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O rg an iza tio n s en d u re [...] in p rop ortio n to th e b read th o f th e m ora lity b y

w h ich th ey are g overn ed .

C h ester I. B arn ard , T he F un ction s of the E xecutive , 1 938.

1 In tro d u c tio n

In a so cia l d ilem m a th e p rov ision of a p u b lic go o d req u ires so m e costly ef-

fo rt from o n e or m o re in d iv id u als, b u t ex p licit con tractin g is n ot p o ssib le.

E ach p articip an t in a d ilem m a th erefore h as a n in cen tive to free-rid e o n th e

con trib u tion s o f th e oth ers. H ow so cial in stitu tion s m itiga te so cia l d ilem m a s

is th e su b ject o f a la rge litera tu re b o th in eco n o m ics an d th e so cial scien ces

m o re g en erally. In th is p a p er, w e in stead stu d y th e ev olu tio n a ry su rv ival

p ro p erties of a n in trin sic m o tivatio n to co n trib u te in d ilem m a situ atio n s.

C o n sid er th e case o f co o p era tion w ith in th e ¯ rm . W h en in d iv id u a l co n tri-

b u tion s to o u tp u t a re n o t verī a b ly m ea su ra b le, co m p lete con tractin g w ith in

th e ¯ rm is im p ossib le, an d a free-rid er p ro b lem is p resen t. T h is o b serva tion

h a s b een u sed as th e b asis for ex p lan ation s of th e organ iza tion al stru ctu re

of th e ¯ rm , su ch a s th e m on itorin g a n d b u d g et-b alan ce-b rea k in g ro les o f

an ou tsid e ow n er d iscu ssed b y A lch ia n a n d D em setz [1] a n d H o lm strÄo m [7],

resp ectively.

B u t free-rid er p ro b lem s in p ro d u ctio n m ay a lso b e ov erco m e if in d iv id -

u a l ag en ts h av e a n in tern a lized w o rk eth ic. E x p erim en ta l ev id en ce o f lo n g

stan d in g su gg ests th a t

1 . p eo p le do in fa ct con trib u te in d ilem m a situ atio n s ev en th ou gh co n tri-

b u tio n is n o t en fo rcea b le, a n d

2 . th e ra te of co n trib u tio n is d eclin in g in g ro u p size a n d th e in d iv id u al

co st of con trib u tin g .

(S ee, e.g., th e classic stu d y of L ata n ¶e, W illia m s, an d H a rk in s [10 ]. F or a

su rv ey sp ecī ca lly o f th e ex p erim en ts on th e u n d erly in g m o d el of th e p resen t
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p a p er, see C ro son an d M a rk s [6].) In a b ro a d sen se, lab o rato ry b eh av -

io r th erefore m o re o r less con fo rm s to so m e of th e p ossib le p red iction s o f

th e n o n co op erativ e p u b lic g o o d s p rov ision m o d el in tro d u ced b y P a lfrey a n d

R o sen th al [13 , 1 4], w h ich w e sh a ll ta ke a s ou r b a sic m o d el in th is p ap er.

A version of th is m o d el w as origin ally p rop osed to ex p lain p h en om en a

su ch a s p ositiv e tu rn o u t in election s. G iven th a t o th er p eop le v o te, th e

p ro b a b ility o f b ein g p iv ota l is sm a ll. If v otin g is costly to th e in d iv id u al

vo ter, h ow ca n it b e ratio n a l to v ote? T h e ea rlier p olitical scien ce litera tu re

p u zzled ov er th is. It w as o ften su gg ested th at ob serv ed vo tin g b eh av io r co u ld

on ly b e ex p la in ed b y th ere b ein g u tility d irectly atta ch ed to th e a ct o f v otin g.

T h is n otio n is p ro b lem atic fo r a t lea st tw o rea so n s. F irst, it ca n n o t b e

ratio n a l for ev ery on e to a b stain , eith er, sin ce th en th e p rob ab ility of b ein g

d ecisive is on e for an in d iv id u al w h o d o es d ecid e to v ote. H en ce th ere m u st

b e som e p o sitive tu rn o u t in eq u ilib riu m . T h is is th e p o in t m ad e b y P alfrey

an d R osen th a l. B u t seco n d ly, ev en if in d iv id u als a re in trin sically m o tiva ted

to vo te, o r, m o re gen erally, to co n trib u te tow ard th e p rov isio n of a p u b lic

go o d , h ow cou ld su ch a b eh av io ral tra it su rv ive in th e lo n g ru n if it is co stly

to its ca rrier?

S in ce in an y given d ilem m a in tera ction a co n trib u to r is a lw ay s strictly

w o rse o ® th a n a n o n -co n trib u to r, th e in trin sic m o tivatio n to con trib u te|

w h a t w e sh a ll th in k o f a s a w ork ethic| co u ld n ot ev o lve u n less th ere w ere

m a n y in tera ction s g oin g o n at th e sa m e tim e, an d b eh av io ra l m a terial fro m

on e in teraction m igh t en d u p in an oth er later on . If th e la tter is th e ca se,

th en th e d irect ¯ tn ess d isa d va n ta g e of co n trib u to rs m ay b e b a lan ced b y th e

in d irect co st to n on co n trib u to rs a risin g fro m th e risk of b ein g m a tch ed in to

an in tera ction w h ere th ere a re to o few con trib u tors a n d w h ere th e p u b lic

go o d is th erefore n ot p rov id ed . W h en th is h ap p en s, w e are d ealin g w ith

gro u p selectio n in th e sen se o f, e.g., S o b er a n d W ilso n [1 9].

T h e g en era l P alfrey -R o sen th al m o d el ty p ica lly h a s m u ltip le eq u ilib ria,

som e o f w h ich in v olv e p ositive con trib u tio n s, o th ers w h ich d o n ot. In th is

p a p er w e em b ed th e ga m e in a d y n am ic evo lu tio n a ry settin g w ith ra n d o m
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m u ta tion s (alon g th e lin es of Y ou n g an d F oster [23] a n d K a n d ori, M ailath ,

an d R ob [8]), w h ich a llow s u s to p red ict th e eq u ilib ria w e w o u ld b e lik ely

to ob serv e in th e lo n g ru n . B y evo lu tion w e sh all m ea n cu ltu ra l evo lu tion

b y m ean s of im ita tion of su ccessfu l b eh av ior, b u t ou r m o d el is also op en to

oth er in terp reta tion s. W e sh ow th a t for gro u p sizes sm all en o u g h , a n d a co st

of con trib u tin g low en o u g h , in th e lo n g ru n w e a re m o st likely to o b serve a

p ositiv e am ou n t of con trib u tion s ev en w h en also n o n -con trib u tio n is a stab le

state of th e d eterm in istic m o d el.

T h e p a p er is org an ized a s fo llow s. W e in tro d u ce th e u n d erly in g m o d el b y

m ea n s of a sim p le ex am p le, an d n o te th e relatio n to g rou p selectio n th eo ries,

in S ectio n 2 . S ectio n 3 stu d ies th e d eterm in istic evo lu tio n a ry d y n a m ics o f

th e m ore gen era l m o d el. W e n ote th a t th ere are g en era lly ev olu tion arily

stab le eq u ilib ria in volv in g n o co n trib u tion . S ection 4 g iv es ex am p les of all

th e p ossib le d y n am ic b eh av iors o f th e d eterm in istic m o d el. In S ectio n 5

w e in tro d u ce m u ta tion s, an d g ive con d itio n s for eq u ilib ria w ith a p ositiv e

m ea su re of con trib u tors to b e selected in th e lo n g ru n . S ection 6 co n clu d es.

A ll p ro ofs of p ro p osition s a re in th e A p p en d ix .

2 G ro u p S e le c tio n a n d th e W o rk E th ic

W h en co n trib u to rs su rv iv e evo lu tion ary selectio n in so cia l d ilem m a in tera c-

tio n s, a s w e sh a ll sh ow m ay h ap p en , it is a n ex a m p le o f group selection a t

w o rk . G rou p selectio n is n a tu ral selection w h ere w h at m a tters is th e d i® eren -

tial ¯ tn esses of gro u p s, n o t d i® eren ces in ¯ tn ess b etw een in d iv id u a ls w ith in

th e sa m e gro u p . O f sp ecia l in terest a re situ a tion s in w h ich a tra it th a t is

d isa d va n tag ed vis-µa-vis o th er tra its w ith in a g rou p ca n n ev erth eless grow in

relativ e p o p u lation rep resen tatio n ov er tim e.

A lread y C h a rles D arw in n o ted th a t th e su rv ival of traits seem in g ly d isad -

va n ta geo u s to th e in d iv id u a l o rg a n ism m igh t b e ex p la in ed b y th eir b en e¯ ts

fo r th e gro u p . T h e cen tra l p ro b lem th at gro u p selection th eories h av e fa ced
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In d iv id u a l 2

W ork er S h irk er

In d iv id u a l 1 W ork er 1 ¡ k ;1 ¡ k 1 ¡ k ;1
S h irk er 1 ;1 ¡ k 0 ;0

T ab le 1 : A n ex a m p le g ro u p in tera ctio n .

sin ce th en is to d e¯ n e p recisely w h a t co n stitu tes a g ro u p . O n ly fairly re-

cen tly, th an k s to th e w ork of, e.g ., S ob er a n d W ilson [1 9], h a s so m e clarity

b een rea ch ed o n th is issu e.

A lth o u g h gro u p selectio n e® ects h ave recen tly a ttra cted so m e a tten tion in

eco n o m ics (see, e.g ., S jÄo strÄom an d W eitzm a n [18], B erg strom [5], R ob so n [15],

an d K u zm ics [9]), it is seld om p oin ted o u t th a t th e p oten tial fo r su ch e® ects

is a lrea d y b u ilt in to th e stan d a rd ev o lu tio n a ry ga m e th eo ry m o d el.

C o n sid er th e fo llow in g ex a m p le, a sp ecia l case o f th e m o re gen eral m o d el

(d u e to P a lfrey an d R o sen th al [13 ]) th at w e sh a ll stu d y in th is p ap er. A

g ro u p co n sists of tw o in d iv id u a ls. A n in d iv id u a l is p ro g ram m ed 1 to b e eith er

a w orker o r a shirker. If th ere is a t least on e w o rk er in th e g ro u p , th e g rou p is

su ccessfu l, an d ea ch in d iv id u a l gets a g ross p ay o® , or ¯ tn ess, of 1. O th erw ise

each in d iv id u al gets a p ay o® of zero . A w o rk er also alw ay s su stain s th e cost

k , w ith 0 < k < 1 . T h a t is, th e p ay o ® stru ctu re of th e g ro u p in tera ctio n is

a s sh ow n in T a b le 1 .

N ote th at if th ere is o n e w o rk er a n d on e sh irk er in th e g rou p , th e ¯ tn ess

of th e w ork er is strictly less th an th a t o f th e sh irk er. H en ce w e m ay say

th a t w ork ers are strictly d isad van ta ged relativ e to sh irkers in a g ro u p . (T h is

d o es n o t m ean th at b ein g a w o rk er is a strictly d o m in a ted stra teg y.) B u t if

th e g rou p co n sists o f tw o sh irk ers, th ey w ill b o th d o less w ell th a n d o es a

1A related paper, Lohmann, Oechssler, and WÄarneryd [11 ] , studies the survival proper-

ties of altruistic preferences in a social dilemma where individuals behave rationally given

their preferences and their information about the interaction situation.
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w o rker in a g rou p w ith a sh irk er. A gro u p w ith tw o sh irkers is n ot su ccessfu l.

T h a t is, alth ou gh a w ork er alw ay s h a s low er ¯ tn ess th a n a sh irk er in the

sam e group, in a grou p w ith at lea st on e w orker every on e h as grea ter ¯ tn ess

th an in d iv id u als in a grou p w ith o n ly sh irk ers. H en ce w orkers in crea se grou p

¯ tn ess a t th e ex p en se of th eir ow n in d iv id u al ¯ tn ess.

S u p p o se n ow th a t th ere are m an y g rou p s, com p osed ran d om ly o u t of a

la rg e p o p u latio n w h ere th e overa ll sh are of w ork ers is x 2 [0 ;1 ]. T h e avera g e
¯ tn ess o f w o rkers is th en 1 ¡ k , an d th a t o f sh irk ers is x ¢1 + (1 ¡ x )¢0 = x . H en ce
if w e h ave x < 1 ¡ k , w o rk ers h av e g rea ter av era g e ¯ tn ess th a n sh irk ers a n d
w o u ld ten d to grow in relativ e rep resen ta tion in th e p o p u latio n . C o n versely,

if a t an y tim e w e h av e x > 1 ¡ k , th e p o p u la tio n p ro p o rtion of sh irkers w o u ld
in crease. H en ce x = 1 ¡ k is th e o n ly stab le p rop ortio n o f w o rkers. A lth ou gh
w o rkers su ® er th e cost k , sh irkers ru n th e risk o f en d in g u p in a gro u p th a t

is n o t su ccessfu l.

S ob er a n d W ilson [1 9] id en tify tw o p ro p erties n ecessary fo r g rou p selection

o f lo ca lly d isa d va n tag ed tra its to o ccu r| th a t g ro u p in tera ctio n s are iso la ted

fro m ea ch oth er in p ayo ® term s, i.e., th a t w h a t h a p p en s in on e gro u p d o es

n o t a ® ect w h a t h a p p en s in a n o th er, a n d th at th ere is m ix in g o f b eh av io ral

m a terial ov er tim e, so th at th e o® sp rin g of p layers in o n e grou p m ay en d u p

in an o th er, d i® eren tly com p osed , g ro u p . T h is a lso h ig h ligh ts th e fact th a t

evo lu tio n a ry ga m e th eo ry in gen era l (see, e.g ., M a ila th [1 2] fo r a su rvey ) is,

in essen ce, a b o u t grou p selection . T h e stan d a rd ev o lu tio n a ry ga m e th eo ry

m o d el con cern s in d iv id u a l a gen ts fro m a la rge p o p u latio n ra n d o m ly m a tch ed

an d re-m a tch ed to p lay ga m es (ty p ically, tw o-p lay er g am es). T h e m a tch is,

o f cou rse, a g ro u p .

A s w e h ave seen , th e larg e-p o p u latio n v ersio n of ou r ex am p le ga m e h a s a

u n iq u e sta b le ev olu tion ary eq u ilib riu m w ith a p ositiv e freq u en cy of w ork ers.

In th e follow in g w e sh all sh ow , h ow ever, th at in a m ore gen eral settin g,

w ith m o re th an tw o p lay ers in a gro u p an d a con trib u tion th resh o ld g reater

th a n on e, th ere is alw ay s a sta b le eq u ilib riu m w ith n o w o rkers a s w ell. W e

sh a ll ev en tu a lly g iv e co n d itio n s fo r a n eq u ilib riu m w ith p ositiv e co n trib u tio n
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levels to b e selected in th e lo n g ru n w h en th e sy stem is su b jected to ra n d o m

m u ta tion s.

3 D e te rm in istic E v o lu tio n

W e n ow gen eralize th e ex a m p le fro m th e p reced in g sectio n . W e assu m e th ere

is a la rg e n u m b er N o f in d iv id u als, each o f w h om is eith er a w orker o r a

shirker. T h e sh a re of w o rkers in th e p o p u latio n is x 2 [0 ;1 ].
In d iv id u als are ran d o m ly m a tch ed 2 in to ¯ rm s th a t h av e n ¸ 2 m em b ers

each . E ach ¯ rm 's tech n o lo gy is su ch th at in ca se th ere are a t least m w o rkers

in th e ¯ rm , th e ¯ rm is su ccessfu l a n d ea ch ¯ rm m em b er gets a g ross p ay o® o r

¯ tn ess of 1 . W e a ssu m e 1 · m · n . A s b efore, w ork ers also alw ay s su sta in
th e ¯ tn ess cost k , w ith 0 < k < 1.

L ettin g ¹ b e th e ran d o m n u m b er of other w o rkers in a m a tch in g, th e

ex p ected ¯ tn ess o f a w o rker is th erefo re

u w (x ) := P ro b (¹ ¸ m ¡ 1 ) ¢ 1 + P rob (¹ < m ¡ 1) ¢ 0 ¡ k ;

an d th a t o f a sh irker

u s(x ) := P ro b (¹ ¸ m ) ¢ 1 + P rob (¹ < m ) ¢ 0 :

H en ce th e avera ge ex p ected ¯ tn ess in th e p o p u la tion is

¹u (x ) := x u w + (1 ¡ x )u s = x (P ro b (¹ ¸ m ¡ 1) ¡ k ) + (1 ¡ x )P ro b (¹ ¸ m );

an d th e d i® eren ce b etw een th e ex p ected ¯ tn ess o f a w ork er an d th e p o p u la -

tion av era ge is

u w (x ) ¡ ¹u (x ) = (1 ¡ x )(P rob (¹ = m ¡ 1 ) ¡ k ):
2 In the following, we shall ignore complications arising from the fact that the population

is actually ¯nite, i.e. , we shall assume the law of large numbers applies.
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S in ce ¹ is b in om ia lly d istrib u ted w e h av e th at

P ro b (¹ = m ¡ 1 ) = g (x ) :=
Ã
n ¡ 1
m ¡ 1

!
x m ¡1 (1 ¡ x )n ¡m :

N ow assu m e a ction s a re tak en a t d iscrete tim es t 2 f 1 =N ;2 =N ;:::g . In

every p erio d ex a ctly on e in d iv id u al, d raw n at ran d om , h as th e o p p ortu n ity

to rev ise h is stra teg y.

W e sh a ll assu m e th e stra tegy u p d a tin g p ro ceed s b y m ea n s o f im itatio n .

T h e in d iv id u a l w h o g ets th e op p o rtu n ity to rev ise o b serves th e a ction ch o ice

an d cu rren t ex p ected p ayo ® of a ra n d om ly d raw n oth er in d iv id u a l, an d m ay

ch o ose to im ita te th e b eh av io r of th e o b served in d iv id u a l.

It seem s rea son ab le to assu m e th a t th e p rob ab ility of im itatio n is in crea s-

in g in th e cu rren t p ayo® ad van ta ge of th e sam p led action . In a n o n -stra tegic

settin g, S ch lag [1 6, 17] sh ow s th at th is is in fa ct th e optim al sch em e fo r im -

itation . A p esteg u ia , H u ck , a n d O ech ssler [2] p rov id e ex p erim en tal resu lts

th a t su g g est th is m o d el a lso a g rees w ell w ith a ctu a l b eh av io r.

W e sh all h ere a ssu m e th e p ro b a b ility o f im ita tion is in fact ex actly eq u al

to th e ap p rox im ate ex p ected p ayo ® d i® eren ce b etw een th e stra teg y of th e

ran d o m ly d raw n o th er p lay er an d th a t of th e rev isin g in d iv id u a l, p rov id ed

th is d i® eren ce is p o sitiv e. T h is b eh av io r d e¯ n es a M a rkov ch ain X N on th e

sp a ce ¢ N X = f 0 ;1 =N ;2 =N ;:::;1g w ith th e tra n sitio n p ro b a b ilities

P (x ;x + 1 =N ) = x (1 ¡ x ) m a x f g (x ) ¡ k ;0g ;

P (x ;x ¡ 1 =N ) = x (1 ¡ x ) m ax f k ¡ g (x );0g ;
an d

P (x ;y ) = 0 for jx ¡ y j ¸ 2

N
:

T h e d i® eren ce b etw een th e ¯ rst tw o tran sitio n p rob ab ilities giv es th e ex -

p ected n et in crease in th e p o p u latio n o f w orkers from on e tran sitio n tim e to

th e n ex t, con d itio n a l u p o n th e cu rren t sta te x , as

F W (x ) = P (x ;x + 1 =N ) ¡ P (x ;x ¡ 1 =N ) = x (1 ¡ x ) (g (x ) ¡ k ) :

9



N o te th at th is fu n ction is b ou n d ed an d co n tin u ou s in x . W e a re in terested in

th e d eterm in istic a p p rox im a tion o f th e a b ov e M ark ov ch ain w h en th e p o p u -

la tion size is la rge an d th u s th e tim e in terva l b etw een su ccessive tra n sition

tim es is sh ort. T h e a sso cia ted m ea n -¯ eld eq u ation

_x = ' (x ) := x (1 ¡ x ) (g (x ) ¡ k )

gives th e lim itin g d eterm in istic d y n a m ic as N ten d s to in ¯ n ity. B en aÄ³m a n d

W eib u ll [4 ] p rov e th a t fo r larg e p o p u latio n size, th e d eterm in istic d y n am ic

is a g o o d ap p rox im atio n of th e u n p ertu rb ed M a rkov ch a in . In p a rticu la r,

b y P ro p ositio n 4 o f B en aÄ³m an d W eib u ll [4 ], as N ten d s to in ¯ n ity, th e

asy m p to tic freq u en cy d istrib u tion o f X N w ill a lm o st su rely p u t all p rob ab ility

m a ss o n th e set of statio n a ry sta tes o f th e d eterm in istic d y n a m ic.

T h e fu n ction ' is a lso th e d eterm in istic replicator dyn am ics of evo lu tion -

ary ga m e th eory, sin ce it say s th a t th e grow th rate of w ork ers is eq u a l to th e

d i® eren ce b etw een th eir cu rren t av era ge ¯ tn ess an d th e p o p u la tion av erag e.

(S ee T ay lor an d J on ker [20].) T h e o rigin al p u rp o se of th e rep licator d y n am ics

w a s to serve as a m o d el o f a sex u a l gen etic rep ro d u ctio n . W e h ave ju st seen

th a t it m ay a lso b e in terp reted in term s o f im itatio n b eh av io r.

A restpoin t o f th is d y n a m ics is a p o in t x su ch th a t ' (x ) = 0 . A restp o in t

x is in terior if 0 < x < 1 .

D e¯ n e

k m a x :=

Ã
n ¡ 1
m ¡ 1

!µ
m ¡ 1
n ¡ 1

¶m ¡1 µn ¡ m
n ¡ 1

¶n ¡m
:

T h e fo llow in g resu lt a b ou t restp o in ts an d a ll oth er resu lts in th e tex t a re

p rov ed in th e A p p en d ix .

P ro p o sitio n 1 U n der the replicator dyn am ics, x = 0 an d x = 1 are alw ays

restpoin ts. In addition ,

1. if m = 1, then x = 1 ¡ k 1 = (n ¡1 ) is a restpoin t,

2. if m = n , then k 1 = (n ¡1 ) is a restpoin t,

1 0



3. if 1 < m < n an d k = k m a x , then x = (m ¡ 1 )= (n ¡ 1) is a restpoin t,
an d

4. if 1 < m < n an d k < k m a x , then there are tw o in terior restpoin ts,

on e strictly less than (m ¡ 1 )= (n ¡ 1), the other strictly greater than
(m ¡ 1)= (n ¡ 1).
T here are n o other restpoin ts.

T h e in terior restp o in ts corresp on d to th e sy m m etric m ix ed stra teg y eq u i-

lib ria id en tī ed b y P alfrey a n d R o sen th al [13 ], w h o stu d ied th e sta tic v ersion

of th is m o d el.

A restp o in t is asym ptotically stable| h en cefo rth , stable| if, lo o sely sp ea k -

in g , a sm all p ertu rb atio n ca u ses th e sy stem even tu a lly to retu rn to th e rest-

p oin t. In th e p resen t con tex t a restp oin t is stab le if th e d erivativ e of ' (x )

w ith resp ect to x is n eg a tive at th e restp oin t. W e ca n sh ow th e fo llow in g

ab o u t th e stab ility of restp o in ts.

P ro p o sitio n 2 U n der the replicator dyn am ics,

1. if m = 1, then x = 0 an d x = 1 are un stable restpoin ts, an d x =

1 ¡ k 1 = (n ¡1 ) is a stable restpoin t,

2. if m = n , then x = 0 an d x = 1 are stable restpoin ts, an d x = k 1 = (n ¡1 )

is an un stable restpoin t, an d

3. if 1 < m < n , then x = 0 is a stable restpoin t, x = 1 is an un stable

restpoin t, an d furtherm ore

(a) if k = k m a x , then x = (m ¡ 1)= (n ¡ 1) is an un stable restpoin t,
an d

(b) if k < k m a x , the lesser of the tw o in terior restpoin ts is un stable

an d the greater is stable.
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............................
.........................
.......................
....................
......................
.....................
...................
.

F ig u re 1 : n = 5 ;m = 1 ;k = :25.

W e n ote in p articu lar th a t as lo n g a s w e h av e m > 1 , th ere is alw ay s a

stab le restp o in t w ith n o w ork ers. W h en th ere is a lso a sta b le restp oin t w ith a

p ositiv e m ea su re of w o rkers, as is th e ca se ex cep t w h en m < n an d k ¸ k m a x ,
w e n eed to con sid er p ertu rb atio n s of th e sy stem in ord er to m ak e sh arp er

p red ictio n s a b o u t th e u ltim ate ou tco m e.

4 E x a m p le s

In th is sectio n w e d iscu ss so m e ex a m p les th a t illu strate a ll th e p ossib le d y -

n a m ic b eh av iors of th e d eterm in istic m o d el.

T h rou gh ou t, w e sh a ll set n = 5 . In th e p h a se d iag ram o f F ig u re 1 , w e

h av e m = 1 a n d k = :2 5. T h ere is th erefo re a u n iq u e stab le in terior restp o in t

at x ¼ :29.
N ote th at th is restp o in t is in e± cien t. In g en era l, th e ex p ected n u m b er o f

w o rkers in a ¯ rm w h en th e p o p u la tion sh are is x is eq u a l to n x . H en ce in th e

p resen t ca se it is a p p rox im a tely 1 :45. It w ou ld b e e± cien t to h av e ex a ctly

on e p articip a n t w ork in g, b u t w e h ave assu m ed th a t su ch a con tra ct is n o t
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0' (x ) ........................................................................................................................................................................................................................................................................
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F ig u re 2 : n = 5 ;m = 5 ;k = :25.

p ossib le.

F ig u re 2 sh ow s th e situ atio n w h en a ll p a rticip a n ts in th e ¯ rm h av e to

b e w o rkers in o rd er for th e ¯ rm to b e su ccessfu l, still w ith k = :25. In th is

case, th ere is a n u n stab le in terior restp o in t a t x ¼ :7 1 . S tartin g p o in ts b elow
:7 1 th erefo re u ltim a tely co n v erge to x = 0, sta rtin g p o in ts ab ov e to x = 1.

T h e u n sta b le in terior restp o in t m easu re o f w ork ers is th u s th e critical m ass

n ecessa ry for co n vergen ce to a p o p u latio n w h ere ev ery o n e is a w o rk er. W e

n o te th at th e la tter situ atio n is th e u n iq u e e± cien t o n e.

T h e d y n a m ica l sy stem in F ig u re 3 h a s a n u n sta b le restp o in t at x ¼ :0 8
an d a stab le on e a t :5. In th is case, th e low er in terio r restp o in t fu n ctio n s a s a

critica l m ass for co n vergen ce to th e h igh er o n e. F o r fu tu re referen ce, d en o te

th e lesser in terior restp oin t w h en th ere are tw o in terio r restp oin ts b y x L , a n d

th e grea ter in terior restp o in t b y x H . A g a in , th e sta b le in terio r restp oin t x H

is in e± cien t, sin ce th e ex p ected n u m b er of w o rkers in a ¯ rm is h ere 2 :5 > 2.

F ig u re 4 sh ow s a n ex a m p le w h ere w e still h av e m = 2, b u t n ow w e h av e

k = :5 > k m a x ¼ :4 2. H en ce th ere a re n o in terio r restp o in ts, a n d th e o n ly

stab le sta te is x = 0 .
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F ig u re 3 : n = 5 ;m = 2 ;k = :25.

1

x

0' (x ) ................................................................................................................................................................................................................................................................................................................................................................................................................................................
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..................
................
................
..............

F ig u re 4: n = 5 ;m = 2 ;k = :5 .
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...........

F ig u re 5 : n = 5 ;m = 3 ;k = :15.

If w e h av e n o d d a n d m = (n + 1)= 2 , ' is sy m m etric a rou n d a m ax im u m

at :5 . S in ce w ith th is p ara m eter relatio n sh ip a ¯ rm is su ccessfu l if m o re

th a n h alf o f its m em b ers a re w o rk ers, w e m ig h t call su ch tech n olog ies sim ple-

m ajority tech n olo gies. F igu re 5 sh ow s an ex am p le w ith n = 5, m = 3 , a n d

k = :15.

W h en w e h ave k < k m a x , sim p le-m a jo rity tech n olo g ies a llow fo r a n a ly tica l

solu tio n s for th e in terior restp oin ts. T h ey a re

x L =
1

2
¡ 1
2

0@1 ¡ 4 Ã k, Ã
n ¡ 1

(n ¡ 1 )= 2

!!2 = (n ¡1 )1A1 = 2

an d

x H =
1

2
+
1

2

0@1 ¡ 4 Ã k, Ã
n ¡ 1

(n ¡ 1 )= 2

!!2 = (n ¡1 )1A1 = 2 :
In th e ex a m p le, w e h ave x L ¼ :2 0 a n d x H ¼ :80.
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5 L o n g -R u n D y n a m ic s

B io lo g ica l evo lu tion is su b ject to m u ta tio n s, a n d in th e co n tex t of cu ltu ral

evo lu tio n b y m ea n s o f im itatio n of su ccessfu l b eh av io r it m a kes sen se to

a ssu m e th a t in d iv id u a ls m ay m a k e m ista k es in selectin g th eir a ctio n s. P a r-

ticu la rly w h en stu d y in g th e b eh av io r o f a n ev o lu tio n a ry sy stem in th e v ery

lo n g ru n it seem s rea son ab le to ta ke in to a cco u n t th a t th ere m ay b e p ersis-

ten t ran d o m sh o ck s. (S ee, e.g ., Y o u n g a n d F o ster [2 3 ], K a n d o ri, M a la ith a n d

R o b [8 ], Y o u n g [21 ], o r Y o u n g [2 2].) T h is also tu rn s ou t to a llow u s m ak e

m o re p recise p red ictio n s a b ou t situ ation s w h ere th e d eterm in istic rep licato r

d y n am ics h a s m u ltip le stab le restp oin ts.

H en ce w e n ow in tro d u ce p ertu rb atio n s to th e M a rk ov ch ain d e¯ n ed ab ov e.

S p ecī ca lly, w e assu m e th at w ith p ro b a b ility " 2 (0 ;1), th e a gen t d raw n to
rev ise h is strategy p ick s a stra teg y a t ra n d o m , irresp ective o f th e p ay o® to th e

cu rren t stra tegy. T h is d e¯ n es a perturbed M a rkov ch a in X N ;" w ith tra n sition

p ro b a b ilities

P "(x ;x + 1 =N ) = (1 ¡ ") x (1 ¡ x ) m ax f g (x ) ¡ k ;0 g + (1 ¡ x )
2

";

P "(x ;x ¡ 1 =N ) = (1 ¡ ") x (1 ¡ x ) m ax f k ¡ g (x );0 g + x
2
";

an d

P "(x ;y ) = 0 fo r jx ¡ y j ¸ 2

N
:

T h e p ertu rb a tion s m a ke th e M a rkov ch a in b o th irreducible a n d aperiodic.3

M oreover, as " ten d s to zero , its tran sitio n p rob ab ilities con v erg e to th ose o f

th e u n p ertu rb ed M ark ov ch a in . F or X N ;" th e ex p ected n et in crea se in th e

3A Markov chain is irred u cible if there is a positive probability of moving from any

state to any other state of the state space in a ¯nite number of periods. Let N z be the

set of all integers s ¸ 1 such that there is a positive probability of moving from the state

z to z in exactly s periods. A Markov chain is a period ic if, for every state z , the greatest

common divisor of N z is unity.
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p op u la tion of w o rkers, fro m o n e tran sitio n tim e to th e n ex t, co n d ition al u p on

th e cu rren t sta te x b eco m es

F "W (x ) = x (1 ¡ x ) (g (x ) ¡ k ) +
µ
1

2
¡ x

¶
":

T h e fa ct th a t X N ;" is irred u cib le an d ap erio d ic im p lies th e ex isten ce o f a

u n iq u e in va rian t p ro b a b ility m ea su re º N ;" su ch th a t fo r an y B o rel set B µ
[0 ;1 ], N 2 N, an d " 2 (0 ;1) ;

º N ;" (B ) = lim
T ! 1

P r
³
X N ;" (T ) 2 B

´
= lim

T ! 1
V N ;" (B ;T ) ;

w h ere V N ;" (B ;T ) d en o tes th e relativ e freq u en cy w ith w h ich B is v isited b y

X N ;" d u rin g th e ¯ rst T p erio d s. B y co m p u tin g th e lim it o f º N ;" (B ) a s "

ten d s to zero a n d N ten d s to in ¯ n ity, w e are a b le to ca lcu la te th e sta tes th a t

are m o st likely to b e ob serv ed in th e lo n g ru n fo r larg e p o p u latio n size a n d

sm a ll ra n d om izatio n p rob ab ility. M o re p recisely, w e lo o k for sta tes w ith th e

fo llow in g p rop erty.4

D e ¯ n itio n 1 W e say that a state x is selected if, for an y n eighborhood U

of x , w e have that

lim
"! 0 limN ! 1

º N ;" (U ) = 1 :

W e ca n n ow sh ow th e follow in g .

P ro p o sitio n 3 T he follow in g holds for the perturbed M arkov C hain X N ;".

1. If m = 1, then x = 1 ¡ k 1 = (n ¡1 ) is selected.

2. If m = n , then x = 1 is selected for k < 1 = 2 n ¡1 , an d x = 0 is selected
for k > 1 = 2 n ¡1 .

4 It can be shown that Proposition 3 below holds also if the order of limits is reversed

in the de¯nition of selection, i. e. , if a state x is selected when, for any neighborhood U of

x , limN ! 1 lim"! 0 º
N ;" (U ) = 1.
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3. (a) If 1 < n < m an d k ¸ k m a x , then x = 0 is selected.
(b) If 1 < n < m an d k < k m a x , then x = x H is selected if x H > 2 x L ,

an d x = 0 if x H < 2 x L .

C o n sid er, in p articu lar, th e ca se w h en th ere a re tw o in terio r restp oin ts.

T h e basin of attraction of th e restp oin t x H u n d er th e d eterm in istic rep licato r

d y n am ics, i.e., th e set o f startin g -p oin ts su ch th at th e tra jecto ry ev en tu ally

con v erg es to x H , is th e in terva l (x L ;1). L et (x L ;x H ) a n d (x H ;1 ) b e th e left

an d right sub-basin s o f x H , resp ectively.

W e see th a t lo n g -ru n selectio n o f th e h ig h -e® o rt eq u ilib riu m h a p p en s if

th e len g th o f th e left su b -b a sin o f x H is g reater th an th e len g th o f (0 ;x L ),

th e b a sin of attractio n of x L . H en ce it co u ld h ap p en th at x H h a s a la rg er

b a sin o f attractio n th a n x L b u t is n ev erth eless n ot selected in th e lo n g ru n .

In th e sp ecia l ca se o f th e sim p le-m a jo rity tech n olo gies d e¯ n ed ea rlier, w e

can solv e ex p licitly for th e con d itio n s for selection of x H . W e n eed th at

k <

Ã
n ¡ 1

(n ¡ 1)= 2

!µ
2

9

¶(n ¡1 )= 2
:

M o re g en erally, w e ca n p rove so m e lim ited com p a rativ e sta tics resu lts

relatin g th e co st k to lo n g -ru n eq u ilib riu m selection .

P ro p o sitio n 4 If 1 < m < n , x H = x L is strictly decreasin g in k for k 2
(0 ;k m a x ). M oreover, there exists a k ? 2 (0 ;k m a x ) such that for k 2 (0 ;k ? ),
x H = x L > 2, for k = k

? , x H = x L = 2, an d for k 2 (k ? ;k m a x ); x H = x L < 2.

P ro p o sitio n 5 L et m̂ ; n̂ , an d s be positive in tegers. If k 2 (0 ;k m a x ) ; m ¡ 1 =
(m̂ ¡ 1) s, n ¡ 1 = (n̂ ¡ 1) s, an d 1 < m̂ < n̂ , then there exists an ŝ such that

for 1 · s · ŝ ; x H = x L is decreasin g in s; an d for s > ŝ, there are n o in terior
station ary states.

C o n sid er th e e® ects o f scalin g th e ga m e u p o r d ow n b y m u ltip ly in g th e

¯ rm 's size a n d th e th resh old n u m b er of w o rkers b y som e co n sta n t. P rop o -

sitio n s 3 , 4, an d 5 to g eth er im p ly th a t if w e h av e 1 < m < n , th e in terio r

1 8



1 1 0

s

0

:5

k

x ! x H

x ! 0

........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

F igu re 6 : E x a m p le selectio n b ou n d ary in co st-sca le sp a ce.

eq u ilib riu m x H is m o re lik ely for low cost a n d low sca le, a n d th e eq u ilib riu m

w ith n o w ork ers for h igh cost a n d h ig h scale.

F ig u re 6 sh ow s a n ex a m p le w ith m ¡ 1 = s, n ¡ 1 = 2 s, x L = 1 = 3 , a n d
x H = 2 = 3 . E ach p oin t o n th e cu rv e co rresp on d s to a com b in a tio n of k a n d

s su ch th a t x H = x L = 2 . T h e eq u ilib riu m x H is selected for com b in a tio n s to

th e so u th w est of th e g rap h , an d x = 0 fo r co m b in ation s to th e n o rth ea st o f

th e gra p h .

T o su m u p , w e h av e sh ow n th at for a co st of con trib u tin g low en ou g h ,

an d a ¯ rm size sm a ll en o u g h , a n eq u ilib riu m w ith a su b sta n tial freq u en cy o f

con trib u tors is th e situ atio n m o st likely to b e o b served in th e lo n g ru n . In

th e case of sim p le-m a jority tech n o lo gies, th e co n d ition ca n b e m a d e p recise.

6 C o n c lu d in g R e m a rk s

W e k n ow from ex p erim en tal w ork th at in d iv id u als con trib u te in d ilem m a

ga m es ev en w h en con trib u tin g is n o t en forceab le. W e h av e sh ow n in th is p a -

p er h ow su ch b eh av ior m ay b e u n d ersto o d a s th e lo n g -ru n sta b le eq u ilib riu m
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of a n evo lu tion a ry sy stem su b ject to m u ta tio n s.

W e h av e th o u gh t of th e u n d erly in g p u b lic g o o d s g am e as on e in w h ich

in d iv id u a ls ex p en d irretrieva b le e® ort. T h e m o d el ca n ea sily b e ex ten d ed

to a settin g w h ere co n trib u tio n s are in stead m on eta ry a n d fu lly refu n d ed

if th e p u b lic g o o d is n o t p rov id ed , a ca se th at P alfrey an d R osen th a l [1 3]

also stu d y from a sta tic p oin t o f v iew . In th e evo lu tio n a ry v ersio n , o n e can

th en sh ow th a t th ere is a u n iq u e in terior restp oin t w ith a la rger sh are o f

con trib u tors th an in th e in terio r restp o in ts w ith o u t refu n d . M oreover, th is

in terior restp o in t is th e u n iq u e stab le sta te o f th e rep lica to r d y n a m ic a n d

th u s a lso th e u n iq u e lon g-ru n p red ictio n o f th e sto ch astic m o d el.

A d i® eren t ex ten sio n o f th e m o d el w o u ld b e to allow for w o rk er a n d ¯ rm

h etero g en eity. W o rkers cou ld d i® er in term s of th eir ¯ tn ess co st of co n trib u t-

in g a n d ¯ rm s in term s o f th eir size an d con trib u tio n th resh o ld lev els. It is

also p ossib le to m ak e th e size an d con trib u tio n th resh o ld s o f ¯ rm s d eter-

m in ed en d ogen ou sly th rou gh ev olu tion . W e leave th ese q u estion s for fu tu re

resea rch .

A p p e n d ix

P ro o f o f P ro p o sitio n 1 . T h a t x = 0 a n d x = 1 a re restp o in ts is im m ed ia te.

A t an in terio r restp o in t w e m u st h ave th a tÃ
n ¡ 1
m ¡ 1

!
x m ¡1 (1 ¡ x )n ¡m = k : (1 )

F or th e ca ses w h ere m = 1 a n d m = n , (1 ) m ay b e so lv ed ex p licitly fo r th e

in terior restp o in ts. W h en w e h ave 1 < m < n , th e left h an d sid e o f (1 ) is a

sin g le-p ea k ed fu n ctio n of x w ith a m ax im u m a t x = (m ¡ 1 )= (n ¡ 1 ). H en ce
if w e h av e th a t

k ·
Ã
n ¡ 1
m ¡ 1

!µ
m ¡ 1
n ¡ 1

¶m ¡1 µn ¡ m
n ¡ 1

¶n ¡m
= k m a x ;
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th e eq u a tio n (1 ) h as a t lea st o n e so lu tio n . In ca se th e rela tion h o ld s w ith

eq u ality, th e u n iq u e so lu tio n is x = (m ¡ 1)= (n ¡ 1). O th erw ise (1) h a s
ex actly tw o ro o ts, w h ere o n e is n ecessa rily strictly less th a n (m ¡ 1 )= (n ¡ 1 ),
th e oth er strictly g rea ter. 2

P ro o f o f P ro p o sitio n 2 . W e h av e th at

' 0(x ) = k (2 x ¡ 1) ¡
Ã
n ¡ 1
m ¡ 1

!
x m ¡1 (1 ¡ x )n ¡m ((n + 1)x ¡ m ):

S u p p ose w e h av e m = 1 . T h en w e h av e ' 0(0 ) = 1 ¡ k > 0, ' 0(1 ) = k > 0,
an d ' 0(1 ¡ k 1 = (n ¡1 )) = (n ¡ 1 )(k n = (n ¡1 ) ¡ k ) < 0.
S u p p o se in stea d w e h av e m = n . T h en w e h ave ' 0(0) = ¡ k < 0, ' 0(1 ) =

k ¡ 1 < 0, an d ' 0(k 1 = (n ¡1 )) = (n ¡ 1 )(k ¡ k n = (n ¡1 )) > 0 .
F in a lly, su p p o se w e h av e 1 < m < n . T h en w e h ave ' 0(0 ) = ¡ k < 0 a n d

' 0(1 ) = k > 0. L et x ? , w ith 0 < x ? < 1, b e su ch th atÃ
n ¡ 1
m ¡ 1

!
x m ¡1? (1 ¡ x ? )n ¡m = k :

S u b stitu tin g, w e ¯ n d th a t

' 0(x ? ) = k (m ¡ 1 ¡ (n ¡ 1 )x ? ) S 0 as x ? T m ¡ 1
n ¡ 1 :

N o te th at if w e h ave x ? = (m ¡ 1 )= (n ¡ 1 ), th en x ? is a sa d d le p o in t th a t
attra cts in o n e d irectio n an d rep els in th e oth er, a n d is th erefo re ca tego rized

as u n stab le. 2

T h e id ea b eh in d th e p ro of of P rop osition 3 is to ca lcu la te th e lim it o f th e

u n iq u e in varia n t p ro b a b ility m easu re º N ;" as N ten d s to in ¯ n ity an d " ten d s

to 0 . W h en th e d eterm in istic d y n a m ic h as a un ique sta tion ary sta te, w e rely

u p o n th e follow in g lem m a , w h ich h old s fo r an y " 2 [0 ;1); to d eterm in e th is
lim it.
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L e m m a 1 F or an y open set U ½ [0 ;1 ] con tain in g all the station ary states

of the determ in istic dyn am ic, w e have that

lim
N ! 1

µ
lim
T ! 1

V N ;" (U ;T )

¶
= 1 alm ost surely.

P ro o f. T h is follow s d irectly fro m P ro p o sitio n 4 of B en aÄ³m an d W eib u ll [4]

b y ob serv in g th at th e d eterm in istic d y n am ic h a s n o p erio d ic o rb its. 2

W h en th ere is m o re th an on e sta tion ary sta te, w e p ro ceed b y estim a tin g

an d com p a rin g th e m in im u m p ro b a b ility o f reach in g a n d th e m ax im u m p rob -

ab ility o f leav in g th e b a sin s o f attra ctio n o f every asy m p to tica lly sta b le sta te.

F orm ally, let x 0 b e a n y asy m p totica lly stab le sta te o f th e d eterm in istic ° ow

an d let
³
x ¡0 ;x

+
0

´
d en o te its b a sin of a ttractio n . B y P rop o sition 8 in B en aÄ³m

an d W eib u ll [3 ], for an y x 2
h
x ¡0 ;x

+
0

i
, th e cost of th e tra n sitio n from f x 0 g to

f x g is eq u a l to
c (f x 0 g ;f x g ) =

Z x 0

x
(log P "(y ;y + 1 =N ) ¡ lo g P "(y ;y ¡ 1 =N ))d y :

U sin g th is con cep t w e ca n d e¯ n e th e radius of x 0 ; R (f x 0 g ); as th e low est co st
of goin g from f x 0 g to a n y state o u tsid e its b asin of attra ctio n , i.e., a s

R (f x 0 g ) := m in
n
c
³
f x 0 g ;f x ¡0 g

´
;c
³
f x 0 g ;f x +0 g

ó
:

L ik ew ise, th e co-radius of x 0 ca n b e d e¯ n ed as th e h ig h est cost to go to th e

b a sin o f attra ctio n o f x 0 from an y w h ere ou tsid e its b a sin o f a ttra ction , i.e.,

as

C R (f x 0 g ) := m a x
y =2(x ¡0 ;x +0 )

m in
n
c
³
f y g ;f x ¡0 g

´
;c
³
f y g ;f x +0 g

ó
:

L e m m a 2 L et x be an asym ptotically stable state of the determ in istic dy-

n am ic an d suppose U ½ [1 ;0 ] is an open n eighborhood of x . If R (f x g ) >
C R (f x g ), then

lim
N ! 1

lim
T ! 1

V N ;" (U ;T ) = 1 alm ost surely

an d

lim
N ! 1

lim
T ! 1

P r
³
X N ;" (T ) 2 U

´
= 1 :
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P ro o f. T h is follow s im m ed iately from P rop o sition 6 in B en aÄ³m a n d W eib u ll[4 ].

2

T h e follow in g lem m a ta are u sefu l for th e ca lcu la tion o f th e ra d iu s a n d

co-ra d iu s.

L e m m a 3 L et x "0 an d x
"
P be tw o arbitrary states such that x

"
0 ! x 0 an d

x "P ! x P as " ten ds to 0. T hen

lim
"! 0

c (f x "0 g ;f x "P g )
¡ lo g " =

Z x

x 0
lim
"! 0

lo g P "(y ;y + 1 =N ) ¡ log P "(y ;y ¡ 1 =N )
lo g "

d y :

P ro o f. A ssu m e w ith o u t loss o f g en era lity th a t x "0 · x "P . L et " 2
³
0 ;e¡1 = 2

´
an d d e¯ n e th e in d ica tor fu n ction Ix "0 ;x "P th at tak es o n th e va lu e 1 fo r x 2
[x "0 ;x

"
P ] an d 0 fo r all oth er x . T h en

0 · 1

lo g "

Z x "P

x "0

log P "(x ;x + 1 =N )d y

=
Z
Ix "0 ;x "P

1

lo g "
log ((1 ¡ ") y (1 ¡ y ) m a x f g (y ) ¡ k ;0 g + (1 ¡ y ) "= 2) d y

·
Z
Ix "0 ;x "P

1

lo g "
log ((1 ¡ y ) "= 2) d y <

Z
I0 ;1 (1 ¡ log (1 ¡ y )) d y = 2 :

H en ce, b y L eb esgu e's d o m in ated co n vergen ce th eorem w e h av e th at

lim
"! 0

Z x "P

x "0

log P "(y ;y + 1 =N )

log "
d y =

Z
lim
"! 0 Ix

"
0 ;x

"
P

lo g P "(y ;y + 1 =N )

lo g "
d y

=
Z x P

x 0
lim
"! 0

lo g P "(y ;y + 1 =N )

lo g "
d y

B y th e sa m e arg u m en t fo llow s th a t

lim
"! 0

Z x "

x "0

lo g P "(y ;y ¡ 1 =N )
lo g "

d y =
Z x P

x 0
lim
"! 0

log P "(y ;y ¡ 1 =N )
lo g "

d y ;

w h ich p rov es th e statem en t. 2

L e m m a 4 L et (x "0 ) be a sequen ce of asym ptotically stable states such that

lim "! 0 x "0 = x 0 ; an d let (x "P ) be a sequen ce of states such that x
"
P is in the
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closure of the basin of attraction of x "0 for every " 2 (0 ;1) an d lim "! 0 x "P =
x P . T hen

lim
"! 0

c (f x "0 g ;f x "P g )
¡ log " = x P ¡ x 0 :

P ro o f. S u p p o se, w ith o u t lo ss of gen era lity, th a t x P ¡ x 0 > 0 . T h en

lim
"! 0

1

lo g "

Z x "P

x "0

lo g P "(y ;y + 1 =N )d y

= lim
"! 0

1

lo g "

Z x "P

x "0

lo g ((1 ¡ ") y (1 ¡ y ) m ax f g (y ) ¡ k ;0g + (1 ¡ y ) "= 2) d y :

D e¯ n e th e in d icato r fu n ctio n IP + = 0 th at tak es on th e valu e 1 fo r x su ch th a t

P (x ;x + 1 =N ) = 0 a n d 0 fo r a ll o th er x . U sin g th is fu n ctio n an d L em m a 3,

w e can w rite th e a b ove ex p ression asZ x P

x 0
lim
"! 0 IP + = 0

log ((1 ¡ y ) "= 2)
lo g "

d y

+
Z x P

x 0
lim
"! 0

³
1 ¡ IP + = 0

´lo g ((1 ¡ ") y (1 ¡ y ) (g (y ) ¡ k ) + (1 ¡ y ) "= 2)
log "

d y

=
Z x P

x 0
IP + = 0 d y + 0 = x P ¡ x 0 :

S im ila rly, b y d e¯ n in g th e in d ica tor fu n ctio n IP ¡ = 0 th at ta kes o n th e va lu e 1

fo r x su ch th a t P (x ;x ¡ 1 =N ) = 0 , a n d 0 fo r a ll o th er x ; w e can w rite

lim
"! 0

1

lo g "

Z x "P

x "0

lo g P "(x ;x ¡ 1 =N )d y

= lim
"! 0

1

lo g "

Z x "P

x "0

lo g ((1 ¡ ") y (1 ¡ y ) m ax f k ¡ g (y );0g + y "= 2 ) d y

=
Z x P

x 0
lim
"! 0 IP ¡ = 0

lo g ("y = 2 )

log "
d y

+
Z x P

x 0
lim
"! 0

³
1 ¡ IP ¡ = 0

´log ((1 ¡ ") y (1 ¡ y ) (k ¡ g (y )) + y "= 2 )
log "

d y

= 0 :

2
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P ro o f o f P ro p o sitio n 3 . C a se 1 : m = 1 . F o r p o sitive ", th e fu n ctio n F "W
h a s a u n iq u e ro o t o n th e u n it in terval; x "M : A s " ten d s to zero, x

"
M ten d s to

x M = 1 ¡ k 1 = (n ¡1 ) an d h en ce, th e sta tem en t follow s d irectly b y L em m a 1 .
C a se 2 : m = n . F or su ± cien tly sm a ll ", th e fu n ctio n F "W h a s th ree ro ots on

th e u n it in terva l; x "0 ; x
"
P ; an d x

"
1 ; b u t on ly x

"
0 a n d x

"
1 are a sy m p to tically stab le

states. A s " ten d s to zero , th e th ree p oin ts co n v erg e to 0 ; x P = k
1 = (n ¡1 ); a n d 1

resp ectively : It is clear th a t th e ra d iu s o f x "0 is eq u a l to c (f x "0 g ;f x "P g ) an d th e
co-ra d iu s c (f x "1 g ;f x "P g ). S im ilarly, th e rad iu s of x "1 is eq u a l to c (f x "1 g ;f x "P g )
an d th e co -rad iu s c (f x "0 g ;f x "P g ). B y L em m a 2 , in th e lim it, as " ten d s to
zero , th e ratio o f costs b ecom es

lim
"! 0

c (f x "1 g ;f x "P g )
c (f x "0 g ;f x "P g )

=
x 1 ¡ x P
x P ¡ x 0

= k 1 = (1¡n ) ¡ 1 :

T h is im p lies th a t if k < 2 1¡n , th ere ex ists a n "̂, su ch th at for all " 2 (0 ;"̂),
C R (f 1 g ) < R (f 1g ) a n d if k > 2 1¡n , th ere ex ists an ·", su ch th at for all
" 2 (0 ; ·"), C R (f 0 g ) < R (f 0g ).
C a se 3 : 1 < n < m a n d k < k m a x . F or su ± cien tly sm a ll ", th e fu n ction

F "W h a s th ree ro o ts o n th e u n it in terval; x "0 ; x
"
L ; a n d x

"
H : T h e ¯ rst an d th e

la st o f th ese p o in ts a re a sy m p to tica lly sta b le: A s " ten d s to zero , th e th ree

p oin ts con v erg e to 0 ; x L ; a n d x H resp ectiv ely : It is clear th at th e ra d iu s o f

x "0 is eq u a l to c (f x "0 g ;f x "L g ) a n d th e co-ra d iu s c (f x "H g ;f x "L g ). S im ilarly, th e
rad iu s of x "H is eq u al to c (f x "H g ;f x "L g ) a n d th e co -rad iu s c (f x "0 g ;f x "L g ). B y
L em m a 2 , in th e lim it, as " ten d s to zero, th e ratio of costs b eco m es

lim
"! 0

c (f x "H g ;f x "L g )
c (f x "0 g ;f x "L g )

=
x H

x L
¡ 1 :

T h is im p lies th at if x H = x L > 2 , th ere ex ists a n "̂, su ch th a t fo r all " 2 (0 ;"̂),
C R (f x H g ) < R (f x H g ), a n d if x H = x L < 2 , th ere ex ists an ·", su ch th a t fo r all
" 2 (0 ; ·"), C R (f 0 g ) < R (f 0g ).
C a se 4 : 1 < m < n a n d k ¸ k m a x . If x ? = (m ¡ 1 )= (n ¡ 1) < 1 = 2 a n d

k = k m a x ; for su ± cien tly sm a ll ", th e fu n ctio n F
"
W h as th ree ro ots o n th e u n it

in terval; x "0 ; x
"
L ; a n d x

"
H (if (m ¡ 1)= (n ¡ 1 ) = 1 = 2, th e tw o la tter co in cid e
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w ith x ? ): O f th ese, x
"
0 a n d x

"
H a re a sy m p to tically stab le sta tes: A s " ten d s

to zero , x "0 con v erg es to 0 ; an d x
"
L an d x

"
H b oth co n verge to x ? : T h is ca se is

id en tical to th e a b ove w h ere 1 < m < n a n d k 2 (0 ;k m a x ), an d sin ce

lim
"! 0

c (f x "H g ;f x "L g )
c (f x "0 g ;f x "L g )

=
x ?

x ?
¡ 1 = 0 ;

C R (f 0 g ) < R (f 0g ) for su ± cien tly sm a ll ".
If x ? = (m ¡ 1 )= (n ¡ 1) > 1 = 2 an d k = k m a x , o r if k > k m a x , fo r su ± cien tly

sm a ll ", th e fu n ctio n F "W h as on e ro o t o n th e u n it in terval; x
"
0 : S in ce th is p o in t

con v erg es to 0 as " ten d s to zero , th e statem en t fo llow s d irectly b y L em m a 1.

2

P ro o f o f P ro p o sitio n 4 . F irst, w e sh all p rove th at @ (x H = x L ) = @ k < 0 fo r

all k 2 (0 ;k m a x ). F or x 2 f x L ;x H g , g (x ) ¡ k = 0 an d
@ (g (x ) ¡ k )

@ x
= k

µ
m ¡ 1
x

¡ n ¡ m
1 ¡ x

¶
6= 0 :

H en ce, th e im p licit fu n ctio n th eo rem a p p lies an d w e h ave th a t

@ x

@ k
=

¡ @ (g (x ) ¡ k ) = @ k
@ (g (x ) ¡ k ) = @ x

= k ¡1
µ
m ¡ 1
x

¡ n ¡ m
1 ¡ x

¶¡1
:

T h e la st ex p ressio n is n eg a tiv e fo r x > (m ¡ 1 )(n ¡ 1 ) a n d p o sitiv e fo r
x < (m ¡ 1)(n ¡ 1 ). S in ce x L < (m ¡ 1)(n ¡ 1 ) < x H , it fo llow s th a t

@ x L = @ k > 0 a n d @ x H = @ k < 0, an d th u s,

@ (x H = x L )

@ k
=
x L @ x H = @ k ¡ x H @ x L = @ k

x 2L
< 0 :

T h is im p lies th a t x H = x L is a co n tin u o u s a n d strictly d ecrea sin g fu n ction o f

k o n (0 ;k m a x ).

S eco n d ly, w e sh all p rove th a t th ere ex ists a k̂ su ch th a t x H > 2 x L . L et

® 2 (1 ;(n ¡ 1 )= (m ¡ 1 )) an d d e¯ n e

k̂ :=

Ã
n ¡ 1
m ¡ 1

!µ
®

2

m ¡ 1
n ¡ 1

¶m ¡1 µ
1 ¡ ® m ¡ 1

n ¡ 1
¶n ¡m

:
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C learly, k̂ 2 (0 ;k m a x ) a n d fo r a ll x 2 [(® = 2)(m ¡ 1 )= (n ¡ 1 );® (m ¡ 1 )= (n ¡ 1 )],
w e h ave th a t

g (x ) > k̂ :

It follow s th a t
x H

x L
>

µ
®
m ¡ 1
n ¡ 1

¶µ
®

2

m ¡ 1
n ¡ 1

¶¡1
= 2 :

S in ce lim k! k m ax x H = x L = 1 < 2, th e co n tin u ity a n d strict m on oto n icity

of x H = x L o n (0 ;k m a x ) im p ly th a t th ere ex ists a k
? su ch th a t fo r k 2 (0 ;k ? ),

x H = x L > 2 , for k = k
? ; x H = x L = 2 ; a n d fo r k 2 (k ? ;k m a x ); x H = x L < 2. 2

P ro o f o f P ro p o sitio n 5 . D en o te th e p ro b a b ility fu n ction o f th e b in om ial

d istrib u tio n b y

g (x ;a ;b) :=

Ã
b

a

!
x a (1 ¡ x )b¡a :

S u p p ose th a t, for x 2 f x L ;x H g an d s ¸ 1 ;

g (x ;s (m ¡ 1) ;s (n ¡ 1)) = k s:

T h en th ere ex ists a k s+ 1 > 0 su ch th at, fo r x 2 f x L ;x H g ;

g (x ;(s + 1 ) (m ¡ 1 ) ;(s + 1 ) (n ¡ 1)) = k s+ 1 :

T h is k s+ 1 is strictly sm a ller th a n k s sin ce

k s+ 1

k s
=

g (x ;(s + 1 ) (m ¡ 1) ;(s + 1) (n ¡ 1 ))
g (x ;s (m ¡ 1) ;s (n ¡ 1))

· g ((m ¡ 1) = (n ¡ 1) ;(s + 1 ) (m ¡ 1) ;(s + 1) (n ¡ 1 ))
g ((m ¡ 1 ) = (n ¡ 1) ;s (m ¡ 1) ;s (n ¡ 1)) < 1 ;

w h ere th e last in eq u ality follow s fro m a stan d ard p ro p erty o f th e b in om ial

d istrib u tio n . S in ce, b y P rop osition 4, @ (x H = x L ) = @ k < 0, th is im p lies th a t

x H = x L is strictly d ecrea sin g in s fo r s su ch th at

g ((m ¡ 1) = (n ¡ 1) ;(s + 1 ) (m ¡ 1) ;(s + 1) (n ¡ 1 )) ¸ k :
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F in a lly, sin ce

lim
s! 1 g (x ;s (m ¡ 1) ;s (n ¡ 1)) = 0

fo r an y x 2 [0 ;1 ], it follow s th at th ere ex ists an ŝ > 1 su ch th at for s > ŝ,

g ((m ¡ 1) = (n ¡ 1 ) ;s (m ¡ 1 ) ;s (n ¡ 1 )) < k :

H en ce, fo r su ch s th ere are n o in terio r statio n a ry states. 2
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