problem can thus be viewed as one of maximizing
the sum of land rents less transportation costs. These
fand rents can also be viewed as producers’ surpluses.

"net

Thus in the parlance of Samuelson we are méximizing
social payoff”. It will be apparent from Figure 2 that
the von Thﬂneﬁ model could easily be amended to include
demand schedules which are not infinitely elastic in the
del ivered price, Consumers’ surpluses as well as pro-
ducers’ surpluses will then)ffgure in our maximand, We
shall develop this new model in Section 2.

In order to have the rings in the sequence suggested

above, we require

0 <up < ug ¢« uq




o g P2%2 " Pi%y P33~ P2%2 PR3
“tgap - tya)  t3ag - tpap  *3

(2)

To assure the positivity of u; and uy (us is assured
since p and t are assumed to be positive) we require for

uy for example that
P23z < P|8)  and  tpap L tyay

Similarly for us, We will see below that conditions for
all of crops |, 2, and 3 to be grown and in the first,

second, and third mings consecutively, are
pjaj > paay and tja; > toang
and pya, > Padq and  toa, > taag

6

and the satisfaction of the inequalities in (2).

There exists a problem dual to (I),.. +the solution
of which yields the price equilibrium conditions in a von
Thunen model and in more general land rent models. We
can illustrate the problem in Figure 2, We find frontiers
which minimize rent foregone (éreas crhydj plus cadohs)
sub ject to the condition that the difference between the
price of a crop in the field and the price in town must
be less than or equal to the cost of transporting a unit

of the crop to town. This latter constraint is the
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familiar one inhering in any problem of spatial price equi]ibrium.7

formally, the dual problem is determine non-negative Ups Uss and

Us which
minimize
pl p2
J xy(u)dp  + J X, {u)dp
pqluy) P, (u,
P
4 fs x3(u)dp
p3(U3)
3 3
- {1§1 p'|x'i(u'i) - 151 p'l(u'i)x'l(u"i)
subject to:

fi(u) - py +ps(u) = 0O (i=1, ...,3)

where fi(u) is the price of a unit of 1 in the field and pi(ui)
is the value on the vertical axes in Figure 2 equal to tiui » the
transport cost of a unit of commodity i from ‘ui to the town,

pi(ui) = tiui—l + tiuixi(ui)’ (i = 1? ... 5 3) and ug = 0.

Since land has been assumed to be the only input into the production.
of a commodity8 we can easily express the value of land in terms of
the value of the commodity.

Define
R,I(U) = a.i(pﬁ = p-i(u-i))
or Ri(u) as the rent on land devoted to crop i at distance u from

the town,
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We may deduce the rent per unit of land in a
different manner. The rental value on a piece of land
depends how far it is from the town and what crop, if any,

is grown on it. Define

2m Lu; _
A; = J f ' du i =1,2,3
o o

where A; is an area of land devoted to growing crop i

alone, Also V; = pix; - T;. Now dvi/dAi is the increase
in the value of crop i from increasing the amount of land
devoted to i by one unit. 1t is in fact the rental value

or implicit price of land when used to produce crop i.

dAi
'J;;'-- 2Tfu
Thus
dVi ' o
& =2l - tjuy) i =1,2,3 (3)

i

Ri(u)

Expressfon (3) shows that the rental value on land when
cuitivated with crop i is a finear function of the distance
u one is from the town. We assume that the rental value

is positive for some values of u and reaches zero at some
u. u, of course, is necessarily non-negative, being a
distance. We can also see that the value of u which satis-

fies Rl(u) = Rg(u) is the same u as we derived in (3).
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Similarly for Rz(u) = Rg(“)-
We can néw proauée the familiar companion diagram
to Figure I, Figure 3 shows the rent functions defined in

(3):and the Fn§ntiers, uj, uy, and uz for the crops.
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Observe that as transportation costs rise, the rents on
land fall to zero more rapidly. pja;>paay indicates
that the value of a unit of land in terms of the amount
of crop it yields is higher for crop | than 2. Observe
the relative magnitudes of the slopes a;t; and intercepts
p;aj required to assure that crops |, 2 and 3 are grown
and that they are grown in the rings |, 2, and 3 consecu-
tively. |If pjaj were very close to poag in Figure 2 with
the same é!opes, then none of crop 2 would bé grown and
there would only be two rings around the town. |f the
intercepts in Figure 2 remained the same but the slope
éltl became Eess in absolute value than the other two,
then only crop | would be grown and there would be one
ring around the town, The reader can see the myriad
possibilities for different configurations, each depending
on the relative values of the slopes and intercepts of the
rent functions.

The basic equilibrium condition indicating a
maximum for V, that is Ri(u) = Rj(u) at a frontier point
u, is not dependant on the fact that the world is shaped
as a circular disc., The town might be located on a coast
and the resulting agrécuiturai land cultivated would be
half a disc divided into various rings of crops.

We can deduce the conditions which define a fron-

tier in a slightly different way. A necessary economic




- {7 -
condition defining a Frontieripoint where crop types are
switched is that the values of the two crops at the fron-

dVv . dv .
tier must be equal, i.e. where acl = Egi

dv:
da = 2pgmaju - 2majtiu’
' dv . dv .
and the value of u when EGL = aai

is u = AL Pifi
tjaj - t|ai
which is the same condition we got above.

We can present these results in a diagram. Let

us graph aﬂi as a function of u for i = [,2,3, We observe
dv, Y ddv,
H"L =0 when u =0 and y = =L !

u i

. Also —~—~ < 0 implying
du
that the graph is convex upwards. The graph is symmetric

) d2y. .
about u = g%T which occurs when aﬁzl = 0. Graphs of -
i u

= 1,2,3 are presented in Figure 4.
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Note that we obtain three distinct rings with frontiers
Upo Ugs U3 because of the special assumptions made
concernigg the parameters Pp;, tij, and a;, i =1,2,3 above.
Other choices of parameters would give different sequences
and likely different numbers of rings.

When the rental value on land for crop | equals
the value for crop 2, say, then

Pods = P1¥y
u ==
'tzaz - t|a|

which is the same value we got for the ring frontier
value uj, Thus the equilibrium conditions to the maximum
problem indicate that the rental value on land for any
two crops must be equal where there is a switch-over from

the cultivation of one crop to that of another.

SECTION 2, LAND RENT AND SPATIAL PRICE EQUILIBRIUM

Let us now consider situations when the demands
for commodities are functions of delivered price rather
than wﬁen demands are infinitely elastic at fixed prices,
It is simplest to assume demand a function only of the
brice of the single com&bdity in question in the first
instance, Thus we shali”on!y deal with one agricultural
commodity. However we shal| deal with two towns and their
environs ratﬁer than one as before., Our problem will be

to determine the size of the ring around each town devoted
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fo cultivation, the prices of the crop in each town
assuming that we can ship the commodity between the towns,
the amount shipﬁed between the towns, and the rents on the
lands around the towns.
In each town, demand for the commodity will be a
Function‘of price. In the diagrammatic presentation we

shall assume the Funétion to be linear.
i i i .
x =a =-bop (i =1,2)

There is only one crop grown around the two towns. a’ is
land required per unit output of the crop at town i. t;
is the cost of moving the crop from the field to the
town. ui is the radius of a circular agricultural area
around town i. sij is the cost transporting a unit of the
commodity from town i to town de We assume that si*j = sji.

The equilibrium is illustrated in Figure 5.




sgion 2

- 21 -

Figure 5.

on 1




- 22 -

In Figu;e 5 are the "supply” and demand schedules for
Eegfons | and 2 in a—back~t;-back trade diagram, Dj and
D7 are the linear demand schedules for regions | and 2
FeSpectiver. gl is a schedule indicating the amounts
x%(u}? oF'the commodity grown in various sized rings of
radius u| about the town. Corresponding to each amount
xl(ul) produced in the fields is a unit transport price
t}uﬁﬁfndicating the cost of moving one unit of the com-
modity from the perimeter of the ring under cultivation
to the town., For a town in isolation the sum of con-
sumers’ surplué plus land rents (producers’ surplus) is
maximiéed when the area under cultivation }s such that the
delivered price of a unit of the commodity equals the cost
of transporting a unit of the commodity from the perimeter
of the area under cultivation to the town, or at i and j
for regions | and 2 respectively, i.e. pl = tlﬁl. With
trade, there exists the possibility of expanding economic
rents or sums of producers’ and consumers’ suﬁp!uses beyond
levels attainable under caﬁditions of neo frade. Furthep-
more an equilibrium corresponding to a welfare maximum
can be described by the conditions under which economic
rents are maximized. We have an §2 in region 2 analogous
to the gl and region |.

The economic conditions defining an eguilibrium in

the above mode! derive from the equifibrium conditions to




- 23 -

the following two mathematical problems.

1 12

Primal: Determine non-negative u~- and u? and hence x

éuch that areas efhid + jknv| - {knvl + efhé} ére
maximized, ' _

Dual: Determine non-negative ul and u% and hence p} and
p? such that areas cdhd + kmrl - i;fhd + klv%}

are minimized sub ject to

p! - p2+5s12 20

Note that the primal is an economic rent maximization
problem whereas the dual is a probfem in which economic
rent foregone because of the pbesence of transportation
costs is minimized. Areas klvn plus efhd define the total
transportation costs involved in shipping k%i from region
I to region 2, pe is the price for the commodity which
would obtain in trade between the regions were permitted
at zero transportation costs. In equilibrium, for region
I area a’dpi is the consumers’ éurplus; area p‘ho is the

"

land rent or producers’ “surplus”; and area ohw is the
P H

total transportation cost invelved in getting the agricul -

tural commodity to town. In equifibrium, for region 2

2

area a2kp is the consumers’ surplus; areaao!pz is the land

rent or producers’ “surplus”; and area oly is the total

transportation cost involved in getting the agricultural

9

commodity to town.
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Consider the rent per unit radius function in this

case when demand has some elasticity. From the fact that

%§<:0 or the demand curve has a negative slope for each

commodity (x is quantity demanded) and %ﬁ = ku where k is

a constent; we note that %E‘< 0. From this fact we can
d2W e . . . '

see that Eﬁi < 0 where W is economic rent including con-
ul

sumers’ surplus. So long as demand is monotonic with
respect to price, then the rent function W(u) be shaped as

below in Figure 6.
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Figure 6,
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Note that the land rent function is still a straight line.
For the spatial price equilibrium and land rent problem
il lustrated in Figure 5, the regions’ respective rent per

unit radius functions will appear as illustrated below

in Figure 7,
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sagion 1 - ' Region 2

Figure 7. .
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In Figure 7a distance “a} - ugj is the part of region I's
Eadfﬁs denoting how much land is devoted to growing theﬂ
crop for export to region 2. Beyond udl there is no more
consumer surplus accruing inrrégion I, only land rent;
Wi(u) has a kink at udi and becomes a straight line. In
Figuhe 7b ud2 is the size of the radius defining the amount
of land devoted to agriculture, Land rent becomes zero
beyond udy but economic rent is sfill positive because
consumers’ surplus is still positive corresponding to the
imports p% the commodity from region 1. Thus the Wz(u)
function ?domiﬁates;thé%Rf(u)zﬁtwtionufdieregion 2. |

The analysis in.this section has been restricted
to the case of two regions or towns. The extension to n
towns for n greater than 2 is straight?orward and follows
the path laid down in Samuelson [10] or Hartwick [ 47.
There will be the possibility of no tradé occurring be-

tween pregions.

SECTION 3. MANY COMMODITIES IN A REGION WITH GENERAL DEMAND
. CONDITIONS ... : : o o :

Let us ééﬁéider a single region wqud with n com-
modities in which the demand for commodity i is a function
of the prices of all other commodities. In section | we
dealt with the special von Thiinen case whépe demands were
infinitely elastic at Fixed)prices.ll We cén extend our

set of n commodities to include not only those which involve
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land directly in production but also those which are pro-
duced in town and use no land. The commodities produced
in town will have demands and the demand functions will
in general be functions of the prices of all commodities
produced in the economy. Associated with these town
commodities will be supply functions which will in general
be functions of all prices of produced goods in the
economy.Iz The demand function for good i will be assumed
to be a contfnuously declining function of the pricé D;
for commodity i for all commodities. The supply function
for town good j will be assumed to be a continuously
rising function of the price P for commodity j. An
economic equilibrium will result from the solution to the
following primal-dual problemé. Let us assume that there
are k town goods subscripted'l,...,k and n-k agricultural

goods subscripted k+1,...,n.

Primal: Determine n-k u’s (i.e. Ug+[sese,U,) and hence n
outputs x; (i=!;...,n) which result in the maxi-
mization of economic rent (the sums of producers’
and consumers’ surpluses for the town goods and |
the sums of 1;nd rents and consumers’ surpluses
for the agricultural goods) for the & commodities
taken together,

Dual: Determine n-k u’s (i.e. ugiq,.s.,u,) and hence n

prices p; (i=1,...,n) which result in the mini-
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mization of economic rent foregone in the pro-
duction of the n-k agricultural commodities, where
the rent is foregone because of the presence of
transportation costs in getting the agricultural
products to town. The minimization being con-
strained by the coﬁdition that the difference
between price of a unit of an agricultural com-
modity in town and in the field must be f{ess than
or equal to the cost of transporting a unit of
product to town. |

Consider the case of three commodities, one produced in

town 1|, and two produced in the fields around the town,

2 and 3. Let us take demand and supply functions as

linear, The equilibrium is illustrated in Figure 8 below.
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in Figure 8, the primal problem is to find uj and ug, the
radii of the circles defining the areas devoted to pro-
ducing commodities 2 and 3, so as to maximize area anb +
cdeo + ghk. In Figure 8, the dual problem is to find
uj and u2 so és fo minimize area def (in Figure 6b). The
quantities which define an equiiibriuﬁ x!;xz, and 83 as
well as the prices P|/P2s and P3 result from the solution
to the maximiym-minimum economic rent problem.

The rent functions for the three commodity problem
presented in Figure 8 are diagrammatically presented in

Figure 9 below,




Y
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Figure'9.
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The frontier for crop | closest to town will be at uj
indicated in Figure 9 by the point where Wg cuts W,
At up economic rent has fallen to zero and no crobsrwiil
be produced beyond the frontier defined by ug. It is
apparent that the straight line economic rent Fuﬁction
characteristic of the simple von Thiinen model is a
special limiting case when consumers’ surplus zero or
demands are infinitely elastic. Noté that certain demand
conditions will cause rings of crops to be repeated with
a'dEFFerent crop separating two rings of the same crop.
Consider a straight line rent function in'Figure 9
cutting the other W function in two p!aces"c°rresponding
to two different u’s, In this latter case repeated rings
will occur., The séraight line rent function will occur if

demand is infinitely elastic for one product.

SECTION 4. SPATIAL PRICE EQUILIBRIUM WITH MANY AGRICHLTURAL
COMMOD IT1ES

We can combine the models of Sections 2 and 3
into one with n»commodities and m regions”or towns. There
will be%nhon-empty set of commodities produced in the
circular fields around each town and some produced only
in town.I3 We do not require that every commodity be pro-
duced in or around every town. A necessary condition for
the production of all n commodities in our system is that

at least one region has a supply function for that commodity
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and at least one region has a demand function for that
commodity.‘4 Provided the equilibrium prices in antarky
for one commodity in two regions differ by more than the
cost of transporting a unit of the commodity between the
regions trade will be induced to take place. We shall
then take as given fixed transportation costs sij for
moving a unit of commodity k (k=I,...,n) between town i
and j (i,j=!,...,m}). We desire to determine the nature
of an équi!ibrium in our n commodity, m region world,
That is given trade, we want to determine the prices in
each town for the commodities, the amounts of the com-~
modities prod;ced in and around each town, to determine
the areas of land devoted to the production of agricul-
tural commodities around towns, and finally to determine
- the configuration of land rents around each town.

The economic equilibrium in this model will re-
sult from the solution to the economic rent maximization

problem and from the constrained rent minimization problem.
k
Primal: Determine radii u,,uz,...,urég (k=1,...,m)

T K
where r £ n and hence outputs {%l,...,xgé} (k=1,

eee,m) where s £ n and r £ s which maximize the

sum of economic rent accruing to consumers and

producers in all regions and in all markets in

each region, rk is the index of the final agri-

k

cultural commodity in the”kth region and s is the




Dual:
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index of the final commodity, including both
agricultdral and town commodities, produced in
the kth region.
Determine radii {ul,ug,m..,uﬁk}k (k=1,...,m)
ﬁhere uj; 2 0 and r £ n and hence prices {;Ir""

psg}k (k=1,e0.,m) where P; 2 0 and s £ n and
r £s thch minimize economic rent foregone be-
cause of transportation costs, economic rent fore-
gone in all regions and in all markets in each
region, The minimization is to be conducted sub-
Ject to tﬂe u’s satisfying the following two general
constraints, f
1) In region k, the difference between price of an
égriculturet product in town and in the field
must be less than or equal to the cost of trans-
porting a unit of the product to town; (k=1,...,
m)
2) For any commodity i, the difference between
fhe price in town k and town | must be less

than or equal to the cost of transporting a unit

of the product from town k to town I; (i=l,...,n).

In Figure 10 below is an illustration of a two region, two

agricultural commodity equilibrium with interregional trade.
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tzgion 2 ' : ‘egion 1

2
.Dl
_ 0 ' xi'
(b - Commodity 1 a) -
- 1P |
“agion 2 ' gion 1

0 | I

(d) Commodity 2 c)

Figure 10,
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in_Figure 10{(a) we have a “supply” schedule for commodity

| in region i,»gg, and'a démand schedule D:. The super
script indicates the region and the subscﬁipt the commodity.
Schedules are similarly defined in Figure 10(b),(c), and
(d). The primal problem is to determine ring sizes in
regioné I and 2 which maximize areas abc plus hijk, pfus
stuv plus @aBY in Figure 10. The export of commodity i

from one region muét equal the‘impoht of that commodity

by the other. The dual problem is to determine ring sizes
which minimize areas bgf plus cde plus Imh plus jnr plus
wtx plus zyv plus BS5d plus K@f sub ject to the price
conditions stated above.

Observe that |ine gfedlmnr in Figure 10(a) (b)
indicates what price would prevail in regions | and 2 if
there were no transport costs in shipping commodity |
between the two regions. The distance Py - p: is equal to
the fixed cost of tranSporting a unit of commodity | be-
tween the town in region | and that in region 2., The
equilibrium in Figure 10(c)(d) can be similarly interpreted.
In equilibrium éommodityvliﬁiil be grown in the ring

closest to town in region | and vice versa for region 2.

SECTION 5. BALANCE OF PAYMENTS EQUILIBRIUM AND AN
o ENDOGENOUS TRANSPORTATION SECTOR

The models we have examined to this point have been

less than completely general because we have neglected to
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consider the long-run equilibrium given regional trade
and we have chosen to consider traqurtation as a non-
produced commodity. In long-run equilibrium, we should
expect the balance of‘payments in interregional trade to
be in equilibrium, that is for each region k (k=1,.0.,m)

the value of exports is just equal to the value of imports,

that is
n m a M
pxdib= SIS SIS SO = I Tl o BIS (4)
i=l L=l =1 =t 9 |
E ] k|

1

kl

.th . t
where x; is the export of the i commodity from the k

h

to the Ith region and pik is the price of the ith commodity
in the kth region.

Secondly by introducing a transportation sector
into our model by making it one of the n commodities we
will have an additional eqﬁilibrium condition to be satis-
fied., That is the value of the transportation good pro-
duced in all regions must equal the value of the tranSpor;
tation used in ‘interregional trade, |If we assume that the
transportation good can be transpovted at zero transporta-
tion cost then the price of a unit of the good will be the

aame in all regions and the physical amount of the good

produced will equal the physical amount of the good required

for. trade,

We shall introduce the transportation sector in this
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: ki . .
manner. Llet a be the physical amount of transportation
oo J
good required to transport a unit of j between regions or

k
Py aij
tation good in region k required to transport a unit of

towns k and |. Now is the value of the transpor-

between k and |. Thus our sgl from Section 2 is equiva-
lent to pE a:; where J was the only good in the economy

in Section 2. We also had transportation costs t%-indi-
cating the cost of transporting a unit of agricultural
commodity i a unit distance from the field to town in
region k. With transportation costs endogenous ti will
equal P até where a:i is the physical amount of the trans-
portation good required to transport a unit of good i @&
unit distance in region k. Finally in at least one town

and perhaps all m, there will be a supply function for

transportation goods.

k k
Stzst (p'l"'!ptt"'lpn) (tQk'(:m)

We assume that the supply curve slopes upward with respect
to the price qf transport pt. Once again, we might remark
that all regions are not required to produce all commodities
and so some pifs can be zero in the supply function. The

-~

transportation use equilibrium condition is




m o h o m m [;lk]
oy P T L E O e
k k
*‘zn'Pt Egi fui a:lxt(uﬁ)wﬂl; een F {uh athxt(ukﬁﬁm - (5)
' : h-1
where p, is the price of a unit of the transportation
good
x: is the amount of transportation good prodhced
in region k
xt| is the flow of commodity i from town k to town |
ut is the radius of outer frontier of a circle

around town k and commodity h is grown iﬁ the
corresponding ring iﬁ region k
x:(ut) is the amount of crop h produced in a ring with
an outer frontier with a radius up in region k.
To determine the existence of an equilibrium in
our multfregional mode] with endogenous transportation
costs requires the use of advanced mathematics, namely a
fixed point theorem. Heuristically, however, we may
il fustrate the proceduﬁe as follows. Fix py the price of

transportation in all regions at some positive value. De-
. ki k ‘ ‘
termine then tj and t. and solve the primal and dual

problems in Section 4 excluding the transportation sector

from the n sectors. Then test to see whether the balance
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of payments condition (4) and the transportation condition
(5) are satisfied. I £ the two conditions are not satis-
Fiéd, choose a new péice Py for the transportation good
and repeat the optimization problem set out in Section:4.IS
Provided our problem is mathematically well-behaved, there
will be & Py which will yield solutions to the optimizing
problems and simultaneously satisfy the balance of pay-
mgnts‘and transportation requirements condition. Note that
in general the absolute prices will be unique. This is
because the level of economic activity feeds back on the
volume of economic activity through the transportation
sector in the same way the level of economic activity
feeds back on the vo!umé:: .. of economicractivity
through changes . in the~size of reéal balances in a monetary
mode | . = |
SECTION 6. SPATIAL GENERAL EQUILIBRIUM

- We have so far dealt with the case in which agri-

cultural areas are circular in an equilibrium., However it

is appahent>that packing will occur in general - packing

being the squeezing together of agricultural lands which
16

are oriented toward different towns. Frontiers will

cease to be circular when pressed against each other., |
use’the expressions with a physical connotation such as
packing, squeezing and pressing together because the pro-

cess can validly be envisaged as a physical phenomenon.
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such as two ameba pushing against one another on a slide
under a microscope.

The nature of our equilibria with mény regions
requires.on!y minor modification when packing occurs,

The agricultural commodity "supply” curve associated with
the commodity whose field is disto;ted will be less curved
when the field is distorted than when circular.l7 The
distortion will cause the size of other fields to change

in general equilibrium but in general not the shape. Any
point on a frontier separating the fields of two different
regions will be one of equal rent with respect to the value
of the-respective agricultural products in the'reSpective
towns. Interstices in which no agriculture is undertaken
will not be unusual, In fact with or without some packing,
the economic topograph& will display no pattern; the pattern
being a predominant feature of a Lusch or Christaller
spatial general equilibrium.

The irregular economic topography can result from
differences in tastes among dwellers in different towns,
(demand functions will differ), from differences in factor
éndowments among regions (supé!y functions will differ)
and from differences in eéficiency in various regions
(transport costs may differ for the same agricultural pro;
auct within two different regions and/or agricultural out-

put per unit land may differ for the same product between
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. 18 , . .
two regions). Of course with special assumptions a
'ssch or Christaller economic landscape could be constructed
from the basic elements in the general equilibrium model
of section 5. 1In the general model in this paper towns
are taken as fixed in location whereas in the Losch and

Christaller models we seek to explain the location of

towns in a system.
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FOOTNOTES

Cournot summarizes "the highest development of com-
munications between fractions of the same territory
does...necessarily raise the real value of the
national income (Samuelson’s ”“Net Social Payoff”) to
a maximum, and brings about the most advantageous
working. So far as | know, this fundamental prin-
ciple of political economy, though always vaguely
understood, has never been demonstrated by strict
reasoning or deduced from its real premises”,

{1, p. 135]

Hotelling concludes: "It is remarkable and may appear
paradoxical that without assuming any particular
measure of utility or any means of comparison of one
person’s utility with another’s, we have been able
to arrive at (rent minimized) -as a valid approxima-
tion measuring in money a total loss of satisfactions
to many persons that this result depends only on

the conception of ranking, without measurement, of
satisfactions by each person is readily apparent

from the foregoing demonstration .” [5; p. 29571 In
this paper we are contrasting situations in which
transportation costs are positive with situations

in which there are no transportation costs, Incomes
will be different in the alternate equilibria and
thus Hotelling’s welfare analysis will not be
strictly valid,

We can of course take Samuelson’s, what might be
termed agnostic approach and call economic rent, Net
Social Payoff. "“This magnitude is artificial in the
sense that no competitor in the market will be aware
of or concerned with it. It is artificial in the
sense that after the invisible Hand has led up to
its maximization, we need not necessarily attach any
social welfare significance to the result.” [0, p.

28871

Takayama and Judge [12], [13], and Takayama and

Woodland [ 14] have proved the existence of solutions
to a class of mathematical problems similar to those
posed here, By assuming demand and supply functions
to be linear and with the usual slopes, they converted
the general programs to quadratic programs and
appealed to the well-developed mathematical |iterature
in that area. The mathematical problem posed in

Section 5 which.yields an economic equilibrium, that
is the one involving balance of payments equilibrium
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and endogenous transportation costs can be solved by
appealing to Kakutani’s fixed point theorem. In
another paper. | will be rigorously proving existence
for a problem related to those posed here, namely
the Mosak international trade model with endogenous
transportation costs. Isard and Ostroff [8] have
proved existence is a Mosak-|ike model but they did
not use programming techniques; these latter tech-
niques make the proof simpler,

Stevens [11] has analyzed the von Thinen model in
some detail and his bibliography indicates other
contributions to the analysis of the basic model.

We know that the distance u; must be positive. We
afso know from the second order conditions, indicating
a maximum rather than a minimum has obtained, that
tjaj-tja; <0. Hence pja;-pjaj<0 also. These are
necessary conhditions for“the existence of a frontier
between bands devoted to crops i and j. However
sufficient conditions involve a whole chain of ine-
qual ities being also justified as in (2).

This concept of a dual, that is minimization of rent
foregone, was first utilized in [4] a contribution
generalizing the transportation problem. Note that
in equilibrium, a strict inequality obtaining in

the dual price problem implies a zero output in the
primal quantity problem, This is a familiar pro-
gramming equilibrium condition and in particular for
a problem involving transportation costs indicates
that if the difference between the price (cif) and
price (fob) is less than the costs of shipment then
no shipment will be induced to take place. In our
case, not only no shipment will occur for a case

of strict inequality but that agricultural commodity
will not be produced where the transportation costs
make it unprofitable to produce it.

The maximization could be carréed out over total
economic rent, that is areas a“klo plus a'dho to
vield the same economic equilibrium. But it suffices
to just consider the net increase in economic rents
for the two regions.

We require that the distance between towns is suffi-
cient so that agricultural land areas in equilibrium
do not overlap. If they did overlap we could still
define an equilibrium but the analytics would be
more complicated. For an economic equilibrium the
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13.
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agricultural areas could not overlap but must press
against one another in a fashion which distorts the
circular shape. The frontier dividing the two agri-
cultural areas would be a contour defining points of
equal land rents for the two areas. The resulting
distortion would be reflected in Figure 5 in the
respect that 5 and 82 are still always increasing
but with less curvature.

The analysis in Hyson and Hyson [6] can be readily
applied here to land rent frontiers separating areas
under cultivation rather than to price frontiers
separating market areas. In fact the extension of
Fetter’s Law by Hyson and Hyson is unsatisfactory
when applied to market areas since they must assume
transportation costs per unit distance are different
for two producers of an identical product on a
homogeneous plain., It is difficult to interpret
such an economic situation. However, for the case
of rent frontiers, the Hyson and Hyson extension is
perfectly appropriate. For two simple von Thinen
mode | s over!apping the Frontleﬁ ili be defined by
the satés? ing a’(p ~tlu -t2u) or when

y for regions ! and 2 respectivefy.

The caveats in the previous footnote then apply with
equal force in the n region case, We return to these
problems in Section 6.

The case where demands for commodity i is a function
only of the price for commodity i in one region

with many commodities is a special case which we
shall not consider because it can be developed as a
simple special case of the mode! in this section.
This particular special case is also less satis-
factory from an economic theoretical point of view.

The qualification produced goods is inserted because
transportation goods are still considered exogenous,
We shall consider transportation goods as produced
commodities in Section 5.

If atl are produced in town, our model will be the
same as that of Takayama and Judge [13]. We shall
assume then that.a non-zero number of commodities
are produced in the fields.
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I5.

16.

17.

18,
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The existence of an upward sloping supply function

and a downward sloping demand function in at least

one region {the schedules need not be in the same
region) for all commodities, and the presence of
transportation costs between the regions whose value
is less than the difference between the price inter-
cepts of the supply and demand functions are necessary
and sufficient conditions for observing all n com-
modities produced in the multiregional system.

The town supply and demand functions will be functions
of pt as will the agricultural demand functions. Thus
when we say that the transportation sector is ex-
cluded from the group of a commodity in the otpi-
mization, it is only the quantity that does not
figure. The fixed transportation good price figures
prominantly.

Packing can result because we must assume our total
area finite. The total area could be a continent or
the globe.

In the limiting case when a field becomes a straight

line radius, the “supply” curve will be a straight
line., Otherwise there will be some curvature as
il lustrated,

We could of course generalize the model by considering
commodities produced in processes requiring variable
doses of factors say land and labor., In particular we
could consider the possibility of varying the intensity
of cultivation of various tracts of land. Samuelson
[9] has examined models incorporating these considera-
tions.
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