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Introduction

Interregional input-output models have seldom been empirically
articulated owing no doubt to the inordinate demands made on research
teams to collect data dn economic flows and to prepare the coeffitients
required in the models. The first interregional input-output model,
published in 1951 by Isard [8] has been empirically articulated only
once and even then on a very small scale [ 6]. Chenery [ 4] and Moses

[15] developed a model, independently of one another, which is similar

to the Isard model but requires considerably less data in order to be

statistically implemented. Their model has in fact been statistically
1

implemented for systems of regions in, for example, Italy , the United

States of Americaz, and Canada [ 7]. Efforts have been directed to con-
sﬁpucting interregional input-output models which require a minimum of
détj on interregional commodity flows. Leontief [ 9] developed one model.
A more recent model is that of Leontief and Strout[11 ] which makes use
of the gravity theory for estimating interregional flows. Mi?1er[§3 1s
[14] has performed some interesting empirical tests which suggest that

the increase in accuracy from the use of interregional as opposed to a

*This paper is part of my Ph.D. dissertation [7 ], Johns Hopkins,
1969. I am indebted to my supervisors, Edwin S. Mills and Peter Newman,
for patient guidance. R.E. Miller made helpful suggestions on an earlier
draft of this paper. '




and the detailed comparison of the Isard and Chenery-Moses models.

1. The Isard Model and a Reformulation.

Table 1 contains the basic data on economic flows required to
define the Isard model. There are m regions and n sectors and nm x nm

intersectoral and interregional trade flows.

Table 1
Regional Accounts for Isard Interregional
Input-Output Mode1

: Final
Region 1 Region £ Region m Demand Total
1
Region 1 Xl1 ves X1£ cee le y1 X
. "2 )
Region k Xkl Xk . ka yk X
Region m Xm1 - Xmﬂ cen Xmm ‘ ym oM
Primary 1! FAREE -
Inputs g ... g ... 9
1 £| 1
Total x1 cee X L.




series of separate regional input-output models is not significant

compared to the increase in costs required for the more detailed models.
Interregional models capture feedback effects of increased activity in
region A on region B and B's induced increase in A and so on. Regional
input-output models cannot capture these feedback effects. 1In this paper
we are concerned only with two interregional input-output models, the

Isard and the Chenery-Moses.

The Isard model captures observable interfegional intersectoral
trade relationships in a more precise way than does the Chenery-Moses
model. It is the purpose of this paper to reformulate the Isard model in
a manner which permits us to make a precise comparison of the two models
and to explicitly define the averaging implicit in the Chenéry—Moses model
vis-a-vis the Isard Model. Specifically the representative coefficient
in the original Isard model a¥§ expressing the flow of commodity i from
region k to region £ required in order to producg a unit of j in region £
will be separated into two coefficients, a supply coefficient and a tech-
nical coefficient analogous to the Chenery-Moses supply and technical
coefficients. The reformulation of the Isard model will also permit one
- to introduce supply capacities in specific sectors in specific regions

into the model in a way which Chenery illustrated to the Chenery-Moses

model. This property will be described in Section 3.

Section 1 contains a presentation of the Isard model and the
reformulation of the Isard model which we shall call the‘revised Isard

model. Section 2 contains a presentation of the Chenery-Moses model




Where

x11

xom

xke

)

£

is an nxn matrix in which each component is a flow from one of n
sectors to another of n sectors in region

is an nxn matrix containing analogous intersectoral flows but from
region 2 to region m.

is an nxn matrik of intersectoral flows moving from region k to
region £.

is a column vector of n components defining final demands by sector
in region k. It excludes consumption since we consider this activity
endogenous and hence one of our n activities by region.

is a column vector of n components defining the sum by sector of
intermediate outputs originating in region k plus final demands in
region k. That is, all of region k's exports to its related regions
are included in xk.

is a row vector ofrn components defining the primary inputs by sector
flowing into region L, ThéseLprimary inputs comprise non-competitivé
imports, and indirect taxes. Wages and salaries are endogenous and
are hence included as one of the n activities by region corresponding
to consumption above in xk. '

is a row vector of n components defining total input by sector for
region £. le or total inputs is defined to equal XE or total output

above.

Each of the matrices aloﬁg the diagonal defines flows originating

and terminating in the same respective regions. The off-diagonal matrices




define exports and imports. Imports or supplies are defined in the
column arrays of matrices and exports are defined in the row arrays assoc-

iated with each separate region.

Given the known flows in Table 1, we can proceed to def{ne an

operator matrix analogous to Leontief's matrix A (not I-A) of technical

coefficients.
Define, : xkg
atf}% = — (1)
ij 5 3 xkﬂ + g£
k 1 1] j
ke . . .th K€ | cs. - .
where xij is the 1,7 component of X “defining the flow from sector i to
sector j and from region k to region £; gg is the jth component of vector
A 3

g~ . In defining this coefficient (1) we have directly followed Isard.
The procedure for defining coefficients resembles that developed by Leon-
tief [10] for simple nat%ona] models. We divide each element in a column

in Table 1 by the sum of all the elements in the column. Matrix Ak£ will

be composed nm x nm elements ak@ as in (1) above i,j =1, ... , n; k,& = 1,

1]
. » m. Note that throughout the paper k and £ sum from 1 to m,that is

over all regions, and i and j sum from 1 to n, that is over all sectors.

One exception will be noted.

One of the drawbacks of the above procedure for defining the
coefficients of ﬁlis that the coefficients contain elements of both inter-

regional trade characteristics and technical production characteristics. The

coefficients akg are imprecisely related to the technical coefficients

13
in a simple Leontief model. Thus if the coefficients change over time we




cannot say whether there has been a simple rearrangement of trading

patterns, a change in technology or both.

W1th two regions and two industries the Isard matr1x_Ak£ (not I-A

or (I-A)” ) w111 be as follows:

all all a12’ a12
11 12 11 12
(akﬂ) _|a't, all, a2, 312
\ \'i\] 21 22 21 22
a21’ 621, 322, a22

11 12 11 12
a21’ a21 a22 a22

s 3
21 22 21 ZI—J

Note that no coefficients are identical in this formulation.

7 ==l
-
o
ded
w
[NV

(14)

The inadequacies of a single coefficient can be to a large extent
overcome by defining two coefficients for each observed cell from the

flows in Table 1.

Define: -
e\, £ k£ b3 ka |
(s;5)(ay;) = i k (2)
z kﬂ I I xkﬂ g
PEAF ki WOy
where xff and gﬂ are the same as in (1). The elements in the two sets

of brackets on the Teft correspond with the elements in the two sets of

brackets on the right.

We might remark that the af3 is a technical coefficient defined
in a manner identical to those in simple Leontief system. Compet1t1ve
imports have been incorporated in the technical coefficients in a common

way.4 Now we have a square nxn technical coefficient matrix for each of







;;ey suggested consﬁgning interregional flows to Sectors throuéh the use
~of the known intersectoral flows as‘weighting‘cqefficients; that s,
partitioning the agg*egated interregional flows into intersectoral inter-r
regional flows through the use of the knownvintersectoral flows.
Chenery and Moses have expressed a different interpretation of
~ the proceduré in constructing coefficients. Their interpretation is that
all producers in each region considé;‘fhe imports from a specific region
as homogenous and thus all producers import from a specific region in
proportion to their total use patterns rather than importing in different
proportion from different regions. For example, if ten million dollars’
worth of bricks are imported to region eight from region ten and eleven
respectively, then all sectors in region eight will import bricks from
regions ten andreleven in the raiio one to one. This was not the case in.
section 1, although this above assumption can be considered a special case of
the approach in section 1. 1In sectiﬁn 1, region eight could hypothetically
import ten million dollars' worth of bricks from regions ten and eleven
respectively, but we would not expect all sectors to import from these
two regions with flows in the ratio one to one.
The coefficients of the Chenery-Moses matrix operator are defined

as follows:

K& ¢
Key .2y . i i] (3)
s (i) - ke | 20, £
> : T o %o+ g,
k- x‘\ i 3T
where iff iszthgk i;jth; component of XEE and gf’ is the jth componénf’“







2. The Chenery-Moses Model and Its Relationship to the Isard Model.
+ The accounting system for the Chenery-Moses model differs from
that for the Isard model in the respect that for inter regional flows in

the Chenery-Moses model, the sector of destination of the flows is unknown.

That is there is a system of vectors of inter regional flows in the Chenery-

Moses model rather than of matrices as in the Isard accounting }ramework
presented in Table 1,
In Table 2, we have the interregional accounting framework for

the Chenery-Moses model.

Table 2

Regional Accounts for Chenery-Moses
Interregional Input-Output Model

_ Final
Region 1 Region £ Region m Demand Total
Region 1 x11 cee x1£ ces xlm yl x1
Region k xkl e xk£ ces ka yk xk
Region m moome ym X
Primary ' N t
Inputs g1 cen g2 ces gm
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where

;n:kz is a column vector with n components, xliw, i=1, ... ,n.

x#ﬂ is the flow of commodity i from region k to region £,

yk is a column vector with n components, y?, i=1, ... ,n.

y? is the final demand in region k for commodity 1i. It includes
exports to regions not included in the set of m regions, but
excludes consumption which is assumed to be one of the n activities
within the system.

xk is a column vector of n components, x?, i=1, ...,n.

x? is the total output of i from'region k  including exports to
other regions plus final demand in region k.

.
gﬂ is a row vector of n components, gg, i=1, ..., n. g§

is the primary input including non-competitive imports and indirect
taxes. Households are assumed endogenous so that wages and salaries
are considered as one of the n activities within the vectors in

the upper left hand part.

In addition to the flows in Table 2, it is assumed that we Know

a matrix ka for each region k =1, ... » M which contains intersectoral

flows from each of n sectors to each of n sectors aggregated to 1nc1ude

all competitive imports. Thus ﬁ%? s the i,jth component of ka
describes the total amount of i including imports required to produce

Kk

an observed flow of J. X differs from ka in Table 1 in that

competitive imports have been excluded from the flows in ,ka.
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ka forms the accounting flows of the interindustrial portion of a

simple Leontief system. In other words we could form a technical

production coefficient for an isolated economy by dividing such

kk

element of X* by the column sum. That is for region £ rather than k.

~ L
i 3
j i3
where ij is the amount of input i required to produce a unit of
output j in region or economy £. The gfj is the familiar Leontief

technical coefficient. In order to define this identical coefficient
from an Isard accounting framework, we must sum over industrial
sectors and regions, the latter being already disaggregated in the
accounting scheme.  Thus from the Isard accounting frameﬁork,

the technical coefficient is defined as follows:

. ki
£ . Xss
T kK "iJ
kL
~L . . es L s .
Now aij is by definition equal to aij for all i and j.

Chenery and Moses independently arrived at the same procedure for
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b, There are nm x nm pairs of coefficients as in (3) forming an’

ke kL

of g

operator matrix s;ﬂ\k’E analogous to matrices A" and SA®* in section 1.

£

Consider the second coefficient first. a%. is identical to the

. ig %1 |
afj in (2). We examined this relationship in detail below Table 2.
afj is a technical coefficient in the sense that it defines the total

amount of flow i required per unft output of j in region k.

The coefficient é?ﬂ indicates the fraction of commodity i supplied
by region k to region £. Obviously summing over regions E skﬂ = 1 and

kk
i
commodity i related to region k equal to zero.

if region k imports no i, s; = 1 with all other supply coefficients of

The Chenery-Moses matrix analogue to (1A) and (2R) for the two

region, two sector case is as follows:

11 1 i1 1 12 2 12 2
S di1s S1 312, S1 a1, Sy a1z
11 1 11 1 12 2 12 2
S2 @21, S2 Q22 Sz d21s Sz Aszs
(sgﬂ)(a@_) = 21 1 21 1 22 2 22 2 i,j=1,2

1 1] [ S1 @115 S1 A1z, S: &11, S1 a2

21 1 21 1 22 2 22 2. ks £=1,
Sz d21s Sz A3, S 821, S2. Azp

S ' — (3A)

It was a matrix 1ike (3A) which Chenery and Moses déveToped for regional
analysis. Observe that we have two sets of technical coefficients of
production of the traditional Leontief type defined - one for each region.

These technical coefficients are weighted by supply or trade coefficients.




(1]

[2]

[3]

(4]

[5]

[6]

[71

[8]

[9]

[10]

[11]
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In the exposition of the Isard procedure using both supply and
technical coefficients (revised Isard) we weighted each technical coefficient
separately with a set of supply coefficients which summed to unity. In this
Chenery-Moses procedure we weight each technical coefficient in the same
row of a region's technical coefficient matrix by the same supply coefficient.
‘Thus, there is an implicit averaging involved in the Chenery-Moses procedure
which is not found in the more precise Isard procedure. We can make this
explicit by relating the supply coefficients of the two procedures,

In section 1 we showed hbw we could represent our known flows in -
terms of coefficients and total outputs. What can we say about the flows
we derive from multiplying total outputs by our operating coefficients?

They clearly do not restate known flows since we have no knowledge of the
actual interregional intersectoral flows when we construct our coefficients, |

We can, however, compare the approximation in Chenery-Moses formulation to
the known flows expressed in terms of the revised Isard formulation with
supply and technical coefficients.

Consider the following identity:

2k
kk T X kk % fk
L £ %i2 *w
> x’?? r ¢ XKy x‘f"z‘ 1 op XK
2 1 £ Ny 1 i L 1
kk 5 n kk
Xin 2 x%ﬁ z Xij
P ﬂk . e =
xin ; L x@% £k
j £ iJ z XS
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~kk
x'ij
kk K k. _ kk k kk k K K
[s aij xJ] (Xij) . r1j + i1 -+ 'ip aij X] + +
kk K k kk K k k
R I e T R SRR T %3
kk k K K

+ . . . + s.in . in - ij . j
Observe in the above equation that the term in 'square brackets is

flow from sector i to sector J 1in region k as expressed in terms of

coefficients in the Chenery-Moses model. That flow does not equal the

Isard flow x?? alone but equals the Isard flow (in round brackets) weighted

by rgj plus n-2 terms,

What we can do now is to reconstruct the actuaH flows which the
Chenery-Moses procedure estimates as proxies for the precise flows in the
Isard accounting framework. The i, j flow in region k is represented by
the term in square brackets in the above equation. Let us call it QEE,
the counterpart of x§§ in the Isard accounting framework. For the two

region, two sector case the estimated flows will be

— — —_
L1100 1 L1200 12 11 11 12 12
X115 Xi12, X11s X122 X115 X1z, X11s X122
L1111 L1200 12 11 11 12 12
X215 X225  Xa1s Xoo X21s Xpa, X21: Xz2
L2121 .22 _22 21 21 22 22
X115, Xi12, X115 Xi12 X11sy X1z, X11, Xj2
~21 21 .22 22 21 21 22 22
X21: Xasz, X1+ Xa2 X215 X22, X215 Xa»

Chenery-Moses Proxy Flows “Isard Flows (from Table 1)

The sum of elements in any row of the left hand matrix will
equal the sum of elements in the corresponding row of the right hand
matrix. A review of the accounts in Tables 1 and 2 and of the defini-

tions of coefficients will show this to be so.
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F is an information theoretic value measuring how much cell entries

deviate from values predictable from column and row entr‘ies.5

The proof of the result is a straightforward application of
a theorem of Beckenbach and Bellman [ 1 ; p. 17].6 We first develop -
. the expressions for the information content of the Isard and Chenery-
Moses models sepatate1y, then transform these expressions, and compare
their relative magnitude with the aid of the Beckenbach and Bellman
theorem. The manipulation is much less cluttered if regional superscrips
are omitted and so we shall omit them, and let the subscrips range over

sectors and regions. For the Isard model, the information content FI is

X

Fi = 32 X.. ij
SR A m
»ini.
ij |
(:;ZZ X, é:)
= L X, ,
< j S,.a.. Tog K asa
ij K ij i I; Sija13

where K = 33x, ij xj is the total output including final demand of commodity j,

ij
and X5 is the row sum of the ith row of intermediate goods flows,

For the Chenery-Moses model, we get FCM by a similar transformation.

- X, .
o T FE L G Tog K
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where the terms have the same definitions as for the ohes in F The

Il
crucial fact required for the application of the Beckenbach-BelTman

theorem is that S is the arithmetic mean of the g.j for each row 1.

i
n

Bellman theorem,

sij; this by construction. Hence by the Beckenbach-

~J
=t ]

-
v
-

CM.

|
|
s
|
i
3




The Isard model captures these special contractural relationships and
incorporates them into gross 6utputs generated by different final demands.
In other words, Chenery and Moses felt that the averaging involved in

their procedure had the advantage of not incorporating "noise" or very
particular economic relationships which would not persist when the economic
system was generating different gross outputs.

Their contention is reasonably persuasive, although it is not
unlikely that the particular elements captured by the Isard procedure
would persist under different final demands. Such elements as special
market relationships between firms aggregated in these models to industries,
the §artfcu]ar spatial distribution of firms, and the product heterogeneity
involved both in statistically implementing interregional input-output
models and in the outputs of actual firms can be addhced to cast doubt
on the contention of Chenery and Moses concerning the superfority of their

procedure.

3. Procedures for Introducing Variable Supply Coefficients in Inter-
regional Input-Output Models

Chenery [ 2] points out how one could introduce responses to regional
capacity constraints by varying supply coefficients 1in preassigned magni-
tudes. Similar approaches were developed in order to introduce increasing
returns to scale in Leontief models. In this case, technical coefficients
were varied Egz]. In this section, we will review procedures for solving
for activity Tevels with given final demands and show how the Chenery
coefficient adjustment procedure can be applied to the revised Isard

modeT.




T _,2_1: -

We are familiar with the fact that with well-behaved, non-negative
coefficient matrices, say A , and non-negative final demand sectors y ,

we can solve for non-negative activity levels, a vector x.8 That is:
x = (1-A)7hy

Moreover, if A has all characteristic roots with‘absolute values less

than unity, then:

(1-A)7Y = T+a+A2+ .+ A4

Hence, _
x = (A y = mearaze e 4 gy
or '
- -1 _ ,
x = (I-A)"y = x; +x; +x, + ... + Xg Foees (5)
where X = Iy, x; = Ay, x, = A2y etc, Equation (5) can

be written:

Fl

- -1 . ‘
x = (I-A)"y = x5 +Ax, + Ax; + Ax, + ...+ Axg_1 t .-

given the definitions for Xgs X;s X, etc.

Now, equation (6) has some desirable qualities when considered
as a computational scheme for solving for activity levels x, given final
demands y. First, it requires no métrix inversion. Secondly, one can
- solve in steps, that is, determine X, » then x, , etc. One can test the
intermediate sums, say Xg * X + X, 1in order to see if they exceed pre-
assigned capacity constraints on any of the activity levels. If they have,
then coefficients in matrix A can be changed to accommodate the new real
world situation. If coefficients were adjusted at each step, then (6)
would become: k
+ Aa Xp ¥ it A X1 T e e

X = X, + Al X, t A2 X,

(6)







=22 -

It is obvious that by abandoning the postulate of proportionality,
we preclude the existence of a general solution where the vector of activity
1eve1s;' X , are a linear transformation of the final demand vector Y o,
the matrix of transformation being '(I-A)'l. However, we are able to build
into our applied work the quality that our results will more closely
approximate observable phenomena. This is at the sacrifice of much of
the elegance of the basic Leontief model.

If we consider matrix A to be the Chenery-Moses coefficient

ke then we can easily introduce Chenery's

matrix described above as SA
adjustable coefficient procedure. ?eca]l that the Chenery-Moses coefficient
matrix was essentially a diagonal array of regional Leontief technical
coefficient matrices with the rows of each»matrix weighted by supply
coefficients which summed to unity over all regions in the model. The

matrix was nm by nm where n was the number of commodities in each

region and m was the number of regions.

Chenery? suggested introducing pre-assigned capacity constraints
into the program of solving for activity levels. If, in solving for x
in steps as in (6), a capacity constraint was met, he suggested that the
supply coefficient of the sending region for the industry at capacity be
set at zero and the coefficients of -the other supplying regions be adjusted'
in order to reflect the fact that they now were supplying the share which
the "incapacitated" region was supplying before. The original Chenery-Moses
coefficient matrix, say Al wou]d‘have a different set of supply
coefficients introduced for the relevant sector for the relevant receiving

region and become then A, , and the solution would be continued with
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matrix A, wuntil another capacity constraint was met. The supply
coefficients would be then altered in some predetermined way and Ay

would emerge,

Provided that the new matrices formed at each alteration have
the same properties as the original coefficient matrix, this procedure
will converge and give meaningful results. This is assured in the inter-
regional input-output system since the boTumn sums-of our coefficient
matrices are unchanged at each coefficient adjustment. Since ranges on
the magnitude of the eigen values can be determined from the column sums
of a matrix, we are thus assured of the convergence of our solution

procedure with intermediate adjustments in supply coefficients.

The revised Isard model introduced in section 2 has a coefficient
matrix with supply coefficients also. Thus adjustments in response to
capacity constraints cén be built into this model's solution if the series
expansion outlined above is followed. The introduction of more general
types of non-proportionalities than a once over capacity constraint
- adjustment is possible. The non-linear nature of the real world can be
more closely approximated with the step-functions implicit in these
adjustment procedures than with the linear functions inherent in the
fixed coefficient models outlined above. It might be remarked that the
original Isard model lacked a system of coefficients that was easily
amenable to adjustment along the lines described above. Since there was
only one coefficient for each intersectoral interregionai flow relating
both trade and technical phenomena,-a rerouting of trade flows would

involve an adjustment in the single coefficient in such a way as to leave
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unknown the part of the adjustment which was in trade relations and the
part that was in technical relations. The introduction of flexibility
into the model would be more difficult than with the revised Isard or

Chenery-Moses models,

Not any vector of final demands elicits a meaningful vector of
gross output in these solution sequences involving variable coefficients
and capacity constraints, The capacity constraints associated with various
coefficients impose upper bounds on the size of the gross outputs which an
econony can generate. This is of course how actual economies are and it
is the behavior of these actual economies which we want to simulate. That
is, when a producer expands production and requires additional inputs which
his supplier is temporarily lacking, he simply orders from another supplier.
In flow terms, the supply coefficient of the first firm (or sector in a
region) becomes zero and the new one becomes positive. The restriction
on the final demands compatible with the structure is, then, not a fault

of the procedures outlined above.
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The case of theorem illustrated says that the areas
> X1 + Xo
+ £ A R —
ox_cy, oglay1 2 (0 ( 5 ) b yx)
a result by no means intuitively obvious.

In our application of the theorem

f(s) = us log ws u, w > 0

fr o (s) = g- > 0. Thus the theorem applies since f(s) is
convex.
See for example Dorfman, Samuelson, and Solow [5], pp. 254-257,

See Chenery [2].
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