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ABSTRACT: This paper concerns welfare measurement in an economy with human capital,
using a Ramsey type growth model. Human capital accumulation is a function of the time
consumers spead in education, and will, therefore, depend on the preferences for leisure as
well as on the budget constraint. However, human capital is also a separate argument in the
production function facing firms, which gives rise 10 a production externality. In a command
optimum, where the externality is internalized, we show that the Hamiltonian along the
optimal {rajectory {which may be thouhgt of as an augmented NNP measure) is the
appropriate wetfare indicator. We also discuss the tax - transfer system required for the
decentralized economy o reach a command optimunm.






1. Introduction

The question of how to measure economic welfare has been addressed by several aunthors
during the last decade. In a famous article by Martin Weitzman (1976) it is shown that,
under perfect foresight, the net national product (NNP) is a stalic equivalent of wealih
measuring the maximum sustainable consumption level. I"rom the point of view of national
accounting, this resull is important as it implies that the wellare level only depends on
variables that are observed al the time when the measurment is conducted. Much of the
more recent research on welfare measurement has focused on how to augment the NNP
measure in order to take account of changes in vatural resource stocks. In the papers by
Dasgupta & Maler (1991), Miler (1991) and Hartwick (1990), it is recognized that the
traditional NNP measure does not include the impact on future consumption possibilities
resulting from curreni, changes in natural resource stocks. The latior means that, in order
to derive a welfare indicator refated (o the N NP, it is necessary to consider net investiments

(positive or negative) in natural resources,

Another part of (he recent lilerature on wollare measurement, deals explicttly with
technological and/or environmental change. 1l there is disembodied technological or
environmental change, which is not attributable 1o the factors of production, the welfare
measures containing the value of investments in natural resource stocks would also be
incomplete. This resull, was touched upon by Weilzman and was formally worked out by
Aronsson & Lofgren (1992, 1993) and Lofgren (1992). The intuition is that, as disembodied
{or non—atiributable) technological change affecls {uture consumption possibilitics, welfare
will depend on time itself. Hence, in this case, we can no longer use an augmented NNP
measure ag a wellare indicator. As is shown in Aronsson & Lofgren (1992, 1993), this time
dependence of wellare can also be made endogenous by replacing the {exogenous)
technological change with external economies. In the 1993 paper, the primary focus is on

consumption externalities gencrated by pollution.



Non—atiributable technological change or a "Solow residual” is perhaps best viewed as an
artifact arising from measurement problems, and is to some extent caused by the value of
investments in human capital not heing accounted for in the traditional NNP measure.
However, investments in human capital may also create positive externalities — endogenous
growth theory is built on this notion — and ag such they also represent a challenge for
wellare measurement. T'o our knowledge, no previous attempt has been made Lo take
account of these two aspects of human capital simultaneousty in connection with the
measurement of wellare. The main purposes of this paper are, therefore, Lo include human
capital when measuring welfare and to discuss its role in national accounting by using a

Ramsey {ype growth model.

Following recent studies on economic growth such as Lucas (1988), Razin (1972), Stokey
(1991) and Sorensen (1992), we assunie that the accumulation of human capital depends on
the time consumers spend in education. However, contrary to these studies, we will also
include leisure time in the consumers’ wiitity function, which means that labour supply is
endogenous heret. The incentive to spend time in education follows, in this model, from
the assumption that the stock of human capital alfects the marginal productivity of fabour
and, hence, firms’ willingness Lo pay for Jahour. To formalize this idea, we will consider
two types of labour, skilled and unskilled labour, where the stock of human capital affects
the marginal productivity of skilled (but, not unskilled} labour. The ability to supply skilled
labour i3 bounded by the stock of human capital, which explicitly relates the choice of
education to the supply of labour2 However, although the stock of human capital is

controlled by the consumers, through their choice of education, it is also a production

Human capital accimulation in a model with endogenous labour supply hag previously
been studied by Blinder & Weiss (1976), where the primary focus is on consumer behaviour
in a decentralized cconomy.

?I'his approach to describe the incentive to spend time in education is similar to the
assumptions made by Grossman & Helpman (1991, p. 123), who also make a distinction
hetween skilled and unskilled labour. As Grossman & Helpman do not include leisure time
i the uiility function, educational investments will be chosen such as to maximize the
present, value of lifetime income.



factor from the point of view of firms, which means that human capital accumulation gives

rise Lo an external effect.

The paper i3 organized as [ollows. We start by presenting a command optimum, i.e. the
solution to the central planner’s optimization problem, where the external cconomies due
to human capital accumulation are internalized. 16 is shown that the Hamiltonian along the
optimal trajectory, which may he thought of as an augmented NNP measure, is the
appropriate welfare indicator in this case. The command optiimum may, therelore, be used
as a reference case, with which we can compare the solution in the decentralized ceonomy.
The decentralized economy will not, by iself, resull in the command optimum, because
consumers, who are ouly concerned with their own utility, do not accumulate cnough
human capital. 1l (he externality is not internalized, the augmented NNP measure will
underestimate the welfare level in (he decentralized cconomy. The final concern of the
paper is, therefore, how the command optimum may also be reached in the decentralized

cconowy by designing the tax — transfer system in an oplimal way.

2. The Ramsey Growth Model With Human Capital

Comamand Oplimum,

In each interval of time, (6,0-+dt), the consumer’s whility is assumed to be a function of the
consumption ol goods and leisure according 1o u(e,z) = ule,T—f€—x), where ¢ is the
consumplion of a composiie commodity and z is leisure. Leisure 15, in furn, deflined as an
inlinitesimal time endowment, T, less time spent in market work, & and &, and time spent.
in education, x. We may think of £ as "unskilled™ labour and £y as "skilled" Tahour, which
will be clear below. The production funclion of firms is represented by {(k,4--a(h)fy,h),
where k is the ordinary capital stock, h is the stock of human capital, while a(h) is a

function such that a(0)=1 and a'(h)>0. Therefore, in addition to being a separate



ot

argument in the production function, h will also affeci the marginal product of skilled
fabour. The stock of human capital is assumed to accumulate according to the equation
dh/dt = g(x)-h, where g(x) is such that g'(x)>0, while 7 is the rate of depreciation.

Formally, the central planner’s optimization problem is assumed 1o take the form:

Max [ u(e(t), T=4(0),~G(t)—x(0)e % dt (1)
G { 1‘)£2)X 0

st dk(U) /b = [0, (1) +alb(i)) £(1),h (1)) ~c(t) (2a)
dh(1)/di == g(x(1))—h(1) (2D)
0 < (L) (2¢}
0 < &(1) < By(h(1)) (2d)
0 < x{t) {2e)
k(0) = Kk, (20)
h(0) = h, (2¢)

where the twice continuously differentiable functions u(-) and [(+) are, as usual, increasing
and strictly concave, and 01s the rate of time preference. As can be seen, the incentive (o
spend time in education follows, in this model, from the assumption that the stock of
human capital affects the marginal productivity of skilled labour and, according to (2d},
that the ability to supply skilled labour is bounded by the stock of human capital. The
function £(h) in (2d) is assumed to be such that 2,(0)=0 and &H'(W)=>0. In addition to
{2a)-(2g), we also require that 0 and z=T—Lef—x>0, but we will throughout the
analysis assume that neither of these two constraints are binding. If we, for notational

convenience, neglect the time indicator, t, the (current value) Lagrangean is written:

L= (e, Tbi—ly-x) 4 Ak, &+a(h) )] + glg(x)—h]
A vly(h)~4y)]. (3)
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Here, A is the marginal value in utility terns of capital, k, while 18 the marginal value in
utility terms of human capital, In addition to the transversality conditions and to (2a),

(2b), (2c), (2d) and (2e), the necessary conditions are:

oL/ de = b (6,2) = A =0 (4a)
L) 0l = — u,(e,4) ALk Eetalh)ésh) < 0, and (8L/04)4, = 0

L) dx = — u, (¢2) -+ pg'(x) €0, and (OL/0x)x = ¢ (
dA/db = A0 Af (k£ra(h)éy,h) (1e)
dpfdt = p(04+9) = A di{l,era(h)d,h) /dh — 12, (h) (
v 0 (=0 Z(h)>4y) (

Of(-)/0h and dI(-)/ah = ;1“(!1)1?21"5(-)'{4]].

Although we will only focus atiention on cases where £,>0 and x>0, there are two distinet
regimes concerning the lahour supply behaviour. First, if &€(0,25(h)), the first part of (4c)
will hold as a strict equality (i.e. dL/8y=0), while al the same time v=0. In this case, the
utility value of education, pg'(x), will equal the return in utility terms of skilled labour,
/\a.(h)fg(-). Moreover, as the first part of (4b) will hold as a strict inequality in this case, it
turns out that £=0. On the other hand, il f=4(h), which implies that >0, the consumer
will wish to substitute x for &, although such a substitution is not possible. In this case,
there may also be a positive supply of unskilled lahour, i.e. £,>0. Therefore, the consumer
will choose £>0 only i &=2(h)}, as education in (his case will not pay off in terms of
returns on skilled labour. In other words, £=8(h) implies that the return in utility terms
of skilled labour, )\éL(h)ff(-), exceeds the utility value of education, pg'(x). In the latter

case, the consumer may be betler off by substituting x for 4.



What would be the appropriate measure of welfare in Lhis economy? Lel us denote the

. # * % * * * % *
optimal path of the economy by ¢ (U}, £;{t), €(L), x (4), k (&), b (t), A {t), g (1) and

¥
v (1). Along the optimal path, the Lagrangean is writien:

* * * % % * %k * % % % * % %

L= (e [ T—€y—fg—x 4 X [k &-ta(h Yoh )= ]+ g {g(x }-vh ]
% ¥k

+ v [ )] {r

g 4
—

By differentiating (5) tolally with respect to Lime and rearrange we obtain:
* * * * ¥ *
db /dt = 0L —u(c [ I—€1—€—x }], (6}

which has a solution of the form:

07 u(c (), 7€, (5)~Eh(5)—x ()¢ T Vs = 1,7 (0) = u(e (0, T, (1)-Lalt)— (1)
b
AT a0/ ) anae = 1) (7)

*
where I1 (1) is the Hamillonian along the optimal path. Equation (7) means that welfare,
here measured as the interest on the present value of future utility, equals the Lagrangean
(or Hamiltonain) along the optimal path. The latler may be thought of as an augmnented

NNP measure, as the wellare at time L is measured solely by variables observed al time t.
The Decentralized Economy

Iu the decentralized economy, lirms maximize profit al each instant of time by solving the

optimization preblem:

Max 7= [{l¢,f;-+a(h)lo,h) — vk — wil) — waly (8)
k N f[,ﬂg



where 1 is the interest rate, wy is the wage rate paid to unskilled labour and w, is the wage

rate paid to skilled labour. The firsi~order conditions for profit maximization are:

Lk Gta(h)dp,h) — 1 =0 (9a)
ff(i(,g]‘]“&(h)gz,h) —wy= 0 (9b)
a(h)ff(k,éré--a.(h)E’g,h) —wo =0 (9¢)

Turning 1o consumer behaviour in the decentralized economy, the utility maximization

problem is written (if we neglect the time indicator):

i
Max / u((:,’I‘wf,’ﬁfg-—x)emmdt (10)
c, 14 1,fg,x 0

st dkfdt = 7 vk b wily 4 waly — ¢ (11a)
dh/di = g(x) — +h (11b)
0< ¢ (11c)
0 < 4 < a(h) (11d)
0 < x (11¢)
k(0) =k, (11f)
h(0) = b, (1g)

where the income of the consumer is the sum of labour income, wili+waly, canital income,
rk, and possible pure profit, = (as the consumer is assumed Lo own the f{irm). The
constraints represented by (110)—(11g) coincide wilh (2b)~(2g) in the central planner’s
optimization problem. Since the consumer takes account of the fact that his/her
accumulation of human capital affects the return on skilled labour, Le. wy=a(h)wy, the

Lagrangean might be written as:



L = u{c, P=li-ly-x) + Ymtrk+wdet-a(h)wily—] -+ ¢lg(x)—h]
+1lfa(b)-£5) (12)

where 7 is the Lagrange multiplier, and 9 and ¢ are costale variables, i.c. ¥ measures the
value in utility terms of a one unit increase in k, while ¢ measures the value in ubility
terms of a one unit increase in b. In addition to the transversality conditions and to (11a),

(1B}, (11c), (11d) and (11e), the necessary conditions read:

AlLJdc = u Jez) = P=0 (13a)
/0ty = — u{e,2) + gw, <0, and {91/ 04)¢, = 0 (13b)
AL/ 3y = uz((:,z) A galh)wy — 7 <0, and (8L/8) 8 = 0 (13¢)
L[ Ox = —u,(c,2) -+ ¢g'(x) <0, and (8L/x)x = (13d)
dgp/dt = 9(0-) (13e)
A/t = $(0+45) — g’ (h)w by — ndy' (1) (13f)
720 (=011 B(h)>£) (13g)

I we replace wy, and r in (13b), (13¢) and (13e) by fg(-) and f, (-), respectively, from the
first—-order conditions for the finn, we sea thal the difference between the decentralized
sotution and the command optirmum has to do with the marginal valuation of the stock of
human capital. To be specific, the dilferential equation for ¢ in (130) differs from the
dilferential equation for g in (4f), as (13) does not contain the term f)=0I(-)/oh. The
reason is, of course, that the consumer in the decentralized economy does not take account
of the fact that the stock of human capital also appears as a separate argument in the
firm s production function. As a consequence, the consumer will spend less time in
education and, hence, accumulale less human capital than what is socially optimal. This
also means that, as the source of the externality is the appearance of I as a separate
argument in the production function, a production function of the type (k&4 Fa(h)éy)

implies that the decentralized solulion coincides with the command optimum. In the latter



case, human capital accumulation gives rise to what is usually referred Lo as "Harrod —
neutral” technological progress, which Razin (1972) has shown to be a hoth necessary and

sulficient condition for the perfect foresight market, economy Lo represent a social optinnm.

To measure welfare in the decentralized ccovomy, let ¢®(t), £1(1), (1), x°(1), k°(t), ho(t),
(1), ¢*(t) and 5%t} denote the general equilibrium solution. Along the optimal path, the

Lagrangean is written:

LO s (e T -85 4 Pk, 8+a(h )00~ 4 ¢%g(x")—h)
7|1 ®)—43] (14)

If we differentiate (14} totally with respect to time and rearrange, we obtain the

differential equation:

. 1h? K
dLO/dt = O[L%u(c®T——68-x%)] + 9 fh(i{,f;»{—a,(ll)ﬂg,h)ég— (15)
which has a solution corresponding to:

1)

O?U((:O(s),zo(s))ewa( Vs = 1,9 {-11/;() (5) 48] U=y (16)

where 2°=T—{-8-x" In equation (16), the second term on the right hand side should be
interpreted as the present value of the marginal external effect along the optimal path. In
bhis case, when the external effect is not pro erly internalized, it is evideni that the
Lagrangean does not measure welfare appropriatety. 1t is also notable that the welfare level
given by (16) is smaller in comparison with the command optimum, which represents the
first best solution. A natural question is, therefore, whether we can construct a tax —

transfer system such that the command aptimum is also atlainable in the decentralized



il

economy. This is indeed possible and the argument goes as follows. There is an extra gain,
o)/ oh = fil,(<} > 0, from the stock of human capital, which is not internalized in the
consumer’s investment  decision, i.e. fh(-) does mot affect the costate variable ¢
corresponding to human capital in the decentralized econormy. By taxing (he {irm for its
use of human capital at a raie {h(-), and then redistributing the tax revenues to the
cousumer, investments in human capital will be valued correctly from society’s point of
view. Therefore, the best way to think about the tax is, perhaps, in terms of a subsidy from

the firm to the consumer. The optimal tax structure is formally described in Proposition 1.
¥

PROPOSITION 1: 1l the firm‘s use of human capital in production is taxed al a rate Py =
¥k % % ok ) ) .
fh(iq JLitalh )b ), and if the tax revenue, pph, is redistributed to the consumer, the

decentralized solution will represent a command optimum.

PROOF: Note that i the consumer recieves a transfer payment of puh, the necessary

conditions in (13a)—(13g} will change to:

174

oL/ 0c = u (cz) — 4= 0 )
b)

oL 0y = ~—u7((:,z) 4wy €0, and (8L 84} = 0
O] 0y = —u_(c,2) - pafb)w, — 5 <0, and (8L/4)8 = 0

l

-3

|

ot

(

(

(17¢)
0L/ Ox = —u, (c,2) + $g'{x) < 0, and (8L/8x)x = 0 (17d)

(1

(

(

-3

dyp/dt = () e
dep/dt = ¢(01-7) — P(a'(h)wlyt-pp) —ndy' (1)

72> 0 (=01l &(h)>£).

1

-J

f)
17g)

Using equations (17) together with the first—order contitions for firm behaviour, which are

see that the necessary conditions in the decentralized economy will coincide with those of

the command optimum, Q.15.1D.
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‘The reader should note that, as the tax rate, py, varies over time according to the
development, of fh(-), the government has to determine the command optimum in order to
impose the appropriate tax — transfor structure. ‘Thercfore, although there exists an
optimal tax structure such that (he market economy results in the socially optimal
solution, the informational requirements are (at the very least) demanding. Another
interesting observation is that the consumer recieves a stock subsidy, i.c. the subsidy is
directed to the stock of human capital, and not 10 the consumer’s decision to spend time in
education (which leads to accumulation of human capital). An aliernative policy may,
therefore, seem to be o subsidize education. However, as will be discussed below, such a

subsidization scheme would not bring the economy 1o a social optimum,

To see this, suppose, for the moment, that we replace the policy suggested in Proposition 1
with a subsidy directed to the time the consumer spends in eduaction. If the consumer
recieves a transler payment of pxx, where py is a subsidy per unit of educ Lion, {13d) will
change to uz(-)-f—;/)px-{«qﬁg'(x) < 0 (if we ignore the complementary slackness condition),
while the equation for the development over time of @ will remain as in (130). Hence, if the
subsidy is directed to ithe time spent in education, it is not possible to choose a subsidy per
unit, of education, py, such that the decentralized economy replicates Lhe command
optimum. The reagon is that the consumers valuation of the stock of human capital is
incorrect in the decentralized economy, and a subsidy directed to education will not
eliminate this problem. In other words, as the differential equation for ¢ remaing different,
from the differential equation for f, which is given by (41), ¢ is not the social value of a one
unit increase in the stock of human capital. Therefore, in order to construci a lax —
transler system such that the deceniralized economy becomes efficient, it is necessary o
use a stock subsidy in order (o make the consumor valuate the stock of human capital

approprietly.
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3. Summary and Conclusions

This paper concerns wellare measurement in a model with externalitios due Lo himan
capital. As in previous studies of optimal growth, we assume that the accumulation of
human capital depends on the time consumers spend in education. Education and human
apital accumulation are also related to the labour supply decision made by the consumer.
‘To be specific, the paper considers two types of labour, skilled and unskilled tabour, where
the stock of human capital alfects the marginal productivity of skilled (but not unskilled)
labour. The ability to supply skilled labour is bounded by the stock of human capital.
However, the stock of human capital also appears as a separate argument in the production
function of firms, which means that human capital accumulation leads to a production

externality.

In the socially optimal solution, where the externality is properly accounted for, welfare (in
terms of the interest on the present value of future utility) is measured by the Hamiltonian
along the optimal trajectory, which may be thought of as an angmented NNP measure. The
latter result is interesting from the point of view of national accounting, as it implies that
welfare can be measured solely by observable variables. On the other hand, the
decentralized economy will not, by ilsell, result in a command optimum. The reason is
that, as the consumer is only concerned with his/her own wiility, he/she does not take
account of the fact that the stock of human capital is a production factor from the point{ of
view of the firm. Hence, the external effect has to do with the fact that the consumer’ s
valuation of the stock of human capital is incorrect from society s point of view, which
here means that the consumer will spend less time in education and accumulate less human
capital than is socially optimal. When the external effect is not accounted for in the
optimization problem, we also find that the Hamiltonian along the resulting (suboptimal)
trajectory underestimates welfare by an amount equal o the present value of the marginal

external effect. As a final concern of the paper, we determine an optimal t{ax—transfer
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structure, such that the decentralized economy results in the first bes optimum. The
suggested policy rule means essentially that the firm pays a tax for its use of human
capital, and that the resulting tax revenucs are redistributed as a stock subsidy to the
consumer. As this policy rule implics (hat the consumer will valuate human capital in the

same way as sociely, the external effect will be {ully internalized.
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