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Wkh jrdo ri wklv sdshu lv wr vkrz wkh srvvlelolw| ri d qrq0prqrwrqh uhodwlrq eh0
wzhhq fryhudjh dqg ulvn zklfk kdv ehhq frqvlghuhg lq wkh olwhudwxuh ri lqvxudqfh
prghov vlqfh wkh zrun ri Urwkvfklog dqg Vwljolw} +4<:9,1 Zh sursrvh dq lqvxu0
dqfh prgho zlwk dgyhuvh vhohfwlrq dqg prudo kd}dug1 Wkh lqvxuhg djhqwv duh
khwhurjhqhrxv zlwk uhvshfw wr ulvn dyhuvlrq dqg ohqlhqfh +suhfdxwlrq frvw sdudp0
hwhu,1 Zh eruurz wkh Kropvwurp dqg Plojurp +4<;:, iudphzrun ri surylglqj
lqfhqwlyhv iru suhfdxwlrq iru dq djhqw zlwk frqvwdqw ulvn dyhuvlrq1 Gl�huhqwo|
iurp wkh vwdqgdug olwhudwxuh/ zh dvvxph wkdw wkhuh h{lvwv d fruuhodwlrq ehwzhhq
ulvn dyhuvlrq dqg ohqlhqfh1 Wr vlpsoli| wkh prgho/ zh vwxg| rqo| shuihfw fru0
uhodwlrq/ zklfk jlyhv wzr vw|ol}hg fdvhv1 Lq wkh srvlwlyh fruuhodwlrq rqh/ pruh
ulvn dyhuvh djhqwv kdyh kljkhu pdujlqdo frvw ri suhfdxwlrq1 Wkxv/ wkhvh wzr
khwhurjhqhlwlhv jr lq wkh vdph gluhfwlrq/ l1h1/ wkh pruh ulvn dyhuvh djhqwv ex|
pruh lqvxudqfh dqg wkhq wkh| kdyh ohvv fdxwlrxv ehkdylru zklfk uhlqirufhv wkh
qhfhvvlw| ri ex|lqj lqvxudqfh1 Wkhuhiruh/ rqh pljkw h{shfw wr vhh srvlwlyh fru0
uhodwlrq ehwzhhq fryhudjh dqg ulvn1 Wklv lv suhflvho| wkh Urwkvfklog dqg Vwljolw}
suhglfwlrq dqg lw lv vwurqjo| uhodwhg zlwk wkh VFS1

Lq wkh qhjdwlyh fruuhodwlrq fdvh/ pruh ulvn dyhuvh djhqwv kdyh orzhu pdujlqdo
frvw ri suhfdxwlrq1 Wkxv/ ghshqglqj rq wkh yduldqfh ri wkh zhdowk +zklfk ghwhu0
plqhv wkh lqihuhqfh srzhu ri fdxwlrxv ehkdylru,/ wkrvh wzr khwhurjhqhlwlhv fdq
dfw lq rssrvlwh gluhfwlrqv= rqh h�hfw fdq grplqdwh wkh rwkhu/ euhdnlqj grzq
wkh VFS dqg wkh prqrwrqlflw| surshuw|1 Pruh vshfl�fdoo|/ lq d prqrsrolvwlf
pdunhw/ wkh lqvxuhh*v pdujlqdo xwlolw| ri uhgxflqj fryhudjh lv ghfrpsrvhg lqwr
wzr h�hfwv= rqh lv wkh pdujlqdo ehqh�w/ wkh suhyhqwlrq h�ruw/ zklfk ghfuhdvhv
zlwk ulvn dyhuvlrq +gxh wr wkh qhjdwlyh fruuhodwlrq dvvxpswlrq, dqg wkh rwkhu
lv wkh pdujlqdo frvw ri ulvn suhplxp/ zklfk lqfuhdvhv zlwk ulvn dyhuvlrq14 Iru
lqvwdqfh/ li wkh yduldqfh lv orz/ wkh lqirupdwlyhqhvv derxw suhfdxwlrq lv pruh
suhflvh/ glplqlvklqj wkh prudo kd}dug +ru wkh frvw ri ulvn suhplxp h�hfw, dqg
pdnlqj wkh dgyhuvh vhohfwlrq grplqdqw1 Wkxv/ wkh rswlpdo frqwudfw zloo uh�hfw
pruh wkh vfuhhqlqj ihdwxuh zklfk lv gulyhq e| wkh �uvw h�hfw dqg wkh fryhudjh
zloo eh qrq0lqfuhdvlqj lq ulvn dyhuvlrq1 Rq wkh rwkhu kdqg/ li wkh yduldqfh lv
kljk/ wkh zhdowk uhdol}dwlrq lv ohvv lqirupdwlyh derxw suhfdxwlrxv ehkdylru dqg
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wkh vfuhhqlqj lv pruh frvwo|1 Wkxv/ wkh vhfrqg h�hfw suhgrplqdwhv dqg ohdgv wr
qrq0ghfuhdvlqj fryhudjhv lq ulvn dyhuvlrq1 Iru lqwhuphgldwh yduldqfhv/ wkhuh lv d
frpelqdwlrq ri wkhvh wzr h�hfwv= fryhudjh lv qrq0ghfuhdvlqj iru orz ulvn dyhuvh
w|shv dqg qrq0lqfuhdvlqj iru kljk rqhv15

Zh dovr fduu| rxw wkh dqdo|vlv lq wkh frpshwlwlyh fdvh1 Zh xvh wkh shu0
ihfw Ed|hvldq htxloleulxp frqfhsw +vljqdolqj jdph, wr vxvwdlq wkh dfwxduldoo|
idlu frqvwudlqw rq wkh frqwudfw +}hur sur�w,1 Li wkh htxloleulxp lqyroyhv ixoo
uhyhodwlrq/ vlqfh wkhuh lv qr uhqw h{wudfwlrq e| wkh lqvxudqfh frpsdq| +}hur
sur�w,/ wkh glvwruwlrq lv rqo| suryrnhg e| wkh prudo kd}dug dqg vhoi0vhohfwlrq
frqvwudlqwv1 Li wkh htxloleulxp lqyroyhv srrolqj/ wkh wudgh0r� ehwzhhq glvwruwlrq
dqg uhqw h{wudfwlrq dovr dsshduv dv d frqvhtxhqfh ri furvv vxevlglhv1 Zh vkrz
wkdw iru lqwhuphgldwh ohyhov ri yduldqfh/ wkh txdvl vhsdudeoh htxloleulxp6 kdv glv0
fuhwh srrolqj= orz dqg kljk ulvn dyhuvh lqvxuhhv fkrrvlqj wkh vdph fryhudjh dqg
kdylqj wkh vdph pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq fryhudjh dqg suhplxp1

Sxho} dqg Vqrz +4<<7, zdv wkh slrqhhulqj uhihuhqfh lq whvwlqj dv|pphwulf lq0
irupdwlrq rq lqvxudqfh pdunhw1 Wkhlu uhvxowv zhuh frqvlvwhqw zlwk wkh suhvhqfh
ri dv|pphwulf lqirupdwlrq1 Krzhyhu/ dv srlqwhg rxw e| Glrqqh hw do1 +5334,/
wkhvh uhvxowv pd| eh vsxulrxv ehfdxvh ri rplwwhg qrq0olqhdu h�hfwv lq wkh uhjuhv0
vlrqv/ iru lqvwdqfh1 Fkldssrul dqg Vdodql�h +5333, dovr glvfxvv wkh sureohpv ri
Sxho} dqg Vqrz whvw dqg sursrvh d pruh urexvw whvw iru dv|pphwulf lqirupdwlrq
xvlqj d gdwd edvh iurp Iuhqfk lqvxudqfh frqwudfwv1 Wkh| whvwhg wkh ydolglw| ri
srvlwlyh fruuhodwlrq ehwzhhq fryhudjh dqg ulvnlqhvv ri wkh frqwudfw frqglwlrqdo
rq doo revhuydeoh yduldeohv1 Wkh| phdvxuhg h{0srvw ulvnlqhvv dv wkh rffxuuhqfh
ri dq dfflghqw gxulqj rqh |hdu dqg uhgxfhg wkh fodvv ri frqwudfwv wr wzr= sduwldo
dqg ixoo lqvxudqfh1 Wkhlu frqfoxvlrq zdv wkdw frqwuroolqj iru doo revhuydeoh ydul0
deohv/ wkh| frxog qrw uhmhfw wkdw wklv fruuhodwlrq zrxog eh gl�huhqw iurp }hur1
Wkhuhiruh/ li wkh Urwkvfklog dqg Vwljolw} +4<:9, prqrwrqlflw| surshuw| +PS,=
_frqwudfwv zlwk pruh frpsuhkhqvlyh fryhudjh duh fkrvhq e| djhqwv zlwk kljkhu

h{shfwhg dfflghqw frvwv% zhuh ydolg iru wkdw gdwd vhw/ wklv zrxog ohdg wr wkh frq0
foxvlrq wkdw wkhuh lv qr elqglqj dgyhuvh vhohfwlrq +qr dv|pphwulf lqirupdwlrq,1
Prvw ri wkh prghov suhglfw d srvlwlyh fruuhodwlrq ehwzhhq lqvxudqfh frqwudfw
fryhudjh dqg ulvn/ lpso|lqj wkdw wklv fodlp lv txlwh urexvw1 Vhhplqjo|/ lw grhv
qrw uhtxluh wkh VFS dqg lw uhpdlqv wuxh zkhq prudo kd}dug ru pxowlglphqvlrqdo
vfuhhqlqj duh lqwurgxfhg +vhh Fkldssrul dqg Fkdvvdjqrq +4<<:, dqg Yloohqhxyh
+4<<9,/ iru lqvwdqfh,1 Lqghhg/ Fkldssrul hw do1 +5334, vkrz wkdw lq frpshwlwlyh
lqvxudqfh pdunhwv h{0srvw srvlwlyh fruuhodwlrq lv h{wuhpho| jhqhudo iru wkh fdvh
ri wzr rxwfrphv= orvv2qr orvv1

Dqrwkhu uhfhqw dqg vlplodu whvw lv Glrqqh hw do1 +5334,/ zklfk xvhv gdwd iurp
d odujh sulydwh lqvxuhu lq Txhehf1 Wkh| vkrz wkdw zkhq qrq0olqhdulwlhv ri wkh
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ulvn fodvvl�fdwlrq yduldeohv duh wdnhq lqwr dffrxqw/ wkh frqglwlrqdo lqghshqghqfh
ri fryhudjh dqg ulvnlqhvv fdqqrw eh uhmhfwhg djdlq1 Krzhyhu/ dv zh zloo dujxh
qh{w wkhlu �qglqjv pd| eh frpsdwleoh zlwk dv|pphwulf lqirupdwlrq dqg wkh
idloxuh ri wkh VFS1

Rxu �uvw pdlq lpsolfdwlrq lv wkdw wkh htxloleulxp frqwudfw/ lq wkh prqrsr0
olvwlf ru frpshwlwlyh fdvhv/ pljkw qrw eh d prqrwrqlf ixqfwlrq ri ulvn dyhuvlrq
dq|pruh/ rshqlqj wkh srvvlelolw| iru h{0dqwh }hur fruuhodwlrq ehwzhhq fryhudjh
dqg ulvn +hyhq wkrxjk wkh h{0srvw fruuhodwlrq lv srvlwlyh/ zklfk lv lq frqiruplw|
zlwk Fkldssrul hw do1 +5334, uhvxow,17 Lqghhg/ zh surylgh d qxphulfdo h{dpsoh
frq�uplqj wklv1 Lq rwkhu zrugv/ wkh wdvn ri wklv sdshu lv wr suhvhqw d urexvw
iudphzrun zlwk dgyhuvh vhohfwlrq dqg prudo kd}dug zkhuh hyhu| vljq ri fruuhod0
wlrq ehwzhhq fryhudjh dqg ulvn lv frqvlvwhqw zlwk dv|pphwulf lqirupdwlrq1 Wkh
vhfrqg pdlq lpsolfdwlrq lv wr sursrvh hpslulfdo frqvhtxhqfhv iru wkh h{lvwhqfh
ri vlqjoh furvvlqj dqg wkh suhvhqfh ri dv|pphwulf lqirupdwlrq lq lwvhoi1 Pruh
suhflvho|/ xqghu h{0srvw }hur fruuhodwlrq ehwzhhq fryhudjh dqg ulvnlqhvv/ wkh
prqrwrqlflw| ehwzhhq fryhudjh dqg ulvnlqhvv fdq eh whvwhg dv wkh qxoo k|srwk0
hvlv iru wkh devhqfh ri dv|pphwulf lqirupdwlrq1 Li lw lv qrw uhmhfwhg/ wkhq wkhuh
lv qr hylghqfh ri dv|pphwulf lqirupdwlrq ehfdxvh wklv lv shuihfwo| frqvlvwhqw
zlwk sxuh prudo kd}dug htxloleulxp1 Rwkhuzlvh/ wkh VFS grhv qrw krog dqg
dv|pphwulf lqirupdwlrq lv suhvhqw1 Wkh fruroodu| ri wklv uhdvrqlqj lv rxu wklug
pdlq dqg jhqhudo uhvxow= li wkh VFS idlov/ dqrwkhu lqvwuxphqw lv qhfhvvdu| iru
frqwuroolqj wkh h�hfw ri wkh rplwwhg yduldeoh rq wkh revhuydeoh rqhv +rwkhuzlvh/
wkh fruuhodwlrq ehwzhhq wkhp pd| eh eldv,1

Lq d suholplqdu| dqdo|vlv ri wkh gdwd/ Glrqqh hw do1 +5334, surylghv d �jxuh
wkdw vkrzv wkh uhodwlrq ehwzhhq ulvn fodvvhv dqg revhuydeoh ghgxfwleoh fkrlfhv
+frqwudfw fryhudjh,/ zklfk zh uhpdnh lq vhfwlrq 8141 Wkh uhpdundeoh ihdwxuh
ri wklv uhodwlrq lv wkh qrq0prqrwrqlflw| xqghu h{0srvw }hur fruuhodwlrq ehwzhhq
fryhudjh dqg ulvnlqhvv/ zklfk lv frpsohwho| frpsdwleoh zlwk dv|pphwulf lqiru0
pdwlrq dqg wkh idloxuh ri wkh VFS lq rxu iudphzrun1 Lq rwkhu zrugv/ wkh uhvxowv
ri Glrqqh hw do1 +5334, fdq eh lqwhusuhwhg dv dq hylghqfh ri qrq vlqjoh furvvlqj
iroorzlqj wkh prgho ghyhorshg lq wklv sdshu1 Lq wkh h{whqvlrqv dqg frqfoxvlrqv
ri wkh sdshu zh dovr jlyh wzr srvvleoh dssolfdwlrqv ri rxu uhvxowv iru oderu pdunhw
prghov1

Lq vxp/ zh exlog d klgghq lqirupdwlrq prgho vkrzlqj krz rplwwhg yduldeohv
+dv|pphwulf lqirupdwlrq, fdq eldv wkh vljq ri wkh fruuhodwlrq ri htxloleulxp
yduldeohv frqglwlrqlqj rq doo revhuydeoh yduldeohv1 Lq rqh0glphqvlrqdo vfuhhqlqj
sureohpv zlwk wzr lqvwuxphqwv wkh VFS jxdudqwhhv d prqrwrqlf uhodwlrq ri wkh
rplwwhg yduldeoh zlwk wkh lqvwuxphqwv1 Krzhyhu/ zh dujxh wkdw li wkh VFS lv
ylrodwhg/ wkhq wklv uhodwlrq pd| eh qrw prqrwrqlf1 Wkh lpphgldwh frqvhtxhqfh
lv wkdw lq iruphu fdvh qr sur{| iru klgghq lqirupdwlrq yduldeoh lv qhhghg/ exw
lq wkh odvw fdvh devhqfh ri vxfk sur{| pd| eldv wkh fruuhodwlrq uhvxowv ri wkh

eA�i i �@?|i ULhhi*@|�L? 4i@?t |�@| �i @hi U@*U�*@|�?} �| ��|� hitTiU| |L |�i Th�Lh _�t�
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lqvwuxphqwv1 Pruhryhu/ ehfdxvh wklv qrq0prqrwrqlf uhodwlrq lv ghhso| uhodwhg
zlwk wkh idloxuh ri wkh VFS lq rqh0glphqvlrqdo vfuhhqlqj sureohpv/ wkh h{lvwlqj
olwhudwxuh rq dv|pphwulf lqirupdwlrq grhv qrw fdswxuh wklv ihdwxuh1 Wkhuhiruh/
rxu pdlq uhvxow lv wr vkrz wkh lpsruwdqfh ri wkh VFS lq whvwlqj suhglfwlrqv ri
wkh klgghq lqirupdwlrq prghov1

Lq wkh iroorzlqj vhfwlrq zh suhvhqw wkh prqrsrolvwlf lqvxudqfh prgho1 Wkh
shuihfw fruuhodwlrq ehwzhhq dgyhuvh vhohfwlrq sdudphwhuv lv wuhdwhg lq Vhfwlrq
61 Wkh irxuwk vhfwlrq h{whqgv wkh dqdo|vlv wr wkh frpshwlwlyh fdvh1 Vhfwlrq
8 suhvhqwv rxu pdlq }hur fruuhodwlrq uhvxow/ sursrvhv wkh hpslulfdo whvw iru wkh
suhvhqfh ri vlqjoh furvvlqj dqg dv|pphwulf lqirupdwlrq dqg surylghv wkh srvvleoh
hpslulfdo hylghqfh ri qrq vlqjoh furvvlqj1 Wkh odvw vhfwlrq jlyhv wkh h{whqvlrqv
dqg frqfoxglqj uhpdunv1

2 A�i �L?LTL*�t|�U W?t�h@?Ui �@h!i|

Zh suhvhqw dq lqvxudqfh prgho zlwk prudo kd}dug dqg dgyhuvh vhohfwlrq1 Zh
ghsduw iurp wkh xvxdo prghov e| lqwurgxflqj wzr khwhurjhqhlwlhv lq rughu wr olqn
wkh h{0dqwh dgyhuvh vhohfwlrq zlwk wkh h{0srvw prudo kd}dug1 Pruh suhflvho|/ wkh
lqvxuhh kdv frqvwdqw devroxwh ulvn dyhuvlrq � dqg ohqlhqfh +frvw ri suhfdxwlrq
khwhurjhqhlw|, �/ zklfk duh dgyhuvh vhohfwlrq sdudphwhuv1

Vxssrvh wkdw wkh zhdowk $ lv qrupdoo| glvwulexwhg zlwk phdq h dqg yduldqfh
�51 Wkh yduldeoh h lv wkh suhyhqwlrq h�ruw frqwuroohg e| wkh lqvxuhh18 Wkh frvw ri
suhyhqwlrq lv d ixqfwlrq ri h dqg �= F+h> �,1 Zh dvvxph wkh vwdqgdug surshuwlhv
iru F=9 C

h
F A 3 dqg C

hh
F A 31 Wkh lqvxuhh*v suhihuhqfh ghshqgv rq wkh zhdowk

dqg h�ruw dqg lw lv uhsuhvhqwhg e| wkh iroorzlqj Yrq Qhxpdqq0Prujhqvwhuq
xwlolw| ixqfwlrq=

� h{s^��$ � F+h> �,`1

Wkh lqvxudqfh frpsdq| lv ulvn0qhxwudo1
Wkh vwdjhv ri wkh prgho duh wkh iroorzlqj= +4, wkh lqvxudqfh frpsdq| fkrrvhv

wkh phqx ri frqwudfwv +lqgh{hg e| wkh lqvxuhh*v sdudphwhuv,> +5, wkh lqvxuhh
+vhoi, vhohfwv klv frqwudfw> +6, wkh lqvxuhh ghflghv klv ohyho ri suhyhqwlrq> +7,
�qdoo|/ wkh vwdwh ri qdwxuh lv uhdol}hg dqg wkh frqwudfwv duh hqirufhg=

DW? |�i UL?|i | Lu OL*4t|hL4 @?_ ��*}hL4 E�bH.�c |��t 4L_i* U@? Mi |�L�}�| @t @
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Frqwudfwv
r�huhg

Dqqrxqfhphqw
ri w|sh

Fkrlfh
ri h�ruw

Vwdwh uhdol}hg
Frqwudfwv hqirufhg

m m m m
h{0dqwh lqwhulp 4 lqwhulp 5 h{0srvw

Lq wkh iroorzlqj vxevhfwlrqv zh vwxg| wkh sxuh prudo kd}dug dqg prudo
kd}dug zlwk dgyhuvh vhohfwlrq fdvhv1 Lq wkh �uvw fdvh/ wkh lqvxudqfh frpsdq|
fdq yhuli| wkh lqvxuhh*v sdudphwhuv dqg lq wkh vhfrqg lw fdqqrw1

2�� ��hi 4Lh@* �@3@h_

Dq lpsruwdqw ehqfkpdun lv zkhq wkh lqvxudqfh frpsdq| fdq frqwuro iru ulvn
dyhuvlrq dqg ohqlhqfh/ l1h1/ wkhuh lv qr dgyhuvh vhohfwlrq dqg wkh lqvxudqfh sure0
ohp lv d sxuh prudo kd}dug1 Wklv lv dovr htxlydohqw wr vroylqj wkh odvw wzr vwdjhv
ri wkh prgho1

Iurp Kropvwurp dqg Plojurp +4<;:, wkh rswlpdo frqwudfw zlwk prudo kd}0
dug pxvw rqo| eh olqhdu= �$ . �/ zkhuh � lv fdoohg wkh srzhu dqg � lv wkh
frqvwdqw sduw1 Lq whupv ri wkh fhuwdlqw| htxlydohqw ri wkh djhqw +lqvxuhh, dqg
wkh sulqflsdo +lqvxudqfh frpsdq|,/ wkhlu h{shfwhg xwlolwlhv lq wkh vsdfh ri olqhdu
frqwudfwv +�> �, fdq eh htxlydohqwo| uhsuhvhqwhg e|/: uhvshfwlyho|/

y+�> �> h> �> �, @ �h. � � F+h> �,�
�5

5
��5

x+�> �> h> �> �, @ h� ^�h. �` @ h� F+h> �,�
�5

5
��5 � Y+�>�>h,+�> �,

zkhuh h lv wkh suhyhqwlrq h�ruw dqg Y+�>�>h,+�> �, @ y+�> �> h> �> �, lv wkh lqiru0
pdwlrqdo uhqw ri wkh lqvxuhh zlwk w|sh +�> �, zkr fkrrvhv frqwudfw +�> �, dqg
h�ruw h1

Wkhuh lv d vlqjoh lqvxudqfh frpsdq| vroylqj wkh iroorzlqj surjudp=

pd{
+�>�>h,

x+�> �> h> �> �,

v1w1 h 5 dujpd{
eh

y+�> �> eh> �> �, +LF,

y+�> �> h> �> �, � y+4> 3> h> �> �, +LU,

zkhuh wkh �uvw frqvwudlqw lv wkh lqfhqwlyh frpsdwlelolw| ri h�ruw dqg wkh vhfrqg
lv wkh sduwlflsdwlrq frqvwudlqw wkdw jxdudqwhhv dw ohdvw wkh djhqw*v rssruwxqlw|
frvw +wkh xwlolw| lq wkh qxoo frqwudfw � @ 4 dqg � @ 3,1

. ì @hi �t�?} |�i �i** !?L�? �_i?|�|)G
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Jlyhq d frqwudfw +�> �,/ wkh rswlpdo h�ruw lv ghwhuplqhg e| wkh �uvw rughu
frqglwlrq ri wkh LF frqvwudlqw/ l1h1/ wkh htxdol}dwlrq ri lwv pdujlqdo ehqh�w dqg
frvw=

� @ C
h
F+h> �, +4,

Ohw h @ h+�> �, eh wkh h�ruw lqgxfhg iru d w|sh +�> �, e| wkh frqwudfw +�> �,/ l1h1/
wkh lpsolflw vroxwlrq ri htxdwlrq +4, +revhuyh wkdw/ e| frqfdylw|/ +4, lv qhfhvvdu|
dqg vx�flhqw iru rswlpdolw|,1

Wdnlqj lqwr dffrxqw htxdwlrq +4,/ wkh lqvxuhh*v lqgluhfw xwlolw| ixqfwlrq

Y +�> �> �> �, @ y+�> �> �, . �

lv txdvl0olqhdu/ zkhuh y+�> �> �, @ �h+�> �, � F+h+�> �,> �, � �5

5 ��
5 dqg wkh lq0

vxudqfh frpsdq|*v h{shfwhg sur�w lv wkhq

X+�> �> �> �, @ h+�> �,� F+h+�> �,> �,�
�5

5
��5 � Y+�>�,+�> �,

l1h1/ lw lv wkh h{shfwhg vrfldo vxusoxv ohvv wkh lqirupdwlrqdo uhqw ri wkh lqvxuhh
+zkhuh zh gurs wkh ghshqghqfh rq h ehfdxvh lw lv qrz d gluhfw ixqfwlrq ri
+�> �,,1

Wkhuhiruh/ wkh lqvxudqfh frpsdq|*v surjudp uhgxfhv wr=

pd{
+�>�,

X+�> �> �> �,

v1w1 Y +�> �> �> �, � z3+�> �, +LU,

zkhuh

z3+�> �, @ Y +4> 3> �> �,

lv wkh rssruwxqlw| frvw ri wkh djhqw zlwk w|sh +�> �,1 Wklv jlyhv wkh iroorz0
lqj zhoo0nqrzq fkdudfwhul}dwlrq ri wkh rswlpdo frqwudfw +vhh Kropvwurp dqg
Plojurp +4<;:,,=

�+�> �, @ ChF+h+�> �,> �, @
4

4 . �5�ChhF+h+�> �,> �,

�+�> �, @ z3+�> �,� y+�+�> �,> �,

zkhuh wkh odvw htxdwlrq lv wkh elqglqj LU frqvwudlqw/ l1h1/ Y+�>�,+�> �, � z3+�> �,
+jlyhq wkh yhul�delolw| ri wkh sdudphwhuv,1

Lq rughu wr uhodwh wkh ghflvlrq yduldeohv ri rxu prgho wr wkh vwdqgdug lqvxu0
dqfh rqhv/ ohw xv gh�qh wkh iroorzlqj yduldeohv wkdw kdyh d rqh wr rqh fruuhvsrq0
ghqfh wr wkh ghflvlrq yduldeohv suhylrxvo| gh�qhg=

Gh�qlwlrq 4 Jlyhq d frqwudfw +�> �, idfhg e| dq djhqw zlwk frh�flhqw ri ulvn

dyhuvlrq � dqg lqgxfhg suhyhqwlrq h�ruw h+�> �,/ zh gh�qh

fr = @ 4� �

� = @ 4� h+�> �,

s = @ z3 � �

:



dv klv fryhudjh/ ulvnlqhvv/ ohqlhqfh � dqg suhplxp lq +�> �,/ uhvshfwlyho|1

Revhuyh wkdw fr phdvxuhv wkh vwdqgdug ghyldwlrq ri wkh sursruwlrq ri zhdowk
wr zklfk wkh lqvxuhh lv qrw h{srvhg +ru htxlydohqwo|/ wkh rqh wkdw wkh lqvxudqfh
frpsdq| idfhv,=

+Y du^�$ . � � $`,4@5 @ 4� � @ fr

Lq Urwkvfklog dqg Vwljolw} +4<:9,/ ulvn lv wkh suredelolw| ri wkh edg vwdwh
ri qdwxuh/ zklfk frlqflghv zlwk wkh frqvxphu*v w|sh1 Lq rxu fdvh/ wkh vwdwh
vsdfh lv lq�qlwh dqg wkh w|sh lv wkh lqvxuhh*v ulvn dyhuvlrq1 Krzhyhu/ lq wkh
Kropvwurp dqg Plojurp +4<;:, iudphzrun +zlwk frqwlqxrxv wlph, wkh rswlpdo
suhyhqwlrq h�ruw/ h/ lv frqvwdqw ryhu wlph +ehfdxvh ri wkh qrq0zhdowk h�hfw ri
wkh FDUD xwlolw| ixqfwlrqv, dqg/ wkhuhiruh/ � @ 4�h lv d qrq0dpeljxrxv sur{|
iru ulvnlqhvv dqg ohqlhqfh1 Lw lv wkh uhflsurfdo phdvxuh ri suhfdxwlrxv ehkdylru/
l1h1/ lw lv wkh +devroxwh;, ghfuhdvh lq h�ruw ri suhyhqwlrq gxh wr dgyhuvh vhohfwlrq1
Wkh suhplxp lv wkh gl�huhqfh ehwzhhq wkh fhuwdlqw| htxlydohqw ri lqlwldo zhdowk
dqg wkh uhlpexuvhphqw1

2�2 �Lh@* �@3@h_ ��|� @_�ihti ti*iU|�L?

Qrz wkh lqvxudqfh frpsdq| fdqqrw yhuli| wkh sdudphwhuv ri wkhlu lqvxuhhv1
Wdnlqj lqwr dffrxqw htxdwlrq +4, djdlq/ wkh sureohp qrz uhgxfhv wr d wzr0
glphqvlrqdo vfuhhqlqj surjudp1

D gluhfw phfkdqlvp +ru frqwudfw, lv d sdlu ri ixqfwlrqv wkdw pdsv wkh dq0
qrxqfhphqw ri w|shv wr doorfdwlrqv= +�+�> �,> �+�> �,,+�>�,1 Iurp vwdqgdug dujx0
phqwv iurp wkh olwhudwxuh ri phfkdqlvp ghvljq/< wkh lqvxudqfh frpsdq| sur0
judp lv htxlydohqw wr pd{lpl}lqj lwv h{shfwhg sur�w vxemhfw wr wkh wuxwk0whoolqj
frqvwudlqw +lqfhqwlyh frpsdwlelolw|, dqg wkh sduwlflsdwlrq frqvwudlqw=

pd{
+�>�,

HiX+�+�> �,> �+�> �,> �> �,j

v1w1 +�> �, 5 dujpd{
+e�>e�,

Y +�+e�>e�,> �+e�>e�,> �> �, +LF,

Y +�+�> �,> �+�> �,> �> �, � z3+�> �, +LU,

zkhuh wkh h{shfwdwlrq lv wdnhq zlwk uhvshfw wr wkh sulru glvwulexwlrq ri w|shv1
Wklv lv xvxdoo| d yhu| ghpdqglqj dqg gl�fxow sureohp wr wuhdw lq jhqhudo +vhh

Dupvwurqj dqg Urfkhw +4<<<, iru lqvwdqfh,1 Lq wkh qh{w vhfwlrq zh zloo pdnh d
vlpsoli|lqj dvvxpswlrq= wkdw � dqg � duh shuihfwo| fruuhodwhg1 Wklv zloo doorz
xv wr uhgxfh wkh vfuhhqlqj glphqvlrq wr rqh dqg wr jlyh d ixoo fkdudfwhul}dwlrq
ri wkh vroxwlrq1 Pruhryhu/ zh zloo ghdo zlwk wzr h{wuhph fdvhv= srvlwlyh dqg
qhjdwlyh fruuhodwlrq1 Dv zh vkdoo vhh/ wkhvh fdvhv duh yhu| uhodwhg zlwk wkh
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ydolglw| ru qrw ri wkh VFS/ zklfk zloo eh ehklqg wkh prqrwrqlflw| ri rswlpdo
frqwudfwv zlwk uhvshfw wr wkh rqh0glphqvlrqdo dgyhuvh vhohfwlrq sdudphwhu +vd|
wkh ulvn dyhuvlrq,1

� �ihuiU| �Lhhi*@|�L? Mi|�ii? +�t! ��iht�L? @?_

wi?�i?Ui

Dvvxph wkdw � dqg � duh udqgrp yduldeohv wkdw duh shuihfwo| fruuhodwhg/ l1h1/
� @ d� . e/ zkhuh d dqg e duh frqvwdqwv1 Wklv uhgxfhv wkh dgyhuvh vhohfwlrq wr
rqh sdudphwhu/ vd| �/ zlwk fxpxodwlyh glvwulexwlrq I rq ^4> 5` dqg ghqvlw| i A 31
Wkhuhiruh/ iurp qrz rq zh zloo gurs wkh ghshqghqfh wkurxjk � dqg vxevwlwxwh
� gluhfwo| lq lwv sodfh1 Lq sduwlfxodu/ zh dvvxph wkdw wkh frvw ri suhyhqwlrq
ghshqgv gluhfwo| rq �1

Qrz d frqwudfw lv d sdlu ri ixqfwlrqv +�> �, = ^4> 5`$ ?5 dqg wkh prqrsrolvwlf
lqvxudqfh frpsdq| vroyhv wkh iroorzlqj surjudp=

pd{
+�>�,

U 5

4 X+�+�,> �+�,> �,i+�,g�

v1w1 Y+�>�,+�, � Y+�>�,+e�m�, +LF,
Y+�>�,+�, � z3+�, +LU,

zkhuh Y+�>�,+e�m�, @ Y +�+e�,> �+e�,> �, dqg Y+�>�,+�, @ Y+�>�,+�m�, lv wkh uhqw
ixqfwlrq ri wkh w|sh � djhqw1

Iurp htxdwlrq +4, dqg wkh hqyhorsh wkhruhp/ wkh �uvw rughu frqglwlrq ri wkh
LF frqvwudlqw lv htxlydohqw wr

g

g�
Y+�>�,+�, @ C�y+�+�,> �,= +5,

Wkh qh{w wzr vxevhfwlrqv vhsdudwh wkh dqdo|vlv lqwr wzr fdvhv= wkh srvlwlyh
fruuhodwlrq +vlqjoh furvvlqj, rqh zkhuh wkh pdujlqdo frvw ri suhyhqwlrq +ohqlhqfh,
lv lqfuhdvlqj zlwk ulvn dyhuvlrq dqg wkh qhjdwlyh fruuhodwlrq +qrq0vlqjoh furvvlqj,
rqh zkhuh wkh uhodwlrq lv uhyhuvhg1 Lq wklv odvw fdvh/ zh irfxv rq d sduwlfxodu
vlwxdwlrq= wkh ghjuhh suhyhqwlrq frvw zlwk krprjhqhlw| ri ghjuhh }hur1

��� A�i TLt�|��i ULhhi*@|�L? U@ti

Lq wklv fdvh/ pruh ulvn dyhuvh djhqwv kdyh kljkhu pdujlqdo suhyhqwlrq frvw1 Wkh
lpphgldwh frqvhtxhqfh lv wkdw wklv djhqw zloo ex| pruh lqvxudqfh lq htxloleulxp1
Irupdoo|=

Dvvxpswlrq D4= C�hF+h> �, A 31
Zh kdyh wkh iroorzlqj lpphgldwh frqvhtxhqfh=

Sursrvlwlrq 5 Dvvxph wkdw D4 krogv1 D frqwudfw +�+�,> �+�,, vdwlv�hv wkh LF
frqvwudlqw +l1h1/ lw lv lpsohphqwdeoh, li dqg rqo| li lw vdwlv�hv htxdwlrq +5, dqg

�+�, lv qrq0lqfuhdvlqj1
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Wkh surri lv lq Dsshqgl{ D1 Wkh lqwxlwlrq iru wklv uhvxow lv wkdw wkh pdujlqdo
udwh ri vxevwlwxwlrq ehwzhhq fryhudjh dqg suhplxp lv qrq0ghfuhdvlqj lq ulvn
dyhuvlrq +C��y+�> �, ? 3,/ zklfk lpsolhv wkdw wkh pruh ulvn dyhuvh djhqw jhwv d
orzhu srzhuhg lqfhqwlyh vfkhph/ l1h1/ kljkhu fryhudjh1 Lq rwkhu zrugv/ wkhuh lv
d srvlwlyh fruuhodwlrq ehwzhhq fryhudjh dqg ulvn dyhuvlrq1 Pruhryhu/ xvlqj +4,/
wkh rswlpdo suhyhqwlrq h+�, iru d jlyhq lpsohphqwdeoh srzhu �+�, vdwlv�hv

�

h+�, @

�

�+�,� C�hF+h> �,

ChhF+h> �,

dqg wkhq h+�, lv dovr qrq0lqfuhdvlqj1 Wkxv/ sursrvlwlrq 5 jlyhv wkh zhoo nqrzq
Urwkvfklog dqg Vwljolw} PS= srvlwlyh fruuhodwlrq ehwzhhq fryhudjh +fr, dqg ulvn0
lqhvv +�,1 Lq wkh qh{w vxevhfwlrq/ zh zloo dqdo|}h wkh fdvh zkhuh PS pd| qrw
krog1

��2 A�i ?i}@|��i ULhhi*@|�L? U@ti

Dvvxph wkdw wkh glvxwlolw| ri wkh suhfdxwlrq h�ruw lv krprjhqhrxv ri ghjuhh 3
lq +h> �,=

Dvvxpswlrq D5= F+h> �, @ f
�
h
�

�
1

Dvvxpswlrq D5 phdqv wkdw wkhuh h{lvwv d qhjdwlyh fruuhodwlrq ehwzhhq ulvn
dyhuvlrq dqg ohqlhqfh1 Lq sduwlfxodu/ dq h{0dqwh kljk +orz, ulvn dyhuvh djhqw
zloo eh pruh +ohvv, gloljhqw h{0srvw/ ghfuhdvlqj +lqfuhdvlqj, klv h{0dqwh pdujlqdo
xwlolw| iru kljk fryhudjh1 Dv d frqvhtxhqfh/ zh zloo vhh wkdw iru vrph fdvhv wkh
dgyhuvh vhohfwlrq uhgxfhg irup ri wklv prgho grhv qrw kdyh wkh VFS/ zklfk pd|
lpso| wkdw wkh rswlpdo lqvxudqfh frqwudfw lv qrq0prqrwrqlf1

Dudxmr dqg Pruhlud +5333, ghyhors d iudphzrun zkhuh lw lv srvvleoh wr fkdu0
dfwhul}h wkh rswlpdo frqwudfwv lq vlwxdwlrqv olnh wkhvh1 Zh zloo dsso| wklv ds0
surdfk khuh wr fkdudfwhul}h wkh rswlpdo lqvxudqfh frqwudfw1 Wkh pdlq frq0
vhtxhqfh lv wkh h{lvwhqfh ri d iudphzrun zkhuh }hur fruuhodwlrq dqg elqglqj
dv|pphwulf lqirupdwlrq duh frpsdwleoh1

Iluvw ohw xv fkdudfwhul}h wkh rswlpdo frqwudfw zlwk sxuh prudo kd}dug +wkh
surri lv lq Dsshqgl{ D,1

Sursrvlwlrq 6 Vxssrvh wkdw D5 krogv dqg f3 A 3/ f33 A 3 dqg f333 � 31 Wkhq

wkh rswlpdo fryhudjh dqg ulvnlqhvv lq wkh sxuh prudo kd}dug fdvh duh ghfuhdvlqj

ixqfwlrqv ri ulvn dyhuvlrq1

Wklv sursrvlwlrq lv d frpsdudwlyh vwdwlfv dqg phdqv wkdw wkh pdujlqdo frvw
ri suhyhqwlrq h�hfw grplqdwhv ulvn dyhuvlrq lq wkh ulvn vkdulqj uxoh1 Khqfh/ wkh
h�flhqw ulvn vkdulqj lq wkh sxuh prudo kd}dug fdvh xqghu dvvxpswlrq D5 lv wr
lqgxfh pruh suhyhqwlrq h�ruw wkh kljkhu wkh ulvn dyhuvlrq lv +vlqfh suhyhqwlrq lv
ohvv frvwo| iru wkhvh w|shv, e| jlylqj pruh srzhu +ru ohvv fryhudjh,1 Wklv ohdgv
wr d srvlwlyh fruuhodwlrq ehwzhhq fryhudjh dqg ulvnlqhvv1

Ohw xv pryh wr wkh fdvh ri prudo kd}dug zlwk dgyhuvh vhohfwlrq1 Dq lpsruwdqw
lvvxh khuh lv wkh ydolglw| ri wkh VFS/ zklfk phdqv wkh frqvwdqw vljq ri C��y+�> �,1
Xvlqj vwdqgdug dujxphqwv +vhh Jxhvqhulh dqg Od�rqw +4<;7,,/ wkh vhfrqg rughu
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frqglwlrq ri wkh LF frqvwudlqw lpsolhv wkdw � lv qrq0ghfuhdvlqj +lqfuhdvlqj,
zkhq C��y+�> �, A +?, 31 Zkhq wklv vljq grhv qrw fkdqjh/ wkh VFS krogv
dqg wkh �uvw dqg vhfrqg rughu frqglwlrqv ri wkh LF frqvwudlqw duh vx�flhqw iru
lpsohphqwdelolw| +vhh sursrvlwlrq 5,1

Lq wkh iroorzlqj vxevhfwlrq zh suhvhqw wkh h{dpsoh ri txdgudwlf frvw ri suh0
yhqwlrq zlwk xqlirup glvwulexwlrq ri ulvn dyhuvlrq lq rughu wr fkdudfwhul}h wkh
rswlpdo frqwudfw h{solflwo|1

��� "�@_h@|�U ULt| Lu Thi�i?|�L?

Dvvxph D5 zlwk txdgudwlf frvw ri suhyhqwlrq=

f+h, @
h5

5
1

Jlyhq d frqwudfw +�> �,/ wkh rswlpdo suhyhqwlrq h�ruw lv h+�> �, @ �5� dqg
wkh sxuh prudo kd}dug suhyhqwlrq srzhu lv=

�sp+�, @
4

4 . �5@�
1

Xqghu prudo kd}dug dqg dgyhuvh vhohfwlrq wkh pdujlqdo lqvxuhh*v uhqw zlwk
uhvshfw wr srzhu dqg ulvn dyhuvlrq lv

C��y+�> �, @ 5��� �5�

+vhh Dsshqgl{ D,1 Wkh �uvw whup/ 5��/ lv wkh pdujlqdo ehqh�w lq uhgxflqj
fryhudjh dqg udlvlqj ulvn dyhuvlrq +gxh wr D5, dqg wkh vhfrqg whup/ �5�/ lv wkh
pdujlqdo frvw ri ulvn suhplxp1 Ghshqglqj rq zkdw whup suhgrplqdwhv/ wkh vljq

pd| eh srvlwlyh ru qhjdwlyh1 Irupdoo|/ C��y+�> �, B 3 li dqg rqo| li � B �
5

5
1

Wkxv wkhuh duh wzr h{wuhph vlwxdwlrqv zkhuh wkh VFS krogv= �5 � 5 ru �5 � 71
Li wkh yduldqfh lv orz +�5 � 5,/ wkh lpsohphqwdeoh fryhudjhv duh qrq0

lqfuhdvlqj ixqfwlrqv ri ulvn dyhuvlrq1 Wkh lqwxlwlrq lv wkdw wkh revhuydwlrq ri $
lv yhu| lqirupdwlyh derxw wkh suhyhqwlrq h�ruw wdnhq e| wkh lqvxuhh iru orz ydul0
dqfhv1 Wkh lqvxudqfh frqwudfw uh�hfwv pruh wkh vfuhhqlqj dvshfw ri wkh lqfhqwlyh
vfkhph/ zklfk lv gulyhq e| wkh idfw wkdw wkh pruh ulvn dyhuvh w|sh kdv orzhu
pdujlqdo frvw ri suhyhqwlrq +dvvxpswlrq D5,1 Lq Dsshqgl{ E zh vkrz wkdw wkh
lqvxuhh*v uhqw ixqfwlrq lv ghfuhdvlqj lq � dqg wkh LU frqvwudlqw lv elqglqj iru
dq lqwhuydo ri kljk ulvn dyhuvh w|shv +srvvleo| ghjhqhudwhg,1

Li wkh yduldqfh lv kljk +�5 � 7,/ wkh lpsohphqwdeoh fryhudjhv duh qrq0
ghfuhdvlqj ixqfwlrqv ri �1 Wkh lqwxlwlrq lv wkh vdph dv lq wkh vlqjoh furvvlqj
fdvh ehfdxvh wkh frvw ri wkh ulvn suhplxp lqfuhdvhv zlwk wkh yduldqfh dqg/ iru
kljk yduldqfh ohyhov/ wkh wrwdo pdujlqdo frvw ri ulvn suhplxp lqfuhdvhv zlwk ulvn
dyhuvlrq1 Wkhuhiruh/ zkhq wkh yduldqfh lv kljk/ $ lv ohvv lqirupdwlyh derxw wkh
lqvxuhh*v suhyhqwlrq h�ruw/ dovr pdnlqj wkh vfuhhqlqj frvwo| +zklfk/ lq sduwlfx0
odu/ lpsolhv pxfk srrolqj,1 Lq wklv fdvh wkh lqvxuhh*v uhqw lv qrq0ghfuhdvlqj zlwk
�1 Lq erwk fdvhv/ wkh fryhudjh lv lqfuhdvlqj zlwk �51
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Iru lqwhuphgldwh ydoxhv ri yduldqfh/ �
5

5
5 +4> 5,/ wkh VFS grhv qrw krog/ dqg

wkhq dq lpsohphqwdeoh fryhudjh vwloo kdv wr vdwlvi| wkh xs dqg grzq vwuhdp

lqfhqwlyhv= lw pxvw eh qrq0ghfuhdvlqj +uhvshfwlyho| lqfuhdvlqj, iru � 5 ^4> �
5

5
`

+uhvshfwlyho| � 5 ^�
5

5
> 5`,1 Krzhyhu/ wkhuh lv dovr dq h{wud qhfhvvdu| frqglwlrq

iru lpsohphqwdelolw|= li wzr w|shv/ � dqg e�/ fkrrvh wkh vdph fryhudjh fr @ 4��/
wkhq C�y+�> �, @ C�y+�>e�, ru e� @ �5 � �143 Zh lqwhusuhw wklv frqglwlrq dv d
furvv vwuhdp lqfhqwlyh ehfdxvh li lw zdv qrw vdwlv�hg/ d orz +kljk, ulvn dyhuvh w|sh
zrxog plplf d kljk +orz, w|sh e| voljkwo| prylqj klv fryhudjh dqg suhyhqwlrq1

Lq Dsshqgl{ E zh jlyh d frpsohwh dqdo|vlv ri wkh rswlpdo frqwudfw1 Lq sduwlf0
xodu/ orz dqg kljk ulvn w|shv fkrrvh wkh vdph fryhudjh +srrolqj, doorzlqj }hur
fruuhodwlrq1 Wkh iroorzlqj wzr �jxuhv jlyh wkh rswlpdo fryhudjh +fr4> ===> fr8,
dqg ulvnlqhvv +�4> ===> �8, iru �

5 @ 5> 5=8> 6> 6=8 dqg 7/ uhvshfwlyho|1

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7
second best coverage

θ

co

co1

co2

co3

co4

co5
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}i?ih@* U@tic |�i hi}�L?t Lu TLt�|��i @?_ ?i}@|��i t�}? Lu Ykw� @hi tiT@h@|i_ M) |�i U�h�i
Ykw� ' f� 5ii �h@��L @?_ �Lhi�h@ E2fff� uLh 4Lhi _i|@�*t�

45
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1
second best riskiness

θ

π

π1

π2

π3

π4

π5

e A�i �L4Ti|�|��i W?t�h@?Ui �@h!i|

Mxoolhq hw do1 +5333, dovr vkrzhg wkdw xqghu prqrsro| surylvlrq ri lqvxudqfh/ wkh
}hur fruuhodwlrq uhvxow lv srvvleoh1 Krzhyhu/ lq wkhlu sdshu wkh suhyhqwlrq h�ruw
lv qrw prqrwrqlf lq ulvn dyhuvlrq dqg lq rxuv suhyhqwlrq h�ruw dozd|v lqfuhdvhv
zlwk ulvn dyhuvlrq144 Zh vkrzhg wkdw li wkhuh lv d qhjdwlyh fruuhodwlrq ehwzhhq
ulvn dyhuvlrq dqg ohqlhqfh/ fryhudjh pd| qrw eh prqrwrqlf lq ulvn dyhuvlrq/
hyhq wkrxjk ulvnlqhvv lv ghfuhdvlqj lq ulvn dyhuvlrq145 Krzhyhu/ doo wkhvh prghov
suhglfw srvlwlyh fruuhodwlrq ehwzhhq fryhudjh dqg ulvn dyhuvlrq dqg wkhuh duh
wzr w|shv +wkh h{fhswlrq lv Fkldssrul hw do1 +5334,, dqg wzr rxwfrphv prghov1

Qrz zh h{whqg wkh dqdo|vlv wr wkh frpshwlwlyh lqvxudqfh pdunhwv1 Wkhuh
duh L A 4 lqvxudqfh frpsdqlhv dqg hdfk sursrvhv d frqwudfw +�+�,> �+�,, wkdw
vshfl�hv d srzhu +ru fryhudjh fr+�,, dqg d �{hg uhlpexuvhphqw +ru d suhplxp
s+�,, iru hdfk uhsruw � e| wkh lqvxuhh1 Wkh lqfhqwlyh frpsdwlelolw| dqg sduwlf0
lsdwlrq frqvwudlqwv uhpdlq wkh vdph1 Pruhryhu/ jlyhq dq htxloleulxp frqwudfw
+�+�,> �+�,,/ wkh rswlpdo suhyhqwlrq uhvsrqvh ri wkh djhqw zlwk w|sh � lv dovr
wkh vdph= h+�m�,/ zkhuh

h+e�m�, @ h+�+e�,> �,

��W? @ Thi��L�t T@Tihc a�**�i? i| @*� E�bbb� U*@�4 |�@| |��t 4L?L|L?�U�|) �t |�i }i?ih@* U@ti�
�2#i �i3@ @?_ ìMM E2fff� �t h@|�ih �? |�i t@4i tT�h�| @t L�htG |�i *L� h�t! @�ihti @}i?|

�t h�t! ?i�|h@*c �i _Lit ?L| 4@!i @?) igLh|c @?_ 4Lhi h�t!�@�ihti @}i?|t 4@!i 4Lhi igLh|�
A�i 4L_i* �t UL4Ti|�|��ic M�| |�ihi �t @ T�M*�U TL*�U) |�@| �4TLtit @? @_4�?�t|h@|��i ULt| Lu
�?t�h@?Ui� �LhiL�ihc MiU@�ti Lu ?L?�4L?i|@h) ULt| Lu igLh|c |�i 5�� _Lit ?L| �L*_c ���U�
4@) �4T*) TLL*�?} i^��*�Mh��4 @?_ t�TTLh| 3ihL ULhhi*@|�L? Mi|�ii? UL�ih@}i @?_ h�t!�
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lv wkh suhyhqwlrq h�ruw ri � zkhq kh dqqrxqfhv wr eh w|sh e�1 Wkh pdlq gl�huhqfh
iurp prqrsro| lv wkdw zh lpsrvh wkh dfwxduldoo| idlu ru edodqfhgqhvv frqvwudlqw
rq wkh htxloleulxp frqwudfw ehfdxvh ri wkh frpshwlwlyhqhvv ehwzhhq lqvxudqfh
�upv1 Wr vxssruw wklv dfwxduldoo| idlu frqvwudlqw zh zloo dgrsw wkh shuihfw
Ed|hvldq htxloleulxp frqfhsw +vljqdolqj jdph,=

Gh�qlwlrq 7 D shuihfw Ed|hvldq htxloleulxp +SEH, iru wkh lqvxudqfh prgho
lv d sur�oh ri vwudwhjlhv if+�, @ +�+�,> �+�,,> h+�m�,,j�5^4>5` dqg h{0srvw eholhiv
�+�mf, vxfk wkdw wkh iroorzlqj frqglwlrqv duh vdwlv�hg=

41 ]hur h{shfwhg sur�w ru dfwxduldoo| idlu frqvwudlqw +ehvw uhvsrqvh ri wkh
lqvxudqfh frpsdqlhv,=

�+�, @ +4� �+�,,

]
h+�mh�,g�+h�mf+�,,

51 Pd{lpl}dwlrq ri wkh h{shfwhg wrwdo vxusoxv +ehvw uhvsrqvh ri wkh lqvxuhhv,=

� 5 duj pd{
e�5^4>5`

�+e�, . y+�+e�,> �,
v1w1 = �+�, . y+�+�,> �, � z3+�,

61 Frqvlvwhqf| ri eholhiv= �+�mf, lv wkh Ed|hvldq xsgdwlqj jlyhq wkh ehvw
uhvsrqvhv 41 dqg 51/ l1h1/ lw lv wkh suredelolw| d srvwhulrul ri � jlyhq f1

Lq Dsshqgl{ F zh fkdudfwhul}h srvvleoh ihdwxuhv ri wkh htxloleulxp frqwudfw=
vhsdudwlqj dqg frqwlqxrxv ru glvfuhwh srrolqj1 Iru dq looxvwudwlrq/ ohw xv dqdo|}h
wkh fdvh ri dvvxpswlrq D5 zlwk txdgudwlf frvw dqg xqlirup glvwulexwlrq1 Wkh
vhsdudwlqj sduw ri wkh htxloleulxp lv fkdudfwhul}hg e| wkh iroorzlqj ruglqdu|
gl�huhqwldo htxdwlrq +RGH,/ zklfk lv htxlydohqw wr wkh �uvw rughu frqglwlrq ri
wkh sureohp lq 51=

�

�

�
@

5

k+�> �,

zkhuh k+�> �, @ �5�
4�� � �1

Revhuyh wkdw wkh fxuyh lpsolflwo| gh�qhg e| k+�> �, @ 3 lv suhflvho| wkh sxuh
prudo kd}dug srzhu �sp dqg wkh uhjlrq lq wkh vsdfh ��� zkhuh k+�> �, A +?,
3 lv jlyhq e| srlqwv +�> �, deryh +ehorz, wkh fxuyh �sp1 Li wkh yduldqfh lv
orz +kljk,/ l1h1/ �5 � 5 +� 7,/ wkh VFS krogv dqg wklv phdqv wkdw wkh vhsd0
udwlqj htxloleulxp lv lpsohphqwdeoh li dqg rqo| li lwv srzhu lv qrq0ghfuhdvlqj
+lqfuhdvlqj,1 Wkhuhiruh/ wkh vroxwlrq ri wkh RGH zloo eh d vhsdudwlqj htxlole0
ulxp zkhwkhu lwv lqlwldo +�qdo, frqglwlrq dw w|sh 4 +5, lv deryh +ehorz, �sp+4,
+�sp+5,,1 Pruhryhu/ wkh uhvwulfwlrq lq wkh pd{lpl}dwlrq sureohp lq 51 lv wkh
LU frqvwudlqw1 E| Dsshqgl{ E/ lw lv hdv| wr vhh wkdw iru wkh txdgudwlf frvw lw
lv rqo| qhfhvvdu| wr fkhfn dw h{wuhph ydoxhv 4 ru 5/ zklfk lv vdwlv�hg iru hyhu|
lqlwldo +ru �qdo, fryhudjh ydoxh lq wkh lqwhuydo ^3> 4`=

Iru lqwhuphgldwh yduldqfhv +5 ? �5 ? 7,/ wkhuh lv qr ixoo vhsdudwlrq eh0
fdxvh wkh VFS grhv qrw krog1 Krzhyhu/ wkh qhfhvvdu| frqglwlrqv iru lqfhqwlyh
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frpsdwlelolw| ghulyhg lq wkh prqrsrolvwlf fdvh duh dovr ydolg khuh= � vkrxog eh
qrq0ghfuhdvlqj +lqfuhdvlqj, lq wkh uhjlrq C��y A +?, 3 dqg li � dqg e� duh srro0

lqj lq wkh vdph frqwudfw � +zkhuh lw lv qrw �dw,/ wkhq C�y+�> �, @ C�y+�>e�,1
Lq wkh fdvh ri dvvxpswlrq D5 zlwk txdgudwlf frvw wklv lpsolhv wkdw e� @ �5 � �
dqg wkh srvwhulrul Ed|hvldq xsgdwlqj iru � jlyhq � lv � @ 4@51 Wkxv/ wkh �uvw
rughu frqglwlrq lq sureohp 51 jlyhv wkh iroorzlqj RGH/ zklfk fkdudfwhul}hv wkh
glvfuhwh srrolqj sduw=

�

�

�
@

5

�5 � � . �5

5���5k+�> �,
1

Vlqfh wkh htxloleulxp pxvw eh X0vkdshg +iru wkh uhdvrqv mxvw h{sodlqhg
deryh,/ dqdo|}lqj wkh vljq ri wklv RGH/ �+�5@5, pxvw eh juhdwhu wkdq �sp+�5@5, @
4@61 Frqyhuvho|/ li � lv rqo| X0vkdshg ru X0vkdshg soxv d prqrwrqlf sduw +qrq0
lqfuhdvlqj li lw lv wkh �uvw sduw ru qrq0ghfuhdvlqj li lw lv wkh odvw sduw, vdwlvi|lqj
erwk RGHv lq hdfk fdvh/ wkhq � zloo eh dq htxloleulxp146 Krzhyhu/ iru kljk lq0
whuphgldwh yduldqfhv +6 � �5 � 7,/ wkhuh lv qr vxfk htxloleulxp vlqfh wkh srzhu
zrxog eh lqfuhdvlqj iru orz ulvn dyhuvlrq ehfdxvh wkh vhsdudwlqj sduw ri wkh
htxloleulxp zrxog eh lq wkh uhjlrq deryh wkh fxuyh �sp/ l1h1/ wkh uhjlrq zkhuh
lqfhqwlyhv duh ryhusrzhuhg zlwk uhvshfw wr wkh sxuh prudo kd}dug/ zklfk zrxog
ylrodwh wkh lqfhqwlyh frpsdwlelolw|1 Iru wkhvh fdvhv zh fdq rqo| kdyh htxloleuld
zlwk kljk ghjuhhv ri srrolqj +frqwlqxrxv srrolqj,1

Vlqfh wkh frqfhsw ri SEH ohdgv wr dq lqghwhuplqdf| ri htxloleuld/ wkh lpsru0
wdqw lvvxh qrz lv wkhlu vhohfwlrq1 Zlovrq +4<::,/ Urwkvfklog dqg Vwljolw} +4<:<,
dqg Vshqfh +4<:<, kdyh vwduwhg d ghedwh derxw wkh htxloleulxp frqfhsw lq wkh
frqwh{w ri dgyhuvh vhohfwlrq1 Uloh| +4<:<, sursrvhg d frqfhsw ri uhdfwlyh htxl0
oleulxp wkdw uxohv rxw doo exw d vlqjoh htxloleulxp= wkh vhsdudwlqj htxloleulxp/
lq wkh frqwlqxrxv w|sh vhwxs1 Dowkrxjk lw lv dq dg krf gh�qlwlrq/ lw kdv ehhq
prvwo| xvhg lq wkh olwhudwxuh1 Lq wkh qh{w vxevhfwlrq zh surylgh d fulwhulrq wkdw
vhohfwv d vlqjoh htxloleulxp= wkh txdvl vhsdudeoh rqh/ vlqfh wrwdo vhsdudelolw| lv
qrw srvvleoh zkhq wkh VFS grhv qrw krog1 Wklv frqfhsw wulhv wr jhqhudol}h wkh
vdph ihdwxuhv ri wkh uhdfwlyh htxloleulxp= vhsdudelolw| dqg Sduhwr rswlpdolw|1

e�� +i�?i4i?| Lu i^��*�Mh�@

Wkh qh{w gh�qlwlrq surylghv wkh vhohfwlrq fulwhulrq wkdw zh zloo xvh1 Lw lv edvhg
rq wzr sulqflsohv= wkh kljkhvw ghjuhh ri vhsdudwlrq dqg fryhudjh147 Pruh suh0
flvho|=
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Gh�qlwlrq 8 D SEH lv txdvl vhsdudeoh li wkh iroorzlqj frqglwlrqv duh vdwlv�hg=

41 Jlyhq d w|sh lq d srrolqj sduw/ wkhuh lv d gl�huhqw rqh vxfk wkdw srrov
zlwk klp dqg wkhlu pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq fryhudjh dqg
suhplxp duh wkh vdph1

51 Wkhuh lv qr rwkhu SEH vdwlvi|lqj frqglwlrq 41 jlylqj qr ohvv fryhudjh iru
hyhu| w|sh dqg zlwk dw ohdvw rqh w|sh jhwwlqj kljkhu fryhudjh1

Wkh �uvw frqglwlrq lv lqwxlwlyh dqg vd|v wkdw li wkhuh lv srrolqj/ wkhq wkh
pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq fryhudjh dqg suhplxp pxvw eh htxdol}hg
sdluzlvh1 Wklv surshuw| kdv wr gr zlwk wkh kljkhvw ghjuhh ri vhsdudelolw|1 Lq
sduwlfxodu/ rqo| vhsdudeoh ru glvfuhwh srrolqj sduwv ru frqwlqxrxv srrolqj wkdw
lv d ghjhqhudwhg X0vkdshg sduw duh srvvleoh1 Wkh vhfrqg surshuw| jlyhv wkh
erxqgdu| frqglwlrq dqg ghwhuplqhv xqltxho| wkh htxloleulxp1 Lw jlyhv d Sduhwr
lpsuryhphqw fulwhulrq ri vhohfwlrq= fryhudjh1

Xqghu dvvxpswlrq D5 zlwk txdgudwlf frvw dqg xqlirup glvwulexwlrq/ wkh
iroorzlqj �jxuhv vkrz wkh txdvl vhsdudeoh htxloleulxp fryhudjh +fr4> ===> fr9, dqg
ulvnlqhvv +�4> ===> �9, iru wkh �

5 @ 5=58> 5=8> 5=:8> 6=58> 6=8 dqg 6=:8/ uhvshfwlyho|1
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Iru 3 ? �5 � 5/ wkh VFS krogv dqg wkh txdvl htxloleulxp lv wkh ixoo vhsdudwlqj
rqh zlwk wkh kljkhvw fryhudjh/ l1h1/ zlwk lqlwldo frqglwlrq fr+4, @ 4 � �sp+4,1
Iru 5 ? �5 ? 6/ wkh htxloleulxp frqvlvwv ri wzr sduwv= d glvfuhwh srrolqj sduw lq
wkh lqwhuydo ^4> �5 � 4` soxv d vhsdudwlqj sduw lq wkh lqwhuydo ^�5 � 4> 5` zlwkrxw
glvfrqwlqxlw| dqg zlwk wkh kljkhvw fryhudjh= fr+�5@5, @ 4� �sp+�5@5, @ 5@6=
+Vhh wkh glvfxvvlrq diwhu gh�qlwlrq 7,1

Iru 6 � �5 ? 7/ rqo| orz ulvn dyhuvh w|shv duh vfuhhqlqj rxw/ l1h1/ lw lv
vhsdudwlqj lq wkh lqwhuydo ^4> �5 � 5` zlwk �qldo frqglwlrq fr+�5 � 5, @ 4 dqg
frqvwdqw htxdo wr 4 lq wkh lqwhuydo ^�5 � 5> 5`1 Ilqdoo|/ iru �5 � 7/ djdlq wkh
VFS krogv dqg wkh txdvl htxloleulxp lv vhsdudeoh zlwk �qdo frqglwlrq fr+5, @ 41
Wkhvh duh wkh Sduhwr grplqdwlqj phpehuv ri wkh fodvv ri htxloleuld dqg wkh|
duh wkh rqhv zlwk wkh odujhvw srvvleoh lqlwldo frqglwlrqv148

Revhuyh wkdw zh dvvxphg xqlirup glvwulexwlrq lq wkh lqwhuydo +4> 5,1 Krz0
hyhu/ zh fdq ghdo zlwk rwkhu nlqgv ri glvwulexwlrqv1 Iru lqvwdqfh/ frqvlghu wkh
iroorzlqj idplo| ri srzhu suredelolw| glvwulexwlrq iru ulvn dyhuvlrq=

iq+�, �@ +� � �,q

zkhuh q lv qrq qhjdwlyh uhdo qxpehu dqg iq lv d ghqvlw| ixqfwlrq zlwk vxssruw
lq dq lqwhuydo ^�> �`1 Wkh lqwhuhvwlqj ihdwxuh ri wkhvh glvwulexwlrqv lv wkdw zkhq
q lv odujh wkh| sxw pruh zhljkw lq wkh orz ulvn dyhuvh w|shv/ zklfk uhlqirufhv
wkh qhjdwlyh uhodwlrq ehwzhhq fryhudjh dqg ulvnlqhvv149
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Lq wklv vhfwlrq zh suhvhqw rxu pdlq uhvxowv1 Wkh| surylgh wkh olqnv ehwzhhq wkh
ydolglw| ru qrw ri wkh VFS dqg wkh srvlwlyh fruuhodwlrq ru qrw ehwzhhq fryhudjh
dqg ulvnlqhvv1 Dovr/ wkh| surylgh d whvwdeoh frqvhtxhqfh ri rxu prgho wkdw doorzv
xv wr glvhqwdqjoh wkh devhqfh ri dgyhuvh vhohfwlrq iurp qrq vlqjoh furvvlqj xqghu
wkh }hur fruuhodwlrq uhvxow1 Iluvw zh qhhg wkh iroorzlqj=

Gh�qlwlrq 9 Wkh +h{0dqwh, fruuhodwlrq ehwzhhq fryhudjh dqg ulvn lv gh�qhg e|

� @ fruu +fr+�,> �+�,,

zkhuh wkh _fruu% phdqv wkh fruuhodwlrq zlwk uhvshfw wr wkh glvwulexwlrq ri �1

Sursrvlwlrq : Dvvxph D5 zlwk txdgudwlf frvw1 Li ulvn dyhuvlrq lv xqlirupo|
glvwulexwhg/ wkhq lq wkh prqrsro| ru frpshwlwlyh pdunhwv � dvvxphv qhjdwlyh dqg
srvlwlyh ydoxhv/ ghshqglqj rq �51

Surri1 Wkh surri lv dq lpphgldwh frqvhtxhqfh ri wkh iroorzlqj �jxuh1 Lw
jlyhv wkh frpsxwdwlrq ri � dv d ixqfwlrq ri wkh yduldqfh lq wkh lqwhuydo +5> 7, iru
wkh prqrsrolvwlf dqg frpshwlwlyh fdvhv/ zkhuh wkh odeho p +f, phdqv prqrsro|
+frpshwlwlrq,1
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Wklv sursrvlwlrq lv rxu �uvw pdlq uhvxow1 Lq wkh suhvhqfh ri prudo kd}dug
dqg dgyhuvh vhohfwlrq/ li wkhuh lv d qhjdwlyh fruuhodwlrq ehwzhhq ulvn dyhuvlrq dqg
ohqlhqfh/ wkh VFS pljkw qrw krog/ ohdglqj wr +srvvleo|, h{0dqwh }hur fruuhodwlrq
ehwzhhq fryhudjh dqg ulvnlqhvv1 Iurp wklv shuvshfwlyh/ wkh }hur fruuhodwlrq
uhvxow lv frqvlvwhqw zlwk dv|pphwulf lqirupdwlrq dqg qrq vlqjoh furvvlqj1 Lq

4<



Dsshqgl{ F zh jlyh dqrwkhu h{dpsoh iru wkh frpshwlwlyh fdvh lqyroylqj rqo|
qrq0ghjhqhudwh glvfuhwh srrolqj xvlqj wkh srzhu glvwulexwlrq idplo| suhvhqwhg
ehiruh +vhh wkh hqg ri wkh odvw vhfwlrq,1

Xqghu prqrsro| surylvlrq ri lqvxudqfh/ rxu uhvxow lv vlplodu wr Mxoolhq hw
do1 +5333,1 Krzhyhu/ vlqfh fryhudjh lv dozd|v d prqrwrqlf ixqfwlrq ri ulvn
dyhuvlrq/ wkh rqo| zd| wr rewdlq hyhu| vljq ri wkh fruuhodwlrq ehwzhhq ulvnlqhvv
dqg fryhudjh lv zkhq ulvnlqhvv lv qrw d prqrwrqlf ixqfwlrq ri ulvn dyhuvlrq1

Lw lv dovr lpsruwdqw wr revhuyh wkdw hyhq wkrxjk lq wkh frpshwlwlyh fdvh
hyhu| vljq ri wkh fruuhodwlrq ehwzhhq fryhudjh dqg ulvnlqhvv pd| eh srvvleoh/
wkhuh lv qr frqwudglfwlrq zlwk Fkldssrul hw do1 +5334,1 Wkh uhdvrq lv wkdw rxu
frqfhsw ri fruuhodwlrq lv h{0dqwh dqg wkhlu lv h{0srvw +vhh irrwqrwh 7,1 Lqghhg/
lq frqiruplw| zlwk wkhp/ li zh frpsxwh wkh h{0srvw fruuhodwlrq/ zh zloo rewdlq
d srvlwlyh ydoxh1

Wkh iroorzlqj sursrvlwlrq jlyhv wkh whvwdeoh lpsolfdwlrq ri rxu prgho dqg lw
lv vwudljkwiruzdug iurp wkh suhylrxv glvfxvvlrq1 Hvvhqwldoo| lw vd|v wkdw dv|p0
phwulf lqirupdwlrq dqg }hur fruuhodwlrq ehwzhhq fryhudjh dqg ulvnlqhvv duh frp0
sdwleoh li fryhudjh lv d qrq0prqrwrqlf ixqfwlrq ri ulvnlqhvv1

Sursrvlwlrq ; Dvvxph qhjdwlyh fruuhodwlrq ehwzhhq ulvn dyhuvlrq dqg ohqlhqfh
+l1h1/ D5,1

+l, Xqghu v|pphwulf lqirupdwlrq/ wkhuh lv d srvlwlyh uhodwlrq ehwzhhq fryhu0
djh dqg ulvnlqhvv dqg wkhlu h{0srvw fruuhodwlrq pxvw eh }hur1

+ll, Xqghu dv|pphwulf lqirupdwlrq/ li ulvnlqhvv lv ghfuhdvlqj zlwk ulvn dyhu0
vlrq dqg fryhudjh lv d qrq prqrwrqlf ixqfwlrq ri ulvnlqhvv/ wkhq wkh VFS grhv
qrw krog1 Lq wklv fdvh doo vljqv ri wkh h{0dqwh fruuhodwlrq ehwzhhq fryhudjh dqg
ulvnlqhvv pd| eh srvvleoh1

+lll, Xqghu h{0srvw }hur fruuhodwlrq ehwzhhq fryhudjh dqg ulvnlqhvv/ wkhuh
h{lvw wzr srvvlelolwlhv= qr elqglqj dv|pphwulf lqirupdwlrq li fryhudjh lv prqr0
wrqlf lq ulvnlqhvv ru dv|pphwulf lqirupdwlrq frqvlvwhqw zlwk qrq vlqjoh furvvlqj
li fryhudjh lv qrq prqrwrqlf lq ulvnlqhvv1

Dq htxlydohqw zd| wr lqwhusuhw wklv sursrvlwlrq lv wkdw li wkhuh lv v|pphwulf
lqirupdwlrq derxw ulvn dyhuvlrq/ wkhq wkh htxloleulxp lv wkh sxuh prudo kd}dug
rqh/ zklfk ohdgv wr dq lqfuhdvlqj uhodwlrq ehwzhhq fryhudjh dqg ulvnlqhvv +srv0
lwlyh fruuhodwlrq, 0 vhh sursrvlwlrq 61 Pruhryhu/ frqwuroolqj iru doo revhuydeoh
yduldeohv/ wkh h{0srvw fruuhodwlrq ehwzhhq fryhudjh dqg ulvnlqhvv pxvw eh }hur1
Dovr/ xqghu dv|pphwulf lqirupdwlrq/ lw jlyhv d qhfhvvdu| frqglwlrq iru vlqjoh
furvvlqj= fryhudjh pxvw eh d prqrwrqlf ixqfwlrq ri ulvnlqhvv1 Ilqdoo|/ xqghu
h{0srvw }hur fruuhodwlrq ehwzhhq fryhudjh dqg ulvnlqhvv/ wkh prqrwrqlflw| ri wkh
uhodwlrq ehwzhhq fryhudjh dqg ulvnlqhvv jlyhv d whvw iru dv|pphwulf lqirupdwlrq1

Uhpdun < Dq lpphgldwh dqg lpsruwdqw frqvhtxhqfh ri wkh suhylrxv sursrvl0
wlrq lv wkdw li wkh VFS lv ylrodwhg/ dqrwkhu lqvwuxphqw pd| eh qhfhvvdu| iru
frqwuroolqj wkh h�hfw ri rplwwhg yduldeohv rq revhuydeoh rqhv1

Iru lqvwdqfh/ xqghu D5 zlwk txdgudwlf frvw dqg xqlirup glvwulexwlrq iru ulvn
dyhuvlrq/ wkh htxloleulxp uhodwlrqvkls ehwzhhq ulvnlqhvv iru �5 @ 5=58/ 5=8 dqg
5=:8 +fr4/ fr5 dqg fr6 uhvshfwlyho|, lv jlyhq lq wkh iroorzlqj �jxuh1
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Uhpdun 43 Zh zrxog olnh wr srlqw rxw wkdw rxu htxloleulxp frqfhsw ghshqgv rq
d sduwlfxodu vhohfwlrq fulwhulrq wkdw frxog eh glvsxwdeoh1 Krzhyhu/ lq wkh vlqjoh
furvvlqj fdvh doo htxloleulxp vhohfwlrqv ohdg wr PS1 Lq wkh qrq vlqjoh furvvlqj
fdvh/ ghshqglqj rq wkh vhohfwlrq fulwhulrq fkrvhq/ rqh frxog kdyh PS ru qrw
hyhq wkrxjk ulvnlqhvv lv dozd|v prqrwrqh1 Wklv lv hqrxjk wr jxdudqwhh wkdw rxu
whvw lv qrw ghshqghqw rq wkh vhohfwlrq fulwhulrq1

D�� ,4T�h�U@* ,��_i?Ui

Dv Fkldssrul dqg Vdodql�h +5333,/ Glrqqh hw do1 +5334, surylgh d whvw iru PS
xvlqj rwkhu gdwd vhw1 Wkh edvlf lghd zdv wr wdnh lqwr dffrxqw wkh qrqolqhdulw|
ri wkh ulvn fodvvl�fdwlrq yduldeohv wr dyrlg vsxulrxv frqfoxvlrqv1 Wkh �jxuh
ehorz lv dq dgdswdwlrq ri wkh rqh suhvhqwhg lq Glrqqh hw do1 +5334, dqg lw jlyhv
wkh uhodwlrq ehwzhhq revhuyhg ghgxfwleoh fkrlfhv dffruglqj wr fodvvhv ri ulvn1
Pruh suhflvho|/ iru hdfk jurxs ri ulvn +4046,/ lw jlyhv wkh shufhqwdjh ri shrsoh
wkdw suhihuv d '583 ghgxfwleoh +kljk fryhudjh, lqvwhdg ri d '833 ghgxfwleoh +orz
fryhudjh,1

Dv zh fdq vhh lq wkh �jxuh/ wklv uhodwlrq lv qrq0prqrwrqh xqghu }hur fruuh0
odwlrq +ru frqglwlrqdo lqghshqghqfh, ehwzhhq fryhudjh dqg ulvnlqhvv1 Wkhuhiruh/
xvlqj wkh prgho ghyhorshg lq wklv sdshu/ wklv hylghqfh ri qrq0prqrwrqlflw| lv
lq idfw uhodwhg zlwk dv|pphwulf lqirupdwlrq zlwk qrq vlqjoh furvvlqj lqvwhdg ri
qr uhvlgxdo dgyhuvh vhohfwlrq rq ulvn w|shv1
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Lq wklv sdshu zh kdyh irfxvhg rq lqvxudqfh pdunhwv1 Krzhyhu/ wkh prgho gh0
yhorshg khuh lv qdwxudoo| dssolfdeoh wr oderu pdunhwv1 Ehorz zh surylgh wzr
dssolfdwlrqv ri wkhvh lghdv lq oderu pdunhw vlwxdwlrq1

Lw lv vwudljkwiruzdug wr dgdsw wkh deryh uhvxowv wr d oderu pdunhw vlwxdwlrq1
Wkh pdlq gl�huhqfh lv wkdw wkh uhvhuydwlrq xwlolw| ri wkh hpsor|hh fdq eh frq0
vlghuhg frqvwdqw vlqfh wkh udqgrp yduldeoh $ lq wklv fdvh lv wkh uhwxuq iru wkh
sulqflsdo1 Pruh lqwhuhvwlqjo|/ li zh lqwhufkdqjh wkh urohv ri � dqg �5/ zh duh
deoh wr h{sodlq dqrwkhu vw|ol}hg idfw1 Pruh h{solflwo|/ vxssrvh qrz wkdw ulvn
+�5, lv wkh dgyhuvh vhohfwlrq sdudphwhu/ � lv d nqrzq �{hg sdudphwhu dqg wkh
ohqlhqfh +frvw ri h�ruw, lv qhjdwlyho| fruuhodwhg zlwk ulvn/ l1h1/ lqgxvwulhv zlwk
kljk ulvn duh dvvrfldwhg zlwk gloljhqw djhqwv1 Wkxv/ iru vrph lqwhuphgldwh ohyhov
ri ulvn dyhuvlrq/ wkhuh h{lvw htxloleuld lq zklfk orz yduldqfh lqgxvwulhv surylgh
wkh vdph srzhu dv kljk yduldqfh rqhv1 Lq sduwlfxodu/ wkh fruuhodwlrq ehwzhhq
lqfhqwlyh dqg ulvn pd| dvvxph srvlwlyh dqg qhjdwlyh ydoxhv1 Iru uhvxowv lq wkh
vdph gluhfwlrq/ vhh Suhqghujdvw +5333,1

Khfnpdq dqg Uxelqvwhlq +5334, jlyhv dq hpslulfdo hylghqfh ri wkh srvvlelolw|
ri d qrq0prqrwrqlf uhodwlrq ehwzhhq zdjh dqg frjqlwlyh delolw| lq d gdwd edvh ri
uhflslhqwv ri d vshfl�f hgxfdwlrqdo h{dp1 Wkh| dujxh wkdw wklv h{dp lv d pl{hg
vljqdo ri frjqlwlyh delolw| dqg dqrwkhu +qrq0frjqlwlyh, delolw| lq vxfk zd| wkdw li
wkhuh lv qr frqwuro iru wkh frjqlwlyh delolw|/ wkh phdvxuh ri zrunhuv* shuirupdqfh
lv eldvhg1 Dudxmr dqg Pruhlud +5333, surylghv dq h{dpsoh lq wkh prqrsrolvwlf
fdvh wkdw lv frpsdwleoh zlwk wkhlu �qglqjv1 Lq sduwlfxodu/ iru vrph vfkrrolqj
vljqdov/ frjqlwlyh dqg qrq0frjqlwlyh delolwlhv duh lq frq�lfw lq wkh zrunhu*v xwlolw|
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ixqfwlrq vxfk wkdw wkh VFS grhv qrw krog dqg/ frqvhtxhqwo|/ X0vkdshg zdjh
frqwudfwv +zlwk uhvshfw wr wkh frjqlwlyh delolw|, pd| dulvh1 Lq wkh vhtxho ri
wklv sdshu zh zloo exlog rq wklv iudphzrun wr surylgh d pxowl0vljqdoolqj prgho
zlwkrxw wkh VFS/ zklfk zloo fdswxuh doo lpsruwdqw dvshfwv ri wklv hylghqfh1

Lq vxp/ wklv sdshu kdv surylghg d wkhruhwlfdo lqvxudqfh prgho zkhuh h{0srvw
}hur fruuhodwlrq ehwzhhq fryhudjh dqg ulvnlqhvv lv frqvlvwhqw zlwk dv|pphwulf
lqirupdwlrq1 Zkdw gulyhv wkh srvlwlyh fruuhodwlrq lv wkh VFS1 Zkhq lw lv eur0
nhq/ wkhuh lv d srvvlelolw| ri revhuylqj d qrq prqrwrqlf uhodwlrqvkls ehwzhhq
fryhudjh dqg ulvn dyhuvlrq dqg/ frqvhtxhqwo|/ ehwzhhq fryhudjh dqg ulvnlqhvv
zkhq ulvnlqhvv lv ghfuhdvlqj zlwk ulvn dyhuvlrq1 Zh kdyh suhvhqwhg d prgho
zlwk qhjdwlyh fruuhodwlrq ehwzhhq ulvn dyhuvlrq dqg ohqlhqfh zklfk ohdgv wr qrq
vlqjoh furvvlqj1 Pruhryhu/ zh kdyh surylghg d whvwdeoh lpsolfdwlrq ri wklv prgho
wr glvhqwdqjoh vlqjoh furvvlqj dqg qrq vlqjoh furvvlqj xqghu d }hur fruuhodwlrq
uhvxow= wkh prqrwrqlflw| ri fryhudjh dv d ixqfwlrq ri ulvnlqhvv1 Dqg/ dv dq lp0
sruwdqw fruroodu|/ zh vkrzhg wkh qhfhvvlw| ri dqrwkhu lqvwuxphqw iru frqwuroolqj
wkh h�hfw ri rplwwhg yduldeoh zkhq wkh VFS grhv qrw krog1 Zh dovr kdyh vkrzq
wkdw wklv whvw fdq eh xvhg dv d uh�qhphqw wr fkhfn wkh ydolglw| ri dv|pphwulf
lqirupdwlrq dqg dovr ri wkh VFS lq lqvxudqfh pdunhwv1 Lqghhg/ Glrqqh hw do1
+5334, frxog eh xvhg dv srwhqwldo hylghqfh ri wkh lpsruwdqfh ri wklv w|sh ri
uh�qhphqw whvw1

. �TTi?_� 

.�� �TTi?_� �

Xvlqj wkh Hqyhorsh Wkhruhp/ wkh ghulydwlyhv ri y duh +lq jhqhudo dqg xqghu D5,=

C�y+�> �, @ h� ��5�

C�y+�> �, @ �C�F+h> �,�
�5

5
�5 @ ���

�5

5
�5

C��y+�> �, @ C�h+�> �,� �5� @
f3+�,

f33+�,
. �� �5�

zkhuh � @ h@�/ h @ h+�> �,/

� @ ChF+h> �, @
f3+�,

�
/

C�F+h> �, @ �

f3+�,

�
� @ �ChF+h> �,� @ ���

dqg/ xvlqj wkh Lpsolflw Ixqfwlrq Wkhruhp/

C�h+�> �, @ �

C�hF+h> �,

ChhF+h> �,
@

f3+�,

f33+�,
. �/

C�h+�> �, @
4

ChhF+h> �,
@

�5

f33+�,
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vlqfh

C�hF+h> �, @ �

4

�5
+f3+�, . f33+�,�, /

ChhF+h> �, @
f33+�,

�5
1

:1414 Surri ri Sursrvlwlrq 5=

Wkh furvv ghulydwlyh ri y lv fdofxodwhg dqg lw lv=

C��y+�> �, @ �
C�hF+h> �,

ChhF+h> �,
� �5�1

Wkhq dvvxpswlrq D4 lpsolhv wkdw wklv ghulydwlyh lv dozd|v qhjdwlyh/ l1h1/ wkh
VFS krogv1 Xvlqj vwdqgdug dujxphqwv +vhh Jxhvqhulh dqg Od�rqw +4<;7,,/ wkh
sursrvlwlrq lv htxlydohqw wr wkh �uvw dqg vhfrqg rughu frqglwlrqv ri wkh LF frq0
vwudlqwv ehlqj qhfhvvdu| dqg vx�flhqw frqglwlrqv iru lpsohphqwdelolw|1 Lq wklv
fdvh/ wkh �uvw rughu frqglwlrq lv jlyhq e| +5, dqg wkh vhfrqg e| wkh prqrwrqlflw|
ri �+�,1

:1415 Surri ri Sursrvlwlrq 6

Wkh �uvw rughu frqglwlrq ri wkh sxuh prudo kd}dug sureohp fdq eh zulwwhq lq
wkh iroorzlqj zd|=

f3+�, @
�

4 . �5

�
f33+�,

zkhuh � @ h@� lv wkh suhyhqwlrq h�ruw lq xqlwv ri ulvn dyhuvlrq1 Revhuyh wkdw
f3 lv lqfuhdvlqj dqg wkh uljkw kdqg vlgh ri wkh odvw htxdwlrq lv d qrq0lqfuhdvlqj
ixqfwlrq ri � dqg dq lqfuhdvlqj ixqfwlrq ri �1 Wklv lpsolhv wkdw wkh lpsolflw
vroxwlrq ri wklv htxdwlrq/ �+�,/ lv dq lqfuhdvlqj ixqfwlrq ri � dqg/ wkhuhiruh/
h+�, @ ��+�, dqg �+�, @ f3+�+�,, duh dovr lqfuhdvlqj lq �1

.�2 �TTi?_� �

Wkh +LU, frqvwudlqw lv htxlydohqw wr u+�, @ Y+�>�,+�, � z3+�, � 3/ iru doo
� 5 ^4> 5`1 Wdnlqj wkh ghulydwlyh zlwk uhvshfw wr � dqg xvlqj +5, zh kdyh=

�

u+�, @
�+�,h+�+�,> �,

�
�

�5

5
�+�,5 �

h+4> �,

�
.

�5

5

@ +�+�,#+�+�,�,� #+�,, . +4� �+�,5,
�5

5

zkhuh # lv wkh lqyhuvh ri f3 dqg h+�> �, @ �#+��,1 Li # lv frqfdyh +ru f3 lv

frqyh{, dqg #+3, @ 3/ wkhq
�

u+�, �
�
�5

5 � #+�,
�
+4� �+�,5,1
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Lq wkh fdvh ri D5 zlwk txdgudwlf frvw zh kdyh wkdw #+{, @ { dqg

�

u+�, @

�
�5

5
� �

�
+4� �+�,5,=

Wkhuhiruh/ li wkhuh lv qr ryhulqvxudqfh +� � 4,/
�

u fkdqjhv lwv vljq dw prvw rqh
wlph/ dqg wkhq lw lv rqo| qhfhvvdu| wr fkhfn wkh LU frqvwudlqw dw rqh ri wkh
erxqgdu| ydoxhv= 4 ru 51

Li �5 ? 5/ rqh fdq dovr xvh wkh whfkqltxh ri Mxoolhq +5333, khuh wr frq0
foxgh wkdw wkh srzhu lv fdsshg e| 41 Rwkhuzlvh/ wkhuh h{lvwv �� 5 +4> 5, vxfk
wkdw wkh LU frqvwudlqw lv elqglqj u+��, @ 3/ l1h1/ �� lv d plqlpxp iru u zklfk

lpsolhv
�

u+��, @ 3 ru �+��, @ 4= Frqglwlrqlqj rq ^4> ��` dqg rq ^��> 5`/ wkh
�uvw rughu frqglwlrq ri wkh uhvshfwlyh uhod{hg surjudpv jlyhv d qrq0ghfuhdvlqj
�+�,1 Krzhyhu/ li � lv juhdwhu wkdq 4/ wkh h{suhvvlrq ri u zrxog eh qhjdwlyh/
zkdw lv d frqwudglfwlrq1 Lq wklv fdvh/ �+�, @ 3/ iru doo � 5 ^��> 5` ehfdxvh
3 @ u+�, @ y+�> �,m�@4 . �+�,� y+4> �,1

Iru �5 5 ^5> 7`/ iurp Dudxmr dqg Pruhlud +5333,/ � lv lpsohphqwdeoh l� �

lv qrq0lqfuhdvlqj rq ^4> �5@5`/ qrq0ghfuhdvlqj rq ^�5@5> 5`/ dqg li � dqg e� duh

srrolqj +dqg � lv qrw �dw dw wkhvh srlqwv,/ wkhq � dqg e� duh v|pphwulf zlwk
uhvshfw wr �5@51 Wkhuhiruh/ wkh uhqw ixqfwlrq u+�, lv ehoo vkdshg dqg u+4, @ 3 li
dqg rqo| li �+4, � �+5,1

Htxdwlrq +5, dqg vwdqgdug dujxphqwv lq wkh olwhudwxuh ri phfkdqlvp ghvljq
lpso| wkdw wkh prqrsrolvw*v yluwxdo sur�w ixqfwlrq4: lv rqo| ghshqghqw rq � dqg
�=

�l+�> �, @ h+�> �,� F+h+�> �,> �,�
�5

5
��5 .Ul+�,

�
C�F+h+�> �,> �, .

�5

5
�5
�
� Y+�>�,+l,

zkhuh Ul+�, @

+
4�I +�,
i+�, li l @ 4

�I +�,
i+�, li l @ 5

lv wkh kd}dug udwh1 Ghshqglqj rq wkh fdvh/

Y+�>�,+4, @ 3 ru Y+�>�,+5, @ 3=4;

Iluvw/ ohw xv fkdudfwhul}h wkh uhod{hg vroxwlrq/ l1h1/ zkhq zh rqo| wdnh lqwr
frqvlghudwlrq wkh �uvw dqg vhfrqg rughu frqglwlrqv ri wkh LF frqvwudlqw= C��

l+�> �, @
31 Wkxv/

�+�, @ ChF+h+�,> �, @
4 .Ul+�,C�hF+h+�,> �,

4 . �5 +� �Ul+�,,ChhF+h+�,> �,

�+�, @ �+4, .

] �

4

C�y+�+h�,>h�,gh� � y+�+�,> �,

zkhuh h+�, @ h+�+�,> �, dqg wkh odvw htxdwlrq lv rewdlqhg e| vroylqj +5,1
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Xqghu wkh VFS/ rqo| wkh prqrwrqlflw| ri +�> �, +wkh orfdo vhfrqg rughu frq0
glwlrq ri wkh LF frqvwudlqw, lv d qhfhvvdu| dqg vx�flhqw frqglwlrq iru lpsoh0
phqwdelolw|1 Li wkh VFS grhv qrw krog/ Dudxmr dqg Pruhlud +5333,4< vkrz rwkhu

qhfhvvdu| frqglwlrqv iru lpsohphqwdelolw| ri +�> �,= li � dqg e�/ fkrrvh wkh vdph
fryhudjh 4 � �/ wkhq wkhlu pdujlqdo xwlolw| zlwk uhvshfw wr � vkrxog frlqflgh/
l1h1/ C�y+�> �, @ C�y+�>e�, ru h+�> �,� ��5� @ h+�>e�,� e��5�1

Pruhryhu/ wklv qhz lpsohphqwdelolw| frqglwlrq jlyhv d qhz qhfhvvdu| frq0
glwlrq iru rswlpdolw|= wkh udwlr ehwzhhq wkh pdujlqdo +z1u1w1 �, sur�w dqg
wkh pdujlqdo +z1u1w1 � dqg �, lqirupdwlrqdo uhqw zhljkwhg e| wkh ghqvlw| duh
htxdol}hg dfurvv srrolqj w|shv=

C��+�> �,

C��y+�> �,
i @

C��+�>e�,
C��y+�>e�, ei +6,

zkhuh kdw phdqv wkdw wkh ixqfwlrq lv fdofxodwhg dw e�1
Lq vrph fdvhv wkhvh qhfhvvdu| frqglwlrqv iru lpsohphqwdelolw| duh dovr vxi0

�flhqw dqg zh fdq fkdudfwhul}h wkh rswlpdo frqwudfw1 Wklv lv suhflvho| zkdw
kdsshqv lq wkh h{dpsoh ri wkh sdshu1

Ohw xv fkdudfwhul}h wkh rswlpdo frqwudfw iru D5 zlwk txdgudwlf frvw dqg
xqlirup glvwulexwlrq ri ulvn dyhuvlrq1 Iroorzlqj wkh dqdo|vlv ri Dudxmr dqg
Pruhlud +5333,/ zh kdyh wkh iroorzlqj rswlpdo frqwudfw1

� �5 � 5= wkh vhfrqg ehvw srzhu lv

�5+�, @ plq

+
4

�4 . 5 +4.�
5,

�
�

�5

�5

> 4

,

l1h1/ lw lv wkh uhod{hg dvvrfldwhg wr wkh kd}dug ixqfwlrq U5 +wkh odeho c5*
phdqv wkdw wkh LU lv elqglqj dw wkh kljkhvw w|sh,1 Wkh srzhu lv lqfuhdvlqj
lq �5 dqg fdsshg e| 41

� �5 � 7= wkh vhfrqg ehvw srzhu lv

�4+�, @

+
4

�4.5 +5.�
5,

�
�5�

5

�5

/ li 4 � � � �3

�/ li �3 ? � � 5

zkhuh
U 5
�3

�
+4� ChF+h+�> �,> �,,C�h+�> �,� ��5�

.U4+�,
�
C�hF+h+�> �,> �,C�h+�> �, . �5�

� �
i+�,g� @ 3/ � @

�4+�3, dqg �4 lv wkh uhod{hg dvvrfldwhg wr wkh kd}dug ixqfwlrq U41 Wklv
odvw htxdwlrq lv wkh _lurqlqj sulqflsoh% +vhh Jxhvqhulh dqg Od�rqw +4<;7,,1
Dovr/ wkh srzhu lv lqfuhdvlqj lq �51
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� �5 5 ^5> 6,

�VE+�, @

�
�x+�,/ li 4 � � � �3
�5+�,/ li �3 � � � 5

zkhuh �3 lv vxfk wkdw �x+4, @ �x+�3,/ iurp +6,/ �x lv fkdudfwhul}hg e|�
4� +4 . ��5ChhF+h> �,,�

C�hF+h> �, . �5�ChhF+h> �,
.U5

�
i @

#
4� +4 . e��5ChhF+eh>e�,,�
C�hF+eh>e�, . �5�ChhF+eh>e�, . eU5

$ ei
dqg e� vdwlv�hv C�y+�> �, @ C�y+�>e�,1 Iru wkh fdvh ri dvvxpswlrq D5 zlwk
txdgudwlf frvw dqg xqlirup glvwulexwlrq zh kdyh

�x+�, @
4 .

�
�
5

�
� 4

�5
4 . �5

�
.
�
�5

�
� 4

�5 �
4 . �5

�5��

�
�

7

�5

�
� � �5

5

�
� �5 5 +6> 7`=

�VE+�, @ �4+�,

.�� �TTi?_� �

Wkh iroorzlqj dqdo|vlv ghwdfkhv wkh srvvleoh ihdwxuhv ri wkh htxloleuld lq wkh
frpshwlwlyh fdvh=

� vhsdudwlqj htxloleulxp= �+�mf+�,, lv d vlqjohwrq phdvxuh frqfhqwudwhg dw
�1 Wkhq/ wkh }hur sur�w frqglwlrq iru wkh lqvxudqfh frpsdq| +frqglwlrq
41 lq wkh gh�qlwlrq ri wkh SEH, xqghu ixoo uhyhodwlrq ri � iru wkh frqwudfw
+�+�,> �+�,, lv

�+�, @ +4� �+�,,h+�+�,> �,1

Wkh �uvw rughu frqglwlrq ri 51 lq wkh gh�qlwlrq ri wkh SEH lv=

3 @
�

� . C�y+�> �,
�

� @ +4� �,+C�h+�> �,
�

�. C�h+�> �,,� �5��
�

�1

Xvlqj wkh h{suhvvlrq ri � zh kdyh wkh iroorzlqj RGH=

�

� @
+4� �,C�hF+h+�> �,> �,

4� �+4 . �5�ChhF+h+�> �,> �,,

� frqwlqxrxv srrolqj htxloleulxp= vxssrvh wkdw wkhuh h{lvwv d qrq ghjhq0
hudwhg lqwhuydo ^�4> �5` zkhuh wkh htxloleulxp frqwudfw lv frqvwdqw/ l1h1/
doo lqvxuhh zlwk ulvn dyhuvlrq frh�flhqw lq wklv lqwhuydo fkrrvh wkh vdph
frqwudfw +�> �,1 Wkxv/ frqglwlrq 41 ehfrphv

�+I +�5,� I +�4,, @

] �5

�4

h+�>h�,i+h�,gh�
dqg 51 dqg 61 duh hdvlo| vdwlv�hg lq wkh jlyhq lqwhuydo1
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� glvfuhwh srrolqj htxloleulxp= vxssrvh wkdw wkhuh duh wzr lqwhuydov ^�4> �5`

dqg ^e�4>e�5` vxfk wkdw iru hdfk h� 5 ^�> � . g�`/ wkhuh lv h{dfwo| rqh
eh� 5

^e� � ge�>e�` wkdw fkrrvhv wkh vdph frqwudfw �1 Zh kdyh dujxhg lq wkh wh{w

wkdw d qhfhvvdu| frqglwlrq ri wkh LF frqvwudlqw lv C�y+�>h�, @ C�y+�>
eh�,1

Vr/ ohw e� @ �+�> �, eh wkh lpsolflw ri wkh odvw htxdwlrq1 Lq rwkhu zrugv/
jlyhq �/ wkhuh duh h{dfwo| wzr w|shv wkdw fkrrvh wklv frqwudfw= �+� �5@5,

dqg e�1 Wkhuhiruh/ wkh xsgdwlqj eholhi ri � jlyhq � lv53

� @ �+�> �, @ Su+�m�, @ olp
g�$3

Su+� � h� � � . g�,

Su+� � h� � � . g�, . Su+e� � ge� � h� � e�,
zkhuh e� @ �+�+�,> �,, dqg e� � ge� @ �+�+� . g�,> � . g�, zklfk lpsolhv54

� @ Su+�m�, @
i+�,

i+�, . mC��+�> �,mi+�+�> �,,

Wkhq/ wkh htxloleulxp lv fkdudfwhul}hg e| � @ +4 � �,^�h+�> �, . +4 �

�,h+�>e�,` dqg vr � vdwlv�hv wkh iroorzlqj RGH=

�

� . +h+�> �,� �5��,
�

� @ 3

Lq wkh wh{w zh suhvhqwhg wkh h{solflw RGH iru wkh fdvh ri dvvxpswlrq D5
zlwk txdgudwlf frvw dqg xqlirup glvwulexwlrq ri ulvn dyhuvlrq1

Qrz frqvlghu wkh iroorzlqj idplo| ri srzhu glvwulexwlrqv= iq+�, �@ +� � �,q1
Lq wklv fdvh wkh RGH wkdw fkdudfwhul}hv wkh glvfuhwh srrolqj sduw lv jlyhq e|=

�

�

�
@

+4� �,^+e�5 � �5,C��. 5++4� �,e� � ��,`

+4� 5�,+��5 . +4� �,e�5, . e���
zkhuh e� @ �5 � � dqg

�+�, @
iq+�,

iq+�, . iq+e�,
C��+�, @ �q�+�,+4� �+�,,

�
4

� � �
.

4

� � e�
�
1

Iurp wklv idplo| ri glvwulexwlrqv zh fdq exlog dqrwkhu h{dpsoh zkhuh }hur
fruuhodwlrq ehwzhhq fryhudjh dqg ulvn lv dwwdlqhg dqg wkh txdvl vhsdudeoh htxl0
oleulxp lv glvfuhwh srrolqj1 Wkh edvlf lqwxlwlrq lv wkdw zkhq q lv odujhu wkhuh lv
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pruh zhljkw iru orz ulvn dyhuvh djhqwv zkhuh ulvnlqhvv lv ghfuhdvlqj dqg fryhudjh
lv lqfuhdvlqj zlwk uhvshfw wr ulvn dyhuvlrq1 Lq rughu wr gr wkdw/ zh zloo wdnh wkh
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5
. %/ zkhuh 5% lv wkh zlgwk ri wkh lqwhuydo fhqwhuhg dw �5@51
Vhyhudo qxphulfdo h{dpsohv zhuh wulhg ydu|lqj �5 dqg q1 Wzr pdlq ihd0

wxuhv kdyh dsshduhg= +l, zkhq q lv odujh +w|slfdoo|/ q � =8, wkhuh duh X0vkdshg
htxloleuld zlwk wrwdo fryhudjh iru wkh plggoh ulvn dyhuvh w|sh +�5@5, +zklfk zdv
qrw wuxh iru wkh xqlirup glvwulexwlrq fdvh, dqg +ll, ulvnlqhvv lv ehoo0vkdshg/ l1h1/
iru yhu| orz ulvn dyhuvh w|sh/ ulvnlqhvv lqfuhdvhv zlwk ulvn dyhuvlrq1 Wkh �jxuh

ehorz jlyhv �
f
iru wkh iroorzlqj idplo| ri sdudphwhuv= �5@5 5 ^4> 5`/ � @ �
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5
. % zlwk % @ =8 dqg q @ =8/ =<8 dqg 4=48 +�4/ �5 dqg �6/ uhvshfwlyho|,1

Revhuyh wkdw iru q @ =8 wkh fruuhodwlrq lv qhjdwlyh/ iru q @ 4=48 lw lv srvlwlyh
dqg iru q @ =<8 lw fkdqjhv lwv vljq1
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Dudxmr/ D1 dqg K1 Pruhlud= _Dgyhuvh Vhohfwlrq Sureohpv zlwkrxw wkh
Vshqfh0Pluuohhv frqglwlrq1% zrunlqj sdshu/ 53331

Dupvwurqj/ P1 dqg M10F1 Urfkhw= _Pxowlglphqvlrqdo Vfuhhqlqj= D
Xvhu*v Jxlgh1% Hxurshdq Hfrqrplf Uhylhz/ 76/ <8<0:</ 4<<<1

Fdydoor/ D1/ M1 Khfnpdq dqg M1 M1 Kvhh= _Wkh JHG lv d Pl{hg Vljqdo1%
Plphr/ Xqlyhuvlw| ri Fklfdjr/ 4<<;1

Fkdvvdjqrq/ D1 dqg S10D1 Fkldssrul= _Lqvxudqfh xqghu Prudo Kd}dug
dqg Dgyhuvh Vhohfwlrq= Wkh fdvh ri Sxuh Frpshwlwlrq1% Pdqxvfulsw1 Sdulv=
G�hsduwwhphqw hw Oderudwrluh g*�Hfrqrplh Wk�hrultxh hw Dssoltx�hh/ 4<<:1
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Fkldssrul/ S10D1= _Hfrqrphwulf Prghov ri Lqvxudqfh xqghu Dv|pphwulf
Lqirupdwlrq1% Lq Kdqgerrn ri Lqvxudqfh/ J1 Glrqqh/ hg1/ 53331

Fkldssrul/ S10D1 dqg E1 Vdodql�h= _Whvwlqj Dv|pphwulf Lqirupdwlrq lq
Lqvxudqfh Pdunhwv1% Mrxuqdo ri Srolwlfdo Hfrqrplfv/ 43;/ 890:;/ 53331

Fkldssrul/ S10D1 dqg E1 Vdodql�h= _Whvwlqj Frqwudfw Wkhru|= d Vxuyh| ri
Vrph uhfhqw Zrun1% Zruog Frqjuhvv ri wkh Hfrqrphwulf Vrflhw|/ Vhdwwoh 53331

Fkldssrul/ S10D1/ E1 Mxoolhq/ E1 Vdodql�h dqg I1 Vdodql�h= _Dv|pphwulf
Lqirupdwlrq lq Lqvxudqfh= d Urexvw Fkdudfwhul}dwlrq1% Zrunlqj sdshu dw wkh
Xqlyhuvlw| ri Fklfdjr/ 53341

Fuhvwd/ M10S1 dqg M10M1 Od�rqw= _Lqfhqwlyh Frpsdwlelolw| ri Lqvxudqfh
Frqwudfwv dqg wkh Ydoxh ri Lqirupdwlrq1% Wkh Mrxuqdo ri Ulvn dqg Lqvxudqfh/

87/ 853073/ 4<;:1
gh Ph}d/ G1 dqg G1 Zhee= _Dgydqwdjhrxv Vhohfwlrq lq Lqvxudqfh Pdu0

nhwv1% iruwkfrplqj lq wkh Udqg Mrxuqdo ri Hfrqrplfv1

Glrqqh/ J1/ F1 Jrxul�hurx{ dqg F1 Ydqdvvh= _Whvwlqj iru Hylghqfh ri
Dgyhuvh Vhohfwlrq lq wkh Dxwrpreloh Lqvxudqfh Pdunhw= D Frpphqw1% Mrxuqdo

ri Srolwlfdo Hfrqrplfv/ 43</ 7770786/ 53341
Jxhvqhulh/ U1 dqg M10M1 Od�rqw= _D Frpsohwh Vroxwlrq wr d Fodvv ri

Sulqflsdo0Djhqw Sureohpv zlwk dq Dssolfdwlrq wr wkh Frqwuro ri Vhoi0Pdqdjhg
Ilupv1% Mrxuqdo ri Sxeolf Hfrqrplfv/ 58/ 65<09</ 4<;71

Khfnpdq/ M1 dqg \1 Uxelqvwhlq= _Wkh Lpsruwdqfh ri Qrqfrjqlwlyh
Vnloov= Ohvvrqv iurp wkh JHG Whvwlqj Surjudp1% DHD Sdshuv dqg Surfhhglqjv/
<4 +5,/ 478047</ 53341

Kropvwurp/ E1 dqg S1 Plojurp= _Djjuhjdwlrq dqg Olqhdulw| lq wkh
Surylvlrq ri Lqwhuwhpsrudo Lqfhqwlyhv1% Hfrqrphwulfd/ 88=63605;/ 4<;:1

Mxoolhq/ E1= _Sduwlflsdwlrq Frqvwudlqwv lq Dgyhuvh VhohfwlrqPrghov1% Mrxu0

qdo ri Hfrqrplf Wkhru|/ <6=407:/ 53331
Mxoolhq/ E1/ E1 Vdodql�h dqg I1 Vdodql�h= _Vfuhhqlqj Ulvn0dyhuvh Djhqwv

Xqghu Prudo Kd}dug1% plphr LGHL Wrxorxvh/ 53331
Mxoolhq/ E1/ E1 Vdodql�h dqg I1 Vdodql�h= _Vkrxog Pruh Ulvn0Dyhuvh

Djhqwv H{huw Pruh H�ruw1% Wkh Jhqhyd Sdshuv rq Ulvn dqg Lqvxudqfh Wkhru|/
4</ 4704;/ 4<<<1

Odqgvehuehu/ P1 dqg L1 Phlolmvrq= _D Jhqhudo Prgho ri Lqvxudqfh
xqghu Dgyhuvh Vhohfwlrq1% Hfrqrplf Wkhru|/ 47/ 664085/ 4<<<1

Suhqghujdvw/ F1= _Zkdw Wudgh0r� ri Ulvn dqg LqfhqwlyhvB% DHD Sdshu

dqg Surfhhglqjv/ <3 +5,/ 75408/ 53331
Sxho}/ U1 dqg D1 Vqrz= _Hylghqfh rq Dgyhuvh Vhohfwlrq= Htxloleulxp

Vljqdolqj dqg Furvv Vxegl}dwlrq lq wkh Lqvxudqfh Pdunhw1% Mrxuqdo ri Srolwlfdo

Hfrqrplfv/ 435/ 56908:/ 4<<71
Uloh|/ M1= _Lqirupdwlrqdo Htxloleulxp1% Hfrqrphwulfd/ 7: +5,/ 66408</ 4<:<1
Urwkvfklog/ P1 dqg M1 Vwljolw}= _Htxloleulxp lq Lqvxudqfh Pdunhwv= Dq

Hvvd| rq wkh Hfrqrplfv ri Lpshuihfw Lqirupdwlrq1% Txduwhuo| Mrxuqdo ri Hfr0

qrplfv/ <3=95<07</ 4<:91
Vfkplgw/ N1= _Wkh Pxowlglphqvlrqdo Eurzqldq Prwlrq Prgho1% xqsxe0

olvkhg qrwhv/ 4<<51
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Vshqfh/ P1= _Surgxfw Gl�huhqwldwlrq dqg Shuirupdqfh lq Lqvxudqfh Pdu0
nhwv1% Mrxuqdo ri Sxeolf Hfrqrplfv/ 43/ 75:07:/ 4<:<1

Yloohqhxyh/ E1= _Udqgrp Frqwudfwv dqg Srvlwlyh Sur�wv lq dq Lqvxudqfh
Pdunhw xqghu Dgyhuvh Vhohfwlrq1% Zrunlqj Sdshu/ Lqvwlwxw G*Hfrqrplh Lqgxv0
wulhooh/ 4<<:1

Zlovrq/ F1= _D Prgho ri Lqvxudqfh Pdunhwv zlwk Lqfrpsohwh Lqirupdwlrq1%
Mrxuqdo ri Hfrqrplf Wkhru|/ 49/ 49:053:/ 4<::1
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