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Abstract

In this research paper The Beta Extreme Value Type (lI1) distribution which is developed by Zafar and Aleem
(2007) is considered and parameters are estimated by using moments of the Beta-Extreme Value (Type IlI)
Distribution when the parameters ‘m” & ‘n” are real and moments of the Beta-Extreme Value (Type I1) Distribution
when the parameters ‘m’ & ‘n’ are integers and then a Comparison between r™ moments about origin when
parameters are ‘m’ & ‘n’ are real and when parameters are ‘m’ & ‘n’ are integers. At the end second method,
method of Maximum Likelihood is used to estimate the unknown parameters of the Beta Extreme Value Type (I11)
distribution.

1. Introduction
1.1 Beta-Extreme Value (Type I11) Distribution:
The Beta-Extreme Value (Type Il1) Distribution Zafar and Aleem (2007), its generalized class is by defined as

2 Jm-1 a N
_ 1 a (x—c)**! {X%z] *[X%z]
f(x'm’n’a'b'c)_ﬁ(m,n)b—c(b—cj 1—e \P e " 1.1)

Where c<X<o0o,a,b,c,mn=>0

The Beta-Extreme value type (I1l) distribution is one of the reliability models. This distribution is useful for
analyzing reliability and survival patterns. This model is also useful in extreme situation such as hot weather,
earthquakes and flooding.

2. Moments of the Beta-Extreme Value (Type III) Distribution when ‘m’ & ‘n’ real:
By definition the ry, moment about origin is<given by

0 = X (0% o
From (1.1) when ‘m’ and ‘n’ have real vdlues.

f(x;m,n,a,b,c) = e{gj (2.2)

m % _1(1)e(221

pA(m,n) (b-c)® = ir(m-i)
Using (2.2) in (2.1)
W B & CV X o e
y:(g:zja When x=c, then y=0, When x=c0, then y=oo
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y.b-0)" = (x—c)* (x-0)=(b-c)y® dx=(b-c)_y* dy

r-j

U8 LR Rl RN ALY TR

So (2.3) becomes

i F[]';j +1)
#e =D (HNEC) (b—c)’ = (2.4)
=0 (n+i) @
Wh _ 1 i I'm
M ﬂ(m,n)Z D ilr(m-—i)

(2.4) gives the ry, moment of the Beta-Extreme Value (Type II1) Distribution.
From (2.4) we obtained the first four moments about origin of Beta-Extreme value (type I11) distribution.

I“(l_ J +1)
La )

When r=1 i = Dzl“(lj)(C)j (b—c)"’ i,
1=0 (n+i) 2
B
When r=2 o, = DZ(?)(C)j(b—C)Z_j aiz,jﬂ
=0 (n+i) =
, r(g_j +1j
When r=3 iy = DZ(SJ-)(C)] (b—c)*’ aitjﬂ
1=0 (n+i) @
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When r=4 2 F(4_ : +1J
e 1 =DX(DHEC) b-o)*) —2 =
1=0 (n+i) &

+1

Ay = /uzl - (/Jl‘)z M :/“l3l _3/u2‘:u’1‘ "‘2(#2')3
o =y =3t 1 +628, (1) —3(1)*

3. Moments of the Beta-Extreme Value (Type III) Distribution when ‘m’ & ‘n’ integers:
By definition the rth moment about origin is given by

= [x"f(x)dx (3.0)
0

By using (1.1) in (3.1), we get

/url a i ( (m,i) %D].Xr (X - C)a_le(nﬂ)[:;_:ij dx

ﬁ(m n) (b-c)* =

By simplifying we get

- Dz< )C) (b—c) B 3.2

Where D =

Z( ) (m,i)

(m n)

(3.2) gives the ry, moment of the Beta-Extreme Value (Type III) Distribution, when ‘m’ and ‘n’ are integers.
From (3.2) we obtained the first four moments about origin of Beta-Extreme value (type I11) distribution.
1_ i

—+1
When r=1 = DZ( )C) (b—c) T —&———
(n+i) =
| ) _ _ 2=1 4
When r=2 Hy = DZ:(?)(C)J(b_C)}J a 27,
=0 (n+i) =
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4. Comparison between ry, moments about origin when parameters ‘m’ & ‘n’ are real and parameters ‘m’> &

‘n’ are integers.

Casel: When ‘¢c’=0

R moment for real values

R moment for integers values

(b)(rm>r(1+ a] -

(b)r(l_'_ aj -
a

o = 2 2% v - PR S MRS T v Y (ST pu——
£Alm,n) i—0 |'(n+|)TF(m—I) a £lm,n) ; i (n+i)T
| (b )(l"m)l"(2+a]m71 | . (bz)r(2+aj
10, = 1) = = :72 D' (le)iz...a
A(m.n) i=o i(n+i) = T(M—1) Am.n) 5 (n+i) 2
Ceemr222) . (b >F(3+ajml .
My = (_1)I 3+a ,usl = (_l)i (Cmi)i
Almny i3 it(n+i) * C(m—i) Alm.n) i3 iy -
| (b“)(rm)r[‘”""jm_1 ‘ 1 ‘ (b )r[4+a]m .
Hy = z (_1)I 4+a Hy = Z ( l) (Cm|) 4+a

A(m,n) -0 if(n+i) * T(m—i)

A(m,n) i—0

(n+i) &
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Case 2: When ‘m’=1 and ‘c’=0 then for different values of parameters ‘a’, ‘b’ and ‘n’ the moments

about origin becomes

R, moment for real values R moment for integers values
bl“(1+a) bl"[1+ aj
: a : a
T My =T
(n) (n) #
n(bz)l"(2+aj n(b )r(2+a)
ILIZ = 1+73 ﬂz = 1+a
(n) @ (n) ®
n(bs)l“[:g;aj n(b )r(3+ a)
/,13 = l+a /’l3 = l+a
(n) ® (n) ®
n(b4)l“(4+aj n(b4)r(4+a)
- : a
/Ll4 = 1_,_751 /’14 = 14_73
(n) ® (n) ®

Case 3: When ‘n’=1 & ‘c’=0 then for different values of parameters ‘a’, ‘b’ and ‘m’ the moments

about origin becomes

R« moment for real values

R moment for integers values

(b)l"[l+ aj .

1+a
—(b)I“(m+1)l“( jZ(l)M o a Jut 1
il(L+i) @ T(m—i) “ ZCENE (Cm")(n“)hTa
. 2 m-1 . 1 5 2+a
ﬂ2:<b2)<r(m+1>r[+a)2 () ——— i e PN
PE i) e rn-i B CE N A
3 3+a ol i 1 (b )1_, 3+a
s =N =2 () 5 2 ) ey 1
" i) @ r(m-i) BTTTmy & m

(n+1i) 2
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e = +1>( 2 j.z A Pl (s )"”u)(c )
i) @ T(m-i) Am = (n+i) aa

Case 4: When a=1 & ¢=0 then for different values of parameters ‘b’ ,

‘n’” and ‘m’ the moments

about origin becomes

R, moment for real values

R, moment for integers values

: %)zr(rl;r:))z - |l(n+i)211"(m—i) t = ﬁ((n?n)i Gl)i(c"“”ﬁ
? Z(b(r)ru(rrnr;)_zo = l'(n+i)31F(m—i) e =ﬂ2((:"2r)‘) m: Hy(cm’i)ﬁ
: 6(;(31(?)% = -'(n+i)“1r(m—i) “ :ﬂG((r:z) (_l)i(cm’i)(”*li)"
‘ 2422(?)% v nl(n+i)51r(m—i) al ;?r(:;))z D Co) i i)

Case 5: When b=1 & c=0 then for different values of parameters ‘a’,

‘n’ and ‘m’ the moments

about origin becomes

R:» moment for real values

R, moment for integers values

l+a l+a
| (rm)r( j . r()
H =—z (- 1) 1ra /ull Z (- 1) (le)iha
A g i(n+i) @ T(m—i) A(m.n) | (n+i) 2
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. m-1 1 m-1 ) 1
Hy =— " (- 1)| 2+a H (_1)I(Cm,i)—2+a
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(l“m)l“(4+aj 1 1ﬂ(4+ajml
Z (-’

pmn) & ()'(Cop)—2

/J4I: 4+a 4
il(n+i) @ T(m-i) p(m.n) = i)+

5. Method of Maximum Likelihood:

We used method of Maximum Likelihood for the estimation of parameters of Beta-Extreme Value (Type 111)
Distribution.

We know that

a-1 x—c, & m-1 x—c., |7
F(x) = a [x—c} 1—e_(ﬁ) . )
(m n)b-clb-c

The maximum likelihood function of the above equation is.

m-1 n

n 1 a [x-c] 8* (%

L(x;m,n,a,b,c) = 1—g b-c g bec
( ) l;lﬂ(m,n)b—c{b—c} [ ] { }

L(X;m’n’a’b,c){ﬂ(;,n)}n (bfcjnlﬁ[g_ﬂalﬁ[{l_ema] I [e(zi)a}

By taking log on both sides
log L(x;m,n,a,b,c) =n fog(1)-logB(m,n) +nfoga—-logb-c)

+(a- 1)2|0 +(m- 1)Zlogl e(EEJ _nZ”: ?
fie)n-ngoqiee o s

logL(x;m,n,a,b,c) =—-nlogp(m,n)+nloga—nlogb-c)+(a— 1)Zlog(b C)

i=1
a
]
C

+(m —1)Zn: Iog(l—e[zz) }— nzn:[;

om )

dlogL _ 8Iog,8(m n) Zlogll e[; E]]
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=1

=N w Zlogll E[;EW
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dlogL _ 9p(m,n)
n —logA(m,n) +loga —log(b - c) - Z(b Cj

algr?L__n‘P(m n)-logs(m,n)+loga-log(b-c)- Z( Cja o

nx—c a X—C
. ! 5.3
n;(b—Cj og[b—C) (53)
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a-1
zn: X—¢C o (x—c
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X—C.a

_ _ e e Ty~ (x—
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-n n 4
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" 1 (=T (x=cY" (b-c)+(x-0)
Hm-D) —ch—ae (b—c] T b—c)?
1-e \"¢

-1
X—C X—C

ologL  -n N a—lz”:(x—b}—a(m—l) Z”: 1—e_(ET e_[b—c]a.(x_c)a—l(x_b)

oc  b-c b-c&\x-c)(b-c)* &

(5.5)

Where W (X)=2InI'x/ X is the derivative of the gamma function and equating these expressions (5.1), (5.2),
(5.3), (5.4), (5.5) equal to zero then solving them simultaneously yields the maximum likelihood estimates of the
five parameters Beta-Extreme Value (Type I11) Distribution.

Equations (5.1), (5.2), (5.3), (5.4), (5.5) are solved iteratively to obtain M, A, &,b and ¢ the maximum likelihood
estimates (MLE) for parameters m,n,a,band Crespectively. By taking the second partial derivatives of (5.1),
(5.2), (5.3), (5.4), (5.5) and the fisher information matrix can be obtained by taking the expectations of second
partial derivatives with minus sign. The Inverse of the fisher information matrix provides the variances and the
covariances for the maximum likelihood estimators.
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